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Abstract. In this paper we study the lower semicontinuous envelope with respect to the L'-topology of a class of
isotropic functionals with linear growth defined on mappings from the n-dimensional ball into RN that are constrained
to take values into a smooth submanifold Y of RY.

Let B™ be the unit ball in R™ and ) a smooth Riemannian manifold of dimension M > 1, isometrically
embedded in RY for some N > 2. We shall assume that ) is compact, connected, without boundary.

In this paper we shall be concerned with manifold constrained energy relaxation problems, and we
consider variational functionals F : L*(B",)) — [0, +00] of the type

Flu) = . f(x,u, Du)dz if uweWbH(B")) (0.1)

+00 otherwise

for a suitable class of integrands f, where, for X = C', L', BV, Wb!, we denote
X(B™,Y):={uec X(B",RY) |u(x) €Y for L -a.e. x€& B"}.

We shall study the lower semicontinuous envelope with respect to the L'-topology of the variational functional
(0.1), i.e., the relaxed functional F : L'(B",Y) — [0, +oc] defined for every function v € L*(B",)) by

F(u) = inf{lim inf F(ug) | {ux} € WHH(B™, ),
k—oo

(0.2)

uy — u strongly in Ll(B",RN)} :

Motivations for the analysis of non-convex manifold constrained energy relaxation problems are originated
by questions of equilibria for liquid crystals, where n = 3 and Y = S?, the unit sphere in R3. The study
of minimizers of the energy of non-linear elastic complex bodies has recently been studied in [17], where the
morphology of their substructures is represented by elements of some general differentiable manifold Y.

Among the wide literature about relaxation problems for unconstrained mappings, for future use, we
only cite Fonseca and Miiller [9], who studied the analogous problem for functionals with linear growth
but defined for standard Sobolev mappings u € W'(B" RY). As to manifold constrained mappings,
Dacorogna, Fonseca, Maly and Trivisa [6] studied the relaxation problem in topologies stronger than the
L'-topology, namely, with respect to the weak W1P-topology, for p > 1. Dealing with the L!'-topology,
Alicandro, Corbo Esposito and Leone [3] takled the problem in the case of the target manifold ) equal to
SN¥=1 the unit (N — 1)-sphere in RY.

An essentially different manifold constrained relaxation problem is the one when the variational functional
(0.1) is supposed to be finite only on smooth Wll-maps in C'(B™,)) rather than on the whole class of
Sobolev maps W11(B™ V). In this setting, as to functional with linear growth, the case ) = S' was studied
by Demengel and Hadiji [7] in the case of dimension n = 2, and by Giaquinta, Modica and Soucek [12] in the
case of higher dimension n > 2. Dealing with more general target manifolds ), Giaquinta and Mucci [14]
studied the relaxation problem in the case of the total variation integrand f = |Du|, and more recently [16]
in the case of integrands satisfying a suitable isotropy condition of the type f = f(z,u, |Dul|,...,|Du"]).

In this paper we shall extend to the case of general target manifolds ) the integral representation in
BV(B™,Y) of the relaxed functional (0.2) obtained in [3] for the case Y = SN¥~!. More precisely, we shall



assume that f satisfies the same assumptions as in [3], see (H1)—(H5) in Sec. 1 below. In addition, we shall
assume that the recession function f°° satisfies the isotropy condition considered by Fonseca and Ribka [10],
see property (H6) below.

1 Notation and statements

In this section we collect a few known facts that are relevant for the sequel. We then state our representation
result of the relaxed functional (0.2), see Theorem 1.4.

VECTOR VALUED BV-FUNCTIONS. Let © C R” be an open set and u : Q — RY be a function in
BV(Q,RM), ie., u = (u',...u") with all components v/ € BV (Q). The Jump set of u is the countably
H"~L-rectifiable set J, in Q given by the union of the complements of the Lebesgue sets of the u/’s. Let
vy = vy (z) be a unit vector in R™ orthogonal to J, at H" !-a.e. point z € J,. Let u*(z) denote the
one-sided approximate limits of u on J,, so that for H" !-a.e. point = € J,

lim p_”/ lu(x) — uF(z)|dx =0,
By (x)

p—0+

where Bpi(x) ={y € B,(x) : £(y — x) - v,,(z) > 0}. Note that a change of sign of v, induces a permutation
of u™ and u~ and that only for scalar functions there is a canonical choice of the sign of v, which ensures that
ut(z) > u™ (x). The distributional derivative of u is the sum of a ”"gradient” measure, which is absolutely
continuous with respect to the Lebesgue measure, of a ”jump” measure, concentrated on a set that is o-finite
with respect to the H" '-measure, and of a ”Cantor-type” measure. More precisely,

Du = D% + D’u+ D%u,

where
D%y =VuLl", D'u= (u"(2) —u (2) @ vu(z) H" P L J,,

Vu:= (Viu,...,V,u) being the approximate gradient of u, compare e.g. [1] or [13, Vol. I]. We also recall
that {uy} is said to converge to u weakly in the BV -sense, up — u, if u, — u strongly in L'(B",RY)
and Duy — Du weakly in the sense of (vector-valued) measures.

TANGENTIAL QUASI-CONVEXITY. Let M(N,n) be the class of real (N x n)-matrices. We shall
denote by T,Y the tangent space to ) at u € Y. Moreover, writing ¢ € M(N,n) as £ = (&,...,¢&m),
where & € RY is the i-th column of &, we set

[TV :={¢€ M(N,n)| €T,y Vi=1,...,n}.
Dealing with manifold constrained mappings, the following definition was introduced in [6], see also [2].

Definition 1.1 Let g: Y x M(N,n) — [0,400) be a continuous function. We define the tangential quasi-
convexification of g relative to u €)Y at & € [T, V™ by

Qrglu,€) i— inf{ /( | 90+ Do) d | o €W (0 1>",m>} .

Moreover, g is said to be tangentially quasi-convex if for every u € Y and & € [T, Y]"

g(U7 5) = QTg(u7 5) .
Let P, : RN — T, ) denote the orthogonal projection, and let §: Y x M(N,n) — R be given by
9w, &) = g(u, P&),  Pu&:= (P&, ... PE"). (1.1)
In [6] it was proved that for every v € Y and & € [T, V]"

QTg(ua g) = Qg(ua 5) )



where Qg is the standard quasi-convex envelope of g, i.e.,
Qalu,€) = intf [, o€+ Dot dn | ¢ € WY(0, oz}
0,1)m

This yields that g is quasi-convex if g is tangentially quasi-convex. Moreover, we may and do identify a
tangentially quasi-convex function g with the restriction of a quasi-convex function g to the subset T'())
of Y x M(N,n) given by

T) :={(w,§) e Y x M(N,n) [ue Y, e [Tu]"}. (1.2)

HYPOTHESES ON f. We shall consider integrands f : B" x RN x M(N,n) — [0, +c0) satisfying the
following hypotheses:

(H1) f is continuous;

(H2) for every z € B™ the function f(z,-,:) : Y x M(N,n) — [0,+00) is tangentially quasi-convex,
Definition 1.1;

(H3) there exist two absolute constants ¢; > 0 such that

C1 |£‘ < f(:r7u7£) <c2 (1 + ‘§|)
for every x € B" and (u,&) € T());

(H4) for every compact set K C B™, there exists a non-negative continuous real function w, with w(0) = 0,
such that

[f(@,u,€) = f(x0,u0, )| < w(|z — ol + |u— uol) - (1 +[¢])
for every (z,u), (zo,u0) € K x Y and & € M(N,n);

(H5) there exists two absolute constants C' >0 and 0 <m < 1 such that

|foo(x’u’ g) - f(wauﬂgﬂ < C(l + |£|17m)
for every x € B" and (u,&) € T());

(H6) the recession function f> satisfies the isotropy condition, i.e., for every (z,u,&) € B® xRN x M (N, n)
and v € S"1

foo(xvuag) Zfoo(xvuvg'V@V)‘

Remark 1.2 The hypotheses (H2), (H3), and (H5) deal with the restriction of f to B™ x T'()), compare
(1.2), and go back to [3]. The isotropy condition (H6) was studied by Fonseca and Rybka [10]. It is clearly
satisfied if f(x,u,&) = h(z,u,|£|) for some function h.

THE RECESSION FUNCTION. We recall that the recession function f> : B" xRN x M(N,n) — [0, +o0)
of f is well-defined by

f(x,u, &) := limsup Y (x,u,&) € B x RN x M(N,n).

t——+oo

If f satisfies (H2), (H3), and (H4), it turns out that:

[z, u, t8)
t

(H2’) for every a € B™ the function f*°(xz,-,-): Y x M(N,n) — [0,4+0c0] is tangentially quasi-convex;
(H3) 1 [€] < f(2,u,€) < ca ] for every = € B" and (u,€) € T(Y);

(H4’) for every compact set K C B™, there exists a non-negative continuous real function w, with w(0) = 0,
such that

f% (@, u, &) = f2 (w0, w0, §)| < w(|o — wol + [u — uol) - [¢]
for every (x,u), (zo,up) € K xY and £ € M(N,n).



THE SURFACE ENERGY DENSITY. Following [10] [9] [3], for every v € S"~! we denote
Q,={zeR"||jz-v|<1/2, |[z-v|<1/2 Vi=1,...,n—1}

where {y; ?;11 C S*71 are chosen so that {v1,...,v,_1,v} yields an orthonormal basis of R™. A function
¢ :Q, — RN is said to be 1-periodic in the v;-direction if

o(x + k) = p(z) VkeZ, z€Q@,.
For every a=,at €Y we let

Pla=,at,v) = {peWhHQ,, V) |¢x)=a ifx-v=-1/2, p(z)=at ifz-v=1/2,
¢ is 1-periodic in the y;-direction, for i = 1,...,n — 1}.

Moreover, we let K : B" x ) x Y x S"~! — [0, +00) be defined by
K(zg,a”,at,v) = inf{ (0, (), Do(x)) dx | ¢ € Pla™,a™, V)} . (1.3)
Qv

Arguing as in [10], it readily follows that if f°° satisfies the isotropy condition (H6), then
1/2
K(z9,a",a%,v) = inf{ / Fe (o, (1), 7 () @v)dt |y e WH((=1/2,1/2),Y), 4(£1/2) = ai} - (14)

—1/2

Remark 1.3 In the case of the total variation integrand, i.e., f(x,u,§) = [£|, we have f>(z,u,&) = ||
and hence

1/2
Ky, ™t ) =inf{ [ prOlar |y e W (-1/21/2,9), 212 =t}

i.e., K(zo,a™,a™,v) agrees with the geodesic distance dy(a™,a") between a~,a™ € ).

MAIN RESULT. In this paper we will prove the following representation result of the relaxed functional.

Theorem 1.4 Let F : LY(B",Y) — [0,+00] be the variational functional (0.1), where f : B™ x RN x
M(N,n) — [0,+00) satisfies the hypotheses (H1)—(H6) above, and let F : L'(B™,Y) — [0,+00] be the
lower semicontinuous envelope of F in the L'-topology, see (0.2). Then F(u) < +oo if and only if u €
BV(B",Y). Moreover, for every uw € BV (B™,Y) we have

F(u) = : f(z,u, Vu)de + : foo(z,u,dDCu)—F/I K(z,u™,u,v,)dH"?

where the surface density term K is given by (1.3) and

_ dD¢
f2(x,u,dDu) = f> (z,u, dDCZ|) d|DCu|
u being a good representative of wu.
We recall that Theorem 1.4 was proved in [3] in the case Y = SV~1, without assuming the isotropy

condition (H6), and by [9] in the unconstrained case, Y = RY. It remains an open problem to prove
Theorem 1.4 without assuming the isotropy condition (H6).

The rest of the paper is dedicated to the proof of Theorem 1.4. By Remark 1.3, the growth condition
(H3), in conjunction with the smoothness and compactness of ), yield that F(u) is finite if and only if
u € BV(B™,Y). We now define for every Borel set B C B" and u € BV(B™,))

G(u, B) ::/Bf(:c,u, Vu)dx+/Bf°°(:v,u,chu)+/J K(z,u™,ut,v,)dH" 1, (1.5)

«NB



and we let
G(u) := G(u, B").

In Sec. 2, using the same argument as in [3], that goes back to [9], we will show that

Fu)>Gu) YueBV(B")Y). (1.6)

A DENSITY RESULT. In order to obtain the equality in (1.6), it suffices to show that for every u €
BV (B™,Y) there exists a sequence of Sobolev maps {uy} C WH1(B",Y) such that up — u weakly in the
BV -sense and

lim f(z,up, Dug) de = G(u) .

k—oo Bn

To this purpose, in Sec. 3 we will first prove

Theorem 1.5 For every u € BV(B™,)) there exists a sequence of maps {urp} C BV(B™Y), with
|DCuy|(B™) =0 for every k, such that wj, weakly converges to u in the BV -sense and

klim G(u) = G(u).
In Sec. 4 we will then prove

Theorem 1.6 Let u € BV(B™,Y) be such that |D%u|(B™) = 0. There exists a sequence of Sobolev maps
{up} Cc WHY(B™Y) such that uy — u weakly in the BV -sense and

lim f(z,u, Dug) de = G(u) .

k—oo Bn

By a diagonal argument we then clearly obtain our density result, and hence the equality in (1.6), that
concludes the proof of Theorem 1.4.

2 Estimate from below

In this section we prove the inequality (1.6). To this purpose, for every w € BV(B",)) and every sequence
{up} ¢ WHY(B™,Y) such that u, — u in L'(B",RY) and liminf, F(uy) < oo, it suffices to show that

1ikrgiorolf.7:(uk) > G(u). (2.1)

Following [9], possibly passing to a subsequence, we may and do assume that
Fl up(s), Dug(:)) L" L B™ — u

weakly in the sense of the measures to some non-negative and finite Radon measure p on B"™, that decom-
poses into the sum of four mutually singular measures

= pia L™ + po|Dul + pylut —u” | H L Ty 4 o
Therefore, (2.1) holds true if we show that
fa(wo) = f (2o, u(x0), Vu(zo)) (2.2)

for L™-a.e. xg € B",

c
polan) = 1% (0, ). gD ) ) (2.3
for |[DCul-a.e. ¢ € B, and
! K(zg,u™ (z0),u™ (z0), vu(z0)) (2.4)

p(xo) > lut (20) — u(x0)]

for |D7ul-a.e. zg € B".



Remark 2.1 For future use, we denote by
Y. = {y € RY | dist(y, ¥) < ¢}

the e-neighborhood of ) and we observe that, since ) is smooth and compact, there exists £g > 0 such that
for 0 < € < g9 the nearest point projection II. of ). onto ) is a well defined Lipschitz map with Lipschitz
constant L. — 11 as e — 01. Therefore, the distance function d(-,)) to Y is well-defined on Y., and

d(yay):w*Hso(y)‘ Vyeyso'

PROOF OF (2.2) AND (2.3): Let ¢ :[0,400) — [0,1] be a Lipschitz function such that ¢ =1 on [0,£¢/2]
and ¢ =0 on [gg, +o0), and consider the function f : B® x RN x M(N,n) — [0,+oc) defined for every
x € B™ and £ € M(N,n) by

f(zvyaf) = @(d(ya y)) : f(xaua Pu(g)) 9 U = HEO (y)

if y € Ve,, see Remark 2.1, and flz,y, &) =0 if y e RY \ Ve,, where P, (§) is given by (1.1). It turns out
that f is an extension of the restriction of f to B™ x T'())), whereas the hypotheses (H1)—(H5) yield that
the function

fe(@,y,€) = flz,y,6) +eg|

satisfies the hypotheses (F1)—(F5) of Theorem 2.8 in [3], i.e., of Theorem 2.16 in [9]. The only non-trivial
hypothesis to be checked is the following one:

(F4) for every compact set K CC B™ x RV there exists a continuous function w, with w(0) = 0, such that

[fe (@9, €) = fe (0,90, )| < w(|z = ol + [y = wol) - (1 +[¢])
for all (xvyag)v (x07y0a£) € K x RN x M(an)

To prove (F4), we observe that if y, ¥’ € Ve, setting u := Il (y) and ug := Il (yo), we have

[fe(,y,8) = fe(@o,90,6)] = le(d(y, V) - f(z,u, Pu(§)) — (d(yo, V) - f (2, u0, Puy (£))]
< le(d(y, ) — e(d(yo, ))l |f (2, u, Pu(€))]
+ [f (@ u, Pu(§)) = f2,u0, Pug ()] -

Moreover,

lp(d(y, V) — #(d(yo, V)] oy — ul) = @(lyo — uol)|

< Lip ¢ ||y — e, ()| — lyo — I, (o) |
< Lip ¢+ (1+Lip IL,) - |y — vol -

Property (F4) then follows from (H4).
In conclusion, arguing as in Sec. 5.1 of [3], we infer that (2.2) and (2.3) hold true. O

PROOF OF (2.4): We follow the lines of the proof in Sec. 5.2 of [3]. More precisely, using the blow-up

argument from [9], for H" t-a.e. zg € J, we find a sequence {v;} C W1(Q,,Y), where v = v, (), such
that vy — ug in L'(Q,,RY) and

[u (o) = u (wo)| prs (o) = lim. /QU J> (@0, vk (), Dvg(x)) d

where ug € BV(Q,,)Y) is given by

 uT (=) if 2-vy(20) >0
uo(w) = { u’(scg) if x- Vu('rg) <0.

Now, using the isotropy condition (H6), we prove the following



Lemma 2.2 Under the previous hypotheses, there exists a sequence {wr} C P(u™(z9),u™ (z0),v), where
v = v, (x0), such that

lim/Q (o, vk(2), Dug(x)) dz > limsup | f*(zo, wk(z), Dwy(z)) d .

k—o0 k—o00 Q.

On account of (1.3), Lemma 2.2 yields (2.4).

PROOF OF LEMMA 2.2: Arguing as in [10, Prop. 2.6], by Fubini’s theorem and (H6), for every ¢ > 0 and
every k we find a Sobolev function v, € Wt((=1/2,1/2),Y) such that

1/2

£ Goson(a). Don(e)) do = [ o)/ () @ vt~ (2.5)

Qv —1/2

where ~;, strongly converges in L'((—1/2,1/2),R"™) to the function

(1) ::{ ut(zg) if 0<t<1/2

u” (zo) if —1/2<t<0.

By the growth condition (H3) and by (2.5), we infer that

1/2
sup/ [y, ()] dt < C < o0 (2.6)
koJo12

for some absolute constant C > 0. Let m € NT to be fixed below, and let
LM =[G —1)/2m,i/2m], I :=[-1/2m,—(i —1)/2m], i=1,....,m.

K3

By (2.6) we infer that for every k we can find two indices ii € {1,...,m} such that

/|’y,'€(s)|ds§% if I=1I% or I=1_. (2.7)
I K

Yk

Now, by a straightforward adaptation of the argument from [9, Lemma 3.1], we may and do define for
every k two cut-off functions

oy :[0,1/2] — [0,1], op 1 [-1/2,0] — [0,1]
such that ¢ (t) =0 if 0 <+t < (iif —1)/2m, ¢ (t) =1 if iF /2m < £t < 1/2, and such that, setting
WiE(t) = oF W)y (t) + (1 — i (1) ut (w0) 0<+t<1/2

and wy, : [-1/2,1/2] — RN by

~+ .
_ _wl(@) if 0<t<1/2
Wk (1) '_{ @ (t) i —1/2<t<0
we have
1/2 _ _ 1/2 O
[, e maa@ends [ e w e g (29)
—1/2 —1/2

and, by the growth condition (H3),

W, (t) ® v] dt < (2.9)

=

»/{t lo<eE(t)<1}

for some absolute constant C' > 0



We now show that if m € N is chosen sufficiently large, for k large enough
dist(wg (), V) < eo Vte[-1/2,1/2]. (2.10)

Property (2.10) is clearly satisfied if ¢ ¢ I%. Now, by the L'-convergence -y, — =, for k sufficiently large
*k

we may and do find a number tf € ijt such that
k

k() — u™ (wo)| < £0/2. (2.11)

Moreover, for every t € I;Lt we have
k

@ (8) = u*(20)| < li ()] Ik () — u*(20)| < i (8) — i (6) + [y (t5) — w* (o)

whereas

) = () < [ Phlds, where 1= 1%

k

Therefore, choosing m large so that C/m < e0/2 in (2.7), by (2.11) we obtain (2.10).
We finally define wy, : [-1/2,1/2] = Y by

wg(t) := Tl o wi(t),

where II., is the projection given by Remark 2.1. Since wy,(t) = Wy (t) if ¢t ¢ I, using (2.8), (2.9), and the
*k

growth condition (H3), it turns out that {ws} C Whi((=1/2,1/2),)) satisfies wg(£1/2) = u*(zg) and

the energy estimate

1/2

1/2
/ £ (0, wi(8), wh () © v) dt < / £ (w0, (), (£) @ v) di + Lip 11, -
—1/2 —1/2

)

= QY

where C' > 0 is an absolute constant. On account of (2.5) we then obtain

1/2
klim / (a0, vk (x), Dug(z)) dz > lim sup/ o (wo, wy(t), wy,(t) @v)dt — e
- /g, k—oo J-1/2

and finally the assertion, by letting € ™\ 0. |

3 The density result, part I

In this section we prove Theorem 1.5. We shall first consider the case of the total variation integrand,
flz,u, &) = €. Using a continuity theorem by Reshetnyak, Theorem 3.4, we shall then prove Theorem 1.5
for more general integrands f as in Theorem 1.4.

THE CASE f(z,u,&) = |£|. By Remark 1.3, if we consider the total variation integrand f(z,u,&) = |¢],
we infer that G(u, B) agrees with the total variation energy

Erv(wB) = [ [Vulds+ |DOul(B) + [ dyu (@).ut @) dr . (31)
B u

compare [14, Sec. 6]. In the proof of Theorem 1.5 we use arguments from [14, Sec. 4]. For the reader’s

convenience we give a complete proof, that will be divided in four steps. In the case of dimension n = 1,

the proof is a straightforward adaptation of results from [14, Sec. 1].

PRrROOF OF THEOREM 1.5: We make use of an inductive argument on the dimension n > 2. More precisely,
we will assume that Theorems 1.5 and 1.6, and hence the strong density of W1 !-maps, hold true in dimension

n—1, for f(z,u,&) = [¢].



For every point zo € B™ and for a.e. radius r € (0,7¢), where 2r¢ := dist(zg, 0B™), the restriction
U(r,z0) *= U|AB, (z,) Of u to the boundary 0B, () is a function in BV (9B, (x¢),)) with jump set satisfying

Uirmg) = Ju N OB, (zg) in the H" 2-a.e. sense. In this case we say that r is a good radius for u at g, and

we set

gTV(u(r,zo)u aBT(xO)) = / |vru(r,mo)| dHn_l + \Dfu|(3Br(x0))
+ dy(u” (z),u’ (x)) dH" 2 (x),
JuNOB, (o)

D, and V. being the distributional derivative and the approximate gradient w.r.t. an orthonormal frame
7 tangential to 9B, (x¢), respectively.

Step 1: Definition of the fine cover F,,. We define for every m € N a suitable fine cover F,, of B™\ J,
consisting of closed balls of radius smaller than 1/m. To this aim, let g and p; be the mutually singular
Radon measures on B™ given for every Borel set B C B™ by

ja(B) = / \Vulde + |DCu|(B),  ps(B) = / disty (u™ (), ut (z)) dH" 1 (3.3)
B J.NB
so that by (3.1) we have the decomposition into the ”diffuse” and ”jump” part

Erv(u, B) = pa(B) + ps(B).

By the decomposition of the derivative Du, compare [1, Prop. 3.92], we infer that for any point zy in
B™\ J, we have
B, Dul(B,
lim inf érv(u, Br(z0)) _ lim inf |Dul(Br(x0))

r—0 rn—1 r—0 rn—1

~0. (3.4)

Moreover, since 17 = iy L J,, where J,, is a countably H" !-rectifiable set, and Ery (u,J,) < oo, for every
m € N we find a closed subset J,,, C J, such that

1
Im C Jm+l and 5Tv(u, Ju \ Jm) = ,LLJ(Ju \ Jm) < E Vm.

Setting now
Q:=DB"\J,,

Jm being closed, for every xo € § there exists a positive radius r = r(zp, m), smaller than the distance of
xo to the boundary 0B"™, such that for every 0 < R < r(xg,m)

FR(x()) N Jm = @
Finally, by (3.2), if xg € Q, for every 0 < R < r(xzg,m) we find a good radius r € (R/2, R) such that
9 _
Erv (U(r,z0), OBr(20)) < = Erv(u, Br(zo)) -

We then denote by F,, the union of all the closed balls centered at points zg € Q and with good radii
0 < r < min{r(zg,m)/2,1/m} such that

2 _
5TV(u(T,w0)7aBT‘($0)) < ; gTV(uyBQT('IO)) (35)

and, according to (3.4),

The above construction yields that F,, is a fine cover of £ such that

UJFm B\ Jim.



Step 2: Covering argument. We apply the following extension of the classical Vitali-Besicovitch covering
theorem, see [14, Thm. 4.1] and e.g. [1, Thm. 2.19], with respect to the positive Radon measure

poi=L" 4 pa +

where L™ is the Lebesgue measure and pg, @y are given by (3.3). In the sequel, for any closed ball B we
will denote by B the closed ball centered as B and with radius twice the radius of B, i.e.,

B:=By.(x9) if B=B,(x).

Theorem 3.1 (Vitali-Besicovitch) Let Q@ C R™ be a bounded Borel set, and let F be a fine cover of Q
made of closed balls. For every positive Radon measure p in R™ there is a disjoint countable family F' of

F such that ,u(Q \ UJ’:’) = 0. Moreover, we have

> uB)<C-uQ),
BeF’

where C'= C(n) > 0 is an absolute constant, only depending on the dimension n.

By Theorem 3.1 we obtain for every m a suitable denumerable disjoint family F,, of closed balls
contained in B™\ J,, and with radii smaller than 1/m. We finally label

*7:7/71 = {Bj};.il’ Qm = U Bj
j=1

and notice that

1
1 (Qn) < pa(B™\ Jim) < m and pa(B™\ Q) = 0. (3.7)
Step 3: Projecting the boundary data. Let n > 3. For any p > 0, we set Q) := [—p, p]™ C R™ and denote by
%! the i-dimensional skeleton of Q7, so that |JX72~! = dQ7. Also, let |z| := max{|z1],...,|x,|}. In the

sequel, we say that the i-dimensional restriction ws: of u to i belongs to BV (X)) if for any i-face
F of XU its restriction u)p belongs to BV(F,Y) and, for any i-faces F; and Fy of ¥, the traces of uF,
agree on the common (i — 1)-face I of Fy N Fy. In this case, moreover, we denote by Ery (u,¥%) the sum
of the Epy-energies Epy (u, F) of the restrictions ujp of u to all the i-faces F of X%, where

Erv(u, F) := /F |Vup| dH' + |DCU‘F|(F) +/J dy(uﬁ;(x),ul';(x)) dHL.

ulR

We recall that ) ¢ RY, and for y €)Y and 0 < e <egg we denote by
—N
By(y,e) =B (y,e)NY

the intersection of ) with the closed N-ball of radius e centered at y, so that HE(FN(y,e)) = By(y,¢),
where II. : ). — J is the projection map given by Remark 2.1. Moreover, we let ¥, .y : RY — By(y,¢)
be the retraction map given by W, .(z) := Il 0 &, ), where

2 if ze€ EN(y,s)

o) (2) = Y if zeRN\ B (y,¢)

_ (3.8)
|z =yl

so that W, . is a Lipschitz continuous function with Lip ¥, .y = Lip Il — 1t as e — 07T,

Let Bj = B,(x9) € F},. By means of a deformation and slicing argument, we may and do define a
bilipschitz homeomorphism ¢; : B,(z¢) — QF such that ||Dyj|le < K, ||D1/1j_1\|oo < K for some absolute
constant K > 0, only depending on n, and

¥j(By(z0)) =Qp  Vpe(r/2,r). (3.9)

10



Letting u; :=uo 1/);1, we also may and do define 9; in such a way that the restriction u;x: belongs
to BV(X,)) for every i > 1 and satisfies the energy estimate

_ 1 _
Erv(u;, %) < C- - Erv(uy, Rt Vi=1,...,n—2,
where C' > 0 is an absolute constant, not depending on ;. By (3.5) and (3.6) we infer that on one hand
Erv(u;, 20) < Cri-" Epy(u, Bar(z))  Vi=1,...,n—1 (3.10)

and on the other hand

1 , -
——&rv(u;, 2} < C Vi=1,...,n, (3.11)

1
m
where C' > 0 is an absolute constant.

Remark 3.2 Setting e, := 1/y/m, for m € N sufficiently large, the inequality (3.11), with ¢ = 1, yields

that the image u;(X}) is contained in a small geodesic ball By (y;,&m,/2) centered at some given point
yj €Y.

Let ¢ € N*. Following an argument by Bethuel [4], if S}, is one of the (n — 1)-faces of X771, where
h=1,...,2n, we may and do define a partition of S}, into (¢+1)"~! small (n — 1)-dimensional ”cubes” Cj
in such a way that the following facts hold:

i) If [C)p]; denotes the i-dimensional skeleton of the boundary of Cj, the restriction of u; to [Cjp]; is
a function in BV([C} ];, V) for everyi=1,...,n —2.

ii) If n =3, we have

(q+1)?

Z Erv(uj,0C ) < K <5TV(Uj785h) + ngV(UjaSh)> ; (3.12)
=1

where K > 0 is an absolute constant.

iti) If n >4, and [Sy]; denotes the i-dimensional skeleton of Sj, for every i =1,...,n — 2 we have

(g+1)" "

> Ervlu[Cunli) < K- Z_:(f) R ~Erv (ug, [Snle) (3.13)

=1
where K > 0 is an absolute constant.

iv) All the C)’s are bilipschitz homeomorphic to the (n — 1)-cube [—r/q,7/q]"~! by linear maps fi
such that [|Dfinllee < K, [IDf ) [0 < K.

Remark 3.3 By (3.11) and (3.12), or (3.13), we infer that

(g+1)~~t N qn,Q
; Erv(u, [Crpli) £C e

where C > 0 is an absolute constant. Moreover, the image u;(3}) is contained in By (yj,&m/2). Therefore,
in the sequel we will take
q := integer part of ((2C)~! - &, - m)/ (=2 (3.14)

Arguing as in Remark 3.2, we infer that for every [ and h

u;([Crpl1) € By (yj:em) - (3.15)
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Let 5= r(1— ') and define ,: QF — Qf by @y(x)i=(1—q~)x and w5 QF \ Qf — 9@ by
(o) (x) == rx/[|z|. Setting

2n (g+1)"~ 1
M) = (o) < U U oC, h)
h=1 =1
it turns out that the (n — 1)-skeleton

Ny = M5y U0Q), U QS

is the union of the boundaries of n-dimensional ”cubes” @ 3, satisfying Cj;, C 0Q), for every [ and h, that
partition Q7 \ Q3. Moreover, each @y, is bilipschitz homeomorphic to the n-cube [—r/q,r/q]" by linear

maps fl,h such that HDJ?l,h”oo <K, ||Dfl_}3Hoo < K, where K > 0 is an absolute constant. Finally, set

= <G OH[J [C.1] ) (3.16)

h=1 =1

We now define a BV-map u; € BV(Q, \ Qf,Y) and a BV-map u; € BV(9Qj,Y) such that the
following properties hold:

(
(

a) u; has small Epy-energy, see (3.18) below;

b) @; maps 0Qf into By(y;,em) and its Ery-energy is comparable to the Ery-energy of wjjagn;

(c) the trace of u; agrees with w;son on 0Q;

) u
)
)
(d) the trace of u; agrees with @; on 0QY.

(2)

To this purpose we first define a BV-function w;™ on the 2-skeleton of N(r5) by setting

. on 52
u§-2) =19 Yiyem) 0Uj© o, on <I>qg§,2)~
Uj © T(r.5) on 5 (%)

y (3.15) and (3.16) we infer that u§2) is well-defined in the 2-skeleton of N, s).

The case n = 3. We then define @; on @2\ Q3 by means of a radial extension on each cube Qp, i.e., by

setting for every [ and h
. @ 71" fzh(il?)
) = (7 (£ C reQui, (3.17)
’ ¢ || fin(@)ll

so that 4; actually belongs to BV (Q32\ Q3,)). Moreover, it is readily checked that ; satisfies the energy
estimate

—~ r
Erv (U, Qup) < C . Erv(ul?,0Qun) |

whereas by the definition of ugz) we obtain

5TV( an n) <C <5Tv(ug, Cin)+ - STV(uj7aCl h))

Therefore, by (3.12), and by summing on [ and h, we estimate
o\ 2
rv(;, 02\ @D < € (L ervu, 2+ (1) erviush).

12



In conclusion, for m large, and n = 3, by (3.14) and (3.10) we obtain the energy estimate
Erv (s, Q \ QF) < C (e -m)V ™™ Ery (u, Bar (o)) (3.18)

where, we recall, (g, -m)/?" — 0 as m — +o0, since &, - m = /m.

The case n > 4. We define a BV -function u;i) on the i-skeleton of N, ), arguing by iteration on the
dimension ¢ = 3,...,n. More precisely, if F' is any i-dimensional face of [@Q;];, we distinguish two cases.
g-l) =u; on F. Otherwise, we define ul? on F by means of a "radial”

j
;ZI(;;) similar to the one in (3.17), so that

If F is contained in 0Q] we set u

extension of the boundary datum w
Erv(f’ F) < O £ry (. 0F)

Setting then u; = u§-n), by the construction, and for (3.13), we readily infer that

n—1 n—i
~ n n r %
ETV(uj)Qp \Q5) <C Z <q> Erv (uj, 37),
i=1

so that by (3.14) and (3.10) we obtain again (3.18), for m large. The above properties (a)—(d) follow from
the construction, as required.

In conclusion, for any n > 3, setting
wj = Uj 01; : By(wo) \ Bs(zo) = Y,

on account of (3.9) we infer that w; belongs to BV (B,(zo)\ Bs(z0),Y), and by (3.18) it satisfies the energy
estimate - o o
Erv(wj, Br(x0) \ Bs(x0)) < C (em - m)"/ =™ Epy (u, Bar()) . (3.19)

Finally, by the properties (c) (d) we infer that the trace of w; on 0B, (x¢) is equal to u(, ,,) and the trace
of w; on 0Bs(xo) is equal to v;, where v; € BV (0Bs(x),)) satisfies
vj(0Bs(0)) C By (y;,em) (3.20)
and the energy estimate
Erv (vy,0Bs(x0)) < C - Epy (U(r,zg), OBr(20)) -

In the case of dimension n =2 we simply take § =r and v; := u(, 4,). In this case, in fact, the energy
bounds (3.5) and (3.6) yield that (3.20) holds true, see Remark 3.2.

Step 4: Approzimation on the balls of F . We set Ej := Bs(), and we now apply the above mentioned
inductive hypothesis to the BV-map v; € BV(0B;,)) defined in Step 3. Therefore, we find a sequence of
Sobolev maps {v,(f)} C Wl’l(aéj,y) such that ||U](1j) - Uj||L1(01§j) — 0 and

/A |D-vf [ dH" < Epy (v;,0B; x ) - (1+27")
3 .

J

for every h. Now, since v; satisfies the property (3.20), by the proof of Theorem 1.5 and of Theorem 1.6
below we infer that we may and do assume that the approximating sequence satisfies

v9(0B;) C By(yjrem)  Vh. (3.21)

Taking k sufficiently large, and using the argument by Gagliardo [11], we then define a map W,ij ) ¢

Wl’l(A‘spk7RN), where 0 < pp, <8 and AF = Af(20) denotes the annulus

A? = ER(ZE())\BP(I‘()), O0<p<R,
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in such a way that W15|C')9B(s(aio) Vj|oBs(zo) 1D the sense of traces,

; T—x ; T—z
,5])(:50 Pk |zxz|> v,(cj)(mo 0 |xm2|>
()

and the energy | s )| dz is arbitrari y small, if pg sufficiently rapidly. Since
d th 4 DW,gJ) d b 1 11, if /0 suffi 1 dly. S Wy
Pk

is built up

by means of affine interpolations between U](_Lj ) and vgjlp for h > k, by condition (3.21) we infer that

dist(W,gj)(x), V) < e for L"-a.e. x € Aik (3.22)

for m large enough, hence we may and do deﬁne w( - =1l o W(j ) on A5 .» where IL.; is the Lipschitz

projection on ) given by Remark 2.1, so that w,C (A5 ) C By(yj,€m)-

We now extend w,(f) to the whole ball B by the map w(]) : B, (z0) — By(yj,&m) given by

. (4) : o—a
~() (. ) wg o0y (T) if xeA;_7, 3.93
wk ((E) ' { \Ij(y_,',sm) ouo (;5(5’077“) (:L‘) if T e 35,20(1}0) ) ( ' )

where ¢ := 06 — pg, Y50 : Agfga — A‘S _, is the reflection map

Vo (@) 1= (e = o] +2(0 — o)) =0
and ¢;5,0,r) : Bs—20(x0) — By (o) is the homothetic map
0(5.0)(%) =0 + = (& — o)
(6,0)\T) = Zo 5 — 9% T — o).

) is contained in the geodesic ball By (y;,em),

~(7) () . :

Set now p := py = 6 —o. Since the image of B,(z¢) by w(]
by means of a convolution argument we can approximate w,”’ on B,(x¢) by a smooth sequence wve
B,(zo) — BY (yj,em) that converges in the L'-sense to w,(clB (o) and with total variation converging to
the total variation |Dw(])|( B,(z0)). We then set wd = =1l o o) B,(z9) — By(y;,&m), so that clearly

gj) ,(j ) weakly in the BV -sense, whereas

|Dw|(B,(20)) < (LipIle,,) - [Dvl|(By(x0)) -

~(7)

Therefore, the energy of w;’’ being small on AS- 5_95, we may and do assume that

. 2-J
lim sup / |DwY | dz < (LipTl., )? - | Du|(B,(z0)) + - (3.24)
e—0 (z0)
Moreover, by suitably defining the convolution kernel, we may and do assume that the traces are equal, so
that wgg,B (o) = ggB (o) = N,(jl()aB (o) We finally define u,(cj) € BV (By(x0),Y) by

w;(x) if xeAj
W)= w(z) if zedl
(

wé{) xz) if xe€ B, (x)

where € \, 0 along a sequence and py " § sufficiently rapidly so that

: ) 2—J
Erv(uf), A ) = /AS |Dul? | da: < - (3.25)

Pk
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Step 5: Approzimating maps on the whole domain. For any n > 2 we now define uém) :B" =Y by

() ; : >
(m) _Ju(x) if xze€eBj, jeN L _
e (@) { u(x) if ze€B"\Qp, fhn j=1 B (3:20)

By Step 4 we know that ugcj) € BV(B,,Y) and u;j)lgj € Wl’l(éj,y) for every j and k. Moreover, since

u,gj) =u on 0B, for every j, we infer that u,(cm) is for every k a function in BV (B™,)).
As to the energy estimates of ugcm), if n >3, by (3.19) we infer that

Z(‘)j‘v(’uém),Bj \EJ) < C (Em .m)l/(2—n) ZSTV(u, EJ)
Jj=1

=1
where, we recall, _ o . =N o
Bj :BQT(I0)7 Bj :BT’(Z'O)& Bj :B(S(‘TO)’

whereas by Theorem 3.1, on account of (3.3), we obtain

> Erv(u,By) < C- (5Tv(u,Bn) + E"(B”)) <00, (3.27)

Jj=1

and (g, -m)Y/2=™ — 0 as m — co. On the other hand, by (3.24) and (3.25) we estimate
— m) p . 2
> Erv(u™, B)) < (LipIL.,,)? - | Dul(@n) + -
j=1

Now, (3.7) yields
1
Dul|(Q,,) < Q) + —.
Dul() < 1a(2) +

Therefore, by a diagonal argument, setting u,, := ufcinn) for a suitable sequence k,, — oo as m — oo, we
infer that
oo
lim sup Z Erv(um, Bj) < pa(B™),

that clearly holds even in the case n = 2. Since moreover u,, =u on B"™\ ,,, by (3.7) we then infer that

lim sup Erv (U, B") < pa(B™) + py(B") = Ery (u, B"). (3.28)

m— 00

To prove the L'-convergence of wu,, to u as m — oo, and hence weakly in the BV-sense, we recall
that the radii of the balls B; in F,, are smaller than 1/m, whereas uém) = u on O0B; and outside .
Therefore, since by the above energy estimates we may assume that |Du,,|(B;) < 2|Du|(B;) for every j, if
m is sufficiently large, the Poincaré inequality yields

o0 o
m 1 1
|t —ulde =3 [~ ulde <37 - IDul(B) < Co- - IDul(BY),
n j*l Bj j:1

where C,, > 0 is an absolute constant, whence w,, — u in L'(B",RY). The lower semicontinuity of
u+— Epy(u, B™), see (2.1), in conjunction with (3.28), yields the convergence Epv (U, B") — Eprv(u, B™).

Finally, we observe that the Cantor part of Du,, is non-zero only possibly in the annuli B, (z¢) \ Bs(zo).
However, due to the energy estimates (3.18) (3.27), by summing on j, we may and do assume that for m
large enough

|D um|(B") < 5 |Du|(B™).

N =
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Therefore, using an iteration argument on the approximating sequences {u,,}, similar e.g. to the one giving
Theorem 1.6 from Proposition 4.1 in Sec. 4 below, we find the approximating sequence {uy} such that
|DCuy|(B™) = 0 for every k, as required. O

THE CASE OF GENERAL INTEGRANDS f. To prove Theorem 1.5 for general integrands f, arguing
as in [16], we shall make use of a continuity property from [13, Vol. II]. This property relies on the following
continuity theorem due to Reshetnyak [18], compare Thm. 1 in Sec. 1.3.4 of [13, Vol. II].
We first notice that the sequence {u,,} obtained in the proof of Theorem 1.5, in the case f(z,u,&) =[],
actually satisfies
lim_[Du|(B") = |Dul(B").. (3.20)

Moreover, denoting by Du := VuL" + D the ”diffuse” part of Du, we also have
lim |Duy,|(B") = |Du|(B"). (3.30)

In fact, uy, =w on B™\ Q,,, where Q,, C B"\ J,,. By (3.7) and the growth condition (H3) we obtain

C
D7 |(B"\ Jm) < C- g (B™\ Jn) < —, (3.31)
that clearly yields both (3.29) and (3.30). We now let
Fr(u) = f(z,u, Vu)de + o (z, u,dDCu)

Bn Bn

so that if f(z,u,&) = |€|, we have Fy(u) = [Du|(B™). Using (3.29), (3.30) and Theorem 3.4 below we will
prove that
lm Fp(um) = Fr(u). (3.32)

m— 00

Now, the first two terms in G(u), corresponding to the ”diffuse” part Du, agree with Fr(u), see (1.5).
Moreover, since Q,, C B™\ J,,, by property (H3), and by the compactness and smoothness of ), we obtain

/ K(z,u ,ut,v,)dH" 1 < / K(z,u™,u™,v,)dH" !
JuNQm, Ju\an
C g (B"\ Jp) < C-[D7ul(B"\ ) -

AN

By (3.31) and (3.32), and since w,, = u on B™\ Q,,, we readily conclude that G(u.,) — G(u).

In order to prove (3.32), for any R™-valued Radon measure p defined on an open set U C R"*V we
will denote by 77 its Radon Nikodym derivative with respect to the total variation |u|, and by s — u the
weak convergence in the sense of the measures.

Theorem 3.4 (Reshetnyak). Let G(z,p) be a non-negative continuous function defined in U x R™
satisfying the following properties:

i) G(z,-) is positively homogeneous of degree one for every z;
ii) G(-,p) is uniformly bounded as p € S™~1;
ili) G(z,-) is essentially convex for every z, i.e.,
G(zp+q) <G(zp) +G(z,9)  YpgeR™,
where the equality holds if and only if ¢ = A\p for some A > 0.

Let F(z,p) be a non-negative continuous function that is homogeneous of degree one in p for every z and
that satisfies
0 < F(z,p) <c1G(z,p) + c2 V(z,p) €U xR™

16



for some absolute constants c¢; > 0. Then we have

dm [ T A = [ PR

provided that pp, p are R™-valued Radon measures on U satisfying
pe=ny [ GET )l [ GERE A o k.
U U

We now take U = B" x RN, z = (z,u), m = 1 +nN, and we identify v € BV(B",)) with the vector

valued measure i, := (ugo), ugl)), where

w(@) = | d@o@)de  Vé=g(xy) € CB" xRY)
and u(vl) = ((uv)g), for i=1,...,n, j=1,...,N, is defined in components by
()] (8) == | Vi (@) g, v(z)) do + - $(a, u(x)) d(Dv);

B'n.
Following [13, Vol. II] [15] [16], it turns out that

|Dv|(B") = /UG(%ﬁ(v)(Z))dlu(v)l, Frv) = /UFf(Z,ﬁ(v)(Z))dlu(v)l,
where G and F are the parametric polyconver l.s.c. envelope of the total variation integrand and of f,
respectively. Moreover, we have:

Lemma 3.5 The weak convergence u,, — u in the BV -sense, in conjunction with (3.30), yields the weak
convergence i, — [ in the sense of the measures.

Therefore, by the growth condition (H3), by (3.29), and by Lemma 3.5, we readily check the hypotheses
of Theorem 3.4, for G and F = Fy as above, that clearly yields (3.32), as required.

PROOF OF LEMMA 3.5: Setting U := B™ x RY by (3.30) and by Hahn-Banach theorem, since

l(©) = [ VIR de = DOIE, 0) = Dol (87,

possibly passing to a subsequence (p,,,) weakly converges to some vector-valued measure i with finite
total variation. Writing p = (/7(0)7/7(1)) as above, the L'-convergence u,, — u and the Lebesgue theorem
clearly yield that the first component

A00) = | dwu(@)de=po) Vo e CoB" X RY).

As to the second component (") := ((f1)?), the weak convergence u,, — u in the BV-sense yields that for

every i and j we may decompose (f1)7

(@] = ()] + @7, ()] L@,
the first one being the corresponding component of ;LS}), so that
(B 1(U) = ()] 1U) + (@) (V) -

By lower semicontinuity, using (3.30) we obtain

()1 (U) + (@ (U) < Timinf | (,,)]1(0) = (1)} 1(0)

into two mutually singular measures

which yields (ﬂ)i = 0 for every i and j and hence g = u,. The assertion readily follows, as the limit
does not depend on the chosen subsequence. O
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4 The density result, part II

In this section we prove Theorem 1.6 in any dimension n > 2, the case n = 1 being an immediate adaptation
of results from [14]. In the sequel, for every map v € BV(B™,Y) we will denote by pq,., and pj, the
Radon measures on B™ given for every Borel set B C B™ respectively by

oo (B) ::/f(x,v,Vv)dm, 1ya(B) ::/ Kz, v 0", vy) dH" (4.1)
B J,NB

so that if [D%v|(B™) =0 we have, compare (1.5),
G(v, B) = pta,w(B) + pyu(B) .
The proof of Theorem 1.6 is based on the following

Proposition 4.1 Let u € BV(B",Y) be such that |Du|(B™) = 0. Let ¢ € (0,1/2) and k € N. We can
find a function w e BV (B™,Y) such that

G(@, B") < G(i, B") + & | 1 — @l ) <
1 4.2
poa(B) < 5 pwpa(BY) and |DCTI(BT) =0, (42)

In fact, for any ¢ € (0,1/2) we apply iteratively Proposition 4.1 as follows. Letting uf§ := u, at the
k" step, in correspondence of ¥ := u$_; we find ¥ := u§ such that (4.2) holds true. By induction on
k € N, we define u® :=uS, € BV(B™,Y) such that

G(u®,B") < G(u,B") + > ¥ < G(u,B") + 2
k=1

and |DCuf|(B™) = 0. Moreover, since for every k
paws (B") <275 (B,

letting k — oo we obtain that p,<(B™) = 0. Finally, since

o0 oo
[uf = ull iy <D Nuf = ufllorse <D e¥ < 2,
k=1 k=1

letting wuy, := u®* for some sequence i \, 0, the sequence {u;} C BV (B",)) weakly converges to u, with
G(ur) — G(u) as k — oo, by lower semicontinuity. Since |D%u|(B") =0 and fis,, (B") =0 for every k,
by the growth condition (H3) we infer that |D”u|(B™) = 0, whence {ux} C WH(B", ), as required.

PROOF OF PROPOSITION 4.1: We set u = u, for simplicity, and divide the proof in five steps, where we will
use arguments from [14].

Step 1: Blow-up argument. We apply an argument by Federer [8, 4.2.19] to the rectifiable measure
P = LoHY LT, Lu(z) = K(z,u ,ut,v,),

the density £,(x) being a non-negative H"~! L J,-summable function on J,. Therefore, by [8, 3.2.29] there
exists a countable family G of (n — 1)-dimensional C'-submanifolds M; of B™ such that p,-almost all
of B™ is covered by G. Moreover, since pj,(B™) < oo, we can find a positive number 6 > 0 so that the
subset

Ji={zeJ,|Li(z) >0}
satisfies the following properties:

~ 1
H*(T) < o and  pgu(B"\J) < 1 g u(B"). (4.3)
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Moreover, by the smoothness and compactness of ), and by the growth condition (H3), we infer that the
function z +— L, (x) is uniformly bounded on J, i.e.,

L,(z)<C(J)<oo Vzel. (4.4)

Let 0 < o <1 to be fixed. By [8, 2.10.19] and by the Vitali-Besicovitch theorem, Theorem 3.1, we can
find a number t, € (1/2,1), a countable disjoint family of closed balls B;, contained in B™ and centered

at points in J, and a bilipschitz homeomorphism 1, from B™ onto itself satisfying the properties listed
below, where ¢ > 0 is an absolute constant, possibly varying from line to line, which is independent of o
and of the radii r; of the balls B;.

) (B \ U, By) = 0.

ii) If B; := B(pj,r;), for every j there is a manifold M; of G such that p; € M;, and the radius
r; € (0,0).

iii) Since H""1(J) < oo, then

er"_l <ec-H"HJ) < 0. (4.5)
j=1

iv) Letting C; := B(p;,tor;) N M, we have

tu(B(pj;5) \ C5) < 0 - pyu(B(ps i) V. (4.6)
v) The one-sided approximate limits u*(p;) of u at p; are well-defined.
vi) The "blow-up” map u; : R" — Y of u at p,

() .:{ ut(py) if (@ —pj) vu(ps) > 0
P L ut(py) i (@ —py) - vulps) <O

has small L'-distance from u on By, i.e.
luj —ullprm,) <c-o-r" . (4.7)
vii) By a slicing argument, we may and will assume that for some R € (r;,2r;) the sliced map W|OB(p, tr;)
satisfies .
|Dujonp, i) (0B (P, trj) \ Cj) < — - [Dul(B(pj, R) \ Cj) -
J
Moreover, by the construction we may assume that both properties (4.6) and
pru(B(pj,p)) < ¢ Lu(py) p"

hold true for any 0 < p < 2r;. Therefore, taking o > 0 small so that /o <1/C(J), by (4.4) and the
growth condition (H3) we obtain that

|Dujop(p, i [(0B(pj,tri) \ Cj) < c-or;" 2. (4.8)

viii) The ball B(p;,tr;) is divided by M, into two open connected "half” balls, denoted by Q;—L, and by
a slicing argument we have

/ fu(z) — u*(py)] < ¢ or Y (4.9)
aB(pj,tTj)ﬂQ;t

ix) By the hypothesis (H4) on f, for every « € B; we have

[f(@,u,8) = f(pjuw, ) <o (1+¢])  VYuel, VEe M(N,n). (4.10)
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x) Since L,(p;) is the (n — 1)-dimensional density of 1, at p;, we have

|MJ,u(Bj) - Eu(Pj) *Wn—1 Tjn_1| <o wp-1 Tjn_l . (4.11)

xi) Lipw, <2 and Lipt; ! < 2. Moreover, 1, maps bijectively Bj onto Bj, with ¢59p, = Id|gp, and
Yo (pj) = p; for all j, and v, is equal to the identity outside the union of the balls B;.

xii) 9¥,(C;) = B(pj, p;) N (pj + Tan(M,, p;)) for every j, where Tan(M;,p;) is the (n — 1)-dimensional
tangent space to M; at p; and p; € (1;/2,7;).

As a consequence, we define uf € BV (int(B;),Y) by uj := (uo Y5 ") int(B,)> and observe that
fiug = Yog(tyu e int(B;))) .
Step 2: Projecting the boundary data. Set
r=(%,2,) ER" I xR.
Without loss of generality we may and will assume that p; = 0, v,,(p;) = Vug (0) = ey, and
B; =B, B(p;, pj) = B%, 0<R<d,
where Bj := B"(0, p), so that d =r; and R = p;, and
B(pj, pj) N (pj + Tan(M;, p;)) = Dr x {0} CR" ™' xR,
where D, := B""}(Ogn-1, p). We also set
Bf ={x€ B} |+x, >0}, 0BFf:={x€0B)|+x,>0}.

By (4.8) and (4.9) we readily infer

|Du;‘83% (0BE) <c Vo R"2, /83* [uf (x) — z]i| <c-oR", (4.12)

R

where zji are the one-sided approximate limits of u7 at the point 0 € Ju?, ie., of u at p;. Therefore,

for n > 3, using an argument very similar to the one in Step 3 of Sec. 3, see also (3.23), but this time
working separately on the half-balls B;f, and taking o instead of 1/m, due to (4.12) we are able to define
two BV -maps wji : Bﬁ \ B — Y such that the following properties hold:

(a) we have R —r = R/q, where q:=c/c'/?("=2);

(b) wji(m;) = \IJ(Zji’EU) ouf(Rzx) if |z| =1, where \IJ(Zji,aU)(Z> =11, og(zji’eg), see (3.8), and e, := ¢-/0;

(c) we have |Dwi|(BE\ BF) <c- ? DS o5 [(9BE), so that by (4.12)
|Dw; |(Bg \ By) <c- VO et n1)/2n-2) Rt
q

(d) by (4.12), since 0 < R < d < 1, we also have

Q

lwf =2l mgpe) Se- g - BT Seo-d' (4.13)
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e) using the properties us =0 an uz R X <co uz , that follows

ing th ies |[DYug|(BR) = 0 and [D7ug|(B% \ (Dr x {0})) < co|D7ug|(By), that foll
from (4.6), from the growth condition (H3), and from the smoothness and compactness of ), we
infer that we may and do define wji in such a way that the function w; : B \ B — ), given by

w;(x) = wji(x) if +x,, > 0, belongs to BV (B} \ Bl*,)) and satisfies

|D7w;| (B \ BY') N (Dr x {0})) < c-

2| =

: |DU?|8B;;c (0B}, U0Bg),

so that again by (4.12) and property (c) we deduce that
|Dw;|(B%\ B?) < ¢-gn=D/2(n=2) . gn—1, (4.14)

Step 3: Approzimation on the balls B;. Using property (b) in Step 3, we now define u
setting

7 : B! =) by

ud(x) =

v ou?(Rx/r if z,>0
{ (o o) © 45 (B /1) (4.15)

\IJ(Z;,EG) ouf(Rx/r) if x, <O0.

Remark 4.2 In the case n =2, by (4.12) we infer that u‘j’(aBﬁ) C By(zjj-t, €s), and hence we simply take
r =R in (4.15).

We now apply for every j a ”dipole construction” to approximate almost all the Jump part of the energy
of uf. Let y(¥) := (r —[Z]) denote the distance of Z from the boundary of the (n —1)-disk D,. For § >0
small, let

¢s(x) = (T, 05(y(@))2n) @€ Drx [=11],  ¢s(y) := minfy, o} .
Let Qs := ¢s(D, x [—1,1]) be the "neighborhood” of D, x {0} given by
Qs ={(T,2n) | TE€ D, |aal < 0s(y(@))},

and let
Qs := ¢5(Dy x [-1/2,1/2]) = {(Z,20) | T € Dy, |an| < 05(y(7))/2} .
Also, set
Q(r,é) = Qg \ (DT X {O}) .

Let v : (Qs\ Q) — Y be given by vf (z) == uf o Y7 (x), where 7 : (Qs\ Q) — Q(r5) is the bijective

o 565001 = (5 (- 2L )

[Voi (z)] < c|Vag(z, (2 = @s(y(@))/|znl) 2n)] - (1 + ¢5(y(T))/[2n])

and @5(y(z))/|zn| €]1/2,1], we infer that v§ € BV (s \ Q5,)), with

Since we have

/ |Vu7|dz < ¢ / |Va?| dx . (4.16)
Qg\ﬁg Qs

Therefore, by absolute continuity and by the growth condition (H3) in Sec. 1, we infer that for ¢ small
Ha,vg (5 \ Qs) is small. Moreover, we have

pwr (6(25\ 25)) < e (t(Qrs))

so that by (4.6) and the definition of u we obtain
e (i06(25 \ Q) < c0 piyuz (BR).- (4.17)
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We now define wf : (€5 \ Qs) — RN by

w (z) = (wj(';%) - 1) 2 (F, ) + (2_ SD?(';(%)) 2

where + is the sign of z,.
If r—0<|Z|<r and (r—12])/2 < |z,| < (r —|Z|), then

Vufl(@) < =z v (@) = 5] + e Vef @)

whereas if |Z| <r—0 and §/2 < |z,| < J, we estimate

IVw?|(2) < < [v7(2) — 25| + ¢ |Vo (z)].

c

1)

Moreover, by the definitions of ﬂ;’ and of v7, we infer that for every z € (s \ f~25
vy (x) € By(zji,sg) if +x,>0,

see (3.8), where ¢, := c¢-+/o. As a consequence, on account of (4.16) we obtain

/ ~ |Vw3’|dw§cﬁ£"((25\§5)+c/ _ Vi |dx (4.18)
5\ Qs Qs\ Qs

which is small if ¢ and o are small, by the absolute continuity. Also, since the oscillation of w{ is smaller
than ¢+/o on both the sets {x € Q(;\(Nl(; | £, > 0}, by projecting w¢ into the manifold Y, see Remark 2.1,
we may and will assume that w¢ is a function in BV(Qs \(257 V). We then clearly have

f,w7 (It (€ \ Q5)) < fr,0g (Nt (s 1\ Qs)), (4.19)

whereas by the construction

w] (T, £p5(y(7))/2) = zji VZ € D,.
By (4.17), (4.18), (4.19), and by the growth condition (H3), taking ¢ small, we infer that w? satisfies the
energy estimate

G(w;’,int(Q(s\ﬁa)) < C/ a \Vwﬂdx—kuj,w;(int(()g\(NZ(S))
25\ 05

(4.20)
< coR"l+ copyug (BR) .
In conclusion, defining uf : (Bj \ Qs) — Y by

uf(z) ifxe By \ By

o v ) wi(x) ifxeBj\ B
Uj (CL’) = ﬂ;’(m) if € B;L \ Qé (421)

wi(x) ifxeQs\Qs
it turns out that uf belongs to BV ((B] \ Q5),)), satisfies the boundary condition

uj = z;r on 9Q;N BT, uj =z; on Qs N B, (4.22)

where z]jE = u*(p;). Moreover, (4.6), (4.14), the growth condition (H3), and (4.20) yield the energy estimate
G(@F, By \ Q) < ptaus (B) +co®™ d" ™ 4 copyus (BY), (4.23)

where 0 < a(n) <1 is an absolute positive constant, only depending on the dimension n > 2.
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Step 4: The dipole construction. In order to extend uj to a function in BV (B,,Y), we use a dipole-type

argument. To this purpose, we recall that B; = EZ, Jug = Yo (JuNint(By)), p; =0, vu(p;) = Vug (0) = en,
and zji = uF(p;). Let v; € Wh1((=1/2,1/2),)) be such that ~;(+1/2) = z]i and

1/2
L(vy;) = /1/2 I 5,7 (1), (t) @ en) dt < K(pj, 27, 2] en) + €5, (4.24)

with €; > 0 arbitrarily small, compare (1.4). Using the homogeneity of f>°(z,u,-), we observe that the
function ¢, : D, x [—p/2,p/2] — Y given by ¢; (T, x,) = v;(z,/p) satisfies

/ (05 05(x), Dy (x)) dx = H=1(D,) - £(7;)
Dy x[=p/2,p/2]

for every p > 0. Therefore, setting ﬂ‘]’ Qs — Y by

@) =u(onrm). FED lml < pil@)/2,

since
wl(x) = (vjod; ) (@),  x€ds(Dyx[-1/2,1/2)),
where v; : D, x [-1/2,1/2] — Y is given by v;(Z, z,) := 7;(xy), we readily estimate

L(v;) - (H""HDy—s) + cH""Y(D, \ Dy_s))

71 1 (D) L)
orm! + Hn_l(Dr) : ‘Cu(pj)

/~ f(py, 0§ (), Duj (v)) dv
Qs (4.25)

INIA A

if § > 0 is small, where in the last inequality we have used (4.24) and the fact that

On the other hand, by (4.10) and by the growth condition (H3) we obtain

<

‘/{25 f(ac,ﬁ;—’(:v),Dﬂ;-’(sc))dﬂf/ﬁ5 f(pj, a9 (), DTS (x)) d

<o [ <1+|Da;f<x>|>dm(|ﬁa|+c- [ f@(pj,aﬂx),mm))dx)
Qs

Qs

where ¢ > 0 is an absolute constant. As a consequence, by (4.11) and (4.25) we infer that if 6 > 0 is small

ag satisfies the energy estimate

i flz,ag, Duf)de < cod™ ' 4 (14 co) pyus (B;) - (4.26)
s
In conclusion, by (4.21) and (4.22) we deduce that a5 € W'!(Bj,)), whereas by (4.23) and (4.26)
G(ag, By) < G(uf, Bf) + co®™ d* " + copur (BY). (4.27)
Step 5: Approzimation on the whole domain. Setting again B; = EZ, we now show that for § small enough
135 —uf o1 (sy) < co (47" + pou(Bi)) - (4.28)
In fact, uf agrees with uf outside B, whereas by (4.7) and the definition (4.21) of @ we readily infer

3
that

luj = uS Nl s gy < cod™
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On the other hand, by (4.21), (4.22), the Poincaré inequality, and the growth condition (H3) we have
llu; — a?HLl(ﬁg) < cr/~ |Va?| dzx < cr[v [z, uf, Vay)de.
Qs Qs
Therefore, by (4.26) and (4.4), and since 0 < r < d < ¢ < 1, we obtain

It =@ sy < eo (@ + nau(B7))

and hence (4.28).
Setting then UY € WbtY(B;,Y) by U7 = (uf o1o)B,, since d = r;, by (4.27) we infer that for every j

G(UY, Bj) < prau(Bj) + (L + co) pyu(By) + cor;" 1, (4.29)
whereas by (4.28) we get
1U7 —ullpis;) < co ("™ + pau(By)) - (4.30)
Let now u® € Wh1(B™,Y) be given by
Uo(z) ifzeB; >
o o 7 J — .
u? () : {u(m) ifx e B"\ Qpp,, 2 LJlB]'
‘7:

By (4.29) and (4.5) we obtain
G4, B") < frau(B") + (1 + €0) pya(B") + ca 1),
so that if o = o(e,k, J, W) > 0 is small, we have
G(u®, B") < G(u, B") 4 .
Moreover, by (4.3) and (4.6), taking o small, the above construction yields that

prwe (BY) < e pgu(Bi\Cy) + pru(B"\ J)

j=1

1 1
< copju(B")+ ZuJ,u(B") <3 “pu(B") .

Finally, by (4.30) and (4.5), the balls B; being pairwise disjoint, we have

o0 o0
lu” —ullLrny < Z U7 —ullz1(s,) < caZm"il +copgu(B") < ek
j=1 j=1

if 0 =o(e,k, j, W) > 0 is small. Since Du’ has no Cantor part, the proof is complete. O
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