Boundary regularity for elliptic problems with
continuous coefficients

Lisa Beck*

Abstract: We consider weak solutions of second order nonlinear elliptic systems in divergence form or of
quasi-convex variational integrals with continuous coefficients under superquadratic growth conditions.
Via the method of A-harmonic approximation we give a characterization of regular boundary points
using and extending some new techniques recently developed by M. Foss & G. Mingione in [15].

1 Introduction and results

In this paper we present a characterization of regular boundary points in the regularity theory of vectorial
elliptic and variational problems by extending the techniques and the results of Foss & Mingione in [15]
to the boundary. We first consider weak solutions v € WP(£, RY) of a general homogeneous system of
second order elliptic equations in divergence form

div a(-,u,Du) =0 in Q, (1.1)

where Q is a bounded domain in R™ and a: Q@ x RY x R™Y — R is a continuous vector field on which
we impose standard boundedness, differentiability, growth and ellipticity conditions: z — a(-,-,z) is of
class C', and for fixed 0 < v < L and all 2,z € Q, u,u € RV, and 2z, 2, A € R™V there holds:

‘a(m,u,z)| + ‘Dza(x,u, z)| (1 + |z|) <L (1 + |z|)p_1 ,
D.a(z,u,2) A\ X > v (1+ \z|)p72|)\|2 ,
la(z,u, 2) — a(z,u,2)] < L(1+ |z\)p_l w(lz —z> + [u—al?).

|Dza(x,u,z) - Dza(x,u,2)| < Lu(%) (1 + |zl + |Z\)p72.

(1.2)

Here n, N > 2, p > 2, and y,w: RT — R* are two moduli of continuity, i.e. bounded by 1 (without loss
of generality), concave and non-decreasing such that lim, .o w(p) = 0 = lim,_o (p).

The role of the modulus of continuity w(-) will be the crucial point in our paper; we remark that,
in the sequel, we confine ourselves to the vectorial case. For the scalar case we refer to [15] and the
references therein. If we assume a Holder condition of the form w(t) < t% for some a € (0,1), t € RT,
i.e., (1+|z))!"Pa(x,u, z) is Holder continuous in the variables (z,u) uniformly with respect to z, then
it is known (see [17]; [14] for the variational case) that standard growth and ellipticity assumptions
on the coefficients imply partially Holder continuous first derivatives of the weak solution u, which
means Holder continuity outside the singular set of Lebesgue measure 0, with optimal Holder exponent
«. Moreover, assuming that the boundary data are sufficiently smooth, general criteria for Du to be
regular in a neighbourhood of a given boundary point were obtained by Grotowski and Hamburger
(see [20, 21]) using boundary versions of the method of A-harmonic approximation and of the blow-up
technique, respectively. The assumption on w(-) was weakened to Dini-continuous coefficients, where

for @dp < oo is fulfilled for some r > 0, which still allows to conclude a partial regularity result for Du
(see [8, 27]; [9] for the variational case). Moreover, a condition of the form limsup,_,,w(p) log(%) =0
ensures in the case of variational functionals under non-standard growth without u-dependency (see [3],
Theorem 2.1) to infer u € C2%(,RY) for every a € (0,1).

loc

Assuming merely the continuity of the coefficients with respect to the variable (x, u) without any further
structural assumptions, Campanato proved low order partial regularity in [5], namely that the weak
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solution u is Holder continuous with every exponent o € (0,1) outside a negligible closed subset of €2,
for the low dimensional case, where n < p + 2 (cf. [6] for similar estimates up to the boundary; see
also [23] for the variational setting). Moreover, the Hausdorff dimension of the singular set is bounded
by n — p from above implying that actually almost every boundary point is verified to be a regular
one. In contrast, in the case of quasi-convex variational integrals, these methods do not apply, and a
similar low dimensional result was obtained only under the assumption w(t) < ¢ (cf. [23], Theorem
1.5). However, for general dimensions, the question of low order partial regularity under a continuity
assumption remained unsolved for a long time, until Foss & Mingione gave a positive answer in [15] both
for weak solutions of elliptic systems and for local minimizers of quasi-convex variational integrals. The
aim of our paper is now to extend the characterization of regular points up to the boundary. For this
purpose we denote by Regyq u the regular boundary points of w in the sense that

Regyou = {zg € 9Q: u € C*(U(zo) N Q,RY) for every a € (0,1)

and some neighbourhood U (zg) of 2o} ,

and the set of singular boundary points by Singgq u := 9Q \ Regyq u. Analogously for fixed o € (0,1)
we define

Regyn.qu = {zo €'t u € C¥*(U(zo) N, RY) for some neighbourhood U(zo) of ao }

and Singyq , u = 02\ Regyq o, u. Our first theorem then provides a characterization of the regular
boundary points analogous to the characterization of regular points in the interior of 2 (see [15], Theorem
1.1):

Theorem 1.1: Consider p > 2, Q@ C R", n > 2, a bounded domain of class C' and a map g €
CHQ,RY). Let u € WHP(Q,RY) be a weak solution of system (1.1) under the assumptions (1.2) with
boundary values u = g on Q). Then there holds:

|Dl/an(wo)u - (Dvan(wo)u)QﬂB‘,(wo)‘

p
dx >0
(1 + |(DV852(CDO)U)QI’WBP(:I?0)DP

Singgq u C {:z:o € 0Q: lim inf][
QQBP(Z())

p—0F

or liminf ,oﬁ]Z \Dl,m(ggo)m2 dz > O}
QﬁBp(xo)

p—0F

for every B € (0,2); here vaq(xo) denotes the inward-pointing unit normal vector to O in xy. Moreover,
for every a € (0,1) there exists s > 0 depending only on n, N,p,v, L, a, 3,00, g, w(-) and u(-) such that
the following inclusion holds for every 8 € (0,2):

D — (D z0.o|F
Singgq o u C {:Uo € 0Q: lim inf][ | Dvoaro)t = (Dvoaro))ao.rl dr > s
’ p—0t Jons,(z0) (1 +[(Drpg(zo))onB, (z0) )P

or liminf pﬁ][ |Dl,m(3,:0)u|2 dx > s} .
QQBP(I())

p—0F

We note that for general dimensions the problem of knowing whether there might exist regular boundary
points, even in the case of Holder continuous coefficients with exponent a < %7 remains open (cf. [12]),
unless we have some additional structural condition (as e.g. a splitting condition, see [22] for minima).

In the second part of the paper we consider variational integrals of the form
Flu] = / F(z,u, Du) dz, (1.3)
Q

where the integrand F': Q x RN x R™N — R is strictly quasi-convex, continuous and grows polynomially.
More precisely, we assume that z — F(-,-,2) is of class C? and that F satisfies for fixed 0 < v < L and
all 2,z € Q, u,u € RY, and 2,z € R™" the following assumptions:

v(1+[z))P < Fz,u,2) < L(1+[2])?

V Jio.ayn (L + L2l + Do) )P 21Do(y) P dy < [ 1y [Fl@,u, 2+ Dp(y)) — F(z,u,2)] dy

|F(2,u,2) — F(z,1,2)| < L(1+ |z\)pw(\x —ZP + Ju—al?),

|D..F(x,u,2) — D..F(z,u,z)| < Lu(%) (1+ ]2+ |ZDP*2.

(1.4)
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The functions p(-) and w(-) are those already considered in the elliptic case, and for (1.4)2, which is called
strict quasi-convexity condition, we assume ¢ € C§°((0,1)",RY). We note here that quasi-convexity is
an extension of convexity to a global property and is essentially equivalent to lower semicontinuity (cf.
[1]). Applying step 2 of page 6 in [25], we may also assume a growth condition on the first derivatives of
the form D, f(x,u,2) < L(1 4+ |z|)P~!. Moreover, it can be verified that the conditions (1.4) above (see
[26], Theorem 4.3) imply the strict ellipticity of the matrix D?f in the sense of Legendre-Hadamard, and
therefore we may also assume

v(L+12)P72EP 0] < DeoF(x,u,z)@n-E@n < L (1+ [2))P¢* |nf?

for all ¢ € RN, e R™.

We note that in the case of Holder continuity of coefficients a partial regularity theory for the gradient of
minimizers has been established in the by now classical papers [14, 2, 7], while partial Holder continuity
in the interior in the case of general continuous coefficients has been again proved in [15].

Our second theorem now yields a characterization of the regular boundary points of minimizers of quasi-
convex integrals corresponding to the elliptic case:

Theorem 1.2: Consider p > 2, Q@ C R", n > 2, a bounded domain of class C! and a map g €
CHQ,RY). Let u € WHP(Q,RYN) be a local minimizer of the functional F[-] in (1.8) under the assump-
tions (1.4) with boundary values u = g on 0. Then there holds:

p
dxr >0

Singgq u C {xo € 0Q: liminf
p—0F

][ |Duan(wo)u - (Duon(wo)u)QﬁBp(wo)‘
QNB,(z0) (1 + |(DVasz(Eo)u)QﬁBp(mo) Dp

or liminf pﬁ]l 1Dy (z)ul? d > O}
QﬁBp(xo)

p—0F

for every 8 € (0,p). Moreover, for every o € (0,1) there exists s > 0 depending only on n, N,p,v, L, o, 3,
0, g,w(-) and p(-) such that for every B € (0,p) the following inclusion holds:

Dl/ x - DIJ x x P
Singyg,q u C {:Eo € oN: liminf][ Do (@)t = (Dron (@) Wons, o)l
’ p—0+ Jong, o) (1 +1(Dupg(ze))nB, (z0) )P

or liminf pﬁ][ | Dy (woyu|? dz > s} .
QQBP(I(])

dr > s

p—0F

Finally we briefly comment on the techniques used in the proofs and on the modifications necessary
to handle the boundary situation: regularity proofs for both nonlinear systems and functionals are
usually based on a comparison principle in order to establish an excess decay estimate. In the present
situation, the excess quantity introduced by Foss & Mingione consists of three terms: the first involving
the averaged mean deviation of the derivative of the weak solution (re-normalized by the factor (1 +
|(Dype(20)W)0NB, (20)|)P Which might diverge due to the fact that we cannot expect to obtain Lipschitz
estimates even if the boundary data are smooth), the second involving the radius of the ball B,(z)
and finally the Morrey-type excess M (xg, p) quantifying the oscillations of the weak solution u. The
appropriate decay of this excess quantity is now obtained by a linearization argument (combined with
the Ekeland variational principle in the case of variational integrals), namely by freezing the coefficients
and the functional, respectively, in order to obtain an elliptic system A with constant coefficients. In the
second step, the comparison with an A-harmonic map (for which good a priori estimates are available
up to the boundary) is made possible by the technique of A-harmonic approximation (for details we
refer to [10] and, for a more general form in the setting of geometric measure theory [13]). Our main
goal, the Holder continuity of u on a relative neighbourhood of a given boundary point zy where the
excess is small, can then be established in the model case of the upper half unit ball (which is sufficient
for the general situation) by proceeding similarly to existing papers concerned with boundary regularity
(see e.g. [20]); here, we mention that our boundary excess describes only the behaviour of the normal
derivative of u but appropriate boundary versions of the Caccioppoli and the Poincaré inequality allow us
to control the full derivative of u. Hence, the excess at the boundary is now used to get control over the
corresponding excess quantity on balls in the interior within a neighbourhood of xy, and a combination
with the interior case then yields the desired regularity result.

In the sequel, we set our main focus on the treatment of the boundary situation, but, as indicated in
[15], the methods also apply to cover inhomogeneous elliptic system and almost minimizers of integral
functionals.
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2 Preliminaries

We start with some remarks on the notation used below: we write B,(zo) = {z € R" : |z — 20| < p}
and B;(xo) = {x ER”:z, >0, |z — x| < p} for a ball or an upper half-ball, respectively, centred
on a point 2o (€ R"~! x {0} in the latter case) with radius p > 0. Sometimes it will be convenient to
treat the n-th component of x € R™ separately; therefore, we set © = (2/, x,,) where 2’ = (21, ... ,xn_l).
Furthermore, we write

Lp(zo) = {z €R" : |z — x| < p, z, =0},

for zg € R"~* x {0}. In the case zg = 0 we set B, := B,(0), B := By as well as B} := Bf(0), Bt := Bf
with T', :=T,(0), I := I';. We also introduce the following notation for W!»-functions defined on some
half-ball B;(xo) and which vanish (in the sense of traces) on the flat part of the boundary:

WP (B (z0), RY) := {u € W"P(B (20), RY) : w =0 on I'y(z0)} .

Let L™ denote the n-dimensional Lebesgue measure. For any bounded, measurable set X C R™ with
L"(X) =: |X| > 0, we denote the mean value of a function h € L*(X,RY) by (h)x = § , hdz, and,
in particular, we use the abbreviation (%), , for the mean value on B,(zg) or on B/ (2¢), respectively.
The constants ¢ appearing in the different estimates will all be chosen greater than or equal to 1, and
they may vary from line to line.

We consider a bounded domain 2 in R", for some n > 2. The boundary of € is assumed to be of
class C* with modulus of continuity 7(-); this means that for every point zq € 99 there exist a radius
r > 0 and a function h : R®~! — R of class C! such that (up to an isometry) Q is locally represented
by QN By(z9) = {x € By(x) : ¥, > h(2/)}. Thus we can locally straighten the boundary 0 via a
C'-transformation T defined by T(2’, z,,) = (2/, %, — h(z")).

We recall that u is a weak solution of (1.1) with boundary values g under the assumptions (1.2) if u is a
WP (Q,RN)-map such that

/ a(xz,u, Du) Dodxr = 0 for every o € WyP(Q,RY)
Q

and if u = g on 9 in the sense of traces. Further, u is a local minimizers of the functional F[-] with
boundary values g under the assumptions (1.4) if u is a WP(Q, RV )-map such that

Flu] < Flo) for every v € u + W(}’p(QRN)

and if u = g on Jf) in the sense of traces.

Firstly we recall a boundary version of Poincaré’s inequality Wll’p (BE,RN )-maps. The fact that u
vanishes on I' allows to estimate the integral over v by the integral of the normal derivative D,u only
rather than the full derivative.

Lemma 2.1 ([4], Lemma 3.4): For functions u € WAP(B}(z0),RN) with zo € R* x {0} there
holds:

RP
/ lulPde < — |DyulP de .

We next want to state results from the linear theory. Firstly, we recall the following up-to-the-boundary
version of the A-harmonic approximation lemma:

Lemma 2.2 ([19], Lemma 2.4; [20], Lemma 2.3.): Consider fized positive v and L, and n, N € N
with n > 2. Then for any given € > 0 there exists 6 = 6(n, N, \, L,e) € (0, 1] with the following property:
if A is a bilinear form on R™ satisfying

vIEPn? < Acencon) < LIEP (2.1)

for all ¢ € RN, n € R, and if w € WI}’Q(B;F(:&Q),RN) (for some p > 0, g € R"™1 x {0}) with
jﬁ B (z0) |Dw|? dx < 1 is approzimately A-harmonic in the sense that
P

‘][+ A (Dw, D) dz| < § sup |Dg
By (z0) B (w0)
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for all ¢ € C5(B}f (x0), RYN), then there exists an A-harmonic function h € Wi (B,j‘(aco),RN) such that

][ |Dh|?dx < 1 and p_Q][ lw—h]*de < e.
B (z0) B (zo)

That A-harmonic maps are indeed smooth, is the statement of the next lemmas:

Lemma 2.3 ([19], Theorem 2.3): Consider fized positive v and L, and n, N € N with n > 2. Then
there exists a constant ¢, depending only on n, N, L and v such that for every bilinear form A on R™N
with upper bound L and ellipticity constant v and any A harmonic map h € VV1 2(B"’(ajo) RY) (for
some p >0, 1o € R"™1 x {0}) there holds:

p~2 sup |Dh|*+ sup |D?*h)* < ¢ pfz][ |Dh|? dx .
B} ,(x0) B}, (xo) B (z0)
Given a functlons u € L*(B} (o), RY) we denote by P, , the unique function minimizing the functlonal
P fB+ (o) — P|? dx amongst all functions P of the form P(z) = Qu, for some Q € RN. P} =
P

Qf ,wn s then given via
:o,p = CQ(”) ,072 ][ u(z) z, do
Bf (z0)

for cg = (f p+ 2 dz)~' = n+ 2. The following lemma provides explicit estimates for Q. , similar to
;] :
[24], Lemma 2:

Lemma 2.4: Let u € W%’Q(B;‘(xo),RN) for some xz0 € T, 0 < 0 < 1, Pf  the polynomial defined
above. Then the following estimates hold:

. 2 _
(i) |QF ., —QF I < cn) (6p) 2]f i~ P2 da
B;p(ﬂ))
(i) |Qf ., — ] < ¢(n) ]{3+( )|Dnu_§‘2da:

where £ € RV,

ProoOF: Using both the definitions of Q@ , and of the constant cg and Hélder’s inequality we compute

xg,0p

|Qwo,90 QTGJ’ =

2
—2
N SRC

CQ (9;))72 ]{3+( ) [U(I) Ty — To p n} dm’

2 —4 + 2 2
co (0p) ][ u(x) — Tn|” dx ][ x: dx
¢ B, (o) | o B (w0)

— 2
Q(Qp) 2 ]63+( : |u(:c)f ;ro,p:rn| dx .
9p\T0

IN

IN

For the second inequality we proceed analogously and apply at the end the Poincaré-inequality in the
zero-boundary-data-version in order to derive:

@, €l

eqp ]{;w [u)an — }dm‘

cop? ]l lu(z) —fzn|2dx
Bf (z0)

cpcQ ][ ’Dnu(ac)—§|2dx. O
B (z0)

IN

IN
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Moreover, we will need an iteration result (cf. [18], Lemma 7.3):

Lemma 2.5: Let ¢: [0, p] — R be a positive non-decreasing function satisfying
p(0 1 p) < 07 p(0%p) + B (6"p)"

for every k € N, where § € (0,1) and v € (0,n). Then there exists a constant ¢ depending only on n,0
and «y such that for every t € (0, p] the following holds:

pt) < c [(%)np(p) +Bﬂ} :

For the proof of the characterization of regular boundary points we will concentrate on the model situation
of a half ball and we will make use of a slight modification of Campanato’s integral characterization of
Holder-continuity up to the boundary:

Theorem 2.6 ([20], Theorem 2.3): Consider n € N, n > 2 and zo € R" ! x {0}. Suppose that there
are positive constants o € (0,1], k > 0 such that, for some v € L?(Bgg (o)), there holds the following:

el wentar) < (G)”

for all y € Tar(zg) and p < 4R; and

wi{f, ot} <o ()

for all y € Bip(z0) with B,(y) C Bix(x0). Then there exists a Hélder-continuous representative v of v
on B} (x0), and for v there holds: |v(z) — v(2)| < ck (L;%Zl)a for all z,z € Bf(x0), for a constant c
depending only on n and o.

3 Elliptic Systems

3.1 Decay estimate

The first step in proving a regularity theorem for solutions u of elliptic systems is to establish a suitable
reverse-Poincaré or Caccioppoli inequality. In the case of continuous coefficients a(-, -, -) with respect to
the first two variables (instead of Holder or Dini continuous coefficients) we have to state here the exact
dependency for some linear disturbance of the weak solution u for the system

diva(-,u,Du) = 0 in BT . (3.1)
Lemma 3.1 (Caccioppoli inequality): Let u € W?(BT,RN) be a weak solution to (3.1) under the

assumptions (1.2), ¢ € RN and B:(xo), xo €T, p < 1—|xg| be an upper half ball. Then there exists a
constant ¢ = ¢(n, N,p, L,v) such that

]{3+ (o) [+ €D 7*1Du = £ @ enl* + [Du — E @ e ] dx
/2\%0

<ec ][wao) {(1 - \SI)H’U _pfxn

el £ ule?) +wllul?) + o )] de.

Bp (IO)

u—Ex,
p

2+’ p]dm

PROOF: Since there holds u—¢& z, = 0 on I, the map n?(u—¢ z,,) with n € C§°(B,(x0), [0, 1]) a standard
cut-off function may be taken as a test function in the weak formulation of (3.1). Now we refer to the
proof of the Caccioppoli inequality for the interior case, see [15], Proposition 3.1. O
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In the next step we define the excess functionals analogously to [15], Section 3.2, in a boundary version
(i. e, replacing full balls by half balls and restricting ourselves to the mean value of the normal derivative
instead of the full derivative of w): For any half-ball B;r(:co) C BT with 29 € T, a fixed function

u € Wll’p(B‘*‘7 RY) and ¢ € RY we define the Campanato-type excess

C(zo P) = ][ |: |DU_ (Dnu)wo7p®e"|2 |Du— (Dnu)wmp@enlp
7 B} (20) (1 + [(Dnt)z,pl)? (1 + [(Dnt)wg,pl)?

dx ,
the Morrey-type excess

M (xzg, p) := pﬁ][ |Dyul|? dz for 8 € (0,2)

Bf (z0)

and finally the excess functional

E(0,p) := Clxo,p) + Vw(M(z0,p)) + vw(p).
The next proposition provides a suitable decay estimate, under the assumption that the excess F(xo, p)
and the radius p are sufficiently small, and will be an essential tool for the iteration later on.

Proposition 3.2 (cf. [15], Propostion 3.2): For each 3 € (0,2) and 6 € (0,%) there exist two posi-
tive numbers

g0 = eo(n, N,p,v, L, 3,0,u(-)) > 0 and e1(n,p,5,60) > 0 (3.2)

such that the following is true: If u € WYP(BT RYN) is a weak solution to (3.1) under the assumptions
(1.2), and if B (x0), o €T, p < 1 — |xol, is a half ball satisfying the smallness conditions

E(zo,p) < €0 and  p < €1, (3.3)

then we have
0(1‘07910) S Gk 92 E($07p) (34)

for a constant c, depending only on n, N,p,v and L.

PROOF: In the first step, we deduce an approximate A-harmonicity result following the estimates in the
proof of [15], Proposition 3.2, Step 1 and obtain: for every B; (z0), zo €T, p < 1—|xg|, and all functions
¢ € Cj(B/f (x0),RY) with 1Dl oo (B (o)) < 1 there holds

) ][+ Dza(xo, 0, (Dnt)gy,p ® en) (Du — (Dnt)zg,p ® €n, Dgp) dm‘
Bp (z0)

S c (1 + |(Dnu)mo,p‘)p71[/u'( E(Iﬁo,p))% =+ E(Iﬂap)] [E(‘TOap)% +E($0,p)1_%] )

and the constant ¢ depends only on n, N,p and L (note () < 1 and the fact that w = 0 on I' in order
to apply the Poincaré inequality in the boundary version). Now we define

Dza’(xov 0, (Dnu)wo,p ® en)

AT T O D
W= U — (Dn)ag,p Tn
VE(@0,p) (1+ [(Dntt)ay o)
H(t) = [p(VB)F + VAL +27 5] (3.5)

we note here that A fulfills condition (2.1), i.e., it is bounded from below and above, and further, by the

definition of the excess functional E(z, p), there holds f 5+ (o) |Dw|? dz < 1. These definitions enable
P

us to rewrite the previous estimate after a rescaling argument:

‘][ A (DU%DSO) dm‘ < ai(n, N,p, L) H(E(20, p)) ||D‘PHLoo(B+(mO))
B (o) g
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for all p € C&(B;‘ (79),RN). For £ > 0 to be determined later, we now take § = §(n, N, v, L, ) to be the
corresponding constant from the A-harmonic approximation Lemma 2.2. Provided that the smallness
condition

H(E(z0,p)) < d0/cr (SC.1)

holds, we find, according to Lemma 2.2, an A-harmonic map h € WI}’Q(B;‘ (m0),RY) such that

][ |Dh|?*dz < 1 and p*2][ lw— h|*de < e, (3.6)
Bf (z0) Bf (z0)

and by Lemma 2.3 on A-harmonic maps h is indeed smooth and satisfies, due to the last line, the
estimate sup g+ (o) |D?h|? < cp(n, N,v,L)p~2. We now consider @ € (0, i) fixed, to be specified later,
p/2

and deduce from Taylor’s theorem (keep in mind h =0 on I',(zo)):

2 2
sup  |h(z) — h(zo) — Dh(zo)(x — x0)|" = sup  |h(z) — Dph(zo)an|
:cEBeré,p(rcg) rEB;rep(rco)
< enp Tt (20p) = c0'p?, (3.7)

and the constant ¢ depends only on n, N, v and L. (3.6) and (3.7) now ensure that

(219;))*2]1[9 o |w(x) — Dph(xo)z,|? de
0(a) - ho)Pdo + |

2(26)2( [
ngp(ajg) B;Gp(wo)

< 2(20p)%((20) " "p%e +c0*p?) < c(n, N,v, L) 6?

IN

() — Dh(xo)an|? dz)

where we have chosen £ = "4 in the last inequality. By the definition of w we easily conclude

(20p) 2 ]i+ o |u(m) — (Dn)ao,p Tn — V E(x0, p) (1 + [(Dnt)gy,p) Dnh(xo)xn’2 dx

< ¢(n, N,v, L) 6 (1 + |(Dptt) zyp) > E (0, p) - (3.8)
Denoting by Q;O’er the value minimizing the functional @ — fB;(IO) |u—Q x,|? dr amongst all Q € RV,
and P} = Qf  x, we obtain from the last inequality that
@002 f Ju Py, [P de < 6 (L (Do o), ) (3.9)
By, (wo)

with ¢ still depending only on n, N, v and L. To derive a corresponding estimate with exponent p instead
of 2 in (3.9) (in the case p > 2) we use an interpolation argument. To this end we define p* the usual
Sobolev-Exponent (i.e. p* = n"—_’; if p < n and p* > p arbitrary if p > n) and choose t € (0,1) such that
1

5= % + tp% is satisfied. Using the inequalities of Holder and of Sobolev-Poincaré and (3.9) we infer

]iﬁ (z0) i P

20p

(1-t)% " t &
< (£ Jumppalan) T (F P )
B«jg,,(ﬂﬂo) | xg,ZGp‘ B;@p(wo) } :co,29p|
P t
< epP OCIP(1 4 [(Dptt) gy o )P B2, p) 1702 (][ |Du—DP} | da:)

B;Qp (a}o)
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where ¢ depends now on n, N, p, v and L Applying Minkowski, Lemma 2.4 and the Poincaré-inequality
at the boundary (keep in mind that P, mo o = Q. ,Tn Vanishes on I') we obtain for the latter integral

1
(][ (@ o)’D = PP " d)”
By,
(]éﬁ ( )|Du — (Dnt)ag,p ® 6"|pdx>
20p o

1 1
< (][ ‘Du — (Dnt)gg,p ® en’p dm) "+ e(n) (][ |Dpu — (Dyt) g, pl” dw) »
By, (x0) B

;9,,(5”0)

S

IA

+ |(Dnu)9607p - Q;0,29p|

A

IN

1
c(n,p) 0~ ( ][ |Du — (Dytt)zy,p ® 6n|pdx> v
B (wo)

= ¢(n,p) 077 (1 + |(Dutt)sg.p|) B0, p)7 -

Hence, inserting this in the inequality above, we get

o f o B e 0077 By, 005 (14 (Dt B ).
260, \T0

We now assume the additional smallness assumption

2[(t—1)p+tn+2]

E(xg,p) < 07 T-0-2 ifp>2. (SC.2)

One easily checks that this condition becomes void when p approaches 2 from above, because then the
exponent becomes (in dependency of the dimension n) negative. We finally arrive at

(20p)77 ][ o |u — P;('),20p|p dr < c0? (14 [(Dnu)so,p|)P E(x0, p) (3.10)
By, (o

with a constant ¢ = ¢(n, N, p,v, L). In the end, we want to produce mainly via Caccioppoli’s inequality
and dividing by (1+[(Dpu)z,,,|)? the Campanato Excess quantity C(zo,8p). Hence we have to estimate
(Dntt)z,,7 in terms of (Dyu)z,.6, in the following form:

1+ [(Dat)an sl < 2 (14 (Dawhangpl)  for all 7€ 09, (3.11)
To this end, we compute for all p € [fp, p| via the minimizing property of the meanvalue:

1+ |(Dnu)wo7ﬁ| <1+ |(Dnu)ﬂc079p - (Dnu)wo,ﬁ‘ + |(Dnu)mo,9p|

~_ n 1
< (7)" (£ IDau= (Duuay o) + 14 (Dt
Op B (z0)

1
07 (f Dau = (Dut)ayf da) + 1+ (Dt
Bj (w0)

075 \/E(x0,p) (1 + [(Dut)ag,pl) + 1+ [(Dntt)ay 0] -

IN

IN

Therefore if we assume the smallness condition

2/ E(xo,p) < 0% (SC.3)

we obtain firstly by absorption in a standard way the result (3.11) in the special case p = p. Secondly
we consider p € [fp, p] arbitrary and now take into account (3.11) for p = p to infer (3.11) for all possible
choices of p. Hence we may rewrite (3.9) and (3.10) in the following form:

@) f - Ju P g, P do < 6 (14 (D, Bl )
B3op(@0) (3.12)
(20p)7" (o0) ‘U_on 29p’pd$ < ¢0? (14 |(Dnt)ug 00| E (o, p)
29p o

for a constant ¢ depending only on n, N, p,v and L.
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In the last step we have to derive the full decay estimate for the Campanato-type excess C(zg, p). We
apply the Caccioppoli inequality (Lemma 3.1) with the choice £ = Q;re , to derive

]{3+ (o) [(1+1Q37, 20,07 72| Du = QF 5, ® en|”+ | Du - Q3,200 ® "] da
Op o

u— Q+ 20,Tn
< c][ (L4107, oo 72| 2t
Bigp(zo) 0,20p 29p

+e(1+ |Q;§0,29p|)1"][+

Bgep(xO)

2 ’ u — Q:mzepxn
20p

p} dx
[w(p?) + w(ul®) + w(p? |QF 49,17)] dz (3.13)

+

20,20 which appear in the

with ¢ = ¢(n, N, p,v, L). We will now get the expressions comprising w and @
last formula, under control. Using Lemma 2.4 we have (keep in mind p < 1):

P’ |Q;0729p|2 <2p° (|Q;_0729p - (Dnu)xo,299|2 + |(Dnu)xo,20p|2)

cﬂ2<][ |Dpu — (Dnu)w07p|2 dx—l—][ |D,ul? d;y)
By, (o) B}, (20)

|Dyu — (Dnu)wo,p

IN

2
< 09_"p2((1+ (D). |)2][ dx+][ |Dnu|2dx)
O Bt o) (14 (D) g, p])? B (z0)
< ea(m) 07 (P ECwo.p) + 2 Boup) £ 1DulPdot? f Dyl ds)
B (z0) B} (x0)
2 P 2 P’ 2
< p°+ = |Dpul® de + — |Dpul” dx
2 /B (x0) 2 JB} (o)
< p+ M(zo,p) (3.14)
provided that the smallness conditions
o) < oo ad  p< (2)77 (SC.4)
0, P) = 2C2 P = 202 .

hold true. We further have, by possibly increasing the value of ¢o, but keeping the dependency on only
n, via Poincaré’s inequality (Lemma 2.1) and (SC.4)

][ lu|? de < (29)_”][ lu|? dz < ¢y 9_"p2][ |Dpul*dz < M(zo,p);
BJ,,(x0) B} (x0) B (20)

combined with the concavity of w(-) this implies immediately

fo llPydn <w(f ) < w(M(a,p)
By, (x0) By, (x0)

meaning that we have (note that w is sublinear)
]{3+ - [w(p?®) + w(lul) + w(p? |QF, 20,*)] dz < 2w(p) +2w(M (20, p))- (3.15)
20, \T0

Now it still remains to bound Q;‘O 20p in terms of (Dyu)z,,0p- Using again Lemma 2.4, the smallness
condition (SC.4) (possibly increasing cz), and (3.11) with p = 20p and p = p, respectively, we see that

|QIO729p| < |Q;,,2ep = (Dnt)ag,20p] + [(Dntt)z,205]

< ca(n) (1 + ‘(Dnu)woﬁpD ][ |Dpu — (Dn“)wmpf dr + 2
o B (@) (14 [(Dnt)sq,pl)

< 3 (14 [(Dntt)a,0p) - (3.16)

(1 + |(Dn“)$o,9p|)

Hence, if we employ the following smallness estimate /w(M (g, p)) + /w(p) < E(zg,p) < 07 < 62

being derived from the latter smallness condition (SC.4) and combine this with (3.16) and (3.15), we
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may estimate the second integral on the right-hand side of (3.13) by

(1+1Q37, 20,))" ]l+ [w(p?®) + w(lul?) +w(p? |QF, 20,1*)] dz

By, (w0)
< 0 (14 [(Dnw)ag 0pl)" E(wo,p).  (3.17)
Next we turn to the left-hand side of (3.13) and find for p > 2 using Young’s inequality and Lemma 2.4

-2
F o QD) DU (Dut)agap @ e do
(z0)

< C<p) ]{3+ ( )[(1 + |on 20p|)p_2 |Du - (Dnu)woﬂp Y en|2 + |Du - (Dnu)woﬂp ® en|p] dx
Op o

+ C(p) |(Dnu)l’oﬁp 3:0 9p|p + C( ) ‘ng Op Qaco,29p|p

< c(n,p) ]{3+ (20) [(1 + |Qw0729p|)p72 |DU - (Dnu)xo,ﬁp & 6n|2 =+ |DU - (Dnu)xo,ﬁp & 6n|p] dx
9p\T0

+ c(n,p) (20,0)*”][; |u — 2‘9p|p dx . (3.18)

;—9,3(10)

If we take into account the following two inequalities

|[Du — (Dptt)z,0p @ €5 |P dx < 2P |Du—Qf L, @ eyl da
B, (x0) ’ B}, (20) rose
and
][ |Du — (Dnu)xo79p®en|2dx < ][ |Du—QI0 20p®en| dz ,
By (z0) B (x0)

we further calculate combining (3.18) with (3.13) and (3.17)

£ L0+ Dathananl)” ™ 1Du = (Datthgap © e0l? + D= (Dahrgap @ €] do
Bep(wo)

U’_Q+ le'nQ ’U;—Q-‘r Qexnp
Sof U@ | e | ) g
B, , (o) 0200 20p 20
+cb? (1 + ‘(Dnu)zo,epr E(xq,p)
< ¢ 02 (1+ [(Dyw)zo,60])" E(x0, p) (3.19)

where we took advantage of (3.12) and (3.16) in the last inequality and where the constant ¢, depends
only on n, N, p, v and L. Dividing both sides by (1+|(Dpu)z,,6,|)? and taking into account the definition
of C(xg, 8p) this is exactly the desired excess decay estimate stated in the proposition provided that all
smallness conditions (SC.1), (SC.2) and (SC.4) hold true (observe that the smallness assumption (SC.3)
is weaker than (SC.4)). The dependency of the constants €y and €1 claimed in (3.2) is now obtained by
taking into consideration the dependencies in all the smallness conditions needed within the proof. [

3.2 Proof of Theorem 1.1

In what follows we are going to combine the results concerning the decay estimates of the interior
situation in [15], Proposition 3.2, and the boundary situation, Proposition 3.2, in which the constants
¢ and smallness parameters ¢g and €; have the same dependencies (at least for the model situation).
Therefore, we may assume without loss of generality that both propositions are valid for the same set of
parameters.

Step 1: Choice of the constants. We fix 8 € (0,2) and « € (0,1). We choose v = y(«) € (n — 2,n) such

that

n—o
2

a=1- (3.20)
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and 6 € (0, 1) such that

o ()% () ()7} o2

for ¢, being the constant according to Proposition 3.2. This choice fixes 6 in dependency of n, N, p,v, L, «
and 8. We further fix a constant €5 and an iteration quantity e;; < 1:

o" 6"
0 } (3.22)

€9 = mln{Z,z Eit -

T Pren

where g¢ appears in Proposition 3.2, and therefore they depend on n, N,p,v, L, and (3, and &5 addi-
tionally on pu(-). Next, we fix §; > 0 such that

w(51) < E;t€2 (323)

(note that this implies due to the monotonicity of w that \/w(t) < €62 whenever ¢ € [0, d1]). This fixes
41 in dependency of n, N,p,v, L, o, 8, p(-) and w(-). Lastly we define the maximally admissible radius

1
Pm = min{éf,él,el} > 0. (3.24)

Here, €1 is the radius from Proposition 3.2 and p,, depends on n, N, p,v, L, o, 5, p(+) and w(+). For what
follows we will always assume p < p,,, < 1.

Step 2: An almost BMO-estimate. We now consider a boundary point zp € T' and a radius p <
min{pm, 1 — |zo|} for which

O(Jio,p) < git52 and M(Jio,p) < git o1 (325)

is satisfied for some iteration parameter €;; € [e;, 1]. Without loss of generality we may assume xy = 0.
We shall now show that due to the choice of constants above and due to the decay estimate in Proposition
3.2 this smallness estimate is also valid on smaller radii, namely for every k € Ny there holds

C(0,6%p) < Eiyea  and  M(0,0%p) < ;6. (1)

We shall establish (I); by induction: k = 0 is given by (3.25), and therefore we assume (I); and prove
(I)k+1. We begin by noting that by definition of C(0, 8%p) and the assumption (I); of the induction we
calculate

][ Dt — (Dut)ogry @ eal? dic < (14 [(Dut)ogr,])* C(0,6%p)
B

+
ka

< 2869+ 285 52][ |Dyul? dz . (3.26)
+

B
Qkp

The latter estimate enables us to derive the second inequality in (I)gy1 exploiting the choices of 6, 9
and pp, in (3.21), (3.22) and (3.24), respectively:

M(0,65p) < 26" p)° ][ |Du — (Dyu)o,gep ® eal? de +2 (654 )° |(Dow)o g

<200 0%9)" |

D= (Do, @ e do+26° 0*0)° | Dyl ds
B

+
ok p ok p

< 4697 E 5 ((0%p)” + M(0,6%p)) + 267 M(0,6"p)

IN

360° M(0,0%p) + 5, 0° p° < 310, .

Moreover, the first inequality in (I)g41 is a direct consequence of Proposition 3.2: the first assumptions
in (3.3) is satisfied since (I); and the choices in (3.22), (3.23) and (3.24) imply

E(0,6%p) = C(0,65p) + \Jw(M(0,0%p)) + \Jw(0%p)

> E‘:Vitf':Z"' \/W(61)+ \/W(p) < 357;1562 < €o,

A
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and the second assumptions in (3.3) is fulfilled by the choice of p,, in (3.24). Hence, the statement of
Proposition 3.2 implies, taking into account (3.21), the following inequality:

C(0,081p) < ¢, 02 E(0,6%p) < 3¢, 0?8690 < Eiren

which finishes the proof of (I)gy1 such that (I) holds for every k € Ny.

Step 3: Iteration. We still consider 0 € I" and a radius p < p,, such that (3.25) (and hence (I) for all
k € Np) is satisfied. Then the calculation (3.26) above and the choices of €2 in (3.22) and of 6 in (3.21)
yield with w,, = |B;| that

/+ |Du|2 dr < w, (0" 1p)" |(Dnu)0,9kp|2 +2 / |Du — (Dyu)g g, ® en|2 dx
B

+
ok+1, ng+1p

n 2 k _\n
>~ 2 n n
< 2(0 +2s)/ |Dpul| dx 4+ 2wy, €2 (0%p)
+

B
ok p

39”_'79'Y/+ |Dyul? da 4 2w, (0% p)™
B

ok

IN

P

97/ |Du|? dz + 2w, (6%p)"
B

+
Qkp

IN

for v defined via equation (3.20) and where we have neglected the factor e;; < 1. Setting p(t) =
S+ |Dul? dz the last inequality may be rewritten by
t

p(051p) < 07 (0" p) + 2w, (0%p)"

and the application of the iteration Lemma 2.5 yields

t\"Y

o) < e [(7) lo) + 1]
for all t < p for a constant cs = c3(n, N,p,v, L, a, 3), i.e. there holds

/ |Dul? dz < G [/ | Dul|? da + 1} 7 forallt <p. (3.27)
B p7 LB}
Step 4: Holder continuity at boundary points. Now we are going to combine the estimates in the interior
and at the boundary. For fixed o € (0, 1) we define

Regp o u = {xg € [': uw € CO*(U(x) N BT, R™) for some neighbourhood U(z) of 2o} .

and Singp , u :=1T"\ Regr , u. Now we set

s = min {Eit o1, (Eit;Z)g} (3.28)

and choose a point zg € I', w.l.o.g. x¢p = 0, for which the following two estimates hold true:

Du— (D p
hminf][ |Du = (Dntt)o,y ® enl dr < s and liminf pg][ |Dyul?dz < s.
p—0t Jpry  (1+[(Dnw)o,l)? p—0+ B (0)

The aim is now to show that 0 € Regp ,u, i.e., that u is Holder continuous with exponent o in a
neighbourhood of 0 in B¥. For this purpose we first determine a radius py < %”‘ such that

Du — (D P
][ [P = (Dnto,son © enl dr < s and (Gpo)ﬂ][ |Dpul*dr < s.
@ (L [(Dat)og]? -

(which is possible due to the two estimates above). Then, taking into account the definitions of C(0, 6py),
M(0,6p0) and the parameter s < 1 in (3.28), a straightforward calculation yields

C(0,6p0) < €ite2 and M(0,6p0) < €401,
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and therefore, the assumptions in (3.25) of step 2 are satisfied for zy = 0 such that also

C(O,69kp0) < €41 €2 and M(0,69kpo) < end (3.29)

is fulfilled for all & € Ny. In the remainder of the proof we will take advantage of the following fact
which is derived analogously to (3.11) in the proof of Proposition 3.2: whenever we have two (half-) balls
B,(J;r)(xg) C Bf (z1) (with 2y € T'), for which C(x1,p1) < 97” (cf. (SC.3)) and £2 > 0 is satisfied, then
we have:

1+ |(Dnu)w1,p1| <2 (1 + I(Dnu)wz,pzD . (3.30)

This allows us to estimate the Campanato-type and the Morrey-type excess in 0 also for intermediate
radii: for any p € (0,6p0] there exists a unique k € Ny such that there holds 66**1py < p < 66%py.
Applying (3.30) with the centre z; = x5 = 0 and radii p; = 66%pg. ps = p we find:

|Du — (Dpu)o 5 ®enl?  |Du— (Dpu)o s ® enl?
c(o, ﬁ) = |: > + > d
Br L (1+[(Dnu)osl)? (1+ [(Dnu)osl)?
< ][ l: 2 |Du - (Dnu)O,GO’“pO & €n|2 92p |Du - (Dnu)o,ﬁe’“po & en|p :| da
~ Jbr (1 + |(Dnu)o60%p, ) (1 + |(Dnu)o,60%p, 1)
< 2297 C(0,60%py) < 2P0 ey e (3.31)

66" pg\n—8
= ~ﬂ 2 < 70 k ’6 2
M(0,p) = p ZZB; |Dpul|® de < ( 5 ) (60" po) 7[3+ |Dpul” dx

60% pg

< 0P~ M(0,60%pg) < 07" e 6y (3.32)

Similar to [20], p. 378-379, we now have to show decay estimates on a variety of balls B,(y) and half
balls Bf (y):

Case 1: y € 'y, |y| < p < 4po:
Here, we may compare the excess functionals in B, (y) via (3.30) and (3.31) with the excess functionals

ot
mn Bp+\y

| and we obtain similar to the last computation
Cly,p) < 2277 C(0.p+yl) < 2770 " ey en,
M(y, p) < 2"=0 M(0,p+ [yl) < 2" 07" 4061
and via (3.27) we find
2 2 27¢3 2
\Dul?dz < \Dul?dz < [ |Dul?dz +1] p". (3.33)
B (4) : (6p0)" L/p+

pt+lyl

Case 2: y €'y, 0 < p < |y| < 2po:
Here we have to verify that the assumptions (3.25) for the iteration are satisfied for the half-ball B;po (y)
(keep in mind 6 € (0, }) in order to apply (3.30)):

C(ya 2/70) < 22;0 3" C(07 GPO) < 221) 3" Eit€2,

M(y,2po) < 3" M(0,6p0) < 3" it 61 .
i.e., (3.25) is valid for the iteration parameter £;; := 22?3 ¢;; < 1 by definition of £;;. Therefore we
may conclude for all & € Ny there holds C(y, 29kp0), M (y, 29kp0) < 227 3" ¢, 5. From the calculations

in (3.31) and (3.32) we now easily infer that the excess functionals for intermediate radii can only be
increased by the factor 227~ such that for all radii p € (0,2p0] we have

C(y,p) < 4230 "eyes  and  M(y,p) < 3"2%P0 "4 6, .

Moreover, as a consequence of (3.25) on the half-ball B;_po (y), we note that due to the calculations in
step 3 (see (3.27)) there holds

c3
Dul|?dz < / Dul?dx+1|p7. 3.34
/B;'(y) | | (2p0)7 [ B+ | | } ( )
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Case 3: y € B;po, B,(y) C B;;)05

Let " = (y1, .-, Yn_1,0) be the projection of y onto R~ x {0}. Here we have the inclusions
B,(y) C By, (y) C By, (y").

We shall now show that the assumptions for the iteration and thus for the excess-decay estimate in the
interior (see [15], (3.50) and (3.57)), which are analogous to (3.25) and (3.27), respectively, are satisfied
on the ball By, (y). If |y"| < 2y, (< 4po) we can apply case 1 with centre y”" and radius 2y,, otherwise
if 2y, < |y”| < 2po we can apply case 2 (note that we have in particular BZM (y") C B;_po (y")) and we
obtain for both cases

C(y",2yn) < 473" 0 " ese9 and M(y", 2yn) < 3"2%P 0 " gy 61 .

Then, recalling (3.30) and the definition of €;;, we arrive at the conclusion that
|Du — (Du)y,y, [>  |Du— (Du)y,y, "
C(y,yn) = ][ [ s+ |
! By, () (1+[(Du)y,y,[)? (L4 [(Du)y,y, )P

< ][ [22 |Du — (Dpu)yr 2y, ® enl’ 4 9% Du — (Dpu)yr 2y, ® enl”
- B, ) (1+ |(Dnu)y”72yn|)2 (1+ ‘(Dnu)y“ﬁynbp

dx

< 2n+2p C(y”,Qyn) < 43p 6" 0 " eipen < £9.

Moreover, we have

M(yvyn) = yg][ ( )IDnu|2 de < 2" M(y”,Qyn) < 6" 2%p g—n g 01 < O71.
B?/n Y

Hence, the smallness conditions for the iteration in the interior are satisfied, and step 2 in the Proof of
[15], Theorem 1.1, combined with (3.33) and (3.34), respectively, yields

/ |Dul? dz < C3 [y;'y/ | Dul? dx + 1} p”
By (y) By, (y)
C3 53

<& [ym/ \Du|2dx+1] pr < B [/ \Dul? dz + 2] p (3.35)
B, (") Po B+

where the constant ¢3 = ¢3(n, N, p, v, L, a, 3) denotes the corresponding constant appearing in the inte-
rior.

Combining (3.33), (3.34) and (3.35) and applying Poincaré’s inequality on the left-hand side of each

inequality, we may apply Theorem 2.6 to conclude: u € CO’Q(B:;O, RY) for a = 1 — 2571, and therefore,
0 € Regp , u. This means, we have proved so far a model analogon of Theorem 1.1 (in the sequel, we

will now denote by @ the solution of the corresponding problem on a half-ball), i.e., we have

Theorem 3.3: Let p>2 and v € Wfl’p(B“‘,RN) be a weak solution of system (3.1) under the assump-
tions (1.2). Then if y € Regr , 0 there holds: for every a € (0,1) there exists § > 0 depending only on
n,N,p,v,L,a, 3, w(-) and p(-) such that for every B € (0,2) the following inclusion holds:

|DY — (Dn0) p+B,(yo) @ €nl?

Singna v C {yo e I': liminf dr > 3§

p=0" JprnB,o) (14 (Dn0)p+nB, o) |)?

or liminf pﬂ][ | D, 0|2 da > §} .
B+tNB,(yo)

p—0F

Step 5: Transformation of the system to the model situation. In the next step we sketch for convenience
of the reader why the handling of the model case of a half ball is sufficient in order to deduce a criterion
for a weak solution of a general elliptic system of type (1.1) with boundary data g to be regular in
the neighbourhood of a given boundary point z € 0. Without loss of generality we may assume
z = 0 and vgq(z) = e, where vgo(z) denotes the inward-pointing unit normal vector to 92 in z. The
regularity assumption on 92 ensures the existence of a function h: R"~! — R of class C'! with modulus
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of continuity 7(-), satisfying h(0) = 0 and Vh(0) = 0, and the existence of a radius » > 0 such that
QN B, ={x € B, : x, > h(z')}. For ease of notation also the modulus of continuity of Dg is denoted by
7(-). We further choose r sufficiently small such that [Vh(z')| < 3 for all 2’ € B 3+ For the functions
T(z) = (2/, 2, — h(2')) introduced in Section 2 and its inverse T~ (y) = (', yn + h(y)) (both of class

C' with modulus of continuity 7(-)) we thus obtain Lipschitz constants between % and /2 as well as

DT loos IDT oo < v/2. Furthermore, we have det DT = 1 = det DT~! and the inclusions

B

c J(QnB,) C B .

V2p

for all p < v/2r (cf. e.g. [19], Chapt. 3.7). Note that this also implies |B:/\/§| <|QnB, < |B\";§p|.
Setting 9(y) := uo T~ 1(y) — go T~ 1(y) allows us to calculate that ¢ € Wll’p(B;“, RY) is weak solution of

+
p/V2

diva(-,9,D9) =0  in BF
for coefficients a(-, -, ) defined by
ay,v,2) = a(T'(y),v+4(y), 2 DT(T'(y)) + Dg(T~())) DT(T'(y))

for all (y,v,2) € Bf x RNV x R""N. Keeping in mind the the assumptions on a(-,-,-) given in (1.2) we
easily calculate that the new coefficients satisfy structure conditions analogous to (1.2), namely that
there holds for all y,5 € B}, v,v € RN and z,z,C € R"V:

o la(y.v,2)] < 25 L1 +[Dglloc)”™" (1+2))"",

o |D.a(y,v,2)| < 25 L(1+ | Dglloe)? 2 (1+2)" %,

o D.a(y,v,2) (C,C) = v(1+ | Dglloe)? 727242 (1+ |2)" 7 |CP2,

o |(aly,v,2) — a7, 9,2))| < 222 L(1+ [ Dglloe)” (14 2)"" (w(ly =31+ o = 7)) +7(|y — 7)),

~ ~ _ I4 — — -2 zZ—Z
o [Da(y,v,2) - Daaly,0,2)| < 2573 L(1+ [ Dgllo)?™t (14 |21+ 12" u( iy ).

Therefore, the corresponding assumptions in (1.2) are also satisfied for the new coefficients a(-, -, -) for
L =Lc(p,09,9), 7 = ve(p,g) and &(-) = w(-) + 7(-).

Step 6: Transformation of the smallness conditions and final conclusion. In the last step there still
remains to show that the smallness conditions in Theorem 3.3 for the transformed system are satisfied
provided that the smallness conditions required in Theorem 1.1 are fulfilled. We still assume z = 0,
voa(z) = e, and use the notation introduced in step 5. Keeping in mind D, T~ = 1, hence D, (u o
‘J"lci(y) = Dpu(T(y)), and the inclusion T~1(B) C QN B, 5, we find for the second of the smallness
conditions

QN B
pﬁ][ |D, | dx < |+ﬁp|pﬁ][ | D (u — g)|? d
Bf |BP‘ QNB 5,

< o(m) (V20 |

[Dyul? dz + p° || Dylloo | (3.36)
QNB 3,

Choosing s sufficiently small and using the change of variables formula we may proceed similar to (3.11)
to obtain
1+ |(Dnu)QﬂB\/§p| + |(Dn@)B;r| < C(”DQHOO) (1 + ‘(Dnﬁ)B:/zl) (3-37)

for all p < % The latter inequality combined with the application of Caccioppoli’s and Poincaré’s

inequality (in the boundary version) yields for the first of the smallness conditions in Theorem 3.3 that

][ |D’l~} - (‘D’ﬂ@)B:'/2 ® en|p ][ |:|Dn7~} - (Dn{))B;r‘Z |Dn6 - (DTL’D)B;|p:| d
. O I T T3 P R g

+
p/2

o o)+ aloP) + a0 (Dab)gy, P)]do (338)
B P

P
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for a constant ¢ depending only on n, N,p, 7, L and ||Dgl|s. Moreover, applying the diffeomorphism T
and (3.37) we infer

J[ Dy — (D) 1 | ][ Do((u = g) 0 T) = (Du((u = g) 0 T=1)) s P
——? _drx<c¢ L —dx
B (14 |(Dn?) )P B (1 +[(Dpu)ons ;)P
|Dnu - (Dnu)QﬂB |p
< c][ Y2y 4ot 3.39
QHB\/EP (1 + ‘(Dnu)QﬂBﬂpr (p) ( )

where the constant depends only on n,p and || Dgl|o. Keeping in mind
60+ (00 + 5 (Dab) gy P o < 5(0)+ 274 0 £ 1Dy )
Bt iz Bt

we may combine (3.36), (3.38) and (3.39) and infer

|D& — (D) g+ ® e [P
liminf][ ¢ dr <5 and liminf pﬂ][ |D,0|? d < 3
p—>0Jr Bt (1 —+ |(Dn'l))B;)¢— |)p p—>0+ B:’

provided that

Du — (D,u ® en|P
lim inf]l | ( Jans, | dr <s and liminf p ][ |Dyul? da < s
QNB oNB,

p—0+ (14 [(Dnu)ons,|)? p—0+

for s sufficiently small. As a consequence of step 4 we then obtain v € C%* locally ‘in a neighbourhood of
0 in B+, and therefore, via transformation, v € C%“ in a neighbourhood of 0 in Q, i.e., 0 € Regpq,q
This finishes the proof of Theorem 1.1. U

Remark 3.4: Similar to the situation in the interior there are better inclusions available for the singular
set in the case p > n. Via the Sobolev embedding we obtain that u is Holder continuous everywhere

n

with exponent 1 — > if p > n. Otherwise if p = n we first deduce higher integrability of Du, i.e.,

Du € L% (Q,R™) for some q; > p, and then conclude that u is Holder continuous everywhere with
exponent 1 — 2 (cf. [18], Remark 6.13). Hence the existence of regular boundary points is ensured
in this case, actually we have Regyq o u = 0€ for all @ < 1 — . In contrast, Theorem 1.1 gives a
characterization of regular boundary points where u is locally Hélder continuous with any exponent
«a < 1, even though now the question of existence of regular boundary points is open. Moreover, we have

the better inclusion for the singular set Singyq u given by

DV T - DV x T p
Singyo u C {Io € 09 liminf][ Dron o = DronoWonz,@ol” ;- 0}.
p—0% Jong (zo) (1 + |(Dyan($0)u)QﬁB,}(mo)|)p

To this aim we go back to the model situation: the application of Caccioppoli’s (note w(-) < 1) and
Poincaré’s inequality and the Holder continuity v € cOtar (BT, RY) reveals

2
pﬂ][ |D,o|*dx < pP (][ |D,,o|P dm) !
Bf (20) B (x0)

5 % o
SCPB<][ ’E‘ dZL'-i-l) Scpﬁ 290
B;rp(wo) P

where the constant ¢ depends on n, N,p,f/ and 7. Choosing 3 € (2%, 2) the left-hand side of the last
inequality converges to 0 for p — 0, and the smallness condition on M (zo, p) in Theorem 3.3 and hence
in Theorem 1.1 is trivially satisfied.

4 Quasi-convex functionals

4.1 Decay estimate

Also in the case of minimizers we consider the model case of the unit half-ball, i.e., we deal with local
minimizers u € WP (BT, RN) of the functional

Fplu] = /B+ F(z,u, Du) dx . (4.1)
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We start again by stating a Caccioppoli inequality involving the exact dependency for some linear
disturbance of u:

Lemma 4.1 (Caccioppoli inequality): Let u € Wll’p(BJr,RN) be a local minimizer of (4.1) under
the assumptions (1.4), & € RN and B (x0), 2o € T, p < 1 — |xo| be an upper half ball. Then there exists
a constant ¢ = ¢(n, N, p, L,v) such that

f. Al Do e + Du-goenp] ds
BY,,(w0)

2 u—E&x
+’ §xn
p

<c ]im ) [(1+ \sl)”‘r“]u_p&” p] d

+C][ [w(p?) + w([ul?) + w(p? [€[")] (1 + [¢] + [Dul)P da.
B (o)

PRrROOF: This lemma is proved as in the interior situation. We only have to pay attention to the applica-
tion of the quasi-convexity condition (1.4)s, where zero-boundary data of the testfunction ¢ is requested:
hence we have to choose ¢ = n(u — £ x,,) for a standard cut-off function (for the later application of the
hole-filling argument) n € C§°(Bi(x0),[0,1]), 0 < p/2 < s <t < p. O

The second ingredient are two higher integrability results (in order to enable an appropriate estimate
for the last integral arising on the right-hand side of the Caccioppoli inequality): firstly, we may prove
analogously to [16], Theorem 4.1, via the application of a Gehring-Lemma in the up-to-the-boundary
version, see [11], Theorem 2.4:

Lemma 4.2: Let u € WAP(BT,RYN) be a local minimizer of (4.1) under the assumptions (1.4),. Then
there exists a higher integrability exponent ¢ > p and a constant ¢ both depending only on n, N,p,v and
L such that for any half-ball Bf (x9) C B, xo € T there holds

1

1 1
Du|? dz q1§c<][ 1+ |Du)Pdz)” .
(]i;/g(lo) D ) B (w0) ( | D )

The second higher integrability result provides an estimate up to the boundary (provided that the
boundary values are higher integrable), concerns solutions of functionals without (z,u)-dependency and
will later be applied for the frozen functional F. For a proof we refer to the similar result [11], Lemma
3.2.

Lemma 4.3: Let u € WAP(Bt,RYN) be a local minimizer of (4.1) under the assumptions (1.4)1, and

let vg € u + Wol’p(B;/Q(zo), RY) be a solution of the following Dirichlet problem:

vg min][ G(Dw) dx with w € u + Wol’p(B:/z(xo),RN) , (4.2)
w B+ (IO)
p/2

where G: R™ — R is continuous and satisfies v|z|P < G(z) < L(1+|z|)?, and B:/Q(xo) CBt, zpela

half-ball. Then there exists another higher integrability exponent q € (p,q1] depending only on n, N,p,v
and L such that

1 1
(][ |Dv0\qu>q < c(][ |Dvo\pdx)p+c(][
B} ,(z0) B}, (o) BT

p/z(l‘o)

1

1+ |Du))" dz E.
(1+|Dul)

In the next step we define the excess functionals analogously to the elliptic case (cf. [15], Section 4.2):
For any half-ball B (zo) C B* with 29 € T', a fixed function u € WAP(BT RN and ¢ € RN we define
the Campanato-type excess C(zg, p) and as in the elliptic setting, but we redefine the Morrey-type excess
M (z, p) and the excess functional FE(zg, p) by setting

Miaop) i= o |DulPde for 5 (0.p)
B (wo)

E(zo,p) = Clo, p) +w(M(zo,p)) ™ +w(p)'® ,
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where g € (p, ¢1] is the higher integrability exponent introduced in Lemma 4.3.

The technique for deriving a partial regularity result and the characterization of regular boundary points

now consists in comparing the minimal map u on some half-ball B:/Q(xo) with the minimizer of the
functional frozen in the first two variables (amongst all functions w € u + Wy"* (B:/2(x0), R)). Via an

approximation Theorem based on a variational principle due to Ekeland (see e.g. [18], Chapter 5), we
may now proceed as in [15], Proposition 4.4 and obtain the existence of a function v which is close with
respect to the L2-distance to the original minimizer v and which is an almost minimizer of the frozen
functional; this provides the following comparison result:

Lemma 4.4: Let u € WpP(Bt, RN) be a local minimizer of (4.1) under the assumptions (1.4), and let
B (xo) C BY, 29 €T, be such a half ball that

E(zg,p)+p < 1. (4.3)

Then there exists a map v € u + Wol’p(B:/z(xo),RN) such that
][ |Dv — Dul|P dz < K(zg,p) (4.4)
B )5 (@0)
and

][ G(Dv)dx < ][ G(Dv + Dy)dx + ¢, K(xo,p)lii (][ |De|? da:)g , (4.5)
Bj/g(xﬂ) Bp/Q(IO) B;/Q(IO)

for every p € I/VOLP(B;'/2 (x0),RY), and c. is a constant depending only on n, N,p,v and L. The exponent
q > p is the higher integrability exponent in Lemma 4.3, and the integrand G(z) := F(x¢,0, z) is defined
by freezing F(-,-,z) and

K (w0,p) = (14 |(Datt)aqol)” (w(M (a0, )T +w(p)T")

Analogously to the elliptic case we next prove the excess decay estimate for the corresponding excess
quantities defined above:

Proposition 4.5 (cf. [15], Proposition 4.5): For each 3 € (0,p) and 6 € (0, %) there exist two posi-
tive numbers
g0 = eo(n, N,p,v, L, 3,0,u(-)) > 0 and  e1(n,p,3,0) > 0 (4.6)

such that the following is true: If u € WP (BT RY) is a local minimizer to (4.1) under the assumptions
(1.4), and if B (x0), xo € T, p <1 —|xo|, is a half ball satisfying the smallness conditions

E(zo,p) < €0 and  p < €1, (4.7

then we have
C(I’Oaap) < G 02 E(,Io,p) (48)

for a constant c, depending only on n, N,p,v and L.

PROOF: In the first step of our proof, we infer approximate A-harmonicity (with A an adequate freezing
of D,.F introduced later on). For this linearization we will use the last Proposition 4.4: Hence we
assume the smallness condition (4.3), i.e.,

E(zg,p)+p < 1. (SCF-1)

Then the map v € u + VVOI”)(B;'/2 (m9),RY) found in Proposition 4.4 minimizes the functional

§H][ G(DE) d + ¢ K (w0, p)' " (][ \Dﬁ—Dv\pdﬂﬁ);’
B}, (w0)

B:/Q (10)
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for every € € u+ Wy P (B /2( 79),RN), G(2) := F(z0,0,2), K(z0, p) and ¢, chosen according to Proposi-
tion 4.4. Deriving the Euler-Lagrange equation for this variational integral we see that there holds

0= ][ D,G(Dv) Dy dx + c. K(xo,p)P% (][ |D<p|pdx);
(z0)
p/2

B:yg(IO)

forall p € Wol’p(BJr/?( 0), RY). Assuming ¢ € C (B:/Q(wo)JRN) with ||D§0||L°°(B,J+/2(w0)7RN) < 1 we infer
‘][ G(Dv) Dpdzx| < c K(xg,p)l_%,
B}, (fL’O)
and therefore, introducing the abbreviation A, := (Dy,u)g,,, and taking into account (1.4)4 and the fact

that f BY (o) D.G(A, ® e,) Dpdx = 0, we have

‘]l A ®en) (vaAp®en,D<p) dz‘
B+ Ig)

IN

| ][ / [D..G(A, ® e,) — D..G(A, @ e, +t(Dv— A, ® )

(DU—A @ en, D) dtdx‘+‘][ [D-G(Dv) = D.G(A, ® e,) Do da|

p/Q(IO)

Dv— A
< L][ [Dv — Ay @ eq| (L4 |Ap] + [Dv— Ay @ en])” (ww
) I+14,]
p/2( o)
+ ][ D.G(Dv) D(pdx‘
B3 (o)
< I+ K(xo,p) 77 (4.9)

with the obvious labelling. To estimate I we first have to derive some preliminary estimates: via (4.4)
we find

][ |Dv— A, ® ep|P dx < c][ |Dv—Du|pdac—|—c][ |Du— A, ® ey|?P dx
B, (@0) (o) 2 (@o)

IN

cK(zo,p) +c (1 +|A,))" C(o, p)
(1 + IA])" B(zo,p)

IN

for a constant ¢ = c(n,p), and where we used the estimate K(xo,p) < (1 + |A )P E(x0,p)? < (1 +
|Ap|)PE(xg,p) in the last line. Applying Hélder’s inequality and the same calculations, we obtain the
analogous result for the exponent p replaced by 2:

2
][ |Dv— A, ®e,|*dr < c(][ |Dv—Du|pdm)p —I—C][ |Du— A, ® e, |* dz
B:/Q(IO) B:/Q(IO) ;/2(10)
2
S C(nap) (1 + |AP|) E(Zﬂo,p) .

Combining the last two estimates we find an estimate for the excess functional concerning Dv instead of
Du:

J[ [Dv_Ap®en2 [Dv— A, @ enl?
(z0)

(1+[A,])? 1+ A, )P }dﬂc < ¢ E(z0,p), (4.10)

and the constant ¢, depends only on the parameters n and p. (4.10) now allows us to estimate I using
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Holder’s and Jensen’s inequality (note u(-) < 1):

_ Duv—A .
I:L][ Do — Ay @ en| (1+ |8, +|Dv = A, @ en])"™ (M)d
Zarafe) 1A,
- |Dv—A,®en| (|Dv—A,® e,
e+ A f . =
' Bfy(xo) (11 [A]) ( 1+ A, )

c(14]A |)p_1][ |Dv— A, ®e,|P~! (|DU—Ap®6n|)d
Vo Tar e (AP T+ A,

_ |Dv— A, ® e, |? 3 |Dv— A, ® ey 3
c(1+ AP 1(][ — L dx ( p| ————L—"0) dx
g B}, (x0) (1+[Ap))? ) B}, (x0) ( L+ [A, ) )

e+ A7 (]i:/2< de>; (Ji;m(%)“(l)ﬁfﬁe’“') @)’

CE())

c(1+ 12,7 (B(ao, ) u(vE (o)) + E(wo.p)'7 u(v/Elwo,p))?)

= c(1+|Ap|)p_1 [E(x(% ) +E(1‘0, ) ;] ;u( E(CC(LP)) >

IN

=

AN

where the constant ¢ depends only on n,p and L. Combining the latter estimate for I with (4.9) and
K(z0,p)' 77 < (1+ A )P E(0,p)" " < (1+|A,))P " E(0,p)

we finally arrive at

‘ ][ DZZG(AP ® en) (Dv — A, ®ep, Dcp) dac‘
z0)

e (1 18p)" ™ [V Elwo.p)) 7 + VE (o, p)] [E(zo. )% + B, ) 7]

for all ¢ € C&(B:/Q(xo),]RN) with ||D90||L°°(B+/ (o)) < 1 and ¢ = ¢(n,N,p,v,L). Now we define the
p/2
functions A and w analogously to the elliptic case
Ao D, .F(x0,0,A, ®ey)
' L+ (A =27
v—~A,z,
co E(x,p) (14 [Ap])

and H(t) as in (3.5); we note that A fulfills condition (2.1), i.e., it is bounded from below (in the sense

of Legendre-Hadamard) and above, and further, by the definition of the excess functional E(xg, p) and

the constant c,, see (4.10), there holds £ ,+ (o) |Dw|?dx < 1. These definitions enable us to rewrite
p/2

the previous estimate after a rescaling argument:

| ][ A (Dw, Dg) da| < ca(n, N.p,v, L) H(E(w0,0)) 1D¢]l (57 o)
B+ »(zo0) p/2

for all p € C}(B /2( 70),RY), which is completely analogous to the elliptic situation, apart from the
fact that we have the take the radius £ instead of p due to the comparison technique. For € > 0 to be

determined later, we now take § = d(n, N, v, L, ) to be the corresponding constant from the A-harmonic
approximation Lemma 2.2. Provided that the smallness condition

H(E(zo,p)) < d§/cy (SCF.2)

holds, we find, according to Lemma 2.2, an A-harmonic map h € er’Q(B;F/Q(xO), RY) such that

][ |Dh|*dz < 1 and p72][ |w—h]*dx < e, (4.11)
p/Q(IO) p/g(IO)
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and via Lemma 2.3 we see sup ,+ D?h|? < ¢p(n, N,v, L)p~2. We now consider 0 € (0,1/8) fixed, to
B / (o)
0/4

be specified later, choose € = #"* and deduce for the polynomial
P = Apxn ++/co E(xo,p) (1 + |Ap|) Dy h(xo) zn

exactly as in (3.8)

(29[))*2][+ o~ PPdr < e(n, N,v, L) 6% (1 + |A,))*E(z0. p)..
BQGP(:EO)

Provided that the smallness condition
E(zo,p) < (SCF.3)

is fulfilled, this estimate is easily carried over to u using Poincaré’s and Jensen’s inequality and the
comparison estimate (4.4):

(29p)*2][ ’u—JB‘de < 2(2t9p)*2][
B, (o) B},

29p($0)

|u—v|2dx+2(20p)*2][ |v—]5|2dx

Bzep(wo)

< 00*"*2][ |Du—Dv|2dx—|—002 (1 +|A,)2E(20, p)
B+/2(:D0)
< ¢(n,N,v,L)6* (1 +|A,)?E(z0, p) .

Denoting by Q;‘O 90, the value minimizing the functional @ — fB+(w0) |u — Q x,|? dv amongst all Q €
) P

RY, and P , = Qf  xn, we can proceed as in (3.9)-(3.12) to derive under the additional smallness

assumption (éee (SC.2) if p > 2)

2((t—Dpttnt2]

E(zo,p) < 0 0T-00-2 (SCF.4)

and (SCF.3) that there holds
L+ [Ap| + [Azgp| < 4 (1+ |Agpl) (4.12)

and further

IN

_ 2
o5 ol P e < o0 (4 0, Bl p)
20p o

(26p)~P lu— P} 2‘9p|pda:

Zo,
B;bp(d?(])

(4.13)

IN

ct? (1+|Ag,|)" E(z0, p)

for a constant ¢ depending only on n, N, p,v and L.

In the last step we have to derive the full decay estimate for the Campanato-type excess C(zg, p). We
apply the Caccioppoli Lemma 4.1 with the choice £ = Q;rgp to derive

]€3+ (20) [(1+1Q7F, 26,107 2| Du— QF, g, ® en’z DU QS enl!] do
6p

+
on,QOpxn p] dr

<cf Qb
s cC -
B, , (0) 0,20p 20p

euld)

20p (350

+][ (e 1Q%, P) (1 + Q| + | Dul)? da
B;Gp(wo)

2 N ‘u — Q;*O,erxn
20p

(14 1@l + Dul) o+ e f - wul?) (14 1Qh, | + [Dul? de

BQGp (xO)

= [T+ 1I[+IV+V (4.14)

with ¢ = ¢(n, N,p,v, L) and the obvious labelling. In what follows we shall assume smallness conditions
of the type (SC.4):

1

o" AN
< — < [— .
E(zg,p) < 2es and p < <2C5> (SCF.5)
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for a constant c; being determined in the course of the proof in dependency of n, N, p, v and L analogously
to the proof of Proposition 3.2. First we calculate using the definition of E(zg, p) and (4.12)

][ (1+|Dul)? dz < e(p) ][ Du— A, ® enlP da + c(p) (1 + |Ag])P
B;Gp(wo) B;@p(mo)
< e(n.p) [07" Blwo, p) + 1] (1 + A, )7
< ep) (14 [Ag,|)" (4.15)
and, with 460 < 1, we also have
][ (1+ | Dul)? dz < e(p) (1 + [Agy))? - (4.16)
BISp(IO)

The smallness assumptions in (SCF.5) allow us in particular to proceed as in (3.14) and (3.16) to derive
PP 1Q3, 1P < p+ M(xzo,p)  and  |Qgp,[P < c(1+|Agy|)P.

We shall start to estimate the terms IT1, IV and V: the latter estimate combined with (4.16) allows us
to compute

ITT < cwl(p?) ][ (1+ Q| + |Dul)? dz < cw(p) (1+ [Ag|)7

By, (wo)

Moreover, by concavity of the modulus of continuity w, Jensen’s inequality, Poincaré and (SCF.4) we find
F 5+ (o) w(|ulP) dx < w(M(xg, p)) and hence, applying Holder and Lemma 4.2 on the higher integrability
20p

of Du (keep in mind ¢ < ¢1), we see that

q ok s
v<e (][ w(|ul?)77 dr ) (][ (1+ Q% | + [Dul) da)
B;Qp(xo) Bigp(l’o)
<e(f  wupas) T f il Dy
B;’Qp(mo) BIG/J(JCO)
< cw(M(zo,p)) © (1+|Ag,])"

Finally, the last term is estimated via the bound for pp|Q2+9 o7 above and the sublinearity of w by

V< cwlpt Manp) f (14 |Qk| + Dul)? do

BQ@,, (150)

L Bl 2}

< clw(p) T +w(M(zo,p)) ™ | (1+ [Agy))?,

where all the constants ¢ depend only on n, N, p,v and L. Collecting now the estimates for the various
terms (note w(-) < 1) we come to the conclusion that

HI+IV AV < e[w(p)'T +w(M(zo,) 7 ] (1+ |Agyl)?
< cE(xo, p)P 7 (14 [Agp|)? E(x0, p)
< ¢0® (14 |Agp|)? E(xo,p) -

In the last line we used the fact that E(zg,p)?~' < 09~ < §2 due to (SCF.3). Combining the
latter inequality with (4.14) we arrive at

]{w (w0) [ 1R, 200721 D = @3 2 © ]+ [ D = @1, g, © 0]
Zo

p} dzx

+
”U, B Q$0729PI"

2 ‘U — QI@,erx"
20p

20p

= C][ {(1"' Q7 20,172
3;9,,@0) 0,2Up

+ 0% (14 |Agp|)? E(wo, p)
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and the constant ¢ depends only on n, N, p,v and L. At this stage we argue exactly as we did to achieve
(3.19) in the elliptic situation, i.e., we replace in the inequality above Q::_O,er by Agp = (Dntt)z,,6,, and
via (4.13) we obtain

£ L0+ Dutdananl)” ™ 1Du = (Dathgan ® €0l + 1D~ (Dahrgp @ €] do
Bep(wo)

< c4 92 (1 + ‘(Dnu)moﬂprE(x(hp) )

where the constant ¢, depends only on n, N,p,v and L. Dividing both sides by (1 + |(Dpu)z,,0,])? and
taking into account the definition of C(xq,0p) this is the desired excess decay estimate provided that
all smallness conditions (SCF-1), (SCF.2), (SCF.3), (SCF.4) and (SCF.5) hold true. The dependency of
the constants ¢ and €7 claimed in (4.6) is obtained by taking into consideration the dependencies in all
the smallness conditions needed within the proof. ([l

4.2 Proof of Theorem 1.2

Here, we will only sketch the proof and remark the necessary modification with respect to the proof of
Theorem 1.1 in Section 3.2.

Step 1: Choice of the constants. We first fix 5 € (0, p), and for the choice of a we now distinguish two
situations: if n > p we choose a € (0,1) arbitrary. Otherwise if n < p, due to the Sobolev embedding,
only the case v € (1 — 1) has to be considered. Hence, we choose v = v(a) € (max{0,n — p},n) such
that

a=1-2"72 (4.17)

and 6 € (0, £) such that

o= mn{() " (52)" ()] 419

for ¢, from Proposition 4.5. Further we fix a constant €5 and an iteration quantity ¢;; < 1 via

) on €0 on
Eg9 = mln{277z}7 Eit — W (419)

with €¢ from Proposition 4.5. Next, we fix §; > 0 such that
w(él)% < €t €2

with ¢ the higher integrability exponent determined in Lemma 4.3. Lastly we define the maximally
admissible radius as in (3.24) via

Pm = min{é%,él,sl} > 0.

Here, £ is the radius from Proposition 4.5 and in conclusion, all the quantities 6,e2,6; and p,, have
the same dependencies as in Section 3.2 for the elliptic case. Note that in the definitions of «, 8 and
€2 there appears the the parameter p (instead of 2 in (3.20),(3.21) and (3.22), respectively) due to the
fact that the Campanato-type excess C(zo, p) was redefined with exponent p instead of 2 for the case of
variational integrals. For what follows we will always assume p < p,, < 1.

Step 2: An almost BMO-estimate. We consider a boundary point g € ', without loss of generality we
may assume xg = 0, and a radius p for which

C(zo,p) < Eirea and M(zo,p) < Eit 1 (4.20)

is satisfied for some iteration parameter €;; € [e;, 1]. Taking into account that this time we have

J

|D’U,— (Dnu)gkp®6n|2 dr < 217_1%'# €2+2p—1 gitgg][ |Dnu|2 dx (421)
+

+
0k p 0k p
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we prove exactly as in Section 3.2 that, due to the choice of constants above and due to the decay
estimate in Proposition 4.5, there holds for every k € Ny

C(0%p) < Erea  and  M(6%p) < &1 1.

Step 3: Iteration. We still consider 0 € T" and a radius p < p,,, such that (4.20) is satisfied. Then the
inequality (4.21) above and the choices of 2 in (4.19) and of 6 in (4.18) yield that

/ |D’U,’pd$ < 97/ | DulP dz + 47 w,, (0% p)™

B, B,

ok, ok p

for ~ defined via equation (4.17). Setting o(t) := [+ [DulP dz and applying the iteration Lemma 2.5 in
t

a standard way we obtain

/ |Du|P dz < c—i [/ |Du|P dx + 1} 7 for all t < p. (4.22)
B} prtIBf

Step 4: Hélder continuity at boundary points. Exactly as we proceeded in step 4 of the proof of Theorem
1.1 we combine the estimates in the interior and at the boundary. For fixed o € (0,1) we consider the
quantities defined in step 1, we set

pa
2

. Eit €2
$ := min {Eit o1, <?)

and we look at a point xy € I', w.l.o.g. x¢o = 0, for which

hminf][ |Du — (Dpu)o, ®en|Pde < s and  liminf pﬂ][ |Dul*dz < s
p—0Tt B:(O) /)_’0+ B;)F(O)

holds true. Then we conclude, again by deriving decay estimates of the form (4.22) on various balls and
half-balls and applying Theorem 2.6, that 0 € Regr ,, u, i.e., that u is Holder continuous with exponent
« in a neighbourhood of 0 in B*. Hence, we have proved a result corresponding to Theorem 3.3 for
variational integrals in the model situation of the half ball.

Step 5: Transformation to the model situation. We assume z = 0 and vy (2) = e,. Keeping the notation
of step 5 in Section 3.2, we choose r > 0 sufficiently small such that |[Vh(z')| < & for all 2’ € B z,.

Setting #(y) := uo T~ (y) — g o T~ (y) here allows us to calculate that o € WpP(B;,RN) is a local
minimizer of

Flv] = /Qﬁ(y,v,Dv)dy,

where the integrand is defined by

F(y,v,2) = F(T'(y),v+3(y), 2 DT(T(y)) + Dg(T~(y))) ,
and proceeding as in Section 3.2 we calculate that F satisfies structure conditions analogous to (1.4)

for new coefficients (depending on the original constants, the boundary data and p), namely that there
holds for all y,5 € B, v,5 € RV and 2,z € R™V the following estimates:

o 2720 (14| Dyll)? (14 ]2])” < Fly.v.2) < 28 L1+ [Dgllao)? (14 [2])",
¢ 2 (14 Dyl [ (1 fo| + IDpla)) Dol o

(071)71'
< / [F(y,v,2+ Do(x)) = F(y,v,2)] dv for all p € C3((0,1)",RY),
©0.)n

o |[F(y,v,2) = F(5,9,2)] < 2271 L1+ | Dyglloo)? (1 +|2))" (w(ly = 9l + [v = 21) +7(ly — 7)),

s jas _ P _ — -2 z—Zz
° |DzzF(yavaz) - DzzF(y,vvz)| S 22+3 L(l + ||Dg||00)p ! (1 + |Z| + |Z|)p /U’(l-ti|z|+|\2\)
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Step 6: Transformation of the smallness conditions and final conclusion. The last step of Theorem 1.2
is achieved as in the setting of elliptic systems. The only point where we have to proceed by a slight
modifications of the arguments above is when transforming the second of the smallness assumptions
since in the case of variational integrals, we have defined the Morrey-type excess M (zo, p) using the
full derivative instead of only the normal derivative. Applying Caccioppoli’s and Poincaré’s inequality,
M (g, p) is reduced to considering only the normal part of the derivatives of ¥, and the result follows as
in the proof of Theorem 1.1. ([

Remark 4.6: Also in the case of variational integrals, we obtain for n < p a better inclusion presented
in Remark 3.4.
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