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ABSTRACT. This paper deals with the positive mass theorem and the existence of isoperimetric
sets on 3-manifolds endowed with continuous complete metrics having nonnegative scalar curvature
in a suitable weak sense.

We prove that if the manifold has an end that is C°-locally asymptotically flat, and the metric
is the local uniform limit of smooth metrics with vanishing lower bounds on the scalar curvature
outside a compact set, then Huisken’s isoperimetric mass is nonnegative. This addresses a version
of a recent conjecture of Huisken about positive isoperimetric mass theorems for continuous metrics
satisfying R, > 0 in a weak sense. As a consequence, any fill-in of a truncation of a Schwarzschild
space with negative ADM mass has nonnegative isoperimetric mass.

Moreover, in case the whole manifold is C-locally asymptotically flat and the metric is the local
uniform limit of smooth metrics with vanishing lower bounds on the scalar curvature outside a
compact set, we prove that, as a large scale effect, isoperimetric sets with arbitrarily large volume
exist.
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1. INTRODUCTION
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1.1. Statement of the result. The classical positive mass theorem (PMT) in 3 dimensions,
originally due to Schoen-Yau [77], asserts that the ADM mass of a 3-dimensional smooth complete
asymptotically flat manifold with nonnegative scalar curvature is nonnegative. This seminal result
has been later rediscovered, generalized, improved and exploited in a number of ways. Without

2020 Mathematics Subject Classification. Primary: 49Q20, 49J45, 53A35. Secondary: 53C23, 49J40.
Key words and phrases. Isoperimetric problem, curvature bounded below, scalar curvature, positive mass theorem.

1



2 G. ANTONELLI, M. FOGAGNOLO, S. NARDULLI, AND M. POZZETTA

any attempt to be complete, we refer to [83, 78, 1, 16] for different proofs and extensions to higher
dimensions, and to [45, 15] for its main refinement, i.e., the Riemannian Penrose inequality.

In this paper we prove an extension of the PMT for continuous metrics with weakly nonnegative
scalar curvature on 3-manifolds. First, we introduce the notions of mass and nonnegative scalar
curvature we are going to adopt. We say that (M, g) is a C°-Riemannian manifold if M is a
smooth differentiable manifold, and ¢ is a C%-metric on M. For a Borel set E C M, let |E|, P(E)
denote the volume, and perimeter of E, see Section 2.2 for precise definitions. The following notion
has been introduced by Huisken [43].

Definition 1.1 (Isoperimetric mass, Huisken [43]). Let (M, g) be a C°-Riemannian 3-manifold,
possibly with boundary. Then, its isoperimetric mass is

P, |
(11 P5L5) 0y c Py < o0 v

Mg, (= SUP { lim sup
J—+ ( J) (11)

P(Q;) — +oo}.

For asymptotically flat 3-manifolds with nonnegative scalar curvature, the isoperimetric mass
coincides with the ADM mass whenever the boundary is minimal: see, e.g., [47, Theorem 3], [26,
Theorem C.2]. In [12, Theorem 4.13] such an equality is proved in the C'/2*s_asymptotically flat
regime, which is the sharp one to show that the ADM mass is independent of the chart at infinity
[9, 27]. The fact that the ADM mass can be detected through the isoperimetric deficit of large
coordinate spheres was first observed in the Schwarzschild space in [14], and in asymptotically flat
manifolds in [33, Corollary 2.3].

Huisken has conjectured [44] that a weak (isoperimetric) PMT should hold true for continuous
Riemannian metrics if one interprets the notion of nonnegative scalar curvature (shortly, R, > 0)
in an appropriate weak sense, see Section 1.3.1 for more details. In this paper we prove a version
of this conjecture under the following weak notion of nonnegative scalar curvature.

Definition 1.2 (R, > 0 in the approximate sense). Let (M, g) be a complete C°-Riemannian
manifold without boundary, and let 2 C M be an open set. We say that R, > 0 in the approzimate
sense on € if there exist smooth complete Riemannian metrics g; on M, such that:

(1) g; converges to g locally uniformly on M;
(2) There exists a sequence (g;);en of positive numbers such that €; — 0, and Ry, > —¢; on .

By a result of Gromov, recalled below in Theorem 1.7, a smooth Riemannian manifold has
nonnegative scalar curvature if and only if R, > 0 holds in the approximate sense on M. Before
stating the main theorems of this paper, we make clear what it means that an end of a C°-manifold
is CY -asymptotic to R".

ocC

Definition 1.3. Let K C M be a compact set (possibly empty) of a C°-Riemannian manifold
(M,g). We say that an unbounded connected component Q of M \ K is C__-asymptotic to a
C°-Riemannian manifold (N, h) if the following holds. For every diverging sequence 2 3 p; — 400
there exists a point o € N such that (M, g;, p;) — (N, h,0) in the C%sense, see Definition 2.3.

Theorem 1.4. Let (M, g) be a complete 3-dimensional C°-Riemannian manifold without boundary.
Let K C M be a compact set, and let 2 be an unbounded connected component M \ K. Assume
that Q is CY _-asymptotic to R®, see Definition 1.3, and that R, > 0 in the approzimate sense on
O\ K', see Definition 1.2, where K' C M is a compact set.

Then myg, > 0.

The PMT for the isoperimetric mass in the C__-asymptotically flat case with nonnegative scalar
curvature only outside a compact set in a given end, is, to our knowledge, a new result even in the
smooth setting. In fact, one can immediately draw out of Theorem 1.4 the following surprising

consequence.
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Remark 1.5. Any fill-in of the truncated spacelike slice of a Schwarzschild spacetime of negative
ADM mass has nonnegative isoperimetric mass. Namely, any complete fill-in of the noncompact,
scalar-flat, asymptotically flat manifold with boundary [sg, +00) x S?, for s > 0, endowed with
the metric

1
———ds® ds + s%ge,
1 —ms!

with m < 0, enjoys mys, > 0. For such manifolds, we presently do not know neither the shape of
isoperimetric regions nor the exact value of myg,.

The observation above shows that without some additional assumption on the boundary, like
minimality (see [12, Theorem 4.13]), the identification between the two notions of mass in general
fails. Moreover, this is coherent with the cross-sections being unstable constant mean curvature
surfaces, a property showed in [29, Section 5], where the question about the shape of isoperimetric
regions is also raised.

g:

Theorem 1.4 applies also to manifolds possibly having more than one end, for which there is
a distinguished end that has R, > 0 (outside a compact set), and that is C -asymptotic to R?.
Positive mass theorems on manifolds with arbitrary ends, except for a globally asymptotically
flat one, have been recently considered e.g. in [57, 55, 25, 28], see also references therein. Our
distinguished end might not be globally asymptotically flat: for example, our result applies to
asymptotically conical ends, and in particular to ALE ends.

On smooth 3-dimensional asymptotically flat manifolds the condition R, > 0, which governs
the local isoperimetric structure around each point, has also a global effect in the existence of
isoperimetric sets for arbitrarily large volumes (see, e.g., [32, Theorem 1.2], [23, Proposition K.1],
[26, Theorem 1.1], and references therein). This can be understood as an interpolation effect
between R, > 0 and the positivity of the mass at infinity. The next result confirms this heuristic
idea also in the continuous setting.

Theorem 1.6. Let (M, g) be a complete 3-dimensional C°-Riemannian manifold without boundary,
and assume that R, > 0 in the approzimate sense on M \ C, where C is a compact set, see
Definition 1.2. Assume in addition that M is CL _-asymptotic to R3, see Definition 1.5.

Then there exists a sequence of isoperimetric sets (E;)jen on M such that |E;| — 4o0.

Very much like Theorem 1.4, even in the smooth setting Theorem 1.6 strongly weakens the
asymptotic assumptions for the existence of isoperimetric sets. The literature on the subject is
very vast, in particular in relation to the study of canonical foliations of stable CMC: we refer to
the seminal [46] and to [31, 32, 70, 26, 85], as well as to the references therein, for a fairly complete
picture.

In the setting of Theorem 1.6 it is an interesting open problem to analyze existence of isoperimetric
sets for any (large) volume, uniqueness or foliation properties of such isoperimetric sets, as in [70,
26, 85] (see also the survey [10]). Under the additional assumption that the isoperimetric profile I
is strictly increasing, we can actually prove existence of isoperimetric sets for every volume, see
Proposition 4.3.

1.2. Strategy. We briefly discuss the strategy of the proof of Theorem 1.4, and Theorem 1.6,
referring the reader to Section 3, and Section 4 for more details.

The starting point in the proof of Theorem 1.4 is the following consequence of a result due to
Shi [79], after important insights by Brendle-Chodosh [18]: in a smooth 3-dimensional asymp-
totically flat manifold with nonnegative scalar curvature the level sets of the weak inverse mean
curvature flow (shortly, IMCF, see Definition 3.1) issuing from a point satisfy a reverse Euclidean
isoperimetric inequality with the sharp constant, as long as their boundaries are connected. Hence
the isoperimetric deficit appearing on the right hand side of (1.1) is nonnegative when computed
on such sets, and this directly implies the nonnegativity of the isoperimetric mass by letting the
level sets of the IMCF exhaust the manifold.
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In fact, we will push this heuristic to give an isoperimetric PMT for metrics that are only
continuous. The crux of the argument is to show that on the approximating manifolds (1, g;)
one can define a well-behaved weak IMCF w; on arbitrarily large punctured balls. This is done
by taking scaled limits of the logarithms of p-Green functions on punctured balls, for p — 17, as
pioneered by R. Moser [66]. In fact, we build on the sharp gradient estimate obtained in [51], and
on the Harnack inequality with explicit constants in [74], to get a weak IMCF w; on punctured
balls B; in (M, g;) that is bounded below explicitly with constants that stay bounded when B; is
(C-close enough to a Euclidean ball. This is the content of the new quantitative existence result for
local IMCFs in Theorem 3.6. The latter allows to pass to the limit the level sets of these IMCFs,
obtaining sets satisfying the (sharp) reverse Euclidean isoperimetric inequality with arbitrarily
large perimeters, see Proposition 4.2.

The proof of the existence of isoperimetric sets in Theorem 1.6 is not constructive, and it is based
on a novel contradiction argument. One notices that if after a certain volume threshold isoperimetric
sets do not exist, then the isoperimetric profile is strictly increasing for large volumes: this is a
consequence of a generalized existence theorem for the isoperimetric problem, see Theorem 2.16.
In addition, arguing as in the previous paragraph, we construct sets that satisfy the reverse sharp
Euclidean isoperimetric inequality with arbitrarily large volumes and perimeters, and that avoid
any compact set. This is enough to show, again using Theorem 2.16 and that the isoperimetric
profile is increasing, that isoperimetric sets with arbitrarily large volumes must exist, thus resulting
in a contradiction.

1.3. Comments and comparison with related literature. We collect here some comments
and perspectives on the main results of this paper.

1.3.1. Other notions of weak scalar curvature bounds, and relations with the works [19, 20]. Several
notions of scalar curvature lower bounds for smooth manifolds endowed with C°-Riemannian
metrics have been proposed in the recent years. In [37] Gromov proposes a definition based on
nonexistence of suitable small polyhedra on the manifold, see the recent works [58, 17] motivated
by this study; a definition by using a regularization through Ricci flow has been suggested by
Burkhardt-Guim in [19]; and a definition using volumes of small balls has been hinted by Huisken
[44]. Let us compare our result in Theorem 1.4 with the framework in [19, 20].

Assume that a complete C°-Riemannian manifold (M, g) is globally C°-asymptotic to R? outside
a compact set i C M, see Definition 1.8. Hence, for 8 € (0,1/2), we claim that if R, > 0 in the
p-weak sense [20, Definition 2.3] on M \ K, then R, > 0 in the approximate sense on M \ K, up
to possibly enlarging K. Indeed, this is due to the fact that under the C%-asymptotic hypothesis
at infinity one can first define a Ricci-deTurck flow (M, g;) starting from g which C%-converges to
(M, g) locally uniformly by using [81, Theorem 1.1]. Then, since R, > 0 in the -weak sense on
M\ K, [20, Lemma 5.1] implies that, up to possibly enlarging K, R, > —o(1) on M \ K as t — 0,
which in turn implies that R, > 0 in the approximate sense on M \ K by definition. In the case
M is a compact manifold, the previous reasoning has been explicitly recorded in [19, Corollary
1.6]. Related to this, it would be interesting to understand whether a non-compact C°-manifold
(M, g) that has R, > 0 in the approximate sense on M admits a smooth metric g with Rz > 0.
The compact case has been settled in [19, Corollary 1.8]. Taking into account the discussion above,
this seems likely to hold when (M, g) is, in addition, C%-asymptotic to R? (Definition 1.8).

As a consequence of the above discussion, under the stronger assumption that (M, g) is C°-
asymptotic to R3 (Definition 1.8), one gets that my, > 0 provided that R, > 0 in the f-weak
sense outside a compact set, for some 5 € (0,1/2) ([20, Definition 2.3]). It is yet to be understood
whether, in such setting, the isoperimetric mass coincides with the (weak notion of) ADM mass
defined in the work [20], see [20, Question 1]. If the latter holds, then Theorem 1.4 would answer
the question about the nonnegativity of such mass [20, Question 2| in the positive.
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As a side note, we point out that as of today it is not known whether the definitions in [37]
and [19] are equivalent, compare with the discussion [19, Page 1707-1708], nor any relation with
Huisken’s notion in [44] has been investigated yet.

We conclude this section by mentioning a result according to which the notion of Ry > 0 in the
approximate sense is consistent with R, > 0 for smooth metrics. In fact, as a consequence of a
result of Gromov [37, page 1118] (see [8] for a proof using the Ricci flow) the following holds.

Theorem 1.7 ([37, 8]). Let M be a smooth manifold and k : M — R be a continuous function on
M. Suppose g; is a sequence of C*-metrics on M that converges locally uniformly to a C*-metric
gon M. If Ry, > k on M, then Ry, > k everywhere on M as well.

1.3.2. Comparison with the literature related to weak PMT. Weak positive mass theorems (PMT)
have been thoroughly studied in the last two decades. We briefly discuss some contributions
without the aim of being exhaustive, and refer the interested reader to the references therein.

In [64, Theorem 1] the author proves a PMT for asymptotically flat Lipschitz metrics that are
smooth away from a compact hypersurface, and such that R, > 0 in an appropriate weak sense
(i.e., a condition on the exterior/interior mean curvatures of the hypersurface is required). See
also [63, Theorem 1] for a proof of the result in [64, Theorem 1] using Ricci flow. Then, in [80,
Theorem 1.3], the authors prove a PMT for n-dimensional manifolds that carry an asymptotically
flat C° N W™ metric that is smooth away from a compact set ¥ of codimension at least 2, and
for which R, > 0 outside X. See also [48, Theorem 1.1] for an improvement of [80, Theorem 1.3],
where a weaker condition on the codimension of ¥ (depending on the integrability of the derivatives
of the metric) is asked. Similar results, but with global L* metrics which satisfy appropriate
conditions close to X, are in [59, Theorem 1.8, Theorem 1.9].

In all of the papers discussed above, the manifolds considered are smooth and with nonnegative
scalar curvature outside a compact set, and thus, in dimension 3, Theorem 1.4 implies they
enjoy nonnegative isoperimetric mass. Finally, in [54, Theorem 1.1] the authors prove a PMT
for a carefully generalized ADM mass in the setting of C° N W1 metrics with weak decays at
infinity, and for which a notion of distributional scalar curvature is nonnegative. By means of a
mollification procedure, see, e.g., [48, Lemma 2.6], these metrics have nonnegative scalar curvature
in the approximate sense. Moreover, their asymptotic constraints imply C°-asymptotic flatness.
In particular, Theorem 1.4 holds in this case as well. To our knowledge, it is not known whether
the isoperimetric mass and the ADM mass agree in the setting of the results described above.

1.3.3. Another notion of isoperimetric mass. On a C°-Riemannian 3-manifold (M, g), it is also
common to consider another notion of isoperimetric mass given in terms of exhaustions [47, 26,
12], namely

2 P(Q;)3/2
] (]Q]| — (6\;27> : (£2))jen is an exhaustion of M,

Mg ‘= sup < limsup ———
{ j—+oo P(8Y

P(§;) < 400 VJ}-

As a by-product of the proof in [47, Proposition 37] one gets that if (M, g) satisfies a global Euclidean-
like isoperimetric inequality, i.e., P(E) > C|E|*? for some C' > 0 for any |E| < 400, then
Miso = Miso. This holds, for instance, when M is globally C%-asymptotic to R3, see Definition 1.8
for the precise definition. In particular, Theorem 1.4 implies that on 3-dimensional C°-Riemannian
manifolds that are C°-asymptotic to R?* (Definition 1.8) and that satisfy R, > 0 in the approximate
sense out of a compact set, there holds m;y, > 0.

1.4. The question of rigidity. In the smooth PMT [77], one gets that the mass is zero if and
only the metric is flat. In this paper, we do not address the issue of rigidity in Theorem 1.4. We
pose it as a problem, which is likely to require the use of new techniques tailored for the C°-setting,
or some refined approximation procedure. We state it in the most basic asymptotically flat case.
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Definition 1.8 (Manifold C%-asymptotic to R™). We say that an n-dimensional C°-Riemannian
manifold (M, g) is C°-asymptotic to R™ if there exists a compact set K C M such that the following

holds. There exists R > 0, and a diffeomorphism & : R" \E]ﬁn(O) — M\ K, such that
(®%9)ij — dijl= = o(1) as || = +o00.

Question 1.9. Let (M, g) be a complete C'-manifold of dimension 3 without boundary. Assume
that M has R, > 0 in the approzimate sense everywhere, and that M is C°-asymptotic to R3. If
My, = 0, 4s it true that (M, g) is isometric to (R3, gey) ?

Notice one cannot expect rigidity in the general formulation of Theorem 1.4, not even in the
smooth case: indeed, it can be showed by a direct computation that any metric that is flat outside
a compact set in R? has m;,, = 0. We finally point out that Question 1.9 may be related to the
study of the stability of the PMT with respect to nonsmooth notions of convergence. Stability
results in this direction have been proved, for instance, in [30] with respect to pointed measure
Gromov-Hausdorft convergence, in [56] for rotationally symmetric metrics, and in [41, 42] for
graphs with respect to (intrinsic) convergence in the sense of currents (see [82] and Conjecture
10.1 therein for more details on the problem).
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2. PRELIMINARIES

We gather in this section a number of fundamental properties of C°-Riemannian manifolds,
possibly endowed with C%-asymptotics.

2.1. Basic definitions and properties of C°-metrics.

Definition 2.1 (C°-Riemannian manifold). A C°-Riemannian manifold is a couple (M, g), where
M is a smooth n-dimensional differentiable manifold (possibly with boundary) and g is a continuous
metric tensor. More precisely, in any local chart (U, ¢) on M, the metric tensor in local coordinates
is represented by a symmetric positive definite matrix with components g;; € C°(¢(U)).

We briefly recall some metric properties of C°-Riemannian manifolds (M, g), and we refer the
reader to [21, 72] for a more detailed discussion. As in the smooth case, the continuous Riemannian
metric g defines a length structure on absolutely continuous curves on M, which in turn gives raise
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to a distance d that induces the manifold topology. We always assume that (M,d) is a complete
metric space, so that by Hopf—~Rinow Theorem the distance d is geodesic, and every closed ball is
compact.

The volume form induced by ¢ in a local chart induces integration with respect to vol :=
vdet g L™, where L™ denotes Lebesgue measure. It can be proved that vol = H", where H" is the
n-dimensional Hausdorff measure relative to d, and that H" is a Radon measure. Hence (M,d, H")
is a complete and separable metric measure space. We will often denote |E| := H"(E). In the
following, if F is a measurable set, integrals over E are tacitly understood to be taken with respect
to H™.

Given f € C*°(M), one can define V f as in the smooth case by setting ¢(V f, X) = df(X) for
g0, f0;f. Notice that by the classical Rademacher Theorem applied in chart, if f € Lip,,.(M),
then V f exists H"-almost everywhere.

From now on we will always assume that C°-Riemannian manifolds are complete. We recall
that a map between metric spaces F': (X,dx) — (Y,dy) is said to be L-biLipschitz, with L > 1,
when L™'dx(a,b) < dy(F(a), F(b)) < Ldx(a,b) for every a,b € X.

Lemma 2.2. Fizn € N withn > 2. Then for any § > 0 there exists € > 0 such that the following
holds. Let (M,g) be a C°-Riemannian manifold and let o € M and R > 0. Denote by d the
Riemannian distance on M. Let N be a differentiable manifold and let € C N be an open set.
Suppose that there exists a diffeomorphism F : Bigr(0) — Q and a C°-Riemannian metric h on Q
such that |(F*h — g)(v,v)| < eg(v,v) for any v € T, M and any x € Byogr(0).

Then, letting

d(x,y) := inf {/0 Y : v [0,1] = Q,7(0) = z,v(1) = y} ,

the map F|p.) : (Br(0),d) — (F(Bg(0)),d) is (1 + 8)-biLipschitz with its image.

Proof. Denote o' := F(0). Let z,y € Br(o). A constant speed geodesic v : [0,1] — M from z to y
has image contained in Bsg(0). Hence we can estimate

d(F(x), F(y)) S/O h((Fon), (Foq))? dt < \/1+6/0 9(+,7)? dt < VI+ed(z,y).

Denoting G = F~!, by assumptions we have that
’G*g(waw) - h’(wv IU)‘ < 5G*g(w7w),

for any w € T, N and z € Q. Taking now p,q € F(Bg(0)) and a constant speed curve o : [0, 1] — Q
from p to ¢ such that fol lo’|n < (1 +n)d(p,q) for n € (0,1), we can similarly estimate

1 v, 1+n

d(G(p),G(Q))S/O g((GOU)@(GOU)');dtSm h(o’,0") dtﬁma(p,@-

N|=

Sending n — 0, for € small enough the claim follows. O

Definition 2.3 (C°-convergence). We say that pointed C°-Riemannian manifolds (M;, g;, p;)
C-converge to (M, g,p) if the following holds. For every R,e > 0 there exist iy := ig(R, €) and an
open set {2 C M such that we have:
(1) Br(p) C
(2) for every i > ig there exists an embedding F; : Q2 — M, such that
e Fi(p) = pi;
o Br(pi) C Fi(); _
o |(Frgi— g)s(v,v)| < egy(v,v) for every x € Br(p) and v € T, M.
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Remark 2.4. In the notation of Definition 2.3, arguing as in the proof of Lemma 2.5, it follows that
for any R,e > 0 the map F; : (Bg(p),d) — (Fi(Bgr(p)),d;) is (1 + &)-biLipschitz with its image for
any ¢ large enough.

Lemma 2.5. Let (M, g) be a C°-Riemannian manifold, let xo € M \ OM, and denote by d the
Riemannian distance on M. Then the following holds.

e The metric tangent space of M at xq is isometric to the Euclidean space R™, 1i.e., the
rescalings (M, 0 2g, zo) converges to (R", geu, 0) in C-sense as § \, 0.

e Foranyd > 0 thereisr = r(xo,0) > 0 and a local chart ¢ : (B,(z0),d) = (¢(B,(70)),den) C
R™ such that ¢ is (1 + 0)-biLipschitz with its image, where deo, denotes Fuclidean distance.

Proof. Passing in local coordinates we can identify a neighborhood of zg in M with (€2, g), where
2 C R™ is open and g = (g;;) is the metric in local coordinates. Also we can identify x, with
the origin 0 € €. Let r; N\, 0. For the first part of the statement, it is sufficient to prove that
(9, 7:%9,0) C -converges to (R™, go,0), where gy is the constant metric given by ¢ evaluated
at the origin. The diffeomorphism ®; : (r;'Q, g0) — (9,7}, %) given by ®,(z) = rj, x satisfies
(®%(r:29))e(v,v) = gp, »(v,v) for any tangent vector v. Hence, given any R > 0 and € > 0, for k
large enough we have that

;. (ri%9))z (v, )

9o (U, U)

for any x € B¥(0) C (r}, '€, go) and any tangent vector v # 0. This establishes the convergence in
C° to R™ as k — oo.

Concerning the second part of the statement, let » > 0 to be chosen small and fix a local chart
¢ 1 Bior(z9) = @(Bior(x0)) =: © C R” such that ¢(zg) = 0, and denote gy := gou. We identify
Bior(z9) with (€2, g) in the local chart. Let d be as in Lemma 2.2 with N = R". By continuity
of the metric tensor, for any € > 0 we can take r so small that |g,(v,v) — go(v,v)| < ego(v,v) for
any x € () and any v € R". For ¢ small enough, it follows from Lemma 2.2 that the identity
id : (BY(0),d) — (BY(0),d) is (1 + d)-biLipschitz. It remains to observe that d = de, on BY(0).
Indeed, fix p,q € B?(0) and let v; : [0, 1] — Q be a sequence of constant speed curves such that
fol 1V ]ea — d(p, q). Tt follows that 4;([0, 1]) € BE,(0) for large i. Indeed, taking o : [0,1] — BZ.(0)
a constant speed geodesic for d from p to ¢, we know that

1—€§(

<l+e,

- L 1 ! 1 1
d < Now < —— N, = ——d(p,q) <2 .
(p,q)_/0|0| _m/o o'l \/1—_8(1)(1)_ r—

Therefore, if v;([0,1]) ¢ B§,.(0) for some i, we would get

1 1
1 / 1
oy > ——— ', > ———16r,
| e = = [l 2 o=
leading to a contradiction for large ¢, provided ¢ is small enough. Hence we can pass to the limit
7i to a curve v : [0,1] — By, (0) such that d(p, q) = fol |7 |eu- Hence 7 is a critical point for the
length functional on (B, (0), geu). Then 7 is a straight segment from p to ¢ and in particular

d(p,q) = deu(p, q). O

2.2. BV functions and sets of finite perimeter. Let (M, g) be a complete C°-Riemannian
manifold of dimension n. Then we can consider the complete and separable metric measure
space (M, d, H"™). Following [65, 3], we define the total variation |Df|(B) € [0,400] of a function
f € LL.(M)in a Borel set B C M as

BCS2 open

|Df|(B) = _inf iﬂf{li,{gglgf/ﬂ IV ful | (fa)nen C Lipo(€2), fn — f in LIIOC(Q)}. (2.1)
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Remark 2.6. On a C°-Riemannian manifold, the previous definition of total variation is equivalent
to the usual one adopted on metric measure spaces. More precisely, defining the slope of a locally

Lipschitz function f by
. . |f(x) = f(y)]
lipf(x) := limsup ——————=+,
pf(x) i
then plugging lip f,, in place of |V f,| in (2.1) yields the same quantity. Indeed, if f € Lip,,.(M),
then lip f = |V f| almost everywhere, see Lemma A.1.

(2.2)

If for some open cover (2,)neny of M we have that |Df|(£2,) < +oo holds for every n € N,
then |Df| is a locally finite Borel measure on M. We say that a Borel set £ C M is of locally
finite perimeter if P(E,-) := |Dxg| is a locally finite measure, called the perimeter measure of
E. When P(F) = P(E, M) < +oo, we say that F is of finite perimeter. If f € L'(M) satisfies
|Df|(M) < +o00, then we say that f € BV (M).

Given any f € Lip,,.(M), it holds that |Df| is a locally finite measure and |Df| = lip fH" =
|V fIH", see Lemma A.1. Moreover, we recall the coarea formula in our setting,

Theorem 2.7 (Coarea formula [65, Proposition 4.2]). Let (M, g) be a complete C°-Riemannian
manifold. Let f € L (M) be such that |Df| is a locally finite measure. Fiz a Borel set E C M.
Then R >t w— P({f <t},E) € [0,+00] is a Borel measurable function and it holds that

DAE) = [ PUS <t} By
R
Let us finally introduce the notion of isoperimetric profile.

Definition 2.8. Let (M, g) be a complete C°-Riemannian manifold with |M| = +oo. The
isoperimetric profile function is the function I : (0, +00) — [0, +00] defined as follows

[(V):=inf{P(E): E c M,H"(E)=V}.

2.3. Technical Lemmas on C’-Riemannian manifolds. In this section we prove several
technical lemmas about C°-Riemannian manifolds we are going to use throughout the paper.
Notably, we prove: a precompactness theorem for BV functions on converging sequences of
continuous Riemannian manifolds (Lemma 2.11); the fact that every continuous Riemannian
manifold is PI on every ball (Lemma 2.12); continuity of the isoperimetric profile of continuous
Riemannian manifolds with C%-controlled geometry at infinity (Corollary 2.15); and a generalized
existence theorem for the isoperimetric problem on continuous Riemannian manifolds with C°-
controlled geometry at infinity (Theorem 2.16).

Lemma 2.9. Let (M, g) be a C°-Riemannian manifold. For anyp € M, r >0 and 6§ > 0 there
exists a Riemannian manifold (N, g°) with smooth metric g° such that the inclusion ¢ : (B,(p),d) —
(N,d°) is well defined and it is (1 + &)-biLipschitz with its image, where d,d° denote Riemannian
distance on (M, g), (N, g°) respectively.

Proof. For any ¢ € (0,1) let g° be a smooth Riemannian metric on By, (p) such that |g(v,v) —
g°(v,v)| < eg(v,v) for any v € T, M and x € Bs,(p). Gluing the boundary of a smooth connected
open domain D such that BY,,.(p) C D CC B, (p) with a half-cylinder [0, +-00) x 9D and suitably
extending the metric g%, we obtain a smooth complete Riemannian manifold (N, ¢%). Denote
by d° the Riemannian distance on (N, g¢®) and by d the distance defined in Lemma 2.2 with
F =1: B}y, (p) = Biy.(p) C (N,g%). Arguing as in the second part of the proof of Lemma 2.5, it

follows that d = d® on BY(p). Indeed, as in the proof of Lemma 2.5 we find that for any =,y € BY(p)
there exists a constant speed curve v : [0,1] — BY,.(p) such that d(z,y) = fol 17']4¢, hence ~ is a
geodesic for the metric ¢°. For every x € BY(p), we have that for almost every y € BY(p) there
exists a unique, hence minimizing, geodesic in (N, ¢°) from x to y. Then, for every x € BY(p), we
have that for almost every y € BY(p) the curve v just obtained must be the minimizing geodesic

from z to y in (N, ¢°). Hence, given z € BY(p), there holds d(z,y) = d°(z,y) for almost every
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y € BY(p). Thus by continuity d = d* on BY(p). Therefore choosing ¢ small enough and eventually
renaming ¢° into ¢°, the conclusion follows from Lemma 2.2. U

Remark 2.10 (Representation of the perimeter). Let (M, g) be an n-dimensional C°-Riemannian
manifold, and let E be a set of finite perimeter. Then P(FE,:) = H" 'LO°E, being 0°FE :=
M\ (E© U EW) the so-called essential boundary, where

hmwzl, EO =lreM lim [0 B-@] o1 (2.3)
r=0 | B ()] r=0 | B ()]

Indeed, fix on a compact ball B C M a sequence g; of smooth metrics such that g; — ¢ uniformly
on B (see, e.g., Lemma 2.9). Then, up to subsequences, 9°E N B does not depend on the metrics
gi, g chosen in the definition (2.3) (compare also with item (1) in Lemma 2.12). Moreover, by the
very definition of Hausdorff measure, (1 — o0;(1))H} "B < Hp 'L B < (1 + 0;(1))H} "' B. From
the classical De Giorgi-Federer’s theorem, |[Dypli(Q2) = Hp~'(0°E N Q) for every Q CC B. Thus,
taking into account Lemma A.1 one has that |Dxgl|:(2) — |Dxg|(£2) for every Borel 2 CC B,
and thus we conclude |[Dyg|.B = H"'L(0°FE N B). Since B was arbitrary, we get the sought
claim. In the following, if F is a set of locally finite perimeter, integrals over its essential boundary
are tacitly understood to be taken with respect to the perimeter measure.

EW = {:U eM

Lemma 2.11. Let (M;, g;, p;) be a sequence of pointed C°-Riemannian manifolds of dimension n
converging in C°-sense to a pointed C°-manifold (M, g, p). Denote by d,d; the Riemannian distances
on (M, g), (M;, g;) respectively. Let f; € BV (M;) be such that sup; || fil| 1 (ar) + |Dfil(M;) < +oc.
Then, up to subsequence, there exist f € BV (M), R; /" +oo and (1 + 1/i)-biLipschitz embeddings
F;: (Bg,(p),d) = (M;,d;) with F;(p) = p; such that the functions f; o F; converge to f in Ll (M).
Moreover

|Df|(M) < liminf |D f;|(M;).

If also sptf; C Br(p;) for some R > 0 and for every i, then the convergence occurs in L*(M).

Proof. By a diagonal argument, up to passing to a subsequence, by Remark 2.4 there exist R; /" 400
and (1 4 1/¢)-biLipschitz embeddings F; : Bg,(p) — M; with F;(p) = p;. Denote h; := f; o F;. For
any r > 0, for i large we have that h; € BV(B,(p)) with sup; ||k c1(s, @) + [Phi|(Br(p)) < 400.
If we show that h; admits a subsequence converging in L'(B, 2(p)), the first part of the statement
follows. Indeed, by Lemma 2.9 we can find a smooth Riemannian manifold (N, ¢°) such that it
is well defined the inclusion ¢ : (B,(p),d) — (N,d°) and ¢ is 2-biLipschitz with its image. Hence
h; can be seen as an equibounded sequence in BV (BY(p), ¢°). By classical precompactness we
can extract a subsequence converging in L'(B? 1o (p), 7—[’;5). Since Hj; and Hy are equivalent, the
subsequence converges in L'(B, 2(p)) as well.

The lower semicontinuity inequality readily follows since, for any r > 0 for ¢ large enough we
have

|Dhil(BY(p)) < (1+ 0o(1)|Dfil( B3y 1170, (pi) < (1+0(1))[Dfil(M;),
where o(1) — 0 as i — oo. 0
Lemma 2.12. Let (M,g) be a C°-Riemannian manifold of dimension n. Fiz R > 0, p € M.
Then there ezists C':= C(p, R) > 1 such that the following hold.
(1) For any x € Br(p) and 0 < r < R there holds

| Bar ()] L
= < C, C™r" < |B.(x)] < Cr".
| B, ()]
(2) For any x € Bgr(p), any r < R, and any f € Lip,,.(M) there holds

][Br (x)

!

< Cr][ V£ (2.4)
Bgr(i)
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(3) For any E CC Bgr(p) there holds
|E|"" < CP(E). (2.5)

Proof. The claims are well-known to hold true on manifolds with smooth Riemannian metrics as a
consequence of the fact that one can always find a lower bound for the Ricci curvature on compact
sets. In fact, on a smooth manifold, (1) is a consequence of the Bishop—Gromov comparison
theorem [71, Lemma 7.1.4], (2) follows from [22, 73], and (3) is a consequence of (1) and (2) by
(38, Theorem 9.7] and [2, Theorem 4.3, Remark 4.4]. Therefore claims (1) and (3) in the setting of
the statement readily follow from Lemma 2.9 applied with r sufficiently large.

It remains to prove (2). Let (N, ¢°) be given by Lemma 2.9 with § = 1/4 and radius equal to 3R.
Letting now f € Lipy,.(M), for x € Bg(p) and r < R, we have h := f o 17! € Lip,..(¢(Bar(p)),d?),
for © as in Lemma 2.9 where d° is the distance on (N, ¢°). Since |Vh(y)|,s < 2|V f(y)|, for any
y € By, (p), we find

J

f—][ fau: dH;g2/ f—][  hdM| AHD
BY(x) BY(x) 5% ()

g(]/ h—][ hdMl| dHs
BY (x) BY (x)

ir %T

» Vs dH2

<Cr / IV ()], AH.
B, ()

where in the third inequality we applied a Poincaré inequality as in (2.4), recalling that on smooth
manifolds it is possible to take the integral on the right hand side on the ball of the same radius
that appears on the left hand side [76, Corollary 5.3.5]. O

What observed so far implies that C°-Riemannian manifolds locally asymptotic at infinity to
space forms are PI spaces, see the forthcoming Corollary 2.14. We recall their definition, leaving
the interested reader to the seminal [38, 24] and to the survey [50].

Definition 2.13 (PI space). Let (X,d,m) be a complete and separable metric measure space,
where m is a Radon measure. We say that m is uniformly locally doubling if for every R > 0 there
exists Cp(R) > 0 such that the following holds

m(Bsy,(2)) < Cp(R)m(B,(x)), Ve e XVr <R.

We say that a weak local (1,1)-Poincaré inequality holds on (X, d, m) if there exists A such that
for every R > 0 there exists C'p(R) such that for every f € Lip(X), the following inequality holds:

f 1 — F()) dm < @(R)rf lip/ dm,
By (x)

B, (:E)

for every z € X and r < R, where f(z) := f, , fdm, and

lipf(z) = lim sup L&) = /W)l

y—x d(y,l') ’ (26)

if x is an accumulation point, or lipf(x) = 0 if z is not an accumulation point.
We say that (X,d,m) is a PI space when m is uniformly locally doubling and a weak local
(1,1)-Poincaré inequality holds on (X, d, m).
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Corollary 2.14. Let (M, g) be a C°-Riemannian manifold of dimension n that is C{ -asymptotic

loc
to the n-dimensional simply connected complete model HY of constant sectional curvature K < 0'.

Then (M,d, H"™) is a PI space.

Proof. Let R > 0 and fix o € M. By assumptions and recalling Remark 2.4, we can fix p > R
such that for any x € M \ B,(0) there exists a diffeomorphism F, : (Bsgr(x), g) = (H}%, gx) that is
2-biLipschitz with its image, where g is the metric on H%, and whose image contains Br(F,(x)).
Since H. is PI, arguing as in the proof of Lemma 2.12 it follows that there exist C' > 0 such that

| Bay ()| _ ][ ][ = ][
T 7 NI S O) f - f S OT Vf,
| B, (:L‘)| B (z) Br(z) Bar () | |

for any x € M \ B,(0), any » < R, and any f € Lip,, (M).

Next apply Lemma 2.12 with p = 0 and R = 2p. Hence for any x € M we have that either
x € By,(0), or x € M \ B,(0). Hence the fact that (M,d, H") is PI follows putting together the
previous inequalities with those given by Lemma 2.12. Il

The next corollary states the local Holder continuity of the isoperimetric profile of C°-Riemannian
manifolds that are C%locally asymptotic to a model of constant curvature. The proof essentially
follows a classical path, see e.g. [5, Lemma 2.23]. However in this context we do not have an
explicit asymptotic rate for the perimeter of balls of infinitesimal radii, which are often used to
perturb competitors. In place of ball, we shall employ images of Euclidean balls through biLipschitz
maps into the manifold, so to get a one-parameter increasing family of sets whose perimeter has
an explicit rate as the parameter goes to zero.

Corollary 2.15. Let (M, g) be a C°-Riemannian manifold of dimension n that is C}) .-asymptotic
to the n-dimensional simply connected complete model HY}. of constant sectional curvature K < 0.
Denote by I (resp., Ik ) the isoperimetric profile of M (resp., HY} ).

Then I < I, and I is locally "=*-Hélder continuous on (0, +00).

Proof. We start by proving that I < I. Let BX(0) C H% be a ball with volume V € (0, +o0)
in HY%. If ¢; € M is a diverging sequence of points, for large ¢, up to subsequence, there exist
diffeomorphisms F': (B(0), gx) — F(B(0)) C (M, g) such that F(0) = ¢; and F is (1 + 1/i)-
biLipschitz. Hence, there exists ¢; such that ¢; — ¢, E; := F(By,(0)) has volume V in M, and
P(E;) — P(BE(0)) = Ix(V). Therefore I(V) < lim; P(E;) = I (V).

Fix 0 € M. Since M is Cp -asymptotic to H, there exists r > 0 such that for any p € M\ B,(0)
there exists a 2-biLipschitz map F), from a Euclidean ball of sufficiently small radius to M with
F,(0) = p. Combining with Lemma 2.9, we conclude that there exists 7 € (0, 1) such that for any
p € M there exists a 2-biLipschitz map F), : (B£(0),dey) — F,(B(0)) C M such that F,(0) = p.
Hence we define the one-parameter family of sets E;(p) := F,(B{*(0)), for any p € M and t € (0,7).
In particular, recalling also the representation of the perimeter Remark 2.10 and the fact that the

essential boundary is biLipschitz invariant,
_ 1 _
P(E(p) <Ct", =" < |E(p) < C1", (2.7)

for any p € M and t € (0,7], for some C independent of p, t.

Combining again the fact that M is Cp -asymptotic to H}% with item (1) in Lemma 2.12 we
get that for any R > 0 there exists a constant Cr > 0 such that Cx'r™ < |B,(x)| < Crr™ for any
x € M and r € (0, R). Hence recalling that (M,d, H") is also PI by Corollary 2.14, then it is
well-known that there holds a relative isoperimetric inequality in balls of M, see [38, Theorem
5.1] and [2, Remark 4.4]. Since also inf,cps |Bi(z)| > 0 thanks to the asymptotic assumption, it is
readily checked that the proof of [5, Lemma 2.10] can be repeated in our setting, yielding that: for

IH’;( = R" if K = 0, while H, is the n-dimensional hyperbolic space of constant sectional curvature K if K < 0.
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any R > 0 there exists C' = C'(R) > 0 such that for any E C M with |E| € (0,400) there exists
z g such that

|EN B, (zg)| > C’min{;ggn,r"} , (2.8)

for any r € (0, R].
Fix now V € (0,+00) and n € (0,V). Let also V € (max{V —1,7},V + 1) and for any ¢ > 0
let E C M be a bounded set such that |E| =V, and P(E) < I(Vp) + ¢ (it is readily checked that,

arguing as in [4, Lemma 2.17], the isoperimetric profile is achieved by bounded sets).
Let

v = min {2%1]& | E(x)], 1} > min{é_lfn, 1} > 0.
Since E is bounded, for any V € [V, Vy + v) there exist zy € M and ry < 7 such that
|[EUE,, (xy) =V and |E,, (zv)| =V — V. Therefore
I(V) < P(E) + P(E,, (xzv)) <I(Vp) +e+ Cri .
Since 7 < C(V — V), letting € — 0 we conclude that

—2—1 n—1

[(V) < I(Vo) + T 5 (V — Vo) (2.9)

We next consider volumes smaller than V. By (2.8) we know that there exists a constant
C = C(7) independent of E and a point xg such that

c [ |EP c . v C
ENE > |EN B: > — "y > — —— "= —t"
| Wws)l 2] slwe)l 2 o mm{P(E)"’ } s mln{([K<V0) +e)n’ on
for any t <, for some #y = to(V,n,n, K,7) € (0,7). Let Cy = 62*"758 > 0. Up to decrease tg, we
can assume that Cs < V. B L
Vo>V —Colet Ve (max{V — 1,1,V — Cy},V + 1) such that V' < Vj. Hence there exists
t € (0,t9) such that |E \ Ez(xg)| = V. Similarly as before, we have

—-n— 27’L— 16 n—1
1(V) < P(E) + P(Ei(wp) < 1(Vo) + e+ TT < 1(Vo) + e+ == (0 = V)7,

which letting e — 0 yields

I(V) < I(Vp) + 2;10(% V) (2.10)

~n—1
n

_ Putting together (2.9) and (2.10), we have proved that there exist v, Cy(M) > 0 and Cy =
Cy(M,V,n) such that for any Vo € (max{V —1,1,V —Cy},V +1), for any V € (max{V —1,n,V —
Co}, min{V + 1,V + v}) there holds

n—1

(V) < I(Vy) + Cu [V — Vo7

The dependence of the previous constants imply that there exists a neighborhood U of V such
that (2.11) holds for any choices of V, V; € U. This implies the desired local Holder continuity. [J

(2.11)

The next theorem is based on a concentration-compactness argument that has been used several
times in the literature, applied to the study of the isoperimetric problem in noncompact manifolds.
In the smooth setting it has been first obtained in [69, Theorem 2]. See also [75, Theorem 4.48]
and references therein for a complete account. Results analogous to Theorem 2.16 have been

worked out also in the setting of nonsmooth spaces with bounds below on the curvature, see [4,
Theorem 4.6] and [5, Theorem 3.3 & Theorem 1.1].

Theorem 2.16 (Asymptotic mass decomposition under C{_-asymptotic assumptions). Let (M, g)
be an n-dimensional complete C°-Riemannian manifold and assume that M is C{ .-asymptotic to
the n-dimensional simply connected complete model H of constant sectional curvature K < 0.
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Firoe M. Let V > 0 and let E; C M be a sequence of bounded sets such that |E;| =V for any i
and lim; P(E;) = I(V).

Then, up to subsequence, one of the following alternatives holds true.

e The sequence E; converges in L*(M) to an isoperimetric set E of volume V.

e There exist two sequences of radit R;,r; /* +oo with R; < r; and a diverging sequence
of points p; € M \ Bp,(,) such that E := E; N Bg,(0) converges in L*(M) to a (possibly
empty) isoperimetric set E, and Ef := E; N B,,(p;) \ Br,(0) converges to a ball B C H} in
the sense that

lim P(E) = P(B),  lim|E¢| = |B].

Moreover
V =|E|+ |B], I(V) = P(E)+ P(B).

Proof. Since the proof of Theorem 2.16 is standard and follows closely the strategy of [4, 5] we
just sketch it.

At first, one gets the analogue of Ritoré—Rosales’ result [5, Theorem 3.3] in the setting of
Theorem 2.16. Indeed, the proof of [5, Theorem 3.3] uses the coarea formula, the precompactness
of BV in L], and the existence, around every point p € M, of a one-parameter family {Bpr}re0,e)
of sets such that r — |B,,| is continuous and vanishing as » — 0, and P(B,,) — 0 as r — 0.
The first two come from Lemma 2.11, and Theorem 2.7, while for the last one it suffices to take
pre-images of small Euclidean balls under the map in the second item of Lemma 2.5, as it has
been done in the proof of Corollary 2.15. Once this is done, one follows verbatim the proof of
[4, Theorem 4.6], which additionally needs that (M,d, H") is PI, and |B,(p)| > (r® for every
r € (0, R], and every p € M, where (, R > 0 are constants depending on M: these two properties
come from Corollary 2.14 and from its proof (compare also with item (1) in Lemma 2.12).

Following [4, Theorem 4.6] until (4.20), and then jumping to Step 5 in there, one finally gets
the following. There is N € NU {400} and radii R; — +o00, T} ; —; +o00 for 1 <j < N+ 1, and
there are mutually (with respect to j) diverging p; ; € M \ Bg, (o) such that

Ezc 7 E iIl LI(M)a (Ez \ BRZ(O)) M BTi,j(pi,j) 7) Bj iIl Ll(M)’

where B; is a ball in Hj for any j < N + 1, and E is an isoperimetric set in M. The convergence
in L' to the B;’s has to be intended as in the statement of Lemma 2.11, after the composition
with biLipschitz embeddings. Moreover one has
N N N
|E|+> |Bil =V,  P(E)+Y Ix(|Bj|) = P(E) +)_ P(B;) = I(V),
j=1

j=1 j=1

where I is the isoperimetric profile of H7%. Hence either N = 0 and the first item holds, or N > 1.
In the latter case, we want to show that N = 1, completing the proof of the second item. By
coarea formula we can fix a sequence p; /* 400 such that P(E N B,,(0)) < P(E) + 1/i. For any i
we find balls By, (¢;) C M \ B,,+1(0) such that |By,(¢;)| =V — |E N B,,(0)| and such that By, (¢;)
converges to a ball B C H, with lim; P(Bs,(¢;)) = P(B) and |B| =V — |E|. If by contradiction
N > 1, since the isoperimetric profile I is a strictly subadditive function, we get

N N

P(E)+>_Ix(|Bj|) = P(E) + >_ P(B;) = 1(V) < liminf P(E'N B,,(0)) + P(By,(4:))
J=1 Jj=1

J=1 J=1

= P(E) + Ik(|B|) < P(E) + Ix (Z IBJ'!) < P(E)+ > Ik(IB)),

which is a contradiction. O
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3. LOCAL INVERSE MEAN CURVATURE FLOW

We start by recalling the definition of weak inverse mean curvature flow (IMCF) as introduced
in [45].

Definition 3.1 (Weak IMCF - Level set formulation). Let (M, g) be a smooth Riemannian
manifold. Given a precompact K C M, a locally Lipschitz function u : M — R, and a set of
locally finite perimeter E, define

JE(E) .= P(E,K) —/ V.
ENK
Let Q C M be an open set. A function u € Lip,,.(£2) is called a weak solution (resp., subsolution,
supersolution) to the inverse mean curvature flow (IMCF) in € if
T {u < t}) < JS(B),
for all t € R, all K cC Q, and all sets E (resp., F D {u < t}, E C {u < t}) such that
EA{u <t} CK.

Remark 3.2. By virtue of [45, Lemma 1.1], a function u € Lip,,.(Q2) is a weak solution the IMCF
in Q if and only if

/ V| + V| < / Vo] + 0|V, (3.1)
K K
for all K cC Q, and all v € Lip,,.(€2) such that {u # v} C K.

The aim of this section is to show Theorem 3.6, stating that on every punctured ball B centered
at 0o on a smooth complete Riemannian manifold one can define a weak IMCF that is bounded
from below explicitly in terms of constants that will nicely behave on metrics C%-close to the flat
one. We also gather useful properties of this flow in Section 3.1, and Section 3.2.

Definition 3.3. Let (M, g) be an n-dimensional complete C°-Riemannian manifold, and let
1 <p<mn. Let Q C M be an open set. We say that Q supports a (p, p*)-Sobolev inequality if there
exists a constant C' > 0 such that

(/ ’¢|n7?p>n < C/ VP for all ¢ € Lip (). (3.2)
M M

We denote C), s0(2) the smallest constant C' for which the latter inequality holds.
Remark 3.4. Tt is known that (3.2) with p = 1 is equivalent to
|E|"+ < CP(E), for all bounded measurable £ CC .

Indeed, one implication readily comes from the very definition in (2.1), while the other comes from
an application of the coarea formula in Theorem 2.7. The latter implication is classical and dates
back at least to works of Federer-Fleming and Maz’ya in the 60s, see, e.g., [34, page 488].

We now provide solutions to the weak IMCF in punctured balls Bg(o) \ {o}. The weak IMCF
is obtained in the limit, as p — 17, of functions w[ := —(p — 1) log G[f, where G, for p € (1,n)
denotes the p-harmonic Green function on Bg(0) with Dirichlet boundary conditions. Namely, Gf

is the solution to

n— n—p\P~!
{—APG§:|S 1 (2=2)""5, on Br(o), (33)

Gl =0 on dBg(0),
where 4, is the Dirac delta supported at o, and |S"!| is the measure of the (n — 1)-dimensional
unit sphere. With the above choice of normalization, it follows from the blow-up procedure leading
to [49, Theorem 1.1] that
R
Gy (@)
r(x)—(n—P)/(P—l)

’VG;I;%(x)‘ n—op
r(gj)—("—l)/(P—l) N p— 1

— 0 (3.4)

—1|—>0,
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as r(x) — 0, where we let r(z) := d(o,z). We recall that the relative p-capacity of a compact
K & Bg(0) is defined as

Cap, (K, Br(0)) := inf {/
Br(o)\K

The following lemma is well known, and consists essentially in [40, Lemma 3.8].

|Vol” . v € Lip.(Bg(0)),v > XK} : (3.5)

Lemma 3.5. Let (M, g) be a smooth complete Riemannian manifold, and let o € M, R > 0. Let

Eft = {wl <t} forpe (1,n), where wff := —(p —1)log GF and G} solves (3.3). Then

p—1
.
Con, (51 Balo) = (=2 [ (36)

for every t € R.
Proof. In this proof, let G, := GJ, and w, := w]* for the ease of notation. It is well-known that the
p-capacity defined in (3.5) is attained computing the LP-norm of the gradient of the p-harmonic

function with Dirichlet data equal to 1 on 0K, and equal to 0 on 0Bgr(0) (see [39] for a thorough
account on nonlinear potential theory). In particular, one gets, for every t € (0, 400),

1 e - _
Cap,({G, > t}, Br(0)) = ﬂ’/{c t}|VGp\p: tp/o /{G }yvep\f’ LAt tds. o (3.7)
p< p=S

On the other hand, a straightforward application of the divergence theorem combined with the
p-harmonicity of G, (see e.g. the computations in [11, Proposition 2.8]) yields that | (Gy=s} VG,

attains the same value for almost every s € (0,4+00). Such constant is computed using (3.4) as

—1
/ |VG |p71 dHn_l _ n—p P ’Sn—l
{Gp=s} 8 p—1

for almost every s € (0,400). Plugging it into (3.7) leaves us with

Y

Can, (G, = 1}, Ba(o)) = —— (=2} gt 3.8
ap,({Gp = t}, Br(0)) = i\ p_1 ‘ ; (3.8)
for any ¢ € (0, +00). Rewriting it in terms of w, as stated in (3.6) completes the proof. O

We denote with Cp(Bg(0)) the Poincaré constant of Br(o), defined as the smallest constant C'

such that
][ ;- f f| < Cr][ v (3.9)
By (x) Br(x) Bar(x)

holds for every z € Bgr(o), r < R, and f € Lip,,.(M). We denote with C4(Bgr(0)) the Ahlfors
constant of Br(0), defined as the smallest number C' > 1 such that

C~ " < |B,(z)| < Cr", (3.10)

for every x € Bg(0), and every 0 <r < R.
Finally, denoting A,, ,,(0) := B,,(0) \ B, (0) for ps > p;1, we denote

Ceov(B,(0)) := min {N € N : As,/a5r/4(0) is covered by N open balls of radius r/2
(3.11)
with centers in As, /s 5-/4(0) for any 0 < r < p}.

Observe that on any complete smooth Riemannian manifold (M, g) of dimension n > 2, for any
0 € M and R > 0 there exists p € (0, R/2] such that

VO <r < p, Vp,q € 9B,(0) 3 continuous curve v C As,/45-/4(0) connecting p and ¢.  (3.12)
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Theorem 3.6. Let (M, g) be a complete smooth Riemannian manifold of dimension n > 2. Fix
o€ M, and R >0, and let p € (1,n). Let w2 = —(p — 1)1log G327, with G2' as in (3.3). Let
p € (0, R/2] be such that (3.12) is satisfied. Then, the following hold.

(1) The sequence of functions w2 converges, up to subsequence, locally uniformly in Bag(0)\{0}

as p — 17 to a weak solution w of the IMCF on Bag(o) \ {o}.
(2) The function w satisfies

w(z) > (n—1)logr(z) — C, for all z € Bg(o) \ {0}, (3.13)

where C' = C’(n, C1.50b(B2r(0)), Cp(Bar(0)),Ca(Bar(0)), R/p, CCOV(BP(O))>7 and r(z) =
d(o, ).

(3) It holds w(x) — —o0 as © — o.

(4) For every r < R, letting T, :== (n — 1)logr — C' — 1, there holds {w <T,} C B,(0).

Remark 3.7. If (M, g) in Theorem 3.6 supports a (1, 1*)-Sobolev inequality, then the existence of a
global proper weak IMCF issuing from a point follows from a careful modification of the proof of
[84]. Yet, we do not know how to obtain the quantitative estimate (3.13) through the procedure
introduced there.

The proof of Theorem 3.6 requires some preliminary steps. The following result is a direct
consequence of [51, Theorem 1.1].

Theorem 3.8. Let (M, g) be a complete smooth Riemannian manifold, and let u, be a positive
p-harmonic function defined in an open set U C M, for p € (1,2). Let w, = —(p—1)logu,. Then,
for any compact subset K C U, we have

V| < C(K), (3.14)
where C(K) does not depend on p € (1,2).
The constant C'(K) in Theorem 3.8 depends on sectional curvature bounds for g on K. The

following observation will be useful also for estimating the asymptotic behavior of the Hawking
mass at o along the IMCF, see Proposition 3.13 below.

Remark 3.9. For p € (1,2), if u, is a positive p-harmonic function on Bag(o) \ {0}, and Sec > —k?
on Bsr(0), then there exist two constants 1 := n(k,n) and ¢ := ((k,n) such that for every
x € Bog(0) \ {o} with d(z,0) < min{n, R} there holds

¢
‘vaKx) S d(o,x)

Indeed, it suffices to apply [51, Equation (1.5)] on balls B(z,d(0,x)/2). We remark that both 7, ¢
can be chosen to be uniform with respect to p — 17.

. (3.15)

The following result yields the uniform lower bound on wﬁR that will result in (3.13). Its core is
in the Harnack inequality for p-harmonic functions that comes with the sharp dependence with
respect to p. The estimate (3.17) below was suggested to the authors by Luca Benatti.

Theorem 3.10. Let (M, g) be a complete smooth Riemannian manifold of dimension n > 2. Fix
o€ M, and R >0, and let p € (1,n). Let w}® = —(p — 1)log G327, with G2* as in (3.3). Let
p € (0, R/2] be such that (3.12) holds.

Then
w?F(x) > (n —p)logr(z) — C, for all x € Bsp/s(0) \ {0}, (3.16)

p

for C = C’(n, C1s0b(B2r(0)), Cp(B2r(0)), Ca(Bar(0)), R/p, CCOV<BP(O)>>, where r(z) == d(o, x).

Proof. Within this proof let G2 =: G, and w2 =: w, for the ease of notation. Let m(r) =
maxypg, (o) Wp for r € (0,3R/2). Notice that wy,(z) = —oo as + — o. Then, by the maximum
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principle, B,(0) C {w, < m(r)}, the monotonicity of the p-capacity with respect to inclusion and
(3.6) give

Cap,(B,(0), Ban(0)) < Cap, ({w, < m(r)}, Ban(0)) = (ij ) efeno,

that results in
PR— n J—
m(r) = log(Cap,(B;(0), Bar(0))) — (p — 1) log <p_]f> —~log |s"!. (3.17)

It is now well-known that capacities can be estimated exploiting isoperimetric inequalities. More
precisely, setting C' = 1/C4 sob(B2r(0)), we can apply [36, Eq. (7)] to get

L | Bar(0)] 1 1-p
Cap,(By(0). Ban(0)) > ( /| )

By(o)|  CyneD

) 1) [1 (1B ]

1-p

We can now estimate |B,(0)| @ > Ca(Bagr(0)) = P, and so we get from (3.17) that

m(r) > (n—p)logr — C (3.18)

where now C' = C’(n, C1.50b(Bar(0)), C’A(BQR(O))), and it is independent of p as p — 1%,

Let us consider now y € 9B, (o) for r € (0, 3R). We aim at estimating w,(y) combining (3.18)
with a Harnack inequality. The Harnack inequality for positive p-harmonic functions [74, Theorem
1.28] applied to G, reads

Gp(y) < Cf ' (Bs(2)) G, (), (3.19)
for any z,y € Bs(z) CC Bag(0) \ {0}, and the Harnack constant Cy(B;(2)) can be estimated from
above in terms of n, Cp(Bag(0)), Ca(B2r(0)) and C,son(B2r(0)). The interested reader might

consult [62, Theorem 3.4 and Remark 3.5] for the full computations leading to the explicit constant
in the Harnack inequality. Since C), sob(B2r(0)) = Cisob(Bar(0)) as p — 17, then

Ci(By(2)) < C = C(n, Cp(Bar(0)), Ca(Bar(0)): Ch sob(Bar(0)))

for any B,(z) CC Bag(o) \ {o}.
Fix z,y € 0B,(0) such that

Gplx) = 81}313(1(1)) Gp, Gply) = Jnax Gp.
We first consider the case r < p, where p is as in the assumptions. Hence by (3.12) we can connect
x and y with a curve v C As, 4 5,/4(0). Letting N := Ceov(B,(0)), we can fix a family of at most
N balls {B,/2(2;)} such that z; € As,ja5r/4(0) and As,ja5r/4(0) C U;B,/2(2;). The existence of
7 implies that we can find a sequence of points y := zy,..., 2y =: z such that N' < N + 1,
Ty, Tip1 € Brja(zj,) for every i = 1,..., N' — 1 for some z;,. Thus applying iteratively (3.19) we
deduce (the value of the constant C' might change from line to line)

max G, < C’PNf1 min G, < C’P%1 min G, (3.20)
9B (0) 9B (0) 9B (0)

for C' = C(n, Cp(B2r(0)), Ca(Bar(0)), Cisan(B2r(0)), Ceor(By(0))).
If instead r € (p, %R), then we consider py,p, € 0B,(0) such that p; (resp. ps) belongs to the
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intersection of 0B,(0) with a minimizing geodesic from y to o (resp. from o to z). By (3.20) we
already know that
_1
Gp(p1) < Cr1Gy(pa).
Applying (3.19) with s = p/4 iteratively along the geodesic from y to o we find

Gp(y) S OﬁGP(pl)a

with N” € N such that N” < %R/(g) + 1. Arguing analogously along the geodesic from o to x, we
finally get that
< (7?71 mi .
5&&(};) G, < Cr T arlrngl(r;) Gy, (3.21)
for C' = C(n,Cp(Bar(0)), Ca(B2r(0)), Cison(B2r(0)), Ceor(By(0)), R/p). Rewniting (3.21) in
terms of w, and combining with (3.18) yields

Jin wy(y) > wy(z) — C Jnax w, C > (n—p)logr—C,

fOF C = C(TL, Cl,Sob(BQR(O))> CP(BQR(O)), CA(BQR(O)), R/p, CCOV(Bp(O))). D

In order to pass to the limit w, = —(p — 1) log G, as p — 17 on compact sets K C Bag(0) \ {0},
we need also some uniform upper bound on w,. This is a well-known consequence of the Laplacian
comparison theorem and of the asymptotics of the Green function at the pole in (3.4), see [52,
Theorem 1.2].

Proposition 3.11. Let (M, g) be an n-dimensional smooth complete Riemannian manifold, and

let pe (1,n). Let G, be the solution of (3.3) with Q in place of Br(o). Let r(z) :=d(o,x). Fix

R >0, and assume Bg(0) C 2. Suppose that Ric > —(n — 1)a holds on Bg(0), for some a > 0.
Then

R 1
Glw) = [ (walt)) 7T (3.22)

for any x € Br(o)\{o}, where v,(t) := ¢y ((\/5)_1 Sinh(\/at))nil, for suitable ¢, , > 0. Moreover
Cnp = Cn >0 asp— 17,

Remark 3.12. In Proposition 3.11, the function

[ oy

(z)
is the solution of (3.3) in the space form of constant curvature a.

Proof of Theorem 3.6. Within this proof let GiR =: G, and wﬁR =: w), for the ease of notation.
Let K C Byg(o) \ {0} be compact. We first show that w, is equibounded on K as p — 17. Indeed
by (3.16) we know that w, > (n — p)log(r(z)) — C on Bsg/2(0) \ {0} for C' as in Theorem 3.10.
On the other hand, taking 7 € (0,2R) such that K C Br(0) \ {o} CC Bsg(0), if Ric > —(n — 1)a
on Byg(o) for some a > 0, by (3.22) we have that for all = € By(0) \ {o} there holds

7 (p—1) 7
wy(x) < —log (/ (va(t))_zﬂ%l dt) < —log <|T(ZL‘) — T|p_2/ (va () dt) . (3.23)
r(z) r(x)

Hence the above upper bound is uniform with respect to p — 17 for any x € K. Thus w, is
bounded on K N Bj3g/s(0) uniformly with respect to p — 17. Therefore, applying the gradient
bound (3.14) on K, we deduce that w, is bounded on K uniformly with respect to p — 1.
Exhausting Bog(o) \ {0} with a sequence of increasing compact sets, by Ascoli-Arzela and by a
diagonal argument, we get that w, converges to some function w locally uniformly on Byg(0) \ {0},
up to passing to a subsequence with respect to p.

We claim that w satisfies the weak formulation of the IMCF on Byg(0) \ {0o}. Indeed, arguing
as in [66, Equation (9)], one gets that |Vw,[PH" converges to |Vw|H"™ in duality with bounded
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continuous functions on compact subsets contained in Byg(0) \ {0}, along the suitable sequence
p; — 17 for which w,, converges. Using again [66, Equation (9)] this is enough to conclude that w
is a weak solution of the IMCF on Bsg(o) \ {o}.

The lower bound (3.16) passes to the limit and gives (3.13). The upper bound (3.23) is preserved
on compact subsets of Bsgr/2(0) \ {o} for the limit w as well, hence it shows that w — —oo as
T —o.

Therefore we proved items (1), (2) and (3) of the statement. It remains to show that {w <
(n—1)logr — C — 1} C B,(0) for every » < R. Fix r € (0, R]. By Theorem 3.10 there exists

C = C(n, Crsob(B2(0)), Cp(Bar(0)), Ca(B2r(0)). B/p, Ceon(B,(0)) )

such that w, > (n — p)logr — C on 0B,(0). Denoting T, := (n — 1)logr — C — 1, it follows
that w, > T, + § on 9B, (o) for any p sufficiently close to 1. By (3.13), it follows that {w <
T.} N 9B,.(0o) = 0. Suppose by contradiction that there exists z € Byg(0) \ B,(0) such that
w(z) < T,. Then wy,(z) < T, + ; for a sequence p; — 17 such that w,, converges to w, and for
i large enough. Since wy, > T, + 1 on 0B, (0) and w,, (z) — +o00 as r(x) — 2R, then w,, would
have an interior minimum on Byg(0) \ B, (0), which is a contradiction to the maximum principle
for p-harmonic functions. U

3.1. Properties of the weak IMCF. Let us collect in this section few known properties on the
weak IMCF constructed in Theorem 3.6.

Let (M, g) be a smooth complete Riemaniann manifold. Let o € M, R > 0 and let w be given
by Theorem 3.6. Let T' € R be such that {w < T} C Bg(o) (such a T exists by Theorem 3.6).
For every t € (—oo, T], set €, := {w < t}. Then the following hold.

(1) If n < 7, then for every t € (—oo,T| both the set €; and the set {w < t} have C1®
boundary, for some « > 0. Indeed, as a direct consequence of Definition 3.1, the previous
sets are local (A, rg)-minimizers in Br(o) \ {0}, see, e.g., [61, Example 21.2]; thus by (the
Riemannian analogue of) [61, Theorem 21.8] one gets the sought claim.

It follows that 0 = 0{w < t} = {w = t} for almost every t < T, and that 023 — 9 in
Class 7t for every t < T, cf. [45, Eq. (1.10)].

Moreover, it is meaningful to speak about the weak mean curvature H on 0€);, see, e.g.,
[45, page 16]. Moreover, H = |Vw| > 0 H" '-almost everywhere on 9¢); for almost every
t € (—o0, T, see [45, Equation (1.12)], and [45, Lemma 5.1].

(2) For almost every ¢t € (—oo,T], the boundary 0f2; has weak second fundamental form A
(see [67, Definition 1.3], or [45, pages 401-405]), and

/ |A]? < +o0.
o0

The last inequality is a consequence of [67, Theorem 1.1(vi)].

The following Proposition gathers some key properties of the weak IMCF in dimension 3 constructed
through the procedure of the previous section; most notably the Geroch monotonicity formula of
Huisken—Ilmanen through such flow.

Proposition 3.13. Let (M, g) be a smooth complete Riemaniann manifold of dimension n = 3.
Let o € M,R >0 and let w be given by Theorem 3.6. Denote Q := {w < t}. Let T be such that
{w < T} C Bgr(o). Let H be the weak mean curvature of the boundary 0. Then the following
hold.

o There existt € R, C; > 0 such that

P(Qy) = 4me'  for allt € (—oo,T], and . H? < Cy, for almost every t € (—oo,t).
t (3.24)
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o Fort € (—oo,T], define the Hawking mass

my (0)) = m <47r - /89 If) . (3.25)

Then my(02) — 0 for almost every t — —oo. Moreover, for every —oo <r < s < T, if
0SY; is connected for every t € [r,s], then

1 S
ma(09) 2 mi(09) + (1o / P /a Ry (3.26)

Proof. Denote E; == {w <t} and let Ef := {w2" <t} for w}™ as in Theorem 3.6. We shall omit
the superscript 2R in the sequel, as R is fixed. We know from Theorem 3.6 that w, converges to
w locally uniformly on Bsg(0) \ {0} along a sequence p; — 1.

We claim that for any o € (—00,T),e > 0 there exists p > 1 such that E*, C E; C E}i, for
any p; € (1,p) and t € [0, T].
We prove the containment EY*_ C E; first. Assume by contradiction that there exist o € (—o0, T,
e > 0 such that, up to subsequence, there exist ¢; € [0,7T] such that Ef* . ¢ E,, for any
i. Then there exist points z; € Bag(o) \ {o} such that w,,(z;) < t; — ¢ but w(x;) > t; for
any i. Hence liminf;d(z;,0) > 0, for otherwise —oo = liminf; w(x;) > o by Theorem 3.6.
Moreover, there exists n > 0 such that w, > T + n on 0Bg(o) for large i, for otherwise
{w < T} N dBg(0) would be nonempty. Hence z; € Bg(0) for large 4, for if z; € Bygr(0) \ Br(o),
since wy, (x;) < T — e and wy, () = +00 as r(x) — 2R, then w,, would have an interior minimum
on Byg(0) \ Br(o), contradicting the maximum principle for p-harmonic functions. Hence, up to
subsequence, t; — 7 € [0,T] and z; — x € Bg(0) \ {o}. But this contradicts the local uniform
convergence, as this implies 7 — ¢ > lim; wy, (z;) = w(z) = lim; w(x;) > 7.
The containment E, C E};. follows by an analogous contradiction argument. This time the
contradicting sequence of points z; € Bag(o) \ {o} satisfies w,,(z;) > t; + ¢ and w(x;) < t;, for
t; € [0, T]. Hence z; € {w < T} C Bg(o). Also x; # o because of the uniform upper bound (3.23).
Hence we have again the convergence z; — x € Br(0) \ {0}, up to subsequence, and one derives a
contradiction as in the previous case.

Recalling Lemma 3.5, for any o € (—o0,T'),e > 0 there exists p > 1 such that

3—p, pi—1 . . |
4 ( p1> e'™® = Cap,, (El"., Bsr(0)) < Cap, (E, Bor(0)) < Cap, (Ef;., Bor(0))

Di —
pi—1
=47 (3_pi> elte
pi — 1

for any p; € (1,p) and t € [0, T]. Letting first p; — 1 and then ¢ — 0 and ¢ — —o0, we find that
lim Cap,, (Et, Bag(0)) = 4me’,

for any t € (—oo, T]. Then the first equality in (3.24) will follow if we prove that
]lji_rg Cap,(E}, Bar(0)) = P(), (3.27)

for any ¢t € (—o0, 7.

Fix t € (—o0,T]. It follows from the very definition of weak IMCF as in [45, Minimizing Hull
Property 1.4] that F; is strictly outward minimizing relatively to Bag(0); meaning that whenever
E; C F CC Byg(o), then P(E;) < P(F). It is readily checked that the proof of [35, Theorem 1.2]
can be localized in the ball Byg(0), thus yielding that

Il)i_ff} Cap,(Ey, Bar(0)) = P(E).

Finally, as in [45, Minimizing Hull Property 1.4(iv)], there holds P(E;) = P(2), so that (3.27)
follows.
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We show the second property in (3.24). By applying (3.23) with 7 = 2r(z) and sending p = p; —
17, we get that there exists 7,9 > 0 such that if r(z) < 7, then w(z) < 2log(r(z)) + . On the
other hand, for ¢ small enough we have Q; C B,u1c)2(0) for every ¢ < ¢, see item (4) in Theorem 3.6.
Up to possibly taking a smaller ¢, for every t < ¢ we have 9Q; C {w =t} C M \ B,t-s,2. Thus
S Ceﬁ/Qeft/Q

Y

esssUPyq, |Vw| < esssupyg, o0
for almost every t < t, where the first inequality comes from the fact that (3.15) passes to the
limit as p; — 1. Thus, for almost every ¢ € (—oo,t), there holds

/ |Vw|? < |0|¢%e’e™ = 4n2e’ =: C) < +oo,
09

and then the first item is proved recalling that H = |Vw| H" '-almost everywhere on 9€2; for
almost every t € (—oo, t).

The fact that my(9€;) — 0 for almost every ¢ — —oo is a direct consequence of the first item
and the definition of Hawking mass. The last part of the second item is a consequence of the
analogue of [45, Geroch Monotonicity Formula 5.8] in our setting. A detailed proof the Geroch
Monotonicity Formula for weak IMCFs defined through limits of p-harmonic functions as in our

setting will be provided in the forthcoming [13]. O

3.2. Connectedness of level sets of the weak IMCF. In the following lemma we collect some
facts about connectedness of level set of the weak IMCF. This is analogous to [45, Connectedness
Lemma 4.2], we provide a proof for the convenience of the reader.

Lemma 3.14. Let Q be an open set with Lipschitz boundary in a smooth complete n-dimensional
Riemannian manifold (M, g) with n <7, and let o € Q. Let Q CC U, where U is an open set, and
let w € Lip,,.(U \ {0}) be a weak solution of the IMCF on U \ {o}, see Definition 3.1. Then the
following hold.

(1) Let t € R. Then every connected component of {w <t} N QY (resp., {w >t} N Q) is not
relatively compact in 0\ {o}.
(2) Assume further that 02 is connected, and there exist ty < t; such that:
o {w<t} CCy
e there exists an open set Q" > o, such that Q"\{o} is connected, and Q"\{o} C {w < to}.
Then for every t € (to,t1) we have that both {w < t} and {w >t} N Q are connected.
(8) Let the hypotheses of (2) above be satisfied. Assume further that € is connected, and
H(Q;Z) = {0}. Then 0{w < t} is connected for every t € (to,t1).

Proof of Lemma 3.14. The proof of item (1) follows verbatim as in [45, Connectedness Lemma
4.2(i)]. Let us repeat it here for the ease of the reader. Assume by contradiction a connected
component C' of {w > t} N Q is relatively compact in Q\ {o}. Then consider the function v := w
on U\ (CU{o}) and v:=ton C. By (3.1) we get

/|Vw|+w|Vw| g/t|vw|.
C C

Since C' C {w > t}, the latter implies that |[Vw| = 0 on C, and thus w = ¢ on C, which is a
contradiction.

Now assume by contradiction a connected component C” of {w < t} N is relatively compact in
Q\ {o}. Take t := mingw. Then for 0 < 1 < 1 small enough there is a connected component
C" of {w < t+n}NQ inside C". Notice that w >t >t +n— 1 on C”. Repeating the previous
argument with ¢ 4+ 7 in place of ¢t and C” in place of C' gives again a contradiction.

The item (2) follows from item (1). First, by the assumption in the first bullet, for ¢ € (to, t1) every
connected component of {w < t} stays away from 0€2. Then, from item (1), for every t € (to, t1),
o is in the closure of any connected component of {w < t}. Then every connected component of
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\

F1GURE 1. The picture sketches the assumptions of Lemma 3.14.

{w < t} intersects Q" \ {o}. Since Q" \ {0} is connected, and Q" \ {0} C {w <t} C {w < t},
thus every connected component of {w < t} contains Q" \ {o}. Thus, there exists at most one
connected component of {w < t}, because every connected component contains Q" \ {o}, which
is itself connected. Similarly, from the hypotheses of the second bullet, for every t € (to,t1), we
have 9Q C {w > t}, and {w >t} NQ C Q\ Q”. Thus, every connected component of {w >t} N
avoids o, and then, from item (1), its closure must then intersect 9€2. Since 0f2 is connected, there
exists at most one connected component of {w > t} N Q, arguing as before.

The item (3) is inspired by [45, Connectedness Lemma 4.2(ii)]. Analogous arguments have
appeared in [68, Lemma 2.3|, [60, Lemma 6.1], and [53, Lemma 4.46]. We give here a self-contained
proof using item (2) and the Mayer—Vietoris sequence.

Recall from item (1) of Section 3.1 that d{w < t} is C'® for every t € (to,t;), and that
Hw < t} = {w = t} for almost every t € (ty,t1). It is sufficient to prove that O{w < t} is connected
for ¢ such that 0{w < t} = {w = t}. Indeed, for 7 € (ty,¢;) such that O{w < 7} # {w = 7}, there
exists a sequence t; /7 such that o{w < t;} = {w =t;}. From item (1) of Section 3.1 we know
that 0{w < t;} — 0{w < 7} in C', hence connectedness will be preserved in the limit.

Hence we can assume by contradiction that there exists t € (¢, 1) such that 0{w < t} = {w =t}
is not connected. Since d{w < t} is C1*, it has a finite number m > 2 of connected components.
Since N,sof{t =1 < w < t+n} = {w = t} = 0{w < t}, there exists n small enough such
that [t —n,t +n] C (to,t1) and {t —n < w < ¢t + n} has m’ > 2 connected components. Call
A:={w<t+n}U{o} and B := {w >t —n} N Q. Notice that A and B are open, and by item
(2) they are both connected.

Finally notice that AN B = {t —n < w < t 4+ n} is not connected, and AU B = Q. The
Mayer—Vietoris exact sequence (where homology is understood with integer coefficients) ends with

.= Hi(Q) = Hi(AN B) — Hy(A) & Ho(B) — Hy(§2) — 0.

Recall that for a topological space X there holds Hy(X;Z) = Z‘, where { is the number of
connected components of X. Thus by using the assumptions of item (3) the previous exact
sequence becomes

02 ST ST 0,

from which Z = 72/ Z™ . and thus m’ = 1, which results in a contradiction. l



24 G. ANTONELLI, M. FOGAGNOLO, S. NARDULLI, AND M. POZZETTA

4. PROOF OF THE MAIN RESULTS

In this section we prove the main theorems Theorem 1.6, Theorem 1.4.

4.1. Producing a set satisfying the reverse Euclidean isoperimetric inequality. In this
section we show how, in the hypotheses of Theorem 1.4, we can produce sets with arbitrarily
large perimeter and volume that satisfy the Euclidean reserve isoperimetric inequality with sharp
constant, see Proposition 4.2.

Lemma 4.1. Let (M, g) be a smooth complete Riemannian manifold of dimension 3. Let o € M
and R > 0. Let w be given by Theorem 3.6. Let T € R be such that {w < T} CC B,(0) for some
p < R. Suppose that O{w < t} is connected for anyt <T. If R, > —6 on B,(0), for some § >0,
then

1 P(Q)%?

1+ 26e” 6/

Proof. We recall that €, has C1® boundary, 9, admits weak mean curvature H for all ¢t < T,
and H = |[Vw| > 0 H?-a.e. for a.e. t € (—o0,T), see item (1) of Section 3.1. The Hawking mass
of a set Q with C! boundary 0f) possessing weak mean curvature H is given by

P(Q)1/2 H?2
0N) = ———— (4dr — — .
ma(09) = gy (47 /m 1
As {w < T"} CC B,(o) for any T" < T, we can apply Proposition 3.13, which yields that
P(Q;) = 4me! for any ¢ < T, and that mpy(9€2;) — 0 for almost every ¢ — —oo. Hence the Geroch

Monotonicity formula (3.26) with » — —oo and s = ¢, together with the fact that R, > —d on
B,(0), gives that for all ¢t € (—o0,T") there holds

|| > vVt < T,

where Q; == {w < t}.

) t 3 ) ! )
- /2 . © 3/2 . 3t/2 _ Y 3t/2
m(0%) 2 ~ 5 /_Oo PO™ = =g /_00(47T) TR
: orl/2¢t/2 H?
Since my (08%) = “5 =5 (47r — faﬂt T>’ for every t € (—o0,T), we find
32
H? < 167 + —dme’. (4.1)

o 3

By Holder inequality we get that for almost every t € (—oo,T') there holds

s ([, ) ([, o)

Hence, by recalling that [, |Vw|* = [, H? is finite by (4.1) for almost all ¢ € (—o0, T'), recalling
that [Vw| > 0 H%a.e. on 9, for a.e. t € (—o00,T), and by using the coarea formula together
with (4.2) and (4.1), for any ¢t < T" we obtain

1 t 1
|Qt]2/ |vw\:/ (/ ) dr
Q:n{|Vw|>0} [Vl —oo \J 00, N{|Vw|>0} [Vl

[ ) = [ (o ([, o) )

Z/t 2medt/? Z/t \/27T63t/2 1 %We:ﬁ/z: 1 P(§)3?

1+ 2oet 1+25eT /14 26eT 3 J1+26eT YT
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In the following proposition we construct sets with arbitrarily large perimeter and volume that
satisfy the reverse Euclidean isoperimetric inequality. This represents the crucial step for the proof
of the main results.

Proposition 4.2. Let (M, g) be a 3-dimensional complete C°-Riemannian manifold without
boundary, let K C M be a compact set, and let Q be an unbounded connected component of M \ K.
Assume that Q is CY -asymptotic to R® (Definition 1.3), and that R, > 0 in the approzimate
sense on 2\ K' (Definition 1.2), where K' C M is a compact set. Then, there exists a universal
constant ¥ € (0,1) such that the following holds.

For every & > 0, there ezists a set of finite perimeter E CC Q\ K’ such that

VP < P(E)< 2,

and .
3/2 5

B2 g2 s
Proof. Let p > 1, n < 1/2 to be chosen. The choice of p, only depending on & and on geometric
constants on R3, will be made clear during the proof in (4.8). We do not insist on the precise
choice of n for the sake of readability; however, it will be clear from the proof that choosing
n < 1073 is sufficient. In this proof we will repeatedly use the elementary metric results recorded
in Lemma 2.2, and in the last part of the proof of Lemma 2.12.

By applying a contradiction argument and Remark 2.4 (see also the beginning of the proof of
Corollary 2.14) we can find a compact set C D (K U K') such that for every x € Q \ C there exists
F, : (Boaptoa(x), 9) = (R?, gey) which is a (1 + n)-biLipschitz diffeomorphism with its image, with
F,(z) = 0, and whose image contains ng 132(0). Let us now fix o such that

B64p+64(0) cc \C

Let g; be a sequence of smooth Riemannian metrics on M converging to ¢ locally uniformly with
R, > —&; on Q\ C. We will frequently pass to subsequences with respect to ¢ in the course of the
proof, without relabeling. We will denote By (p), B:(p) the open balls of radius s and center p in
the metrics g, g;, respectively. Up to passing to a subsequence with respect to ¢, we can assume
that

P(E)*2. (4.3)

Bi_1(0) CC B,(o) C F;(B5(0)) cC Bi,,4(0) CC Q\ C for all i € N. (4.4)
Notice that (see Definition 2.3) the compact C can be chosen such that, additionally, we have
(9 = F5 gen)a (v, v)| < 0(F5 Gen)a(v, v), (4.5)

for every « € Bgapia(0), and every v € T, M. Then, for ¢ large enough, we have
|(gi — Iy Geu) (0, 0)] < 20(F Geu) (v, v), (4.6)

for every & € B3y, 3,(0), and every v € T, M. As a consequence, the map F, : (Big, 16(7), 9:) —
(R3, geu) is (1 + 3n)-biLipschitz with its image. Notice also that the image of this map contains
the ball ng+8(0)

As a consequence of (4.6), if n is small enough, the constants

C1s0b(Bip14(0)), Cp(Biy44(0), Ca(Bi,44(0))

appearing in Theorem 3.6 (and defined in (3.2), (3.9), (3.10)), are uniformly bounded from above
by a universal constant multiplied by the value of the corresponding constants on R*, which are
independent on p. Moreover, since F; : (Big,;14(2), 9i) = (R?, geu) is (1 + 3n)-biLipschitz with its
image, and contains the ball Bsp +8(0), the following holds: for every » < p+ 1 we can connect
any two points p,q € 9B} (o) with a continuous curve v in the annulus A3, 5 ,(0). Indeed, it
suffices to connect F,(p) with F,(¢) with a curve 4 C R? in the annulus AX /s.0r/5(0), and take
v := F, (). Moreover, with the same reasoning, the constant Ceo,(B,11(0)) defined in (3.11) is



26 G. ANTONELLI, M. FOGAGNOLO, S. NARDULLI, AND M. POZZETTA

bounded above by a universal constant which only depends on the following universal constant
independent on p:

C' := min {N eN Ar/2 3r2(0) is covered by N open balls of radius r/4
( (4.7)
with centers in A§;2’3,,/2(0) forany 0 <r < p+ 1}.

Hence, we can apply Theorem 3.6 on the ball Bjp(0) := Bj,, 4(0), where the radius p 4 1 in this
proof corresponds to the number p in the statement of Theorem 3.6. As a result of the discussion
above, the constant C' appearing in Theorem 3.6 when applied to the ball Bj, . ,(0) is bounded
above by a universal constant £ > 1 independent of ¢, p, for ¢ large enough.

Now let w; be the weak IMCF issuing from o in Bip+4(o), given by Theorem 3.6. Denote

Q= {w; <t}. Let T,¢ :=2log(p — 1) — £ — 1, and take p > 1 such that
dmeTre = 4re?losle~D=¢-1 — (4.8)

Notice that the choice of p only depends on & and on the universal constant £. By the last
assertion of Theorem 3.6, applied with r := p — 1, we have that

{w; <T,¢} = Q"Tp,g - Bé_l(o) CC B,(0).

Now we aim at applying item (3) of Lemma 3.14 with the choices U := Bj,,,(0), Q =
F;l(B§;(O)), and ¢ := T),¢. We stress that {w; <T,¢} CC F;l(B§;(O)), and

Fo_l(Bgf(O)), and 8F;1(B§p3(0)) = Fo_l((‘?Bgf(O)) are connected.
Moreover, for any arbitrary ty < 7T}, ¢, one can define Q" to be a sufficiently small ball so that all
the hypotheses of item (2) in Lemma 3.14 are met, since we have w;(z) - —oo as x — o. Finally
noticing that Hy(F, (BRS (0)); Z) = {0}, one gets that all the hypotheses of item (2) and (3) in
Lemma 3.14 are met, and thus 0{w; < t} is connected for every t < T,.
Therefore, recalling that Ry, > —&; on By, ,(0), by Lemma 4.1 we get

, 1 P, (Q 3/2 1 AeToe)3/2 1 3/2
|sz ‘ > ( Tp,g) _ ( Te P ) _ P (49)

T,eli 2 >
¢ V1 + 2eelee 6/ 1+ 2eetoe 6/ J1+2eZ 6/
where we used that P;(Q) = 4me’, see Proposition 3.13, where P;(-) denotes perimeter computed

with respect to the metric g;.
Now, since Qipr . CC By(0), and the perimeters Pi(Qi;pp’E) are equibounded, we can use the

precompactness and lower semicontinuity result in Lemma 2.11 to get a set E, C B,(0) such that
Qp . — E,CCQ\Cin L', P(E,) < 2, and, by passing (4.9) to the limit, such that

<gz:i/Z

E, >
B2 =

(4.10)
which completes the proof of (4.3).

Finally, notice that E, CC Bp+1(o). Moreover (4.5) holds. This implies that, if n < 1 is small
enough, on B,11(0) there holds a (1, 1*)-Sobolev inequality (3.2) with C} gob(B,+1(0)) bounded
from above by a universal constant only depending on the constant in the Euclidean (1,1%)-
Sobolev inequality. By Remark 3.4, this implies that P(E) > 9|E|*? for a universal 9, for every
E cC B,:1(0). Applying the latter inequality on E,, and using again (4.10), we ﬁnally get
P(E,) > 997%/3 for a universal ¥, concluding the proof. O

4.2. Proof of the main results and consequences. We are now ready to prove the main
results of the paper.

Proof of Theorem 1.. It is a direct consequence of Proposition 4.2 and the definition of isoperi-
metric mass in Definition 1.1. U
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Proof of Theorem 1.6. Suppose by contradiction that there exists vy > 0 such that for every
v € (vg, +00) there are no isoperimetric sets of volume v in M. We claim that then I is strictly
increasing on (2wg, +00).

Let v € (2ug, +00). By Theorem 2.16 there is an isoperimetric set £ C M with |E| < v
(possibly empty) and a ball B C R?® with |B| > v — vy > v/2 such that

v=|E|+|Ble,  1I(v) =P(E)+ Peu(B).

Let now € > 0 be such B, is a ball in R? concentric to B and with volume | B.|e, = | Blew —&. Notice
that, by approximating B, C R? with sets diverging along the manifold, arguing as in the proof of
the upper bound for the isoperimetric profile in Corollary 2.15, we get I(v —¢) < P(E) + Peu(B:).
Thus, taking ¢ — 0, we find

[(Q}) — [(’U — E) > Peu(B) - Peu(BE) — 2 <47T)1/3 |B|e_

€ € v

s ()
- 3
Thus we get that the lower left Dini derivative satisfies

D~I(v) := liminf Iv) =1

e—0t 15

_ 4 1/3
(v=¢) > 2 (;) 13 >0, You € (2vg, +00).

Since I is continuous by Corollary 2.15, the latter implies that [ is strictly increasing on (2vg, +00).
Thus the sought claim is proved.

We aim now at showing that there exists an isoperimetric set with volume strictly greater than
2vg, thus reaching a contradiction. Fix v > 2vy. By Theorem 2.16 there is an isoperimetric set
E C M with |E| < vy and a ball B C R? with |B| > v — vy > 0 such that

v=I[E|+[Bles,  I(v) = P(E)+ Feu(B).

By Theorem A.2 we know that E is bounded. -
We apply Proposition 4.2 with K = () and K’ = B,.(0) for some ball B,.(0) with r > 1 such that
EUC C B,_1(0). Then there is a set F' C M such that F cC M \ K', P(F) < Py (B), and

1
|F| = 67Peu(3>3/2 = |Bleu-
™

VT

Thus the set E'U F' is such that
|[EUF|=|E[+|F| = |E|+[Blex = v.
Hence, since [ is strictly increasing on (2vg, +00), one gets
I(|EUF|) > I(v) = P(E) + Pey(B),
but at the same time
I(|[EUF|) < P(EUF)=P(E)+ P(F) < P(E) + Poy(B).

Hence all the inequalities in the previous formula are equalities, and then F U F' is an isoperimetric
set with volume > 2v,, which is a contradiction. O

In the proof of Theorem 1.6 we argued that, if for some vy > 0 no isoperimetric sets exist for
volumes v > vy, then the isoperimetric profile is strictly increasing for large volumes. This implied
that some isoperimetric set of large volume must exist, resulting in a contradiction. In fact, if the
isoperimetric profile is strictly increasing, then one can deduce that isoperimetric sets exist for any
volume. This is what happens in a smooth asymptotically flat 3-manifold of nonnegative scalar
curvature that is complete with no closed minimal surfaces or endowed with a horizon boundary.
For this reason, the following result can be seen as a generalization of the existence result for any
volume obtained in [23, Proposition K.1] (see also [10, Theorem 3.6]). Moreover, when in addition
the isoperimetric profile diverges at infinity, such isoperimetric sets realize the isoperimetric mass
in the sense of (4.11). The isoperimetric profile diverges at infinity for instance when a global
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Euclidean-like isoperimetric inequality is in force. The latter happens, for example, when the
manifold is C%-asymptotic to R3 according to Definition 1.8.

Proposition 4.3. Let (M, g) be a C°-Riemannian manifold that is C_ .-asymptotic to R, and
such that R, > 0 in the approzimate sense on M \ K, where K C M is a compact set. Assume
that its isoperimetric profile I(v) is strictly increasing. Then, for every volume v, there ezists an
isoperimetric set E, of volume v on M. If in addition lim,_,, . I(v) = 400, then

‘ P(EU)S/Q
iso — 1 Ev - . 4.11
Mo = WY P(B) <| NG (411)

Proof. We assume by contradiction that, for some v > 0, there exists no isoperimetric sets of
volume v. By Theorem 2.16, we have I(v) = P(E) + Pey(B) for a possibly empty F C M realizing
P(E)=I(|E|) and B C R? a nonempty ball, such that |E|+ |B|e, = v. The proof of Theorem 1.6
shows that we can find a set ¥ CC M \ B,;1(0), for some ball such that £ C B,(0), with
P(F) < Pu(B) and with volume |F| > |Bley. If |F| = |B|ew, then E'U F is an isoperimetric set of
volume v, giving a contradiction. If |F'| > |B|_,, we derive a contradiction with strict monotonicity
of I. Indeed, on the one hand we would have

I(|E| + [F|) > I(|E] + |Blew) = I(v),
and on the other hand there holds
I(|E| +|F|) < P(E) + P(F) < P(E) + Pu(B) = I(v).

This proves the existence of isoperimetric sets of any volume.

We are left to prove (4.11). Observe that, since the isoperimetric profile diverges at infinity, the
isoperimetric sets E, have perimeter diverging to infinity as v — +o00, and thus they are valid
competitors in the definition (1.1) of mys,. Hence

Mo > lim sup

msup s (‘E”’ - w> '

On the other hand, let (€2;);en be any other sequence of finite perimeter sets such that P(£2;) — 4o0.
Let E; be an isoperimetric set of volume V; = |€2;]. Then, the sequence (E});en satisfies

) ('Qf' - p%/) < 55y <'EJ" - %) ’

implying (4.11). O

APPENDIX A. AUXILIARY RESULTS
In this appendix we collect two technical results we used in the paper.

Lemma A.1. Let (M,g) be an n-dimensional complete C°-Riemannian manifold. Then the
following hold.

o Let f € Lip,,.(M). Thenlip f = |V f| almost everywhere.
e Let Q0 C M be an open set and suppose that g; is a sequence of smooth Riemannian metrics
converging to g uniformly on Q). Then for any f € LL (2, g) there holds

lim |D1,(2) = | D|(€).

where | D f|; denotes the total variation of f as a function in L (S, g;).
e For any f € Lipy,.(M), there holds |Df| =lip f H™ = |V f|H". In particular
|Dd,,| = H",

for any xo € M, where d,, denotes distance from x.
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Proof. Let f € Lipy,.(M). Recall that the identity lip f = |V f| almost everywhere readily follows
on smooth Riemannian manifolds exploiting the exponential map. Fix x € M and let g; be a
sequence of smooth Riemannian metrics converging to ¢ in C%-sense on a neighborhood A of z.
We can write (1 — &;)%g(v,v) < gi(v,v) < (1 +¢;)?g(v,v) for any tangent vector v on A, for some
g; — 0. Denote by d; the distance function on (A, g;) defined by taking infimum of lengths of
curves contained in A. For any 4, let y; € A such that lim; d;(x,y;) = 0 and

|f (@) — f(y))l

di(xv yj)
where lip, f denotes the slope of f as a function in (A, g;). For j large, d;(x,y;) is realized by a
curve contained in Q. Hence d;(z,y;) > (1 —¢;)d(x,y;) for any j large. Thus

: - |f(x) — f(y;)l S ) = fy)] .

lipf(z) = hmjsup i) 2 (1 —&;)lim Gy (1 —e)lip, f ().
A symmetric argument implies that lim;lip,f(x) = lip f(z). Since lip,f = |V%f
everywhere, and norms of gradients clearly pass to the limit, then lip f(z) = lim; |V f
almost everywhere.

Let now f, g; be as in the second item. We can write again that (1 — &;)%g(v,v) < gi(v,v) <
(1 + &;)%g(v,v) for any tangent vector v on 2, for some g; — 0. Denote by d; the distance
function on (€2, g;) defined by taking infimum of lengths of curves contained in Q and by |D(-)|;
the corresponding total variation. Let f; € Lip,.(£2) be a sequence converging to f in Li . on
(€2, g) such that |Df|(€2) = limy, [, lipfi. As before, one estimates

lipfi(z) = (1 — &)lip; fu(2).

lip; f(z) = lim
J

g almost
1

gi — |vf|

Therefore
ID71@) =lim [ tipfi = (1~ &) limnf [ lip,fud?, > (1~ £)DFK®),
Q Q

for suitable &, — 0. Hence |Df[(€2) > limsup; |Df[;(€2). An analogous argument shows that
|IDf(2) < liminf; |Df];(€).

Now let f € Lip,,.(M). For any xy € M there exist ro > 0 and a sequence of smooth metrics g;
on B,,(xg) uniformly converging to g on B,,(xy). The above argument also shows that lip, f — lipf
pointwise on B, (), hence in Li. on (B,,(zo),g), being f locally Lipschitz. Using the second
item, and since |D f|; = lip, f Hj, we have

ID\Brn)) =tim [ ipfary = [ lipran
¢ BTO (xo)

By (z0)

Taking into account the first item, the third one follows as well. O

Boundedness of isoperimetric sets usually follows from a suitable deformation lemma, see e.g.
[4, Theorem B.1]. It is not completely clear how to work out such an argument in the C° setting,
yet one can slightly modify the argument, taking advantage of the asymptotic behavior imposed,
to obtain the following weaker version, that still suffices for our aims.

Theorem A.2. Let (M,g) be an n-dimensional complete C°-Riemannian manifold that is Cp,.-
asymptotic to R". Assume that for some V > 0 there exist E C M and a nonempty Euclidean
ball B C R™ such that |E| + |B|,, =V and I(V) = P(E) + FPeu(B). Then E has a bounded

representative.

Proof. Without loss of generality, we can assume that E has positive volume. Take p € M. Let
V(r) = |E\ B.(p)|- Call A(r) = P(E,M \ B.(p)). By coarea (see Theorem 2.7), and since by
Lemma A.1 we have |Dd,| = H", notice that V'(r) = —P(B,(p), E). Moreover, a Euclidean-like
isoperimetric inequality holds for small volumes. Indeed, the proof of Corollary 2.14 (compare also
with item (1) in Lemma 2.12) shows that there is a constant ¢ such that |B,(p)| > (r® for every
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€ (0,1], and every p € M. Thus [6, Proposition 3.20] gives that I(v) > £v?? for every v € (0,7)
for some 7, £ > 0. Now arguing verbatim as after [4, Equation (B.1)], we can reduce ourselves to
show that, for some constant C, there holds

Alr) < =V'(r)+ CV(r), (A.1)

for almost all large enough r. Assuming by contradiction that V() > 0 for any r > 0, the latter
would result in a contradiction by ODE comparison on V (), see [4, Theorem B.1]. To this aim,
let B be a smooth deformation of B C R™ of volume |B| + V/(r) such that

Pu(B') < Pu(B) +CV (1), (A2)

where C' only depends on B. Notice it is enough to take B" to be a ball containing B. Then,
|ENB,(p)| + |B"|,, =V and thus, by using the analogue of [4, Proposition 3.2], which can be
proved analogously as in [4] (again exploiting that, arguing as in [4, Lemma 2.17], the isoperimetric
profile is achieved by bounded sets), we get

P(E) 4 Peu(B) = I(V) < I(|E| = V(r)) + I~ (|B] + V(r)) < P(E N B, (p)) + Peu(B").  (A.3)

On the other hand, for almost every radius, we have (see [7, Proposition 2.6], which can be applied
thanks to Corollary 2.14) that

P(EN B.(p)) < P(E) — P(E, M\ B,(p)) + P(B:(p), E). (A.4)
Plugging (A.2) and (A.4) into (A.3), we are left with (A.1). So the proof is concluded. O
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