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ABSTRACT. The fundamental gap conjecture proved by Andrews and Clutterbuck in
2011 provides the sharp lower bound for the difference between the first two Dirichlet
Laplacian eigenvalues in terms of the diameter of a convex set in RY. The question
concerning the rigidity of the inequality, raised by Yau in 1990, was left open. Go-
ing beyond rigidity, our main result strengthens Andrews-Clutterbuck inequality, by
quantifying geometrically the excess of the gap compared to the diameter in terms of
flatness. The proof relies on a localized, variational interpretation of the fundamen-
tal gap, allowing a dimension reduction via the use of convex partitions & la Payne-
Weinberger: the result stems by combining a new sharp result for one dimensional
Schrodinger eigenvalues with measure potentials, with a thorough analysis of the ge-
ometry of the partition into convex cells. As a by-product of our approach, we obtain
a quantitative form of Payne-Weinberger inequality for the first nontrivial Neumann
eigenvalue of a convex set in RY, thus proving, in a stronger version, a conjecture from
2007 by Hang-Wang.
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1. INTRODUCTION AND STATEMENT OF THE RESULTS

Given an open bounded domain @ C R¥, the difference Ao(€2) — A\;(Q) between its
second and first Dirichlet Laplacian eigenvalues is usually referred to as the fundamental
gap of 2. It has several important implications in different areas of both mathematics
and physics, e.g. heat diffusion, statistical mechanics, quantum field theory, numerical
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analysis. Finding sharp lower bounds for the fundamental gap is a problem whose history
covers several decades, so that we summarize it without any attempt of completeness.
In the pioneering work [54], van den Berg first observed that, for many convex domains

Q, the gap is bounded from below by 3%, where Dq, is the diameter of . The validity

D2 )
of such inequality for any convex domaln Q2 was then conjectured by Yau [55] and by
Ashbaugh-Benguria [4], in the more general case of a Schrodinger operator of the form
—A+V, being V a convex potential on §2. This more general formulation of the problem
is meaningful also in the one-dimensional case, which was solved by Lavine [40] see also
[4, 32]. A breakthrough in higher dimensions is due to Singer Wong-Yau-Yau [50], who

4D2, later improved into gg by Yu-Zhong [58] and Smits

[51]. These lately non—optlmal lower bounds rely on the earlier fundamental result by
Brascamp-Lieb [10], which states that the first Dirichlet eigenfunction is log-concave on
any convex domain (different proofs were given by Korevaar [36] and Singer-Wong-Yau-
(log2)* 2)
D}

obtained the lower bound

Yau [50]). Let us also mention the lower bound obtained by Bobkov [9, inequality

(2.8)] when the Lebesgue measure in the Rayleigh quotlent is replaced by any absolutely
continuous measure with log-concave density. In the early 2000s, the expected optimal
lower bound has been obtained in some particular cases when () satisfies specific

geometric assumptlons [5, 6, 19]. An excellent survey up to that date is the paper by
Ashbaugh [3]|, where more related references can be found. Further advances based on
upper bounds for V2logu; were given in [57, 41]. The conjecture was finally proved in
2011 by Andrews-Clutterbuck in [2] (see also [1]): their groundbreaking new idea is the
following refinement of Brascamp-Lieb result into an improved log-concavity inequality
for the first Dirichlet eigenfunction

B y—z _ m 7 |y — 2
(1) (Vlogul(y) Vlogul(ac)) 7”?/—33H 2DQt <D972 ) Yo,y € Q.

This estimate is obtained by a parabolic approach and, combined with a method to
control the modulus of continuity of solutions to parabolic equations, allows them to
prove the conjectured lower bound ?bi;. Afterwards, still exploiting the improved-log-

concavity estimate (1), Ni recovered thse sharp control of the gap by an elliptic argument
(see also the nice review by Carron in [14]). A further valuable reading, summarizing
also the literature about extensions of the result to manifolds, is the paper [16]. Let
us also mention that the behaviour of the fundamental gap on particular situations of
collapsing domains has been investigated in [42].

The fundamental gap conjecture is then fully solved, except for the saturation of the
equality case. Indeed, the strategies above left unanswered a delicate question, which
was formulated in 1990 by Yau himself, see problem no. 44 in his “Open problems in
geometry” paper [56]: Is the gap inequality always strict in dimension N > 2¢ In
case of an affirmative answer, since the sharp lower bound is attained on a sequence of
rectangular parallelepipeds converging to a line segment, the following natural question
arises: Is it possible to evaluate the excess of the gap in terms of the flatness of the
convex set? Equivalently, this amounts to investigate the validity of a quantitative form
of the fundamental gap inequality, a problem which differs from the spectral quantitative
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inequalities studied in the past two decades (see [30, Chapter 7]) under several aspects,
including in particular the nonexistence of an optimal domain (see also [46]).

The same questions have been raised for a closely related inequality, namely the lower
bound due to Payne-Weinberger [45] for the first nontrivial Neumann eigenvalue p;(2)
(see also [7, 21, 22]). Since p1(92) can also be seen as the Neumann fundamental gap
[3], there is an analogy with the Dirichlet fundamental gap, although the proof of the
latter is much more challenging for a series of reasons which will be soon understood.
In the Neumann case, the saturation question was asked by Sakai [47] (and settled for
smooth compact Riemannian manifolds with nonnegative Ricci curvature [28, 53]), while
the quantitative question has been formulated by Hang-Wang in 2007 [28], along with

2

the conjecture of a lower bound of the type g—z + E%, being wq the width of €.
Q Q

Aim of our paper is to answer these questions. The strategy we adopt in the Dirichlet
case allows us to solve also the Neumann one, as a simplified variant.

We start from a variational principle for the Dirichlet fundamental gap which was first
observed by Thompson and Kac [52], and later has been exploited by different au-
thors including Kirsch, Simon, Smits [35, 49, 51]. It consists in viewing the Dirichlet
fundamental gap as a weighted Neumann eigenvalue: setting, for any positive weight
p € LHQ),

fQ |Vu|?p dx
Jou?pdx

and denoting by w1, us the first two Dirichlet eigenfunctions in L?, it holds

(2)  w(Q,p):= inf{ cwe HL (Q)NLA(Q,pdx), /

updr = O},
Q

A2 () — A (Q) = 1 (Q,ul), with eigenfunction @ := % .
1

Thus the problem of bounding from below the Dirichlet fundamental gap can be seen
from the perspective of Payne-Weinberger (see [45]), the main novelty and crucial diffi-
culty being the presence of the weight u? in their partitioning method. The procedure
consists in decomposing €2 as the union of n mutually disjoint convex cells of equal mea-
sure, obtained by successively “cutting” 2 by hyperplanes parallel to a fixed direction,
on which the eigenfunction u has zero integral mean with respect to the measure uf dx.
In the limit as n — 400, since the cells tend to become arbitrarily narrow in (N — 1)
orthogonal directions, this operation allows to estimate from below p1 (€2, u?) in terms a
one dimensional eigenvalue of the type u1(Z, p), where I is a line segment contained into
Q, and p = hu?, being h the H¥~! measure of the cell’s section orthogonal to I.

In the light of the above, the challenge of determining the size of the fundamental gap
consists in getting first a sharp estimate for the one dimensional eigenvalue p; (1, p) for
p = hu?, and then an insight about the geometric display of the cells of the partition
in 2 and higher dimensions. We achieve this goal by taking into account fine properties
of Dirichlet eigenfunctions: loosely speaking, the sharp one dimensional estimate is
related to the improved log-concavity of the first eigenfunction, and allows to recover
the optimal lower bound in terms of the diameter, whereas the analysis of the partition
strongly interplays between its polygonal structure, the geometry of the cells, and the
localization of the second eigenfunction, ultimately providing an extra term depending
on the width.
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Our main result reads:

Theorem 1. Let N > 2. There exists a dimensional constant ¢ > 0 such that, for every
open bounded convex domain Q in RN with diameter Dq and width wq, we have

32 w
(3) )\2(9) — )\1(9) > -7 —i—E% .

DQ DQ
In order to deal with the Neumann gap, we have to replace the weight u? by a constant.
Then, in the same vein of Theorem 1, we obtain the following result. It encompasses
Hang-Wang conjecture, as it shows that their expected lower bound holds in any space
dimension with the second largest John semi-axis in place of the width. Recall that, up
to a translation and rotation, for any convex domain Q C R there exists an ellipsoid

&= {Zf\il Z—z < 1}, called John ellipsoid, such that £ C Q C NE (see e.g. [20]).
Theorem 2. Let N > 2. There exists a dimensional constant ¢ > 0 such that, for every
open bounded convex domain Q in RN with diameter Dq and John ellipsoid of semi-azes
a; > -+ > ayn, we have

7'1'2 CL2
(4) p1(Q) > — +e—=2.
Dg D

Remark 3. In our proofs of Theorems 1 and 2 there is no evident loss of sharpness at any
step. This leads to the power 6 for the width in (3) and to the power 2 for the second
dimension of the John ellipsoid in (4). In the latter case, the power 2 is optimal: taking
Q. = (0,d) x (0,6)N~1, the second John axis of ). equals €, and we have

2 2 2

p1(82e) = &~ DL + g(N —1)e? +o(%).

On the other hand, in the former case, we can neither prove, nor disprove, the optimality
of the power 6. The loss of sharpness in the Dirichlet case, if true, might be related to a
possibly suboptimal knowledge of the geometry of the first Dirichlet eigenfunction near
the boundary and of its localization (see [8, 24, 25, 33]). In a somewhat similar fashion,
the fact that (non) localization estimates are more controllable for the first nontrivial
Neumann eigenfunction than for the second Dirichlet eigenfunction is the reason why,
in the Neumann case, the width (which is of the same order as the lowest John-semiaxis
ay) can be successfully replaced by the second John semi-axis as.

Remark 4. An explicit estimate of the constant ¢ appearing in (4), without any attempt
of optimality, might be rather easily given just by tracking it in all steps of the proof. A
similar target for the constant ¢ in (3) seems to be more delicate.

Remark 5. We point out that Theorem 1 does not hold unaltered for the Schrédinger
equation with a convex potential V'

u € Hy(Q), —Au+Vu= (2, V)u in Q.
Actually, while the gap inequality A2(Q, V) — A1 (Q, V) > %L; is still true [2], its quanti-
Q

tative form (3) cannot hold keeping the same positive constant ¢ independent of 2 and
V. This can be easily seen by looking at the following example in dimension N = 2. Let
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Q={(z,y) ER?: |z[+]|y| < 1} and V 5(z,y) = 3(|y| —5)+. We write the inequality (3)
and we first pass to the limit as § — 07 at fixed €. Since A\p(Q, V. 5) = A\i(Qe), where
Q. = {Qn{(x,y) : ly| < e}, we obtain A2(Q) — A\ () > % + 55. Then, by using
the monotonicty of the eigenvalues with respect to inclusions and passing to the limit as
e — 0%, we obtain
372 c 472 2 w2 32
M C () () € 7_(7 7)—>—
* 2(8) = () < 2-22 T3z G Tz
which leads to ¢ = 0.
Strategy of the proof. We give a short overview of the proof of Theorem 1. We
refer to Section 6 for the specific modifications required for the proof of Theorem 2,
including in particular a geometrically explicit L estimate for Neumann eigenfunctions,
see Proposition 38. Our proof is developed along three main lines described below.

1. A sharp 1D lower bound stemming from the improved log-concavity of ui. As a first
delicate job we have to estimate from below a weigthed Neumann eigenvalue of the type
u1(I,p), where I is a line segment contained into 2, and p = hu%, being h the HN~!
measure of the cell’s section orthogonal to I. To that aim, special attention must be
paid to the concavity features of the weight p.

A first basic feature is that, from th2e log-concavity of both w; and h, p itself is log-
(1) 3

concave. This yields that m), := 4 5) T3y is a positive measure and that the inequality

pi(2,p) > Ai(I,my) holds (see [45]), being, for any positive measure g,
Jr ' Pdx + [ ul® dg
J;u?dx

But the more subtle key feature coming from the factor u? in the weight p, is that p itself
satisfies the improved log-concavity estimate (1). Hence the function v, := —%(log p)
belongs to the following class of functions, which are thought for convenience as functions

with extended real values defined on the fixed interval I = (-3, 5):

M(ILg) = inf{ : ugH&(I)mH(I,q)}.

A(lz) == {1/1 increasing, 1(y) — ¢ (x) > 2tan (%) ifx <yin dom(q/J)} .

Since the measure m,, can be written as m, = ¢, + 1/)12,, we arrive at the following novel
1D problem, which encodes in the class of competitors the log-concavity modulus of u;:

inf{Al(Iﬂ,q/J’+¢2) = A(Iﬂ)}.

Surprisingly, the above infimum can not only be estimated, but exactly computed: in
Theorem 8 we prove that it equals 3, and it is attained uniquely at the function ¥ (x) =
tan(x) (which corresponds to the weight p = ¢?, being ¢;(x) = cosx the first Dirichlet
eigenfunction of I;). A noticeable feature is that the optimal function ) = tan(z) does
not saturate pointwise the equality sign in the definition of A(I). The key of the proof
is a new sophisticated, non standard and ad-hoc procedure of stratified rearrangement
(see Definifion 13) which allows to handle the modulus of concavity constraint imposed
on the functions in the admissible class A(I;).

The value 3 given by Theorem 8 is clearly the good one in order to recover Andrews-
Clutterbuck gap inequality for a convex domain €2, taken for convenience of diameter
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. But, looking farther, Theorem 8 also paves the way towards the estimate of the gap
excess. Indeed, it admits two distinct refinements, which are stated in Theorem 21,
holding when the weight p = hu? enjoys some additional properties.

The first refinement has the target of handling cells of “small” diameter: for these cells
the additional property of the weight is that the function ¢ = —(logp)’ in A(I;) has
finiteness domain of length d < . This leads to an improved lower bound of the following
type, for an absolute constant C:

(5) ML, + %) >3+ C(r —d)>.

Here the power 3 is obtained via a perturbation argument. Within the class A(I;) the
power 3 is sharp: this is precisely the point leading to the power 6 of the width in
Theorem 1.

The second refinement has the target of handling cells of “large” diameter. A careful
analysis of the polygonal structure of the partition will reveal that, in 2D, it is enough
to analyse only such cells for which the height A in orthogonal direction to a diameter
is an affine function away from the endpoints. Then, denoting by A, and hpee the
extrema of the affine function h, we obtain an improved lower bound of the following
type, for an absolute constant K:

(6) M (Tt +0%) 2 3+ K (1~ me)Q

max

1I. Localized version and rigidity of Andrews-Clutterbuck inequality. Exploiting the one-
dimensional estimate (5), we prove a new “localized version” of Andrews-Clutterbuck
inequality, namely a lower bound for p;(w,p), where as above p = hu%, being u; the
first eigenfunction of 2 and h a power-concave function, but now w is any convex subset
of , possibly of lower dimension (the Andrews-Clutterbuck inequality is recovered for
w=Q and p = u1). Denoting by d and D the diameters of w and €2, the result reads
(see Proposition 29)

2 3
(7) pa(w,p) = % + Cw
As a consequence, in Theorem 31 we derive the rigidity of Andrews—Clutterbuck in-
equality. The idea is the following: if by contradiction A2(2) — A1(Q2) = DQ , taking a
partition of Q into n mutually disjoint convex sets §2; having the mean value property
pn(Q,uf) > 3 300 (s uf), we get

37 372 =~ (D — D;)?
5573 = i (Q,ui) > Zﬂl Qi,ui) > Dg"‘C;(Dsl)’
where D; denotes the diameter of Qi. This implies that all the D;’s are equal to D, which
yields a contradiction: for NV = 2, the contradiction comes from a geometric argument,
because the equality of all the diameters forces €) to be a circular sector, for N > 3 the
same argument applies to a suitable two-dimensional section of (2.

We stress that, in order to gain the above mentioned mean value property of the cells,
we need to work with a new kind of partitions, which are distinct from the classi-
cal ones by Payne-Weinberger not only for the presence of the weight u?, but also for
the equipartition request: the measure equipartition condition [2;| = %|Q\ is replaced
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by the L2-equipartition condition fﬂz wud = fﬂl u3 = 1. The use of such kind of
L?-equipartitions allows to prove the quantitative inequality by individuating a good
proportion of cells for which some particular geometric property is fulfilled. Another
relevant observation is that, thanks to the rigidity result, we are reduced to work with

convex sets having arbitrarily small width.

III. A play of cells based on the assessment of their geometry. For N = 2, we consider
a weighted L? equipartition of € of the kind described above, enjoying the mean value
property pq(2,u?) > % ® 1 1 (Q4,u?). This ensures that the required estimate of the
excess is fulfilled as soon as, for a fixed proportion of cells, the eigenvalue p;(€2;, u%) is

sufficiently large with respect to %, with a controlled increment. So we distinguish a

list of binary crossroads in cascade, depending on different geometric features holding
for a fixed proportion of cells. The main distinction is made by looking at the size
of the cell’s diameter: if most of the cells have “small” diameter (in the sense that the
difference between the diameter of €2 and the diameter of the cell is controlled from below
by the width), applying to such cells the localized inequality (7) we get the estimate of
the excess. Otherwise, if most of the cells have “large” diameter, assuming that the
quantitative inequality does not occur, a contradiction is obtained through a geometric
argument which can be intuitively sketched as follows. Since we are dealing with the
situation in which most cells are thin and long, they can be vertically piled over a
diameter of 2, and they have a profile function which is affine away from the endpoints
(if this was not the case, the quantitative inequality would hold as well, by analyzing the
position of vertices in the partition and the consequent presence of other cells with small
diameter). Then, the one-dimensional refined inequality (6) applies to such cells, i.e., to
the one dimensional problem set on their diameter and, if the extra term is small, we get
the geometric information that the cells have to be “almost” rectangular (see Figure 4).
At this point, we obtain a uniform control on the height of each cell, related to the non
localization of the second eigenfunction (see Remark 33). This leads to the conclusion
that the pile of the cells is, in a sense, “too high”, because the actual diameter would be
strictly larger than Dgq, finally yielding a contradiction.

For N > 3, the result is obtained by a partial slicing procedure, reducing ourselves to
a two-dimensional analysis involving a modified weight, which can be carried over by
similar arguments as the ones used to treat the case N = 2.

The paper is organized as follows. Section 2 is devoted to the analysis of the 1D-
eigenvalue problem associated with the measure potentials issued from restrictions of
first eigenfunctions to line segments contained into a convex set. In Section 3 we intro-
duce the modified Payne-Weinberger partitions and in Section 4 we prove the localized
version of the Andrews-Clutterbuck inequality and establish the rigidity property of
the gap inequality. Section 5 contains the proof of Theorem 1 while in Section 6 we
prove Theorem 2. In the Appendix we collect some useful results about eigenfunctions
associated with weighted Neumann eigenvalues.

2. THE SHARP ONE-DIMENSIONAL LOWER BOUND

Let I be a one-dimensional open bounded interval. Given a positive weight p in L'([I)
and a nonnegative Borel measure g possibly taking the value +oco, consider the following
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weighted Neumann eigenvalue and Dirichlet eigenvalue with potential:

fl\v’|2pdx 1 )
e Hi. (I)NL“(I,pd =0
f[v pd(L’ (S loc( ) ( Y :l:)) /va }

Ji W' Pdz + [} |v]? dg
f[“2 dx

p (L, p) = f{

ML g) = inf{ ve H(In LZ(I,q)} .

Let us mention that eigenvalues associated with potentials which are measures, such as
A1(1, q), have been extensively studied in the context of shape optimization in dimension
N > 2, see for instance [12, Section 4.3].

If p is log-concave, we can introduce the positive measure m,, defined by

/

3/p\2 1p” ;2 : 1

(8) mpe=[1(0) =50 = b, with = —(ogpb .
/ 2 /7

Here ¢, = [3 (%) - %%] is the distributional derivative of the non-decreasing function

1p, which is a nonnegative measure thanks to the log-concavity of p, while wf) denotes

with a slight abuse of notation the nonnegative measure 1/112, dx.

For simplicity, also in the sequel we denote measures which are absolutely continuous

simply by writing their density with respect to the Lebesgue measure.
Lemma 6. For any positive log-concave weight p € L*(I), if my, is given by (8) it holds
pa(L,p) = Ai(L,my).

Proof. Under the additional assumptions p € WH*°(I) and inf,e; p(z) > 0, an eigen-
function v for u1(I,, p) exists in H?(I) and satisfies

{—(pv’) (1, )pv in 1
) =

pv'(=35) = p'(5
Then the function w := p'/?v’ belongs to H}(I) and solves
s 1§ it

w(=3) =w(3) =0,

yielding the inequality p1(Z,p) > A (I, my).

Assume now p € L'(I) is positive and log-concave. Letting I¢ be intervals compactly
included in I and increasingly converging to I, we have inf,cre p(z) > 0 and p|= €
Whee(I). Consequently, the Neumann eigenvalue problem 1 (I%,p) is well-posed and
the inequality 1 (1%, p) > A1 (I%,m,,) is satisfied. Then we obtain that the same inequality
holds true for the interval I by observing that

M(I,mp) = lim A (I°,mp) and  pi(L,p) > limsup p (I, p).
=0 e—0

Indeed, the first assertion follows from the inclusion I C I and the fact that I¢ is in-
creasingly converging to I. The second assertion follows from the monotone convergence
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theorem, since, for any admissible test function for p;(1,p), its restriction to I¢, cor-
rected by a small constant so to make it orthogonal to p in L?(I¢), becomes an admissible
test function for p; (I8, p). O

By Lemma 6, we are led to deal with Dirichlet eigenvalues of the type A1 (I, mp), with
p = hu? and m,, given by (8). The corresponding function 1/, has the form

1y = —(log uy) — %(log h)".

The heart of the matter is that, by the improved log-concavity estimate (1), the function
1y turns out to belong to the class of functions defined hereafter in (9). To formulate
the problem, without any loss of generality we work on the interval

™ T
Iﬂ::(_iai)a

and we introduce the following class of functions defined on I, with values in R =
R U {£o0} and finiteness domain dom())

9) Al = {1/1 increasing, ¥(y) — ¥ (x) > 2tan <¥) if x <yin dom(w)} .

For functions ¢ € A(I,), we tacitly extend the measures ¥? and ' to +occ in I;\dom(z)).
Then our target can be precisely expressed as the study of the minimization problem

(10) min {Al(Iﬂ, q) : g=1 +1? for some ) € .A(I,T)} ,

The remaining of this section is entirely devoted to that goal. It is divided in two parts:

— in the first part we give the sharp lower bound for A (I, + ¢?) for ¢ € A(I,),
namely we fully solve the minimisation problem (10), see Theorem 8;

— in the second part, for 1) € A(I;) with dom(y)) = (=%, %) =: I, being d < 7, we give
some lower bounds for A1 (14,1’ +1?) with extra terms involving the difference (7 —d), see
Theorem 21. Here and in the sequel, for d < m, if m is a nonnegative Borel measure on
I, we identify the eigenvalue A\ (I3, m) with A; (I, m), where m is the measure obtained
extending m to +oo on I \ Iy.

Let us start with an elementary observation:
Remark 7. The function ¢(z) = tanz belongs to A(I;). The corresponding weight

g(xr) = 1+ 2tan’z is equal to mg for p = ¢?, being ¢1(z) = cosz the first Dirichlet

eigenvalue on I, and we have the following equalities for eigenvalues, all of them with

eigenfunction cos’x:

M (Ir, 207) = M (I, 2 tan?z) = 2
A (I, 207) = A1 (I, 2(1 + tanz)) = 4
MUIn, & +07) = M (In, 1+ 2tan’z) = 3.

It is somehow natural to wonder whether the weight g associated with the one-dimensional
eigenfunction ¢; is optimal for the minimization problem (10). Our result below states
that this exactly is the case. In addition, g is the unique solution.
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Theorem 8. Let ¢ = ' + 2, with ¢ € A(I;). Then
(11) MIr,q) = 3,
with equality if and only if q(x) = 1+ 2tan®z (and in this case an eigenfunction is

cos’z).

The proof of Theorem 8 is built upon the following two independent propositions.

Proposition 9. For every ¢ € A(I), it holds

(12) Ml 20%) > 2,

with equality if and only if (x) = tanx (and in this case an eigenfunction is cos’z).
Proposition 10. For every ¢ € A(I), it holds

(13) M(Lr, 20/) > 4.

In particular, equality occurs if y(x) = tanx (and in this case an eigenfunction is cos’z).

Let us first show how the above propositions imply Theorem 8, and then turn back to
their proof.

Proof of Theorem 8. 1t is easy to check that the map ¢ — Ai(Ir,q) is concave. Indeed,
for every pair of weights ¢1, g2, every t € [0, 1], and every v € H&(Lr) we have

[; (W) 40 ((1 = t)dgr + tdgo) [ W) +vidg [, (V) + 0P dge
s — (1 _ t) s + t s
Ji, v Ji, v? Ji, v
Z (1 - t)>\1(17r7 Q1) + t)‘l(-[ﬂu QZ) .
Therefore, for every ¢ € A(I), we have

/ 2
(14) )\1(Iﬂ_’wl +w2) > )‘1(I7r72d) ) ; )\1(.[77,21/} ) '

Then the inequality (11) follows immediately from Proposition 9 and Proposition 10.

Concerning the equality case, when ¢(z) = 1 + 2tan?z, we have \;(I;,q) = 3, with
eigenfunction cos?z (cf. Remark 7). Viceversa, if A1 (I, q) = 3, for some q = ¢/ +? with
Y € A(I), it follows from the inequalities (12), (13), and (14), that A\ (I, 2¢’) = 4 and
A1 (I, 2¢6%) = 2. By the last assertion in Proposition 9, we conclude that ¢(z) = tan ,
and hence g(z) = 1 + 2tan? z. O

For later use, we state below a rigidity result for the Neumann eigenvalue u(Ir,p),
which is a straightforward by-product of Theorem 8.

Corollary 11. If ui(Ir,p) = 3 for a positive log-concave weight p such that 1, € A(I),
we have ,(x) = tanz, and p(z) = kcos’z for some positive constant k.

Proof. If p1(Ir,p) = 3, by Lemma 6 and Proposition 10, we have

3= i (Te,p) > (T 0 4 02) 2 3 (L 200) 4 M0 (1, 202)) > 24 S0 (I, 265)) > 3.

We infer that A\ (I, 21/)%) = 2. Therefore, by Proposition 9 we conclude that 1,(x) =
tan x, and hence p(x) = k cos’x for some positive constant k. O
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We now provide the proofs of Propositions 9 and 10.

Proof of Proposition 9. We first prove the following claim: for every function ¢ € A(I),
there exists another function v € A(I;) which changes sign once in I, and satisfies
M (Le, %) > A1 (Ir, 1%). We search for ¢ in the subclass of A(I,) given by functions of

the type ¥ + ¢, for ¢ € R. If v denotes an eigenfunction for A;(I,%?), normalized in L2,
we have

Al(Iﬁ,@bQ):/ \v'\2dx+/ w2lv\2dx21nf/ W|2dx+/ (W + ¢)2[v]? dx .
In In ceR J1. In

By differentiating with respect to ¢, we see that the above infimum is attained at ¢ =
—Ir ¥|v[2. The function ¢ := 1) + ¢ satisfies fI Y|v|> = 0, so that it changes sign at

least one time, and exactly one time, because ¢ € A(I;), so that it is strictly increasing.
Moreover,

M(In?) 2 [ WPde et [ (4Pl de 2 Ml ).
In view of the claim just proved, it is not restrictive to prove the inequality (12) under
the assumption that the function v changes sign exactly one time in I.
Consider the function |¢)|. Thanks to the assumption that 1) has exactly one zero z¢ € I,
we know that the function || vanishes at xg, is strictly decreasing for x < xg, and strictly
increasing for © > xp. So, for almost every ¢t > 0, the level set {|¢)| < t} is an interval
(containing xg). We rearrange the function |¢| into the even function |¢|. defined by

{lol <t} :=A{lol <t}®  vie(0[¢l],

where {|¢| < t}* denotes the translation of the interval {|¢| < t} which sends its mid-
point to the origin. (Notice that this is a kind of “symmetric increasing rearrangement”
which is the analogue of the classical symmetric decreasing rearrangement, just replacing
super-levels with sub-levels). By construction, for every x € (0, ‘d&;w)'), we have

by — ag

[Yls(z) = [9](bz) = [¢[(az) == , with a, <z < by and ¢(az) = —¢(bs) -

Thus the assumption ¢ € A(I;) be expressed as a pointwise inequality for [i)].:

1

(15) |¢|*(l') = 5(1[)(1?;5) - ¢(ax)) > tan (bm ; am) =tanzx YV € (0, |d()H21W)|) .

Let now v € H&(I,r). Denoting by v* its classical symmetric decreasing rearrangement,
and by dom(v)* the interval of length |dom(v)| centred at the origin, it holds

<16>/ 2 > / Y] and / GJof? > / 2l 2.
dom(v)) dom(¢))* dom(v)) dom(¢))*

Indeed, the first inequality is the classical Pélya-Szeg6 inequality for the decreasing re-
arrangement (see e.g. [34, Section II.4]), while the second one follows from the classical
Hardy-Littlewood inequality (see e.g. [29, Chapter 10]), the sign of the inequality be-
ing reversed because for one of the two involved functions (|1|) we take the increasing
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rearrangement |1|, defined above in place of |¢|*. Then, we have
fdom(¢)‘vl‘2+2¢2v2 fdom(zp)*’(“*)/’Q"‘2W|i‘“*‘2 N flw‘(v*)/‘Q_i_ztaan‘,U*‘Q

v* 2 = f1ﬂ|v*|2 =4
where in the second and third inequality we have used respectively the estimate (15)
and Remark 7.
Concerning the equality case, if ¥(x) = tanx, we have A\ (I, 2¢?) = 2, with eigenfunc-
tion cos?z (cf. Remark 7). Viceversa, assume that the equality A1 (Ir,21?) = 2 holds
for some function 1. Then, if v is an eigenfunction for A;(I.,21?), all the inequalities
in (16) and (17) must hold with equality sign. From the fact that the last inequality in
(17) holds with equality sign, we infer that v* = k cos? .
In particular, v* does not have critical level sets of positive Lebesgue measure. Then
the fact that the first inequality in (16) holds with equality sign implies that v = v* [11,
Theorem 1.1] (see also [27, Theorem 4.1]).
In turn, since the second inequality in (17) holds with equality sign, we infer that [1)|? =
tan?z a.e. By the monotonicity of ¢, we have ¢(x) = tanz for every z € R. O

(17)

fdom(l/)) ”U|2 - fdom(w)*

We now turn to the proof of Proposition 10, which requires some preliminaries. Given
a function ¢ € A(I;), in order to estimate from below A1 (I, 21"), we need to find lower
bounds for integrals of the following type, for v € H} (I):

/ v? dvyy .
I

Here and in the sequel, we use the notation dvy when writing an integral with respect
to the measure ¢/. We have:

+o0 +oo
/ 1)2 dl/w/ = / / X{v2>s} ds dyd,/ = / / X{v2>s} dl/w/ ds
I I JO 0 I

—+00

+oo
= /0 vy ({v > Vs}) ds = /0 vy ({v > t}) 2t dt.

On the other hand, the constraint ¢ € A(I;) can be equivalently expressed as the
following inequality holding for all intervals [a, b] C I; N dom(%)):

—a) —/ab (1+tan2(w—%+b))dx.

Condition (19) cannot be applied directly to estimate the integral (18), because not
all level sets of u are intervals. Thus we are going to exploit condition (19) in a more
subtle way, passing through the introduction of new notions of stratified rearrangement
and stratified potential, they are obtained by finitely many applications of elementary
constructions that we call respectively blocked rearrangement and blocked potential.
Below we introduce these definitions on a generic bounded open interval I, for v in the
space X(I) of functions which are continuous on the closure of I, attain their global
minimum at both the endpoints of I, and have finitely many local minima in I, each one
attained at a single point. (Notice that H(I) N X(I) is a dense subspace of H}(I)).
We denote by [v*, I] the symmetric decreasing rearrangement of v with respect to the
mid-point z; of I.

(18)

(19) vor((a,8]) > 2 tan
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Definition 12 (blocked rearrangement). Let v € X'(I). The blocked rearrangement of
v in I is the function [, I] defined on I as follows (see Figure 1):

(i) If v does not have any local minimum in 7,
[, 1] := [v*,1].

(ii) If v has some local minimum in I, letting ¢ be the smallest level of local minimum
(so that {v > ¢} is the union of two consecutive open intervals), and denoting
respectively by x; and x, the midpoints of I and of the closed interval {v > ¢} |

W, 1)(x) = {[U*’ﬂ(x) if [v, 7] () < ¢

v(x —xy+x7) otherwise

FIGURE 1. The blocked rearrangement given by Definition 12: case (i)
on the left, case (ii) on the right (the graph of v is in dashed line, the
graph of [v”, I] in continuous line).

Definition 13 (stratified rearrangement). Let v € X'(I). Its stratified rearrangement is
the function ¥ defined on [ via a finite number of blocked rearrangements as follows:
— Set I' := 1, and v; := [v”, I']. Two cases may occur:
(i) If v does not have any local minimum in I', define ¥ := v; in the whole
interval I', and the definition stops here.

(ii) If v has some local minimum in I', letting ¢; be the smallest value of local
minimum for v in I', define ¥ := v; only on the set [v*,I'] < /1, and for the
definition on its complement in I' go to the next step.

— Set I the two consecutive open intervals such that {v1 > 61} =I5 u b2, and
v o= [v?,[lvj], for j =1,2. For a fixed j € {1,2}, two cases may occur:

(i) If v; does not have any local minimum in I, define ¥ := v; ; in the whole
interval I'7, and the definition on the interval I/ stops here.

(i) If v; has some local minimum in I'7, letting £ be the smallest value of
local minimum for v; in I/, define ¥ := v1,; only on the set [v], I%) < 4o, and
for the definition on its complement in I’/ go to the next step.
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— Set I'7! and I'J2 the two consecutive open intervals such that {Ul,j > Eg} =
I'1y %92 and proceed as in the previous steps. After finitely many steps, the
procedure stops because by assumption the number of local minima is finite.

Remark 14. The open intervals constructed in Definition 13 can be labeled by a family
F of multi-indices a« = (a1,...,a4), with oy = 1 and o; € {1,2} for i« > 2, and k
less than or equal to the number of levels of local minimum of v in I. We denote by
I" the subfamily of F of multi-indices « such that I“ contains a local minimum of o.
Equivalently, we set

(20) .= {a € F such that (a,1) and (a,2) belong to .7-'}.

Then by construction the stratified rearrangement © enjoys the following symmetry prop-
erty with respect to the mid-point x, of each interval I*: if o &€ I, v is symmetric with
respect to x, on the whole interval I%; if « € I', v is symmetric with respect to x, just
on I\ (I*! U I%?).

Definition 15 (blocked potential). Let v € X (I), and assume |I| < m. The blocked
potential of u on I is defined as the function 1 + tan?(z — z7), with definition domain
equal to the subset of I where [v°, I] = [v*, I].

Definition 16 (stratified potential). Let v € X(I), and assume |I| < 7. Let I be
the family of open intervals constructed in Definition 13, labeled as in Remark 14. The
stratified potential of v is the function V' defined on I by glueing all the blocked potentials
of v on the intervals I*. Equivalently, for any = € I, pick the longest multiindex « such
that ¢ € I%, and set

V(z) =1+ tan® (%) , Zq := midpoint of 1.

Remark 17. With the notation introduced in Remark 14, the stratified potential V' can
be identified as follows: if a ¢ T, then V(x) = 1 + tan?(x — x,) on the whole interval
I if a € T, then V(z) = 1 + tan?(x — x,) just on I¢\ (1% U I*?).

Ezample 18. Let v € X(I) be the function whose graph is represented in Figure 2. Since
the intervals I' and I™? contain a local minimum, while the intervals 7%t 7521 [1.2.2
do not, for the stratified rearrangement v and the stratified potential V' we have that:

—on I'\ (IY1 U IH?), ¥ is symmetric with respect to x1 and V(x) = 1 + tan? (%) ;
—on IY1) & is symmetric with respect to x1 1 and V(z) = 1 + tan? (%) :

—on 12\ (I%21Urh22)) § is symmetric with respect to o1 2 and V(x) = 1+tan? (%) ;
—on IY%1) % is symmetric with respect to 2121 and V(x) = 1 + tan? (%),

—on IY22) § is symmetric with respect to 2122 and V(x) = 1 + tan? (%)

The next two lemmas, relying on the definitions of stratified rearrangement and poten-
tials, provide the intermediate results needed for the proof of Proposition 10.
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11,2,1 11,2,2
Il,l 11,2
Il

FIGURE 2. The stratified rearrangement given by Definition 13 (the
graph of v is in dashed line, the graph of ¢ in continuous line).

Lemma 19. Let ) € A(I) and letv € H(I:)NX(I). Denoting by © and V respectively
the stratified rearrangement and potential associated with v, it holds

(21) / v?(2) dvy 2/ V()% (z) dz .

Ix Ix
Proof. If dom(¢)) is strictly contained into I, and v ¢ H}(dom(v))), then the Lh.s. of (21)
is 400, and the inequality is trivially true. So we only have to consider the situation
when v € H}(dom(v)). Denoting by vy and vy the absolutely continuous measures
with densities ¢’ and V', and recalling (18), we have

[0l oo

/ o2 (&) dvys — / V(2)2(z) da = / 2 [ (fv > 1)) — v ({0 > 13)] i
Iz Ix 0

Let us distinguish two cases, according to whether the family of multi-indices I intro-

duced in (20) is empty or not.

When I' = () (or equivalently, v does not have any local minimum in I), the set {v > t}

is an interval for every ¢ € (0, ||u|loo). Then (21) is satisfied because, by (19), it holds

t v >t
vy ({v > t}) > 2tan (HU;H> = 2tan (HU;}’) =wy ({0 >t}).
When T # ), not all level sets {v > ¢} are intervals. Therefore, in order to exploit the

estimate (19), we decompose the set {v >t} (and accordingly {0 > t}) as a finite union
of disjoint intervals J,,(¢) (and of their translations J,,(t))

N(t)

N(t)
fo>ty=J @), {o>t}={] .
n=1

n=1
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We focus attention on a fixed interval jn(t) Since we are working under the assumption
that T' # (), we have that J,(¢) is contained into some interval I with a € I. Among
these intervals I containing .J,, (), we choose the one with multiindex @ = @(n, ¢) having
the maximum number of components.

By applying the estimate (19) to the interval J,(t), we obtain

(22) vy (n(®) = 2t (720 — g (fn;t)!)
We observe that ) i i )
an (52 = (521) 2t (1) e (5
—%an<“§“'> (4 s () 5
where

Ia,l U I&,Q IE,I 16,2
Ra = 2tan (’2‘> — Qtan <‘2’) — Qtan (’2|> Z 0,

the last inequality being due to the super-additivity of the tangent function on (0, 7).
In case the multiindices (@, 1) and (@, 2) do not belong to I', we have

vy (Jn () = vy (Ju () \ (I%F UTS?)) + oy (1Y) 4 vy (1792)
(23) | a2‘

j t Ia,l U I&,Q a 1
= 2[tan <|n2()|> — tan (’2‘)} + 2tan (’ 5 |) +2tan< 5 ) .
From (22) and (23) we obtain the estimate
vy (Jn(t)) — vy (Jn(t)) > Ra.
Otherwise, if one or both the multiindices (@, 1) and (@, 2) belong to I', the left hand
side of (23) does not correspond to the measure vy (J,(t)). Assume for definiteness that

(@,1) € T and (@,2) ¢ T'. Then we split I%! as %5 U I%12) and we rewrite the left
hand side of (23) as

2tan<|‘]"()‘>—2tan<m>+2tan(‘ >+2tan<|122‘>
(24) 2 tan ('J"( ”) — 2tan (M) + 2tan (‘122|)

—|—2tan<|I ‘)+2tan<u |)+72a1,

Q\w

with
| 5,1,2’

15,1,1 15,1,2 Ia,l,l T
Ra = 2tan (’2U|> — 2tan <|2|> — 2tan (

In case the multiindices (@, 1,1) and (@, 1,2) do not belong to I', we have

2t (2201) _ g (21 UI720)

2 2
)+2tan<

)20.

7301

]1'572] I
+2 tan 5 + 2tan

’15,1,2
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Hence from (22) and (24) we obtain the estimate

Uy (Jn(t)) — vy (Jn(t)) > Rag+ R@l .

Otherwise, we continue the procedure by splitting one or both the intervals %! and
I%12 In a finite number of steps, we arrive at the conclusion that

v (Jn()) = v (Jn(t)) = 6a(t) == > Ra >0,

where the sum is extended to all indices a € T' of the form (@(n,t),...). Then the
inequality (21) is proved because each term R, is non-negative, and hence
lolloe N
/ 2> S,(t)dt > 0.
0 n=1

Lemma 20. Let V be the stratified potential associated with some function v € H& (I;)N
X(I:), and let T denote the set of indices in (20). For any o € T, set I U I*? =
(af,a§)U(as, a), and consider the following eigenvalue problem with stratified potential

O

. f ((,0/)2 + 2V502
m(Ir,2V) = 1nf{ In T (p € H&(Iﬂ) st, Va el p(af) = ¢(a§) = ¢(ag) ;.
I
Then it holds
(25) 771([7r7 2V) > 47

with equality if and only if T' = 0, so that V(x) = 1 + tan®z and an eigenfunction is
2
cos“x.

Proof. Throughout this proof, since we are going to work with different stratified po-
tentials, in order to avoid any confusion we denote by I'yy the family of multi-indices
associated with a potential V' according to (20). Moreover, we write for shortness that ¢
is an eigenfunction associated with V', if it is an eigenfunction for the eigenvalue problem
m (Ir, 2V). We argue by contradiction. Assume that the family S of stratified potentials
such that n;(I,2V) < 4 is nonempty. We proceed in two steps.

Step 1. Since by assumption S # (), we can select a stratified potential V' for which the
cardinality of I'yy is minimal among potentials in S. Clearly, since V € S, card(I'y) > 1
(recall that, for V(z) = 1 + tan? x, we have (I, 2V) = 4, with eigenfunction cos’z).
By suitably perturbing V', we are going to find a potential V¢ such that

m (L, 2Ve) =4 and card(T'ye) = card(Ty) .

To that aim, let —5 = ap < a1 < -+ < ag = § denote an increasing relabelling of the
family of points {a$, i = 1,2, 3} associated with V. In particular, for some 2 < j < K —2
we have IV = (ay, aj), I'2 = (aj,arx—-1), and ag—1 = —a;. We consider a one-parameter
family {V¢} of continuous perturbations of V', given by stratified potentials such that
card(I'y) = card(I'ye), in which in particular the points a; and ax_; are replaced by
a1 — € and ag—1 + ¢ (inside the interval [ay — e, ax 1 + €], the potential V¢ can be built

by rescaling the family of points a; into the new family of points a = ai%)
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This operation can be carried over for ¢ € (0,e*), with ¢* = § — ax_1. Clearly, there
exists € in such interval such that 7, (I, 2V¢) = 4. Otherwise, it would be 771(17” 2V )

4, which 1mphes that an eigenfunction ¢ for V¢ must vanish at al =—5,0%_ = %,
and at aj . Then the interval (-7, 5) would be disconnected into the union of the two
disjoint intervals I} := (— 5,a5") and 2= = (a5, 5). The restriction of the potential
to one of the two intervals, say I*’l, would give an eigenvalue less than or equal to 4.
Since the length of the interval s strictly less than 7, this proves the existence of a

stratified potential V on I, with card(I'y) < card(I'y) and ny (Ir, V) < 4. (The stratified

potential V can be obtained by centering I+ at the origin, and extending 1% by setting
it equal to 1 4 tan®z on its complement in I,.)

We conclude that it is possible to freeze € so that 71(I,2V¢) = 4. The potential V¢
satisfies

(26) m(Iz,2Ve) =4 and card(I'y) > card(I'y=) YV € S.

Step 2. Let V¢ be a stratified potential satisfying (26). For simplicity of notation, in the
remaining of the proof we drop the index ¢ and we denote it simply by V. Let ¢ be an
eigenfunction for 7 (Ir,2V). By optimality, if =5 = a9 < a1 < --- < ax = § denotes
an increasing relabelling of the family of points {a$*, i = 1,2,3} associated with V', ¢
satisfies the system of equations

—o" + 2V = 4p on (ag,ar+1) Vk=0,...K -1,
and the following global equality of the boundary terms, where ¢/ (ay), ¢’ (ag41) are
the right and left derivatives of ¢ respectively at ax and agq:

K-1
(27) Z o(ars1)e’ (aps1) — @lar)¢ (ar)] =0,

We are now ready to reach a contradiction, by distinguishing the two cases card(I'y) = 1
and card(I'y) > 1.
Case a. 1If card(I'y) = 1, a first eigenfunction for n; (I, 2V) is explicitly determined as

( 2

_cos T on (ag, a1)
cos?(aq)
cos?(x — (7‘”;“2 )
(x) coR(mgary O lenad)
P\T) =
cos?(z — (LJQF“?’ ) ( )
cos?(%5%2) on
cos? x ( )
—_— on (az,ay).
[ cos2(a3) 3

Then the sum in (27) can be written as

202 [ —tan(ay) — 2tan (a2 ; a1> — 2tan (a3 g CLQ) - tan(ag)} .
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Using the elementary inequality

tan(agy1) — tan(ag) > 2tan (@) for agy1 > ag
we see that the equality (27) cannot hold, contradiction.

Case b. If card(I'y') > 1, we consider the highest level among the local minima of ¢, and
denote by a, the point where it is attained. Then there are two consecutive intervals,

say (ap—1,ap) and (ap, ap+1) such that a first eigenfunction for n; (I, 2V) satisfies, for
some positive constant C),

. cos? (ac - (7%_1;%))
cos?(2—gr=1)
2

cos? (:z: — (LJF;HI))

ap+12_ ap )

Vo € (ap—1,ap)
p(x) =
Cp

5 Vo € (ap7ap+1) :
cos?(

Since we are assuming that n;(I;,2V) = 4, we have

N2 1 91 2 K-l
fIW((pf) +2 T —4 and [p(ant1)e"(arr1) — p(ar)@y (ar)] = 0.
I ® k=

o

We then modify the potential V into a new potential V which differs from it uniquely
on the interval (ap,a,11) by setting

V(z) =1 + tan? (z — L;p“) V€ (ap, api1) -

Accordingly, we modify the function ¢ uniquely on the interval (ap, ap4+1) by setting
cos? <x — (7%71;%“))

6082(7%“;%71)

P(z) =Gy

Vo € (ap-1, apt1) -

Then, on each of the intervals associated with the potential V, the function @ still
satisfies the same PDE as v, namely we have

(28) -7 +2Vp =4p on (ar,az)U---U(ap—1,apt1)U---U(ag_1,ax).

On the other hand, thanks to (27) and the super-additivity of the tangent function on
(0, %), it holds

K—-1
[@(art1)P (ars1) — Plar)@ (ar)]
k=0
K-—1
@) 2 S Bl (@) - Pan)@ (a)]
k=0

+2tan (L;"H> + 2tan (W) — 2tan (%) <0.
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By combining (28) and (29), we infer that the Rayleigh quotient with potential 2V of
the function @ is strictly smaller than 4, i.e.

Ji, @) +2ve?
I, @
We conclude that 71 (I, 2V) < 4. Since card(I'y7) < card(I'y), this contradicts condition
(26) satisfied by V, and the proof of inequality (25) is achieved.
Concerning the equality case, assume that 7;(I;,2V) = 4 holds, and assume by contra-
diction that I'yy > 1. If I'yy = 1 by arguing as in Case a. above we obtain a contradiction;
if I'y > 1, by arguing as in Case b. above we arrive to contradict, for another potential

V, the inequality 11 (I, V) > 4 (that we have already proved). We conclude that I'y = 0,
namely that V(z) = 1 + tan? 2.

O

Proof of Proposition 10. Let 1 € A(I;). Assume by contradiction that

) 2dx +2 [, vZduy
M(Ir, 2¢) = inf Jie () QILT v
vEH} (Ix) f[w v

<4.

By a density argument, we can find a function v € H}(I;) N X(I,) such that
flﬁ (1)/)2 dx + 2 ffw U2 dwpl
Ji, v? -

Let © and V' denote the stratified rearrangement and potential associated with v.
By exploiting, at each step of the construction of @, the well-known behaviour under
decreasing rearrangement of the L?-norm of a function and of its first derivative, we

infer that
/UQZ/ ’l~}2 and /(UI)ZZ/ (5/)2'
I, I Ix I

Then, by Lemma 19, we have

4.

L%@ﬁ2+2V62
Ji, 92

Therefore, for the stratified potential V', the eigenvalue n; (I, 2V') introduced in Lemma
20 would be strictly smaller than 4, contradicting such lemma. O

<4

We now turn attention the problem of estimating from below A1 (14, q), where the weight
is still of the form ¢ = ' + 4?2 for ¢ € A(I,), and the finiteness domain of 1 is an
interval Iy = (—%, %) with d < 7.

Theorem 21. Inequality (11) can be refined as follows:

(i) There exists an absolute constant C > 0 such that, for any q = ' + 1?2, being
Y € A(I) with dom(v) = Iy (d < ), it holds

(30) M(Ig,q) >3+ C(m —d)>.
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(ii) There erists an absolute constant K such that, for any q = ' + %, with ¢ €
A(I;) of the form ¢ = (f + %), being f € A(I;) with dom(f) =1y (d < 7), and

g = —(logh)" on I, for some (%)—concave function h, affine on an interval [a, b]

with Iz C [a,b] C 14, the following implication holds:

8K 1, min{h(a),h(b)}12

mm? max{h(a),h(b)}

(31) Mg, q) <7 = M(la,q) >3+

Theorem 21 is obtained by an analogue strategy as Theorem 8, replacing the use of
Propositions 9 and 10 by their refined versions stated respectively in Propositions 22
and 23 below. More precisely, one needs first to apply the inequality A\ (Ig,q) >
%[Al(Id,Qw’) + A1(Ig,2¢?)]. Then: inequality (30) follows by using Proposition 10 to
estimate A;(Ig,2¢’) and Proposition 22 below to estimate A;(Ig,2¢?); inequality (31)
follows by using Proposition 9 to estimate A (Iy,21?), and Propostion 23 below to esti-
mate A (Ig,2¢).

Proposition 22. There exists an absolute constant C > 0 such that, for any ¢ € A(l;)
with dom(v)) = Iy (d < ), it holds
(32) M (I, 2¢%) > 2+ C(m — d)*.
Proof. By following the proof of Proposition 9, we arrive at the inequality
fld (v')? + 2(tan’z)v?
vEH (Ia) f[d v’ .

Thus we are reduced to prove that there exists an absolute constant C' > 0 such that
Ag > 2+ C(m —d)? for every d € (0,7]. We observe that it is enough to prove that there
exists £ > 0 and an absolute constant C' > 0 such that Ay > 2 + C (7 — d)? for every
d € [ —2,7|. Indeed in this case, since the map d — )y is nonincreasing, for every
d € (0,7 —€) we have

M (14, 20%) > Ng =

=3 =3
g g
M>Az>24C8 =2+C'(x—d)? with¢'=C—— > (C—,
(m —d)3 3
so that the required inequality is satisfied (for another absolute constant) also for d €
(0,7 — ). Hence, in the remaining of the proof, we focus attention on the estimate of
Ar—e, for € sufficiently small. Denoting by v. € H}(I;—.) an eigenfunction for A;_., we

have

(33) —(cos?z)" + 2(tan%z)(cos?z) = 2 cos®x in I,
(34) —v! + 2(tan? x)ve = Ag_cv: in Ir_..

We multiply (33) by v. (extended to 0 on I;\ I;_.), and (34) by cos? z, and we integrate,
respectively, on I; and on I._.. We get:

/ (cos® z)'v. + 2/ (sin? z)v, = 2/ (cos® z)v,

17( I7r I”"

/ (cos® z)'v. — 21)‘;(7r ; 6) cos? (WT_E) —I—/ 2(sin® z)v, = )\ws/ (cos® z)v. .
Ir_e In_e Ir—c
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By subtraction, we obtain

(Ap—e — 2)/ (cos’z)v, = —2(sin2§)v;(ﬂ _ E) :
In—c 2 2

Since it is easily checked that v. converges weakly to cos?z in H{(I;), we have that

lim (cos’z)v. :/ (cos’z) € (0, +00).
e—0 171—75 I

Therefore, to prove (32), it is enough to show that

1, m—c¢
lim —v’
(35) =20 505( 2

) € (0,400).

1
cosx’

sinz vl (T2 sin’z Ve
5 Ve — 2 =5 +2 —— U = Ar—e
I,_. cos’x cos (75°) I,_. COS3x I, . COSX

sinz Ve sin’z
72 'UE = — - 2 3 Ug )
I__ COs“x [.__COST I cos°x
w—E T—€ T—€

To that aim, we multiply equation (34) by and we integrate on I._.. We obtain

Since

we end up with

I (m—€
(36) g el 73_2 - (AHH)/ e
COS (T) In_s COS T
Finally, we observe that
(37) lim Y (0, +00).

e—=0 J; _cosx

2

Indeed, since v, converges to cos” x a.e. on I, we have

. v
lim inf E > cosx > 0.
e=0 Jy __cosx I,

On the other hand, by Hoélder inequality we have

v 1 v? 13
. E 2
hmsup/ <72 hmsup[/ 5 } < +o00,
es0 Ji,_.cosx c50 I,_. cos’x

where the last inequality is obtained by observing that, normalizing v. in L°°, and
recalling from (34) that sup, [; . 2(tan? z)v? < wsup,(\v?) < +oo, it holds

2 2
v 1 v
/ > g/ 5 +/ (tan’z) —5
I._. COS°X Iﬂ_sﬂ{|x|§§} Cos“x Iﬂ_sﬂ{|x\>§} sm-x
1

< 5+
In—enflz|<F} COS™T Irn—enfla|>F}

From (36) and (37), we see that (35) is satisfied, so that our proof is achieved. O

N

2(tan’z)v? < C'.
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Proposition 23. There exists an absolute constant K such that, for any ¥ € A(Ir) of
the form ¢ = (f + %), being f € A(I;) with dom(f) = I; C Ir, and g = —(logh)’ on I,
for some (L)-concave function h, affine on an interval [a,b] with Iz C[a,b] C Iy, the
following implication holds:

(38) M(Ig,20") <15 = A\ (1g,2¢") >4+

16K [1 B min{h(a),h(b)}r
2 max{h(a),h(b)}]
(

Proof. We claim that, for ¢ as in the assumptions, denoting by 7 € H& I;) an eigen-
function for A1 (Iy,21'), normalized in L?(Iy), it holds

mm

1 h'
(39) Mg 20) > 4+, with 6, = / w2 (12,
m Jy, h
Indeed, we have
(10) n(ln2) = [ @R+ zas [ g
I I

where the inequality follows by applying Proposition 10 to the function f € A(Il;)
(actually, v is an admissible test function for A;(I,2f’) when extended to 0 on I \ Iy).
Then the inequality (39) follows from (40) provided

1 /h/'\2

(41) g' > E(ﬁ) on Id .

From the assumption g = —(logh)’ on I;, we have (in the sense of measures)
h/ 2 h//

(42) g = <ﬁ) - on I.

The power-concavity assumption on h implies that (h%)// < 0. The latter inequality, by
an elementary computation, implies that the right hand side of (42) is larger than or
equal to the right hand side of (41). In view of (39), we have

ke .
A (Lg, 2¢") 24—1_%[ a—b } [max{h(a),h(b)}]Q/l v

24+ n}LiZ [m:;?li(;)?l(zb()b)}r /1 v

s
EZ

%
Hence, to conclude the proof of (38), it is enough to show that there exists an absolute
constant K > 0 such that

MIg,20) <15 = | 72> K.
VES
q

Assume by contradiction this is false. Then it would be possible to find a sequence of
functions 1, and a sequence of segments I; as in the assumptions of the Lemma such
that the eigenfunctions v,, € H}(Iy,) for Ai(Ig, ,2¢),), normalized in L2(I,,), satisfy

1

=2

J R w
4
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By the assumption A1 (/g,,2¢;,) < 15, we have [ [o7,|* < 15, and hence up to subse-
quences U, converges, weakly in H'(I;) and strongly in L?(I,), to a function ¥, which
has unit norm in L?(I;) and vanishes on I =. This leads to a contradiction, as

15>hm1nf/ 7|2 > /| TP > Al (Iz) =16.

3. WEIGHTED EQUIPARTITIONS A LA PAYNE-WEINBERGER

The key idea in the proof of Payne-Weinberger inequality in [45] is a partition procedure
of the set (2 into convex cells of equal measure, such that, on each cell, the first Neumann
eigenfunction has to have zero integral mean. While this procedure is still useful if
adapted to a weighted Neumann problem, in order to obtain a quantitative estimate it is
necessary to keep track of the L?-norm of the eigenfunctions rather than of the measures
of the cells. Consequently, we are going to work with two different types of p-weighted
equipartitions, each one playing a specific role in the estimate of weighted Neumann
eigenvalues in higher dimensions. Such estimate will be based the one-dimensional lower
bounds given in Theorem 21. Thus we are going to handle line segments contained into

N. for simplicity, in this section and in the remaining of the paper, the notation I,
is adopted for any line segment of length £ in RN, say with generic direction and not
necessarily centred at the origin (as it was the case in Section 2). In the few cases when
we have to consider a centred interval in o fized frame, this will be explicitly indicated,

by writing e.g. ( 79 2) {0}

Definition 24. Given an open bounded convex set w C R, a positive weight p € L' (w),
and a function u € L?(w, pdz) satisfying fw up = 0, we call:

— a p-weighted measure equipartition of u in w a family P, = {w1,...,wy,}, where
w; are mutually disjoint convex sets such that w =w; U--- Uw, and

1
/ up =0 and lwi| = —|w] Vi=1,...,n.

— a p-weighted L? equipartition of u in w a family P, = {w1,...,w,}, where w; are
mutually disjoint convex sets such that w = w; U---Uw, and

1
/up:O and /qu:/UQp Vi=1,...,n.
wj wj n Jy

Remark 25. (i) The existence of p-weighted L? (or measure) equipartitions of u in w given
by two cells is obtained by the analogue argument as in [45] (see also [7]). Namely, for
every a € [0, 27], there exists a unique hyperplane with normal (cosai,sinaq,0,...,0)
which divides w into two subsets w!, and w! such that f% u?p = fwg u?p. Since the

function Z(a) = [, up is continuous and satisfies Z(or) = —Z(a + ), there exists

an angle @ such that Z(@) = 0. Applying repeatedly the above argument yields the
existence of a p-weighted L? equipartition of u in w given by n cells, each of them being
contained into a narrow strip, determined by two hyperplanes with normal of the form
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(cosaq,sinag,0,...,0) at infinitesimal distance from each other as n — +oo. The latter
property follows from the fact that the volume of all the elements of the partition is
infinitesimal as n — 400, thanks to the assumption p > 0 a.e. in w.

(ii) If the above procedure is repeated overall (N — 2) times, using as a last package of
cutting hyperplanes those with normals of the form (0,...,0,cos an_2,sinay_2,0), we
obtain a p-weighted L? equipartition of v in w into mutually disjoint convex cells which
are narrow in N — 2 directions, each one orthogonal to ey. If the procedure is repeated
once more, we arrive at a p-weighted L? equipartition of w into mutually disjoint convex
cells of one dimensional type, being narrow in (N — 1) orthogonal directions.

Motivated by the above remark, we state the following single-cell estimate, holding for
a set w. C w which is narrow in (N — 1) orthogonal directions.

Lemma 26. Letw C RY be an open bounded convez set, and let p be a positive uniformly
continuous weight defined in w. Given € > 0, let w. C w be an open bounded convex set
of diameter d., which satisfies, in a suitable orthogonal coordinates system and for some
e > 0, the inclusion

de

(43) wEC{(xl,y)e]RxRN_l : |l‘1|§§» lyj] <eVj=1,...,N —1}.

For every function u € W2 (w) whose restriction to w. is an admissible test function
for ui(we,p), setting h(x) := HYN =Y w. N {z1 = x}), it holds

a(e)|we|

“ T [Py

L Vul?p
fgi > {m(fdg,hp) -

[T (1t (T ) (14 5l ) ]}

where a(e) and B(e) are infinitesimal as ¢ — 0, depending only from ||ully2.00 (4,
1Pl oo (), and from the modulus of continuity of p at € in w.

Proof. Let M be a positive constant such that |[u[|y2.00(,) < M and [|p[| e,y < M, and
let 0. > 0 be such that |p(z) — p(y)| < € for every z,y € w with |z — y| < J..
We have

2
/ (@) p—/ [u(a, 0 *hp da| < (2= + M25.)|ue] =:
We 8%1 I

£

/ u’p —/ U(SL‘,O)thdSL“ < (2M35 +M25€)|w5| =: da(= 01)
We IdE

/I u(x,O)hpd:L“ = ‘/ up—/I u(l‘,O)hdeL“ < (M3 4+ M6.)|w.| =: d5.
de We de
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Then, setting u := ‘f[d u(z,0)hp, we have

0 2
Vilp = [ (5e)p= [ G0/ Phode -5

We 4
> pa(la., hp) / u(z,0)*hp — #] — 5
L1,
> 1 (Iq,, hp) / w’pdr — 6y — 5;} — 5
- ws 2 (5%
= m(la., hp) _/wE u pdm] — a1 {1 + p1(Za., hp)(l + 5—1” .
The result follows by inserting the expressions of d; and d3 in the above estimate. [

The next two lemmas contain lower bounds of different nature for p;(w,p) (or, more
generally, for Rayleigh quotients). The first lower bound, stated in Lemma 27, is given
in terms of one dimensional eigenvalues: it is in fact obtained working with measure
equipartitions and applying the single cell estimate of Lemma 26. The second lower
bound, stated in Lemma 28, is given in terms of the average of the eigenvalues of the
cells of the partition, and is obtained working with L? equipartitions.

Lemma 27. Let w be an open bounded convexr set, and let p be a positive uniformly
continuous weight in w. Let u € W2 (w) satisfy fw up = 0. Assume that, for every n

sufficiently large, there exists a p-weighted measure equipartition P, = {w1,...,wn} of
u in w such that pi(Ig,, hip) > ¢ for every i = 1,...,n, where Iy, is a diameter for w;,
and hi(z) is the HNL-measure of the sections of w; as in Lemma 26. Then
2
ATl
w p

In particular, in case w s smooth and p is smooth and strictly positive in w, taking u
equal to a first eigenfunction for ui(w,p), we obtain that pi(w,p) > c.

Proof. For a given € > 0, for n large enough each of the sets w; satisfies in a suitable
orthogonal coordinates system the inclusion (43) (cf. Remark 25). Moreover, the re-
striction of u to w; is an admissible test function for pj(w;, p). Then by Lemma 26 the
inequality (44) is fulfilled for every ¢ = 1,...,n, for some infinitesimal «(e) and B(¢)
which are independent of i. (Indeed, as stated in Lemma 26, a(e) and 3(e) depend only
on [[ullpz.e0 (s [Pl Loe(w), and on the the modulus of continuity of p at € in w).

||

.1 we obtain

1 1
Julp < / |Vul*p+ M(&(E}‘:’) + a<e>’jj (1+ mg)“”n’) .

By using the assumption pq(I4,, hip) > ¢ for every ¢ = 1,...,n, and summing over
1=1,...,n, we get

1 <2 [ 19ulp+ 2 (ate)wl) +a(e) (1+ se)]).

The statement follows by letting € tend to 0. [l

Writing the inequality (44) for each of the sets w;, and recalling that |w;| =
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Lemma 28. Let w be an open bounded convex set of diameter d and let p be a positive
weight in L' (w). Letuw € H} (Q)NL* (Y, pdx) satisfy [qupdz =0. If Pp = {wi,...,wn}
is a p-weighted L? equipartition of u in w, it holds

Tl ~ns [l 2 2gten):

w i=1 Juwi i=1

In particular, if u is an eigenfunction for pi(w,p), we have pi(w,p) > %Z?:l 1 (wi, p)
and, in case py(w,p) = p1(wi,p) for every i =1,...,n, u is necessarily an eigenfunction

also for each pi(wi,p).

Proof. The statement is an immediate consequence of the two facts that fwi u’p

% fw u?p and the restriction of u to w; is admissible as a test function for sy (wy,p).
In case u is an eigenfunction for p;(w,p), and pi(w,p) = p1(w;, p) for every i =1,...,n,
we see that none of the inequalities fwi |Vul?p > py(ws, p) fwi |u|?p can be strict. O

4. LOCALIZED VARIATIONAL VERSION AND RIGIDITY OF ANDREWS-CLUTTERBUCK
INEQUALITY

In this section we establish two intermediate results which will be used in the proof
of our quantitative inequality, but may have their own interest. In Proposition 29 we
give a localized variational version of Andrews-Clutterbuck inequality, which consists in
estimating the weighted Neumann eigenvalue p;(w,p) when w C Q is a convex set (with
possibly empty interior), and the weight p is associated with the first eigenfunction of
Q.

In Theorem 31 we establish the rigidity of Andrews-Clutterbuck inequality. Both results
are proved exploiting the weighted equipartitions introduced in the previous section: the
former is obtained via measure equipartitions, the latter via L? equipartitions.

For simplicity, in this section and in the remaining of the the paper, when no ambiguity
arises, we omit to indicate the set Q by writing D in place of Dq for its diameter (and
similarly for the width).

Proposition 29. Let N > 2. There exists an absolute constant C > 0 such that: if
Q C RN is an open bounded convex set of diameter D, 11 is an affine subspace of RY of
dimension k < N, w C (QN1II) is a relatively open convez subset of QN II of diameter
d >0, andp € L*(w) is a positive weight of the form p = hu?, being u; the first Dirichlet
eigenfunction of Q, and h : w — (0,+00) a ()-concave function (with m € N\ {0}), it
holds:
72 D —d)?

(45) pa(w,p) > ?)Dﬁ + C(,%) .

Proof. We first prove the inequality (45) in case w is a smooth convex set, with @ C 2,
and h is a smooth strictly positive (%)—concave function in w. In this case, the weight
p is smooth and strictly positive in w. Therefore, there exists a first eigenfunction for
p1(w, p), of class W2°°(w). Then we are in a position to apply Lemma 27. Specifically, we
consider a p-weighted measure equipartition P,, = {wi,...,wy} of a first eigenfunction
for p11(w,p). We denote by I, a diameter for w;, and by h;(x) the H*¥~!-measure of
the sections of w; orthogonal to I, as in Lemma 26. We apply Theorem 21 in order to
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estimate the one-dimensional eigenvalue 1 (Ig,, hip). To that purpose we observe that p
satisfies
1 1 y—x
Vlogp>(y) — Vlogp?(%)) A TPv——
( ly — ||
Therefore, each weight h;p is of the form v + ¥? for the function ¢; € A(I,) given by
¥; = —3((logp)’ + (logh;)"). By Lemma 6 and the inequality (30) in Theorem 21, we
have

< 2T (T sy e

2 _J.\3 2 _ 3
p1(La;, hip) = M(La; 7 + 7)) > ?})lz + %(DDdl) > 31)% + %(%) :
By applying Lemma 27 to an eigenfunction for p;(w, p), the above inequality yields (45).
We now prove the inequality (45) for w and p as in the statement. Let w, be an
increasing sequence of smooth open bounded convex sets, compactly contained into w,
which converges to w in Hausdorff distance as n — +o00. Since h is power-concave, we
can approximate it by a sequence of smooth strictly positive log-concave functions h,
supported in w,, such that h, < h. Then the sequence of weights p, := hnu% (where
hy, are formally extended to zero on w \ wy), converges weakly* to p in L>°(w). Since
we have already shown that (45) holds true for uj(wn,pn), to conclude our proof it is
enough to observe that

(46) p1 (w, p) > limsup p1 (wn, pr) -
n

The argument to obtain the above inequality is similar as the one used in the proof of
Lemma 6. Namely, for every € > 0, we consider a function u. € H} (w) N L*(w, pdz)
with [ uep = 0, such that

I, [Vuel?p
m(w,p) > = —€;
setting ce p 1= ﬁuapn, we have lim,, ¢ ,, = 0. Hence, taking u. , := u: — cc,, as a test
function for u;(wn, pn), we obtain
[, IVuc|*p oo Vtte P

pi(w,p) > =0 — ¢ = lim — & > limsup 11 (Wn, pn) — €.
fw|u5| p n

n fwn ‘Uan ’2pn

The inequality (46) follows by the arbitrariness of € > 0. O

Remark 30. Although not exploited in the sequel, let us point out that a consequence
of the localized inequality (45), written in terms of the first two eigenfunctions w1, ug, is
that, for any segment S C €2 such that fS uiug = 0, it holds

/ (ug — t “2)2 2 3
g Uy 3T (D —|S])
> D7 +C

2 D ’
S

where the derivatives u), u5 are taken in the direction of S.
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Theorem 31 (Rigidity). Let N > 2. For every open bounded convexr domain Q in RN
of diameter D, we have

)\Q(Q) — )\1(9) > = .

Proof. Assume by contradiction that @ ¢ RY, N > 2, is an open bounded convex domain
2

with diameter D such that p(Q,u?) = ?b% We distinguish the case of dimension N = 2

from the case of arbitrary dimension.

Case N = 2. For every n > 1, let P, = {Q1,...,Q,} be a u?-weighted L? equipartition
of W in €2, being u := 2 an eigenfunction for p1(€2,u2) (cf. Proposition 41). Denoting
by D; the diameter of Q;, by Lemma 28 and Proposition 29 (applied with p = u?), we

have
372 (D — D )
D = /“Ll Q ul E M1 Ql) ul D2 + C E =

and u is an eigenfunction for each ul(Qi, u?).
We infer that

(47) D=D; VYi=1,...,n,
(48) p(Qud) =35 Vi=1,...,n.

Moreover, by the last assertion in Lemma 28, 7 is an eigenfunction for each p (€2, u?).
We claim that 2 is a circular sector (and hence €2; are circular subsectors of the same di-
ameter, the supremum of whose opening angles is infinitesimal as n — +00). Indeed, con-
sider a straight line 7 which determines the u?-weighted L? equipartition Py = {Q1, Qa}.
Necessarily, N €2 must be a diametral segment of €. Indeed, let Ip be a fixed diametral
segment of : if Ip # (rNQ), either IpN(rNQ) =0, or Ip is transverse to r N2 In the
first case, assume with no loss of generality that Ip is contained into €2y. Then, since
also Q9 has diameter D, the set {2 would contain two distinct diametral segments, which
is not possible since a diagonal of the quadrilateral having vertices at the endpoints of
the two diametral segments would have length strictly larger than D. In the second case,
since Ip is not entirely contained neither in €2y, nor in {29, each among €2 and Qs would
contain a segment of length D, and again this would imply the existence of a segment of
length strictly larger than D in ). By repeating the same argument for the successive
straight lines which determine the u?-weighted L? equipartition P, = {Q,...,Q,} we
infer that each cutting line is a diametral segment. Since, as already noticed above, there
cannot be two disjoint diametral segments in €2, we conclude that 2 contains, for every
n > 1, n diametral segments having a common endpoint. By convexity, we infer that €2
contains their convex envelope, and, by passing to the limit as n — 400, we conclude
that € contains a circular sector. Actually, 2 must coincide with such circular sector,
because any point outside the sector cannot lie into any cell of P,,.

Once we know that 2 is a circular sector and that any cell of P,, a circular subsector,
we exploit the fact that % := {2 is an eigenfunction for each p1 (€2, u?). Since this holds
true for every n, we infer that the function u satisfies, on every radius of the circular
sector €2, the Neumann condition g—g = 0, being v the normal direction to the radius.
This implies that the function u is radial on . But the expression of ug and u; (which
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is explicitly known for a circular sector, see for instance [23, Section 3.2]) shows that
this is not the case. So we have reached a contradiction.

Step 2 (N arbitrary). We consider again a uj-weighted L? equipartition P, = {Q1,...,Q,}
of win 2. By the same arguments used in case N = 2, all the cells of the partition satisfy
(47)-(48). Moreover, by arguing as in Remark 25, we can assume that, for each each cell
Q; € Py, it holds (in a suitable orthogonal coordinates system associated with the cell)

D
(49) Qic{(y,x)e RN2xR? ¢ [y S e Vi=1,0 s N =2 foy < 5 W= 1,2},

with €, — 0 as n — 4o00. This implies that, in the limit as n — 400, any sequence
of cells Q) € Pp converges, up to a subsequence, to a degenerate convex set, which
may be either one-dimensional or two-dimensional. Any such limit set has diameter D,
because all the cells have diameter D. This allows to exclude that all the limit sets
are one-dimensional. Otherwise, by fixing two distinct segments S’ and S” contained
in €2, both parallel to ey, and considering the sequences of domains Q/(,) € P, and
Qg (n) € Pp which contain them, in the limit as n — +oo we would find two parallel
diametral segments contained in 2. Let €,) € Py be a sequence which converges to a
two-dimensional convex set €2g. We claim that, for a suitable (1 )-concave function h,
it holds

—12, 2 _
kaW |Valuj fQO V|2 hu?

(50) lim inf — > —
) 2u? fQo [u|2hu?

Qk(n)
Indeed, in a coordinate system such that 2, satisfies (49), with the change of variables
T, : RN72 x R?2 — RY=2 x R? defined by T}, (y, z) = (e,2', ), we have

oy VTP 203 00) vy, VTP (et )i e, 2)

Joo, T PR, 0) — Jrvag, [P Ent 2y (z0t’, )

We now pass to the limit as n — 4o00: by using Fatou’s lemma and denoting by h(x)
the HY~2-measure of the slices of the limit set of T, *(Qy () at fixed z = (x1,x2), we
obtain

tmint [ (Va0 a) = [ [VaPOoo)h)d0,0);

n—-+o0o Qo

on the other hand, recalling that @ = =2, by dominated convergence we get
1

lim W (ena, x)ud (epa’, x) = / @20, z)h(x)ui(0,z).
n—too Tn_l(Qk(n)) Qo
Therefore, we have
12,2 19, 9
372 fﬂk )|VU| ui o [Va*hut 5 _ 3m2
(51) S —liminf = > =0 > 11(Qo, hui) > — ,
D? " ka(m [a]?u? fQO [a2hui D?

where the first equality holds by (48), the second inequality holds by (50), the third
inequality holds because %(x,0) is an admissible test function for p(Qo,u?h), and the
fourth inequality holds by Proposition 29 (applied with w = Qy and p = hu?).
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We now focus on the two-dimensional convex set €y. Since we know from (51) that
p1(Qo, hu?) = ?bij, with eigenfunction u, we can repeat the same arguments as in Step 1

of the proof, with the weight u? replaced by hu?. (More precisely, the arguments of Step
1 are repeated working with (hu?)-weighted L? equipartitions of @ in Qg, and applying
Proposition 29 with p = hu?).

By this way, we obtain that ) is a circular sector and, as well, all the cells of any (hu?)-
weighted L? equipartition of @ in ) are circular sectors b, with u1(Q5, hu?) = ?bij.
Let us fix a radius in £y which does not belong to 92y, and look at a sequence of sectors
Qi of infinitesimal opening angle, having such radius in their closure. On this radius,
hereafter denote by Ip, in the limit of a large number of cells, by arguing as in the proof
of (51), we obtain

3 : D
= % , with p(z) := (z + g)hu%

By Corollary 11 we have, for some positive constant k, p(z) = k cos? (%x) This implies

M1 (ID7p)

in particular that p(x) ~ (a: + %)2 as r — —%, which is not possible since

D D D
p(x) = (m+—)hu%:0(z‘+f)2 as r — ——.
2 2 2
We have thus reached a contradiction and our proof is achieved. [l

5. ESTIMATE OF THE EXCESS: THE GEOMETRIC PLAY OF CELLS IN /N DIMENSIONS

In this section we prove Theorem 1, first in dimension N = 2 and then in higher dimen-
sions.

5.1. The case N = 2. We start by giving some preliminaries. For convenience, let us
introduce a geometric quantity, related to the width, which will be used throughout the
proof. Once fixed a diameter Ip of €, we define the depth n of Q with respect to Ip as
the maximum of the length of all sections orthogonal to it. We point out that, denoting
by w' the width of Q in direction orthogonal to Ip, it holds

D
n<wh <2, %§|Q|§nD, Q| < wD.
Moreover, the inequality % < |92| holds provided the width is small with respect to the

diameter, precisely w < @D (see [38, 48]). In particular, when the latter inequality is
satisfied, the depth and the width are equivalent, in the sense that

(52) %§n§2w.

Next proposition ensures the existence of a dimensional constant, related to the local-
ization of us, which will intervene in the proof of Theorem 1.

Proposition 32. There exists a dimensional constant A such that: if Q@ C R? is an
open bounded convex set with diameter D, width w < @D, and Dirichlet eigenfunctions
u1, ug, and w is cell of a u?-weighted L? equipartition of U = Z—f i 2 composed by n cells,
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i an orthogonal coordinate system such that a diameter of ) is the horizontal segment
(= L2,8) x {0}, the vertical sections wy, :=w N ({z1} x R) satisfy

1 w
(53) I (war)ll oo~y = A

Proof. Let us first prove the following claim: if  is an open bounded convex set of
diameter (—%, %) x R and depth n with respect to such diameter, for any open bounded
convex set w C €, setting wy, := w N ({z1} x R), it holds

J R <l el g ) [ IV Ve m(9).

It is not restrictive to prove the above inequality for u € C§°(Q2). Let x = (x1,22) € €,
and set Q, 1= QN({z1}xR). We have u(z) = [*2 (.%2(331, s)ds, and [|H' (Q, ) || 1< (0,p) <
1, and hence, by Holder inequality,

0
|u(sc)|2§77/Q ‘a—;(a:l,s)fds Ve = (x1,22) Ew.

1

0
/\u|2 §77/ {/Q ‘T;(xl,s)‘st} dzy dzxo

1

0
:77/9)(0.)('1717372)|:/Qa61 ‘67;;(1:178)‘2d3:| dl’l dLUQ

D
—n/_g (""“)[/nxl 3 o) ds] d

<0l @n)lmop 2y [ [Vl

Now, we apply the claim just proved to the function uo, assuming that w is a cell of a
u2-weighted L? equipartition of @ in . Since

1 1 1
[ra= [ =t [rra=t [a=1
w w nJa n.Jjq n

Therefore,

we obtain
1
(54) ~ < [H (we) |z 0.0) /Q Vuz|* < | H (we,) | oo (0,0 A2(€2) -
Denoting by p the inradius of €2, for a dimensional constant A we have
A 9A
(55) A2(92) < 2 < w2

where the first inequality follows from the fact that €2 contains a disk of radius p (thanks
to the monotonicity of \2(+) under inclusions), and the second one from the elementary
inequality w < 3p. The conclusion follows by combining (54) and (55), and recalling

that 7 and w satisfy (52) (thanks to the assumption w < @D) O
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Remark 33. A consequence of Proposition 32 is the following information on the mass
distribution of the second eigenfunction. Assuming that the width of the set ) is small
and the diameter of the cell w is large, we get from (53) that

ol > 45 A’|m/ i,

so that u3 does not localize on w. This means that, though in general u3 may localize
(for instance on thinning triangles), the concentration of mass cannot occur on cells with
large diameter.

Proof of Theorem 1 in dimension N = 2. It is not restrictive to prove the statement
under the hypotheses that € is smooth, D = 7, and a diameter of €2 is the segment
(—%.%) x {0}. Moreover, thanks to Theorem 31, we can assume that w < wy : @W,
so that (52) holds. Along the proof, the maxmlal admissible width will be diminished
when necessary, and will be still denoted by wy (equivalently, we are going to indicate
by 1o a maximal admissible value for the depth n with respect to the diameter we have
fixed).

By Proposition 41, we have A2(Q2) — A1(Q) = p1 (2, u?), with first eigenfunction @ = =
For every n, we let {Q1,...,Q,} be a u?-weighted L? equipartition of u in Q. We set
D; = diam(Q;) and h; the profile function of €; in direction orthogonal to a fixed
diameter of €2;.

We let ¢ be some number in (0, 1), whose value will be diminished when necessary during
the proof, its final choice being postponed to the end of the proof.

For the benefit of the reader, before giving the detailed proof, we provide below the list
of cases, along with a very short heuristic description for each of them (some types of
cells are represented in Figure 3).

™

— Case I: For a sequence of integers n, there exists Z,, C {1,...,n} with card(Z,) > %,
such that, Vi € Z,,, the diameter of €); is “small”. In this case, by applying Propos1t10n
29 to cells §); for ¢ € Z,,, we obtain the quantitative gap inequality.

— Case 2: For a sequence of integers n, there exists Z,, C {1,...,n} with card(Z},) > %,
such that, Vi € Z/,, the diameter of ; “large”. In this case we prove that the cells €,
for i € Z/, must intersect the vertical walls of a strip based on the diameter of €2, so that
they can be ordered vertically and they have a polygonal boundary inside the strip

— Case 2.1: For a sequence of integers n, there exists 7, C Z,,, with card(7,) > %, such
that, Vi € J,, ; has a vertex in the strip. In this case we reduce ourselves back to a
similar situation as in Case 1, so we prove the quantitative inequality.

— Case 2.2: For a sequence of integers n, there exists 7, C I;,, with card(J,,) > %, such
that, Vi € J!, ; has no vertex in the strip. In this case we prove that, Vi € J!, the
function h; representing the profile of €2; in direction orthogonal to its diameter is affine.
Then we distinguish two further sub-cases.

— Case 2.2.1: For a sequence of integers n, there exists S, C J},, with card(S,) > %,

such that, Vi € S, the Rayleigh quotient of @ on §); with respect to the measure u? dx
is “large”. In this case we obtain the quantitative inequality.
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— Case 2.2.2: For a sequence of integers n, there exists S, C J), with card(S),) > %,

such that, Vi € S/, the above mentioned Rayleigh quotient is “small”. In this case we
prove that, for i in a subfamily S;, C S}, with card(S)]) > {, an extra-term §; > 0,
proportional to (1— Z{Zj: )2, can be added in our lower bound for the Neumann eigenvalue

of the diameter of €2; with weight hiu%.

— Case 2.2.2.1: For a sequence of integers n, there exists Z, C S/, with card(Z,) >
such that, Vi € Z,, §; is “large”. In this case we obtain the quantitative inequality.

n
32>
— Case 2.2.2.2: For a sequence of integers n, there exists 2, C S;/, with card(Z],) > 35,
such that, Vi € Z/, ¢; is “small”. Loosely speaking, this enables us to minorate the
length of the two segments of intersection between any of these cells and the vertical
walls of the strip, implying that our pile is sufficiently high. And since it is composed
by cells with “large” diameter, by the Pythagorean Theorem we eventually find in 2 a
segment larger than its diameter, reaching a contradiction.

We now detail each of the cases above.

st

il
g/
\ o | T

\_/

FIGURE 3. A partition of € as in the proof of Theorem 1, in which the
indices 1 and 3 belong to Z,, 4 belongs to J, C Z/, and 2 belongs to

J, C I/,. The dashed vertical lines are 21 = £75% and z1 = £7522.

N

VAR

Case 1. For a sequence of integers n, there exists Z, C {1,...,n} with card(Z,) > %,
such that,

D; < /7% —cn? Viel, C{l,...,n}.

When applying Proposition 29 to cells €2; for ¢ € Z,, the extra-term at the right hand
side of inequality (45) admits the following lower bound

(D-Di)° _ &

(56) D5 g
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Therefore we can prove the validity of the inequality (3), with ¢ = C 21%—38, being C' the
. . o, . Q0
absolute constant appearing in Proposition 29. Indeed, we have

*Z/Jd Qmul [Zﬂl szul +ZM1 Quul}

&Ly €Ly,
> % [3 card(Z¢) + (3 + 08 3877 )card(In)}

23+Clgi8n623+0mw6,

H1 (Qau%)

| \%

where the first inequality follows from Lemma 28, the second one from Proposition 29
(taking into account (56)), and the last one from the assumption card(Z,) > % and (52).

Case 2: For a sequence of integers n, there exists Z), C {1,...,n} with card(Z]) > 2

PR
such that,
D; > /72 —cn? VieT,.

Let a be a parameter such that 6n < a < 7. We observe that for every i € I/,

must intersect the vertical lines {z; = —"5*} and {z; = 5

contradiction this is not true. Since by the choice of a it holds ma — - S 57]0, the length
of the projection of §2; onto the vertical axis would be bounded from below by

+/ D 2>\/ -2 -7 +7Ta—z>\/—cv78+577322n02wL

yielding a contradiction.

As a consequence of this fact, for ¢ € 7, the cells €; can be ordered in a vertical way,
and inside the strip ( =, ”5“) x R none of their boundaries (except for the bottom
and the top cell) can contain portions of Q2. Taking into account that €; are convex
sets obtained cutting by lines we infer that, for every i € 7/, exception made for two
indices, the intersection of Q; with the strip [ — e ”7“] x R is a polygon.

2 02
We proceed to analyse Cases 2.1 and 2.2.

Case 2.1: For a sequence of integers n, there exists J, C Z,,, with card(J,) > ¥, such

that

T —2a m™—2a
2 72

For ¢ € J,, denoting by V; one of its vertices inside the strip (— ”EQG, ”;Za) x R (meant

as a vertex of the polygon Q; N ([ — ”52“, = Qa] x R)), there exists a neighbouring cell

2, such that V; € 9€); N 092;. The diameter D; of such 2; satisfies

Dj < /(7 —a)?+4n* < \[n? — 2613,

where the last inequality holds because we are assuming that 693 < a < % Since the

; has a vertex in ( - ) xR VieJd,.

neighbouring cell §2; can touch at most another cell Q; with i € Jn, we conclude that, in
Case 2.1, for a sequence of integers n there exists W, C {1,...,n}, with card(W,) > g,

such that
ngy/ﬂ2—267]g Vi eW,.
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Then, by arguing as in Case 1, we can prove (3) (for a suitable dimensional constant ¢).

Case 2.2: For a sequence of integers n, there exists 7, C Z/

7, with card(J,) > %, such
that

T —2a m™—2a

TR ) xR VieJ,.

; has no vertex in ( —

Fori € J), we fix a diameter of 2;, and we observe that the angle «; it forms with the hor-
izontal axis (i.e., with the diameter of 2) does not exceed arcsin(%—”) < arcsin(——1—)

i’ /72 —cen? ’
Then, if we work in a new local coordinate system in which the fixed diameter of €); is
the segment ( — %, %) x {0}, and we denote by h; the profile function of €2; in vertical

direction, the function h; is necessarily affine on ( — %, %) x {0}, as soon as

P -
. n
Cos(aurcsua(iﬂiicn2 ) w2 —cn?

bpo = < 2a

(see Figure 4, where the marked angle is at most arcsin(%)).
T4 —cn
We remark that the above condition is satisfied provided 7 is small enough.

/\\
/ ma’)/
hmax
/ e\
—x = r
2 2 2

FIGURE 4. The geometry of a cell €2; in Case 2.2 and subsequent cases.
The dashed vertical lines are x; = £75%, 11 = i”52“,x1 = i%‘la.

We proceed to analyse Cases 2.2.1 and 2.2.2.

Case 2.2.1: For a sequence of integers n, there exists S, C J;, with card(S,) > §, such
that
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In this case we can easily conclude by arguing in a similar way as done in Case 1. Indeed
we have

fQ |Vu\2u1

B fQ ‘VUPUI
/Ll(Q,U%) - Z fQ |U‘2U [Z:ul szul + Z fQ ‘U|2U1 :|

iZSn €S,

v

1 1

- [3 card(S;,) + 4card(3n)} >3+ 3

n

The inequality (3) follows, for a dimensional constant ¢, provided wy is small enough.

— Case 2.2.2: For a sequence of integers n, there exists S;, C J), with card(S;,) > §, such
that
fQi Val*ug

We observe that there exists S;, C S;,, with card(S;;) > {§, such that

<4 Vies,.

17
Q< —I0| vies).

Indeed, otherwise it would be |§2;| > %7 for at least {¢ cells in S;,, and the union of such
cells would have measure strictly larger than the measure of 2. Let us now prove that,
for every i € S/, denoting by K the absolute constant appearing in Theorem 21 (ii), and
by h"** and h;”m the maximum and minimum of hA; on Ip,_4,, it holds

8K /. hiaty2
(57) (ID,hu1)>3+—<1— i )

min
hi

To that aim we apply Lemma 26 with wy = ;, p = u?, and v = @. Notice that this is
possible because we are assuming that €2 is smooth, so that p is uniformly continuous in

Q;, and w € W2>°(Q;). We obtain
fﬂi |Vﬂ\2u%

2 (iU o) = T 1+ s (1-+ 5001 |
%) )

1
n

> i (Up,, i) - 1+ Sun(Ip, had)]

2

where the last inequality holds provided ¢ is so small that (14 8(¢)[Q]) < % (which is
true as soon as n is sufficiently large).

Taking into account that cells €; for i € S satisfy the condition [;| < 7|, the above
inequality implies

Jo, IVuPui 3
T gy 2 {M(JD“ hiu?) [1 — 21710 - a(g)} —17/0 -a(s)} .
fQi |l uy 2
We infer that, again for e sufficiently small, it holds
fQ |Va|2u?

ST A > —p1(Ip,;, hiud) — 2.
fﬂi [@?ui 7" '
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Recalling that, for i € S, the left hand side of the above inequality does not exceed 4,
we infer that

(59) pi(Ip,, hiui) < 7.
This enables us to apply Theorem 21 (ii), and conclude that (57) holds.
We proceed to analyse Cases 2.2.2.1 and 2.2.2.2.

Case 2.2.2.1: For a sequence of integers n, there exists Z, C S/, with card(Z,) >
such that ‘
(1Y s p e,
By (57) and (59), for i € Z,, it holds
p1(Ip,, hiu?) >3 +cn®  and p1(Ip,, hiu?) < 7.
Then, by (58) we obtain

%\3

Vul?u? .
fgi [ul?ug n
Hence,
J; |Vu\2u1 Jo, IVT?u?
@) =23 el s 1S e+ 3 ]
Jo, 1alPud igZ, & Jo, fulud

Vv

1
- [3 card(Z;) + (3 + cn2)card(Zn)} — 12a(¢)|Q]
> 34 & — 12a()/9)

and the conclusion follows (as usual, for a suitable choice of ¢).

Case 2.2.2.2: For a sequence of integers n, there exists Z/ C S/, with card(Z]) > 35

such that ‘
8K I 2
—(1— L ) < en? Vie Z, .

7r2 h;nax

We shall now prove that, provided 7y and a are small enough, and ¢ is well-chosen (as
well, small enough), this case cannot occur. ‘
The contradiction argument relies on the following claim: denoting by L;™" < LI"* the

lengths of the intersections of €; with the lines {z; = —Z52} and {21 = Z52¢}, we have
; A
(60) mmma<1,LW“2§9 Vie 2!,
n

where A is the dimensional constant appearing in Proposition 32.
We first prove (60) and then we show how it leads to a contradiction.
For i € 2/, choosing cn3 < 2K , it holds

min | 9 2
(R

hmax

('}

[o's)
.JAH—‘
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’Qg///ﬁﬁ:/m, Bo
_________________________ '
rya ;

|

|

b .':

A : |

1 IBl

FI1GURE 5. The geometry of the pile of cells in Case 2.2.2.2. The dashed

vertical lines are z1 = £75%.

so that ‘

B 1

hmax Z 5 .
)

The above inequality, combined with the area inequality %hmmDi < nm, implies that
homaz < %J. In turn this implies that, if «; is the angle already considered in Case 2.2
formed between the diameters of 2 and €2;, it holds
4 2
Pmaz - sina; < i 1 .
Y g Y e

Hence, for ng sufﬁciently small, we have A4 - sina; < a, which ensures that the two
segments of lengths L™ and L["** are interior to the trapeze with bases given by the
two segments of lengths h]™" and h]"** and oblique sides given by portions of 0€; (see
Figure 4). This implies via Thales Theorem that

L;TL’LTL h;n?/fl, 1

Lzma:v = hgnax = 5 :

Denoting by (€2;)s, the intersection of §; with the straight line {1} x R, we have

min 1 max 1 1 Aw
(61) L™ > §Lz’ > 1”7‘[ ((%)a M poo (1) = i

where the second inequality is satisfied provided a is small enough, and the third one

holds by Proposition 32. This completes the proof of claim (60).

Eventually, let us show how (60) yields a contradiction. Let 22 and Q¢ be the bottom and
the top cell in the family of cells €;, for i € Z]. Let A1 By and AsBs be two diametral
segments respectively for Qi’ and Qf, and consider the quadrilateral A;B1A2Bs (see

Figure 5).
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We can estimate from below the lengths of the segments A; As and By Bs by the lengths
of their orthogonal projections on the vertical lines {z1 = -5} and {21 = T},
Applying claim (60) to all the cells ©; for i € Z! (exception made for Q% and Qf), and
recalling that card(Z),) > 35 we get
S Aw/n A
i AA,BB}>——<——2)>—
win {4142, BB} > 10 32 °) = 256"
where the last inequality holds for n large enough. On the other hand, since Z/, C S/ C
S, C J) C T, it holds

min {41 By, 4,85 | > /72 — o

Then, at least one of the two diagonals of the quadrilateral Ay By AsBy turns out to be
larger than the diameter of (2, yielding a contradiction. Namely, since at least one of
the inner angles of the quadrilateral is larger than or equal to 7, we have

max {M,M} > |:(7T2 — 0772) + (2?6>2w2}; >

where the last inequality follows by choosing ¢ small enough. Having reached a contra-
diction, our proof is achieved. O

5.2. The case N > 3. The main tool to prove Theorem 1 for a domain ) in dimension
N > 3 is the following quantitative estimate of a weighted two-dimensional Rayleigh
quotient of @ on suitable planar sections of €2.

Theorem 34. Let N > 3. There exists a dimensional constant ¢ > 0 such that:

— for every open bounded convexr domain 0 in RN of diameter D and width w, with
Dirichlet eigenfunctions uy, uo,

— for every planar subset U of Q which, in a suitable orthogonal coordinate system
{e1,...,en} with ey in the direction of the width of Q, can be written as

U:{xEQ rx;=0Vi=1,...,N -2 ang_lgb},

— for every function h : U — (0, 1] independent of xn and ( 2) -concave, such that

(62) / Vousl2h < 220(Q / lual2h

ifu:= Z—f satisfies fU uhu? = 0, and ug is not identically zero on U, it holds

Jy | Voahad _
o faPmz = D2 D8

For the proof of Theorem 34, we need the following preliminary results, which generalize
respectively Proposition 29 and Proposition 32.
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Proposition 35. There exists an absolute constant C such that: if all the assumptions
of Theorem 34 are satisfied, and w is a cell of a (hu?)-weighted L* equipartition of u in
U, of diameter d, it holds

[, IVoul?hu? - 372 (D —d)?

+C

63 —
(63 Lk =07 T D

Proof. For ¢ > 0 small, we set

N

h(xn_1)\ =2
we == QN {x D (zy_1,zN) Ew, (344 12% 5)2 < 5<M)N 2},
YN-2
where vy _o is the measure of the unit ball in RN-2,
Since w, is an open bounded convex subset of {2, denoting by d. its diameter, by Propo-

sition 29 we have

372 (D —d.)?
2
w1 (we, uy) > F>2) + C’?a )
From this inequality, taking as a test function for y(we,u?) the function @ — c., where
N _ Juo, Tt
i(z) :==u(0,...,0,zN-1,7N) and Ce = Jf 5
We uy

we infer that
o L, [ViPd s (D—do)?

(64) — >—+C
—5]\,1,2 fwe i — c:[2u? — D? D5
In the limit as € — 0 we have
1 ~12 9 1272
cN-2 ’vafl@Nu’ uy — / ’vUU, hul?
We w

where we have exploited in particular the fact that h is a bounded (ﬁ)—concave func-

tion on U depending only on the variable xz_1, so that it is continuous on U. In a
similar way, we have

1 1
S we w € We w

where the equality fw ﬂhu% = 0 holds because w is a cell of a (hu%)—weighted L? equipar-
tition of w in U. It follows that ¢. — 0, and hence

1
N—2/ ]ﬁ—c€|2—>/\ul2hu%
€ wWe w

Therefore, the inequality (63) follows from (64) by passing to the limit as ¢ — 0. O

Proposition 36. There exists a dimensional constant A such that: if all the assumptions
of Theorem 34 are satisfied, and w is a cell of a (hu?)-weighted L* equipartition of w in
U composed by n cells, setting wyy_, :=w N ({zn_1} X Ren), it holds

w
1H (war )| 2o (ap) = A
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Proof. We consider the restriction of us to U, and we argue in a similar way as in
the proof of Proposition 32. Denoting by ny the depth of U in direction ey, we have

ug(awy—1,an) = [*N 821;7 (zn-1,8)ds, and [|H' (way_ )|l oo (ap) < 1> and hence
ou
lug(zn—1,25)[* < 77U/ ‘8 2 (en-1,5 ‘ ds  V(zy-1,2n) €U.
TN

TN -1
Since h is independent of xy, namely h = h(zy_1), multiplying the above inequality by
h we obtain the following inequality holding for every (xn_1,zn) € U:

8UQ

(65) lug(zn—1, ) Ph(zn-1) < 77U/ ‘ xN—173)‘2h(xN—1) ds

TN _1
Integrating over w and using (62), we obtain

ou
/!u2|2h §7]U/ [/U J(:L’N 1,8 ‘Qh(IL‘N—l)dS:| dey_1dzy

N oxn

ou
_77U/ Xw(xN—th)[/ ‘a 2 xN_l,s)‘Qh(xN_l)dS} d{L'N_ld.’L'N
U Uz TN

N-—1

=nNu /abﬂl(wml) [/I | Ouz ml,s)}2h(xN_1)ds] drn_1

N—1

< [ @)l () - 2 22() /U us[2h

A
<nu- H,Hl(wINfJHL‘)O(a,b) -2 P} / ‘u2’2h7

where, for the sake of clearness, we have indicated by wq the width of 2. Since w is a
cell of a (hu?)-weighted L? equipartition of @ in U, we infer that

HIHl(wafl)HLoo(a,b) > o T 2,

where the last inequality holds because ny < 2wq. O

Remark 37. If in the above proposition the diameter of U has length at least %D, the
angle it forms with the direction ey_; is at most arcsin(;—gwg). Then the conclusion
of the proposition continues to hold, possibly with a different constant A, if the local
system of cartesian coordinates is changed into (€/y_,, €/y), being e/ _; aligned with the
diameter of U.

Proof of Theorem 34. It is not restrictive to prove the statement under the hypotheses
that € is a smooth domain with diameter 7 and small width. As above, for the sake of
clearness, we denote by wq the width of {2, and by ny the depth of U in direction ey.
We observe that, thanks to the assumption (62), ny and wq are comparable. Indeed,
nu < 2wq. To show the converse, namely that also wq is controlled by 7y, we start from
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the pointwise inequality (65), which holds on U, and we integrate it on U. Proceeding
as in the proof of Proposition 36, we arrive at

A
[ sl < 3 Wy a2 0 [ JuaPh
U wq Ju

A
/qul2h§n3'22/ fuslh,
U wq Ju

1
ny = mwg-
Once we know that the quantities wq and ny are equivalent, we indicate by wy and
1o respectively upper bounds for wqg and 7y, and we proceed by adopting the same
proof line of Theorem 1. The difference is that we have to work with (hu?)-weighted
L? equipartition of @ in U, the unique modification with respect to the proof Theorem
1 being the presence of the extra-weight h. For every n, let {Q1,...,Q,} be a (hu?)-
weighted L? equipartition of 7 in U. We set D; := diam(€2;) and h; the profile function
of €; in direction orthogonal to a fixed diameter of €;.
We denote by ¢ some number in (0, 1), and we follow step by step the same proof line of
Theorem 1, distinguishing the same cases in cascade. Below we limit ourselves to indicate
which are the required modifications, all the other cases being completely analogue as
in Theorem 1:

We infer that

which shows that
(66)

— Case 1: In place of applying Proposition 29, apply Proposition 35.

~ Case 2.2.2: Lemma 26 is now applied with p = hu? (notice that such p is still
uniformly continuous on ), since h is continuous on U).

— Case 2.2.2.2: In place of applying Proposition 32, apply Proposition 36 (taking

also into account Remark 37).
O

Proof of Theorem 1 in dimension N > 3. It is not restrictive to prove the statement under
the hypotheses that €2 is smooth and strictly convex, D = m, and w is small and attained
in direction ey. For every n € N, let {Q1,...,Q,} be a u?-weighted L? equipartition
of w in {2, obtained by the procedure described in Remark 25, namely using a family
of hyperplanes, all parallel to ey, with normals of the type (cosaj,sinag,0,...,0),
(0, cos ag,sinag,0,...,0), ..., (0,...,0,cos ay_2,sinan_2,0). For n large, all the cells
become narrow in (N — 2)-directions, so that they become arbitrarily close to a convex
set having at most Hausdorff dimension 2. Since by construction for every cell it holds
Jo, u5 = L for at most % cells it holds Jo, [Vu2? > 2X9(Q) [, u3. Equivalently,

(67) / |Vug|* < 2)\2(9)/ ui Vi€ T, C{l,...,n} with card(Z,) > g
Qi Qi

For every i € Z,, by same argument used to prove the inequality (66) in the proof of
Theorem 34, we obtain that the depth 7q, in direction ey satisfies

(68) no, > ——wq  Vi€L,.
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We denote by Z/, the subfamily of Z,, such that the diameter D; of §; satisfies D; < 1%77,
and we set Z/! = 7, \ Z,,. Applying Proposition 29, we get
p1(Q,u2) >3 Yid I, and p1 (i, u?) > 3+ 0(110)3 VieT,.
By Lemma 28 it follows that
fQ \Vu]Qul Q Jo. IVU)?u?

fQ|u|2u1 Z fQ |u|2u1

:ul(QﬂL%)

\V4 2
> — [Zﬂl Qzﬂh "‘Zﬂl Qzﬂh +ZfQ | u2| UI}
€Ty =i ie1! sz [al ul
1 ™ , fQZ |Vﬂ‘2u% 1/
> - [3(n —card(Z,)) + (3 + C(l ) Jeard(Z},) + zeI% {W}Card(fn

Therefore, to conclude the proof we are reduced to show that

lim inf min —

n—+oo €Zl!

} >3+ cwd, .
Indeed in this case we have
1
pr(Qud) >3+ = {C(lﬂo) /\c}wg.
Let i, € Z!! be such that

[fgi \WIQU%} Jo,, IVal*ui
min =

ez L o, [al?ui Jo, lal*ug

In the sequel we write for brevity Q" in place of £2;,. So our target is to show that

—12, 2
lim inf 7&2” [Vl Puy

>3 6 .
W T apa =0T

Let H™ be the intersection of closed halfspaces parallel to ey such that Q7 = QN H™.
Up to subsequences, and up to changing the coordinate system, we can assume that H"
converge in Hausdorff distance to the hyperplane

Mi={z : 2;=0Vi=1,...,N —2}.

In the sequel, a point (0,...,0,zy_1,2x) € II will be identified with the pair (zny_1,zn).
Accordingly, the sequence 2" converge in Hausdorff distance to the set U := Q N1I,
which is of the kind

U= {(:EN_l,:EN) : on—1 € (a,b), xy € QN (zN_1 +R6N)}.

We remark that U is nondegenerate, namely it has positive two-dimensional measure.
Indeed, the depth of U in direction ey is strictly positive because, by (68), the depth
of Q" in direction ey is uniformly bounded from below. Moreover, the length of (a,b)
is strictly positive, because the diameter of Q2" is not smaller than %, and cannot be
attained in direction ey (which is the direction of the width, assumed to be small).

Moreover U cannot lie on 9€2, thanks to our initial assumption of strict convexity on 2.
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For every (zny_1,xn) € II, we define the function

hn(en—1) = HN (TG, ey) NHT)
where H(LwN oy) denotes the (N — 2)-affine space passing through (xx_1,2zy) and or-

thogonal to H
Up to subsequences, Hhﬁﬁ converges a.e. on Rey_1 to a function h such that h = 0

¥3)-

concave on (a,b), the convergence is locally uniform on (a,b), h is itself (ﬁ)—concave
n (a,b), and consequenty satisfies also ||h]|ec = 1.
We claim that

on (—o0,a) U (b,4+00). Moreover, since by the Brunn-Minowski Theorem h,, is (

(69) nL+w T ’w/n / fh for every f € C*(Q).
and
(70) ug is not identically zero on U .

Assume by a moment these two claims hold true. Then we infer that €2, U, and h satisfy
all the assumptions of Theorem 34. Indeed, recall that Q" belongs to the family of cells
satisfying (67), and pass to the limit as n — +oco: by using (69) with f = |Vus|? and with
[ = u3, it follows that assumption (62) is fulfilled. Similarly, recalling that [, wui =
an ujug = 0, and using (69) with f = wjug, it follows that also the assumption that

fU whu? = 0 is satisfied. Finally, the assumption that us does not vanish identically on
U is satisfied by (70). Then, we have

i Jon 98 1V
n—too [, [ul?uf fv u|2hu?

>3 +ew’,

where the first equality is obtained applying again (69) with f = [u|?u? = u2 and
with f = |Va|?hu?, and the second inequality follows from Theorem 34 (since |Va|? >
Vual?).

To conclude our proof, we now give the proofs of claims (69) and (70).

e Proof of claim (69): Let d,, denote the Hausdorff distance between Q" and U, and set

n=lreU : dist(x,0U) > 6,}, U ={xecll : dist(z,0U) < ,}.
We have
/ f=// e - / / xan+/ / Yot |
n 11 HJ_ U—9%n HJ_ o) U‘;”\U on (:c o)
-1 —1TN

where the integrals over T+ are made with respect to ' = (z1,...,2N_2), while

(zn— 1,1?N)
the integrals over U %, U% \ U~% are made with respect to (zy_1,2n).
For (zy_1,2n) € U™%, setting h = (2/,0,0), we have

f@ en_1,zn) = f(0,2n—1,2n) + VF(0,zn_1,2N) - h + o(|h]);
for (zn_1,zN) € (Un \NU*‘S”), if (zy_1,zy) is the projection of (xy_1,zx) onto U
parallel to ey_1, setting h = (2, xy_1 — 2n_1,0) we have

f(x/)folaliN) = f(07ZN717'rN) + Vf((), ZN*l)'TN) : ltL +O(V~L|) .
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Accordingly, we have

/Uan/m xorf = - hn(zn—1)(f +O(6)),

(TN—1:7N)

/ / Xanf = Un(zn128)(f + O(00))
U5n\U on, H(TN LN Uén\U*(sn

where v, is defined by
Un(TN_1,2N) = ’HN72((HJ‘ ) ﬂQ").

(zN-1,ZN)

We now divide by ||hy||e and pass to the limit as n — +o0o0. Taking into account that
n < hy, and that HV 2 (U o\ U _5") is infinitesimal, we conclude that

1 1
li —_ = i — hy, = h.
A rhnnoo/ AL S T /U ! /Uf

e Proof of claim (70): Assume by contradiction that ug is identically zero on U. We are
going to show that this implies
an |vu2|2
Jon lual?
against (67). To that aim we are going to use an argument which amounts roughly to

control the value of the function by the value of its gradient, in the same spirit of the
Lojasiewicz inequality [39].

— 400 as n — +0oo,

For every ¢ € N let us denote by D( )u2 the i-th order differential of us computed at a
point zyy = (0,...,0,zy_1,zn) of U. Let k € N\ {0} be the smallest natural number

such that, for some point xy of U, D( su2 # 0. Clearly such k exists: otherwise, by the
analytlclty of us inside €2, ug would be identically zero.

In order to estimate the Rayleigh quotient of us over 2", we distinguish between points
x=(2';xny_1,2N) € Q" such that (zy_1,2n) € U and such that (zny_1,2n) € U.
Forx = (2/,xn_1,2n) € Q" such that (zxn_1,2N) € U, settingzy = (0,...,0,zy_1,7N)
and £ = (2,0,0), we have

k

1
)= 5 D uale®] + o(l )
i=0

k—1
1
Vs (z ZJD(Z Vua[€®] 4 o(|€]F1).

Since
D Jus[eM] = DI (Vup - )[4V = ¢ (DI (V) (1Y),
by applying Cauchy-Schwarz inequality we obtain
DG u2l6™N] < [¢l| DG (Vu) € V)].
It follows that
(71) uz(2)[* < [€%[Vua (@) +o(€**) Vo e Q" ¢ (zn-1,25) €U
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For z € Q" such that (zny_1,2zn) € U, we let (2y-1,2n) be the point introduced in the
above proof of claim (69), we set £ = (2/,xy_1— 2n-1,0), and we argue in a similar way
as above. We obtain

(72) uz(2)* < €% Vua (@) + o(|€**) Ve e Q" ¢ (an-1,28) €U
Integrating |us|? over Q" and taking into account that, by the (ﬁ)—concavity of hp,

for small §,, we have fU hy > m, we get, for some positive constants C; and Co,

(mm%/hWZ/’WPZ1{/&“D@WM®W+%WW»ZC&M%/hW
U Qn (k)2 Ju v U
Now, summing (71)-(72) over €2,,, we obtain
5721 an |VU2|2
Jan luzl?

This is not possible since 4, — 0 and, from (67), the ratio T Tl is bounded from
Qn

>1+0(1).

above. As a conclusion, our assumption that us is identically zero on U fails to be true,
yielding (70). O

6. THE NEUMANN GAP

Through the addition of few specific new results, the approach developed in the previous
sections leads to a quantitative lower bound for the first nontrivial Neumann eigenvalue
11(Q, ¢) defined according to (2), where ¢ is a generic positive weight in L(£2) which is
no longer related to the first eigenfunction, but is power-concave, a particular case being
¢ =1.

Actually, the statement of Theorem 2 holds more generally with pu;(€2) replaced by
111(82, #), being ¢ any weight which is ()-concave for some m € N\ {0}. Such assump-
tion is needed not only for the existence of an eigenfunction @ (see Proposition 43 in
Appendix), but also for the control of the constant ¢ in Theorem 2.

The proof proceeds along the same line as Theorem 1, being considerably simpler and
yet demanding some nontrivial new ingredients. The main difficulty arises from the fact
that an eigenfunction @ can no longer be identified with Z—f We point out that this
identification was crucial to obtain Proposition 32, which in turn allowed to reach a
contradiction in Case 2.2.2.2 of our proof of Theorem 1 for N = 2.

To overcome such difficulty, we manage to acquire a control on the Lebesgue measure of
the cells of the partition in terms of the width of €2. This will be possible thanks to the
following new geometrically explicit L> estimate for Neumann eigenfunctions (see [15]
for global Lipschitz regularity results):

Proposition 38. There exists a positive constant C depending only on N + m such
that, for every open bounded convex domain Q@ C RN with diameter Dq and any positive
%—concave weight @, a first eigenfunction w associated with the Neumann eigenvalue

u1(Q2, @) satisfies

N+m

(73) ]| ooy < Cra (€2, 0) 2

Dy+™
(f ¢) 1/2 ||u||L2(Q,¢)
Q
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Remark 39. (i) In the particular case ¢ = 1, the estimate (73) reads

_ ~ DY
(74) [l] oo () < Cua(€2)2 L [l L2y -

(ii) As it can be seen for the proof below in case ¢ = 1, the result continues to hold for
any Neumann eigenpair.

(iii) Combined with the result proved by Maz’ya in [43, Section 2], and with the upper
bound for the relative isoperimetric constant stated in [17, Theorem 1.4], the inequality
(74), written for an arbitrary Neumann eigenpair (p(€2), ug) gives the following gradient

estimate
N+1

N, D
IVur]l ooy < Cr(2) = ’Q [kl 2 (@)

Q|2

Proof. Let us start by proving the result for ¢ = 1. Let a; > as > --- > ay denote the
semi-axes of the John ellipsoid of €. Since (74) is invariant under scaling, we are going
to assume without loss of generality that a; = 1. In order to reduce ourselves to work
with domains having the unit ball as John ellipsoid, we perform the change of variables
X =T(x), with
X =a1, Xo=22 . Xy=2N
az an

Taking into account that a; is comparable to Dq, it is readily checked that, in terms of
the function v defined on T'(2) by

U(Xl, .. ,XN) = ﬂ(Xl,ang, .. .,CLNXN),

the inequality we want to prove becomes:

N
(75) [0l oo (i) < Cri (DNl 2@y -
Setting for brevity A :=T(2) and ¢ = (¢1,...,cN) := (a%, cey a%), it holds
1 N
_ N v |2
o V| - >ic1 Ja ’887)(2-’ ¢ dX

pa () := fgﬂz = fA 02 dX =: pie(A),

and the optimality of @ can be reformulated as the following variational property of v

N
.av dp 1
(76) g /A i 92 = pe(A) /A v Vo H'(A).

We now use the Moser iteration scheme: we claim that, if a solution v to (76) belongs

N
to LP(A), then it belongs also to L3 (A); more precisely, for a dimensional constant
C, it holds

N—-1
N

) ()™ gcucm)g(lf’il) [
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To prove the claim we observe that, if v € LP(A), we can take |v|P~2v as test function

n (76). This gives
[
— Alaxi 0x;

L Cor) ma [
o -5 o < mingl [

Jwr+ [ werr= [ e [ [9ieE?|= [ prez | o
A A A U A A

for every positive constant o > 0 we have

e [ et < [ +a / of? + / MEH
A A
< (a+1+ Lp(a /w
[0

Next we observe that there exist positive dimensional cor§tants C'" and C" such that,
for every function w € WH1(A) (extended to zero outside A), it holds

@ ([e) T <o [vats [ ) <er( [l [ ).

Here the first inequality is due to the continuity of the embedding of BV (R¥) into

L~ (RY), and the second one to the continuity of the trace operator from W1t1(A4) to
L'(0A). Notice in particular that the fact that C” is purely dimensional is due to the
condition that the John ellipsoid of A is the unit ball (so that the outradius and the
inradius of A are controlled respectively from above and from below).

By applying (79) with w = |v|P, we infer from (78) that

(/’ |1\Ir'N1>NN1<CN< L1t (A)pQ)/| P
4 =0\ oA —1y) L

The validity of our claim (77) (with C' = %") follows from the above inequality af-
ter noticing that, by Payne-Weinberger inequality, and since we have fixed a1 = 1,
te(A) = p1(€Q) is bounded from below by a dimensional constant so that, for « below a
dimensional threshold,

and hence

Since

(78)

p2

1
< = N
a+1< aHC(A)AL(p— D
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We now apply (77) recursively: setting po = 2 and pg41 = %pk (i.e., px = 2(—)k),

© 1o N—1
this gives
5 1

| < (Cpe(A))e (Lo )"
V] pir(ay < (Cic(A)) P 20pr —1) 10l Lok (4 -

In the limit as k — +o00 we obtain

[e%] 1 pi 1
V|| oo gy < Cle(A))rr [ —L— )" ||lv .
ol < T o) ()™ el

The validity of the required inequality (75) (for some dimensional constant C) follows

by noticing that
1_1 <N_1> _N
Pe 2 = N 2

1

0 p2 1 0
k )Plc < Pk

7 < Pt < +00.
[ (35, =5y)" < 1L

k=0

k>0
and

The case of a general (%)—concave weight ¢ is obtained by collapsing, relying on the
results proved in the Appendix. Precisely, we write inequality (74) on the domain
Q. € RV*™ defined in (88), and we obtain the validity of (73) in the limit as ¢ — 0, by
using the lower semicontinuity inequality (89) from Proposition 43.

O

We are now in a position to give the proof of Theorem 2. The idea is the same as for
the Dirichlet case: reduce the N-dimensional gap estimate to a two-dimensional one.
However, the two-dimensional one will involve a geometric weight, and so we are going
to prove it more in general replacing p1(€2) by u1 (€2, ¢), where ¢ is a fixed positive weight
which is (L )-concave for some m € N\ {0}.

To avoid cumbersome overlaps, we are going to outline the parts which closely follow
the proof of Theorem 1, focusing our attention on the differences.

As in the case of the Dirichlet fundamental gap, by the Payne-Weinberger reduction argu-
ment, estimating from below 1 (€2, ¢) amounts to estimating from below a weigthed one-
dimensional Neumann eigenvalue of the type u1(Z,p). The difference must be searched
in the weight: now p = h¢, where ¢ is the preassigned power-concave weight (which
replaces u%), while h is still, as in the Dirichlet case, the power-concave function giving
the (IV —1)-dimensional measure of the cell’s section orthogonal to I. As a consequence,
the one dimensional part of the proof is much simpler. Indeed, by the log-concavity of
p, Lemma 6 still holds, so that

. 3 p/ 2 1 p//
Ml(va) > )\l(I’mp) ) with My = |:Z (E) — 5?] .
Now, the counterpart of the sharp one dimensional lower bound for A(I m,) given in

Theorem 8 reads simply as follows: since p is log-concave we have that m,, is a positive
measure and hence, working for definiteness of the interval I;, we have

M(Inymyp) > M(Ir) = 1.
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By analogy with Theorem 21, keeping the notation I; = (—%l, %) for any 0 < d < m, the
above inequality can be refined in two distinct directions:

(i) There exists an absolute constant C' > 0 such that

2

(80) M(Laymy) 2 M(13,0) = 5 = 1+ Cx = d).

(ii) There exists an absolute constant K such that, if p = h¢, with h log-concave and
affine on an interval [a,b] with Iz C [a,b] C I4, the following implication holds:

min{h(a),h(b)} 12

(81) Mg, mp) <2 = M(lg,mp) > 14 |1~ max{h(a), h(b)}

We remark that the lower bound (80), in which the exponent 1 replaces the exponent 3
appearing in (30), is a straightforward consequence of the Taylor expansion of % as

e — 0%. On the other hand, the lower bound (81) can be proved in similar way as (31).
Passing to higher dimensions, the results in Section 3 about weighted measure or L2
equipartitions remain unaltered working with our new weight.

Then, by using measure equipartitions, as a counterpart to Proposition 29, we obtain
the following localized version of the (weighted) Payne-Weinberger inequality:

2 —d
(52) piw.0)> o+

where w C Q2 € RV (N > 2) are open bounded convex sets of diameters d < D.

With this inequality at our disposal, we proceed to prove the quantitative inequality.
Notice in particular that it is not necessary to prove preliminarily rigidity as in the
Dirichlet case: if the quantitative form of the Payne-Weinberger inequality holds true
for cells with diameter larger than 7 and second John semi-axis smaller than a fixed
threshold @, rigidity follows as direct consequence. Indeed, we consider a partition of
Q) into cells with second John semi-axis smaller than as. If a cell has diameter smaller
than 7, we get rigidity. Otherwise, all cells have diameter equal to m, and we get as
well rigidity by writing the quantitative form of the inequality for a single cell, which
has a strictly positive second John semi-axis. (Notice that, in the Dirichlet case, due to
the presence of the weight u?, a quantitative inequality for convex sets with small width
does not imply a quantitative inequality on a single cell).

The proof of Theorem 2 is carried over first in case N = 2 and then for N > 3. In
dimension N = 2, we are going to use, in place of Proposition 32, the following result

obtained via the L™ estimate given in Proposition 38.

Proposition 40. There exists a positive constant A, depending only on N + m, such
that: if Q@ C RY is an open bounded convex set, ¢ is a positive (%)-concave weight in
LY(Q) and @ is a first eigenfunction for i (2, ¢) normalized in L*(2, ¢), and w is a cell
of a p-weighted L? equipartition of T in  composed by n cells, it holds

2]

lw] > A—.
n
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Proof. By Proposition 38, we have

= 20T ey < Cpn(Q, )N TR

Since 1 (€2, qS)Dé(Ner) is bounded from above by a constant K depending only on N+m
(see [37, 31] for ¢ = 1 and Proposition 43 for the general case), we conclude that

[o=1 [ o

On the other hand, we have [|¢[| ) < +0c0 and, assuming with no loss of generality

that 0 € © is a maximum point for ¢|q, the (%)—concavity of ¢ implies that ¢(x) >

%”d’HLw(Q) for every z € 3Q. Hence
1
/Q¢ 2 g 0l () [€2]-
We deduce that

K K
llollim = [ 025 [ 62 —iolim@el.

and the result follows with A = 5. O

Proof of Theorem 2 in dimension N = 2. We follow the same geometric construction
as in the proof of Theorem 1. Relying on the inequalities (81) and (82), all the cases
work as previously, exception made for the last one, Case 2.2.2.2. To prove that this
case cannot occur, the contradiction argument is still based on the validity of claim (60).
The proof of such claim proceeds unaltered up to the inequality (61). At this point
we have to argue differently. Indeed, in the Dirichlet setting, the estimate L™ > %
was obtained through the control on the length of the cell’s section due to Proposition
32 (whose proof is no longer valid in the Neumann setting because it is based on the
identification of a first eigenfunction with Z—f) However, the validity of the estimate

Lmin > % can be recovered thanks to the control on the cell’s area due to Proposition
40. Once we have this estimate, claim (60) follows, and the proof can be concluded as
in the Dirichlet case. [l

Proof of Theorem 2 in dimension N > 3. Let us prove the inequality for ¢ = 1 (the case
of a general (%)—concave weight follows by collapsing, using Proposition 43).

It is not restrictive to prove the statement under the following assumptions: Dq = ,
p1(Q) < 72 + 1, and Q smooth, so that a first eigenfunction u for u1(£2) belongs to
C?(Q). We fix a coordinate system (ej, ..., ey) such that a; is aligned with e; and as
is aligned with ey. For every n € N, we consider a L? equipartition {Qy,...,Q,} of u
in €2, obtained by the procedure described in Remark 25, namely by using a family of
cutting hyperplanes parallel to ey, in such way that, for n large, any cell {2; becomes
narrow in (N — 2)-directions, i.e., arbitrarily close to a 2D-convex section U;. Via the
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usual argument a la Payne-Weinberger (namely arguing as in Lemmas 26 and 27, except
that now our cells are narrow in (N — 2) in place of (N — 1)-dimensions), we obtain

#1(Q)>1UJ1(U ¢)+0(]‘) VZ:L,TL,
1

where ¢ is a (575 )-concave weight, and o(1) is an infinitesimal quantity as n — +oo.
By the quantitative inequality already proved for the weighted Neumann eigenvalue in
2D, we infer that

() > 1+ cwg +o(l)  Vi=1,....n

We now search for a good proportion of cells such that wy, controls from above ag. It
is not restrictive to confine our search among cells whose diameter is sufficiently large
(otherwise, if for a fixed proportion of cells the diameter is small, we easily obtain the
quantitative inequality from (82), by arguing as in the Dirichlet case). For cells with large
diameter, wy, is comparable to the width of U; in direction ey, Which by construction is
equal to the width of €2; in direction ey, hereafter denoted by wQ We claim that there
exists a dimensional constant K such that

(83) wé{, > Kay VieZ, C {1,...,n} with card(Z,) >

1\3\3

Indeed, for ¢t > 0, let us denote by Z! the family of indices i € {1,...,n} such that
wgi < tas. We have

\wi\ ~ wgiHN_l(He%V (wz)) < tGQHN_l(Heﬁ(wZ')) Vi € Ifz .

On the other hand, for every ¢ = 1,...,n, by Proposition 40 we have, for dimensional

constants A, A’/
/

A
lwil > =19 > —ajaz...an.
n n

We infer that
A/
—aiaz...ay < t’HN_l(He# (w;)) Vie It .
n
Summing over i € Z%, we obtain

A/
card(Z!) —aiaz...ay < t’HNfl(Hei(Q)) ~tajaz...an,
n

which implies
/

A
t —card(ZL)— > 0.
n

Then claim (83) is proved taking Z,, := {1,...,n} \ Z! , with t :== &
In view of (83), our proof is easily achieved by applying in the usual way Lemma 28:

m Vu
Q) = f7’|vu’2 > fo; ‘|u|2’ > *[ZM(Q@')%- Zﬂl(ﬂi)}

i€Tn igT,
1

- [(1 + Ka3)card(Z,) + (n — card(In))} >1+ %a% .
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7. APPENDIX

In this section we fix some results about weighted Neumann eigenvalues of the type
p1(€2,p), defined according to (2). First we consider the case when p equals u2, and
then the case when p equals a (%)—concave function ¢. In both cases we have that an
eigenfunction exists: in the former case it can be explicitly identified with the quotient
between the second and first Dirichlet eigenfunction, in the latter case it can be obtained
by a collapsing procedure, namely as the limit of rescaled Neumann eigenfunctions in
higher dimensional convex sets with suitable profile.

Proposition 41. Given an open bounded convex domain  in RN, let A\1(Q2), A2(Q) and
uy,ug be the first two Dirichlet eigenvalues and eigenfunctions of Q (normalized in L?),
and let pu1(Q,u?) be defined according to (2). Then it holds

pa(,uf) = A2(Q) = (),

and an eigenfunction for ui(Q,u?) is given by u = “2.

w
Proof. When ) is smooth, the result is well-known [14, Section 1.2.2]; actually, in this
case we have that ©w = ﬂ is smooth up to the boundary of €2, see [50, Appendix A].

When € is not smooth the statement can be obtained by approximation. Consider
an increasing sequence of open smooth convex domains ). C 2 converging to 2 in
Hausdorff distance as ¢ — 0. For i = 1,2, let X\j(Q2) and u; denote the first two
Dirichlet eigenvalues and eigenfunctions of €., normalized in L?, and extended to 0 in
O\ Q.. We claim that, in the limit as ¢ — 0, we have

Ai(Q2) = Xi(Q), uf — u; in H () i=1,2, uj — g in L®(Q).

To prove this claim we observe first that, for € small enough, the domains {2. contain a
fixed ball. Hence, by the decreasing monotonicity of Dirichlet eigenvalues under domain
inclusion, the sequence \;(€2) is bounded. It follows that Auf is bounded in L?(Q.),
and hence u¢ is bounded in H?(€.) (see e.g. [26, Theorem 3.1.2.1]), so that up to
subsequences it converges weakly in H?(Q2) and strongly in H}(2); then, the limits of
Ai(Qe) and u§ can be identified respectively with A\;(€2) and wu; (see e.g. [12, Section
4.6]). It remains to prove that uj — w; in L*°(€Q2). By [18, Lemma 3.1], there exists a
dimensional constant C' such that [|[u5||ec < CA1 ()4, s0 that the sequence u$ remains
bounded in L (£2.).

In turn, this implies that sup, ||Vu§||p=.) < +oc. Indeed, denoting by w*® the torsion
function on €. (i.e. the unique solution in H} () to the equation —Aw =1 in ), by
direct computation the function

Py(w) = |Vui[* + A () (u5)* — 203 (Qe) s |12,

is subharmonic in Q. (see also [13, Section 3]|). Hence P. attains its maximum at the
boundary. The uniform boundedness of Vuj in L*°(€2.) follows by taking into account
that [[w®|| e (q.) is bounded from above by a constant depending on |[©2°| and that, by a
classical barrier argument, ||Vu§||ze(s0.) is bounded from above by A1 (€2)||uf||c-
Hence the functions uj are equibounded and equicontinuous in {2, and the uniform
convergence of uj to u; follows from the Ascoli-Arzela theorem.
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Now we observe that the function @ is admissible in the definition (2) of u1(£2), so that
(84) (9, u2) < / VPl dx
Q

By the strong convergences u — u; in Hj(Q), for every compact set K C Q, setting

£

v® == 22, up to subsequences it holds [Vo°[*(uf)? — |Vul*u? a.e. on K. Hence, by
1
Fatou’s lemma,

(85) / ]Vﬂ|2u% dz Sliminf/ |Vv€|2(u§)2 Sliminf/ ]Vv€|2(u§)2.
K e—0 K e—0 QE

By (84) and (85), exploiting the arbitrariness of K, and using the statement for the
smooth domains €., we obtain

(86) p1(Q,u?) < /Q \Va|2u? dx < hgélf(xg(gg) —A(2) = A2 (Q) — A\ (Q).

To conclude the proof, it remains to show that the two inequalities in (86) are in fact
equalities. Let § > 0 be fixed, and let vs be a function in Hlloc(Q), with fQ v?u% =1
and [, vsud = 0, such that p1(Q,uf) > [, |Vus/*ui — 8. Since Q. C Q, we have that
vs € H (). If the approximating domains (). are suitably chosen, we have

lim ﬁmﬁz/ﬁﬁ@>,
Q

e—0 Qe

(87) imy | () = / vpti2 (= 0),

e—0

Q
iy [ Ve )? = [ [Vt
e—0 Qe Q

More precisely, by the uniform convergence of uj to u; and Lebesgue dominated con-
vergence theorem, the equalities in (87) are satisfied provided € is chosen so that, for
some 7 — 0, u] < (14 mn:)u;. Such choice is possible thanks to the following argument.
Fix the origin at the maximum point of u1, and consider a small contraction (1 — &)$2
of € with respect to the origin. The log-concavity of u; allows to order by inclusion the
level sets of the functions ui(7%z) and ui(z), yielding that ui(1%;) < ui(x) for every
x € (1 —¢)Q, with strict inequality except at the origin. Then, taking 2. as a smooth
convex approximation of (1 — ¢)Q, we get the required inequality uj < (1 + 7.)u, for
some 1. — 0.

We finally notice that the convergences in (87) remain true if we replace therein the
functions vs by their translations and normalizations vs ., defined by

Vs — ﬁ fﬂg vs(uf)?

o5 =7 Jo. v (il ey

Use :
Since vs, is an admissible test function for u1 (€, (u5)?), by using the statement for the

smooth domains ). we obtain

p1(Q,uf) > limsup [ |Vose|*(uf)? =6 > limsup[Aa(Q:) =1 () —0] = X2 (Q)—A1(2) 6.
Qe

e—0 e—0
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Eventually, by letting 6 — 0, we conclude that the two inequalities in (86) hold with
equality sign. O

We now turn attention to the case of power-concave weights. For the convenience of the
reader we start with the following

Lemma 42. Let Q2 be an open bounded convex domain in RN, and let ¢ € L'(S2) be

a positive weight which is (X)-concave for some m € N\ {0}. Then the embedding

HY(Q,¢) < L*(Q,¢) is compact.
Proof. Let Q C RN+™ be defined by

O={(@y) eRY xR": 5 €Q, |lyllgn < w6V (x)} .

Since ¢!/™ is concave, Q is open and convex, so that H 1((2) is compactly embedded into
L?(Q2). Now, if {u,} is a bounded sequence in H' (L, ¢), setting @, (z,y) := un(z) we
have

[ g dody = [ i ()o(o)
Q Q
| Vasinl ) dedy = [ Vaua@)o0) do
Q Q
Then, up to subsequences, @, converges weakly in H'(Q) and strongly in L2(Q

) to
function @ € H'(2). Since @ is constant in the y variable, the function u(z) := ﬂ(az Y
belongs to H'(€, ¢), and u,, converges strongly to u in L?(£2, ¢).

D

Now, under the assumptions of Lemma 42, the compactness of the embedding H' (12, ¢) <
L?(€2, ¢) ensures that the operator mapping a function f € L?(12, ¢) with Jo fé = 0into

the unique solution to
f Vv
ity (3. 7eF0= [ 100)

is positive, self-adjoint, and compact. Then the eigenvalues of the weighted problem

—div (¢Vu) = pu(Q, ¢p)pu in Q

0

gba—:j =0 on 99

can be computed by the classical min-max formula. In particular, we have that
Vul?¢
(2, 0) = inf Jol 2‘
weHY (Q0)\{0}, [ up=0 [ u?¢

and the infimum is attained. We now show that the above eigenvalue and a first eigen-
function associated with it can be obtained by collapsing, i.e. by a limiting procedure as
as € — 0T starting from the convex hypographs

(88) Q. := {(m,y) ERY xR™: z€Q, |yllgm < €w;11/m¢>1/m(9:)} C RV*™,
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Proposition 43. Let Q be an open bounded convexr domain in RY, and let ¢ € L' (Q) be
a positive weight which is ()-concave for some m € N\ {0}. Let . be L?-normalized
first eigenfunctions associated with puy(Qe). Setting ue(X,Y) = e2a.(X,eY), up to
subsequences we have

11(Qe) = pa (L ¢) and ue — @ in L2(),

where W(X,Y) = uw(X), u being a L*(Q, ¢)-normalized eigenfunction associated with
w1 (2, ¢). In particular

(89) [ul| Lo () < llrerig(r)lfzs? el oo (G-

Proof. By the change of variables X = z,Y = %y, we get

1 N N
/5 IV xue|> + 8—Q\W%\?dXdY = /5 Vi |* + |Vyie |*dedy = 11(Q:)
1 £

/~UE(X,Y)dXdY=1, /~ug(X,Y)dXdY:0.
Q o

From Kroger’s inequality [37], we know that limsup uq(2:) < 400, so that {u.} is
bounded in H' (ﬁl), and possibly passing to a subsequence it converges weakly in H* (ﬁl)
to some function @ with Vy@ = 0 in ;. Setting u(X) := a(X,Y), we get that Joue =
1, [qu¢ =0 and

n(.6) < [ [VuPo < timint (@),
[¢) e—0

To show the converse inequality, let v be a normalized first eigenfunction for p;(€2,¢)
and define

m

. € HY(Q.), Ue(z,y) == 2v(x).

/Nf;gzo, [@3:1, /Vv|2¢:/~ Vo %,
Q Q Q Qe

We have

so that 0. is a test function for p1(€2) and p1(Q, ¢) > limsup,_,q p11(€2:). We conclude
that the equality (€, ¢) = lime_0 p1(€2) holds, and that the function u above has to

be an eigenfunction for u1 (€2, ¢). Together with the convergence u. — @ in L2(€2;), this
implies (89). O
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