POINTWISE CONSTRAINTS FOR SCALAR CONSERVATION LAWS WITH
POSITIVE WAVE VELOCITY
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ABSTRACT. We consider a conservation law with strictly positive wave velocity and study the
well-posedness of a suitable notion of solution for the associated initial value problem under a
pointwise flux constraint active in the half-line R .

The strict positivity of the wave velocity allows for the dynamics in the unconstrained region
R_ to be fully determined by the restriction of the initial data to R_.

On the other hand, the solution in the constrained region is dictated by the assumption
that the total mass of the initial datum is conserved along the evolution. We formulate the
transmission condition at the interface {x = 0} in such a way that the boundary datum for
the initial boundary value problem posed on Ry is given by the largest incoming flux that is
admissible under the constraint, while the exceeding mass is accumulated in a “buffer” (as an
atomic measure concentrated at the interface).

1. INTRODUCTION AND MAIN RESULT

1.1. Conservation law models with pointwise density constraint. We are interested in
studying the effect that a pointwise constraint on the flux has on the dynamics of the scalar
conservation law

(1.1) Oyu + Oy f (u) = 0, t>0, zreR,

where wu : [0, +0) x R — R is the unknown and f € VVI}EOO(R) is a non-negative fluzx function.

We assume that the wave velocity f’ is strictly positive. Several models of interest verify this
hypothesis: e.g., f(u) = (u+¢)?/2, provided u > 0 (Burgers’ flux); f(u) :== (u + ¢)? sign(u + €)/2;
f(u) == (umax — v)u (Greenshields-LWR, traffic model), provided 0 < © < umax/2; and f(u) =
it for t| < Umax (Which arises in several supply-chain models).

To introduce the constraint, we split the physical domain into two semi-lines, Ry. On the
negative semi-line R_, the flux is not limited; on the other hand, R, represents a “critical path”,
where we impose a constraint u < 1 or, equivalently (since the flux is strictly monotone), f(u) <
7).

We assume that ug € L'(R) n L¥(R), with ug > 0, and that the initial state is consistent with
the constraint, i.e.,

(1.2) up(z) <1 for zeRy,.

If up € [0,1], then Kruzkov’s solution of (1.1) over [0,+00) x R satisfies u < 1 owing to the
maximum principle—thus, it satisfies the constraint automatically. However, values of ug that
exceed 1 over R_ may invade R, under the action of Kruzkov’s semigroup? (St) =g, following the
corresponding characteristics z(t) = xg + tf (uo (zo)). If this is so, the constraint is violated and
Kruzkov’s entropy solution must be discarded.

1.2. A new notion of solution under constraints. Let us follow the dynamics in order to
build a suitable notion of solution.
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IThat is, for every up € L1(R) n L®(R), u(t, -) = St[uo] is the unique entropy solution of (1.1) corresponding to
the initial condition ug. We refer to [25] for further information.
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Because of f’ > 0 and the lack of constraint on R_, the restriction ug_ of the initial data to R_
fully determines the solution u_ of the problem

(1.3) Oru_(t,x) + O f(u_(t,x)) =0, t>0, xeR_,
' u_(0,z) = up_(x), reR_.
That is, if we extend ug as a data vy over the whole line R and let v(t,-) = S¢[vg], then the

restriction of v to [0,4+00) x R_ does not depend upon the choice of the extension (cf. also the
discussion around (3.4) below). We recall that u € L ((0,90) x R) is an entropy solution of (1.3)

loc

if, for every convex entropy 1 € C?(R) with entropy-flux ¢ (given by ¢’ = f'n'),

(1.4) om(u) + dzq(u) <0,  n(u(0,-)) = n(uo),

holds in the sense of distributions in [0, +00) x R. See [25] for further information.

Thanks to this observation, the entire problem is reduced to an initial boundary value problem
(IBVP) in R, :

Btu++8xf(u+):(), t>0, $€R+,

with an initial datum yet to be determined to realize the constraint f(u) < f(1). At the times
t > 0 when the incoming boundary datum, f(u_(t,0)) exceeds the constraint, there are only two
options to enforce the constraint: since no “spill-back” of the density is possible (owing to f' > 0),
either mass disappears or, if we assume that it is conserved, it must accumulate as a singular

measure, m(t)d(z—o}, a Dirac delta of mass m(t) > 0 concentrated at the interface {x = 0}.
Assuming the principle of conservation of mass yields

(1.5) JOOC u_(t,x)de +m(t) + LJFOO uy(t,x)de = M = J}R ug(z) dz.

The initial data are, respectively,
m(0) =0, uy(0,2) = uo4(x),

where g4 and ug_ are the restrictions of ug over Ry and R_, respectively?.
It now remains to see how, after density accumulates in the buffer, what boundary data arise
for the IBVP posed on R,. We start by observing that

d 0 d +00

al) u_(t,z)dx = —f(u_(¢,0)), rr uy(t,x)de = f (us(¢,0)).

The conservation of mass in (1.5) thus reduces to the ODE
(1.6) m/(t) = fu-(t,0)) = f (u(£,0)).

Notice in particular that, since both u4 are bounded®, the density m is Lipschitz continuous.
We now make a second crucial modellistic assumption: we suppose that flux f (u(¢,0)) entering
the critical path must be as large as possible. That is, we prescribe the following alternative:

(A) if m(t) = 0 (no saturation), then we prescribe

f (i (t,0)) = min {f(u_(,0)), f(1)}

(that is, u4 (¢,0) = min {u_(¢,0),1});
(B) if m(t) > 0 (saturated flow), then we prescribe

fug(t,0)) = f(1)
(that is, u4 (¢,0) = 1).

2More generally, we may also consider an initial concentration, i.e., an initial datum m(0) = mg, where mg = 0
is prescribed.
3
Indeed, [Ju—|Lo@_y < [uo-lpw@_y and [utlpor, ) < 1.
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An important consequence of this modeling is that the evolution of the density m is decoupled
from that of u,: indeed, from (1.6), we deduce the variational inequality?
(1.7) m =0, m' = h, m(m’' —h) =0, m(0) = my,

where mg = 0 (in the previous discussion, we considered mg = 0, because the evolution starts with
no mass accumulated at the interface, but we may indeed consider this more general situation)
and

(L8) him Flu_(t,0)) = f(1) € L* (Ry)
are given.
Once u_ is known and (1.7) is solved, we finally arrive to the formulation of the following
Dirichlet boundary-value problem:
(9tu++(9zf(u+) :07 t>0, .’L'ER+7
(19) U+<O,$) = uO+(.’L‘ ) z € Ry,
f(U+(t,O)):f+(t), t>0,

where incoming flux is defined by

_)min{f(u_(t,0)), f(1)} if m(t) =0,
(1.10) Jt) = {f(l) if m(t) > 0.

Since f(0) < fy < f(1) and f is strictly increasing, the last equality in (1.9) amounts to writing

i (5,0) = b(t), with b(t) = 1 (f+(1)) € [0, 1].
This is a classical IBVP for a scalar conservation law, which falls within the well-posedness theory
developed by Bardos, le Roux, and Nédélec in [11] (provided that b has finite total variation).
We emphasize that now the constraint is ensured by the maximum principle and the fact that

(be [0,1] or, equivalently, f, € [£(0), f(1)]).
This discussion leads to formulating the following theorem.

Theorem 1.1 (Well-posedness of a conservation law with pointwise constraint). Let us consider
the Cauchy problem for a scalar conservation law under constraint:

Oru(t,x) + 0 f(u(t,z)) =0, t>0, xeR,
(1.11) u(0,x) = ugp(x), z e R,
u(t,z) <1 zeRy,

where we suppose

f e Wh([ess inf ug, ess sup ug)), f'(u) =a>0 foruce [ess infug,ess supug];
up € L'(R;Ry) n LP(R; R,), uo(r) <1 forzeRy,
mo = 0.

Then there exists a solution

w(t,x) = u(t, z) + m(t) do,

with (u,m) € (L*((0,+0) x R) n L*((0,00); L'(R)) x R,
of (1.11) in the following sense:

S-1. u_ := 1 (_y 0)u is the unique entropy solution of (1.3) in the sense of Kruzkov;

S-2. m is the unique Lipschitz continuous solution of the variational inequality (1.7)—(1.8);

8-3. uy = Lo 1) u is the unique entropy solution of (1.9) in the sense of Bardos—le Rouz—
Nédélec.

4This is, more precisely, the complementarity problem associated with a variational inequality. It can be equiv-
alently formulated as

min{m’ —h, m} =0, ¢>0,
m(0) = mg.
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Moreover, if (4, m) is such a solution of (1.1) with initial data (G, ™g) as above, then the following
inequality holds:

J lu(t, ) — a(t, z)| dz + |m(t) — m(t)| < J |u(0, z) — a(0, z)|dx + |mg — mol|, for t =0,
R R

which, in particular, implies uniqueness for the Cauchy problem (1.1).

1.3. Proof of Theorem 1.1. The proof of Theorem 1.1 consists of three steps.

First, we note that the existence, uniqueness, and L'-contraction property for entropy solutions
of (1.3) follows from Kruzkov’s theory.

Second, we show that the variational inequality (1.7) has one and only one Lipschitz continuous
solution. This is carried out in Proposition 2.1 of Section 2.

Finally, in Section 3, we consider the IBVP (1.9). In Proposition 3.1, we prove that the boundary
datum (1.10) has finite total variation. As a consequence, we can apply BLN’s result (recalled in
Theorem A.1 and Appendix A below) to conclude that there exists one and only one entropy
admissible solution of (1.9).

Putting these considerations together, the proof of Theorem 1.1 is complete.

1.4. Comparison with the related literature. Conservation laws with pointwise constraints
on the flux have attracted much attention because of their applications, especially to traffic flow
models (which typically feature bell-shaped fluxes). In [21], Colombo and Goatin introduced the
concept of point constraints on the flur (i.e., constraints at a single point, x = 0, of the type
f(u(t,0)) < q(t) for t > 0) to the first-order model for road traffic. Their aim was to describe
the effects of obstacles along the road (e.g., toll gates, traffic lights, or localized construction sites)
and the flux function, f : [0,1] — R, featured in the model was Lipschitz continuous and bell-
shaped. The key component of the proof of the well-posedness result in [21] is approximating the
constrained conservation law by one with a discontinuous flux function.

This result was generalized in several directions, e.g., in [5, 3], where the authors also ad-
dressed the interpretation of this model in terms of the general theory of conservation laws with
discontinuous-flux (for which we refer to [6, 23, 22]).

Assuming that the discontinuity is located at x = 0 and imposing the validity of Kruzkov’s
entropy inequalities separately on (—o0,0) and (0, +o0), it turns out that every pair w, v of L*®
solutions satisfies

J lu(t, z) — v(t,z)|dz < f |u(0,2) — v(0,z)|dx + f W (u(t,01),v(t,0+)) dt,
R R 0

where W is a quantity that depends only on the traces u(t,0+t), v(¢,0+) of v and v at = 0. If the
aim is to build an L'-contracting semigroup of solutions, as in the classical theory of conservation
laws, then we need W (u®,v*) < 0 for every pair of solutions. In [6], Andreianov, Karlsen, and
Risebro introduced the notion of L!-dissipative germ to encode the condition W < 0: at a point
of discontinuity of the flux f, a germ G is a set of pairs (u~,u") satisfying the Rankine-Hugoniot
condition
™) = flut)
and the dissipation condition
W (u®, v%) <0 forall (u=,u"), (v ,v")eg

Given a L'-dissipative germ G, they showed uniqueness of a G-entropy solution, i.e., a solution of
the conservation law satisfying Kruzkov’s conditions outside the origin and whose traces at x = 0
belong to G.

Various L!-dissipative transmission conditions (i.e., several L'-dissipative germs) have been pro-
posed. Selecting the transmission condition is a modelistic choice: several conditions are available
in the literature in order to have that W < 0, which lead to different physically relevant semigroups
of solutions.

We complement the analysis of [6]. In fact, we are dealing the case of a discontinuous flux

Fo oy [ few) = ), o<,
(1.12) f(z,u) {fr(u) = min{f(u), f(1)}, ifz>0,
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where f' > a > 0. In case of saturation of the u < 1 constraint, the analysis of [6, Section 4.5] yields
the non-existence of L™ G-entropy solutions that conserve mass for the conservation law driven by
f (because the Rankine-Hugoniot condition at the interface generally does not hold). Addressing
this issue, we consider a different notion of transmission condition at the interface {x = 0}: instead
of encoding Rankine-Hugoniot, we introduce a buffer density m that allows for the mass that is
concentrated at the interface {x = 0}.

This viewpoint is somewhat similar also to the one of [9, 7, 8] where a Dirac delta is added
(as a source term in the PDE though, instead of at an interface transmission) to allow for energy
conservation in a fluid—structure interaction model.

We also refer to [1], where a non-classical shock arises from an “overcompressive” flux pair across
the interface {x = 0}: the mass only enters the interface from both sides. This is different from
our case: namely, mass in the “buffer” can only increase.

Further results on conservation laws under constraints are contained in [3, 10, 4, 31, 32, 28, 27,
13, 26].

A model for traffic flow at a junction used in [16, 17, 18] is also somewhat related to our set-up:
if the flux of cars at a junction that wants to enter a certain road is larger than the given maximum
flux allowed on that road, they are placed in a queue, first-in-first-out; specifically, in these three
works, it is assumed that the queue can occupy a buffer of unlimited capacity, restricted to a
certain size, or to a vanishing size, respectively.

Finally, we mention that, in [41, 29, 12, 38, 14, 40, 15, 39], the formulation of conservation laws
with constraints on the density was treated in a different way (as a variational inequality, more
closely related to parabolic obstacle problems) by using a penalization method & la Stampacchia.
However, in this work, the mass of the initial datum may be lost during the evolution due to the
obstacle, which is not desirable in traffic or supply-chain modeling. To address this issue, in [2],
a nonlocal Lagrange multiplier was incorporated in the penalization argument; this, in turn, gave
rise to a different set of challenges: the question of the uniqueness of the constructed solution
remains open and the property of finite speed of propagation does not hold.

Yet another way to enforce constraints (broadly speaking) on the profile of the solution at time
t is to turn the problem into a flux identification question: from an initial datum and solution
satisfying some properties (e.g., one-sided bound), reconstruct a suitable flux that produces that
solution. There are several papers about this type of inverse problem, for both linear and nonlinear
conservation laws, e.g., [19, 36, 20, 34]. In these works, however, the given information is not just
an L®-constraint on the solution, but more precise, i.e., the exact profile of the solution at time ¢
in (a subregion of) the domain (or its trace on the boundary of the domain).

2. EXISTENCE AND UNIQUENESS OF m

In this section, we study the variational inequality (1.7). We show that it admits a unique
solution, which is explicitly characterized as the smallest function m satisfying the initial data and
m =0, m = h.

Proposition 2.1 (Well-posedness of the variational inequality). Let mg € Ry and h e L* (Ry) be
given. Then the variational inequality (1.7) admits a unique Lipschitz continuous solution, which
1s explicitly given by the formula

m(t) =inf {p(t) : pe K;}, forallt=0,

2.1
(2.1) where K; = {p e C([0,t]) : p(0) =mg andp =0, p' = h in [O,t]}.

Here, the differential inequality p’ = h is to be understood in the distributional sense: i.e.,

(1 <t)= <p(t) = p(T) + Jt h(s) ds) .

T

Moreover, given mg € R and the corresponding solution m (with same h), we have that the map
t — |m(t) — m(t)| is non-increasing.

Remark 2.2 (A representation formula). A (non-explicit) formula for the in (2.1) is given by

¢ ¢
(2.2) m(t) = mo + J ht(s)ds — J b (8) L gm(s)>03(s) ds, =0,
0 0
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where h = h™ — h™ is the splitting of h into positive and negative part.

We claim that m € K;. First, we have that m is continuous and m(0) = mg. Second, m > 0.
Indeed, if, by contradiction, there exists t* > 0 such that m(¢*) < 0, then, by continuity, there’s an
interval (¢* —§,t* +§) where it is negative and m(t* —0) = 0, and then m(t*) = mo+ S(t) ht(s)dz—

t* -5

o h7(s)ds =m(t* —§) = 0, which is absurd. Finally, m’(t) = h*(t) — h™ (t) Lm0y = h(t).

Next, we claim that, for any p € K;, m < p. By contradiction, let p € K; and t* > 0 such
that p(t*), m(t*) > 0, and p(t*) < m(¢*). Then, there exists § > 0 such that m > p > 0 in
(t* —6,t* + 6) and m(t* — §) = p(t* — §). Then

¥
p(t*) = p(t* —8) + J h(s)ds
5
t* t*
=m(t* —d) + J h*(s)ds — J h™(s)ds
t¥—4§ tk—§
t* t*
= m(t* —9)+ J ht (s)ds — J hi(S)]l{m(s)>0} ds
t¥*—§ tk—§

= m(t*),
which is a contradiction.

Proof of Theorem 1.1. Step 1. The representation formula gives a solution. The function m given
by (2.1) is non-negative and satisfies

m(0) = inf {p(0) : p € Ko} = my

Moreover, by definition of K, it satisfies m(t) = 0 and m/(t) = 0 for all ¢ > 0. It remains to prove
that m(m’ — h) = 0 holds for ¢ > 0. To this end, we will show that, if m # 0 (i.e., m > 0), then

m' =h,ie, forallt>72>0,
t

m(t) = m(r) + J h(s)ds.

T

Let t = 7 > 0 be given. On the one hand, every p € K; satisfies

plt) > plr) + f

T

h(s)ds = m(7) + f h(s) ds.

-
Minimizing over K;, we infer

(2.3) m(t) = m(r) + f h(s)ds.

T

On the other hand, any p € K can be continued as an element of K; by defining

p(7") = p(T) + JT |h(s)|ds, forall se€[r,t].
This yields the inequality
m(t) < p(r) + f |h(s)| ds.
Minimizing over K;, we obtain ’
(2.4) m(t) < m(r)+ Jt |h(s)|ds.

We want to show that actually we can replace |h| by h in (2.4). To this end, we observe that (2.3)
and (2.4) together imply that m is Lipschitz continuous,
h<m' <|hl,

and, provided ¢ — 7 > 0 is small enough,

(2.5) m(T) — J |h(s)|ds > 0.
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As a consequence, we find that, every p € K, can be actually continued as an element of K; by

p(7') = p(1) + JT h(s)ds, forall 7€ |[r,t].

Then we have .

m(t) < p(7) + f h(s)ds.

Minimizing over K3, this yields (provided that ¢ — 7 > 0 is small enough)
¢

(2.6) m(t) <m(r) + J h(s)ds.

T

Combining (2.3) and (2.6) yields

m(t) = m(r) + f h(s) ds

Since m is continuous, this implies m’ = h over every interval in which m > 0. Moreover, since
the set defined by m > 0 is open in R, (hence a union of such interval), we deduce

(m>0)= (m =h).

As a result, m is a Lipschitz solution of (1.7).
Step 2. Uniqueness. Let us suppose that M is another solution of (1.7) with the same initial

data. We claim that ¢ — (M — m)? is a non-increasing function. Since it vanishes at ¢ = 0, it
must be < 0 on R, which yields M =m.
To prove the needed monotonicity, we compute

1
5 (M =m)?)" = (M —m)(M —m)
and observe that

M(m—-M) =Mm'— MM > Mh—- MM =0
and, likewise,

m(M —m)" = 0.
Summing up both inequalities, we deduce
(M —m)(M —m) <0.

Finally, we note that, by a similar argument, if mg € R is another initial data and m is the
corresponding solution of (1.7), we can show that ¢ — |/ — m| is non-increasing. O

In Proposition 2.1, if h is not merely a bounded function, but is actually the one in (1.8), we
can show that the buffer density m decays.

Proposition 2.3 (Long-time behavior of the buffer density). Let mg = 0 and let h € L*(R,) be
given by (1.8). Then the solution m of the variational inequality (1.7) satisfies

(2.7) lim m(t) = 0.

t—+00

Proof. We write
0= J. (Cru— + O f (u_)) dzdt,

where A is the triangle whose basis is (—aT’,0) at initial time and the right side is (0,7) at the
boundary = 0 (here, recall that f’ > a > 0). From Gauss—Green’s formula, we deduce

o_f flu dt—j_oaTuo(;v)da:—&—fT (F () — au) (t, a(t — T)) dt.

0
The last integral is non-negative because of f(u) —au > 0. Letting T — +00, we obtain

+00

f(u—(t,0)) dt < |luo—| 11 ()

In particular, this gives g :== f o ug_ € L*((0, +0)).

0
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Let (t1,t2) be a maximal interval on which m > 0, with ¢; > 0, so that m (t1) = 0. We claim
that to < +00.
First, we consider the case t; > 0. We have

mI:h:g_f(l)Zga te(t17t2)7
where we recall that h = g — f(1), ¢ € L*(0,+0), and then

to 400
m(t) + (b2 — 1) (1) = j oft) dt < j o(t) dt

1 t1
Since the left-hand side is finite, we deduce that ¢5 is finite.
Second, we consider the case t; = 0. Then we have

t2 +00
m(t2)+ (12 = 0) £0) = [ g dt+ma < [ g(0)dt+mo,

1 t1
and, again, we deduce that to is finite.
In conclusion, since the intervals are disjoint, the length of the set {¢ : m(¢) > 0} mus be
bounded by f(1)(mo + (9] L1 ((0,400))) < F(1)(m0 + w011 ((0,100)))-
In addition, we notice the estimate m (t3) < S:f g(t) dt, which shows that the maxima over the
intervals of positivity of m tend to zero (actually, they form a summable series). Thus
Em m(t) = 0.

t—+00

O

Remark 2.4. In general, we cannot say more than (2.7) regarding the long-time behavior of the
buffer density unless we consider additional hypotheses on the initial datum or the flux function.
Let us provide some examples.

Compactly supported data: If ug_ has compact support, the activation of the obstacle is a
transient phenomenon. Indeed, by [30], we then have that there exists T > 0 such that
u_(t,0) =0 for t = T. Then we can deduce that m has compact support.

Linear flux: If the flux function is linear, i.e., f(u) = au, then ¢g(t) = aug—(—at). Even though
uo— is integrable, the set {¢ = 0 : g(t) > a = f(1)} could be unbounded. In such a
situation, the support of m is unbounded, although having finite length.

Strictly concave/convex flux: If the flux is strictly concave (or convex), in the sense that f”
does not vanish. Then, by the sharp Oleinik-type inequality in [24, 33],

Julpoo gy = O™?)
Therefore g(t) = O(t~/?). This implies
1

f(1) for all time.

for some T'. Up to a translation of time, we may suppose that h < —%

Then the function

3 . 2m,
mo — if(l)a ift < ﬁa

. 2m
O7 lft> ﬁ7

belongs to the set K; for every ¢ > 0, thus is an upper bound for m. This shows that
m = 0 for all t > T. Hence, m is compactly supported.

p(t) =

3. EXISTENCE AND UNIQUENESS OF

As for the Cauchy problem, the notion of solution for the IBVP associated with a scalar conser-
vation law is expressed in terms of integral inequalities involving entropies. Given a convex entropy
n € C%(R) with entropy-flux ¢, we define the relative entropy

(3.1) (&1 ¢) =n(&) —n(¢) =1 () —¢)
and the flux of the relative entropy

(3-2) 7(&:¢) = q(&) — a(¢) = ' (O)(f(§) = £(O)-
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(whose definition does not mimic that of 77, but it is tailored so that ¢ = 77/ f” at fixed ¢ € R). We
say that v is the entropy solution of the (1.9) in the sense of BLN® if, for every convex entropy
n e C? and entropy-flux g,

H (s 19)01p + (s 0)2up = (14 = b)2un (b)) dardt
(3.4) RE
+ [ Bos@) [60)p(0.)ds > 0
Ry

holds for every non-negative test function p € C°(R% R, ).

For a general flux, the formulation of the IBVP given in (3.4) does not impose the equality
uy = b at the boundary. This is due to the possible formation of boundary layer effects. For
instance, if f/ < 0 (the waves travel to the left), then w, is completely determined by the initial
data up alone, while the boundary data b is simply ignored (as ¢ < 0 identically in this case). On
the other hand, our assumption f’ > 0 yields g(&;b) = 0 for all € € R, for every convex entropy 7.
If 7 is strictly convex, we even have g(£;b) > 0, unless & = b holds®. For IBVP (1.9), the boundary
condition q (u4(t,0);b(t)) < 0 then tells us therefore that the Dirichlet condition is satisfied in the
classical sense:

u+('7 0) =b.

With this, we do obtain the conservation of total mass, since we have

S wettarde = 7 (1,0) = £(bl1).

Ry

In order to apply the classical well-posedness result by Bardos, le Roux, and Nédélec (recalled

in Theorem A.1) to (1.9), we only need to show that b € BV([0, +0)). This turns out to be true:

we will show that TV g4 (b) < 2TV (g4 (u—(-,0)); and, on the one hand, we already know that
TV (u_(-,0)) < TV (ug-).

Proposition 3.1 (BV-estimate on b). For every t > 0, we have
TV (0, (0) < 2TV (o) (u—(-,0)).

Proof. Let us recall that, by definition,
(1) if m(¢t) > 0, then b(t) = 1;
(2) if m(t) = 0, then b(¢) = min {u_(¢,0),1}.
If m > 0 on an interval I, then TV;(b) = 0. On the other hand, if m = 0 on I, then
TV(b) < TVy (u—_(+,0)) because the projection 7 over [0, 1] is a contraction and b(t) = mou_(t, 0).
There remains to control the jumps of b at the transition points 7, i.e., those where m passes from
one regime to the other one. Such jumps connect the values 1 and u_(7), where the latter must be
< 1 (instead b is continuous at 7). The derivative m’ connects the values 0 and f(u—(7)) — f(1).
The latter being negative (because f is increasing), we see that the transitional jump of b can only
occur when m passes from > 0 to = 0, and not in the opposite case.

5 Another equivalent way to express the BLN boundary condition is as follows: the trace u4 (¢,0+) satisfies

flut (8,0+)) = G(b(t), u+(t,04)),
where G denotes the Godunov numerical fluz associated to f (see [35, Eq. (3.8)]), which is given by

min f if £ <,
(33) GEO =1 ene
gl e

6To see this, we first remark that Q = go f~! is a convex function: differentiation of the identity Qo f = ¢ gives
f'Q o f = ¢, that is Q' o f = n. Differentiating once more, we have f'Q"” o f = n”. Since n” = 0 and f’ > 0, we
obtain Q” = 0. The convexity then implies

Q(f(s) — QU (B)) — Q' (f(0))(f(s) — f(b)) =0,

which is the same as q(s;b) = 0. If n is strictly convex over an interval J, then @ may not be affine on any
sub-interval of f(J), and therefore is strictly convex too.
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Therefore, let us assume that b(7 —0) = 1 and b(7 + 0) = u_(7) < 1. Then m remains = 0 over
a time interval (7,71) until TV, ;) (u—(-,0)) = 1 —u_(7,0), because u_(:,0) remains < 1 in this
interval.

As a result, the sum of all the transitional jumps is bounded above by >, TV (. .y (u_(-,0)),
which is less than or equal to TV g4 (u—(-,0)) because the intervals under consideration are dis-
joint. ([l

APPENDIX A. REVIEW OF BLN THEORY

In this appendix, for the sake of completeness, we recall the main well-posedness result of [11].

Theorem A.1 (Well-posedness of the IBVP). Let f € WbH®(R), vyg € BV (R,), and b €
BV([0, +0)) be given’. Then the IBVP

Oru(t,x) + O f(v(t,x)) =0, t>0, zeRy,
(A1) v(0,2) = vo(z), reRy,
v(t,0) = b(t), t>0,

has one and only one entropy solution v € BV ([0, +o0) x Ry) that satisfies (3.4). Moreover, the
following estimates hold: for every t = 0,

(A.2) ot gy < s {0l e,y - Il 0.
(A.3) TV (v(t,-)) < TV (vo) + TV (g, (b).

Let us briefly sketch the proof of Theorem A.1. The solution of the IBVP (A.1) is constructed by
the vanishing viscosity method. We start from the Dirichlet problem for the parabolic conservation
law

Opv° (t, @) + Op f (vE(t,2)) = e02v8(t,z), t>0, v€Ry,
(A.4) v5(0,2) = ug(x), zeR,
ve(t,0) = b(t), t>0,
whose solution v® is smooth for ¢ > 0 and x € R.
In order to pass to the limit as € N\ 0 and recover the hyperbolic problem (A.1), we need some

crucial a priori estimates.
First, the maximum principle gives

0% e, <m0 { ol Deloe ) }
Second, given a convex entropy 71 and the corresponding entropy flux ¢, we compute
0 (%) + 2 (%) = 22 (oF) — e (v°) (")

The choice of 7(¢) := &2 yields a uniform bound on /€d,v¢ in L? ((0,T) x R, ), which ensures that
€02n (v¥) — 0 in the sense of distributions.

Finally, we prove a BV-estimate. Differentiating the PDE in (A.4) with respect to the a-variable,
we have (denoting z° := 0,v°)

012 + 0y (f (v°) 2°) = 022",
Multiplying by sign 2° and using Kato’s inequality (see [37, Lemma A)) yields

81271 + 25 (1 (09)|27]) < <22 |71,

"Notice that the assumption concerning b is slightly weaker than in [11] because of the one-dimensional context.
In dimension 1 + d with d > 2, we also need the tangential gradient of a to be of bounded variation.
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Integrating in the z-variable, we compute

%TW (V5 (t, ) < f (%) [2°(¢, 0)] — & (0 [2]) (£, 0)
(sign 2°(¢,0)) (f' (v°) 0,0° — £020%) (¢,0)
= (sign 2°(¢,0)) (0, f (v°) — €020°) (¢,0)
= — (sign z°(¢,0)) 0yv° ( 0)
< |abl,

and conclude that

TV, (’Ue(t, )) < TV, (Uo) + TV(OJ) (b)
This BV-estimate and standard arguments (for which we refer, e.g., to [42]) yield the compactness
of the sequence {v°}.~(: we may extract a subsequence converging almost everywhere to a limit
point v. A careful analysis of initial and boundary conditions reveals that the limit v satisfies the
entropy inequalities in the integral sense:

f (70 | D)oo + Q(v: D)owp — (v — D)2’ ()} dardt
R

+J 7 (vo() | 0(0)) (0, ) dz = 0
R4

for every (smooth) convex entropy and every non-negative test function p € C°(R?%; R, ).

To see that the whole family {v®}.~¢ converges as e — 07, it suffices to prove the uniqueness
of the limit (by Urysohn’s subsequence principle). For this, let us suppose that another entropy
solution, denoted by w, exists. Since the entropy condition (3.4) contains the usual entropy in-
equalities

Ocfv = k| + 02((f (v) — f(k)) sign(v — k)) <0,
Kruzkov’s “doubling of variables” argument yields
O|w = | + 02 ((f(w) — f(v)) sign(w — v)) < 0.
Integrating in space, we infer (using the fact that w and v have bounded variation)
d .
St ) = vl Moy < (fw) = f@)sign(w — )|

On the other hand, (3.4) contains the boundary condition g(v(¢,0) | b(t)) < 0, which amounts to
writing

(A.5) (sign(v — k) — sign(b — k) (£ (v) — f(k))‘ <0, forallkeR.
From (A.5), written for both w and v, it follows that
(A.6) (f(w) = f(v))sign(w —v))| <O.

=0
Then t — [w(t, ) — v(t,-)|lL1(r,) is non-increasing. Since w(0,-) = v(0,-) = vy, we deduce that
w = .

To prove (A.6), we argue by contradiction. Let us suppose that (f(w) — f(v))sign (w —v)) >0
at z = 0. Without loss of generality, we may assume v < w, and so f(v) < f(w). Let us take
k — b, with sign (b — k) = —sign (v — b). We infer

(f(v) = f(b))sign (v —b) < 0
Likewise, we have
(f(w) = f(b)) sign (w — ) <0
Choosing instead k = w resp. k = v), we also have
(f(w) ~ f(0))sign (w — 0) < (f(w) = f())sign(w—b) and < (f(v) ~ f(w))sign (v ~b).
There follows v < b < w. If b # v, w, then the inequalities above mean f(v) > f(b) > f(w), which
yields a contradiction.
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