NORMALIZED SOLUTIONS FOR A FRACTIONAL
SCHRODINGER-POISSON SYSTEM WITH CRITICAL GROWTH
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ABSTRACT. In this paper, we study the fractional critical Schrédinger-Poisson system

(=A)*u+ Apu = au + plu|?%u + |u®*"2u,  in R?,
(7A)t¢ = u2’ in R37

/ lul?de = o,
R3

where s,t € (0,1) satisfies 2s + 2t > 3,q € (2,2}),a > 0 and A\, p > 0 parameters and a € R
is an undetermined parameter. Under the L2-subcritical perturbation g € (2,2 + 4—35)7 we derive
the existence of multiple normalized solutions by means of the truncation technique, concentration-
compactness principle and the genus theory. For the L2-supercritical perturbation q € (2+ %, 2%), by
applying the constrain variational methods and the mountain pass theorem, we show the existence

of positive normalized ground state solutions.

having prescribed mass
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1. INTRODUCTION

In the last decade, the following time-dependent fractional Schrodinger-Poisson system

o .
) IS = (CAPU+ AU - f(a, W), wER,
(—A)lp = |W]?, xr € R3,

has attracted much attention, where ¥ : R x R® — C,s,t € (0,1),\ € R. It is well-known that,
the first equation in (1.1) was used by Laskin (see [17,18]) to extend the Feynman path integral,
from Brownian-like to Lévy-like quantum mechanical paths. This class of fractional Schrodinger
equations with a repulsive nonlocal Coulombic potential can be approximated by the Hartree-Fock
equations to describe a quantum mechanical system of many particles; see, for example, [7,20,21],
and [26,27] for more applied backgrounds on the fractional Laplacian.
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When we look for standing wave solutions to (1.1), namely to solutions of the form (¥(r,z) =
e "u(x), p(x)), € R, then the function (u(x), ¢(x)) solves the equation

{(—A)Su + Apu = au+ f(x,u), = €R3

(1.2) (—A)p = u?, T € R3.

Here (—A)? is a nonlocal operator defined by

u(z) —u
(—A)’u(z) = Cs P.V. /R3 |:£_)y|3+(gs)dy, reR? s€(0,1),
and P.V. stands for the Cauchy principal value on the integral, and Cj is a suitable normalization
constant.

We note that, when o € R is a fixed real number, there was a lot of attention in recent years on the
system (1.2) for the existence and multiplicity of ground state solutions, bound state solutions and
concentrating solutions, see for examples [34, 36, 37,39] and references therein. Especially, Zhang,
do O and Squassina [39] considered the existence and asymptotical behaviors of positive solutions
as A — 0T, for the fractional Schrédinger-Poisson system

(—A)u+ Mpu = g(u), x€R3
(—A)p = \u?, r € R3,

where A > 0 and g may be subcritical or critical growth satisfying the Berestycki-Lions conditions.
In [31], Teng studied the existence of a nontrivial ground state solution for the nonlinear fractional
Schrédinger-Poisson system with critical Sobolev exponent

(=A)su+ V(z)u+ du = plul v+ [u>"2u, x € R3,
(_A)t¢ = u2a T e Rgv

where 1 € RT is a parameter, 1 < ¢ < 2% — 1, s,t € (0,1) with 2s + 2t > 3. The potential V
satisfies some suitable hypotheses. By the monotonicity trick, concentration-compactness principe
and a global compactness Lemma, the author establishes the existence of ground state solutions.
Formally, system (1.1) with s = ¢ = 1 can be regarded as the following classical Schrédinger-Poisson
system

—Au+ pu = f(z,u), inR3,

—A¢p = u?, in R3,
which appears in semiconductor theory [26] and also describes the interaction of a charged particle
with the electrostatic field in quantum mechanics. The literature on the Schrodinger-Poisson system
in presence of a pure power nonlinearity is very rich, we refer to [34,36,38] and references therein.

Alternatively, from a physical point of view, it is interesting to find solutions of (1.2) with pre-

scribed L?-norms, o appearing as Lagrange multiplier. Solutions of this type are often referred to
as normalized solutions. The occurrence of the L?-constraint renders several methods developed
to deal with variational problems without constraints useless, and the L?-constraint induces a new
critical exponent, the L?-critical exponent given by

4s
q:=2+ —,
1 3
and the number ¢ can keep the mass invariant by the law of conservation of mass. Precisely for

this reason, 2 + 43—5 is called L2-critical exponent or mass critical exponent, which is the threshold
exponent for many dynamical properties such as global existence, blow-up, stability or instability
of ground states. In particular, it strongly influences the geometrical structure of the corresponding
functional. Meanwhile, the appearance of the L?-constraint makes some classical methods, used

to prove the boundedness of any Palais-Smale sequence for the unconstrained problem, difficult
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to implement. In [22], Li and Teng proved the existence of normalized solutions to the following
fractional Schrodinger-Poisson system:

(—=A)u+ du = Au+ f(u), in R3,
(1.3) (=A)'p = u?, in R?,

/ lu|?dx = a?,
RN

where s € (0,1),2s +2t > 3,A € R and f € C'(R,R) satisfies some general conditions which
contain the case f(u) ~ |u|¢2u with q € (4§ﬁt, 2+ 45) U(2+ 433, 2*), i.e., the nonlinearity f is L*-
mass subcritical or L?-mass supercritical growth, but is Sobolev subcritical growth. In [37], Yang,
Zhao, and Zhao showed the existence of infinitely many solutions (u,\) to (1.3) with subcritical
nonlinearity y|u|9=?u, by using the cohomological index theory.

We note that, when s = ¢ = 1, problem (1.3), are related to the the following equation

—Au+ M — (2] * [uP)u = aluP~2u,  in R3,

lul?de = 2, ue H'(R?).
RN

(1.4)

Recently, Jeanjean and Trung Le in [15] studied the existence of normalized solutions for (1.4) when
v > 0 and a > 0, both in the Sobolev subcritical case p € (10/3,6) and in the Sobolev critical
case p = 6, they showed that there exists a ¢; > 0 such that, for any ¢ € (0,¢1), (1.4) admits two
solutions u} and u_ which can be characterized respectively as a local minima and as a mountain
pass critical point of the associated energy functional restricted to the norm constraint. While in
the case 7 < 0,a > 0 and p = 6 the authors showed that (1.4) does not admit positive solutions.
Bellazzini, Jeanjean and Luo [4] proved that for ¢ > 0 sufficiently small, there exists a critical
point which minimizes with prescribed L?-norms. In [14], Jeanjean and Luo studied the existence
of minimizers for with L2-norm for (1.4), and they expressed a threshold value of ¢ > 0 separating
existence and nonexistence of minimizers. In [32], Wang and Qian established the existence of ground
state and infinitely many radial solutions to (1.4) with a|u[P~2u replaced by a general subcritical
nonlinearity af(u), by constructing a particular bounded Palais-Smale sequence when v < 0,a > 0.
In [23], Li and Zhang studied the existence of positive normalized ground state solutions for a
class of Schrodinger-Popp-Podolsky system. For more results on the existence and no-existence of
normalized solutions of Schrodinger-Poisson systems, we refer to [2,3,5,6,12,14,15,24,35,37] and
references therein.

After the above bibliography review we have found only two papers [22,37] considering the nor-
malized solutions for the fractional Schrodinger-Poisson system by the prescribed mass approaches
with the nonlinearity f(u), being Sobolev subcritical growth.

A natural question arises: How to obtain solutions to system (1.3) in presence of the nonlinear
term f(u) = p|u|92u+|u|* ~2u, combining the Sobolev critical term with a subcritical perturbation?

The main contribution of this paper is to give an affirmative answer to this question and fill this
gap. To be specific, in the present paper we aim to study the following fractional Schrédinger-Poisson
system

1 (s ra e e

(—A)p = u?, in R3,

having prescribed L?-norm

(1.6) / lu?dz = a?,
R3
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where s,t € (0,1) satisfies 2s+2t > 3,q € (2,2}) and « € R is an undetermined parameter, p, A > 0
are parameters. For this purpose, applying the reduction argument introduced in [39], system (1.5)
is equivalent to the following single equation

(1.7) (=A)su + Mol u = au + plul?%u + [u>*2u, = eR?,
where
3
oy Ju(y)l? _ -2
e = e [y =

We shall look for solutions to (1.5)-(1.6), as a critical points of the action functional

1 s A 1% 1 *
I,(u) = 2/]1{3 |(—A)2u’dz + 4/R3 oL u|?dx — Q/R3 lul?dz — o /R3 lu|? de,

restricted on the set
Se = {u € H(R?) : / lu?dx = a2} ,
R3

with « being the Lagrange multipliers, Clearly, each critical point u, € S, of I,|s,, corresponds a
Lagrange multiplier & € R such that (ug, a) solves (1.7). In particular, if u, € S, is a minimizer of
problem

m(a) := inf I,(u

(a) = inf 1, (w)
then there exists a € R as a Lagrange multiplier and then (u,, ) is a weak solution of (1.7). As far
as we know, there is no result about the existence of normalized solutions for Schrédinger-Poisson
system with a critical term in the current literature. For this aim, we shall focus our attention on
the existence, asymptotic and multiplicity of normalized solutions for problem (1.5)- (1.6).

2. THE MAIN RESULTS

In this section we formulate the main results. We first deal with the existence of multiple normal-
ized ground state solutions in the L2-subcritical case: ¢ € (2, 2+43—S). Secondly, we are concerned with

the existence and asymptotic behavior of positive normalized ground state solutions of Schrédinger-
Poisson system (1.7) in the L2-supercritical case: q € (2 + %, 27).

To state the main results, for §, s = 3(¢ — 2)/2¢s, we introduce the following constants:

qéq,s—2 3@:*‘1)

1) Dy =2 -2 §2E5-2);
(22) _D2 — D(S7t) S B3 )
where
(gdq,5s—2)s
(2 3) D( t) (3 - Qt))\rt sq2£+2t73
’ S = - 7 7
’ 2s )

and I'; is given in (3.3).
The first result is concerned with the multiplicity of normalized solutions for the L?-subcritical
perturbation, which can be formulated as
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Theorem 2.1. Let p,\,a > 0, and q € (2,2 + %) Then, for a given k € N, there exists [ >
0 independent of k and py, > 0 large, such that problem (1.5)-(1.6) possesses at least k couples
(uj, ;) € H¥(R?) x R of weak solutions for u > uy. and

(2.4) " e (0, (i)tﬂ}(”)

with fRS |’LLj|2d.’E = CL2, aj < 0 forallj=1,--- k.

The second result of this paper is concerned with the existence and asymptotical behavior of
normalized solutions for the L?-supercritical perturbation when the parameters A, 1 > 0 are suitably
small.

Theorem 2.2. Let g € (24 42,2%), assume that pu,a > 0 satisfy the following inequality
345 14

(g—2)2t+2s(2% —4)

2.5 0g.s MaX aq(l_‘sq’s),a 525+2t-3 < min{ Dy, Dy},
H9yq,

where §q.s = 3(q — 2)/2qs. Then, there exists A* > 0 such that for 0 < X < A*, problem (1.5)-(1.6)
possesses a positive normalized ground state solution u, € H*(R3) for some o < 0.

Finally, we present an existence result of normalized solutions under the L?-supercritical pertur-
bation, when parameter p > 0 is large.

Theorem 2.3. If 2 + %5 < q < 2%, there exists u* = p*(a) > 0 large, such that as pu > p*, problem
(1.5)-(1.6) possesses a couple (uq, ) € H*(R®) x R of weak solutions with [gs |ua|*dz = a?, a < 0.

Remark 2.1. (i) Theorems 2.1-2.3 improve and complement the main results in [31,39] in the
sense that, we are concerned with the normalized solutions.

(ii) Our studies improve and fill in gaps of the main works of [22, 30, 37], since we consider the
existence of normalized solutions to (1.5)-(1.6) with Sobolev critical growth.

2.1. Remarks on the proofs. We give some comments on the proof for the main results above.
Since the critical terms |u|?~2u is L%-supercritical, the functional I, is always unbounded from
below on S,, and this makes it difficulty to deal with existence of normalized solutions on the
L?- constraint. One of the main difficulties that one has to face in such context is the analysis
of the convergence of constrained Palais-Smale sequences: In fact, the critical growth term in the
equation makes the bounded (PS) sequences possibly not convergent; moreover, the Sobolev critical
term |u]2§*2u and nonlocal convolution term A¢!u, makes it more complicated to estimate the
critical value of mountain pass, and one has to consider how the interaction between the nonlocal
term and the nonlinear term, and the energy balance between these competing terms needs to
be controlled through moderate adjustments of parameter A > 0. Another of difficulty is that
sequences of approximated Lagrange multipliers have to be controlled, since « is not prescribed; and
moreover, weak limits of Palais-Smale sequences could leave the constraint, since the embeddings
H*(R3) — L*(R®) and also H? 4(R?) < L?(R3) are not compact.

To overcome these difficulties, we employ Jeanjean’s theory [13] by showing that the mountain pass
geometry of I,|s, allows to construct a Palais-Smale sequence of functions satisfying the Pohozaev
identity. This gives boundedness, which is the first step in proving strong H®-convergence. As
naturally expected, the presence of the Sobolev critical term in (1.5) further complicates the study
of the convergence of Palais-Smale sequences. To overcome the loss of compactness caused by the
critical growth, we shall employ the concentration-compactness principle, mountain pass theorem
and energy estimation to obtain the existence of normalized ground states of (1.5), by showing that,
suitably combining some of the main ideas from [28,29], compactness can be restored in the present
setting.
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Finally, let us sketch the ideas and methods used along this paper to obtain our main results.
For the L2-subcritical perturbation: ¢ € (2,2 + %), it is difficult to get the boundedness of the
(PS) sequence by the idea of [13]. To get over this difficulty, we use the truncation technique; to
restore the loss of compactness of the (PS) sequence caused by the critical growth, we apply for
the concentration-compactness principle; and to obtain the multiplicity of normalized solutions of
(1.5)-(1.6), we employ the genus theory. For the L2-supercritical perturbation: ¢ € (2 + 435, 2%), w
use the Pohozaev manifold and mountain pass theorem to prove the existence of positive ground
state solutions for system (1.5)-(1.6) when p > 0 small. While if the parameter p > 0 is large, we
employ a fiber map and the concentration-compactness principle to prove that the (PS) sequence is
strongly convergent, to obtain a normalized solution of (1.5)-(1.6).

2.2. Paper outline. This paper is organized as follows.

e Section 2 provides the main results, and Section 3 presents some preliminary results that will be
used frequently in the sequel.

e Section 4 presents the multiplicity of normalized ground state solutions for system (1.5)-(1.6) when
qe€(2,2+ %), and finish the proof of Theorem 2.1.

e Section 5 proves the existence of normalized positive ground state solutions for problem (1.5)-(1.6)

when ¢ € (2 + 435, 2¥), and Theorem 2.2 is proved if u, A > 0 are suitably small.

e In Section 6 we give another existence result for problem (1.5)-(1.6) with ¢ € (2 + 2£,2%), when
the parameter p > 0 is large, and finishes the proof of Theorem 2.3.

Notations. In the sequel of this paper, we denote by C,C; > 0 different positive constants whose
values may vary from line to line and are not essential to the problem. We denote by L = LP(R3)

with 1 < p < oo the Lebesgue space with the standard norm |Jul|, = ( [gs [ulPdz) Yr

3. PRELIMINARY STUFF

In this section, we first give the functional space setting, and sketch the fractional order Sobolev
spaces [27]. We recall that, for any s € (0, 1), the nature functions space associated with (—A)® is
H := H*(R3) which is a Hilbert space equipped with the inner product and norm, respectively given
by

(u,v) := /RB((—A)SU(—A)S'U +wv)dz, ||ul|% = (u,u).

The homogeneous fractional Sobolev space D*2(R3) is defined by

2
5,2 (T3 2% (3 (v)]
D**(R°) = {ueL (R?) //11&6 |:c— |3+28 d:cdy<+oo},

a completion of C§°(R?) under the norm

2
2. (y)|

= Ilul2. @) = WY 1edy,

[Jul|* = [Jull7, 2(R3) // |$_y|3+2s zray

where 2¥ = 6/(3 — 2s) is the critical exponent. From Proposmon 3.4 and 3.6 in [27] we have

2
2 i )’
ull® = )2u —————dxdy.
H H H ”2 \//RG ‘x_y’3+25 Y

The best fractional Sobolev constant S is defined as

~A)aqyll2
(3.1) S= =AUl
u€D*52(R3),u£0 (f \u|2 dx)f
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The work space H?, ,(R3) is defined by
5.a(R?) = {u € H(R®) : w is radially decreasing} .
Let H = H x R with the scalar product (-,-)g + (,*)r, and the corresponding norm ||(-,-)||% =
s [17 + 15[
The following two inequalities play an important role in the proof of our main results.

Proposition 3.1. (Hardy-Littlewood-Sobolev inequality [20]) Let l,r > 1 and 0 < u < N be such
that 1 +1+4& =2, f € L"(RY) and h € LY(RYN). Then there ezists a constant C(N, p,7,1) > 0 such
that

/]RN /RN ylle —y[ " dzdy) < CN, p,r, DI f]l- [l

We recall the fractional Gagliardo-Nirenberg inequality.

Sp,s
Lemma 3.2. ([11]) Let0 < s < 1, and p € (2,2%). Then there exists a constant C(p,s) = S~ 2 >0
such that

(3.2) lull2 < C(p, )| (=A) 257 [ul5 ), Vu e HS(RY),
where 6,5 = 3(p — 2)/2ps.
Lemma 3.3. (Lemma 5.1 [9]) If u,, — u in HS, ,(R3), then

/qstudm/qsu z,

/R?’ Qstununspdx — /3 ¢Zugpdx7 \V/(,O € rad(RB)

and

From Proposition 3.1, with [ = then Hardy-Littlewood-Sobolev inequality implies that:

3+2t’

1
3.3 tu2d _/ R S U
33 /Rs duude R3 (\x|3—2t RUTuTaT = t””“%

It is easy to enumerate that
<2, if 2<q<gq;
@ogsq =2, if ¢=¢;
>2, if §<q<2,
where §:= 2+ 45 is the L?-critical exponent.
Now, we 1ntroduce the Pohozaev mainfold associated to (1.7), which can be derived from [31].

Proposition 3.4. Let v € H*(RY) N L®(RY) be a weak solution of (1.7), then u satisfies the

equality
2t 4+ 3 3o 3 3 x
+)\/ oLaldy — ||u||§+“/ |u|qd:U—|—/ 2 da.
3 2 q Jrs 2% Jgrs

Lemma 3.5. Let u € H*(RY) be a weak solution of (1.7), then we can construct the following
Pohozaev manifold

Po={ucS,: P,(u) =0},

where

3—2t .
P, (u) = s|jul® + 4)\/]1{3 PtuPdr — spdys /R’d lul?dz — S/]R3 |u|?s d.
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Proof. From Proposition 3.4, we know that u satisfies the Phohzaev identity as follows

-2 2t "
(34) 2 %W++%/¢m%:&WM+@/ﬁww+3/m&m
2 4. R3 2 q R3 2; R3

Moreover, since u is the weak solution of system (1.7), we have

(3.5) Hu\|2+A/ d)tuu2d:v:oz\|u||§+u/ |u\qczx+/ lu|?% da.
R3 R3 R3

Combining with (3.4) and (3.5), we get
sljul|” + A puutdr = spdy s lulfde +s [ |u|*dz,
4 R3 " JR3 R3

which finishes the proof.

Finally, we state the following well-known embedding result.

Lemma 3.6. ( [10]). Let N > 2. The embedding H, 4(RY) — LP(RYN) is compact for any 2 < p <

2%

4. PROOF OF THEOREM 2.1

In this section, we aim to show the multiplicity of normalized solutions to (1.5)-(1.6). To begin
with, we recall the definition of a genus. Let X be a Banach space and let A be a subset of X. The

set A is said to be symmetric if u € A implies that —u € A. We denote the set
Y :={AC X\ {0} : Ais closed and symmetric with respect to the origin}.

For A € ¥, define
0, if A=10,

¥(A) =< inf{k € N:Jan odd ¢ € C(A4,RF\ {0})},
400, if no such odd map,
and that Xy = {A € X :v(A) > k}.

In order to overcome the loss of compactness of the (PS) sequences, we need to apply for the

following concentration-compactness principle.

Lemma 4.1. ( [}0]) Let {u,} be a bounded sequence in D2(R3) converging weakly and a.e. to
some u € D*2(R3). We have that |(—A)2uy|?> = w and |up|® — ¢ in the sense of measures. Then,
there exist some at most a countable set J, a family of points {z;}jes C R3, and families of positive

numbers {(;}jes and {w;};es such that

(4.1) w>|(=A)2ul? + ) wjds,
jeJ
(4.2) ¢=lu* +)Gos,
jeJ
and
2
2*
(4.3) wj = SCjS ,

where §; is the Dirac-mass of mass 1 concentrated at z; € R3.
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Lemma 4.2. ( [/0]) Let {u,} C D%?(R3) be a sequence in Lemma 4.1 and define that

—00  n—oo

Weo := lim limsup/ [(=A)Zup|?dz, (oo := lim limsup/ |, |5 diz.
lz|>R R—=00 n—ooo Jiz|>R

Then it follows that

2

(4.4) Weo > SCX
(4.5) lim sup ((=A)Zu,|2de = / dw + weo
n—oo JR3 R3
and
(4.6) limsup [ |up|*dz = / d¢ + Coo-
n—oo JR3 R3

For u € S, 4, in view of Lemma 3.2, and the Sobolev inequality, one has that

1 s A 1 x
I,(u) :/ [(—A)2u*dz + / Pt uide — ,u/ |ul?dz — */ u|? dx
2 R3 4 R3 q JRr3 25 R3
1 s Boo(1—s. . s 1gbes 1 28 s 9
4.7) 25 M2 2l = L atl =0y (- A)Rulf — 5577 (-A)ul;

S
=g([[(=A)2ull2),
where
g(r) = %7"2 — Baa=be) 0 pPas 271*5—27%2:'

Recalling that 2 < ¢ < 2+ %, we get that ¢d, s < 2, and there exists 5 > 0 such that, if pad=das) <
B, the function g attains its positive local maximum. More precisely, there exist two constants
0 < R; < Ry < 400, such that

g(r) >0, Vr e (Ri, Ra);  g(r) <0, vr € (0, R) U (R, +00).
Let 7: RT — [0, 1] be a nonincreasing and C* function satisfying

1, if re [O,Rl],
T(r) =
0, if r € [Ra,+00).

s

In the sequel, let us consider the truncated functional

1 s A (| (=A)zu "
I (u) = 3 ) [(—A)2ul*dx + 1 /RS Pt udr — 'Z/RS |ulldz — W /R3 || de.

For u € S, 4, again by Lemma 3.2, and the Sobolev inequality, it is easy to see that

1 s 1% _ s Sq.s T —-A %U 25 s *
i) 2 (-2)bul} - Batt=tn o -y pugper - TUEDL) 65y

=g ([1(—A)7ull2),
where
G(r) = =12 — ﬁaq(l—&;,s)cqysrq&q,s _ T(T)S—%STQZ‘_

1
Then, by the definition of 7(-), when a € (0, (%)‘1“*5%8) ), we have
g(r) <0, Vre(0,Ry); g(r)>0, Vre (Ry,+0).
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1
In what follows, we always assume that a € (0, (5) a(1=3q,5) ). Without loss of generality, in the sequel,
we may assume that

L o

(4.8) S 55_77“ s >0, Vrelo R
and
(4'9> R < S‘l%

Lemma 4.3. The functional 1, has the following characteristics:

(Z) IMT € Cl ( rad(Rg) R) 3 R
(it) 1,7 is coercive and bounded from below on S, .. Moreover, if I, -(u) <0, then ||(=A)zuljs <
Ry and I, (u) = I(u);

(iii) 1,.+|s, . satisfies the (PS). condition for all ¢ < 0, provided that u > pj > 0 large.
Proof. We can obtain conclusions (7) and (i7) by a standard argument. To prove item (i), let {uy}
be a (PS). sequence of I, ; restricted to S,, with ¢ < 0. By (ii), we see that [(=A)2uylls < Ry
for large n, and thus {u,} is a (PS). sequence of I|g, , with ¢ < 0; i.e., I(u,) = ¢ < 0 and
\|I|i§m (un)|| — 0 as n — oo. Then, {u,} is bounded in H? ,(R3). Therefore, up to a subsequence,
there exists u € H® (R3) such that u, — u in H? (R3) and u, — u in LP(R3) for 2 < p < 2* and

rad rad

un(z) = u(z) a.e. on R3. From 2 < ¢ < 2+ % < 2! and Lemma 3.3, we infer to

lim/ |un|qu:/ |u|?dz, /d)tu u%daz—>/ Pt udz.
n—00 Jp3 R3 R3 " R3

Moreover, we have that v # 0. Indeed, assume by contradiction that, © = 0, then lim,,_, ng |t |1dx =
0. From (4.8) and the definition of I, -, we infer that

0>c= hm I,”(un) = hm I (up)

= lim [ ((=A)2uy, |2 dz + = / ¢! uldr — / |un|qdm—/ |un\2*d:v]
n—oo 2 R3 "

. 1 s _2
2 fim [2'\<—A>2unrr%—2;s > (=) 2u3 - £ / |un|qu]

M

M\(n

> — B im |up|?dx = 0,
q n— o0 R3
which is absurd. On the other hand, setting the function ©(v) : H? ,(R®) — R by
1
O(v) = [ |vfdz,
2 Jps

it follows that S, = ©~1({2°}). Then, by Proposition 5.12 in [33], there exists o, € R such that
1T/, (un) — 0n®'(un)|| = 0, as n — oo.

Hence, we have that

rad(R?))’
where H%(R3) is the dual space of H?, (R3). Thus, we have for ¢ € H ,(R?), that

/ (—A)‘un(—A)gcpdx—i—/ qﬁznungoda;—,u/ |un|q2ung0dx—/ \un\%*zuncpdm
R3 R3 R3 R3

—an/ Unpdx + o, (1),
R:s

(4.10) (—A)u, + gbfmun — u|un|q_ |un| 2up = apuy, + on(l) in H

Nn

(4.11)
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and if we choose ¢ = u,, we get

(4.12) |(—A gun|]2+/\/ oL, uzdr — p / \unqu—/ un]2:dx:an/ uZdr + o0, (1).
R? R3 R3

From (4.12), and the boundedness of {u,} in D*?(R3), we can deduce that {a,} is bounded in R.
Then we can assume that, up to a subsequence, o, — « for some o € R. Then, by (4.11), we can
derive that u solves the following equation

(4.13) (=A)u + dpyu — plu|?%u — |[u)* *u = au.

Indeed, for any ¢ € H? ,(R3), it follows by u, — u in H? ,(R3) and a,, — «, that

/(—A);un( A)spdr — | (=A)2u(—A)2pdr; and an/
R3

Uppdr — a/ updz.
R3

R3 R3

2% 23
as n — o0o. Since {|u,|% ~2u,} is bounded in L2F-1(R?), {|u,|9 %u,} is bounded in La-T (R3), and
un(z) — u(z) a.e. on R3, we obtain that

=2

2% 2%
a2 20, — w20 in LTTT(R3), and  |un|92u, — [ul92u in LZT-e1(R3),

/ |t |% ~2uppd — / lu|%"2updz and / |t |7 2w pdz — / |u| 2 updz,
R3 R3 R3 R3
as n — o0o. Recall from Lemma 3.3 that

[ dhmpde = [ ouugda, Vo€ Hi(®),

Thus, we have

—A);u(—A);(pdl‘—f—/ ¢Zu<pdm—u/ ]u\q_2ugodx—/ lu|% ~2updz
R3 R3 R3

= a/ upd.
R3

Therefore, u solves equation (4.13).
In the sequel, by the concentration-compactness principle, we can prove that

(4.15) /\un\zzdx%/ lu|% da.
R3 R3

In fact, since ||(—A)2uy,||2 < Ry for n large enough, by Lemma 4.1, there exist two positive measures,
¢, w € M(R3), such that

(4.16) (=A)Zup|? = w, |un® — ¢ in M(R?)

(4.14) R

as n — oo. Then, by Lemma 4.1, either u,, — u in L (Rs) or there exists a (at most countable)
set of distinct points {z;};e; C R® and positive numbers {¢;}jes such that

¢= |U|2: + ZQ&%'
jeJ
Moreover, there exist some at most a countable set J C N, a corresponding set of distinct points
{z;}jes C R3, and two sets of positive numbers {(;}jc; and {w;};jes such that items (4.1)-(4.3)
holds. Now, assume that J # (). We split the proof into three steps.
Step 1. We prove that w; = (;, where w;, and (; come from Lemma 4.1.
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Define € C§°(R?) as a cut-off function with ¢ € [0,1], ¢ =1 in By5(0), ¢ = 0 in R? \ By(0).

For any p > 0, define
T — 1, |l’—:l/‘j|§%p,
Pp(T) = =
P 0, ‘LIT - xj’ > p.

By the boundedness of {uy} in H
one has that

on(1) =(I,(un), unp,)
(4.17) :/ (_A)%un( A)%(Un% dl’—f')\/ d)u ungopdx— / ’Un’qSOpdf

/ ‘un‘Q ppda.

It is easy to check that
8 (=AY gy o
// [un () — un(y)]|un(z) — un(y )|2[ n(T)pp(T) — un(y)@p(y)]dxdy
R

(R3), we have that {¢,u,} is also bounded in H? ,(R3). Thus,

rad rad

(4.18) 6 |z — y[3H2
[t () — wn( )’29% // [un(z) — un(y)][gop(x) - Sop(y)]un(x)
d d dxd
//RG ’x |3 ray + o |z — y[3+2s ray
=11 + 1>,

where | )’2 ( )

un - un )

T = //RG ‘x SPWEREE dxdy

and

Ty = //]R6 [un(z) — un(y)][‘Pp(z) - @p(y)]un(l‘) ddy.

|z — yPr2s
For T7, by (4.16), we obtain

_ 2
lim lim Ty = lim lim / / [un(@) = un ()2 ®)
R()

p—0n—oo p—0n—oo |(lZ _ |3+25

(4.19)

=limy | gpdw = w({z;}) = w;

From Hélder’s inequality, we have

[ @) = i) — )
- /1. -y dedy

(//R - ,x_y,ﬂl“ d:cdy) (//R |Un‘x_y‘3+25>| dxdyf
o [ B R )

Analogously to the proof of Lemma 3.4 in [4( } we obtain
2
lim lim // (= (1) ()] dady = 0,
p—0n—oo0 R6 |x — y‘3+25

lim lim (— A)% (—A>§(Un§0p>dx = w({z;}) = w;.

p—0n—00 Jp3

and
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Again by (4.16), we have

(4.20) lim lim / |un\2:¢pdﬂ«" = ’l)i_rf(l) /R3 ©pdC = C({z;}) = ¢

p—0n—0o0 Jp3

By the definition of ¢,, and the absolute continuity of the Lebesgue integral, one has that

(4.21) lim lim / [un|Tppde = lim/ [u|%ppdr = lim |u|%ppdr = 0.
p—0 JR3 p—0

p=0n=00 Jpa lo—a;|<p

Thus, by Proposition 3.1 and Lemma 3.6, we have

3+2t

¢ ulp,dr < C Up, T3 up 5%
Un NP 14
R3 R3

3+2t

(4.22) < Clunl% </ |un‘3+2t‘@ ’3+2tdx>

342t
12 6
< [un |32t @, da
R?)

Therefore,
342t
lim i ¢l uZppdr < lim lim C I ==
plirtl)nl—ggo R3 n‘Pp 0n—so0 I s n Pp
342t
(4.23) =i ([ i,
342t
12 6
= 11m Cl / |u|3+2t (ppdx — O
p—0
le—z;|<p

Summing up, from (4.17)-(4.19) and (4.21), taking the limit as n — oo, and then the limit as p — 0,
we arrive at

OJ] = Cj‘

Step 2. We show that wao = (oo, Where weo and (o are given in Lemma 4.2. Let ¢ € C§°(R?) be
a cut-off function with ¢ € [0,1], » =0 in B;3(0), ¥ =1 in R3\ B1(0). For any R > 0, define

vn@) = () = { Ll n

Using again the boundedness of {u,} and {u,¢r} in H? ,(R?), we have

on(1) :<I:L(un)a UnYR)

w2y AN i [ 6tvnde = [ ulonds

= [ Jun P
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It is easy to derive that
JRGISEC A>%<un¢R>
// [un(x) — un(y)][un(x)Yr(z) — un(y)wR(y)]dxdy
R

|$ _ |3+25

|tn () — un( )’ Yr(y U () — un(y)][Yr(z) —¢R(y)]un(x)d d
IR 2 — g o
= T3 +T47

where

‘un - un )|2¢R(y)
dxd
T3 = //RG ‘x EEYERSE ray

_ [un(2) — unW)I[Yr(x) — Yr(Y)]un(@)
Ty = /‘/]R6 d dy.

|$ _ y|3+25

and

For T3, by (4.16) and Lemma 4.2, we infer to

_ 2
R6

R—00 n—00 R—00 n—00 y’3+25

By virtue of Holder’s inequality, we get

Up (2 W[r(@) — Yr(Y)]un(z)
Ty _//RG dxdy

|l‘ _ y|3+2s

U= L)' (], et
=¢ (//RG ke y(|3zr|23|un( s dz dy>

Combining the above proof, we conclude that
2 2
R—oon—o0 J Jpe |x — y\3+25

= lim lim // {163 et ek 1) [ CEYCO) M
R6

R—00 n—00 ’:L‘ — y]3+25

Hence,

—A)2 (uphR)dT = woo.

[ NI

lim lim (—A)z2u
R—o0 n—o0 RS

By Lemma 4.2, we have

(4.25) lim lim / | |% ppdz = oo
R3

R—00 n—0o0

Analogous the proof of Lemma 3.3 in [40], we infer to

(4.26) lim hm/ |un | pdr = hm/ |u|9pdx = hm |u|9Ypdx = 0.

R—00 n—00 lz|>3R
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Moreover, we can obtain

3+2t
6

lim lim / ¢ ulippdr < lim lim C ( / |un|3f2twRdx>
R3 R—00n—00 R3

R—o00 n—00

(4.27) = lim Cy ( / IUISEWRdx)
R—o00 R3
342t

6
= lim C; </ |u]3i22t1[)3d:c> =0.
R=roo |z|>R/2

Summing up, from (4.24)-(4.27), taking the limit as n — oo, and then the limit as R — oo, we have

342t

Woo = Coo-

Step 3. We claim that (; = 0 for any j € J and (s = 0.
Suppose by contradiction that, there exists jo € J such that (;, > 0 or (o > 0. Step 1, Step 2,
and Lemmas 4.1, 4.2 imply that

(4.28) Go < (571p) % = (571Gi) %,
and
(4.29) o = (57h) T = (5710) .

Consequently, we get (j, > S 3 or (oo = S 55. If the former case occurs, we have

2
S * 2:
R? > lim |[(—=A)2uy,||3 > S lim </ ]un|25dx>
n—o00 n—o00 R3
2

2 2
> S lim </ ]un|2:g0pdx> Y _g </ cppdC> s
n—oo R3 R3

Taking the limit p — 0 in the last inequality, we get

(4.30)

N

3 2
S

RY > S(Gip) ¥ > S(§2)% = 92,
which contradicts (4.9). If the last case happens, we have

2
R?> lim [[(=A)2u,|3 > S lim (/ |u P%m) -
1= nll2 = 5 n
R

n—oo n—oo

2
* g
(4.31) > S lim </ ]un|2sw3d$>
R3

n—oo

2
23
> S lim / || % da: .

Taking the limits n — co and R — oo in (4.31), we infer to
2 & 3.2 3
Rl > S(COO)QS > 5(523)25 =52,
which also contradicts (4.9). Therefore, ¢; = 0 for any j € J and (» = 0. As a result, by Lemma

4.1, we obtain that u,, — v in L?O:C(RE‘); while by Lemma 4.2, we know that u, — u in L (R3).
Now, we prove there exists p] > 0 independently on n € N such that if ;1 > p}, the Lagrange

multiplier a < 0 in (4.13). Indeed, note that {u,} C S, and ||(=A)2u,|l2 < Ry, as can be seen
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from the previous proof of this lemma, and (3.2)-(3.3) that, there exists )1 > 0 independently on
n, such that

@ S/3\%\%SC(q,s)H<—A>5un\q5wH Q|2 =)
R

(4.32)
< C(q, s)R1 41 ~%0.5)
and
t o2 4 342t s 32t 2z+4s—3
[, e < Tty < T (121342095 =8l fual,
(4.33) ot pises

<TC(12/3 + 2t, 3) R1 a s
= Q2,

where Q2 = Qa(s,t, R1,a) > 0. We define the constant

g (2t + 4s — 3)Q2

2[6 —q(3 —25)]Q1

(4.34) =

By (4.32)-(4.34) we have

(4.35) > lim g (2t +4s — f]R3 w %dw B g\ (2t + 4s — 3) fR3 qquQd:c
' #i> MmO 56— g3 = 29)] ) o lunltdz | — 2[6 — q(3 — 25)] fus [uldda
Recall by (4.13) and its Pohozaev identity P,(u) = 0, we infer to
2t 4s — 2
(4.36) sol|ull = +483/ ot utdy + 1325 —6 / fu|dz.
R3

Now, if u > pf, we conclude from (4.35), that

gA(2t 4 4s — 3) [gs Pl uda
26 — (3 —25)] g |ul?dz

Thus, from (4.36), we infer to lim,_,~ @, = @ < 0. Hence, taking into account (4.12), we derive

Tim [n( D+ | ¢anuidx—a||unu3]
RE}
(4.37) ~ lim [u\unHZ—i-/ ]un]%dx—i-on(l)}
n—oo R3

= ullull? + / % da = [[(—A)3ull2 + A / butide — ol
R3 R3

Since a < 0 for p > pj large, we obtain by Fatou’s Lemma,

lim [H(— Eunlg a0 dw—auuan]

n—o0

(4.38)
> H(—A)%uH% —i—)\/ qbiuzd:r—i—lim inf(—aHunH%),
R3 n—00

and from (4.37)-(4.38), one has
(4.39) —a|ul3 > lirr_l)inf(—ozHunH%).

But by Fatou’s Lemma, we see that

(4.40) lim inf (— s 3) > —adul3
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Combining (4.39) with (4.40) we get
. 2 2
Tim_ (—aun2) = —afful:

that is,

Tim_Jun3 = [lul}3

Thus, by (4.37) we have

Tim [[(=2)2un3 = [|(~A)2ul3.

Theerfore, u, — u in H? ,(R3) and ||ul|2 = a. The proof is complete. O

rad
For € > 0, we introduce the set

I ={ue H} (R NSy Is(u) < —c} C Hpy(R?).

rad rad

By the fact that I, -(u) is continuous and even on H

s JR3 T .7 is closed and symmetric.

Lemma 4.4. For any fired k € N |, there exists e, := e(k) > 0 and py = u(k) > 0 such that, for
0 <e<eg and p > g, one has that v(1,3) > k.

The proof of Lemma 4.4 is similar to Lemma 3.2 in [1], so we omit it here.
In the sequel, we define the set

Y = {Q C H,4(R*) NS, : Qis closed and symmetric, y(Q) >k},

rad

and by Lemma 4.3-(ii), we know that

cg := inf supl, -(u) > —o0
QEEk ue ’

for all £ € N. To prove Theorem 2.1, we introduce the critical value, we define

K.:={ue H: ;(R}NS,: I, (u) = 0,1, 7(u) = c}.

rad

Then, we can derive the following conclusion:

Lemma 4.5. If c = ¢ = cpqy1 = -+ = Ciqe, then one has yv(K.) > £+ 1. Especially, 1, -(u) admits
at least £ + 1 nontrivial critical points.

Proof. For € > 0, it is easy to check that I~ € X. For any fixed k € N, by Lemma 4.4, there exists
ex = e(k) > 0 and p := p(k) > 0 such that, if 0 < e < ey and p > py, we have y(I,5%) > k. Thus,
I, %+ € ¥, and moreover,

cr < sup I, -(u) = —e; <O0.

—€

uGIu’Tk

Assume that 0 > ¢ = ¢, = ¢g41 = -+ - = cgy¢. Then, by Lemma 4.3-(iii), I, ,(u) satisfies the
(PS)c-condition at the level ¢ < 0. So, K. is a compact set. By Theorem 2.1 in [1], or Theorem
2.1 in [16], we know that the restricted functional I, r|s, possesses at least £ + 1 nontrivial critical
points. [l

Proof of Theorem 2.1. Let p > py = max{uj, ui}. From Lemma 4.3-(ii), we see that the critical
points of I, -(u) found in Lemma 4.5 are the critical points of I,,, which completes the proof. U
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5. PROOF OF THEOREM 2.2

From Lemma 3.5, we see that any critical point of I,|g, belongs to P,. Consequently, the prop-
erties of the manifold P, have relation to the mini-max structure of I,|s,. For u € S, and ¢t € R,
we introduce the transformation (e.g. [29]):

30 0

(5.1) (Oxu)(z) :=e2u(’z), xR HcR.

It is easy to check that the dilations preserve the L?-norm such that O xu € S,, by direct calculation,
one has

250 (3—2t)0
T(,60) = L((0 % w)) =" JJuf]? + 25— / ghulde — EeF =30 [ |ujady
2 4 R3 q R3

LosE-00 [ y2da
2* R3 7

(5.2)

Lemma 5.1. Let u € S,, then

(i) H(—A)%(G*u)”z — 0 and I,((0*xu)) =0 as § — —oo;
(it) |[(=A)2(0 xu)||2 = +o00 and 1,((0*xu)) = —o0 as § — +oo.

Proof. A direct computation shows that
(5.3) [(=A)2 (0 % u)|?dz = 6289/ [(—A)2uf?da,
R3 R3

and
[(=A)2 (0 u)||a =0 as 6 — —oc.

Notice that

2s6 A (3—2t)0
L((0 % w)) == [lul* + =—— / olutdr — LeF =0 [ jujtdy
q R3
) *
——e 229/ |u|?s dz,

I,((@xu)) = —o0, as 0 — +oo.

(5.4)

by q > 2, we infer to

> 3 — 2t, and conclusion
(ii) holds. O

Hence, item (i) follows. Using 2s + 2t > 3, it is easy to obtain that ( =2)

Lemma 5.2. There erist K = K, > 0 and a > 0 such that for all 0 < a < a,

(5.5) 0 < sup I,(u) < inf I,(u),
UE»ACL ue Ba
where Aq :={u € Syt [ga |(— A)zulde < Ko}, Bo:i={u€ S.q: Jrs (= A)zu2de = 2K,}.

Proof. By Lemma 3.2, we have for any ¢ € (2,2%), that

dq,s 1—84.5
(56) [ulld < C(g,s)[[(=A )2ul|20e ||u ||g( a.s)
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By the Sobolev inequality (3.1), and (5.6), for u € S, 4, we have
L((0 % w)) = L (w)
1 1 A A
= 51Ol = 5l + 5 [ Gl @xwlde =7 [ ouida

1 *
—“/ |(9*u)\qczx+“/ \u|qu—/ (0% u)| % dr + — /|u|2 dz
q Jrs q 23

1 1
(5.7) > —|[(0%u 2—7u2—)\FtKa2 U - = (0 xu) qd:z—— (0 xu) % da
2 2 2
1 1 32t o913 ~a(3-2s)
> §||(9*U)H2—§\|U||2—ATtKa23 a —EC(%S) (!\(9*16)” )
23
S_f

(16 *w)]2) % .

Let ||ul|? < K, and choose 6 > 0 such that ||(§ xu)||?> = 2K, here K, will be determined later, set

S
2t42s=3 \ 4s+2t—3

- Ka 2s
a=|—n—
16 AL ’
then we get
I,((0 % u)) — I,(u)
82t 4 s —q(3—2s)  3(a=2) A o2
S N N LS CTON) e oy LS 3 o
2 q 23
6—q(3—2s)
1 1 I 3(a=2) 1 2(@s+2t—3)  [6=aB-2s)I142s75]  3(¢—2)
> 7K 7K _ 72 s C K s(4s+2t—3) K s
=276 g (4:5) <16)\Ft> “ o
(5.8) L o
EEELPS 5o
23
3(g—2) : *
7 274 C 2% 22
= Ko+ - 67&?3’;2) KKy~ — K, * K,
g(16AT;) 57-9) 2:5%
5
>—K,>0
- 16 a Y
where 7, := [2t+25_3][6_(](3;82(29]1_2[?;(_(152)_48}[4S+2t_3]- If we take
A 5\ [2s%\ T
s t— 2
Ka = min Q[ 3(;] 2) ) 822
162 C(q,s) 2216
: 4s(4s+2t—3
with o 1= [2t+23—3][6—q(3—52(s)s]i[;(q—)2)—45} rEsTEE then, we deduce by (5.8) that (5.5) holds. O

By Lemma 5.2, we can deduce the following
Corollary 5.1. Let K,,a be given in Lemma 5.2, and u € S, with |[u|* < K, then I,(u) > 0.
Furthermore, we have

1
Lo= inf{h(u) W€ S [ul? = 2Ka} -
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Proof. As in the proof of Lemma 5.2, we have that
=2 S~
2

if |u||? < K,, and the conclusion follows. O

6—q(3—2s)

1 %
I (u) > §HUH2 - QC(q, sla 2 (Jlull?)

z
(llul?)® > o0,

S
Next, we study the characterizations of the mountain pass levels for I(u, ) and I,,(u). Denote the
closed set Iff i={u € S, q: I,(u) <d}, and S, = H(R®) N S,.

Proposition 5.3. Under assumptions 2 + %5 < q < 2%, define
cula) = inf max I(y(t)),

FeT t€(0,1]
where N
Ty ={3€C([0,1], 5,0 x R) : 7(0) € (Aq,0),7(1) € (I,,0)},
and
cula) = inf max Lu(v(¢)),
where

Ty ={y€C(0,1],5.4) : ¥(0) € Aa,7(1) € I},
then we have
cu(a) = cua) > 0.

Proof. Note that T'y x {0} C Ty, we see that cu(a) < cu(a). On the other hand, for ¥(t) =
(31(£), (1)) € T, we denote by A(£) = 71(£) * 3a(t). Thus, 1() € Ty, and 5o

max I(7(t) = max L (t) x72(t)) = max L(y(1)),

which implies that ¢,(a) > ¢,(a) > 0, using Corollary 5.1. O
Next, we show the existence of the (PS),, ,)-sequence for I(u,0) on S, , x R C H. It is obtained

C
by a standard argument using Ekeland’s vari‘gltional principle and constructing pseudo-gradient flow,
see Proposition 2.2 [13].
Proposition 5.4. Let {h,} C Ty satisfying that
1
I(hn(t) < ¢ L
max I(n(t)) < Cula) + 2
then there ezists a sequence {(vn,0n)} C Srq X R such that
(Z) I(Un) en) € [gll(a’) - %75u(a) + %]7
(i) mingepo 1) [|(vn, 0n) = ha ()|l < 5 and
(Z.Z.Z.) H(I|Sr,a><R)/(vmen)H < %7 that s,

2
(I (Un, On), 21| < WIIZHIHL

for all
z e T(”m@n) 2 {(’21722) € H: <vn721>L2 = 0}.
It follows from the above proposition, we can obtain a special (P.S) (a)-S€quUence for I, (u) on

Cu
Sy C H3(R?).

Proposition 5.5. Under the assumption 2 + 43—5 < q < 2%, there exists a sequence {un} C Sy q such
that
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(1) 1,(un) = cu(a) as n — oo;
(2) Pu(un) — 0 as n — oo;
(8) (Iuls,..) (un) = 0 as n — o0, d.e., (I, (un), 2) p-1x g — 0, uniformly for all z satisfying
|zllg <1, where z€T,, :={z€ H: (up,2)r2 =0}

Proof. By Proposition 5.3, ¢,(a) = c¢,(a). Hence, we can take {h,, = ((hy)1,0)} € T, so as to

max I(hy(t)) < cu(a) +

1
t€[0,1] n’

It follows from Proposition 5.4 that, there exists a sequence {(vn,6,)} C Sy X R such that as
n — 0o, one has

(5.9) I(vp,0p) — cula), 60, —0;

(5.10) (I‘ST,QXR)/(UM ) — 0.

Set up, = O, * vyn. Then, I,(u,) = I(vy,0y), and by (5.9), item (1) holds. To prove conclusion (2),
we utilize

3 - Qt 3 -2
00T (v, 60) = 5620 2 + B2 3200 R dx—’“g(])e<3§—3>9n/ onlidz
R3

3(2F —2) sei-2 —2)
B (282* Gn/ [onf*>

3 2t —2
— sf(-A >2un||2 K T Ut Ny TR
tn tnd 2q R3

_ 22* / ]unfz*dx

:PM(

which implies item (2) by (5.10). To show item (3), we set z, € T, . Then,

/ _ (un () — un(y))(2n(x) — 20(y)) t
I (up)2n = //R6 7 — 2 dxdy + /\/RS @, Un2ndT

—,u/ |un|q_2unzndaz—/ \un]%_?unznda:
R3 RR3

_ / [ o) = nlaenle o) = sl o,
R

NG

6
5 a3y —2 -0
ter ¢vnvn Yen(emx)de —pe” 2 O | (|7 vp (@) 2 (€7 M) da
R3

3(2%—3)
—e 7 / [onl? 20, (@) 20 (e ) de
RB

s -0

Denote by z,(z) = e™ 2 z,(e7"x), then we get

<IL(un), Zn)H-1xH = <I/(Una On); (Zns 0)) -1 xH-
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It is easy to check that

(Un,y Zn) 2 —/ Un(x)e*:;szn(efanx)dx
R3
:/ Un(eenx)e?’?izn(x)dzv
R3
:/ Up (z) 2 (x)dr = 0
R3

Therefore, we see that (z,,0) € T(U 6,)- On the other hand,

~ —2s0
1, )l = 1Znllr = Nznl3 + 7|20 < Cllzall?,

where the last inequality follows by 6,, — 0. Consequently, we conclude item (3). O

Remark 5.1 From Propositions 5.4,5.5, we know that u, := 0, x v, C Syq is a (PS) sequence for
I,, with the level c,(a), that is

(5.11) I,(up) = cula) as n— +oo,
and
(5.12) (Iuls,.) (un) =0 as n— +oo.

Lemma 5.6. The (PS) sequence {u,} mentioned in Remark 5.1 is bounded in H?, ,(R%). Moreover,
suppose that c,(a) < %S%, and A < A} for some A} > 0, then lim, o o, = a < 0.

Proof. From Remark 5.1 we see that I,,(u,) is bounded. In fact, by P,(u,) — 0 as n — oo, we have
|(1 4 2t) 1, (un) + Pu(un)| < 3cu(a),
which implies that,

142542t s 1+2¢
FEEEE Ay [ dtide = (F5H +0,0) [ el

1 2t «
—( i )/ up | dx > —3c,(a).

In view of the boundedness of I,,(uy), we have

(5.13)

. 2 2 .
G AP+ S [ s udde < oua) + 2 [ unlrde+ o [ e,
R3 R3 s JR3
By (5.13)-(5.14), we obtain
2 +2t
i / ¢ uldx + pldus = V)s / g 1y + (22 = 2)8 / |2 dz < 3c,(a) (2 + 25 + 2t).

Note that 2s + 2t > 3,q¢ > 2 + <7, we have that ¢d, s —2 > O7 and so

/gbunundm /]un|qdzv and /|un|2:d:v
R3 R3

are all bounded. Thus, ||(=A)2uy|s < Ry for some Ry > 0 independently on n € N. Since
{un} C Srq, we see that {u,} is bounded in H? ,(R3). Thus, passing to a subsequence, and we may
assume that u,, — u for some u € H? ,(R3), and so u, — u in LP(R?),Vp € (2,27).
Now, we set the functional ® : H? (R3) — R as
1

rad
Q(u) =5 ‘U|2dl’,
2 R3



NORMALIZED SOLUTIONS FOR A FRACTIONAL SCHRODINGER-POISSON SYSTEM 23

then S,, = o1
sequence {a,} C R such that
I (un) = n® (up) = 0 in H,

rad

<§> As a result, it can be derived from Proposition 5.12 [33] that there is a

$(R3) as n — oo.
That is, we have

(5.15) (—A)’u, + qﬁznun — u|un|q_2un — |un|2:_2un = apUy + op(l) in H_

rad

o (R%),
Similar to the proof of Lemma 4.3, we know that u solves the equation
(5.16) (=A)u+ ¢t u — plu|?%u — [u)*~%u = au.

Moreover, u # 0. In fact, argue by contradiction that v = 0. Then u,, — 0 in LP(R3), V p € (2,2),
and by P, (u,) = on(1), (3.3), we have

2t "
on(1) = slhual P+ 2 [ 0t ko — sty [ ualtde s [ i
R3 R3

—sHunHZ—s/ ]un]25dx+0n(1).
R3

We may assume that limn_>+oo [tn|[? = limp—s o0 [ps |y |?s dr = 9 > 0. Thus, we have
cula) +on(1) = I(

(5.17) / |(— %un] dr + — / ¢Un nd —S/W |t |Tde — — / \unPsdx

*19 — ?ﬁ +op(1) = 519 + op(1).
2
On the other hand, by the Sobolev inequality (3.1), we have ¢ > S92 . Then we have two possible
cases: (1) ¥ =0; (ii) ¥ > Sz
If 9 = 0, then by (5 17) we get I,(u,) — 0, which contradicts to I, (u n) — ¢u(a) > 0. Now if
the second case ¥ > S3s occurs, then by (5.17) we get I,,(u,) — 59 > 5525, which contradicts to

Ii(up) = cula) < S’2s. Hence, u # 0. Moreover, by (5 15) and P,(up) = on(1), we have

2t+4
(5.18) SoanunHQ—)\H/ ¢, uZdx y A28 70 / |un|?dz + o (1).

Since {u,} C Sy, is bounded in H? ,(R?), then by Lemma 3.6 and (5.18), we derive that {a,} is
bounded and lim,, ;o o, = @ € R. By a similar argument as in (4.32) and (4.33), for all n € N,
we have

s 1a0g.s b
Ty < [ funltde < Cla,5) () |7 55
R

(5.19)
< O(q, s)RY™ atll=%),
and
t 2 4 342t s —2t 2t+4s—3
[, e < Tl < 10 (1273 42695 =8l el
5.20 ot nn
(>:20) <T,C(12/3+2t,5) 5 Ry® a o
= T27

where Ty = Q2(s,t, Ra,a) > 0. We define the positive constant
2[6 — q(3 — 2s)|uTy

21 =
(5.21) Al q(2t 4 4s — 3)Ty
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Therefore, if A < A}, we get

Aq(2t +4s — 3)Ty < 2[6 — q(3 — 2s)|uT7.
Hence, by (5.19),(5.20) we see that

2t +4s —3 6—q(3—2
(5.22) A’*‘Sb/a ot u2dy < 1940 S”‘LJ/ |up|9d.
4 R3 " 2(] R3
Taking the limit in (5.21) as n — 400, and applying Lemmas 3.3,3.6, we obtain
2t +4s — 3 6—q(3—2
(5.23) )\—{_S/ Pl uldr < 16=of )l / lul?dz.
4 3 2(] R3
Consequently, passing the limit in (5.18) as n — 400, and using (5.23) we deduce that
2t+4s—3
saa? = )\+48/ Pt utdr y L2 72 / |u|?dx < 0.
Thus, we have that oo < 0, if A < A] small. O

Lemma 5.7. IfQ—I—% < q < 2%, and inequality (2.5) holds, then there X5 > 0, such that ¢, (a) < %S%
for A < A3 small.

Proof. From [8], we know that S defined in (3.1) is attained in R? by functions
Cls 63_25
Ue(z) = LS—ZS
(€% + [af?) =

for any ¢ > 0 and C(s) being normalized constant such that

H(—A)SUE@Z/ U dw = $%.
RS

We define u. = pU., and

Ug
e |2

where ¢(x) € C5°(B2(0)) is a radial cutoff function such that 0 < ¢(z) <1 and ¢(x) =1 on B;(0).
From Proposition 21 and Proposition 22 in [28], we have

GS N rad(Ra)

Ve =a

(5.24) [(=A)3u.|2dz = S35 + O(372).
R3
(5.25) /|%szsi+m§y
R3

For any p > 1, by a direct computation [31], we obtain the following estimations:

0(53(27@”517), if p> —3_325;
(5.26) /RN |ue|Pdx = O(g%’logﬁ‘)7 if p= 3—323;

(3—2s)p .

O(e ), if p< gy,
and especially,

Ce? if 0<s< %;
(5.27) / [ue|*dx = Ce2s|log£] if s=32;

Ced—2s, if 3<s<1.
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Define the function

o(3-2)8 se_1)
\Iiéfg(O) =1,((0xv:)) = / ¢v5 gda: 2 0/ |ve|Tdx
R3

1
250/ ‘U‘de

then it is easy to see that \I/ _(0) = 0T as § — —o0, and ¥} (§) — —oo as § — +oo. Therefore, ¥}
can obtain its global positive maximum at some 05# > (0. A direct computation yields that

(5.28)

(W5.)'(0)

— 2t
= 5e2%%||v. || + -2 6(32t)9>\/ ot vidx

4 R3

_9 _ .
(5.29) — Meg(g 2>9/ |ve|9dx — 362559/ |ve|% d
2q RS RS
_9 .
= 5|6 % ve|? +)\/ Db |0 % v:2dz H/ |9*v5|qu—s/ |0 % ve| % da
2q R3 R3

= P#@*”e)?

and

4

—2) *
9/ lve|ldz — 2 8262550/ |v.|% dax.
R3 3

Let 6., be the maximum point of ¥%_(6), then 6. , is unique. In fact, combining with (¥%_)(6. ) =
0,and 3 — 2t — 25 < 0,2 — gdgs < 0,2 — 2% <0, we have

— 2t)?
(0)"(0) = 252 o+ E=ZE 020 [ g1 e
3

. ,Uq3252

(25.)" (0,p0)
3 — 2t)?
= 257> o ||* + (4)e<3—2t>9w / o olde
(¢=2) )
_ Mq8263863 q2 2 05,# / |v8|qu _ S 629895 M / ‘UE‘Qsdx
- 3—2t)2 _ N . o
= 2% + ())‘/ ¢k uldr — ps*qdy s | [ue|'dw — 257 / |2 da
R3 R3 R3
3 — 2t)(3 — 2t — 2 B . T
- . 4 )A/ o5 UZdx + ps>Sq[2 — q5q,s]/ |t |9dx + s?[2 — 2%] / T |2 dz < 0,
RS R3 e

where U, = 6., * v, and the uniqueness of 6., follows. Using (%) (0:,) = Pu(0-,*v:) = 0 again,
we have

, . 3
s [ fuPrde = set oo |+ AR 0200 [ gl a2
R3
3u(g — 2) a2
43, /
2q

256 2 Qt o (3-20)0 2

(5.30) < se™ o lug]|F + A o % vida

— 2t
— 250 <S”Ug||2 + A 1 e(32t23)9€a“/ (ﬁisvgdl’)
R3

3—2t
< €212 max {SHUSHZ, /\74 e(3=2t=25)0z 1 /}R3 qbfjsv?da:} .
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In the sequel, we distinguish the following two possible cases.

Case 1. s|jv:||> > \372e(B-2-2900 [ 6t v2dz.
In this case, we have from (5.30) that

. . . 2||ve||?
(5.31) se2:8%en /3 | dx < €051 25|, ||? = 220 < HUE! ,
R
and from (¥4 )" (0. ,) = 0, we have
o(25—2)s0e.
3—2t—2s)0 2
_ ”Uanj +)\3—2t e(3—2t—25)0c £R3 d)f}evsdx —u5qse(q5q5_ )50z, HUSHZZ
lve 132 4s lvell3: ’ lve 132
q6q,s—2
(5.32) o el <2WHP> F el
- 2* q,8 2* 2*
lve 5% e 153 e 153
2% -2 2 252 2 % 2% —q
_ uell e Cmm mm) el [|uell3
- *_ 2% q,8 2% _9 2% 2% 2*—
0% 2| |13} %7 g3 lucl5i @
qéq, - q5q,s—2
Juclly 2 (fJue]|?) 22 o e sy 20252 qd1700) ||y |8
= = (JJuel?) 2" — velle
0% luella: (uaello)70=50) (| 25) 2=

Notice that, by (5.24)-(5.27), there exist positive constants C,C2 and C3 depending on s and ¢ such
that

25—adq « 00gs=2 1
(5-33) wwn24>ch@sww@%ﬂs@
and
Cse 3_ 3= 2sq sq(1—vq,s) =Cy, if 0<5<%;
(5.34) LMl ) ey -
| gt | e it 5=}
—2s _ (3-28)a(1-7g,s)
aﬁ%%%wqgiflL} it 3<s<1;
Next, we show that
2% -2
(5.35) o@-2)30- 5 el
' a2* -2

under suitable conditions. To this aim, we distinguish the following three subcases.
Subcase (i). 0 < s < 3. In this case, it holds that

9
(5.36) g 328

q— SQ(l - 5(1,3) = O,
and from (5.32)-(5.34) we have

s ,s—2
e(25—2)s0c > % Cy — iy, aQ(l Va, 5)2 2* 2 %
a“s— CQ
45q,5—2

and we see that inequality (5.35) holds only when M%’Saq(l—éq,s) < 01C5(C3)7 127 22 . Thus, we
have to give a more precise estimate, let us come back to (5.32) and observe that by Well—known
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interpolation inequality, we have

(el %% (e ) 52
Hu Hq Ue 2i %2 (Jluel|3) 2 2* q(qu,s)
(5.37) = T gz = (luellzd) =72
(uell2)a0 =00 (Jluell52) 2572 (Jluell2) 70 =00) (fJuel33) 22
Therefore, by (5.37) and (5.32) we have
(5.38)
252 25 —qdq -2 « 2(1—dq,s)
ot Ll _(!\TEH\) (luel?) T — a2 T a0 —00e) 31 5%
Ug 2%

From the estimations (5.24),(5.25), we see that the right hand side of (5.38) is positive provided
that

2% —qvg,s
2\ T2F—2
1y o) =2 (HUEH ) s
116y, aq( —7a, )2 32 < T
(luell3z) =2
3 22;(1%1,5
<52—5+0(€3—2s)) 22 st
= i = SFEEN 4+ 0(877).

(5% +0() *

Therefore, if 0 < s < % and

1-5 q3q,5—2 3(25—q)
(5.39) M5q75a4( —bqs)9 22 S22
we have
2% 2
o220, 5 Clluelly” ~
a2i—2

Subcase (ii). s = %. In this case, then we have 3 < ¢ < 4, and

‘I('Yqisl e
e = |Ing|®G2) -0 as € — 0.
Consequently,
w4 20,5 =1)
HH‘I“HQ”) 4 “00)|Ine] = 0=(1).
5
Therefore, we get
* el g G )] Clcl”
(252800 > 052*722 Cy —M%,saqu Vq’5)2 22 62 oc(1)| = a2€*722

Subcase (iii). % < s < 1. By the definition of J, , and a direct computation we infer to

3-2s (3—=25)q(1 —4,5)

Syt 2
] =l el (R =S I
Thus, &3~ S B2 0e) — 0 as € — 0, and so
[ ue | < 063—%%7@725)‘1217”‘5) = 0.(1).

e <
e |07



28 X. HE, Y. MENG, AND M. SQUASSINA

Therefore, we conclude that,
2% —2 227, s—2

oy, o el ) Cs
e(25=2)sbu, >Ca€2*722 Cy — pryg.satt vq,.)io

Case 2. s||v.|? < A\372e(B-2-290 [ ol v2dz.

In this case, we have from (5.30) that se2:5%n [0 |v.[%dp < e230em 3520 e(3-20=2)0c ) [ oL v2d,
which implies that
5= 20y o1, 12

2s

2% +2t—3)0,,
(5.40) els2: V0. %
[[ve|23

and from (¥4 ) (0.,,) = 0 and (5.40), together with (3.2)-(3.3) and Holder inequality, we induce that

e(25—2)s0c .

—2t—25)0,
_ el 32t 32020000 ) [on ¢ v2dx (0600 -2)s0..,. IVellg

2* 2* q,S 2*
[0 122 4s [0 [I52 [0 122
(q(ig,s*ms
o el 5 3= 2t A fgs v vZda ) T o ||d
= ox — MOq,s 0% 2%
e |5 2s [0 5 e |5
(¢5¢,5—2)
) o Melloells \ s
Jvell® 3— T llve |l
-_ 2* q,s * 2*
[0 12 28 lvel |5 [0 152
(g0q,s—2)s
s—2)s 4(1— 2% 1213
o] (38— 20)AL,\ “Hims S D
= 75 Mg (T : 25
e |5 IIUEIIQ; [0 5
(98q,5—2)
e[ ety ! g
(5.41) = 5 — g D(s, t)a B | MR
[0 |52 [0 5 [[vel|2
252 2 47(qq,5—2)
_ Huallf Hue*! —uéq,sD(s,t)a%
(¢dq,5s—2)s
2 —4(1— s2¥42¢t—3 2 _
ey T ) uusn ‘
X
0% =401 |y | 534077 lucll:  @%
S
—_ * —_
||ua||; Plucl? pdy sD(s,t)awqaq’s iy =2 g g
2* - * * . ( s 5 _2)A
el Jug B0
<l H2*—q+[2*—4(1— )] (f;ffz_i)?f e
ell2 €llq

252 0g,5—2
 luelly ™ (lue?) 22

a2 2|, |33
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47(qdq,s—2)s— (25 —4(1— 7))(g8q,s — 2)s

* -2
(Jlu ||2)282Eq_5§§ _ 1dg,sD(s,t)a s N
g ) qdg.s—2 B (ngs oF
= 25 -4(1-7)] S5,
(huel®) # o
2—g+[25—4(1-7)) Les-2e
||u€||2 s25+2t—3 || EHq
where 0 < 7 = 2t+45 3 1. and

72)

D(s,t) = <( _SE)AFt>W.

By a direct computation, we have the following clearer expressions

[2:—4(1—7)]M: [22_4(1_ 2t+4s—3)] (¢0q,s — 2)s

2 +2t—3 4 2 +2t—3
(5.42) %+ § 5
— 2*_3_2t (q6q78_2)8_ 5 . —9:
T T s | szyor—3 TS
(¢0g,s — 2)s
4 2—q+[2F—4(1— 1)Lt _ o Sgs — 2= (645 — 1)q
(5.43) q+ 25 — 4( T)}82:+2t_3 q + qdq, (6q,s —1)q
and
4A7(qdq,s —2)s — (25 — 4(1 — 7))(qdq,s — 2)s L2
$2t + 20— 3
$(qdq,s —2)(4 —27)
= ’ —2
2 12i—3 ¢
= [(q—2)(s2+ 2t —3) — (25 — 4)s(qlys — 2
1 3(¢—2)
- - . * o o *_4 o\ — 4]
2 23 (q—2)(s2: +2t—3)— (2} )( 5 23)]
(q— 2)2t + 2s(2F — 4)
— 0
$2F+2t—3 -

where the last inequality holds true since ¢ € (2 4 22,2*),2s + 2t > 3. Consequently, we have

304
4
(¢ — 2)2t + 25(2F — 4) > §2t +25(2F — 4)
4t 24s + 12t — 18 — 8st
=2s 2t —4) =2 > 0.
< 3 > 33— 29)
Substituting formulas (5.42)-(5.44) into (5.41), we infer to

2r—2 Lg.s-2
o225t s elly” " (lue?) >

(5.45) ) (4—2)2t+25(2% —4)
Zsbgs by sD(s,t)a BRI y Hua”g

S
ety 5" SO
el 7 e el

29

Notice that, by (5.24)-(5.27), there exist positive constants Cy, Cs and Cs depending on s and ¢ such

that
45q,5—2 1 P
(5.46) (luell?) 22 > Gy, G = < luellos™* = < Cs.
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and

06 37&(1 sq(l 'Yq,S) = 067 lf 0 < S < %7

1 g i
(5.47) W =94 Csllne| if s=32;
clls _os (3—2s)q(1— ,s)

cegsf%qf%, if §<s<L;

Next, we show that
~2)s0 lelly”

(5.48) o2t >C%?

for some positive constant C' > 0. To obtain the estimation (5.48), as in Case 1, we have to consider
the three cases: (i) 0 < s < 2; (ii) s = 3; and (iil) 2 <s < 1.
When 0 < s < 2, it holds that

3 —2s

(5.49) 3— q—5q(1 —0d4,) =0,

and from (5.45)-(5.47) we have

25-2 (g—2)2t+2s(25 —4) 06

(25 2)30& 572 _ s2% — -
¢ = a2t —2 C1 — pdgsD(s, t)a 253203 CyCs

(q—2)2t+2s(2% —4)
and we see that inequality (5.48) holds only when ud, sD(s,t)a  %+2=3 < 0104C5C; *. Thus,
we have to give a more precise estimate, let us come back to (5.45) and observe that by well-known
interpolation inequality, we have

*

2% 51
[Juellg - ( )2 *2(HuaH )22
g2 Sq,—2 1-5g5) 1.2 21\ P52
ooy (D 00 ) S -5 e )
’ * 11(1*5qs)
 (lJuellzz) =2

lléti,s*Z .
(fJuelf?) =2

Therefore, by (5.45) and (5.50) we derive as

qdq,s—2
(25-2)s0 ||ue||2 (Juel®) %
22 s |3
(551) * Q(1—5q,s)
2% —adq, (a—2)2¢425(25 —4) (HUEHQi) 25-2

< | (el 5 = sy D(s,tya =

s—2

qdq,
(Ifue ) 2=
We observe that the right hand side of (5.51) is positive provided that
(q—2)2ﬁ+23(2:—4) Hu ”2
1oqsD(s, t)a  H+2=5 < 2*€q<1:<sq,s>
(uellz) >

2 3—2s 3[(2%—2)—q(1-6q,s)]
2s + 0 2les—2) 9l —9q,8)]
_ S (6 ) _ g s 5(2% =2) + 0(63728)‘

q(1=9q,s)

(5% + 0(53))
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Therefore, if 0 < s < % and

(g—2)2t+25(25 —4) 3[(25 =2)—q(1-dq,s)]

(5_52) M(gq,sD(&t)a s2% 12t—3 < S 2s(2F —2)

we see that (5.48) holds for some constant C' > 0.

For the cases: s = %, and % < s < 1, we still have the following estimations as in Case 1,

w4 M
”Hq(&i"qus)— e (17209 Ing| = 0e(1);
Ue |9 h
and
w.lg 32, (3-29a0-7g.5)
My ¢ gt )

el
respectively. Moreover, we derive that

(q—2)2t+2s(25 —4) C’ C U
C1 = by Dlstha 5 o)) > el

—2)s05, 5 o w5
(5.53) e(25—2)s05, W

To sum up, condition (2.5) can ensure that (5.39), (5.52) occur, so as to guarantee (5.53) hold.

In what follows we focus on an upper estimate of maxger Wh. (). We split the argument into two
steps.

Step 1. We estimate for maxper U9_(6), where,

2% s6
e S
ol = S [ o,

s

250
W0 (0) := &

It is easy to see that for every v. € S, , the function \Ifge (f) has a unique critical point 6, ¢, which
is a strict maximum point and is given by

2 2F 2
5.54 e¥0e0 = (””g” - > .
(5.54) Joow |02 % der

Using the fact that

62 92§b s< a )2;2:2
sup (| —a — = | ===
o \ 21 2 3 \p2/z )

S

for any fixed a,b > 0. We can deduce by (5.24), (5.25), that

2F 2 2% 2
s e ‘ S e[
W0 (0.0) == ==
vs( 6,0) 3 f N |U€|2 da:)% 3 (f N ‘UE‘diSU)%
(5.55) R R
2*

2 326y \ 222
( 5% +0le 2) ) = 283 4 0(5 %),
(S35 + O(3))2% 3

Wl ®»
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Step 2. We next estimate for maxgpeg Uh. (t). Recall (3.3), (5.30) and Holder inequality, we have

((25-2)50-,,

2 max { l|lve|?, /\31—?6(3_2“23)95’# ng d)f,avgda;}

[[ve 5
(5.56) 2max{||v5||27 )‘%6(3_2t_28)66’urtnve||£21T||Us||421§177-)}
) o3
2 mave { a2 u 2[5 A3 20682290 Dyt [ e |30

a% [ue 3

From the estimations (5.24)-(5.25) and (5.56), we see that the number 6, , can not go to +o00, and
there exists some #* € R such that

(5.57) Ocp < 0%, forall e,p>0.
Hence, by virtue of (5.56), (5.57) and (3.3) we derive to

max Uh (0)

feR ¢

0 6(3_2t)95"‘ ¢ 9 e‘l’)’q,ssee,u
W0 = 0,0+ A [ oo p S [ e
R3 q RN

0 e(3=2t)0c ) e9Va,550,
<sup W) (6) + A / S P— / Jve|9da
9eR 4 R3 q RN

3

£ Cpat™=as) [0y |u|?d
2 s
558 <90+ O ([ i) T O B e
= a Juelly ™
4 e a(1—7g,s) q
< 357 40 +C Ao </ yuspi‘;tdm) 5 Cpattl™ed) faw [ue|'da
luell3 \Jrs q Hug”g(lfw,s)
(Jus ucl5¥a
R3 |Ue| 312t 33) .|2d
< 2855 + 01372 4 Oy _ gy J lucldz
3 [Juell3 9(1=7g,5)
ell2 [[uello

Next, we separate three cases:
Case 1: 0 < s < %. In this case, owing to 2t + 8s < 9, we get p = % > 3323,
(5.26)-(5.27) and (5.34) that,

it following from

342t

_12 3
<fR3 ’UE|3+2td$> u:|%dx
25% 4+ 01 4 oA . ow. f’ ;
3 [[uell2 ][40
(5.59) s s S2t+45—3
= =52 + 01e%7 % 4+ O\ —C3
3 545
s .3
< =872,
3
if we choose A = &°.
Case 2: s = 2. In this case, we still have 2t + 8s = 2t + 6 < 9, and also, p = =22 > 2_
1 342t 3—2s°
Moreover, 2 + q(%“;_l) = (3 25) > 0, hence
(vg,s—1)
24253 0 3 2(loge)? 0, and |Inel2T F - — +oo,
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when e — 07. Consequently, if we choose A = £2%, then we have

3+2t

_12 3
(fR3 e |32 da:) ue |9dx
257 £ 01 4 oA ; oy d |(f| )
3 [[uell2 || 30 s
2t+4s—3 _

S 3 & q(vg,s—1)

= 283 + 0137 £ Oo\——— — C3|lne|” 2
(5.60) 357 + G T+ CA g — Cslinel
1 (vg,s—1)

= 55% 4 (o |Gt o og 9 4 Cast S - ol
< %S%,

when € > 0 small enough.
Case 3: % < s < 1. In this case, using the fact that 2t +2s > 3,q > 2 + %, we can obtain the
inequality by a direct computation,
3—2s (3—25)q(1 —g,s)

3 — — 3 —2s.
5 q 5 < S

Thus, from (5.26)-(5.27) and (5.34), letting A = €574 we derive that

3+2t

_12 3
D) el
295 4+ 01572 4 CyA 1 —Cs Joo | (i )
3 el uel|g 7
( €2t+4573 ) 12 3
A 3 T 3oy
2t+4s—3 342t
(561) — gsé% + 0163725 + C2 )\E 6| 1411€| 3 7 i 12 _ 3 :
gb—1as 3+2t 3—2s
)\€2(372S) ) 12 3

C i <
S6-1s © % 39 S 3 94

B 03537 3325 g— (3—23)Qé1—'yq,s) —(3-29)

S .3
< =82,
3 2
Since v, € Syq, from Lemma 5.1 we can take ¢; < 0 and 62 > 0 such that 6; xv. € A, and
I,,(02 % v:) < 0, respectively. Then we can define a path
Yo 1t €[0,1] = ((1 — )01 + tb) xve € Ty

To sum up, by the estimations (5.58)-(5.61), we can derive that

S 43
(5.62) crpula) < max Tu(e. (1)) < max ¥, (0) < 252,
for € > 0 small enough, which is the desired result. O

Lemma 5.8. Let {uy,} be the (PS) sequence in Sy q at level ¢, (a), with c,(a) < %S%, assume that
Up — u, then, u # 0.

Proof. Arguing by contradiction, we suppose that u = 0. Noticing that {u,} is bounded in H?_,(R3),
going to a subsequence, we may assume that ||(—A)%un||% — ¢ > 0. By Lemma 3.6, u,, — 0 in
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LP(R3),Vp € (2,2%). From Proposition 5.5 and Lemmas 3.3,3.6, we have P,(u,) — 0 such that,

« s — 2t
/ \unIQ dx = [|[(-A)2 2,3 /\/ ¢Z uid:ﬁ—uéq,s/ |t |?dx
48 R3 " R3
= [[(=A)2un 3 + on(1)
=1+ o,(1),

2 P
as n — oo. Then, using Sobolev’s inequality, one has £ > S¢2% | and so, either ¢ > S35 or £ = 0. In
3
the case £ > S2s, from I,(u,) — cyu(a), Pu(uyn) — 0, we know

cu(a) +on(1)

s s s2% +2t—3 2%

= SIA Rl + AT [ 6l e - oo+ o)
3 482; RS " Rg
S

which means c,(a) = 5¢, that is c,(a) > %S%, which contradicts the assumption ¢, (a) < %S% In
the case £ = 0, one has

[(=A)Zuy||2 — 0, / |un| % da — 0,
RS
and combining with

oL, uzdx — 0, / |up|?dz — 0,
R3 R3

we have, I,,(u,) — 0, which is absurd since ¢, (a) > 0. Therefore, u # 0. O

Lemma 5.9. Let {uy,} be the (PS) sequence in S, at level ¢, (a), with c,(a) < %S%, assume that
P,(up) = 0 when n — 0o, and X < ] small. Then one of the following alternatives holds:

(i) either going to a subsequence u, — u weakly in HS (R 3), but not strongly, where u Z 0 is a
solution to

(5.63) (=A)Vu+ At u = au+ plul?%u + |u/*>"2u, in R,
where o, — a < 0, and
Lu(w) < cu(a) - 555

(ii) or passing to a subsequence u, — u strongly in HS ,(R3),I,(u) = c,(a) and u is a solution
of (1.5)-(1.6) for some a: < 0.

Proof. By Lemma 5.6, we have that {u,} C S, is a bounded (PS) sequence for I,, in H? ,(R3),

and so u, — u in H? ,(R3) for some u. By the Lagrange multiplier principle, there exists {a,,} C R
Un(—A)2 pdz — an/

satisfying
[
R3 R3

- [ P upde = 0, (D)l

for any ¢ € H?_ ,(R3). Moreover, one has lim,_,c o, = @ < 0. Letting n — oo in (5.64), we have

/(—A)§ (— A)2g0dac+)\/ S updr — p / lu|? 2updz — / |u|%~ uwdm—a/ updr = 0,
R3 R3

(S

Unpdr + )\/ oL, updz — u/ |, |7 2 o
(5.64) R R?
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which implies that u solves the equation
(5.65) (=A)u+ APt u = au+ plulf%u + |u/*>"2u, in R

and we have the Pohozéev identity P,(u) = 0.
Let v, = up, — u, then v, — 0 in H? ,(R3). According to Brezis-Lieb lemma [33] and Lemma 3.3,
one has

El El El 2% 2% 2
(5.66)  [[(=2)2unll3 = [I(=2)2ull3 + [I(=2)2vall3 + on(1), funllzz = lullz: + llvallyz + on(1).

and
(567 [, huide = [ ouido-tou(1), Junllf =l + lloal + (1)
Then, from P, (u,) — 0,u, — u in LP(R3), one can derive that

H=A)5ull+ (=AY bvl + 0 [ dhaids

:uéq,s/ |u]qu+/ ]u|2§dx+/ un|?* dz + 0, (1).
R3 R3 R3

By P,(u) =0, we have

(5.69) [-A)unl = [ e+ 0,(0).
R
Passing to a subsequence, we may assume that
(5.69) lim [[(—A)3 v, = lim / onlZidz = € > 0.
n—o00 n—oo Jp3

2
Then, it follows from Sobolev’s inequality that ¢ > S¢2 | and so, either £ > S3s or £ = 0. In the case
¢> S3, from I,(up) = cula), Pu(un) — 0, we know

1 1 *
cu(a) = lim I,(u,) = lim {Iu(u) + §|]vn||2 — / ]vn|28da¢+ on(l)}
(570) n—oo n—oo R3

= Lu(w) + 50> Lu(w) + 55%
which means that item (i) holds.
If £ =0, then ||u, — ul| = ||v,| — 0, one has u,, — u in DS?(R3), and so u, — u in L% (R?). To

prove that u, — u in H? ,(R?), it remains only to prove that u, — u in L?(R?). Fix ¢ = u,, — u as
a test function in (5.64), and u,, — u as a test function of (5.65), we deduce that

—A ; Up — U 2(1.’15- AUy — o) (U, — u)dr +

(G, tn — Gyy10) (i — w)dx
R3

R3 |
_ M/s(\un\q2un T 2) (up — w)de + /3(|un\2§2un 20 (1 — w)da + on(1).
R R
Passing the limit in (5.71) as n — oo, we have

0= lim (antn — ou)(uy —u)de = lim a/ (ty, — u)?de,
n—oo R3 n—o0 R3

and then u, — u in L?(R3). Therefore, item (ii) holds. O
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Now, we are ready to complete the proof of Theorem 2.2.

Proof of Theorem 2.2. Let A < A* := min{\}, A\3}. By virtue of Lemmas 5.1-5.2,5.6-5.7, Propositions
5.3-5.5, there exists a bounded (PS)., (4)-sequence {u,} C Syq, with ¢, (a) < %S%, and u € HE ,(R?)
such that one of the alternatives of Lemma 5.9 holds. We assert that (i) of Lemma 5.9 can not occur.
Indeed, suppose by contradiction that, item (i) holds, then u is a nontrivial solution of (5.63), and
by Lemma 5.9 and Lemma 5.7, we have

I,(u) < cula) — 2523? < 0.

On the other hand, we have
1
Iu(u) = Iy(u) — ?Spu(u)

25 + 2t — s —
= %SA Pt udr + a0 q / lu|%dx + = / u|? dx
R3

> 0,

s J(R3) with I,(u) = c,(a), and u
is a solution of (1.5)-(1.6) for some a < 0. Moreover, u(x) > 0 in R3. In fact, we note that all the
calculations above can be repeated word by word, replacing I, with the functional

1 s A 1 «
(5.72) )= 2 [ j(—a)iulde + / oLady — “/ fut[2d — / 2 da.
H 2 R3 4 R3 q JR3 2: R3

Then w is the critical point of I,‘f restricted on the set S, 4, it solves the equation

which leads to a contradiction. Therefore, u,, — u strongly in H?

(5.73) (=A)u+ At u = au+ plu™ |97 %u + [uT)? 2. in R3,

Using ©~ = min{u, 0} as a test function in (5.73), in view of (a —b)(a= —b~) > |a~ —b~|?,Va,b € R,
we conclude that

() — u(y)P
—abyug= [[ o |M% dudy

<J(-a u\b+A/<fm|dx—a/ uPda
//RG y\3£§s)_u ¢ ))dxdy+>‘/ d)t lu™ |d33—a/ |u™ ‘de

Thus, v~ = 0 and u > 0,Vz € R3, is a solution of (5.73). By the regularity result [36] we know
that u € L®(R3) N C%*(R3) for some a € (0,1). Suppose u(xg) = 0 for some zg € R3, then
(—A)*u(xg) = 0 and by the definition of (—A)?®, we have [27]:

Cs [ u(zo+y) + u(xo —y) — 2u(xo)

(—A)*u(xg) = Y - |y|3+2s dy.

Hence, [ps %dy = 0, which implies u = 0, a contradiction. Thus, u(z) > 0,Vz € R3. O

6. PROOF OF THEOREM 2.3

In this section, we deal with the L2-supercritical case 2 —I— 2 < g < 2%, when parameter p > 0

large. In view of 3('152) > 2, the truncated functional I, ; deﬁned in Sectlon 4 is still unbounded
from below on S, ,, and the truncation technique can not be applied to study problem (1.5)-(1.6).
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To overcome this difficulty, as in Section 5 we introduce the transformation (e.g. [29]):
(6.1) (@ xu)(x) = e%u(eex), zeRY, 0eR,

and the auxiliary functional

o250 o(3— 2t)9
I(u,0) =I,((0%u)) = ul? + gbt u?dx — eqaq 550 ulldz
a 2

R3
1 3@i-2
——e 7 ¢ lu
2% R3

From Lemmas 5.1, 5.2, we have the the mountain pass level value ¢, (a) by

cula) == lgtgl[g?]f u(y(t)) >0,

(6.2)
% dx

where
Iy = {'7 € C([O, 1]7 Sr,a) : 7(0) € Aaa’Y(l) € IS}

In what follows, we set g(t) = u|t|9~2t + |u|%~2u, for any t € R. From Propositions 5.4,5.5, we
know that there exist a (PS).,(4)-sequence {u,} C S, satisfying

Lu(un) = cu(a), [ ]s, . (un)ll = 0 and Py(un) — 0, as n — oo,

where
.o, 3-92t oy 3
Py(up) =s [(=A)2u,|*de + ——X [ opude+3 | Gup)dr — = | g(uy)upde.
R3 4 R3 R3 2 Jps

Similar to the Section 5, setting the functional ¥(v) : HS ,(R3) — R given by
1
v(o) =+ [ |oPde,
2 Jps
it follows that S, , = \Ilfl({g}), and by Proposition 5.12 in [33], there exists a,, € R such that
HIL(un) — V' (uy)|| = 0, as n — oco.

That is, we have

(6.3) (=A)*up + APl un — g(un) = anty + 0p(1) in H5(R?).

Therefore, for any ¢ € H? ,(R?) , one has

(6.4) / (=A)2up (—A)2 pda + )\/ or, unpdz —/ g(up)edr = an/ Unpdr + o, (1).
R3 R3 R3 R3

In the sequel, we study the asymptotical behavior of the mountain pass level value c,(a) as
p — +oo, and the properties of the (PS).,(,)-sequence {u,} C Sy 4 as n — +o0.

Lemma 6.1. The limit lim,_,, c,(a) = 0 holds.

Proof. Recall Lemmas 5.1, 5.2, we see that for fixed ug € 5,4, there exists two constants 61, 62
satisfying 01 < 0 < 6o such that u; := 61 xug € A and I,,(u2) < 0. Then we can define a path

no:7T€[0,1] = ((1 —7)01 + 7602) xup € T'y.
Thus, we have

cula) < tlgl[gb’)l(] L (no(t))

25 P32t
< max { —||uol|* + )\/ ol ugdr —
2 4 R3

r>0

|

= max h(r).
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Note that 3q 6 > 25 >3 —2t, we have that lim, o+ h(r) = 07, lim,_ 4o h(r) = —0c0, and so, there
exists a umque maximum point 79 > 0 such that max,>o h(r) = h(rg) > 0. Hence, we distinguish
two cases: 79 > 1l and 0 < rg < 1.

If rg > 1, we have by 2s 4 2t > 3, that

max 1, (no(t)) < h(ro)
2,10 2y — T aq
ol + 3 [ dhudir = [ ol

te0.1]
< max { 2max fHuon A/ ot uddx 7“25—'ur3q2_6/ lug|Tdx
- 20 2 "4 g 00 q R3

)2 _ Mb( 3¢-6

= 2a(rmaz - Tmaz) 2

4s

_ 2a(3g —6—4s) 8gsa | 3a—6-4s
- 3a-6 1b(3q — 6) ’

4s
8gsa 3¢—6—4s 1 9 A / ¢ 92 /
maxr — s = = y d R b= Idzx.

Therefore, for 2 + % < q < 2}, we have a positive constant C independent of p such that

where

~ 4s
Yula) < Cp 3a=6=4 — 0, as pu — +oo.
If 0 <79 < 1, we infer to

TQS ) 3 2t q—G
e £ no0) < "S-l + 2= [ dtyddo 20T [ ot

te[0,1] 2

1 _ M 3g=6
ng{{Zmax{2||u0|]2,4/[RS qbzou%dx}r?’ Qt_ET 2 /R3 ]uo|qdaz}

~ _ b . 39—6
= 2a(rma:1:)3 2 lu*("ﬂmax) q2

IN

2(3—2t)

2a(3q + 4t — 12) [4qa(3 — 2t) | 3a+3-12
3qg—06 | 1b(3qg — 6) | ’

where
_ [4qa(3 — 2t)] Ferie

e = ub(3q — 6) | '
Since 2 —|— 3 < g < 2%, and 2s + 2t > 3, we can deduce that 3¢ + 4t — 12 > 0, then there exists a
positive Constant Ch 1ndependent of p such that

_2(3—2¢)
cula) < Cip 3aF4-12 - 0, as p — +o0.

This completes the proof. O
Lemma 6.2. There exists a constant C' = C(q,s) > 0 such that

limsup | G(up)dz < Ceyla),

n—o0 R3

limsup/ g(up)updz < Ceyla),
R3

n—o0
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and

limsup/ ¢l uzdr < Ceyla), limsup [(=A)2u, 2de < Cey(a).
R3 R3

n—0o0 n—0o0

Proof. Since Iu(un) — cu(a) and P,(u,) — 0 as n — oo, we have

3cu(a) + on(1) = 31, (un) + Pulun)

2
3+ S/ |(— 2un]2dx+)\/ # %dm—3/ g(up)updz
" 2 Jr3
o 3 + 28 t 2
65 — 2 (2Cu(a) / P, Upd + 2 » G(up)dz + on(1)>
+)\/ ¢un idl‘_ / 9(un)undzx
3

— (34 25) [C#(aw/m G(un)d:v+0n(1)] 2/]1@ g tndz — )\M/ o ulda.

Hence,

2t + 25 —
2scyu(a) +on(1) = /\M/ G, uZdr + 3/ g(up)updzr — (3+2s) [ G(up)dz
4 R3 2 R3 R3

> % Glup)dz — (3+2s) | Glup)da

R3 R3
-2 2
_ 34203 +2s) G(up)dz,
2 R3

which implies that

. 4s
(6.6) hyrlri)solip - G(up)dr < mcﬂ(a) < Ccy(a)
and then
(6.7) limsup/ g(up)updr < Ceyla).

n—oo JR3

Then, from (6.5)-(6.7), we have

2 s —
lim sup 5+ s/ [(—A)2u,|?dr + )\3t/ P, U2 d
n—oo 2 R3 2 R3

(6.8)
3
= lim sup {BCu(a) + / g(up)updz + on(l)} < Ccyla).
n—o0 2 R3
Consequently, the proof is completed. O

Lemma 6.3. There ezists pf := pi(a) > 0 such that uw # 0 for all p > pj.

Proof. From Lemma 5.6, we know that {u,} is bounded in H? ,(R?), and by Lemma 3.6, up to a
subsequence, there exists u € H? ,(R?) such that u, — u Weakly in H? ,(R3), u,, — u strongly in

LY(R3), for t € (2,2}), up — u a.e. on R3. In view of 2+ 4 < ¢ < 27, and Lemmas 3.3, 3.6, then

(6.9) lim |up|9dx = |u|fdx, lim o utdr = Pt ulda.
n—oo Jp3 R3 n—oo Jp3 n R3
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Suppose by contradiction that, u = 0. Then, by (6.9) and P,(u,) = 0,(1), we deduce as
on(1) = [[(=A)2u, |2 —|— )\/ ¢!, utdr —uéqs/ |un|9dx —/ |un| % dx
= (=) Eun - / [+ (1),
R3

Without loss of generality, we may assume that

|(=A)2u,|?de — ¢, and / un|? dz — ¢,
R3 R3

2 P
as n — oo. By Sobolev’s inequality we get £ > S¢2% | and so, either £ > S3s or £ = 0.
3
If ¢ > S2s, then from I, (u,) = cu(a), Py(u,) — 0, we have

cula) + on(1)

1
= I (un) = I(un) — ?Pu(un)
s 2* 2
= Sl i B AR o e B [ rda ot 0,(1)
3 T oas2r
- §e+on(1),

which implies that c,(a) = §¢, and so, c,(a) > 55237, but this is impossible since by Lemma 6.1,
there exists some pj := pj(a) > 0 such that c,(a) < %S% as (> pi.

If £ = 0, then we have ||(—A)>u,||3 — 0, thus I,(u,) — 0, which is absurd since c,(a) > 0.
Therefore, u # 0. O

Lemma 6.4. {a,} is bounded in R, and limsup,,_, ., |an| < a%cﬂ(a) has the following estimation:

2t +4 —2s5) —6
= — [)\H/ oL, uzdr + a(3 = 2) u/ |un|qu] + o, (1).
a 2qs R3

Moreover, there exists some pb := p3(a) > 0 such that limy,_s o o = a < 0, if > pb large.

Proof. By (6.3) and the fact that u,, € S, ,, we have

|(—A)%un|2d$ + /\/ ¢Znuidx — / g(up)updr = an/ ]un|2d:r + on(1)
R3 R3 R3 R3
= a,a® + o,(1).
It indicates that
1 s
= [ L1y udeea [ ol e - [ g(un>undx] T on(1).
a R3 R3

By Lemma 5.6 we have the boundedness of {u,} in H? ,(R3), and so, {ay,} is bounded in R. By
Lemma 6.2 we know that limsup,,_, . |an| < a%cﬂ(a). Moreover, together with P,(u,) — 0 as
n — oo, we derive as

Qn = a2 |:/ | %u"| d37+)\/ ¢u ’un| d:L’—/ g(un)undx_ 1P (Un):| +0n(1)
=3 [)\M/ ¢t uldzx —|— / \un\qdac] + o, (1).
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By (6.9) and similar arguments to that of (4.32)-(4.35), we see that there exists ub := p3(a) > 0,
such that

a= lim ay,

n—oo
1 2t +4s—3 3—25)—6
= lim — /\H/ ot udx + q(s)M/ |un|?dz + 0p (1)
(6.10) n—o0 a2 4s Rz " 2gs R3
' 1 [ 2t+4s—3 q(3—2s)—6 /
= (= Eulde + 22 2% F a4
a? [ 4s /]12{3 Quudr + 2qs a R3 ful*dz
< 0,
for p > p3 large. O

Subsequently, using the concentration-compactness principle, we derive the following lemma,
whose proof is similar to that of Lemma 4.3 in Section 5, we omit its details here.

Lemma 6.5. For i > p* := max{uj, us}, there holds [gs [un|* dz — [os |u|? dz.

With the help of the above technical lemmas, we can prove Theorem?2.3 as follows.

Proof of Theorem 2.3. Let p > p* := max{uj, u3}. From Lemmas 5.1, 5.2, the functional I,, satisfies
the Mountain pass geometry, from Propositions 5.4,5.5, there exist a (PS),, (4)-sequence {uy} C Syq
satisfying (6.3), (6.4), which is bounded in H? ,(R3), and there exists u € H? ,(R?) such that u, — u
weakly in HS ,(R3), u, — u strongly in LP(R3), for p € (2,2%). Moreover, by Lemmas 6.1-6.4, we
have that a, — o < 0 as n — 4oc0. By the weak convergence of u, — u in H? ,(R?), (6.3) and
(6.4), we have that u solves the equation

(6.11) (=A)u + ¢t u — plu|%u — |[u)*~%u = au.

Therefore, from (6.9)-(6.11) and Lemma 6.5, it follows that

I(=A)Ful3 + A / ohudz — alull? = pullull? + / % da
R3 R3

= q 23
[l + [l ias]

= Tim [[|(=A)2un|3 +A/ Drop U — tn|n[3]
n—o0 R3

= Tim [[[(=2)2unlf3 — anllua|3] + A/ prutda.
n—0o0 R3

Since o < 0, as in the proof of Lemma 4.3, we can derive as

lim [[(=A)2un |3 = [|(=A)2ul3 and  lim [ju,|3 = [Jull3.
n—oo n—oo
Therefore, u, — u in H?, ,(R3) and |lul|2 = a. This completes the proof. O
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