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Abstract. This article is devoted to obtain the I'-limit, as € tends to zero, of the
family of functionals

UH/slf(x,g,...,sin,Vu(x))dx,

where f = f(x,y',...,y", 2) is periodic in 4, ..., y", convex in z and satisfies a very
weak regularity assumption with respect to x,y',...,y™. We approach the problem
using the multiscale Young measures.

Keywords: convexity, discontinuous integrands, iterated homogenization, periodic-
ity, multiscale convergence, Young measures, I'-convergence

2000 Mathematics Subject Classification: 28A20, 35B27, 35B40, 73B27

CONTENTS
1. Introduction 1
2. Young measures 3
3. Multiscale Young measures 4
4. Continuity results 7
5. Gamma-convergence 11
6. Iterated homogenization 16
References 17

1. INTRODUCTION

Multiscale composites are structures constituted by two or more materials which are finely mixed
on many different microscopic scales. The fact that a composite often combines the properties of
the constituent materials makes these structures particularly interesting in many fields of science.
There is a vast literature on the subject; we refer the reader to [22] and references therein.

Determining macroscopic behavior of these strongly heterogeneous structures when the size ¢
of the heterogeneity becomes “small” is the aim of homogenization theory.

In the particular case of a periodic multiscale composite, from a variational point of view, the
homogenization problem is to characterize the behavior, for the parameter € tending to zero, of
functionals on W1 (2, R®) of the type

F.(u) = /Qf(:c, <p;§€)>,...,<pj€)>,vu(x))dz, (1.1)

where () denotes the fractional part of a vector componentwise, 2 is an open bounded domain in
R? @ is the unit cell [0,1)%, p are the length scales and f = f (ac, Yyl .y, z) is a non-negative
function on Q x Q™ x M**4,

The purpose of this paper is to analyze (1.1) under the following assumptions.

Assumption 1. f is convex in the argument z for all z € Q and y!,...,y" € Q.

Date: November 26, 2008.
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Assumption 2. f is p-coercive and with p-growth:
clzl” < fayts oyt 2) < e (T4 ]2]7)
for some p € (1,400), c1,c2 > 0 and for all (z,y',...,y" 2) € 2 x Q" x M*4,

Assumption 3. f is an admissible integrand, i.e., for every 6 > 0 there exist a compact set X C )
with [Q\X| < ¢ and a compact set Y C @ with |Q\Y| <, such that f|xyynxmexqe IS continuous.

In particular we cover the following two significant cases (see Examples 4.12 and 4.13).

i) The case of a single microscale (n = 1): the function f : Q x Q x M**¢ — [0, +00) is
continuous in x, measurable in y and satisfies Assumptions 1 and 2. Notice that f is
continuous in z uniformly with respect to « and hence is continuous in (z, z). It is possible
to interchange the regularity conditions on f requiring the measurability in z and the
continuity in y.

ii) The case of a multiscale mixture of two materials: the function f : Q x Q" x M**¢ —
[0, +00) is of the type

f(xayla"'vynaz ]:[ka flxya"'aynaz)
(1.2)
|:17HXP1€ :|f2$y,...,yn,Z),
where xp, (k = 1,...,n) is the characteristic function of a measurable subset Py of @

and the functions fi, fo : Q x Q" x M**¢ — [0, +00) are measurable in x, continuous
n (y',...,y") and satisfy Assumptions 1 and 2. The regularity conditions on f; and fo
can be replaced by the continuity in (z,y',...,y" ') and the measurability in the fastest
oscillating variable y™.

Problems of the type (1.1) have captured the attention of many authors. For instance, the case of

a single microscale
[ #( 50, Vut))da
Q e

has been studied by Braides (see [8] and also [9, Chapter 14]) under Assumption 1 and requiring
in addition a p-growth condition on the integrand f and a uniform continuity in x, precisely

|f(x,y,z) - f(xlayazﬂ < UJ(|$ - ‘T/D[O‘(y) + f(x,y,z)] (13)

for all z,2' € RY, y € Q and 2z € M**¢, where o € L'(Q) and w is a continuous positive function
with w(0) = 0. Recently Baia and Fonseca [3] have studied this problem under Assumpion 2 and
requiring continuity in (y, z) and measurability in a.

n [10] (see also [9, Chapter 22], [19] and [20]) Braides and Lukkassen study functionals of the

form
Af((f),...,(%),vu(x))dx

The authors provide an iterated homogenization formula for functions as in (1.2) with an additional
request on the functions f; and f2 of a uniform continuity, similar to (1.3), with respect to the
slower oscillating variables y!,...,y"~1. The same result is obtained by Fonseca and Zappale [16]
but with a continuous function f satisfying Assumptions 1 and 2.

Since the variable x describes the macroscopic heterogeneity of the constituent materials while
the variables y',...,y" describe the microscopic heterogeneity of the composite structure, it is
desirable to have the weakest possible regularity on them. In particular, the oscillating variables
should be able to describe the discontinuity on the interfaces between different materials. At any
rate the only request that f is borelian is not enough to obtain a homogenization formula, as it is
shown in Examples 5.10 and 5.11 (see also [1] and [13]).

In order to weaken the continuity assumptions taken in the works cited above, we approach the
problem using the multiscale Young measures as in [24] (see also [21] and [23]). The peculiarity of
our work is the introduction of the concept of admissible integrand (Definition 4.10). The crucial
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point is to extend the lower semicontinuity property (3.3) to this kind of integrand: this is achieved
in Theorem 4.14.

The paper is organized as follows. In Section 2 we recall concepts and basic facts about Young
measures. In Section 3 we introduce the notion of multiscale convergence in the general framework
of multiscale Young measures. In Section 4 we discuss the properties of admissible integrands. By
Theorems 4.6 and 4.14 we derive, in Section 5, the upper and lower estimates for the I'(L?)-limit
of the family F. (Lemmas 5.7 and 5.5). Finally, in Section 6, we give an iterated homogenization
formula.

2. YOUNG MEASURES

We gather briefly in this section some of the main results about Young measures, for more details
and proofs we refer the reader to [5], [11] and [26].
We denote with

e D a bounded and locally compact subset of R!, equipped with the Lebesgue
o-algebra L(D);

e | A| the Lebesgue measure of a set A € L(D);

e S a locally compact and separable metric space, equipped with
the Borel o-algebra B(S);

e U(D,S) the family of measurable functions u: D — S;

e Cy(S) the space {¢ : S — R continuous : V§ > 0 3K C S compact :
|p(2)] < 0 for z € S\ Ks}, endowed with the supremum norm;

o M(S) the space of real valued and finite Radon measures on S;

o P(S):={pueM(S):u>0and u(S) =1} the set of probability measures on S;

e LY(D,Cy(S)) the Banach space of all measurable maps x € D 2, ¢z € Co(S) such that
[l 2 == fD ||¢IHCO(S) dz is finite;

o L2 (D, M(S)) the Banach space of all weak* measurable maps x € D £ p, € M(S) such
that ||U||quo 1= eSS SUP,ep || Hall pq(s) IS finite;

e Y(D, S) the family of all weak* measurable maps p : D — M (S) such that p, € P(S) a.e.
z e D.

Remark 2.1.
i) As it is known, the dual of Cy(S) may be identified with M(S) through the duality

<u,¢>=/s¢du Vi€ M(S) and V€ Co(S).

ii) A map p: D — M(S) is said to be weak* measurable if x — (uz, ¢) is measurable for all
¢ € Co(S).

iii) More precisely, the elements of L*(D,Cy(S)), L (D, M(S)) and Y(D, S) are equivalence
classes of maps that agree a.e.; we do not distinguish these maps from their equivalence
classes.

iv) L% (D, M(S)) can be identified with the dual of L*(D,Cy(S)) through the duality

(u, ) = /D (g, Bz) dx Yu € LY (D,M(S)) and Vo¢¢€ Ll(D, C’O(S)).

In the following we will refer to the weak* topology of LS (D, M(S)) as the topology
induced by this duality pairing.

v) Let Y(D,S) := {0 € M(D xS) : p>0and o(Ax S) = |A] VA € B(D)}. By the
Disintegration Theorem [25], the map which associates to p € Y(D,S) the measure i €

~

Y(D,S) defined by
A(A) = /D ([5 XA(:C,z)d,um(z)) de VA€ B(D x S)

induces a bijection between (D, S) and Y(D, S). Given a function f: D x S — R fi-
integrable, it turns out that f(z,-) is p,-integrable for a.e. x € D, x — [q f(x, 2)dpe(2) is
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integrable and

[ = f (o)

this last equality remains true if f is £(D) ® B(S)-measurable and non-negative.

The family U(D,S) can be embedded in LS (D, M(S)) associating to every u € U(D,S) the

function
Ou
r— 5u(z) )

where d,(;) is the Dirac probability measure concentrated at the point u(z).

Definition 2.2. A function p € LY (D, M(S)) is called the Young measure generated by the
sequence uy, if d,, — p in the weak* topology.

Remark 2.3. This notion makes sense: by the identification of L3 (D, M(S)) ~ L' (D, Cy(S))"
and as a direct consequence of the Banach-Alaoglu theorem, every sequence uj, in U(D, S) admits
a subsequence generating a Young measure.

The following result is a “light” version of the Fundamental Theorem on Young Measures.

Theorem 2.4. Let up be a sequence in U(D, S) generating a Young measure p and for which the
“tightness condition” is satisfied, i.e.,

V6 > 03Ks C S compact : sup [{z € D :up(z) € Ks}| < 6. (2.1)
heNt

The following properties hold:

i) peY(D,S);
i) if f: D xS —[0,400) is a Carathéodory integrand, then

lggli&f)/[)f(x,uh(x))dx2/[)7(x)d:13

1) = /5 F (@ 2)dpa (2)

iii) o f: D xS — Ris a Carathéodory integrand and f (-, un(")) is equi-integrable, then f is
fi-integrable and f (-, un(-)) — f weakly in L*(D).

We remember that a £(D) ® B(S)-measurable function f is a Carathéodory integrand if f(z,-) is
continuous for all x € D.

where

3. MULTISCALE YOUNG MEASURES

We introduce now the notion of multiscale convergence, an extension of the two-scale convergence
carried out by Allaire ([2]) in joint work with Briane. We present it in the general framework of
multiscale Young measures, following essentially the ideas exposed in [27], [4] and [21].

We start presenting an example that does not only show a fine and explicit case of Young
measure, but it is a fundamental mainstay in this section. Before we add some new notation:

€ is a bounded open subset of R?, equipped with the Lebesgue o-algebra L£(€2);
Q is the unit cell [0,1)?, equipped with the Lebesgue o-algebra £(Q);
n is the number of scales, a positive integer;
P1,- -, Pn are positive functions of a parameter ¢ > 0 which converge to 0 as € does, for
which the following separation of scales hypothesis is supposed to hold:
lim 2218
e—0t  pr(€)

e (z) € Q is the fractional part of z € R% componentwise, i.e.,
(t)g =z — || fork e {1,...,d},

where |z | stands for the largest integer less than or equal to z;

=0 Vke{l,...,n—1}%
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e p € (1,400) and ¢ € [1,+00] (unless otherwise stated), moreover ¢’ is the Holderian
conjugate exponent of g;

o (C'°(Q) stands for the space of the functions in C'*°(2) with compact support;

o Cper(QF) is the space of the functions u=wu(y", ..., y*) in C((R?)*) Q-periodic in y*, ..., y*;
corresponding definitions hold for C},,.(Q") and Cp2,.(Q%);

per

e WLP(Q) denotes the space of the functions in Wll’p (RY) Q-periodic.

per oc
We fix a sequence 5, — 07 of values of the parameter ¢.
Example 3.1. We denote by T the set @ equipped with the topological and differential structure

of the d-dimensional torus; any function on T can be identified with its periodic extension to R?,
in particular

C(T) = Co(T) =~ Cper (Q).

We consider the sequence vy, : 2 — Q™ defined by

(e)i= () ). (3.1)

For our example, we need an auxiliary ingredient concerning weak convergence. It is a particular
case of [14, Proposition 3.3].

Theorem 3.2. Riemann-Lebesgue lemma: given ¢ € Cpe,(Q™), define ép(x) := ¢p(vp(x)). Then
on — an 10) (yl, e y”) dyt ... dy™ weakly* in L>=(Q).

As consequence of Riemann-Lebesgue lemma, for all ¢ € L'(Q) and ¢ € Cpe, (Q™)
/Qso(iv)qb (vn(2)) dz — (@) (y*, ..., y") dudy' ... dy".

QxQn"

The map p®¢ that takes every z € Q into o(2)¢(-) € Cper (Q™) belongs to L (Q, Cper (Q™)). Since
the space L'(Q) ® Cperr (Q™), defined as the linear closure of {o®¢ : ¢ € L'(Q) and ¢ € Cpe, (Q™)},
is dense in L' (Q, Cper(Q™)), we conclude that vy, generates the Young measure p € Y(2,7™) with

te =LLQ" for a.e. x €,

where LL Q" is the restriction to Q™ of the Lebesgue measure on (Rd)n.

Definition 3.3. Let uj, be a sequence in L!(€). The sequence uy, is said to be multiscale convergent
to a function u = u(x,y,...,y") € LY(Q x Q") if

N R e e R

= / o(x)p (yl,...,y”)u (m,yl,...,y”) dedyt ... dy™
QxQn

for any ¢ € C2°(Q) and any ¢ € Cp2,.(Q™). We simply write uj, ~> u. A sequence in L'(Q,R™) is
called multiscale convergent if it is so componentwise.

Proposition 3.4. Let uy, be an equi-integrable sequence in L' () multiscale convergent to a func-
tion u € LY (2 x Q™). Then uy, converges weakly to us in L'(S2), where

Uoo (T) ::/ u(z,y',...y")dy' .. dy".

Proof. An equi-integrable sequence is sequentially weakly compact in L', therefore it is sufficient
to prove that uj;, — us in distribution. But this is a direct consequence of the definition, taking
o=1. 0
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Let uy, be a bounded sequence in L'(2,R™); we consider the sequence wy :  — Q" x R™
defined by

@) onen

wnte) o= (¢ )ouna) ) (32)

Suppose that wy, generates a Young measure p (at any rate this is true, up to a subsequence).
Thanks to the boundness hypothesis, it can be easily proved that wj, satisfies tightness condi-
tion (2.1), so p € Y(Q,T™ x R™). Roughly speaking, by Remark 2.1(v), it is possible to piece
together u in a measure 1 € JA)(Q, T™ x R™). Thanks to Example 3.1, actually i1 € JA)(Q x Q" R™)
and so, by Remark 2.1(v) again, it is possible to dismantle this measure in a new function
v € Y x Q",R™), called the multiscale Young measure generated by wuj (with respect to
(p1(en)s-- -, pn(en))). In particular we have:

Theorem 3.5. Let p € Y(Q,T™ x R™) be the Young measure generated by wy, and let v €
Y(Q x Q™,R™) be the multiscale Young measure generated by up. Then

/ (/ f(w,yl,---,y”,Z)duz(yl,---,y”,Z))dﬂf
o \Jqrxrm

= / ( flzyt, oy, Z)dl/(m,y17...,yn,)(z)> dedyt ... dy"
QxQn R™
forall f: QO x Q™ xR™ — R [-integrable or non-negative L(2) @ B(T™x R™)-measurable.

The next statement lights up the link between Young measures and multiscale convergence.
Sometimes we will use in the sequel the shorter notation y := (y!,...,y").

Theorem 3.6. Let uy, be a bounded sequence in L1(Q,R™), q € [1,400), generating a multiscale
Young measure v. The following properties hold:

i) the center of mass U, defined by

is in LI(Q x Q™,R™);

i) if uy, is equi-integrable, then up, ~> U;

i) if f: QxT" xR™ — [0,400) is a Carathéodory integrand, i.e., L(Q) @ B(T" x R™)-
measurable and continuous on T™ x R™, then

hminf/ f(z,wh(:c))dz > / fla,yt,. .y dedy' ... dy", (3.3)
h—+oo Jq axQn
where
7(:6,]_/1, e 7yn) = f(.fC,yl, e 7yn7 Z) dy(m,yl,...,y")(z) ;
]Rm,

iv) if f: QxT"xR™ — R is a Carathéodory integrand and f(-,wy(+)) is equi-integrable, then
f(@,y,) is Vg, -integrable for a.e. (x,y) € QxQ", f is in L*(2xQ™) and f(-,wp(-)) ~ f.

Proof. Assertion (iii) is a straight consequence of Theorems 2.4(ii) and 3.5. The integrability
properties in assertion (iv) follow by Theorem 2.4(iii) and Remark 2.1(v), by noting that i = v.

In order to prove the multiscale convergence, fixed ¢ € C2°(2) and ¢ € Cpg,.(Q™), we define the
function g : 2 x Q™ x R™ — R by

g(x,y, Z) = g0($)¢(y)f($, Y, Z)

The function g is a Carathéodory integrand on ©Q x T™ x R™ and g¢(-,wn(-)) is equi-integrable,
thus, by Theorems 2.4(iii) and 3.5,

o) = [ ([ stwnduatnn) e = [ cwotife iy
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Assertion (ii) follows by applying (iv) with f(z,y,2) = z;, 7 = 1,...,m. Finally, by Jensen’s
inequality and (iii) with f(x,y,2) = |2|?, we obtain assertion (i):

/ [7(x,y)|* dedy < / (/ | 2] du(xyy)(z)) drdy < liminf/ lup(z)]? dz < 400
axQn" QxQn Rm™ h—+o0o Jq

O

Remark 3.7. Actually assertion (ii) is a compactness result about the multiscale convergence: for
every sequence uy, equi-integrable in L' or bounded in LP, there exists a subsequence uy, which
generates a multiscale Young measure and therefore multiscale convergent. Remember that a
bounded sequence in LP is equi-integrable by Holder’s inequality.

We conclude with a basic result about bounded sequences in WP ().

Theorem 3.8. Let uy, be a sequence weakly converging in WHP(Q) to a function u. Then up, ~ u
and there exist n suitable functions ¢p(x,y', ..., y*) € LP (Q x QF-1, Wz}e’ﬁ(Q)) and a subsequence
(not relabeled) such that

Vup ~ Vu+ Y V.
k=1
The proof can be found in [2, Theorem 2.6] and in [4, Theorem 1.6]. In the first reference, the
idea is to work on the image of W2() under the gradient mapping, by characterizing it as the
space orthogonal to all divergence-free functions. Instead in the second reference it is used its
characterization as the space of all rotation-free fields. This last method is simpler and works for

general p, even if only the case p = 2 is examined in the original statement. Another proof can be
found in [24].

4. CONTINUITY RESULTS

As first result of this section, we show that it is possible to use in the multiscale convergence a
more complete system of “test functions”, not merely ¥ (z,y) = p(z)é(y) with ¢ € C°(Q) and

¢ € Cpe,.(Q™). Following Valadier [27], we introduce appropriate classes of functions.

Definition 4.1. A function ¥ : Q x Q™ — R is said to be admissible if there exist a family {Xs}s>0
of compact subsets of  and a family {Y5}s>0 of compact subsets of @ such that |Q\Xs| < 0,
|Q\Y5| < 0 and 1/)|X5><y6n is continuous for every ¢ > 0.

Remark 4.2. Tt is not restrictive to suppose that the families { X5}s>0 and {Ys}s>0 are decreasing,
i€ 0 <é implies X5 C X5 and Y5 C Y. Otherwise, it is sufficient to consider the new families
{X5}5>0 and {Yg}5>0, where

Xsi= () Xa-i, Ys:= () Yo
i>is 1215
and s is the minimum positive integer such that 2'=% < §.

Admissible functions have good measurability properties, as stated in the following lemma. We
omit the easy proof.

Lemma 4.3. Ify : Qx Q™ — R is an admissible function, then there exist a Borel set X C Q with
|Q\X| = 0 and a Borel set Y C Q with |Q\Y| = 0, such that ¥|xxyn is borelian. In particular,

for every fixed e, the function © — ¢ (35, <p%(8)>, cee <an(8)>) is measurable.

Definition 4.4. An admissible function v is said to be g-admissible, and we write ¢ € Adm4, if
there exists a positive function « € L(2) such that

(2, y)] < alz) V(r,y) e 2 xQ".
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The next theorem proves that it is possible to use Adm? as system of test functions. The proof
is very close to [27, Proposition 5]. Before we state the following lemma, that can be derived by
[14, Lemma 3.1] (see also [2, Remark 2.13]). We use the same definition of v;, given in (3.1).

Lemma 4.5. Let Ay, be a measurable subset of Q fork=1,...,n and let A :=T],_, Ax. Denoted
with x A the characteristic function of A, the sequence x a(vr(+)) converges weakly* to |A] in L>°(Q).

Theorem 4.6. Let uy be a bounded sequence in L1(QY), q € (1, +00], generating a multiscale Young
measure v and let ¢ € Adm4 . Then

lim /glw(x,vh(x))uh(x)dac:/QXQRQ/J(x,y)ﬁ(x,y) dxdy .

h—+oco
In particular, taking up, = 1, we obtain
lim V(z,vp(2))de = / Y (z,y) dx dy . (4.1)
h—+oc0 Jo axQn

Proof. Let § > 0; by Lusin theorem applied to o and by definition of admissible function, there
exist two compact sets X C Q and Y C @ such that |Q\X| < 9§, |Q\Y| < § and ¢¥|xxy=, a|x
are continuous. Let M := maxx «; by Tietze-Urysohn’s theorem, 1| x xyn» can be extended to a
continuous function ¢y on Q x T™ with |¢(z,y)] < M for every (z,y) € Q x Q™. We define on
Q x Q™ x R the functions

flzyy,z) =Y(x,y)z and  fo(z,y,2) = oz, y)z.

With the same definition of wy, given in (3.2), the sequence fo(-, wp(+)) is equi-integrable because
|fo(z,wn(z))] < M |up(z)|. By Theorem 3.6(iv), fo(-,wn(-)) ~ fo and therefore, by Proposi-
tion 3.4, fo(-,wr (")) = an Yo (-, y)V(+,y) dy weakly in L*(Q). This is sufficient to assert that
tn [ folewn@)de= [ nle)ve ) dedy.
h—+oco X xXxQn

Now

/ Y (x,y) 7 (z,y)dedy — / f(z,wn(2)) da
QxQ™

Q

<

/ Y (2,y)V (v,y) dvdy
(Q\X)x Q"

+ /XXQ" {1/) (@,y) — o (x,y)}ﬁ(:c,y) dzdy‘

+ [ )y dedy [ fote.unte) s

+

| [ [l wn(o) = (o wn(a)] do
X
=I+II+III+IV+V.
We have to show that I, II, IV and V can be made arbitrarily small. Observe that the function

(z,9) = of) / 2] dv(e g (2)

is in L'(Q x Q™) as consequence of Theorem 3.6(iii), Holder’s inequality and the L9-boundness of
the sequence up:

/ f(z,wp(z)) dz
X

/ vi(z,y) dz dy Sliminf/ a(z) |up(z)| dx
axQn h—+o00 Jq

< lledl e o sup [unllagq) < +o0-

The same for yii(z,y) := [q |2| dv(s,4)(2). By the absolute continuity of the integral and by the

estimates
I S/ n(z,y) dr dy
(\X)xQ™
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and
" / n w(xay) w( (ZCay) v (ZCay) T ay
X x(Qr\Y™) dx d

< / n(z,y) dedy + M i (z,y) dx dy ,
Xx(Qr\Y™) Xx(Qr\Y™)

we obtain that I and II tend to 0 for 6 — 0. By using again Hoélder’s inequality and the L9-
boundness of u;, we get for a suitable positive constant ¢

IV < ’/x XQn\yn(vh(x))[fo(ac,wh(x)) - f(x,wh(x))}dx

< / Yoy (0n(@)) [a(z) + M] jun(2)| da
X

1
a

<[ xamy(un@) o) + )" o)

V<e (/Q\X ()] dm)

By Lemma 4.5, it follows that xgn\y=(va(-)) =1 = xy=(vn()) converges weakly* to |Q™\Y™| and
therefore

and

»n\‘,_‘

[ xamve(on@) ata) + )7 do 222 1QM | [ fafe) + M) do.
X X

Hence we conclude that IV and V tend to 0 for h — oo and § — 0. O

Remark 4.7. Let ¢ = ¢(x,y',...,y™) be a real function on Qx Q™ either continuous in (y*,...,y")
and measurable in x or continuous in (z,y!,...,y*~ 1 y*¥T1 ... y") and measurable in y*. By
Scorza-Dragoni theorem (see [15]), ¢ is an admissible function. This is no longer true if one
removes the continuity assumption on two variables. More generally, the invocation of (4.1) may
be invalid, as shown in the next two examples. The first covers the case ¥ = ¥(x,y) (n = 1) while
the second covers the case ¥ = ¥ (y!,3?). We remark that in both examples 9 is a Borel function.
See also the example in [1, Proposition 5.8].

Example 4.8. Define the Borel sets A; := U;;B{(ac, y) €[0,1)?: y=iz—j}and A:=J;2, A;.
Now, in the simple case d =n =1, pi(e5) = h~! and Q = (0,1), consider the function ¥ (x,y) :=
xa(z,y). We have

/Olw(x,(hx>)dx51 but /Ol/olw(x,y)dxdyzo.

Example 4.9. In the case d = 1, n =2, p1(en) = h™1, pa(en) = h=2 and Q = (0, 1), consider the
function ¥ (y*, y?) := xa(y', y?), where A is defined as in the former example. We have

1 1,1 g1
/ Y((hx), (h*x))der =1 but / / / Yyt y?) dedyt dy* = 0.
0 o Jo Jo
Notice that the result of weak™ convergence in L stated in Lemma 4.5 is not applicable to A.

So far we have considered Carathéodory functions f on  x T™ x R™. As we explained in the
introduction, one would like to have a minimal regularity in (z,y',...,%™). For this reason, we
introduce an appropriate class of integrands and extend to this Theorem 3.6(iii).
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Definition 4.10. A function f: Q x @™ x R™ — [0, +00) is said to be an admissible integrand if
for every § > 0 there exist a compact set X C Q with |Q\X| < ¢ and a compact set Y C Q with
|Q\Y| <4, such that f|xxynxrm is continuous.

As in the analogous case for admissible functions (Lemma 4.3), it is easy to verify the following
measurability properties of admissible integrands.

Lemma 4.11. If f : O x Q" x R™ — [0,+00) is an admissible integrand, then there exist a
Borel set X C Q with |Q\X| =0 and a Borel set Y C Q with |Q\Y| = 0, such that f|xxynxrm
is borelian. In particular, for every fized e, the function (z,z) — f (z, (p%(s)% o, (an(E)),z) 18
L(2) ® B(R™)-measurable.

Example 4.12. Let f: Q x Q x R™ — [0, +00) be a function such that

i) f(-,y,-) is continuous for all y € Q;
il) f(x,-,z) is measurable for all z € Q and z € R™.

By Scorza-Dragoni theorem, f is an admissible integrand. Clearly it is possible to replace conditions
(i) and (ii) with

i)’ f(z,-,-) is continuous for all z € §;

ii)” f(-,y,2) is measurable for all y € ) and z € R™.

Example 4.13. Let f: Q x Q™ x R™ — [0, 400) be a function of the type

f(z,yl,...,yn,z ]:[XPk flxy,...,y",z)

[1—prk }fzxy ey 2),

where Py, (k= 1,...,n) is a measurable subset of @ and f; (j = 1,2) is a non-negative function
on ) x Q™ x R™ such that
i) f; is continuous in (y',...,y", 2);

ii) f; is measurable in z.
By Scorza-Dragoni theorem for every § > 0 there exists a compact set X C 2 such that the
functions f; and fo are continuous on X x Q™ x R™. By applying Lusin theorem to each xp,, we
obtain that f is an admissible integrand. Obviously, the conditions (i) and (ii) can be replaced by

i)’ f; is continuous in (z,y%, ..., y* "L y* Lo yn 2);

ii)” f; is measurable in y*.

Theorem 4.14. Let uy, be a bounded sequence in L' (2, R™) generating a multiscale Young measure
vandlet f:QxQ"xR™ — [0,4+00) be an admissible integrand. Then, with the same definition
of wy, given in (3.2),

lim inf/ [z, wp(x))de > / fla,yt, . y™) dedyt ... dy", (4.2)
h—+o00 Jq QxQn
where as usual
?('Tayla"'ayn) = f(xayla---aynaz) dl/(:n,y1 ..... y")(z)

Rm
Proof. In addition assume initially that f is bounded from above by a constant b > 0:
flz,y,2) <b forall (x,y,2) € Q2 x Q" xR™. (4.3)

By the admissibility condition, for every d > 0 there exist a compact set X C 2 and a compact
set Y C @ such that |Q\X]| < 4, |Q\Y]| < 0 and f|xxynxrm is continuous. By Tietze-Urysohn’s
theorem, f|xxynxrm can be extended to a non-negative and continuous function fo on QxT™ xR™
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such that fo(z,y,z) < bfor every (z,y,2) € Qx Q"™ x R™. Obviously fo (-, wp(+)) is equi-integrable
and so, by Theorem 3.6(iv) and by Proposition 3.4,

lim /Qfo(x,wh(x)) d:C:/QXQn folx,y) dxdy.

h—+oco

For a suitable subsequence h;

lim f(z,wp, (x))dx = hminf/ﬂf(z,wh(:c))dz.

i—+o0o [o h—+o00

We can write

lim f(z,wp, (2)) dx f/ flx,y)dxdy = lim [f(z, wp, (2)) — fo(z, wn, (z))} dx

i—=+00 Jo QxQn i—=+o0 Jo

+ /QXQn [%(:L‘, y) — f(z, y)] dx dy = I4+II+1II.

Clearly, the negative part of III can be made arbitrarily small. Let us check that the same holds
for I. By Lemma 4.5,

I= lim [f(z,whi (z)) = fo(z,ws, (x))]dz

1——+00 O\X

+ lim XQn\yn (’Uhi ($))|:f(l‘,whl (x)) - fo(x,’whi(l'))}dl'
X

1——+o00
> —b|O\X]| — .1ir+n b/ XQr\yn (Vn, (x)) dx
1—T00 X
> = b(|O\X] +[X]|Q™\Y™"]) > —bd(1+n|Q]) .
This concludes the first part of the proof.

In order to remove assumption (4.3) we consider, for k € NT, the functions

fk('rv Y, Z) = min{kv f('rv Y, Z)} :
By applying the first part of the theorem, we have

liminf [ f(2,wp(z))dz > liminf/ fre (@, wp(2))da 2/ fre(z,y)dedy.
h—+o0o Jo h—+o0 Jq axQn

By noting that fj is increasing and that fi(z,y,-) — f(z,y,-) a.e. in R™ for every fixed (z,y) €
2 x Q", we deduce from the monotone convergence theorem that fi — f a.e. in  x Q". The
sequence fi is increasing so, again from monotone convergence theorem,

/ Tr(x,y) do dy 2= f(z,y)dxdy.
QxQ™ QxQ"™

O

Remark 4.15. Lower semicontinuity property (4.2) is not true if f is only borelian. For instance,
consider the function f(z,y,z) := [1 — ¥(x,y)]|z|, where ) is defined as in Example 4.8.

5. GAMMA-CONVERGENCE

In the present section we examine the multiscale homogenization of nonlinear convex functionals
by means of the I'-convergence combined with the multiscale Young measures.

Before we recall the definition of I'-convergence, referring to [9] and [12] for an exposition of the
main properties.
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Definition 5.1. Let (U, 7) be a topological space satisfying the first countability axiom and F},
F functionals from U to [—oo, +00]; we say that F' is the I'(7)-limit of the sequence F}, or that Fy,
I'(7)-converges to F', and write

F=T(r)- lim Fp,

h—-+4oco

if for every u € U the following conditions are satisfied:

F(u) < inf{l}jgirth(uh) Cup — u} (5.1)
and
F(u) > inf{limsuth(uh) Sup u} . (5.2)
h— 400

We can extend the definition of I'-convergence to families depending on a parameter € > 0.

Definition 5.2. For every € > 0, let F. be a functional from U to [—oo, +0oc]. We say that F' is
the I'(7)-limit of the family F. as ¢ — 0%, and write

F= F(T)_al—i»%l+ F.,

if we have for every sequence g, — 0T

F = F(T)—hEIJIrlOO F.,.

Throughout this section, we work in the space L?(Q, R*) endowed with the strong topology. As
pointed out in the introduction, we consider a non-negative function f = f (m,yl, ey, z) on
Q x Q" x M**¢ satisfying Assumptions 1, 2 and 3.

We fully characterize the T'(LP)-limit of the family F. : LP(Q2,R®) — [0, 4o00] where the func-
tionals are defined by

F(u) — /Qf(z,<p1(5)>7”"<pn(€)>’vu(x))d$ if uGleP(QJRs)’

+00 otherwise.

Precisely, this is our main result.

Theorem 5.3. The family F. T'(LP)-converges and its T'(LP)-limit Fpom : LP(Q,R*) — [0, +00]
is given by

Thom (x,Vu(z))dx if ue WhHP(Q,R?),
Q
Fhom(”) =

400 otherwise,

where from s obtained by the following cell problem

P€P Jo

fhom (:Ca Z) = inf / f(ZE, Y, 2+ Z vyk¢k(yla s ayk))dy
" k=1
with the space ® defined by

per

¢ = H P and POy = Lp(Qk_I,WLp(QaRS)) .
k=1
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Remark 5.4. (i) Using the p-growth condition of f and a density argument, it can be shown that

Jrhom (x,2) = inf /nf(ZC,y,Z‘i‘ZVykqﬁk(yl’_..)yk)) dy,
k=1

PEPreqg
where
—k—1 s
Dreg =[] Bbres and @ppeg = €@, CL(Q.R)) . (5.3)
k=1
(ii) For every § > 0 there exists a compact set X C Q with |Q\X| < § such that the restriction
of fto X x Q" x M**? is continuous in (z,z) for a.e. (y%,...,y") € Q™ and 0 fhom is lower

semicontinuous on X x M**4. In particular fiom is £(Q) ® B(M**?)-measurable.

(iii) The convexity, the p-coerciveness and the p-growth condition on f give the corresponding
properties for the function fo,. In particular Fj,,, is continuous on W1P(Q, R?), endowed with
the strong topology.

Before proving the theorem, we state a series of lemmas. Only for simplicity of notations, we
restrict ourselves to the case s = 1. Fixed a sequence €, — 07, we use for v, the same definition
given in (3.1).

Lemma 5.5. Let uy be a sequence converging weakly in WYP(Q) to a function u. Then

liminf/Qf(x,vh(x),Vuh(x))dx2/thom(x,Vu(x))d:E.

h—+oco

Proof. For a suitable subsequence h; ,

lim f(z,0h,(2), Vup, (z))dz = lim inf/Q f(z,vp(x), Vup(z))dz .

i—+o00 Jo h—+o0
Refining the subsequence if necessary, we can suppose that Vuy, generates a multiscale Young
measure v € V(2 x Q",R?). By Theorem 4.14 and Jensen’s inequality
lim f(xa Uh; (‘T)a vuhi (.’L'))d(E = /
Q

. ( f(xayaz) dV(z,y)) dxdy
i—+00 QxQn R4

[ (o [ sdvy) dody
/QXQn ( iy ( y))

> [ (o ule) + Y Voot ) dody
axQn" k=1

and by Theorems 3.6(ii) and 3.8

> | frhom (:L', Vu(:c)) dx .
Q

O
Lemma 5.6. Let f : R? — R be a convex function, such that for every z € R?
[f()] < clo+]2])", (5.4)
where b and ¢ are positive constants. Then, for all z1, zo € R?
F(z1) = fz2)] < ed A+ 2) (b+ || + [=2])" o1 — ] - (5.5)

The proof can be derived from [17, Lemma 5.2]. We observe that in (5.5) the estimate depends
only by the costants b, ¢ of growth condition (5.4) and not by the particular function f.

Lemma 5.7. Let u € WP (Q) N CY(Q). Then

inf {Hmsup F., (uh)} < inf / f(x,y, Vu(z) + Z vyk'l/]k(l',yl, . ,yk)) dedy, (5.6)
axQn k=1

un—=ul 4o T yevw
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where the inf’s are made respectively on the sequences uy that converge strongly in LP(Q) to u and
on the space ¥ defined by

U= [0 and W, =" (ﬁ x @k’l,cgw(@)) .
k=1
Proof. Given an arbitrary function ¢ = (¢1,...,1,) € ¥, consider the sequence

’U,h(-r) = ’U,(ZL') + Zpk(??h)i/)k (:C,’UZ(ZL')) )
k=1
where we used the short notation v (z) := ((ﬁ% cee (ﬁ)) . We have uj, — u strongly in
LP(Q) and Vuy = Vu+ Y 5, Vetbi + 74, with 7, — 0 strongly in LP(Q,R?).

The function g : 2 x Q™ — R defined by
g(z,y) = f(w, v, Vu(@) + Y Vyedi(a, g, yk))
k=1

is admissible. Actually g € Adm!, as evident by the estimate obtained through the p-growth
condition:

9w < a1+ ot 17 (Va3 07)).
k=1

where My, 1= supg gk |V e k|-

By Lemma 5.6, the following inequality holds for some positive constants b, c:
92, 0(@)) = £(,00(@), Vun (@) | < elra@)] (b + [Vu(@)*™" +|ra(@)*) -

By integrating over €2, from Holder’s inequality we obtain, for another positive constant ¢/,

/‘g(x,vh(:c)) - f(z,vh(z),Vuh(z))‘ dz < c’/ |7 (2)|” dx
Q Q
and thus Theorem 4.6 gives

,Jm A f(z,on(z), Vup(2)) do = ,Jim A g(x, vn(x))dx

:/ g(:z:,y)dxdy:/ f(m,y,Vu(x)—l—zvykwk(x,yl,...,yk)) dx dy .
QxQn QxQm k=1

O

Definition 5.8. We say that A C LY(2) is an inf-stable family if, given {\1,..., Ay} C A and
{p1,...,on} CCt (ﬁ, [0, 1]), with Zjvzl @; =1 and N € N, there exists a A € A such that

N
A< 0N
j=1

Lemma 5.9. Let A be an inf-stable family of non-negative integrable functions on Q. If for every
0 > 0 there exists a compact set X5 C Q such that |Q0N\Xs| < § and N|x, is continuous for each
A € A, then the function infyxcp A is measurable and the following commutation property holds:

inf /Q Az)dz = /Q inf \(z)dz . (5.7)

AEA AEA

This lemma can be derived by [6, Lemma 4.3] (see also [18]), by noting that for every 6 > 0
infycp A = essinfyca A on Xs. Anyway, we prefer to give a simple direct proof.
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Proof. Firstly we observe that for every § > 0 the function infyecp A is lower semicontinuous on Xj.
In particular infyea A is measurable. By applying the Lindelof theorem to each family {E3}xea,
where

Ef = {(2,t) € Xs x R: \z) < t},

we can find a sequences \; in A such that

inf Az) = inf Ai(z) for a.e. x € Q.

Fixed N € N* and ¢ > 0, we choose a & > 0 such that SV
property of the elements A € A, the sets

j=1 fQ\X A; < (. By the continuity

A; = {:EEXg:)\Z-(:E)< <1n<f )\j(z)JrC}

are open in X;s. Notice that X5 = =, A;. For every i € NT, let B; be a open subset of R? for
which B; N X5 = A; and let {¢;}; € C*(Q,[0,1]) be a partition of unity subordinate to {B;};. By
the inf-stability property, there exists a A € A such that A < Zj\]:l @jA;. We have

/Q AMz)dx = /sz\XJ AMz) dz + /XJ Ax) dx
N
Z/Q\Xé z)dx + Z/ dx

§C+/1<1nf Aj(z)dx + ¢ Q| .
Q

Being N and ( arbitrary, the claim follows. O

We are now ready to provide a proof of Theorem 5.3.

Let up, — w strongly in LP(€2). We want to show that liminf Fy, (un) > Fhom(u). In this way
inequality (5.1) will be proved. If liminf F;, (uj) = 400, there is nothing to prove, so we can
assume liminf F;, (up) < +00. For a suitable subsequence h; ,

i F, (an,) = lininf L (un).
For i large enough, F%, (us,) is finite and therefore, by the definition of F., up, € W'P(€2). Thanks
to the p-coerciveness hypothesis on f, we can infer that uy, is bounded in W1P(Q). Refining the
subsequence if necessary, we can suppose that up; converges weakly in WLP(Q) to u and thus we
can apply Lemma 5.5.

It remains to check inequality (5.2). If u € LP(Q) \ W1P(Q), then Fjop(u) = +oo and the
inequality is obvious, while if u € W1P(Q), then we can apply Lemma 5.7 and, as in [7, Theorem
3.3], Lemma 5.9. In view of the density of W1P(Q) N C*(Q) in WP(Q2) and of the continuity of
Fhom, by a standard diagonalization argument, it is not restrictive to assume that u € WHP(Q) N
CL(Q).

For every ¢ = (¢1,...,1,) € U, define the function

Ay () = /Qn f(:z:,y,Vu(:E) + Zvykwk(x,yl, . ,yk)) dy .
k=1

We claim that the family A := {\y : ¢ € U} satisfies the hypotheses of Lemma 5.9. In fact, from
the p-growth condition on f, it is easy to show that each function in A is integrable on 2. Moreover,
by Remark 5.4(ii), for every § > 0 there exists a compact set X C Q with |Q\X| < § such that Ay
is continuous on X for each ¢ € . It remains to prove the inf-stability.

Given {pM, ... .y} C ¥ and {p1,...,on} € CH(Q[0,1]), with 327 | ; = L and N € N*,

consider the function
N _ N ‘
- (et St v
j=1 j=1
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Thanks to the convexity of f, we have Ay < Zj\]:l PjApG):

N n
Ay () :/ f(z,y,Vu(z)+ZZVykcpj(z (])(z y ,...,yk)) dy
nr j=1k=1
N
/n’f<z,y,2<p]—(z( JrZV M/J(J)zyl,...,yk))>dy
<Z<p] / (x y, Vu(z +ZV M/J(]):cyl,..., )dy—z% )\wm

Finally, by inequality (5.6), equality (5.7) and Remark 5.4(i),

inf {hmsungh(uh)} < / uirelfy </ f(:v,y,Vu(x) + Zvyk’l/]k(x,yl’ .. ,yk)) dy) dz
e Q " k=1

h—+o00

< /Q ¢€ig£eg (/ ) f(z, y, Vu(x) + ; Vo rbr(yt, ... 7yk)) dy) dr = A fhom (@, Vu(z)) dz

The proof is complete.
O

Assumpion 3 cannot be weakened too much: even if f is a Borel function, I'-convergence The-

orem 5.3 may be not applicable, as shown in the following examples (see also [13, Example 3.1]).

Example 5.10. Let A; be the Borel sets defined as in Example 4.8 and let B := U;’il As;. Notice
that (J,,;(4: N A;) is countable. In the case d =n = s =1, p1(ep) = h=t and Q = (0,1), consider
the Borel function f(x,y,2):=[2 — xB(z,y)] |2|". We remark that f satisfies only Assumptions 1
and 2. We have for every u € WHP((0,1))

1
/ [Vu(x)|’ dz if h=0 mod 2,
0

2/ |Vu(z)[” dz if h=1 mod 2.
0

Clearly the sequence F}, is not I'-convergent in LP((0,1)) with respect to the strong topology.

Example 5.11. Let d=s=1,n =2, p1(e,) = h™1, pa(en) = h=2 and Q = (0,1). Consider the
Borel function f(x,y', 9% 2) :== [2 — x5y}, v?)] |2|’, where B is defined as in the former example.
Even if f does not depend by x and satisfies Assumptions 1 and 2, the sequence F}, is not I'(LP)-
convergent.

6. ITERATED HOMOGENIZATION

The homogenized function f,,,, can be obtained also by the following iteration:

s L N N CYARRVAERA VR L
PEWLL(Q.R?)

o @007 2) =i / (g 2 Vo) dy
PEWRL(Q,R?)

rom (2,2) = i (@:2) 2= inf /Q 12 (g2 1 Volyh) dy'

PEW,R(Q,R®
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Remark 6.1. (1)The convexity, the p-coerciveness and the p-growth condition on f give the corre-

sponding properties for the function f,[;]m Moreover, f,[;;]m is still an admissible integrand. In fact,
for every § > 0 there exist a compact set X C  with |Q\X| < ¢ and a compact set Y C @ with
|Q\Y| < 8, such that the restriction of f to X x Y~ x@QxM>**4 is continuous in (z,y',...,y" "1, 2)
for a.e. y™ € Q. Consequently, following closely [16, Lemma 4.1], it can be proved that f,[ﬁ)Ll
continuous on X x Y"1 x M#x4,

(ii)Clearly, the properties of f,[;;]m give the corresponding ones for f,[z;f

is

]

and so on.

We prove only the inequality from < f,[Llo]m, since the opposite inequality comes directly. Fixed
(z,2) € QxM**? and ¢), € Py, ¢y (as defined in (5.3)) for k = 1,...,n—1, by using a commutation
argument as Lemma 5.9, we get

inf / f(x,y,z+Zvyk(bk(yl,...,yk)) dy
" k=1

Pn€Pn, reg
n
:/ inf / f(:z:,y,z—l—zvykqbk(yl’_..’yk)) dy™ | dyt ... dy" !
Q’ﬂfl ¢neq>nmeg Q b1

n—1
§/ f,[lZLn(z,yl, .. .,y"_l,z + Z Vyk(bk(yl, .. .,yk)) dy1 .. .dy"_1 .
nt k=1
By repeating the commutation procedure, we obtain

n—1
inf / ) ;EZLl(xayla---ayn_l,z—i—Zvykqﬁk(yl,...,yk)) dyt ... dy" !
" k=1

¢n—1 E(I’nflmeg

n—2
_1 _ B
S/n,Z }[Lzm](x7y17"'ayn 27Z+Zvykébk(yl,--.,yk))dyl...dy” 2
k=1
and so on. Then

from(z,2) < inf ... inf / f(:z:,y,z—l—Zvyk(bk(yl,...,yk)) dygf,[llcjm(x,z).
" k=1

- ¢16¢’1,Teg ¢neq>nmeg

ACKNOWLEDGMENTS

I wish to thank Gianni Dal Maso for many helpful and interesting discussions.

REFERENCES

[1] Grégoire Allaire. Homogenization and two-scale convergence. SIAM J. Math. Anal., 23(6):1482-1518, 1992.
[2] Grégoire Allaire and Marc Briane. Multiscale convergence and reiterated homogenisation. Proc. Roy. Soc.
Edinburgh Sect. A, 126(2):297-342, 1996.
[3] Margarida Bafa and Irene Fonseca. I'-convergence of functionals with periodic integrands via 2-scale conver-
gence. Technical report, 2005.
[4] Erik J. Balder. On compactness results for multi-scale convergence. Proc. Roy. Soc. Edinburgh Sect. A,
129(3):467-476, 1999.
[5] John M. Ball. A version of the fundamental theorem for Young measures. In PDEs and continuum models of
phase transitions (Nice, 1988), volume 344 of Lecture Notes in Phys., pages 207-215. Springer, Berlin, 1989.
[6] Guy Bouchitté and Gianni Dal Maso. Integral representation and relaxation of convex local functionals on
BV (). Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 20(4):483-533, 1993.
[7] Guy Bouchitté, Ilaria Fragala, and M. Rajesh. Homogenization of second order energies on periodic thin
structures. Calc. Var. Partial Differential Equations, 20(2):175-211, 2004.
Andrea Braides. Homogenization of noncoercive integrals. Ricerche Mat., 32(2):347-368, 1983.
[9] Andrea Braides and Anneliese Defranceschi. Homogenization of multiple integrals, volume 12 of Ozford Lecture
Series in Mathematics and its Applications. The Clarendon Press Oxford University Press, New York, 1998.
[10] Andrea Braides and Dag Lukkassen. Reiterated homogenization of integral functionals. Math. Models Methods
Appl. Sci., 10(1):47-71, 2000.

o



MARCO BARCHIESI

Charles Castaing, Paul Raynaud de Fitte and Michel Valadier. Young measures on topological spaces, vol-
ume 571 of Mathematics and its Applications. Kluwer Academic Publishers, Dordrecht, 2004.

Gianni Dal Maso. An introduction to I'-convergence, volume 8 of Progress in Nonlinear Differential Equations
and their Applications. Birkhduser Boston Inc., Boston, MA, 1993.

Patrizia Donato. An estimate for the difference of H-limits and some applications to homogenization problems.
Rend. Mat. VII Ser., 3(4):623-640, 1983.

Patrizia Donato. Some remarks on the weak convergence of functions oscillating nonuniformly. Ricerche Mat.,
32(2):203-219, 1983.

Ivar Ekeland and Roger Témam. Convezr analysis and variational problems, volume 28 of Classics in Applied
Mathematics. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, English edition, 1999.
Translated from the French.

Irene Fonseca and Elvira Zappale. Multiscale relaxation of convex functionals. J. Convezr Anal., 10(2):325-350,
2003.

Enrico Giusti. Direct methods in the calculus of variations. World Scientific Publishing Co. Inc., River Edge,
NJ, 2003.

Omar Anza Hafsa and Jean-Philippe Mandallena. Interchange of infimum and integral. Calc. Var. Partial
Differential Equations, 18(4):433-449, 2003.

Dag Lukkassen. A new reiterated structure with optimal macroscopic behavior. SIAM J. Appl. Math.,
59(5):1825-1842, 1999.

Dag Lukkassen and Graeme W. Milton. On hierarchical structures and reiterated homogenization. In Function
spaces, interpolation theory and related topics (Lund, 2000), pages 355-368. de Gruyter, Berlin, 2002.

Maria Luisa Mascarenhas and Anca-Maria Toader. Scale convergence in homogenization. Numer. Funct. Anal.
Optim., 22(1-2):127-158, 2001.

Graeme W. Milton. The theory of composites, volume 6 of Cambridge Monographs on Applied and Computa-
tional Mathematics. Cambridge University Press, Cambridge, 2002.

Pablo Pedregal. I'-convergence through Young measures. STAM J. Math. Anal., 36(2):423-440, 2004.

] Pablo Pedregal. Multi-scale Young measures. Trans. Am. Math. Soc., article electronically published, 2005.
Michel Valadier. Désintégration d’une mesure sur un produit. C. R. Acad. Sci. Paris Sér. A-B, 276:A33—A35,
1973.

Michel Valadier. Young measures. In Methods of nonconvex analysis (Varenna, 1989), volume 1446 of Lecture
Notes in Math., pages 152-188. Springer, Berlin, 1990.

Michel Valadier. Admissible functions in two-scale convergence. Portugal. Math., 54(2):147-164, 1997.

(Marco Barchiesi) S.I.S.S.A., Via BEIRUT 2-4, 34014, TRIESTE, ITALY
E-mail address, Marco Barchiesi: barchies@sissa.it



