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Abstract

In this thesis we study qualitative as well as quantitative stability aspects of isometric
and conformal maps from S"! to R", when n > 2 and n > 3 respectively. Starting
from the classical theorem of Liouwville, according to which the isometry group of S*~! is
the group of its rigid motions and the conformal group of S ! is the one of its Mdbius
transformations, we obtain stability results for these classes of mappings among maps
from S"! to R™ in terms of appropriately defined deficits. Unlike classical geometric
rigidity results for maps defined on domains of R™ and mapping into R"™, not only an
isometric\ conformal deficit is necessary in this more flezible setting, but also a deficit
measuring how much the maps in consideration distort S*~! in a generalized sense. The

introduction of the latter is motivated by the classical Fuclidean isoperimetric inequality.
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Chapter 1

Introduction

1.1

An overview of geometric rigidity results for the

orthogonal and the conformal group

One of the most classical and well known rigidity theorems in differential geometry is

Liouwville’s theorem that concerns isometric and conformal maps defined on domains of

the Euclidean space. In modern terms it can be stated as follows.

Theorem 1.1.1. (Liouwville)

(7)

(i)

Letn > 2 and U C R" be a bounded Lipschitz domain. Suppose thatuw € W12(U; R™)

15 a generalized orientation-preserving isometric map, that is
Vu € SO(n) a.e. in U. (1.1.1)
Then w is a rigid motion of U, i.e. there exist R € SO(n) and b € R™ so that
u(r) = Rz +b. (1.1.2)

Letn > 3 and U C R" be a bounded Lipschitz domain. Suppose thatuw € W1 (U; R™)

s a generalized orientation-preserving conformal map, that s
Vu e CO4(n) ae. inU. (1.1.3)

Then w is the restriction on U of a Mébius transformation of R™ U {oo}, i.e. there
erist A€ CO4(n), be R" and a € R\ U so that

u(x) =Ax+b or u(xr)=AB + b, (1.1.4)

|z —alf?

where B = diag(1,...,1,—1) € R™*",



Another classical fact is that the first part of the theorem fails if the group SO(n)
is replaced by the full orthogonal group O(n), unless the maps in consideration are as-
sumed to be more regular, in particular C'(U;R™). The reason is that O(n) has rank-one
connections and therefore the corresponding differential inclusion, even when considered
among Lipschitz mappings, admits non-trivial solutions (for example the so called simple
laminates). Regarding the second part of the theorem, it is also well known that Liou-
ville’s theorem for conformal maps does not hold in two dimensions. Actually, according
to the famous Riemann mapping theorem in complex analysis, every simply connected
domain in C that is not C itself is conformally equivalent to the open unit disk. There-
fore, the class of conformal maps defined on a fixed open subdomain of the complex plane

does not admit a simple characterization as before.

A simple proof of the first statement, as can be found for instance in | |, can be

carried out along the following lines. Notice that
Vue SO(n) ae. in U = cofVu=Vu ae. in U. (1.1.5)

By Piola’s identity we have div(cofVu) = 0, which in this case implies that Au = 0 in
U in the sense of distributions. By Weyl’s lemma for harmonic functions the map u is

smooth, and by using Bochner’ formula
1
§A(|VU\2 —n) =Vu-AVu+ |V2u|* = [VZu|* in U (1.1.6)

Since Vu € SO(n) a.e. in U, the left hand side vanishes identically, thus V*u = 0 in
U, i.e. u is affine with gradient in SO(n). It is also obvious that the same proof can be

carried out if the integrability exponent 2 is replaced by any exponent p € [1, o0].

Regarding the proof of the second part of the theorem, J. Liouville was the first one to
prove it in 1850 for sufficiently reqular maps, in particular for maps in the class C?(U; R™).

The conformality condition on u can be rewritten as a system of PDE, namely

{ Vulvu = L1 iU }

n

(1.1.7)
detVu > 0 m U

This system can be solved explicitely and the solutions are precisely given by (1.1.4).

More than a century after the first proof, F. Gehring proved Liouville’s theorem for
homeomorphisms in the Sobolev class W™ (U;R™) in | | and Y.G. Reshetnyak re-
moved the injectivity assumption in | |, by combining ideas from the original proof
and the regularity theory for the n-harmonic equation. Later on, T. Iwaniec proved in

[ | that there exists a critical exponent 1 < p,, < n such that Liouville’s theorem for
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conformal maps holds in W1?(U;R™) whenever p > p,. Below this integrability thresh-
old one can construct counterexamples, i.e. for every p’ € (1,p,) there exists a map
u € WY (U;R") such that Vu € CO,(n) a.e. in U, but u is not a single Mobius trans-
formation. Actually, T. Iwaniec and G. Martin showed in | | that the sharp threshold
is p, = 5 in case n is even, conjecturing that this is also the case when n is odd. Certainly,
as it is mentioned in their work, there exist counterexamples to Liouville’s theorem for
conformal maps below the exponent 7 in all dimensions. However, their beautiful proof
regarding the sharpness of the exponent § in even dimensions does not seem to adapt in

the case of odd dimensions. The reason is that at the core of their proof lies the algebraic

n

expression of the Jacobian determinant of a map u in terms of its 5

X 5 minors, a fact

that is of course possible only when n is even.

A natural question that can be posed and was subsequently widely explored is whether
these rigidity theorems are stable, so that one can have approximate versions in the fol-

lowing sense.

If for a map wu its gradient is close to SO(n) or to CO,(n) in an average sense, is it
true that the map is itself close to a single rigid motion or a Mdbius map respectively in

an appropriate average sense, both in a qualitative and a quantitative fashion?

In the rest of this introductory Section we give a brief overview and description of

some, among several interesting, results related to this question.

1.1.1 On the stability of the orthogonal group when n > 2

As far as the stability of solutions to the differential inclusion Vu € SO(n) is concerned,

a qualitative result was obtained by Y.G. Reshetnyak in | |-

Theorem 1.1.2. (Y.G. Reshetnyak, [ ]) Let n > 2, U C R"™ be a bounded
Lipschitz domain and let 1 < p < co. If (uj)jen € WHP(U;R™) is a sequence of mappings
such that

i st (Yo, SO()) 0, = 0 (119

then there exrists R € SO(n) such that up to a non-relabeled subsequence
jli)rgo IVu; = Rl oy = 0. (1.1.9)

A modern proof of this result that uses the concept of Young measures can be found
in | | and a generalization to the setting of approximately orientation-preserving

isometries between Riemannean manifolds in | |-



In the quest for quantitative analogues, let us first mention the classical work of F.
John (see | |, | |), in which he considered mappings that are apriori approzi-

mately 1sometric in the following sense.

Let @ := Q(xo, L) be an n-dimensional cube in R" centered at zo € R", of side-length
L > 0andlet u € C*(Q;R™). The strain tensor associated to the right Cauchy-Green ten-
sor of u is defined as e, := vVu!Vu—1I, and the mazimum strain of u as €, = leull Lo (g)-
Given now 6 > 0, a map u € C*(Q;R") is called § — quasiisometric iff ¢, < §. With these

definitions, John’s results can be summarized in the following.

Theorem 1.1.3. (F. John, [ Ll ]) Let n > 2, Q := Q(zo, L) be an n-cube
in R" and 1 < p < oco. There exist § := §(n,p) > 0 and C := C(n,p) > 0 such that for
every & — quasiisometric map u € CH(Q;R™) there exists O € O(n) so that

IVt = Oll gy < Clleulline: (1.1.10)

The theorem implies in particular that for every §— quasiisometric map u € C'(Q; R"),
its gradient has bounded mean oscillation in (). By an application of the standard Sobolev
inequalities one sees that there also exists a constant C' := C’(n,p) > 0 such that for
every 0 — quasiisometric map u € C'(Q;R") as in the theorem there exists a rigid motion
~v of R™ so that

np
n—p

F1<p<n Ju-1lyq <Clediq, wherep' =

If p > n, lt =Ygy < €L 7 lleullo)-

Notice that the previous theorem concerns C'-reqular maps, providing thus a stability
result for solutions to the differential inclusion Vu € O(n), which is rigid in this class
of mappings. An improvement of F. John’s results was later obtained by R. V. Kohn by

proving

Theorem 1.1.4. (R. V. Kohn, [ ]) Let n > 2, U C R™ be a bounded, Lipschitz
domain and let p > 1 with p # n. There ezist Cy := Cy(n,U,p) > 0, Cy := Cy(n,U) >0
such that for every bi-Lipschitz map u : U — R"™ there exist a rigid motion v of R" and
O € O(n) so that

(1) If 1 <p<n, then

|u — 7||LP*(U) + [Ju — 7||Lp(aU) < Cl||€u||LP(U)7 (1.1.11)

4



np
n—p

elastic strain” €, is now defined as

where p* = > 1 s again the conjugate Sobolev exponent of p. The “nonlinear

o= — 1)y + Do Ay — 1)y + |det(Ga) — 1], (1.1.12)

where G, := VVu'Vu and 0 < Ay < Ay < --- <\, are the principal stretches of u,

i.e. the eigenvalues of G,.

(13) If p > n, then

| = Y|y < Chll€ullLr@)- (1.1.13)
(ii7) If one sets &, := |[Vu'Vu — I,|, then one also has the estimate
/ Vu— O da < Callew + éull1 00 (1.1.14)
U

It is worth noticing that R. V. Kohn’s results include the case p = 1 and do not
assume any apriori smallness of the nonlinear elastic strain, which was required in F.
John’s framework, but only a Lipschitz-invertibility assumption. Since €, contains terms
measuring also “surface” change and “signed-volume” change, the last theorem also yields
stability of the general group of rigid motions in terms of this nonlinear elastic strain,

even if the maps under consideration are assumed to be less regular than C?.

A fundamental breakthrough that requires neither a smallness assumption on the
elastic energy, nor invertibility assumptions on the maps in consideration, was achieved
in the pioneering work of G. Friesecke, R. D. James and S. Miiller in | |, where a

sharp scaling-invariant quantitative estimate was obtained.

Theorem 1.1.5. (G. Friesecke, R. D. James, S. Miiller, [ ]) Let n > 2
and U C R™ be a bounded, Lipschitz domain. There ezxists a constant C := C(n,U) > 0
such that for every u € WH2(U;R™) there exists an associated R € SO(n) so that

IVt — Rl 2y < C |dist(Vu; SOn))| 2y - (1.1.15)

The latter estimate holds true also in WH?(U;R™) for any p € (1,00) as well as in
interpolation spaces (see | | and | |). Notice that the exponent with which the
norm on the right hand side of the estimate appears, is sharp. Moreover, apart from being
translationally and rotationally invariant, the estimate is also scaling invariant with re-
spect to the domain, in the sense that if C':= C(n,U) > 0 stands for the optimal constant
for which (1.1.15) holds, then C(n, ARU +b) = C(n,U) for every A > 0, R € SO(n) and
b e R™.



Theorem 1.1.5. has been used widely in the analysis of variational models for nonlinear
elasticity, for instance in questions related to dimension reduction. A nice application ap-
pears already in | |, where the authors use their nonlinear rigidity estimate together
with I'-convergence tools, to rigorously derive thin-plate theories from a 3-dimensional

model of nonlinear elasticity, as the thickness of the plate goes to zero.

It is also fairly well known but still worth remarking that (1.1.15) is the exact nonlinear
counterpart of the classical Korn’s inequality, which is a fundamental tool for problems

in the context of linearized elasticity.

Theorem 1.1.6. (Korn, see for example [ ]) Let n > 2 and U C R"™ be a
bounded, Lipschitz domain. There ezists a constant C := C(n,U) > 0 such that for every
u € WH2(U;R"™) there exists S € Skew(n) (i.e. S'=—S) so that

1V6 = Sll 2y < C Iyl 2o - (1.1.16)

Korn’s inequality also holds in W1P(U;R") for every p € (1,00) and can also be
generalized in a Riemannean setting (see | ). Tt is clear that Theorem 1.1.5. is the
nonlinear analogue of Theorem 1.1.6., since the tangent space of the finite-dimensional
Lie group SO(n) at I, is exactly the Lie-algebra so(n) of skew-symmetric n X n matrices.
Also, the linearization of the function u +— dist(Vu; SO(n)) around the identity mapping
gives

dist(Vu; SO(n)) = |(Vu),, — I,| + O(|Vu — I,,]*). (1.1.17)

sym

Let us now present a very short sketch of the proof of Theorem 1.1.5.; and refer the

interested reader to the original work | |, Section 3, for the detailed proof.

Sketch of proof of Theorem 1.1.5. The approach of G. Friesecke, R. D. James and
S. Miiller in Theorem 1.1.5. consists of the following steps. First, the corresponding

interior estimate is proven (see Proposition 3.4 in | |), namely

Let Q be an n-dimensional cube in R™ and Q' be the cube in R™ having the same
center and half the side-length of Q. For every v € W1Y2(Q; R™) there exists R € SO(n)
such that

IVv — R||L2(Q,) < C(n) ||dist(V; SO(n))||L2(Q) , (1.1.18)

where C(n) > 0 is a dimensional constant.

The proof of the interior estimate, which is the main part in the proof of Theorem

1.1.5., is itself divided in several steps.



Step 0. By using a suitable truncation argument (see Proposition A.1 in | s
one can without loss of generality assume that the map v is Lipschitz with an apriori

Lipschitz bound, i.e. |Vv| pe(q) < M, where M := M(n) > 0 is a dimensional constant.

Step 1. Let now € := [|dist(Vv; SO(n))||2(q)- Without loss of generality one may
assume that 0 < ¢ < 1. In the case of the ezact differential inclusion v € Wh2(U;R")
with Vo € SO(n) a.e. in U, Piola’s identity implied that actually v was harmonic in U.
In this approzimate setting, if one calls v, the harmonic replacement of v, i.e. the unique

solution to the Dirichlet problem

—Av=0 in @ (1.1.19)
d=v on 0Q [’ o

Piola’s identity implies that the map v, — v satisfies the PDE

—A(v, —v) =div(Vu — cofVu) in Q . (1.1.20)
vp—v =0 on 0Q
As a result,
/ Vo, — Vol* dz <, &2 (1.1.21)
Q
= / dist?*(Vop; SO(n)) dr <, €2 (1.1.22)
Q

Step 2. By Step 1 one can now focus on the harmonic replacement v,. By testing
Bochner’s identity (1.1.6) with a suitable cut-off function and by using basic properties

of harmonic functions, one can arrive at the following L*°-estimates.

V20| o o) Sn VE = V0 = Bll ooy S VES (1.1.23)

for a constant matrix R € R™*" that can without loss of generality be chosen to lie in
SO(n), and even more specifically one can choose R = I,,. Notice that (1.1.23) immedi-
ately implies that ||Vuy, — RHLQ(Q,) <. V€, which is a suboptimal version of the desired

estimate, with the deficit € appearing with the suboptimal exponent % instead of 1.

Step 3. Despite being suboptimal, the L>-estimate (1.1.23) allows one to linearize
the dist(- ; SO(n)) around the identity as in (1.1.17) and use Korn’s inequality (1.1.16)
for the displacement map vy, (z) —  in order to improve the suboptimal exponent % to the

optimal exponent 1. In particular, one is able to show that

Vo, — Vun|” de S, €2, (1.1.24)
Q/

7



where Vv, := fQ, Vo, dz, and since dist(Vuy; SO(n)) <, €, one can replace the average
in (1.1.24) with a constant matrix R € SO(n).

Once the interior estimate in cubes is established, the global estimate in an arbitrary
Lipschitz domain U is obtained via covering arquments. Clearly Steps 0 and 1 can be
carried out unchanged when the cube @ is replaced by an arbitrary Lipschitz domain U,
so that only Steps 2 and 3 have to be modified. Suitably covering U with a sequence of
cubes, in each one of which the interior estimate applies, and using standard estimates

for harmonic functions, the authors in | | obtain the following global estimate.
/Udist2(x;8U)\V2uh\2 dz < ¢(n,U) /UdistQ(Vuh;SO(n)) dx. (1.1.25)

Finally, coupling (1.1.25) with a weighted version of the Poincare inequality, namely
/ny — fI? dx < &(n,U) /Udist2(x;aU)|Vf|2 dz, (1.1.26)

which holds for all f € WH2(U;R™), applied to f := Vuy, yields (1.1.15) for uy,. O

Let us also remark that generalizations of the previous results to the case of incom-
patible fields, that is fields that do not arise globally as gradients, are important for
applications in the analysis of variational models for crystal plasticity. For example, gen-

eralizations of Theorem 1.1.6. and Theorem 1.1.5. in two dimensions are provided by

Theorem 1.1.7. (A. Garroni, G. Leoni, M. Ponsiglione, [ ]) Let U C R?
be a bounded, simply-connected, Lipschitz domain. There exists C := C(U) > 0 such
that for every A € L*(U;R**?) with CurlA € M,(U;R?) there exists a skew-symmetric
matriz S € R?**2, so that

14~ Slla) < € (|4l + ICurlA|(©)) (1.1.27)
and by its nonlinear analogue

Theorem 1.1.8. (S. Miller, L. Scardia, C.I. Zeppieri, [ ]) Let U C R? be
a bounded, simply-connected, Lipschitz domain. There exists C' := C(U) > 0 such that
for every A € L*(U;R**?) with CurlA € My (U;R?), there exists a rotation R € SO(2)
so that

|A = R|la < C (Hdist(A; SO@)) |l 2y + |Cur1A|(U)> . (1.1.28)



Here, for a matrix field A = (A;;);j-12, Curld := ((CurlA)!, CurlA)?) denotes its
distributional Curl, defined componentwise as (CurlA)? := 9, A;; — 01 A for i = 1,2.

Let us additionally mention that G. Lauteri and S. Luckhaus have obtained geomet-

ric rigidity estimates for incompatible fields in dimensions n > 3 in | |. In order to
describe their results, we recall that a tensor field A € L'(U;R™™) can be identified
with an R™-valued 1-form, namely with wy := (w'))i=1._n, where w’ = Sy A da?,

and the (distributional) Curl of A can be identified with the R"-valued 2-form (the space
of which we denote by (A?(R™))") given by the (distributional) ezterior differential of

wa, namely dwa = (dw’y)i=1.. . With the use of an averaged homotopy operator similar

-----

to the one introduced by T. Iwaniec and A. Lutoborski in [[L93] and techniques from

harmonic analysis, the authors of | | have shown the following.

Theorem 1.1.9. (G. Lauteri, S. Luckhaus, [ 1)

(1) Let n > 2 and U C R™ be a bounded convexr domain. There ezists a constant C' :=
C(n,U) > 0 such that for every A € L7 (U; R™*") with CurlA € M, (U; (A2(R™)"™)
and spt(CurlA) € U, there exists R € SO(n) so that

JA = Bl y e g < C(||dist(A; SO(n))HL%,m(U)+\CurlA](U)). (1.1.29)

U

(1) Letn>3,p€ [%,2} and M > 0 be fized. There exists C:= C(n,p, M) > 0 such
that for every A € L>(B™; R™") with ||A|| 1o (pn) < M, CurlA € M, (B™; (A2(R™))")
and spt(CurlA) € B", there ezists R € SO(n) so that

114 ) in the supercritical case = < p < 2, one has the estimate
n—1

/n A—RPP dz < C (/ dist? (A; SO(n)) dz + (|cur1Ay(B”))Ji1) . (1.1.30)

_n_
n—1’

(iiy) in the critical case p = one has the non-scaling invariant estimate

/ A—R& dr<  C [ dist1(4: SO(n)) da
n Bn

n_

+ C(|CurlA|(B™)) " ([log(|CurlA|(B™))| +1).  (1.1.31)

1.1.2 On the stability of the conformal group when n > 3

Turning now our attention to the stability of solutions to the differential inclusion asso-
ciated with the group CO, (n) in dimension n > 3, the reader is referred to the book of
Y.G. Reshetnyak | | and the references therein for a detailed collection of the results
obtained mostly by the author of the book, and which initiated further research in this
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direction. Here, we would like to describe some more recent results in the spirit of those

presented in the previous Subsection.

Related to the question of the sharp regularity conditions under which Liouville’s the-

orem for conformal mappings holds, a qualitative version appears in the work of B. Yan

in | |-

Theorem 1.1.10. (B. Yan, [ ]) Let n > 3, U C R™ be an open bounded Lipschitz
domain and p > n. Let (uj)jen € WHP(U;R™) be a weakly convergent sequence such that
u; — u in WYP(U;R™) and

lim ||dist(Vu,; CO4(n))

Jj—o0

I = 0- (1.1.32)

Then Vu € CO4(n) a.e. in U, i.e. u is a Mdbius transformation of U and actually
u; — u strongly in WH2(U;R").

Similar to the rigid case, the above theorem fails for p < 5. A natural question is then
whether there exists a critical threshold p* € [§,n) so that whenever p > p*, Theorem
1.1.10. holds for maps in W'?(U;R"™) that are approzimately conformal in the previous
sense and fails when p < p*. Another related question is whether p* = p,, where p, is
the critical threshold for the validity of Liouville’s theorem as addressed by T. Iwaniec
and G. Martin. The existence of such a p* that is not too far below n was established in
[ | and in | | S. Miiller, V. Sverak and B. Yan proved that actually p* = p,, = 2

2
in the case n > 4 is even, in complete accordance with the rigid case.

Regarding quantitative estimates, a result in the spirit of the one of G. Friesecke, R. D.
James and S. Miiller in an L*-setting was obtained by D. Faraco and X. Zhong in | |-
Due to the noncompactness of the conformal group and its degeneracy at 0 € R™*" their
result concerns rotationally invariant compact subsets of CO(n) that are bounded away
from 0 and infinity, and can be represented as a finite union of annuli-type subregions of
CO4(n). We present for simplicity the result in the case that such a subset has only one

connected component, and can therefore be written as
COL(nym, M) :={AR; 0<m <A< M, Re SO(n)} € CO,(n). (1.1.33)
Given an open bounded Lipschitz domain U C R"™ with n > 3, the differential inclusion
¢ € WH(U;R™) with V¢ € CO4(n;m, M) ae. in U (1.1.34)

possesses of course also non-affine solutions. The set of all possible such solutions is com-

prised by the orientation-preserving Mobius transformations described by (1.1.4), whose
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gradients are uniformely bounded from below by /nm and from above by /nM. We
denote the set of all those maps by M,,(U; m, M) and more generally we denote by M, (U)
the set of all orientation-preserving Mobius transformations that are finite in U. With

these definitions, the main result in | | is

Theorem 1.1.11. (D. Faraco, X. Zhong, [ ]) Let n >3, U € U CR" be open
bounded Lipschitz domains and let 0 <m < M < oo.
(i) There exists Cy := Cy(n,m, M,U",U) > 0 such that for every u € WH2(U;R"),
there exists ¢ € M,,(U';m, M) so that

IV = V6 20y < O Idist(Va; COL (mim, M) | 20 - (1.1.35)

(73) In the special case m = M, there exists Cy := Cy(n,m,U) > 0 such that for every
u € WH(U;R"™), there exists ¢ € M,,(U;m, m) so that

IVt~ V6| oy < Colldist(Vu; CO (5 1m,m)) | 2 g - (1.1.36)

The second part of the theorem is of course a direct consequence of Theorem 1.1.5..
The interesting issue regarding the first part, where the subannulus of CO,(n) is generi-
cally nontrivial, is that it is an interior estimate which, unlike the SO(n)-case, cannot be

extended to a global one.

As D. Faraco and X. Zhong remark (see Example 3.3 in | |), given any two pa-
rameters 0 < m < M < oo, one can construct a sequence of inversions (¢;);en € M, (B")
with the centers of inversion belonging all to a straight line and converging to a point

outside B", with the property that
inf )an Vo; — V| da

YEM, (B™;m,M

1. p—
o [ disti (Vo COp(nym, M) do

(1.1.37)

Nevertheless, an interesting open question regarding the interior estimate is whether it
holds true for the full conformal group CO,(n) and not only for compact subsets of
it of the previous type. It seems that one cannot easily adapt the method of proof in
| | to the noncompact case, both because of the unboundedness of CO,(n) and also

because of the degeneracy of the associated n-harmonic equation at the vertex of the cone.

Indeed, the proof of Theorem 1.1.11. is performed by a suitable application and mod-
ification of the ideas of the proof of Theorem 1.1.5. in the conformal setting. First, the
estimate is proven when U is a ball B in R™ and U’ is the concentric ball of half the ra-
dius, the case of general bounded Lipschitz domains U’ € U C R" following by standard

covering arguments. The assumption on the subset of the group CO4(n) in consideration
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is bounded from above, allows one to apply essentially the same truncation argument as
in the SO(n)-case, i.e. Proposition A.1 in | |, and assume that u is Lipschitz with

an apriori bound on its Lipschitz constant that depends on n and M.

The idea is then again to replace the map u with a map that has the same boundary
values and satisfies some suitably associated PDE. The natural choice would be to con-
sider the n-harmonic replacement of u, i.e. the solution to the boundary value problem

{ —div (|Vu|"2Vv) =0 in B } (1138

v=1u on 0B

which unfortunately leads to the suboptimal estimate

/ Vu — Vol* de Soum </ dist?*(Vu, CO(n;m, M)) dx> o
B B

Nevertheless, the extra assumption that the subset of CO,(n) is also bounded from
below away from zero, enabled the authors in | | to consider a suitable strongly
elliptic modification of (1.1.38) for which, by standard elliptic theory, the analogous to
(1.1.21) estimate holds with optimal exponent (see the estimate (4.7) in | |). Hence,
the problem is again reduced to showing (1.1.35) for mappings that satisfy this related
strongly elliptic equation, the so-called F-harmonic mappings in | |. By similar but
somewhat more qualitative arguments than those in | |, the authors are finally again
able to reduce to a linearized setting, where the following variant of Korn’s inequality for

the trace-free part of the symmetrized gradient is used.

Theorem 1.1.12. (Y.G. Reshetnyak, see Theorem 3.3, Chapter 3, [ ])
Letn > 3 and U be a subdomain of R™ that is starshaped with respect to a ball. There
ezists a constant C := C(n,U) > 0 such that for every u € WH?(U;R"),

divu

I
n

, (1.1.39)

[V — V(T ) o) < C wasym -
L2(U)

where 1y, : WY2(U;R™) — X, is the W2 projection on the finite-dimensional kernel of

the trace-free symmetrized gradient operator.

The last variant of Korn’s inequality has of course an intimate connection with the
geometry of CO4(n), discussed in detail in | |, Chapters 2 and 3 and also in | ]
and the references therein. If TC'O, (n) stands for the tangent space to the Lie group
CO4(n) at I, (its dimension being w» it easy to see that

A S TCO + (n) < Asym = TIT“
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so that the function A — d(A) = |Agm — %]H{ is equivalent to the distance of A to
TCO, (n). Therefore, the linear subspace of W1H2(R"; R")

i
Y, {u € WE2(R™R™) : (Vtt)gym = ﬂ[n} (1.1.40)
n

can be viewed as the Lie algebra of the Mdbius group of R7, i.e. ¥, is isomorphic to
so(n+2,1).

1.2 Description of the main results

Inspired from the results described in the previous Section, in this thesis we study stabil-
ity aspects of isometric and conformal maps from S*™1 into the ambient Euclidean space
R". Except for the complementary Section 4.3 which came as a result of a short private
discussion of the author with Dr. Jonas Hirsch, the results presented in this thesis are
obtained by the author and S. Luckhaus in a joint (ongoing) work (see [LZ] and especially
the upcoming preprint | D-

Now that the starting domain is of codimension 1 in R", this case exhibits more flez-

bility than the case of such maps defined on open subsets of R” and mapping into R".

On the one hand, the “spherical version” of Liouville’s theorem still asserts that the
only isometric diffeomorphisms of S*~! are its rigid motions, i.e. the restrictions on S*!
of orthogonal transformations of R”, and the only conformal diffeomorphisms of S*~1 are
its Mébius transformations, and actually the conclusions hold again under less restrictive

regularity and invertibility assumptions.

In Chapter 2 we revise such versions of Liouville’s theorem and give some intrinsic
and to the knowledge of the author new proofs of it, which can also be modified to give

approximate versions of the theorem.

On the other hand, it is also well known that these are not the only isometric\
conformal maps that one can define on S*~!. In general, there exist such maps from S*!
onto other closed embedded hypersurfaces. Standard examples come from the theory of

isometric embeddings, as a consequence of the celebrated Nash-Kuiper theorem.

Theorem 1.2.1. (J.F. Nash-N.H. Kuiper, [ L[ ]) Let (M% h) be a
smooth compact d-dimensional manifold, m > d + 1 and u : M — R™ be a short
embedding, that is an embedding for which H'(u o) < H(v) for every C'-curve 7 in

M?®. Then u can be uniformely approzimated by C'-isometric embeddings.
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While by a classical result in differential geometry the only C?-isometric embedding
of S"~! into R” is the standard one modulo rigid motions, the above astonishing theorem
implies the following somewhat counterintuitive fact. Given any 6 € (0,1), in an arbitrar-
ily small C%neighbourhood of the short homothety us : S*™™' — R™, us(z) := dz, there
exist C'! isometric embeddings which can be visualized as wrinkling isometrically S
inside a small ball in a way that produces continuously varying tangent planes. Although
beyond the scope of this thesis, let us mention that these type of flexibility phenomena,
known as the h-principle, occur very often in problems in geometry or fluid dynamics,
either in smooth solutions of underdetermined problems (for example smooth isometric
embeddings in high codimension), or in relatively low-regularity solutions of determined
problems (for example C'-isometric embeddings with fixed codimension). The interested
reader is referred to | | for an introduction to this beautiful topic and to the classical

treatise by M. Gromov | |-

Other examples of conformal maps from S"~! to R™ that are not Mdbius transfor-
mations are also (at least when n = 3) used in cartography, for instance the inverse of
Jacobi’s conformal map projection that conformally maps S? onto the surface of an ellip-

soid.

Therefore, Liouwville’s rigidity theorem on the one hand, and the above flexibility phe-
nomena on the other, naturally motivate the question of stability of the isometry\ con-

formal group of S*~1, described in loose terms by the following.

Question. Let n > 2\n > 3 and u : S ' — R" be a map which is in an average sense
almost isometric\almost conformal. If we have the extra information that u(S™™') is in
an average sense close to being a round sphere, can we control the deviation of u from a

particular rigid motion\ Mdbius transformation (up to translation and scaling) of S*1 ¢

This is essentially the guiding question throughout the thesis. Of course, as it is
common in many questions regarding the stability of geometric\functional inequalities
or the stability of absolute minimizers in geometric variational problems, the notions of
measurement are themselves an important feature of the problem. The deficits measur-
ing the deviation of u from being isometric\conformal are analogous to similar ones that
have appeared in the literature for these notions for maps defined in the bulk, i.e. in
open subdomains of R™. The deficit we choose for the necessary extra information on
how much w distorts S"~1 is in a sense a generalized isoperimetric deficit for the map u.
Both in the isometric and in the conformal setting it is motivated by the property of
balls being the only isoperimetric sets in R™ (modulo sets of measure zero), and also by

their stability among sets of finite perimeter in terms of the isoperimetric deficit (see for
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example the beautiful works in | |, [ |, [ | and the references therein on

the sharp quantitative form of the isoperimetric inequality).

In Chapter 3 we provide an answer to the previous question in the isometric case,
when the ambient dimension is n > 2. The main result of the first two Sections of Chap-

ter 3 is Theorem 3.2.3., according to which

For every n > 2 and M > 0 there exists C, pr > 0 such that for every Lipschitz map
u: S R with ||Voul| pee -1y < M, there ezists O € O(n) so that

][ IVru — OPp|? dH" ' < Cppr (64 +24) -
Snfl

Here, §,, denotes the L%-isometric deficit of u, defined by

2 3
Oy 1= <][ d”H,”_l)
S§n—1

and e, its generalized isoperimetric deficit (being actually the positive part of the excess
in generalized volume), defined by

€y 1= (1 — ]én_l <u,j/_\113ﬁu> dH™ ! >+.

The proof of this result, which is first presented in Section 3.1 in the particular

VTUt VTU — ]w

case that u is an isometric map from S*~! to R", is based on first proving its corre-
sponding qualitative \ compactness analogue and then reduce to the case of maps that are
apriori close to a certain rigid motion of S"~! in the appropriate topology, namely the

W12 — topology.

The assumption on an apriori Lipschitz bound for the maps under consideration can
be substantially weakened, as Proposition 3.2.6. in Subsection 3.2.2. suggests. This
can be done via the use of the same Lipschitz truncation argument as in | |, but
in our context the Lipschitz truncation of a Sobolev map u € W1H2(S"~1; R") should also
take care of the possible change in the deficit £,. Because of this extra feature, we can
show that in the case n = 2 or n = 3 the assumption can be completely removed. In
the case n > 4 it can be replaced by a much weaker one, namely by the assumption that
the maps in consideration enjoy a uniform bound in some homogeneous Sobolev space of
order higher than 2 (namely in WH2*=2)(S*—1; R")).

Note also that the presence of the deficit €, which penalizes deviation from isoperime-

try in a generalized sense, allows us to have a quantitative stability result for the whole
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group of rigid motions of S"!, be them orientation-preserving\-reversing. We also ex-
hibit examples showing the optimality of the result in terms of the norm on the left hand

side and the exponents of the deficits on the right hand side of the estimate.

Regarding the choice of the deficit ¢,, notice that if u is an isometric embedding of
S™! into R™ and E, is the open bounded connected set in R™ with 0F, = u(S"!), then
of course Per(E,) = H" ' (u(S"™!)) = nw,, while

1

n .

1

/Sn1 <u’ T:/:\ll 8TZ~U> dH" !

By the classical FEuclidean isoperimetric inequality, €, = 1 — ’fgn,l <u, /\?:_11 8ﬂ.u> d’H"‘l‘

/ (U, Vi) Gu, dH" !
Snfl

in this case, and it really represents the isoperimetric deficit of the set E,. Here we have

abused notation and denoted

<u, n/:_\ll anu> — <u " (Z\l1 aﬂ,u> > ,

/\;L_:ll Or;u
TN ol
product of the (linearly independent in this case) vectors (0,,u)?~" in R™ with the unit

i.e. we have set v, := identifying (by Hodge duality) the normalized wedge

normal to the hyperplane they span. Moreover, g, = |/\?_11 Gﬂ.u‘ = /det (VrulVru) is

the standard area element induced by u. From here on, we also use the notation

n—1
Vi (u) ::]ém <u A 8nu> dH" (1.2.1)
=1

which for a Lipschitz embedding u : S*~! +— R™ gives the signed enclosed volume normal-
ized by the volume of the unit ball B". For a general map u (for which |V,,(u)| < 00), we
may still sometimes refer to it as the signed-volume term, although it might not necessar-
ily represent the actual signed enclosed volume. The integral in the definition of V,, is also
connected to the notion of degree and also to the property of the Jacobian determinant
being a null-Lagrangian. It is indeed a standard fact that for any appropriate extension
U : B" — R" of u in the interior of the unit ball,

n—1
_ n—1
][ detVU di = ]é (u. /:\1 Oryu) dH". (1.2.2)

This identity holds true for example for the harmonic extension uy : B® — R™ of u, the

latter being taken componentwise.

In Section 3.3 we present a linear stability result which can be viewed as an analogue

of Theorem 1.1.6. for maps from S™~1 into R™, and discuss some simple consequences of
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it. According to (3.3.13),

Although the kernel of the quadratic form associated to the generalized full isoperimet-
ric deficit (introduced below) is infinite-dimensional, any positive combination of it with
the quadratic form associated to the isometric deficit (even when n = 2) has finite di-
mensional kernel (which is actually isomorphic to Skew(n)) and satisfies a corresponding
coercivity estimate. In other words, the intersection of the two kernels exactly corresponds

to the tangent space to the orthogonal group at the identity matric.

In Chapter 4 we study the conformal case when the ambient dimension is n > 3.
The corresponding deficit in this case is again in the spirit of the ones appearing in Chap-

ter 3 and is motivated by the following simple observations.

For an arbitrary map v € WH S LR"), let 0 < 07 < 09 < ... < 0,1 be
the eigenvalues of the symmetric positive-definite matrix /Vyu!Vpu. In view of the

arithmetic mean-geometric mean inequality we always have that H" l-a.e. on S"7!,

|VTU|2 nT_l 27'1_—11 0_2 % n—1 ) 2
_ — i= ] > ' _ -
( n—1 n—1 = g i Vdet (Vrut Vo), (1.2.3)

and by averaging on S"~!

2\ "7
][ (M) A >4 Jdet (VoulVou) dH™ (1.2.4)
sn—1 n—1 sn—1
Equality would hold iff 0 < oy(z) = ... = 0,,_1(z) for H" lae. z € S" ! ie. iff uisa

generalized conformal map from S"~! to R™. Therefore, the difference (or alternatively
the ratio) between the two sides of (1.2.4) provides an average measure of deviation from
conformality for maps u € WH"~1(S"~1;R™). This is of course in complete analogy to
the case of maps v € WH*(U;R"), where U C R" is a bounded open Lipschitz domain.

In that case, by the same reasoning

2\ 2
/(]Vv[ ) de/\detVM d:EZ/deth dz,
U n U U

with equalities iff Vo € CO,(n) for a.e. x € U, or equivalently (as long as n > 3), iff

v is the restriction of a Mobius transformation onto U. The reader is again referred to
| |, | |, [ | | and the references therein for an exposition of stability
results for conformal maps in domains of R™ in terms of such an average measure of

non-conformality.

If moreover u : S*! +— R" is a general Lipschitz embedding, in view of the isoperi-

metric inequality we further have

]énl ('vTUP)n; 2]@1 Vdet (VrulVru) = A (w(S) > |Vo(w)| ", (1.2.5)

n—1 nwy,
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and equalities in the above chain of inequalities would hold iff the map u is conformal
and u(S"™!) is a round sphere in R", i.e. u has to be a conformal embedding of S"~! onto
another round sphere, hence a Mdbius transformation up to a translation vector and a

scaling factor. The chain of inequalities in (1.2.5) can be rewritten as

Dy—1(u) > Pooy(u) > |Va(uw)| > Vi(u), (1.2.6)
where » .
Dy (u) = <]£ (%) 2 d?—[”‘1> : (1.2.7)
P, 1(u) = ( Vdet (VputVou) d?—[”_l) o , (1.2.8)
S§n—1

and V,,(u) is defined in (1.2.1). Actually, the inequality
P,_1(u) > V,(u) (1.2.9)

is valid for all maps u € W1 1(S" 1 R"), even if they are not necessarily embeddings.
The nonnegative quantity P,_1(u) — V,,(u) is the one that we refer to as the generalized
full isoperimetric deficit. Having not been able to find a reference for this particular
inequality in the literature (without refering to Almgren’s isoperimetric inequality for in-
tegral currents), we include in Appendix A a short proof of it which comes as a simple
consequence of another generalized isoperimetric inequality, proved by elementary means
by S. Miiller (see Lemma 1.3 in | )

It is also immediate that these three geometric quantities, to which we will refer in
the sequel as the generalized (n — 1)-Dirichlet energy-term, the generalized perimeter-
term and the generalized signed-volume-term respectively, enjoy the following nvariance

properties.

(i) (Translational invariance) For every u € Whm=1(S"~1:R") and every b € R"

Dy q(u+b) =D, 1(u), Poy(u+b)=P,_1(u), Vo(u+b) =V,(u). (1.2.10)

(it) (Rotational invariance) For every u € W1 1(S"~1:R™) and every rotation map
R € SO(n)

Dy 1(Ru) = Dy1(u) , Poy(Ru) = P,—1(u) , Vo(Ru) = V,(u). (1.2.11)

(ii1) (Scaling behaviour) For every u € W1n=1(S"~1:R") and every A > 0

Dy (M) =XN"Dy_q(u) , Pooy(Au) =XN'Pyq1(u) , Vo(Au) =NV, (u).  (1.2.12)
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(iv) (Conformal invariance) For every u € W' 1(S""1;R™) and every orientation-

preserving ¢ € Conf(S"™1)

Dy 1(uop)=Dpq(u), Pro1(uop) =P,_1(u), Vo(uot) =V, (u). (1.2.13)

With these considerations in mind, we say that for a map u its combined conformal-

isoperimetric deficit is e-small for some € > 0 iff
Dy q1(u) < (14 ¢)V,(u). (1.2.14)

Employing this deficit, our main stability results for the conformal case, i.e. Theorem
4.1.2. and Theorem 4.2.1. are of local nature and concern actually maps that are aprior:
close in a certain topology to a fivred Mébius transformation of S*~1. Without loss of
generality we can take this to be the identity transformation on S"7!, at least as long
as we focus on compact subsets of the set of its Mobius transformations, with gradient

bounded from below and above by fixed positive constants (see part (i7) in Remark 4.1.1.).

Without entering into the precise technical assumptions, Theorem 4.1.2 and The-

orem 4.2.1. can be described as follows.

For every map u : S* 1+ R™ which lies in a sufficiently small neighbourhood of the
idgn—1 @n an appropriate topology, there exist an orientation-preserving Mobius transfor-

mation of S* which we call ¢,, a vector b, € R™ and a positive factor N\, > 0 such

that
H (u ° ¢u _ u) - idSnfl

The constant C' > 0 depends only on the dimension, as does also the size of the neigh-

< Cv/e.

Wl2(sn-1)

bourhood (in the correct topology of course) around the idgn.—1 for the validity of our local
estimate. The exponent with which the e-deficit appears on the right hand side is also
optimal, i.e. it cannot generically be improved. This can easily be checked by considering
the sequence of affine mappings (ug)y>0 : S" ' + R” for ¢ — 01, where u,(z) := A,x,
with A, := diag(1,...,1,1+ o) € R™",

In Section 4.1 we present the result and its proof when the dimension of the ambient
space is n = 3 and in Section 4.2 in the higher dimensional case n > 4. The argumen-
tation follows the same lines in both cases and some intermediate steps in the proofs are
the same. However, in dimension n = 3 some assumptions can be relazed, for example
the topology in which we require apriori closeness of u to the idgn.-1 is weaker than the

one in dimensions n > 4 (as we will see it will be the W'2-topology instead of W),
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and some of the arguments can be simplified (compare for instance Subsection 4.1.2
with Subsection 4.2.2). We have therefore chosen to keep these two cases separate and
provide in Section 4.2 the necessary details in the arguments that need to be slightly
modified.

As in many occasions where local stability of absolute minimizers in variational prob-
lems is examined, at the core of the proofs in both cases lies the study of the coercivity
properties of the second variation\ quadratic form @, which appears after a formal Tay-
lor expansion of the combined conformal-isoperimetric deficit around the idgn-1. This is
of course performed in a purely Wl2-setting, i.e. at this linearized level of course no
closeness to the identity assumption has to be made. The main ingredient that we will be
making use of, is the fine interplay between the Fourier decomposition of a W12(S*—1; R")-
vector field into spherical harmonics and the tnvariance properties of the linear first or-
der differential operator associated to the second variation of the signed-volume-term V,

around the idgn-1.

At a functional-analytic level, this gives a decomposition of a W12(S"~1; R")-vector
field into vector-valued spherical harmonics of a special type, as we prove in Theorem
4.1.8., which might be interesting in its own right. This in turn implies a coercivity
estimate for the quadratic form @, associated to the combined conformal-isoperimetric
deficit, i.e. Theorem 4.1.10. and Theorem 4.2.7., which are the main results in Sub-
section 4.1.2 and Subsection 4.2.2 respectively. Similarly to Section 3.3, a corollary of

these estimates is the following.

Although the kernels of the nonnegative quadratic forms arising as the second varia-
tions of the conformal deficit and the generalized full isoperimetric deficit at the idgn—1
are both infinite-dimensional, the intersection of the two kernels is finite dimensional and

actually isomorphic to the Lie algebra of infinitesimal Mébius transformations of S*~1.

In this sense, Theorems 4.1.10 and 4.2.7 are the analogues of Theorem 1.1.12. for

maps from S"! to R".

In Section 4.1.3 we complete the proof of Theorem 4.1.2. and (since the argument
there can be carried out essentially unchanged in all dimensions n > 3) also the proof of
Theorem 4.2.1.. This is done by using the Inverse Function Theorem and a topological

degree argument similar to the corresponding ones appearing in | | and | |-

The complementary Section 4.3 came as a result of a short private discussion with
Dr. Jonas Hirsch, whom the author would like to thank. We include it in order to give

another application of how some of the ideas that the reader will encounter in Chapters
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2 and 3 can be used to give an alternative and somewhat shorter proof of a recent result
due to A. Bernard-Mantel, C.B. Muratov and T. M. Simon in [ [, where a quan-
titative stability result for the particular case of degree &1 conformal mappings from S?
onto itself is obtained, the authors there being motivated by the analysis of a variational

model from micromagnetics.

In the Outlook we list some open questions that originated from this work or that
the author finds interesting in general. Finally, in the Appendices we include for the
convenience of the reader a brief proof of the generalized isoperimetric inequality that
we have been using, some basic facts from the theory of spherical harmonics and also
a detailed derivation of the Taylor expansions of the geometric quantities that appear

throughout the main body of the thesis.
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Chapter 2

A new view of Liouville’s theorem on

Sn—l

2.1 The isometry group of S"~! when n > 2

Turning now to the main topic of the thesis and before giving some standard definitions,
let us first make the following trivial remark for the sake of clarity. As we have mentioned
in the table of Notations, we denote by S"~! := (S"!, ¢) the standard round sphere em-
bedded in R".

Given a sufficiently regular (say C') map u : S"~! — S"71 at every z € S"7! the
gradient of u can be viewed eztrinsically as the linear map Vyu(z) : T,S" 1 — R", as if
u was considered a map from S"! to R” with |u| = 1, and intrinsically as the linear map
dyu: T,S" 1 — Tu(I)S”_l. Choosing the local orthonormal frame {1, ..., 7,1} indicated
by the unit normal vector field on S, the linear maps (d,u)'d,u : T,S"! — T,S"!
and (Vru'Vru)(z) : T,S" ! — T,S" ! coincide, so that we can use either of them in the
definitions to come without distinction. The same holds true for less regular maps (for

example Lipschitz or Sobolev maps) at H" '-a.e. x € S"~! where the gradient is defined.

Definition 2.1.1. Let n > 2 and 1 < p < o0.
(i) A map u € C*(S"1;R") is called isometric iff at every z € "
(Vru'Vru)(z) = I,. (2.1.1)
(it) A map v € WHP(S""1:R") is called generalized isometric iff at H" '-a.e. x € S"!
(Vru'Voru)(z) = I, (2.1.2)

where the gradient is understood in the weak but also in the classical sense H" 1-

a.e., since such maps are automatically 1-Lipschitz.
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(4i1) A mapu € WHP(S"1:S" 1) is called a generalized orientation-preserving | -reversing
isometry of SP! iff at H" l-a.e. x € S*! the intrinsic gradient of u is an

orientation-preserving\-reversing isometry between T,.S* 1 and Tu(m)S”_l.

(iv) The group of all isometric diffeomorphisms of S~ will be denoted by Isom(S"!),
and the subgroup consisting only of the orientation-preserving ones will be denoted
by Isom, (S"71).

As we have discussed in the Introduction, isometric and also conformal maps from
S»~! into R™ are more flexible than the ones from n-dimensional subdomains of R" into
R"™. However, Liouville’s rigidity theorem still holds for such maps from S"~! onto itself,
a fact that is of course a trivial consequence of the classical version of Liouville’s theorem

regarding the structure of the isometry and the conformal group of the Fuclidean space.

A fairly standard proof of this fact is that for any n > 2, an isometry u : S"~! - S*1
can be extended radially to R™ via U(x) := \x|u<|§—|> it z € R*\ {0} and U(0) := 0.
It is a simple fact of Euclidean geometry that U is an isometry of R", hence a linear
orthogonal transformation and going back, u is the restriction of such a transformation
on S"~ 1.

For the conformal case, for any n > 3 the conformal diffeomorphisms of S*~! are of
course in a bijective correspondence to the conformal diffeomorphisms of the augmented
Euclidean space R"' U {oo}, i.e. the Mdbius transformations, via the stereographic pro-

jection which is itself a conformal map.

However, the main purpose of this and the next Section is to present an alternative
and more intrinsic proof of Liouville’s theorem on S™!, which to the knowledge of the
author has not appeared in the literature. This will also provide some motivation for the
subsequent stability analysis, since the arguments can be perturbed both in a qualitative
and a quantitative way as we will see later. The proof does not use the corresponding
result in the Euclidean space, only the knowledge that orthogonal transformations are
isometric and M6bius maps are conformal, and is more intrinsic in the sense that it
basically relies on the sharp Poincare inequality on S"' (see the Remark B.0.3. in
Appendix B).

Theorem 2.1.2. (Liouville’s Theorem for the isometry group of S" ')
Let n > 2. Then u € Isom(S"™Y) iff it is the restriction of an orthogonal transformation
of R™ on S"™1, i.e. there exists O € O(n) so that for every v € S*!

u(z) = Ox. (2.1.3)
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Proof. First of all, the restrictions of orthogonal transformations of R™ on S"~! are

isometries of S"~!. Conversely, if u € Isom(S"!) then for every z € S*"! one has

Vru()|”

n—1

(Vru'Vru)(z) = (dou)'deu = I, = = 1. (2.1.4)

Since u : S*71 — S"1 is an isometric diffeomorphism, u#(w) = +w for every (n — 1)-form
w on S"71. By the change of variables formula applied to the vector-valued (n — 1)-form
zdv, (where dv, is the standard volume-form on S"') and keeping in mind a possible

change of sign in case the diffeomorphism u reverses the orientation of S*!, we obtain

0= ]é wdv, = :t]énl WA (wdvy) = j:]énl w()dvy (), (2.1.5)

ie.

][ u dH" ' = 0. (2.1.6)

S§n—1
By the Poincare inequality on S"! for fields with zero mean (see (B.0.6)) and since
ul =1,

2

1 :][ Nrul® e z][ uf2 dH* ' = 1. (2.1.7)
S§n—1 n — 1 S§n—1

The equality case in the Poincare inequality implies that in the Fourier expansion of u
in spherical harmonics, no other spherical harmonics except the first order ones should
appear. Since the first order spherical harmonics are the coordinate functions normalized
by a suitable constant, we deduce that u(z) = Oz for some O € R™*". Although it is not
really important here, as we mention in Remark B.0.1. in the Appendix B, we actually

have that O = Vu,(0), where uy, : B" — R™ is the harmonic extension of u in B™.

This linear map would transform S"~! into the boundary of an ellipsoid, which after
possibly an orthogonal change of coordinates is

2

yi oY s
07 ) On

where 0 < 01 < 05 < ... < 0, are the eigenvalues of the symmetric matrix vO!O. By

assumption u(S"!) = S"!, and this forces 07 =02 =..=02=1,ie. 0€O(n). O

Remark 2.1.3. The previous proof can also be carried out under less restrictive regu-
larity assumptions, as long as the maps in question preserve\- reverse the orientation of
S"! in the sense of Definition 2.1.1., a condition that should again be imposed because

of the rank-one connectedness of the orthogonal group.

For instance, if n > 2, 1 < p < oo and u € WP(S"1;S"1) is a generalized

orientation-preserving isometry of S"1, with the same proof as before we can deduce
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that there exists R € SO(n) so that u(x) = Rz for every x € S"!. Indeed, any such
map is Lipschitz continuous and bijective. The surjectivity is a consequence of the more
general fact that any isometry v of a compact metric space (X,d) (in our case S~ with
the geodesic distance induced by the round metric g) is surjective. We remind the reader

of the elementary proof of this topological fact.

Let x € X and € > 0 be arbitrary. Define the sequence (z;)ey € X via xg := =z,
2141 = v(xy). Since X is compact, we can assume (up to passing to a non-relabeled
subsequence) that (z;);ey is a convergent and therefore Cauchy sequence. Thus, for any
[ < m sufficiently large we have d(z;,z,,) < €. By the fact that v is an isometry, we

recursively obtain
d(z;v(X)) < d(xo, v(Tpm_i-1)) == d(x0, Tp—y) = -+ - = d(x1, 2,) < €, (2.1.9)
and since € > 0 was arbitrary and v(X) is closed, we conclude that z € v(X).

With the same argument as in the smooth case we obtain that fSn_l u dH™ ' =0 and

also the rest of the proof can be carried out unchanged.

Remark 2.1.4. An equivalent way to state Theorem 2.1.2. would be to say that the only
isometric maps that transform S™~1 into another round sphere (of radius 1 of course) are
the rigid motions. As we mentioned in Section 1.2, if u : S*~! — R" is an isometric em-
bedding, uw(S"1) is a closed Lipschitz hypersurface in R™ with the same (n — 1)-Hausdorff
measure as S"~1. If E, stands for the bounded domain in R" with 9(E,) = u(S"™1), we

know from the classical Fuclidean Isoperimetric Inequality that
Vol(E,) < Vol(B") = w,, (2.1.10)

with equality iff £, is a ball in R", i.e. iff u(S"™1) is a round sphere of R", i.e. iff u is a

rigid motion of S"~! according to Theorem 2.1.2..

With the notations and conventions we introduced in Section 1.2, the last inequality

can be rewritten in this case as

Va(u)| = <1 (2.1.11)

]é?%1 <u’ 7:/_\11 8Tlu> dHn_l

Of course, for a general Lipschitz map v : S"~! — R" that is not necessarily an embed-
ding, the last integral may not always represent the actual (signed) enclosed volume. The
next theorem can be regarded as a slight generalization of Theorem 2.1.2., since it asserts
that for generalized isometric maps from S"! into R™ the inequality (2.1.11) can be ob-
tained in a simple way, even without referring immediately to the classical isoperimetric

inequality, and the equality case is of course characterized as before.
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Theorem 2.1.5. Let n > 2 and 1 < p < oo. For every generalized isometric map
u € WHP(S"=1R™) the inequality (2.1.11) holds, with equality iff w is a rigid motion of
S*=t d.e. iff there exist O € O(n) and b € R™ so that for every x € S"!

u(z) = Ox +b. (2.1.12)

n n

Proof. Recalling (1.2.10), we have V,,(u+b) = V,,(u) for every constant b € R™. Indeed,
Vi +b) = ][

n—1

<u+ b, \ O (u+ b)> dH" _][
st i=1
n—1

:][n detVuy, :]én_l <u, Z:/\1 8Tiu> A" =V, (u),

and in particular for b := —f,, , u dH" ",

V() :—]én_1 <u,j/_\116nu> dH™! —]én_l <u —]én_l u,7:/\_118nu> dH™ ' (2.1.13)

Since u is assumed to be generalized isometric, by taking the trace and the determinant

in (2.1.2), we have again that H" '-a.e. on S"!

detV(u + b);, —][ detV (up, + b)

n—1

/\ O, u

=1

2
|V_Tu‘ =1, = \/det(VTutVTu) =1 (2114)

n—1

Using the Cauchy-Schwarz inequality and again the sharp Poincare inequality on S 1,

n—1
_ 87-. n—1
]énl <u ]énl u, Z:/\1 u> dH
n—1
S][ U —][ U dH™ 1 :][
S§n—1 S§n—1 S§n—1

/\ O u —][ u
i=1 snt
2 % 2 1
2
Sn—1 Sn—1 gn—1 n — 1
= 1.

[Valu)| =

dH"™

IA

If |V, (u)] = 1, then again equalities must hold in all places in the above chain of inequal-
ities. By the equality case in Poincare’s inequality we have again u(x) = Az + fSn_l u
for some A € R™*™. Tt is also fairly easy to check that A € O(n), even by arguing analyt-

ically rather than geometrically this time. On the one hand, by the equality cases above

u — u
Sn—1

we obtain

-
Sn—1

2

AP
— 2.1.1
c (21.15)

M :][ |Axf? aH™t =
Sn—1
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and also

u,n_l(?ﬂ.u dH" ! detVuy,
£ (o Ao are = |

By a standard argument via the arithmetic mean-geometric mean inequality, if we con-
sider the polar decomposition A = OV A*A, where O € O(n) and label 0 < o7 < -+ < g,
the eigenvalues of v/ A*A, then

1=

= |detA|. (2.1.16)

][n detV(Ax)y,

=

9 n 9 n n
1= A _ 2.im1 0 > (H Ui2> — ]detA]% = 1. (2.1.17)
=1

n n
The equality in this algebraic inequality yields oy = --- = 0, = 1, hence A'A = I,,, i.e.
A = 0O € O(n), which completes the proof. ]

In Chapter 3 we will see how to suitably adapt the proof, in order to obtain the

stability version of the previous theorem both in a qualitative and a quantitative manner.

2.2 The conformal group of S"~! when n > 3

Let us now discuss the corresponding result for the conformal case. Similar to Definition

2.1.1., we adopt
Definition 2.2.1. Let n > 3.

(i) A map u € CY(S" 1 R") is called conformal iff at every z € S"~! its gradient is a
nonsingular linear map and w preserves the angle between any two tangent vectors

at that point, or equivalently iff at every z € S*~!

2
(Vou'Vou) (z) = (‘V;f“f(?') L. (2.2.1)
(i) A map u € WP 1(S"1;R™) is called generalized conformal iff at H" -a.e. z €
Snfl
2
(Vru'Voru) (z) = (‘V;f“f(?’) I, (2.2.2)

where the gradient is to be understood here in the weak sense.

(ii7) A mapu € Whn=l(Sn=1:S"1) is called a generalized orientation-preserving\-reversing
conformal map of S"~1 iff at H" '-a.e. x € S"7! the intrinsic gradient of u is an
orientation-preserving\-reversing linear conformal map between 7,S" ' U {oo} and
Tou()S" 1 U {00}
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(iv) The group of all conformal diffeomorphisms of S*~! will be denoted by Conf(S"!),
and again the subgroup consisting only of the orientation-preserving ones will be
denoted by Conf(S"71).

We can now state Liouville’s theorem in this setting and give its new intrinsic proof.

Theorem 2.2.2. (Liouville’s Theorem for the conformal group of S" ')
Let n > 3. Then u € Conf(S™1) iff it is a Mdbius transformation of S*™, i.e. iff there
exist O € O(n), £ € S™ ! and X\ > 0 so that for every v € S*!

u(z) = Oge (). (2.2.3)

Here, ¢¢ ) = 05_1 o i) o o¢, where o is the stereographic projection of S"~' onto the
tangent plane TS" ' U{oc} and iy : TeS™ ! — TS is the dilation in T¢S™* by factor
M. Analytically, ¢¢  is given by the formula

~X2(1 = (2,6))€ + 2 (z — (2,)€) + (1 + (z,))¢

A2(1 = (z,8) + (14 (z,9)) ‘ (224)

Pe(T) ==

Proof. The argument is similar to the one in the proof of Theorem 2.1.2.. The maps
(e )eesn—1 a0 are conformal diffeomorphisms of S*~! and conversely, if u € Conf(S"1),
by taking the determinant in both sides of (2.2.2) and recalling the very first remark in
the beginning of the Chapter, we have that for every z € S"1

n—1

Vdet (Vru'Vru)(z)) = v/det ((dyu)'d,u) = <M> _ (WTU(I)I )

n—1 n—1

Since u is a conformal diffeomorphism of S"~!, we can use the area formula, Jensen’s

inequality and again the sharp Poincare inequality on S to obtain

(WTUF) 7

n—1

n—1 n—1
_ H (U(S )) :][ \/det (VTUtVTU) d%n—l :][
nwn S§n—1

Sn—l
2 =
(L) (A
sn—1 n—1 sn—1 sn—1

If we assume for the moment that fS"*l w dH™ ! = 0, then the last averaged integral

1

n—1

2 T2
d?—l”1> : (2.2.5)

is exactly equal to 1 since u takes values on S*~!. In this case, again equalities must
hold at each step in the above chain of inequalities, and with the same reasoning as in
the proof of Theorem 2.1.2. we would infer that u(x) = Oz for some O € O(n). Of

course, for the above argument to work we need the convexity of the function ¢ — t%,
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which is true exactly iff n > 3 (in any case, for n = 2 conformality is a trivial notion

for maps from S to itself). We only have to justify why one can always reduce to this case.

If b, ::f

o1 U # 0, one can show that there always exist & € S* ! and Ay > 0 so
that

][ U0 Peyrg AH™H = 0. (2.2.6)
S§n—1
Indeed, consider the map F : S*~! x [0,1] + B", defined as

FE,A) = ]é woden AW for A (01) and F(€,0) = Jim F&N).  (2:27)

The map F' is obviously continuous, and
F(£,0) = u(é) for every £ € S"! = F(S"1,0)=u(S" 1) =8S"1, (2.2.8)

whereas

F(S"™ 1) = {b,}. (2.2.9)

In other words, F is a continuous homotopy between S~ and the point b, € B"\ {0},

and therefore
I €(0,1) st. 0€ F(S"H\) = F&EeES! st F(&, \) =0 (2.2.10)

We can now apply the previous argument to the conformal map u o ¢, », that has zero

average on S" !, to deduce that for a matrix O € O(n) and for every x € S*~!
(uo Qb&w\o)(x) =0z = u(r) = OQE)%A()(%) = O(ﬁg,)\(x), (2.2.11)

where £ := & € S" ! and \ := /\LO > 0. O

Remark 2.2.3. The Mdobius transformations of S*~! could of course alternatively be
described by performing an inversion on T¢S"~! with respect to some center, say the
origin & of the affine hyperplane T;S" ! of R™ and some radius, say VA > 0. These maps
however would correspond exactly to the Md&bius transformations produced by dilation
in T¢S™! by factor %, composed finally with a flip n R", i.e. an orthogonal map that
would change back the orientation.

We also gave explicitely the formula (2.2.4), because one can compute directly out of
it the representation of the infinitesimal generators of Conf(S"™!). The corresponding
formula in R™ has definitely appeared in the literature (see for example Formula (2.1) in

[ |, Chapter 4, Paragraph 2) and probably its version on S"~! as well. In any case,
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it is an elementary exercise in differential geometry to obtain it by considering a general

Cl-curve v : (=6,6) — Conf(S"!) for some 0 < § < 1, where
10 = R s R (~0.0) > SO(m), €2 (~0,8) > §"1, A (=5,8) > (0, 00)
with
7(0) = idgn-1, ie. R(0) =1I,, £(0)=¢ € S"! (arbitrary), A(0) =1,

and simply compute the derivative 4(0). This leads to the following characterization,

which we will use in Chapter 4.

dg,  Conf(S"” N={Se+pu((z, )z — &) : "' R% S € Skew(n), £ €S™!, peR}.
Remark 2.2.4. The proof of Theorem 2.2.2. can also be carried out in a slightly more
general context without considering necessarily conformal diffeomorphisms of S*~!. In-
deed, if n > 3 and w € Wh1(S"1:S"1) is a generalized orientation-preserving\-
reversing conformal map of S"7! of degree 1\ -1 respectively, with the same proof as
before we can deduce that w is an orientation-preserving\-reversing Mébius transforma-
tion of S"7! of the form (2.2.3). The only possible subtlety is why one can choose also in

this case a Mdébius transformation of S*™! to fix the mean value of the map at 0.

Before justifying this point, let us briefly recall some basic facts regarding the notion
of degree for Wh"=1_Sobolev maps from S*~! to itself. We follow | |, where the notion
and properties of the degree for appropriate classes of Sobolev and BM O maps between

smooth closed oriented manifolds of the same dimension are introduced.

In the regular case, for a map u € C*(S"1;S"!) there is a classical way to define
its degree from the point of view of differential topology. By Sard’s theorem, H" '-
a.e. p € S"!is a regular value of u, i.e. u™'(p) = {wx1,..., 23} for some k € N
and also for every j = 1,...,k the intrinsic gradient d,,u : T, S"" = TS is
a nonsingular linear map. Therefore, for the intrinsic Jacobian J,u of d,,u (computed
with respect to the local orthonormal frame {71,...,7,-1}), we have that det(.J,,u) # 0.
The degree of u with respect to the point p € S"~! is then defined as

M;r

deg(u; p) sgn(det(J,u)). (2.2.12)

Jj=1

A basic fact in differential topology is that the degree is independent of the choice of the
regular value p € S*~! and its unique value can thus be denoted by degu. Intuitively, it

counts how many times S"! is covered by u(S"'), with the orientation being taken into
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account each time.

If u € C°(S"1;S" 1) the classical way to define its degree from the point of view of al-
gebraic topology is via the induced group homomorphism u* : H"1(S"™1) s H"71(S"71).
Here, H"1(S"™!) is the (n — 1)-th homology group of S"~!, which is known to be iso-
morphic to Z. It follows that there exists a € Z so that u*(m) := a - m for every m € Z.
The integer a is then called the (algebraic-topological) degree of u, and these two notions
of degree coincide for C! maps. Another basic topological fact that we will use, is that
amap u € CO(S"1;S" 1) of non-zero degree must be surjective. Indeed, if there exists
p € S such that the image of u lies entirely in S"~! \ {p}, which is contractible, then

u must be null-homotopic and therefore must have degree 0.

For a map u € C1(S"™!;S"71) there is also an integral formula to calculate the degree

in terms of integration of differential forms. In particular, if w is a smooth (n — 1)-form

on S"!, then
]é B ut(w) = degu]é R (2.2.13)

which leads to the analytic expression

n—1
degu := Oru ) dH" 2.
egu ]énl <u, Z:/\1 u> H (2.2.14)

i.e. for a sufficiently reqular map from S" ! to itself, the averaged signed-volume has the

extra meaning of being the degree of the map.

This analytic definition of the degree can be extended to maps u € Whn=1(Sn—1; o1,
that is Sobolev maps u € Wn=1(S"~1: R") such that |u(z)| = 1 for H" '-a.e. z € S*1.

A useful approximation lemma in this case is

Lemma 2.2.5. (see [ |, Section 1.3. Theorem 1, Section I.j. Lemma 7)
Let n > 2. For every u € Whn=1(S"=1:S"1)  there exists a sequence of smooth maps

(u;)jen € C°(S™ 1, S"™ 1) with the property that

uj — u strongly in W'~ 1(§"1:S" 1) and degu; = degu Vj € N. (2.2.15)

Using this lemma, we can prove the following.

Lemma 2.2.6. Let n > 3 and u € W 1(S"=1:S"1) be a generalized orientation-

preserving\-reversing conformal map of S"~! of degree 1\ — 1. Then,

n—1

@) fos (52) 7t =1

(1) There exist & € S"™' and Xg > 0 so that fg, , w0 ¢\, dH" = 0.
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Proof. We discuss the case of a generalized orientation-preserving conformal map of
degree 1, the other case being essentially the same. Let (u;) ey € C*°(S"71;S" 1) be the
previously mentioned sequence that is strongly approximating u in Whn=1(Sn—1. §n1)
and has the property that degu; = degu = 1 for every j € N. Of course, the maps
(u;) en do not necessarily have to be conformal at the first place. Up to passing to a non-
relabeled subsequence, we can without loss of generality also suppose that v; — u and
Vru; — Vou pointwise H" -a.e. on S, For part (7), we have by all our assumptions
that H" '-a.e. on S" 1,

2\ "7
u?(dvy) = \/det(VrutVru) dv, = (’Z%“D dvy, (2.2.16)

and by approximation, the analytic formula for the degree in terms of integration of

(n — 1)- forms on S"~! holds true for u as well, i.e.

2\ "7
]é - (|Z];u::_ ) d/}_[n—l :\fg B uﬁ(dyg) — degu\fg » dUg =1. (2217)

For part (i7), by the properties of the degree we have that the maps u; are surjective on

S*~! for every j € N. Therefore, by the topological argument in the proof of Theorem
2.2.2., which actually does not rely on whether the maps (u;)jen are conformal or not,

there exist (§;)jen € S"! and (\;)jen € (0, 1], so that for every j € N

][ u; o g, dH" = 0. (2.2.18)
Sn—1

Up to non-relabeled subsequences we can suppose that & — & € S ' and \; — A\ €
[0,1], thus ¢¢, n, = ¢ey, weakly in WH=1(S*=1;§"1) and also pointwise H" ' - a.e.
on S*7'. In fact Ay € (0,1], i.e. the Mobius transformations (¢e, x,)jen do not converge
weakly to the trivial map ¢g, o(x) = &o.

Indeed, suppose that this was the case. Since then, u; o ¢¢, \; — u 0 ¢g 0 = u(&o)
pointwise H" '-a.e. and |u; o b¢; 0] = 1, we could use the Dominated Convergence
Theorem to infer that

u(&o) :]ém u(&) dH" () = lim u; o gg; n, dH"H =0, (2.2.19)

Jj—00 Sn—1

u(E)| = ]é (&) dH @) = im | Juyoden | dHT =1, (2.2.20)

j_>00 S§n—1

and derive a contradiction. Having justfied that 0 < A <1, and since ujo¢; x, — u0dg, z,
pointwise H" '-a.e. and |u; o ¢, »,| = 1, what we actually obtain by the Dominated

Convergence Theorem is that
][ U O Pgy ng dH" ! = 0. [
S§n—1
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Let us conclude this Section by mentioning that the previous arguments can eas-
ily be modified in order to give a compactness statement for sequences of orientation-
preserving\-reversing degree 1\-1 approzimately conformal maps on S"~!. For simplicity,
we present again the statement in the case of orientation-preserving degree 1 maps, the

other case being completely analogous.

Proposition 2.2.7. Let n > 3 and (u;)jeny € WEH(S"S"71) be a sequence of H" ! —
a.e. orientation-preserving maps of degree 1, which approximate in average the conformal

group of S*~1 in the sense that

12\ 5
lim ((M) — \/det (VTug.vTuj)> dH" =0, (2.2.21)
Sn—1

j—oo n—1

which as a condition s in this case equivalent to
n—1
Voru: 2\ 2
lim <ﬂ> dH =1, (2.2.22)
j‘%OO Snfl ﬂ/—-l

Then there exist Mobius transformations (¢;)jen € Conf(S*™1) and R € SO(n) so that

up to a non-relabeled subsequence

uj o ¢; — Ridgn—1 strongly in W™= 1(§"~1.§*7 1), (2.2.23)

Proof. By the degree one condition, we can again find sequences (£;)jen € S™' and
(Aj)jen € (0,1], so that after setting ¢; 1= ¢¢, », € Conf(S"") and 4; := u; o ¢;, we
have fgn,l @; dH"' = 0. Thanks to the conformal invariance of the quantities involved,

(2.2.22) is equivalent to

02\ T
lim (M) dH =1, (2.2.24)
Snfl

Jj—=oo n—1

Since ., @; = 0, the sequence (i;);en is also uniformely bounded in W' —1(S"~1; §"71),
hence up to a non-relabeled subsequence converges weakly in W'm=1(S"~1:§"1) (and up
to a further one also pointwise H" '-a.e.) to amap o € WH"~1(S"~1;S*~1). Since u; — @

strongly in L"1(S"1;S""1), we obtain in particular

][ i dH" ' = lim iy dH" ' =0, (2.2.25)
Sn—l

jg%oo S§n—1

and by lower semicontinuity

~12 E%l ~ 12 ﬁ%l
sn—1 n — oo Jen-1 n-—
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We can then apply the same argument as in the proof of Theorem 2.2.2., to end up with

the chain of inequalities

~12\ "5t ~12 0\ "7 ot
1 Z][ (M) > (][ % ) > (][ |1j|2) - 1, (2.2.27)
S§n—1 n — S§n—1 n — S§n—1

the last equality holding again because |i(z)| = 1 for H" '-a.e. z € S""'. With the same

reasoning as before, @i(z) = Rx for some R € O(n).

Through the previous arguments we actually obtained that

ii; — 1 weakly in W= 1(§"1 s 1), ][ u :][ u; =0,
S§n—1 S§n—1

~12 % 7. 2 nT_l
][ <|vTu| ) S — i (M) A =1, (2.2.28)
§n—1 Sn—1

n—1 j—oo n—1

so actually @; — @ strongly in W'n=1(S"~1:S§"71). Finally, since the degree is stable

under this notion of convergence,

n—1
1 = degt :][ <Rx, /\ 871.(Rx)> dH" ' =detR, ie. R€ SO(n). O
snt i=1
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Chapter 3

On the stability of Isom(S"~!) among
almost isometric maps from S" ! to R”

when n > 2

In this Chapter we are concerned with approximate versions of Theorem 2.1.2., or actually
its slightly more general version, i.e. Theorem 2.1.5.. As we have remarked in Section
1.2, due to the abundance of isometric immersions of S"~! into R" that are less regular
than C?, an extra information about the generalized isoperimetric deficit produced by
the maps under consideration is necessary to expect stability of rigid motions among
(almost) isometric maps defined on S"~!. As the reader will notice, the results of Section
3.1 are actually special cases of the ones in Section 3.2, but since the arguments take a
somewhat simpler form, we have chosen to proceed constructively and present the results

in two separate Sections.

3.1 The case of isometric maps with small isoperimet-

ric deficit

Recalling the Definition 2.1.1., let us denote by Z(S"!;R") the class of all generalized
isometric maps from S"~1 into R™, i.e. all Lipschitz maps that satisfy (2.1.2) H" l-a.e.

on S"~1. By Theorem 2.1.5., we have that the quantity

n—1
][ <u; /\ 8Tiu> dH"!
sn-t i=1

is nonnegative for every u € Z(S"!; R"), represents the generalized isoperimetric deficil

cu=1—|Vo(u)] :=1— =1- (3.1.1)

][ detVuy(z) dx

related to u, and vanishes precisely when wu is a rigid motion of S*~!. It therefore pro-

vides a natural choice for the deficit in terms of which the stability of Isom(S"™!) inside
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Z(S"!;R") is going to be examined. To begin with, we provide a compactness statement

related to Theorem 2.1.5., which we are going to use soon.

Lemma 3.1.1. Let n > 2, (ug)ren € Z(S" 1 R") and suppose that
lim £, = 0. (3.1.2)

k—o00

There exists O € O(n) so that up to a non-relabeled subsequence

uy, —][ up dH"' — Oidgn1 strongly in WH(S™ 1 R™). (3.1.3)
S§n—1

Proof. As the statement suggests, we can translate the maps by their centers of mass

and suppose without loss of generality that JCS'H wp dH" ! =0 for all k € N. Then,

n
sup [|ugllwrzgn-1y < -sup || Vrug|| p2gn-1y = Vn < 400,

keN n—1 gen

and we can extract a non-relabeled W'2-weakly convergent subsequence u;, — u €

Wh2(S"=1 R™). In particular,

][ u dH" ' = lim up dH™ =0, (3.1.4)
§n—1 k—o0 §n—1
2 2
][ Vrul® s < liminf][ Ve (3.1.5)
sn—-1 1 — 1 k—oo Jgn-1 N — 1

since the fact that (ug)ren are isometric implies that % = 1 pointwise H" l-a.e. on

S»~!. For the same reason, and for all k € N,

n—1
£ [N
Sn—

i=1
the integrands being equal to 1 pointwise H" -a.e. on S"~. Up to a further subsequence

2

dHn_l :][ det(VTu}ZVTuk) d%n_l = 1, (316)
S§n—1

we can also assume that u; — u pointwise H" '-a.e. on S" .

We can now argue as in the proof of Theorem 2.1.5. by estimating

n—1
][ <uk A aﬂ.uk> dH" 1
st i=1
% n—1
S <][ |Uk|2 d%n_1> ][ /\ an.uk
S§n—1 S§n—1 i=1
== (][ |uk\2 d/Hn_1> .
Sn—l
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By letting k — oo and since uy, — u strongly in L*(S"!; R"), we deduce that

][ lu|? dH" ™t > 1.
Sn—l

By the fact that fgn,l w dH" ! = 0 and the Poincare inequality on S"! once again,

2
1 2][ [Vu dH™ ! z][ lu|* dH" ™t > 1. (3.1.8)
S Sn—l

n—1 n/—'l

By the equality case we have again u(z) = Az for some A € R"*" with |A|*> = n. Since

Vrul? \Y 2
1:][ [Vl Slim][ M:L
sn—1 N — 1 k—o00 sn—-1 N — 1

the weak L2-convergence of the gradients together with the convergence of their L?-norms

actually imply that uy — u := Aidga—1 strongly W12(S"~1; R"). It remains to justify that

|detA| = 1, which can be done similarly to the exact case.

Indeed, having deduced that Vru;, — Vou strongly in L2(S™™!), up to a further non-
relabeled subsequence we can also assume that Vyu, — Vopu pointwise H" !-a.e. on

S™1, so that also

n—1 n—1
g = <Uk, /\ E)Tiuk> — <u, /\ 8Tiu> , pointwise H" ! — a.e.,
i=1

=1

n—1
lgk| < /\ O ug| |ur| = |ug|, for every k € N,
i=1
lur| — |ul , pointwise H"! — a.e.,

Sup][ fug] dH™ < sup [lugllpaen-1) < +oo, since Jug|lzzgnt) = 1.
keN Jsn—1 keN

We recall here once again that we are using the convention that all Lebesgue norms are

taken with respect to the normalized H" '-measure on S"~!. By Lebesque’s dominated

)Il_

][ detVuy, dz

convergence theorem we obtain

n—1
][ <uk /\&iuk> dH"
snt i=1

n—1
][ <u7 /\ 0Tiu> dH"
st i=1

i.e. |detA| =1 and together with the fact that |A|*> = n, we conclude that A € O(n). [

k—o0 k—o0

0= lim ¢, = lim (1—

][ lim g dH™ !

1 k—oo

—1- —1- =1 |detA],

The previous Lemma and its proof can also be made quantitative, as the next Theorem

suggests.
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Theorem 3.1.2. Let n > 2. There exists a dimensional constant C,, > 0 so that for
every u € Z(S";R") there exists O € O(n) such that

][ \Vru — OPp? dH" ™ < Cpe,,. (3.1.9)
gn—l

Proof. First of all, for every map u € Z(S"1;R") and O € O(n) it is trivial that

][ Vru — OPr|* <2 (][ IV rul? +][ |0PT|2) <4(n-1).
S§n—1 S§n—1 S§n—1

Therefore, it suffices to prove the theorem in the regime where £, > 0 is smaller than a
sufficiently small dimensional constant that will be chosen later, say 0 < ¢, < gg(n) < 1.
Without loss of generality, after possibly translating u by its center of mass if necessary,

we can assume as always that fSn_l u dH" 1 = 0.

Step 1. (Proof of the estimate in the W'2(S"!)-vicinity of the idg.-1)

We first prove a local version of the estimate under the extra assumption that
][ |Vru — Pr|* dH™ ™ < 607, (3.1.10)
S§n—1

where 6 := 6(n) > 0 is a sufficiently small constant that will also be chosen later. In what
follows now, we will always assume that 6 is sufficiently small, so that all the subsequent

arguments hold.

Since the map u is isometric, as we have already seen, it satisfies the pointwise identity

|Voul?

n ] ’ ( )

2
][ Nzl s 4, (3.1.12)
S

n—1 ﬂ/—-l

This last equation (3.1.12) enables us to rewrite

][ P dH" ' =1-1 —i-][ lu® dH™ !
S§n—1 S§n—1

2
— lul* dH" ' =1 — V Vrul dH"! —][ |ul? d%”—l] : (3.1.13)
S§n—1

S§n—1 S§n—1 n/_‘l

If we now couple (3.1.7) with u in the place of u; (and raised to the power 2) together
with (3.1.13), we obtain

n—1 2
(1—e,)%< (f |u|? d’H"‘l) ][ N Onu| dH™! :][ uf> dH"
Snfl Snfl i=1 Snfl
2
1-2,+e2< 1— [][ Vil dH" ! —][ |u)? dH”—l] ,
sn—-1 T — 1 sn—1
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which implies that

\V4 2
][ [Vrul® dH" ! —][ lul* dH" " < 2e, — €2,
S§n—1 n — 1 S§n—1

i.e.
2
][ Wl d%”‘l—][ uf> dH" < 2e,,. (3.1.14)
S Snfl

n—1 n_l

Once again, we encounter a familiar nonnegative quantity on the left hand side, i.e. the

deficit of u in the L?-Poincare inequality for maps with zero average on S 1.

For every k € N we denote by H, ; the subspace of W?(S"~!; R") consisting of vector
fields whose components are all k-th order spherical harmonics (see also Appendix B),
so that W12(S" 1, R™) = @,~, H,x, the orthogonal sum being taken with respect to
the Wh2-inner product. Let us also denote by II,, : WH*(S* 1, R") — H,,; the corre-
sponding orthogonal projection. In our case of consideration, II,, yu = JCSTH wdH" =0
and as we mention in Remark B.0.1., one always has that II,,yu = Vu,(0)z. The first
non-trivial eigenvalue of the Laplace-Beltrami operator on S is A\,; = n — 1 and the

second one is A\, o = 2n. By basic properties of the decomposition in spherical harmonics
(see the Remark B.0.2.) we have

Voul? Voru — Vuy,(0)Pr|?
[ (52 ) (B2t cuin)
Sn—1 - Sn—1 -

>][ |VTU — Vuh(O)PTP _][ |VTU — Vuh(O)PT|2
- Snfl n — 1 Sn—l 2n

1 1 )
= (TL 1 — %> ]£n1 |VT’LL — Vuh(O)PT|

n+1 9
= — P 1.1
2n(n—1)]£n_1 Vit — Vi (0) Pr[2, (3.1.15)

so that by combining (3.1.14) with (3.1.15) we arrive at the estimate,

4 -1
][ IVru — Vu,(0)Prf> dH™ ! < Msu. (3.1.16)
Sn—l n ‘I— 1
What remains to be justified is why in (3.1.16) one can replace Vuy(0) with a matriz
belonging to O(n), and in view of assumption (3.1.10) with a matriz belonging to SO(n)
for this first step. This is actually the point where we are going to make use of this extra

assumption, and in the second step we are going to get rid of it by using the compactness

Lemma 3.1.1.. As said, the parameter 6 > 0 will always be considered sufficiently small
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depending finally only on n, so that all subsequent statements are true.

By the mean-value property of harmonic functions and Remark B.0.4.,
2 n nb?
][ Vuh—[n S][ \Vuh—[n|2 S ][ ]VTu—PT\Z S .
n n n — 1 Snfl n — 1

In particular, detVuy,(0) > 0 and so Vuy(0) = Rov/Vuy(0)'Vuy,(0) for some Ry € SO(n),

[Vup(0) — L |* =

hence
dist?(Vuy (0), = |/ Vur(0)'Vuy(0) — I,)* = |[Vu,(0) — Ro|?
02
< — 1,7 <

If we label 0 < p; < --- <, the eigenvalues of the symmetric positive-definite matrix

v/ Vup(0)'Vuy(0), and also for every i = 1,...,n set \; := p; — 1, the previous inequality

can be rewritten as

n
2 n6?

QZZH;A?:Z( ‘\/Vuh )tV up(0) — I,| < T (3.1.17)

n —

We now claim that there exists a constant c,p > 0 so that
|detVup, (0) — 1| < cnpeu. (3.1.18)

Let us suppose for the moment that (3.1.18) holds, and see how to complete the proof of
this first step.

Since detVu,(0) —1 =[], i —1 =[], (A +1) — 1, we can expand the polynomial

in the eigenvalues to obtain

detVauy, (0 —1_Z>\ F AN D AN A A A (3.1.19)
i=1 i#] i#j#k

By choosing 6 > 0 sufficiently small, we can make

B n ) 2 7
A= (ZA) <0<, (3.1.20)
=1

so that for a dimensional constant ¢, > 0

1
ST AN A O(AP) < e AP < (/-2 —c1|AP < A% (3.1.21)
n —

ik
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if @ > 0 is chosen sufficiently small further. Setting for convenience X := " | \;, and
combining (3.1.18), (3.1.19) and (3.1.21), we obtain

1 1
detVup(0) =1 <A+ 7 (A =A%) + ZA2

A? A2
— s < (A+?> + |1 — detVuy,(0)]
A? A2
— 4 ~ (/\ + 9 ) + Cn,0Eu- (3122)

In order to estimate the term ()\ + %), we merely observe that

2 2 2
IR TP T
n S§n—1

n n n—1

TR S [V

n n n
= Y AN +2> A <0
i=1 1=1
A2
=A< - <0 (3.1.23)

In view of (3.1.20) we have |A\| < /nA < \/% < 1, and therefore the previously

mentioned term in the parenthesis is estimated by

At Az <A+ || = " V<o
- 2\/ Can—1)" =7
since by choosing # > 0 even smaller if necessary, we can also achieve 1 — 2\/’% > 0. The
term (A + %2) is therefore nonpositive and (3.1.22) gives
dist?*(Vu,(0); SO(n)) = |Vuy(0) — Rol|* = A* < 4e, g, (3.1.24)

This would complete the proof of the first step, since going back to (3.1.16), we get

n—1
]é - |Vru — RyPr|* <2 <]£ y |V ru — Vauy,(0)Pr|? - (0) — R0|2>

S CQ,nguy (3125)

where for example ¢y, = 8(n — 1) (25 + =2) > 0, for this # > 0 that was in the end

chosen to be a sufficiently small dimensional constant.

It remains to prove (3.1.18), which is actually the key estimate for this step. To do

so we use again the assumption (3.1.10), which as we have seen immediately implies that
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Vuy,(0) is sufficiently close to I,,, in particular [Vu,(0) —I,,| < |/-"560 < 1. This in turn

implies that there exists a sufficiently small constant ¢y ,9 > 0 so that
|detVu,(0) — 1| < c1np and |[Vur(0) ™ — 1| < c1mp. (3.1.26)

An explicit value for ¢ ,, ¢ is computable but not extremely important (but obviously can

be made small as 6 is chosen small depending only on the dimension).

The trick here is to write the signed-volume-term which appears in the isoperimetric

deficit €, as

n—1
][ <u, /\ 8Tiu> dH :][ detVu, = detVuy(0) ][ det (I, + Vwy(z)), (3.1.27)
Sn—l _ n n

=1

where

w(z) = Vup(0)™" (u(z) — Vuy(0)z). (3.1.28)

Because of (3.1.26), the map w satisfies
||VTwHLoo(Sn71) = ||Vuh(0)_1VTu — PTHLOO S Cong = VN — 1(\/54‘ C1,n,0 + 1) (3129)

In the right hand side of (3.1.27), we can use the expansion of the signed-volume-term

around the identity (which we exhibit in Appendix C), to obtain

][ det(I,, + Vwy,) de =1+ n][ (w,z) dH" + Qv (w) +][ Ry, (w, Vow) dH" .
n Sn—1 S

n—1

Notice that the linear term in the last expression is vanishing, because

n][ (w,z) dH"* :][ divwy, dH"* :][ Tr(Vuwy,) de = Tr (][ Vuwy, dx)
S§n—1 n n n

=Tr [Vuh(())_l (][ Vuy(r) do — vuh(O)ﬂ =0, (3.1.30)

the last equality following again from the mean-value property of harmonic functions.

For the higher order terms including the quadratic one in them, the bound on the
Lipschitz constant of w implies that also [|w||fe(gn-1) <pg 00 (note that f, , w = 0),
and therefore there also exists a constant ¢z, 9 > 0 (which need not be small of course),
such that
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‘Qvn (w) +][ RVn (w, VTZU) d%nil
Snfl

S Cg’nﬂ][ ‘VTZU‘Z d?‘[nil
Snfl

= 03%9][ |Vuh(0)_1(VTu — Vuh(O)PT)|2
Snfl

(3.1.26)

< C47n,9][ |VTU — Vuh(O)PT|2 dHn_l
S§n—1

(3.1.16)
< C5n,0 * Eu < C5.n,0 ° <50(”) <1, (3131)

for some constants c4,,9 > 0 and c5,,9 > 0 that can explicitely be defined in terms of the
previous ones. By taking the absolute value in (3.1.27) and by using the expansion of the

signed-volumed term on the right hand side, we get

since (3.1.26) and (3.1.31) imply that both factors of the right hand side are actually
positive for # > 0 and g9 > 0 both sufficiently small depending only on n. Rearranging

= detVuy, (0) (1 + Qv, (@) + ][

S§n—1

Ry, (i, va)) . (3.1.32)

terms, taking the absolute values again and using the triangle inequality, we arrive at

]énl <u,:Z_\jaTiu> dH" )

+ detVuh(O) ’Qvn (U)) +][ RVn (U), VTU))'
Snfl

(3.1.31)
< <c57n79(1 +Cing) + 1) Eu, (3.1.33)

1 — detVu, (0)] < (1 .

and the proof of this first step is now complete.

Step 2. (Reduction to maps in the W'2(S"!)-vicinity of the ids.—1)
The reduction to Step 1 is now a standard compactness argument. What we would like
to prove is that there exists a constant C,, > 0 so that
i vt |[Vpu — OPp|* dH™ 1
ottty for—t IV~ OFr

sup < (), K 00, (3.1.34)
u€Z(S"—1;Rn) Eu

whenever the denominator is non-zero. We argue by contradiction and suppose that the
latter claim is false. Then, for every k € N there exist u; € Z(S"'; R") with &,, > 0 and
Oy € O(n) such that

][ ‘VT'LLk — OkPT’2 dHnil = min ][ ]VTuk — OPT|2 dHnil (3135)
Snfl ()ECKH) Snfl
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and
fS”—l \VTuk — OkPT|2 dHn_l

Eu

> k. (3.1.36)

k

In particular,
4(n—1)
k 9

and letting & — oo we see that along this sequence, limy_, €, = 0.

1
Eup < —][ \Vrup — OpPpf* dH" ' <
k Snfl

By Lemma 3.1.1. and up to passing to a subsequence, we can find Oy € O(n) so that
U — Fops wr AH"™" = Opidgn-1 strongly in Wh2(S"~1; R"™). Without loss of generality
(up to considering Ofuy, instead of uy if necessary) we can also suppose that Oy = I,,.
Then, for the dimensional constant 6 chosen in Step 1, we can find kg := ko(0) € N such
that

][ |Vru, — Pr|> dH" ' < 60> Vk > k. (3.1.37)
Snfl

In other words, after also translating by the centers of mass if necessary, the subsequence
(ug)g>k, satisfies the condition fSn71 w, dH™ " = 0 and fulfills also the apriori closeness to
the identity assumption (3.1.10). By Step 1, we deduce that there exist (Rg)i>k, € SO(n)
such that

][ |VTUk — RkPT‘Q S Con€uy vk Z k’o. (3138)
S§n—1

Combining now (3.1.35), (3.1.36) and (3.1.38), we arrive at the desired contradiction. [

A closer inspection of the proofs shows that Lemma 3.1.1. and Theorem 3.1.2. remain
true for the more general class of short maps, that is maps u € WH>°(S"~1; R") for which
VorulVoru < I, for H* t-ae. x € S* ! in the sense of quadratic forms. One only needs

to replace the exact equalities by Wf%f <1, ’/\?:_11 8Tiu‘ < 1, whenever they are used.

Remark 3.1.3. It is also easy to construct examples showing that the estimate (3.1.9) is
optimal in the norm appearing on the left hand side and the deficit on the right hand side,
i.e. the exponent 1 with which €, appears cannot be improved. An example in dimension

n = 2, which can easily be generalized in higher dimensions is the following.

For 0 < e < 2m, let u, : S* — R? be defined in polar coordinates via

(cos@,sinb); O§9<3§—§,
uc(0) ;= q (cosf,2sin (3 —£) —sinf); X - << 3+ ¢
(cosf,sinf); 25 +£ <6 <2m

For each 0 < ¢ < 2, the map u. is an isometric map on S!, being essentially the identity

transformation except for a small circular arc of angle €, where it is a flip with respect

to the horizontal line at height yy = sin (37” — %) Obviously, Vru, — Vridg: strongly in
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L*(S';R?) as ¢ — 0" and one can readily see that
2T
][ |VTUE — vTid§1|2 d?‘[l ~ / ]09%(9) — agidgl (9)‘2 do
st 0

F+5
= / |(—sinf, —cosf) — (— s.in@,cos@)]2 do

On the other hand, using elementary plane-geometry formulas for the area of circular
triangles, we can compute the area of the “double arc-region of the unit disc missed by

u:”, so that also

2 € 1 1
Cu. = — <7r oo T §sins) = ;(5 —sine) = O(e%), for 0 < e < 27.
In higher dimensions one can construct similar examples by defining maps that are the
identity outside a small angular neighbourhood of an equator and in the angular neigh-

bourhood being again flips in R™ with respect to the appropriate affine hyperplanes.

3.2 The case of almost isometric maps with small isoperi-

metric deficit

3.2.1 Maps with an apriori bound on their Lipschitz constant

We would like now to take a step further and see how the results of the previous Section
can be generalized to maps that are not necessarily isometric, but are almost isometric
in the average sense introduced in Section 1.2. Since most of the arguments in the proofs
have appeared already in Section 3.1, we will mainly describe the points that have to
be slightly modified, although the experienced reader may easily notice how the proofs

should be adapted in this more general setting.

It will be convenient (and is also natural in many contexts) to work with Lipschitz
maps that enjoy an apriori bound in their Lipschitz constant, something that will be a
hypothesis for us in this Subsection, while in the next one we discuss how this hypoth-
esis can be relaxed via the use of a standard truncation argument. We first revise the

definitions of our two deficits.
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Definition 3.2.1. Given a map u € Wh2(S"~ 1 R") its isometric deficit is defined as

v (1

2 3
dH”—1> (3.2.1)
and its generalized isoperimetric deficit as

fy = (1— yvn(u)D+ - (1 - ]é <un/__\18u> dH" ) . (3.2.2)

Here, we use the convention that (—oo); = 0. Note that we always have 0 <¢, <1,

VTUthU — ]x

even when |V, (u)| = oo and actually
0<1—¢e, <|Vp(u)| for every u e WH3(S" 1, R"). (3.2.3)

Recall that by the generalized isoperimetric inequality, |V,,(u)] < oo whenever the map
= Wl,n—l(Sn—l;Rn)‘

In the context of this Subsection, a generalization of Lemma 3.1.1. is provided by

Lemma 3.2.2. Let n > 2 and M > 0 be given. Consider a sequence of Lipschitz maps
(ug)ken : S"1 = R™ which for all k € N satisfy the Lipschitz bound ||V pug || pegn-1) < M,
and suppose that

lim 6, = khjEO €, = 0. (3.2.4)

k—o0

Then there exists O € O(n) so that up to a non-relabeled subsequence
wy, —][ up dH"t — Oidgn1 strongly W (S"1; R™). (3.2.5)
S§n—1

Proof. Similarly to the proof of Lemma 3.1.1., we can assume without loss of generality
that
][ upy dH" ' =0 VkeN. (3.2.6)
S§n—1

Even without the assumption that (uy)rey have uniformely bounded Lipschitz constants,
since fq,y |Voup? dH™' < 2(02 +n—1) for all k € N, by (3.2.4) and (3.2.6) we have
again

sup ||ugllwrzgn-1y < +00.
keN

Extracting a non-relabeled W12-weakly convergent subsequence uj, — u € WH2(S"~1; R")

which converges also pointwise H" ! —a.e., we have again

][ w dH"' = lim up dH" 1 =0,
Snfl

k—00 sn—1

2 2
][ _’VTUJ dH"' < liminf ][ Nrw? jpynr — g
S Sn—l

n-1 M — k—o0 n—1
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The last equality here is justified by the trivial estimate

A (N e e

2
][ |VTUk| dHn_l _ 1‘ —
Snfl

n—1

n—1

1 2

< / t 72 n—1

< —n =1 ]énl ( VTuvauk> [x dH
1 —

S - 1 (HVTukHLoo +vn— 1)][ VTquTuk — Ix
- Snfl

< CLnrOuy, (3.2.7)

where ¢i 0 = \/% +1>0.

Since the determinant is a Lipschitz function and sup||Vyug||pee@gn-1y < M, we can
keN
replace in this setting the exact identity (3.1.6) by the estimate

][ detVrup Vru dH" ' <1+ ][ |det (Vru Vru) — 1| dH"
Sn—1 gn—1

S 1 + En,M][ |VTUZVTUI<: - ]$| d?—[n—l
Sn—l
S 1+ Cg7n7M5uk, (328)

where ¢, s > 0 comes from the Lipschitz constant of the determinant in the ball B)2(0)
of R=DX=1 and ¢y, a1 = Enar(M +v/n — 1) > 0.

Since 0<1—¢, < |Vn(u)
the Poincare inequality and then (3.2.7), to obtain

, we can still use (3.1.7) together with (3.2.8), apply again

(1 — €uk)2 < (][ |Uk|2 dHnl) . (1 + C2,n,M5uk)
S2

2
< (][ |V rugl dHnl) (1 + eomnibu) (3.2.9)
Snfl n/_'l

S (1 + Cl,n,M5uk) (1 + 02,n7M5uk).

By the assumptions that limy_, d,, = limy_,o €y, = 0 and since u; — wu strongly in
L2(S"1;R"), we can let k — oo in the last chain of inequalities to obtain again
][ lul?> dH" ' = lim ug|? dH™ " = 1. (3.2.10)
sn—1 k—ro00 §n—1

Therefore, also in this slightly more general setting the limiting map u is such that
fsoiuw dH™ ' =0 and

2
1 Z][ |VTu’ dHn_l 2][ |U|2 dHn—l — 17
S Srn—1

n—1 n—l
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Le. again u(z) = Az for some A € R™" with |A]* = n, and w;, — fg,—, ux = u = Aidga-1

in the strong W12(S"~1; R")-topology.

As in the end of the proof of Lemma 3.1.1. we can justify that |detA| = 1. Indeed,
up to a further non-relabeled subsequence we can again assume now that Vyu, — Vru

pointwise H" ! —a.e. on S* ! and by the assumption on the uniform Lipschitz bound,

n—1 n—1
i == <Uk, /\ 8Tiuk> — <u, /\ 8Tiu> , pointwise H" ! — a.e.,
i=1

=1

n—1 M2 "T’l
lgk| < /\&iuk lug| < (n—l) lug, for every k € N,
i=1
lug] — |ul, pointwise H" ' — a.e.,

sup][ lug| dH™ " < sup |Juk|z2@n-1) < +oo, since [lug||r2gn-1y = 1,
keN Jsn—1 keN

and we can again use Lebesgue’s Dominated Convergence Theorem in the assumption

that limy_, €,, = 0 to conclude. Indeed, by the continuity of the positive part function,
][ gr, dH™ ) = (1 — ][ lim g dH"* >

gn—1 + gn—1 k—o0 +
= (1 — Vi (u)] )+ = (1 - ][n det(Ax)y, dx )+ =(1- |detA|)+,

i.e. |detA| > 1. If we now consider the polar decomposition A = OV A*A where O € O(n),
and label 0 < p; < --- < pu, the eigenvalues of vV A*A, then by the arithmetic mean-

0= lim ¢, = lim (1—

k—o00 k—o00

geometric mean inequality we obtain again

A

A2 2 A .
l=[(—] >|detA] >1 = |detA|=— =1, i.e. A€ O(n). O
n

n

The proof of the previous Lemma also contains essentially all the modifications that

are necessary in order to prove the more general version of Theorem 3.1.2., namely

Theorem 3.2.3. Let n > 2 and M > 0 be given. There exists a constant Cy, pr > 0 such
that for every map u € WH2(S"™1; R"™) which is such that

u G WLOO(Snil;Rn) Wlth HVTuHLOO(Sn—l) S ]\4'7 (H]W)
there exists O € O(n) so that

][ IVru — OPp? dH™™ < Conr (64 +24) - (3.2.11)
Snfl
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Before giving the proof of the Theorem, let us make some simple remarks. First of all
we can without loss of generality focus on the regime where the isometric deficit is small,

say 0 < 0, <1, because if §, > 1 then one trivially has that for every O € O(n),

][ \Vru — OPp* dH™ ! < 2][ (2 ‘\/VTutVTu —1I,
Sn—1 gn—1

<462 +6(n—1) <4024 6(n —1)52

2
+ 2| > + |OPT|2)

and the hypothesis (Hjs) as well as the presence of the generalized isoperimetric deficit
are of course obsolete for this trivial stability result.

In the case §, = 0, i.e. the case of isometric maps u : S" ! + R”, the hypothesis
(Hyy) is trivially satisfied with M = y/n — 1 and (3.2.11) reduces to (3.1.9) with a purely
dimensional constant.

Another interesting point in the estimate is that under the hypothesis (Hy;) (or the
relaxed hypotheses that we will mention in the next Subsection), the contribution of the

“isoperimetric deficit” can be absorbed into the isometric one whenever |V, (u)| > 1.

Proof. First of all, by the above reasoning it suffices to actually prove our Theorem
in the regime where both deficits are sufficiently small, say 0 < 0, < dg < 1 and
0 < e, < g9 <1 for some constants &y, cg depending possibly both on n and M and
which will again be chosen sufficiently small later. As always, we can also assume that

fsu-1w dH™ ' = 0. The proof is then divided in the same two steps as before.

Step 1. (Proof for maps in the W12 (S"1)-vicinity of the idg.-1)

Again, we first assume that
][ \Vru — Pr|? dH" ™ < 62, (3.2.12)
Sn—1

where # > 0 will be chosen in the end sufficiently small depending possibly both on n
and M.

Instead of (3.1.12) which followed by averaging a pointwise identity, we can now use

its approzimate version, i.e. (3.2.7) with u instead of uy, to obtain

v 2
][ ’n T“l dH — 1‘ < crnatde (3.2.13)
S'n—l -
V 2
= —1—cinumdy S][ ‘nﬂ AH™ L <1+ 110, (3.2.14)
Snfl -
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which in turn gives an approximate version of (3.1.13), namely

2
][ 2 AP < 1 1B — {][ Vrul gt ][ fuf? d’i—[”‘l}  (32.15)
Sn—l Sn—l

S§n—1 n_l

The first inequality in (3.2.9) for u instead of u; now gives

2
(1—e,)*< {1 + €10 —][ (WT“’ — |uy2) d?-l”‘l] [1+ conarda] . (3.2.16)
Snfl

n—1

Since fg, (% — |u]2> dH™ ' > 0, we can rearrange terms, discard the nonpositive
terms appearing on the right hand side and use the fact that we have assumed without
loss of generality that 0 < ¢, < 1, to arrive with the same arguments as before at the

analogue of (3.1.16), i.e.
][ |VTU — Vuh(O)PT|2 d%n_l S 03771’]»1(5“ -+ €u), (3217)
S§n—1

for a constant ¢z, a > 0 that can be made explicit in terms of ¢y ,, ps and cap ar-

To justify why Vu,(0) can be replaced by a matric R € SO(n), the procedure is
the same as in the proof of Theorem 3.1.2. for the corresponding part. Analogously to
(3.1.18), one can use the extra assumption (3.2.12) to prove that there exists a constant

cno.m > 0 such that

]detVuh(O) — 1‘ < Cn’g,M((Su + é?u). (3218)

Having established this estimate, the proof of the first step can be completed as before,
modulo the following minor difference. Keeping the same notation as in the proof of
Theorem 3.1.2., the analogue of (3.1.22) via the use now of (3.2.18) would be

2
— < (/\ + %) + Cn,ng((Su + Eu). (3.2.19)

The term ()\ + %) is now not necessarily nonpositive, but still

Yurn(0)]? Vul? (3.2.13) A2
| Uh( >| S][ | TU| S 1 + Cl,n,M(Su == A S - + C4,n,]\/15u S C4,n,]b[§u>
n g1 n—1 2

NC1 n,M

5% > 0. In constrast to (3.1.23), A now does not necessarily have a

where ¢y, v =

sign, so we consider two cases:

(7) If A <0, the argument is identical to the one in Theorem 3.1.2..
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(i7) If A > 0, by (3.2.19) we have

2
dist*(Vu,(0); SO(n)) = A* < 4 ()\ + %) +4cn .00y + €4)

S 404,n,]V15u + 2cz2l,n,M512L + 4Cn,9,M(5u + €u>

< 5o (Ou +E0), (3.2.20)

for a constant cs, 0 > 0 that can be defined in terms of ¢4, 0 1.

The proof can then be finished by choosing 6 > 0 sufficiently small depending only on
n, M.

Returning to the proof of (3.2.18), it is also essentially the same as in the isometric

case. By writing again

Vi(u) = detVuy(0) (1 + Qv (w) —1—]@_1 Ry, (w, VTw)) , (3.2.21)

we have detVu,(0) > 0 because of (3.2.12), while similarly to (3.1.31), the estimates
(3.2.17) and (3.2.12) imply that

‘Qvn(w) + ][ Ry, (w, VTU))‘ < oo (0u +€u) < Conom(do +e0) <1, (3.2.22)
S'n—l

as long as we choose 6 sufficiently small and then the constants dy > 0, g > 0 small
depending on n, M. In particular V,,(u) > 0 again, and we can consider the following two

Ccases:

(1) If Vp(u) > 1, then (3.2.21), (3.2.12), (3.2.22) together with the generalized isoperi-
metric inequality (A.0.1) imply that

|detVup,(0) — 1| < (Vp(u) — 1) + detVuy,(0) 'Qvn(w) +]én_1 Ry, (w, VTw)‘

< <][ det (I, + (v/Vru'Vru - ]x)>) T o8+ )
S§n—1

][ (1 + On,M(| VVrulVou — Ix‘))) . 1+ Crom (0 + €4)
STL*I

< (14 Oupr (6)) ™ = 1+ G (8 + £0)

VAN

A

~n,0,M (5u + gu)'
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(77) If 0 < V,(u) <1, then again

11— detVu,(0)] < |1 — V,(u)| + detVu,(0) ’Qvn(u?) + Ry, (w, VTw)'

Sn—1

S (1 - Vn(u))-i- + 6n,@,M(éu + Eu)

Sn,H,M (6u + Eu)-

Step 2. (Reduction to maps in the W12(S"1)-vicinity of the ids.-1)
As in Step 2 in the proof of Theorem 3.1.2., fixing the centers of mass of the maps to 0,
the set of mappings under consideration is

C = {u € Whee(s" 1 R™) :][
S

n—1

u d,Hnil = 0, HVTUHLOO(Sn—l) < M, 5u +ey > 0} 5

and what we would like to prove is that there exists a constant C, »; > 0 so that

min ., |Vou — OPp|* dH"
0€e0(n)

sup

< Chm < +o0. 3.2.23
ueC 6u + €u - M ( )

Arguing again by contradiction, if the latter is false, then for every k € N there exists
uy, € C and Oy, € O(n) such that
][ \Vru, — OpPr|> dH" ' = min ][ \Vru — OPp|* dH™ ! (3.2.24)
sn—1 0€0(n)Jgn-1

and
fsn,l \VTuk — O}CPT’2 d%n_l

Ouy, + Euy,

> k. (3.2.25)

In particular,

1
Oup + €up < E][ \Vrug — OpPr|* dH™ !
Sn—l

2
— 5uk + Euy, < E][ (|VTUk|2 + |OkPT|2) dHn_l
S§n—1
2(M?* +n—1)

= Oy, + €y, <

k )
and letting k — oo we see that along this sequence limy_, o 0, = limy_,oc €4, = 0. We can
now use the compactness property provided by Lemma 3.2.2. and derive a contradiction

as in the purely isometric case. 0

Remark 3.2.4. Since the isometric deficit d,, does not detect changes in the orientation
neither in ambient space nor intrinsically, (3.2.11) is optimal also with respect to the
exponent with which d, appears on the right hand side . An example to check the opti-

mality
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(which should be compared to the one at the end of Section 3.1), is now the following.

Identify S' with the interval [0,1] by identifying the endpoints. For 0 < ¢ < 1,
consider the maps f. : [0, 1] — [0, 1], defined as follows.

t; 0<t<e,

f-(t) =< 2e—t; e<t<2e

2e 1 .
“ioe Tt 265t <1

and let u. : S' — S! be the corresponding maps defined on the unit circle. Obviously
e(ue) = 0. Geometrically, the maps u. travel back and forth and produce a triple cover

of a small arc on S'. With similar calculations as in the other example,

1 1 2
]él‘a”“‘a_ rids| /'f _1| / +/25<1—25_1)

() =0(e) for0<e < 1.

1—25

)~ -1 = [ (5 - 1)2~14_5225

(14 0(e)) =0(?) for 0 <e <1,

Moreover,

which reveals the optimality of the exponent of §(u) in the estimate in the generic setting.
When n > 3 one can construct similar examples, for instance by rotating the previous

one-dimensional example around a fixed axis.

A closer inspection also reveals that in (3.2.11), J, can be replaced by the slightly
sharper deficit ||(0p—1 — 1)4||r2@gn-1), where 0 < oy < -+ < 0y, are the eigenvalues of
VVrutVru. The latter vanishes precisely for generalized short maps (see the upcoming

[ | for more details.)

3.2.2 On the hypothesis of Theorem 3.2.3.

We would like to discuss here how the hypothesis (Hj) in Theorem 3.2.3. can be weak-
ened. The standard Lipschitz truncation arguments (see Proposition A.1 in | | and
the references therein) are valid in our setting as well, since the constructions rely on a

partition of unity argument. In particular, what we will make use of, is the following.

Lemma 3.2.5. Let n > 2 and 1 < p < oo. There exists a constant C,, > 0 so that for
every u € WHP(S" 1 R"™) and every A > 0, there exists uy € WH(S" 1 R") such that

(1) [[Vruallpe@n-1y < Cup,
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() H”_1<{$ €S u(a) £ u,\(:c)}) < Gee [ | Vrul? dH
(ZZZ) fS"*l |VTU — VTUA|p dHnil S Cn,p f{|VTu|>>\} |VTU‘p danl.
Let now u € WH2(S"1; R") with 0 < §, < 1 be given, so that in particular
][ |Vrul? dH" < 2n. (3.2.26)
Snfl

An application of the previous Lemma with p = 2 and A\ > 2y/n — 1 gives a Lipschitz

map uy for which

)\27-[”_1<{3: eS" ! u(z) # u,\(x)}> < Onyg/ \Vorul?> dH" ' <002, (3.2.27)
{IVrul>A}
/ \Vru — Vyuy? dH™ ! < an/ |Vrul? dH" <, 62 (3.2.28)
Sn-1 {IVru(z)|>A}

Indeed, if |Vru| > 2y/n — 1, then

‘\/VTutVTu—Ix > <‘\/VTutVTU‘ - \/m>2 > ‘ VT?ZVTUF = ‘VZUP.

Asin | |, one can easily check that

Ouy S Ou- (3.2.29)

Indeed, for H" t-a.e. € S* ! we have by the general polar decomposition

Vru(z z)\/ VruVru(z), Voyuy(z) = Ux(z) \/VTuf\VTuA(:U),

where U(z),Uy(x) : T,S" 1 — R™ are partial isometries, i.e. |U(x)v| = |Ux(x)v| = |v]| for

every v € T,(S""!). Then, we can estimate pointwise H" '-a.e.

'\ / VTU&VTU)\ —\V VTuthU

and then

2
6u,\ ~on /
{ur#u}

<, (AQH"_I({UA £+ |

Sn—

S |U)t\ — Ut||VTU)\| + |Ut| |VTU>\ — VTU| Sm A + |VTU)\ — VTU|

2
\/VTUAtVTUA _ \/VTutVTU‘ + 55 <. / ()\2 + |Voruy — VTu|2) + 55
{ur#u}

|VTU)\ — VTU|2 d%n_l + (SZ) < (52

~on

where we used (3.2.27), (3.2.28) and the fact that

n—1

{uy = u} ’H"*lg—a.e. {Vruy =Vru} <= {Vru,#Vru} C - {ur # u}.
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Of course, in our setting we also need to control the difference between the generalized
isoperimetric deficits. For this purpose, let v € WH2(S"~1: R") be such that |V, (u)| < oo
and let uy be its Lipschitz truncation provided by Lemma 3.2.5. for p = 2 and some
A > 2v/n—1. If [V, (uy)] > 1 then g,, = 0 < &,, so we may assume without loss of
generality that |V, (uy)| < 1. Then,

= 1 — V()] < e+ [V ()] = |Vis(wn)] < £+ [Vilw) = Vo(wy)|,  (3.2.30)

i.e. it suffices to control (the absolute value of) the difference between the corresponding
signed-volume-terms. In this respect, by denoting here v := fgn,l v and using the Poincare

inequality and then (3.2.28), we have

+_

£ (- fouw)

-1
sotf
S§n—1
§’I’L,>\ (][
Sn—l

S,n,)\ 5u + Au,)\y (3231)

Valu) = Va(us)| <

u,\—u—(u,\—u)‘+

-1

]é <u -, ”/_\1 Or,uy — "/\ 8Tiu>
n—t N /

=1

2\
VTU)\—VTU‘) +

— —1 —1 .
where A, = ‘fgn,l <u —u, \ily Onun — Ny 8Tiu>‘. In the same fashion,
nwp Ay =

n—1 n—1 n—1
/ <u — 1, (Or,uy — Oy u) A /\ Or,ux + Oru A (/\ Oruy — /\ 3Tiu> ‘
{uzux} =2 i=2 =2
n—1 n—1
/\ Or,uy — /\ Or,u
=2 i=2

}u — ﬂ) O u

< N u — @2 Vs — Vil + /

{u#ur}
(3.2.26)
sn,)\ 5u+/
{uzur}

In this way, we arrive at the estimate

Or U

o1l

n—1 n—1
o= \ 0w
i=2 =2

. (3.2.32)

u— ﬂ‘ On

n—1 n—1
N\ oz = o
=2 =2

Actually, in the case n = 3, a more precise calculation yields

mmywqwﬂ§wg+/)
{uuy}

Vi(u) — Va(uy) = Va(u —uy) + Ri(u, uy) + Ro(u, uy) + R3(u, uy) + Ry(u, uy);
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where

| Ry (u, 1) = ]éz

(¢
}RQ(U7U)\){ = ]£2 < U — uy) u—uA) 0 (u—u,\)/\872u>\>
{

| Rs(u, up)| = ]£2
]£2 <U)\ — Ty, Oy (u — up) A (9TQU>

Moreover, by the generalized isoperimetric inequality and (3.2.28), we can also estimate

1 3
Va(u —uy)| < (5][ !VTU—VTUAF) S O,
SZ

To summarize, the integrand in V,(u) has linear growth in u and (n — 1)-growth in

u— uy) u—uA) 8T1u,\/\372u>

S AVrull g [Vou = Veual| 2 Sx bu,

S Vru — Vw72 Sy 62,

Uy — U)\, (3Tlu,\ A\ 872( — U)\)>‘ 5 )\2/ |VTU — VTU)\| SA 5u7
{uux}

| Ry(u,up)| = S IVrus|[ [ Vrul 2| Vru — Vrus|[z i du.

Vru, so that |V,(u) — V,(uy)| cannot generically be controlled only with information on
the Wh2-Sobolev norm of u — uy, except for the case of low dimensions. To be more pre-
cise, in view of the last estimates, the hypothesis (Hjs) of Theorem 3.2.3. can definitely

be relaxed as the following Proposition suggests.

Proposition 3.2.6. (i) Let n = 2,3. The hypothesis (Hy) can be completely re-
moved, i.e. (3.2.11) holds for all uw € W2(S"1;R") for some constant that is

only dimension-dependent.

(17) Letn >4 and M > 0 be given. The hypothesis (Hy) can be replaced by the weaker
hypothesis

u € WhHr=2(s"1L.R"), with IVrul| p2m-2 g1y < M. (Hpnr)

Proof. Let us set

n—1 n—1
By = Or,uy — O-ul .
* /{“?ﬁux} 1:/\2 “ l:/\g !

(¢) If n = 2, by the Sobolev embedding |[u — [ ec(s1) < [|Orullr2s1) < 2, where 7

On U

-

denotes the unit tangent vector field to S', and therefore

e[ ol s e (o) 2

If n = 3, by the previous estimates (and since w.l.o.g. 0 < §, < 1) we have

N|=

4
Va(u) = Va(un)| < [Va(u — un)| + ) [Ri(u, un)| Sx 65 + 07 + 6y Sa b

i=1
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(it) If n > 4 and M > 0 is given, for every map v € Wh2(S*"1;R") with 0 < §, < 1
that satisfies the hypothesis stated in (ii), we have by the Sobolev embedding that

|w =l oo sn-1) S ||ullyir2m-2)gn-1) Sn M, and therefore

Bu,)\ ,Sn M
{uun}

Or u

n—1 n—1
/\ Or,uy — /\ Or,u
=2 i=2
n—1 n—1
<, M / |0, ul Oy, U +/ |0 ul 0,1
( fubn} /:\2 futun} /:\2

S M1Vl (R (G )+ 2119l (

%
|VTU|2> .
uFuy}

1
2
Sn,)\,M 5u + (/ |VTU|2 +/ ’vTu|2>
{uux }{|Vru|<A} {uFux}{|Vru|>A}

1
2

Soam Oy + ()\QHnl({u # up}) + / |VTu]2>
{IVrul|>A}

(3.2.27),(3.2.28)
Sn,/\,M 6u

Therefore, the previous estimates altogether give us
(i) If n =2, then V u € WH2(S!; R?),
[Va(u) = Va(un)| Sx 0w = €uy S (8w + 0u).
If n = 3, then V u € WH%(S% R?),

[Va(u) = Vs(un)] Sx 0w == €uy S (€ + 0u).

(ii7) Ifmn >4, M > 0, then V u € W12(S"~1; R") satisfying the hypothesis in (ii),
|Vn(u) - Vn(u)\)| S,n,/\,M 6u - Euy ,Sn,/\,M (5u + 5u)

Therefore, in each one of the above cases (for M > 0 fixed when n > 4, with the new
meaning for M), we can start from a map v € WH2(S"~!; R") satisfying the corresponding
hypothesis (or no hypothesis when n = 2,3), and replace it with the map wu, for A =
2¢/n — 1. Since the estimate in (3.2.11) holds for the map uy for some O € O(n) (with
a purely dimensional constant because ||Vruy||pesn-1) < 2v/n — 1C,, ), we immediately
obtain that it also holds as well for u for the same O € O(n), with the new constant

depending however both on n and the prechosen M > 0 when n > 4. O
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3.3 A linear stability result for Isom(S"!)

In the last Section of this Chapter we would like to give another quantitative version of
Theorem 2.1.5., essentially at a linearized level. As in the previous Section, for a map

u e WH(S" 1 R") we use as its isomelric deficit the quantity

= (1

If  is further assumed to be in WH"~1(S"~1: R™) (which is a sufficient condition to ensure

1

2 2
VrutVeu — I, dH"—1> > 0. (3.3.1)

that |V, (u)| < 0o) by the general version of the isoperimetric inequality (A.0.1), we have

n—1
]énl <u, Z:/\l anu>

In particular, the result of Theorem 2.1.5. can alternatively be stated by saying that
if w is such that equalities hold simultaneously in (3.3.1) and (3.3.2) then u € Isom(S"!)

n

< (]é \/det(VTutVTu)> R N0 (3.3.2)

[Va(u)] =

up to a translation vector (more precisely u — f.,_, u € Isom(S"1)).

From a wariational viewpoint, we have that the identity map ids.-1 is an absolute

minimum both of the “sometric-deficit” functional
WH2(S™ L R") 3 u s 6, >0, (3.3.3)
and of the “full generalized isoperimetric-deficit” functional

Wl,nfl<Sn71;Rn) DU &y = nfl('u') _ Vn(u) > O7 (334)

so the second wvariation of both functionals at the idgn—1 must be nonnegative quadratic

Jorms in WH2(S"~1:R"). These are calculated in detail in Appendix C. Therefore,

2

t i t
PrVrw + (PrVrw) dH™ >0 (3.3.5)

2

Qn,isom(w) = ]énl

for all w € W2(S"~1; R™) and also

Vrwl|? + (divgn-1w)?
Qn,isop(w> = % |:]énl <’ Tw| i (2 Ak w) ) - Qn,isom(w):| _QVn(w) 2 0 (336)

for all w € W'2(S""1; R™).

The quadratic form @y, is the second variation of the generalized signed-volume-term

at the idg.—1, given by

Qv, (w) = g][ <w, (divgn-1w)x — Z ijij> dH" (3.3.7)
S§n—1

J=1
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(see again the calculations in Appendix C), and is easily seen to be invariant under trans-

lations by fixed vectors, i.e. Qv, (w) = Qv, (v — fg. 1 w).

While the nonnegativity of the form @), jsom 15 of course obvious, the nonnegativity of
the form @), isop may not be so obvious from the first sight. At the level of these quadratic

forms one has a linearized analogue of Theorem 2.1.5., that we describe below.

First of all, the kernel of the nonnegative form @, isop is infinite dimensional and we
will give an example of an infinite dimensional subspace of WH2(S"~1; R™) where the form
vanishes at the end of Subsection 4.2.2.. For ), isom, 10 the case that n = 2 one can easily

see that dim(kerQg isom) = 00. Indeed, for any v : S! — R? written as
v(x) = ¢(z)x +(x)7(x), where ¢,¢ € C*(S' R)

and 7(z) := (—xq, ;) is the unit tangent vector field to S!, it is an easy calculation to
check that actually

(PhV10)gm = (PiVro)u = 6 — 0,4,
ie. for every ¢ € C=(SY;R), the map vy(x) := ¥(2)7(z) + 0,0 (x)x € kerQajsom- For
n > 3 a classical (but not so immediate to prove) result in differential geometry, referred
to as the infinitesimal rigidity of the sphere, asserts that actually kerQ, isom =~ s0(n).
What is actually straightforward to prove is the following fact, that would of course be

an immediate consequence of the aforementioned infinitesimal rigidity property of S*~1.

Let w € W12(S" 1 R") be an element in the common null-space of these two non-

negative forms, i.e.

P:’}VTw + (P%VTU))I‘/

Qn,isom(w> =0 <= 9 == 0, (338)
and
Qn,isop(w> =0. (339)
By taking the trace in (3.3.8), we see that divg.—1w = 0 on S"~! and then (3.3.9) reduces
to
L n 2 gam—1
S (Vrw)® dH" = Qy, (w — w | = 0. (3.3.10)
2 n — 1 S§n—1 S§n—1
An integration by parts in the right hand side of (3.3.7) yields the alternative formula
Qv, (w) = g][ (2divgn-1w(w, ) — n{w, x)* + |w[*) dH" ", (3.3.11)
S§n—1

so that (3.3.10) results in

( ! ][ \Vrw|® —][ |w —][ w|2> + n][ <w —][ w x>2 =0. (3.3.12)
n—1 sn—1 sn—1 sn—1 §n—1 §n—1 ’
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Once again, the quantity in the brackets is nonnegative, being the L?-Poincare deficit of

w and therefore the only solutions to (3.3.12) are maps w for which

w(x) —][ w= Ax for A€ R"™" and <w —][ w,x> =0onS"
S§n—1 S§n—1

By the last equation, the matrix A € R"*" should satisfy

<A.Z', l’> =0 <— Z Aijﬂfil'j =0 <= Z (A,L] + Aji)l'iiCj =0on Snil,
i,j=1 1<i<j<n
i.e. At = —A. Reversely, any such map is in the null-space of both quadratic forms. As
a result of these simple calculations, without refering to the wnfinitesimal rigidity of the

sphere we have verified that
ker@ isom N kerQ isop ~ Skew(n) ~ so0(n). (3.3.13)

Arguing quantitatively as in Subsection 4.4.2. (or qualitatively via a standard contradiction'|
compactness argument), we obtain that for every positive combination of these two

quadratic forms the following coercivity estimate holds.

Proposition 3.3.1. For every a >0 3 C, o > 0 such that Vw € WH(S"1; R"),

aQn,isom(w) + Qn,isop(w) 2 Cn,a][ |VTw - [VUJh(O)}SkEWIDT‘2 dHnil- (3314)
Snfl

The last linear estimate can of course immediately imply some further estimates in a

small neighbourhoud of the idga—1, for example one easily obtains the following.

Corollary 3.3.2. For every n > 2 there exists oy = 0og(n) > 0 with the following
property. For every map w € WH(S"1:S"1) with ||u — id|gn—1 || < &9, there exists
R € SO(n) such that
][ \Vru — RPp|? dH™ ! < 0,62, (3.3.15)
Sn-1

where C,, > 0 is another dimensional constant.

Proof. In a small Wh*-neighbourhood of the idg.—: linear and nonlinear estimates are of
course essentially equivalent. For g > 0 that will be chosen sufficiently small depending

on n in a bit, and u as in the statement

n n

n—1

|Vuh(0) — ]n|2 < g < 1,

1][ |VTU — PT|2 — |Vuh(0) — ]n| S
S§n—1

and by the polar decomposition, Vu,(0) = Ry/Vu,(0)!Vuy,(0) for some R € SO(n).
Note also that u has to be a map of degree 1.
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If we therefore set & = Rlu € WH(S"~1;S" 1) and w := @ — idgn—1, @ is still an
orientation-preserving map of degree 1. Thanks to their rotational invariance, the two

deficits are of course left unchanged, i.e.

52 = 62 = Quiom(w) + 4 O(Vrwl*) dH"",

S§n—1
0= 2y = 23 = O sop(t) +][ O(Vrwl) dH™".
S§n—1
Adding these two identities results in
63 - Qn,isom(w) + Qn,isop(w) + O(’vTU}P) dHn_l. (3316)
S§n—1

By the triangle inequality,
IVrw|[pe = |R'Vru — Prllp= < |R = L[[|[Vrullpe~ + [[Vru — Pr|[ e
< (IVun(0) = Rl + [Vus(0) = L]) (o -+ Vi = 1) + 6y
< 2|Vuy(0) = I| (6 + Vn — 1) + &g

< 6o +5(2) S 0o,

~Y

since dp > 0 will be chosen sufficiently small depending only on n. In this way, the higher

order terms are of course absorbed in the quadratic ones, i.e.

][ O(|Vrwl?) dH™ !
S§n—1

< cnéo][ |Vrw|? dH™! (3.3.17)
S§n—1

for a certain dimensional constant ¢, > 0. Proposition 3.3.1. then gives

Qn,isom(w) + Qn,isop(w) Z le][ |VTUJ|2 d%n_17 (3318)
S§n—1
because [Vwp,(0)]skew = [\/Vuh(O)tVuh(O) — In] = 0. Finally, by (3.3.16) we obtain
2 2 2 12/m—1 2 o
(Cnn —cnéo)][ Vrw|® <6 = \Vru — RPp|? dH™ ! < C—éu (3.3.19)
Sn—1 Sn—1 n71
by choosing dy > 0 even smaller if necessary so that 0 < §p < %ﬂl O

Remark 3.3.3. As we had mentioned at the end of Subsection 3.2.1., the exponents
in the deficits d,, €, in the right hand side of (3.2.11) cannot generically be improved.
Nevertheless, the previous Corollary gives a very simple example of a case in which
the exponent in the isometric deficit (which is the only one needed when one considers

orientation-preserving, degree 1 maps from S" ! to itself) can be improved to the expected
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optimal one.

Actually, for maps u € WH2(S"1:S"~1) a spherical version of the rigidity estimate of

G. Friesecke, R. D. James and S. Miiller can be proven, namely

If n > 2, there exists C,, > 0 such that for every u € WY(S""1 S"™1) there exist
R € SO(n) so that

][ |dy(u — Ridgn)|> dH" ' < (Jn][ dist?(dyu; SO,) dH™ . (3.3.20)
S§n—1 S§n—1

For every x € S" !, after a choice of particular frames, SO, can be identified with
SO(n —1). The estimate (3.3.20) could be a consequence of the original Theorem 1.1.5.,
by extending u in a small tubular neighbourhood of S"~! in a way that the extension
is constant in each radial direction, applying the original Theorem 1.1.5. for the radial
extension, and then taking the limit as the thickness of the tubular neighbourhood tends

to zero.

Let us close this Chapter with two simple remarks. Firstly, although for n > 3

ker@y isom = 50(n), an estimate of the type

][ V0w — [V (0)seen Prl S O seom (1)
Sn—l

does not hold, the obstacle being (loosely speaking) the derivatives of the normal com-
ponent of w. For example, if one considers purely normal displacements wy(x) := ¢(x)z;

¢ € WH2(S™1), then by a straightforward computation one can check that
(P%VTUM))sym - Qb]r - Qn,isom(w¢) = (n - 1)][ |¢|27
Sn—l

whereas the full gradient of wy also has derivatives of ¢ in it. In coordinates,
(Vow)ij = ¢(Pr)ij + 107,09,

so if the estimate above was to be valid, it would resemble some short of reverse-Poincare

inequality, which is of course generically false.

Secondly (and finally), since the proof of Corollary 3.3.2. is intrinsic, in the sense that
it does not rely on the rigidity result in the bulk, it would be interesting to give an intrinsic
proof of (3.3.20), as an example of a global quantitative rigidity result for orientation-
preserving isometries between Riemannean manifolds (the orientation-preserving rigid

motions of S"~! in this case).
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Chapter 4

On the (local) stability of Conf+(S”_1)
among almost conformal maps {from
S"~1 to R when n > 3

In this Chapter we discuss the stability of the group of orientation-preserving Mobius
transformations of S"! when n > 3, in terms of the combined conformal-isoperimetric
deficit that was defined in the Introduction. Although the approach is the same in dimen-
sion n = 3 and in the higher dimensional case n > 4, due to some analytic differences,
or better said, simplifications that occur in dimension n = 3, we have chosen to organize
these in two different Sections. Some of the steps in the analysis carry out unchanged in
both cases and in order to avoid their repetition in the second Section of the Chapter,
we will adopt the following convention. In Section 4.1 we will still denote the ambient
dimension 3 by the general letter n in the parts of the analysis which we are going to use
also in Section 4.2. The author hopes that no confusion will be caused by the alternate

use of n and the number 3 for the ambient dimension in the first Section to come.

4.1 The case n =3

4.1.1 Setup of the local stability estimate

For the convenience of the reader, we first repeat some notation that was introduced in
Section 1.2, adjusted in this setting where the domain is S%.. For some 6§ > 0 that will
eventually be chosen sufficiently small to serve our purposes and for ¢ > 0, recalling
(1.2.7) and (1.2.14), the (local) class of mappings inside which the stability of Conf, (S?)
will be investigated is defined by
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(Z) ||VTU— PTHLQ(S2;R3) S 67
Asopc = ue WH(S%HR?) (4.1.1)
(i) Da(u) < (14 ¢)Vs(u)

where the subscript 3 in the definition of the set A3 4. stands for the dimension of the

ambient space, the subscript 2 for the exponent in the Sobolev norm and as we defined
in (1.2.7), (1.2.1)

Dy (u) := (%]éz |V rul? d%z) 2 . Va(u) :—]é2 (u, O, u A Opyu) dH?. (4.1.2)

Remark 4.1.1. (i) Let us mention once again here that the positive parameter ¢ in

the definition of Az, is the one that is referred to as the combined conformal-
isoperimetric deficit of a map u € Asz9.. For every such map the last defining
property in (4.1.1) is 4nvariant under translations by fived vectors in R?, dilations by
a positive factor, rotations in R and compositions (from the right) with orientation-

preserving Mobius transformations of S%.

Even though the setup we are presenting here is for a local statement close to the
identity transformation of S?, we could of course reach the same conlusions if we
were to assume that the map u is apriori close to any other orientation-preserving
conformal diffeomorphism of S?. To be more precise, given any v € Conf(S?), for

our local estimate we could consider as well the set of maps

(DI Vru = V| 2w < 6,
Asz0p0: = UE Wl’g(SQ;RJ) :

(i1) Da(u) < (1+¢)Va(u)

It is then immediate to check that whenever u € A2 ¢ -, the map wop~t € Az 00
This follows directly from the conformal invariance of the Dirichlet energy in two
dimensions and the invariance of the combined conformal-isoperimetric deficit un-
der precompositions with elements of Conf,(S?). Then, all the arguments that we
will present could be applied to the map u o 1)~! instead of u. For possible later
purposes we also recall here some elementary properties of this precomposed map.
First of all, by the chain rule (with the gradients viewed as linear maps between
the corresponding tangent spaces), one can easily verify that every conformal map
1 € Conf(S?) satisfies
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(iid)

Ve @~ (@)]P Ve~ (@)
2 2

=1 <= [V~ (2)] - [Vry~ (2)] = 2.

For u € A32.4.6., the map uot¢~! satisfies pointwise H?-a.e. on S? the inequality

2|Vru(y~ ()|
V(= (2))]

[Vi(uov™)(@)| < |Vru@™ @) [Vee™ (@)] =

therefore
2||Vru|| e

HLOO(SQ) - m7

even (of course) when the right hand side has to be interpreted as being +o0.

HVT(U o) wil)

For the W'2-Sobolev norm of u 01 we can estimate separately the two integrals as

follows.
Flwov) =it @i = £ ) = v at0) ¥(0)
S2

where the induced area-element by the change of variables x = 1 (y) is given by

— et (Vo) V() - T2
Hence,
][|(u0¢‘) e dH” = ][|“ b)) Vo) dH?
s2

v ¢ o)
o V¥l <S2>][ u — ¥* dH?,
2 <2

while, as we have already mentioned, because of the conformal invariance of the

Dirichlet energy on S?,
][ |VT(U o 7#71) — PT|2 dH? :][ |VTU — VT1D|2 dH?.
s2 s?

Putting these last estimates together, we have (in case it is necessary later) that

1. VL
Hu oy — 1d§2HW1,z(sz;R3) < max{ %} Ju— w“W“(SQ;RS) ’

completing this easy estimate.

The apriori closeness to the ids: in the W2 — topology can be thought of as a
non-degeneracy condition. For example, it prevents the maps in consideration from

concentrating around single points. Conditions of similar flavour have been posed
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also in | | and | | and in further results mentioned therein regarding quan-
titative stability for compact subsets of the conformal group CO,(n) in bounded
domains of R™, when n > 3. As we have discussed in the Introduction, such condi-

tions are imposed there to avoid degeneracy issues at the origin and at infinity of
the “cone” CO4(n).

With the notations we adopted, the main result of this Section can be stated as follows.

Theorem 4.1.2. There exists absolute constants 6y > 0 and C' > 0 with the following
property. Given € > 0 arbitrary, then for every u € Aoy, there exist ¢, € Conf, (S?),
b, € R and N\, > 0 such that

wo by — b\
(=) e

Hence, loosely speaking, the map u is v/z-close to (A, +0b,) in the Wh2(SP=1; R™)-
topology. Actually, the exponent % with which the e-deficit appears on the right hand side

< Oy (4.1.3)

WL2(S2;R3)

of the estimate is optimal, as can be checked by considering the sequence of “affine” maps
(tg)os0 : S* = R3, where u, () := Az, A, :=diag(1l,1,1+0) € R¥3 as ¢ — 0.

The proof of Theorem 4.1.2. will be given in several steps. We first start with an easy
Lemma that allows us to fix the center of mass and the scale of the map u and will be of

use later.

Lemma 4.1.3. Given 0 > 0 (sufficiently small) and € > 0, there ezists 6 > 0 that
depends only on 6, so that after possibly replacing 6 with 0, we can assume that every

u € Ay, 5. has the following additional properties:
(i) oo u dH? =0,
(i) oo (u, ) dH?* = 1.

Proof. The first property is trivially obtained by considering u— f,, u dH? instead of u if

necessary. Regarding the second one, by the mean value property of harmonic functions,

][ (u, )y dH* = 1][ divuy, de = 1Tr <][ Vuy, dx) = M, (4.1.4)
S2 3 B3 3 B3 3

and by a simple inequality that we also used in Chapter 3,

TiVun(0) [* _ [Vun(0) - I <][ [Vun — I <][ [Vru—Prf 62
3 B 3 U 3 -~ Js? 2 T2
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If we thus choose 6 > 0 sufficiently small, we have

0 _ TrVu,(0) _ 1+i
V2 3 V2

0<1-—

In order to achieve both desired properties simultaneously, we can set

_ TrVu,(0)

Ayt
3

and replace v with the map
L u— foo u dH?
= .

Uq -

if necessary.

(4.1.5)

(4.1.6)

The defining properties of the set As 59 are of course only slightly affected by this simple

transformation. Regarding the first one,

u - n— u
||VTU1 — PTHLQ(SQ) = VT (%) — PT = ‘
u L2(S?) u
1 1
= /\—(VTU—PT)+ )\——1 PT
U u LQ(SQ)
1 1
< 197 = Prllan + | = 1| I1Prl e
1 A, — 1
= )\_HVTU_PTHB(S?)_'_ \ 1 Prl 2 s2)

0+ 7

b
[V

)

Therefore,

1— 2

~ 2
||VTU1 — PT||L2(S2) S = < ) 0.
V2

1
—VTU — PT

L2(S?)

(4.1.7)

The second defining property of Aso . is of course left unchanged due to the trans-

lational and scaling invariance of the deficit, i.e. it holds for the map u; as well, with the

same ¢. Altogether, we have proven that

U — foo u dH?
SQ
u€ Asope = up = N S A3,2,(§,e>
U
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with the constant 8 being given explicitely above. Although the precise value of the new
constant 6 is not of major importance, what is more important is that limg_,o+ 6 = 0, so
that when we will finally choose # > 0 sufficiently small, § > 0 will be sufficiently small

as well. O

According to the previous Lemma, after possibly replacing the parameter 6 with 0

(which we will not relabel in the sequel), we can focus on the set of maps

(4.1.9)

Let us now consider u € Asp. and set w := u — id|s, as if at first place the opti-
mal candidate for being the closest Mobius transformation to u in terms of the combined
conformal-isoperimetric deficit is really the identity map on S?. We can then perform a
formal Taylor expansion of the deficit around the identity and calculate its second varia-
tion, i.e. the quadratic term appearing in the expansion, as well as the growth behaviour
of the higher order terms. This is a standard computation that we exhibit here in our
particular case n = 3, and in Appendix C in the higher dimensional case n > 4. Using

the properties of the map u € .21372,975, we can calculate

1 2 1 :
Dy(u) = <§]é IV rul? d?—[2> = (1 +]£2 diveew dH? + §]£ B Vrw|? d’HQ) :

We can rewrite property (iii) of u in terms of w, as

]£2<w,x> dH? :][ (u,r) dH* —1 =0, (4.1.10)

SZ

or equivalently,

][ divszw dH? = 2][ (w,z) dH* = 0. (4.1.11)
52 52
Hence,
3 2
1 2)” 3 2 2
Dy(u) =14 =+ |Vrw| =1+—4 |Vow|"+ 0O \Vrwl . (4.1.12)
2 S2 4 S2 S2
Since j—; (1+¢)2 = 3 we can take § > 0 small enough so that by property (i) of
=0

(4.1.9), the higher-order terms in the expansion of D, are estimated as
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1 2 p2
<3 ( Vrw|? d%2> < — yVTwP dH?.  (4.1.13)
S2

o (f 5 o))

For the signed-volume-term V3(u) we can write its expression as a bulk integral, i.e.

Vy(u) = ][ (11, Doy A Oryt) dH?
S2
—][ detVuy,(x) dx —][ det(I3 + Vwp(x)) dx
B3 B3
=1 —i-][ divwydx + %][ ((divwy)? — Tr(Vwy,)?) dz —i-][ detVwy, de. (4.1.14)
B3 B3

B3

All these terms are well-known null-Lagrangians, and can be written back as boundary

integrals in the following way.

][ divwy, dz = 3][ (w,z) dH* =0, (4.1.15)
B3 52

/B (divioy)? = /B div((divun ) - /B {un, Vilivu)
= /82<w>(dinh)x> - /B (o, Vdivuy)

= [ . tdiveu)e) + [ w2 (Vana,o) — [ {uwn, Vv,

and
/ Tr(Vwy,)? = / 0w Oaw), = Z / ) (wh dwl) — wh d;0;w))
B? 1,7=1 1,7=1 B?

:zi: / ((wn, Vi) Z /B whd(divn)
_ g [t vu) ~ [ Vi)
= [ w Zx]w@ [ wadunea) = [t Vaivu),

and subtracting these two identities we arrive at

3
1 )2 2\ gy = 2 - SN0 Vo) i
2]{33 ((dlvwh) Tr(Vwy,) ) dr = 2]é2 <w, (divgew)x 2. x;Voyw > dH*. (4.1.16)
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Of course this calculation can be carried out in every dimension. A more intrinsic calcula-
tion for this quadratic form without passing through the expression as a null-Lagrangian,
is included in Appendix C. The higher order term in the expansion in this case is of

course

][ detVuwy, dx :][ (w, O, w A Opyw) dH. (4.1.17)
B3 s2
Going back to (4.1.14), we obtain
Vi(u) =14 Qv (w) —I—][ (w, O, w A Opyw) dH?, (4.1.18)
SQ

where the quadratic term in the expansion of V3 is

3
Qvs(w) = ;][ <w, (divgew)x — ijVij> dH?. (4.1.19)
S2

J=1

As far as the remainder term is concerned, if we had assumed a uniform Lipschitz bound
on u, we could estimate its growth via the Sobolev inequality on S*~!. Since we will need
this observation in Subsection 4.2.1., we first recall here the inequality in every dimension

n > 3 and refer the reader to | |, | | for its proof and more details.

Theorem 4.1.4. (Sobolev inequality on S"™') Let n > 3, m > 1. For every v €
Wh2(S"=1R™) the following interpolation inequality holds.

Lol fe

for every p € [2,00) in the case n = 3 and for every p € [2,2*], where 2* 1= 2=2 in the

n—3 "’

case n > 4. The constant c,, > 0 depends only on n and p and its sharp value is also

2
p »
dH”l) gcn,p][ 1|vTv\2 dH™ ! (4.1.20)
Sn—

known.

Having reduced in our case of interest to fS2 w dH? = 0, we have that for every p > 2

there exists a constant ¢, > 0 such that
2
( |wl? d”HQ) <cpf |Vowl? dH?. (4.1.21)
s2 s2

However, in this case that n = 3, we can merely use the isoperimetric inequality to prove

Lemma 4.1.5. For every u € Asog. the map w = u — idga1 satisfies the estimate

1 3
< (5 \Vrwl]? d’Hz) : (4.1.22)
S2

][ (w, O, w A Op,w) dH?
S2

Therefore, one further has

][ (w, Oryw A Opyw) dH?
S2

0
< ——+ |Vyw]* dH?. (4.1.23)
S2

2v/2
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Proof. The first inequality follows from (1.2.6) for n = 3. The second then follows
immediately using the first defining property of the set A3727978, since

||VTU)||L2(S2;R3) S ||VTu - PTHL2(SQ;R3) S 0. O

The quadratic term Qy,(w) can also be easily estimated by the Dirichlet energy, as

dH?

Qv (w)] < ][ |w|‘ divgew ar—l-ZxJVTwJ

3 : &
< = ( lw|? dHQ) ][ |(divgew)z|? +
2 S2 S2 ]_1

2
Z:vjVij
|VTU)|2 2 : 2 & 2 : 72 2 :
;A Vow: Prf+ | Y a? | [ D [Vrw!? | dH
s2 s2 et -

q
< —

3\/_
2\/_ s2

dH?

|Vrw|? dH?. (4.1.24)

Notice that it suffices to prove Theorem 4.1.2. in the small conformal-isoperimetric
deficit regime, i.e. we can assume without loss of generality that actually 0 < e < 0% < 1,
where 6y > 0 is the constant that will be finally chosen in the statement of the Theorem,
since if € > 6§ > 0 (4.1.3) holds trivially for ¢, = ids, b, = e, u and A, = 1. Indeed,

since fSQ idsz = 0, by the Poincare inequality we trivially obtain
l(u— ) — idea e = l(u — ide2) — (w —dg2) w2 S IV — Prllge < o < V.

Assuming in the next that 0 < ¢ < 6% < 1, we can now use the expansions (4.1.12) and

(4.1.18) in the combined conformal-isoperimetric deficit € > 0 to prove

Lemma 4.1.6. Let 0y > 0 sufficiently small and 0 < ¢ < 60} be fived. For every

U € /(372790,5, the map w := u — ids2 satifies the estimate
Qs(w) < e+ 090][ \Vrw|* dH?, (4.1.25)
S2

where Q)3 is the quadratic form defined as

Qs(w) := %]éz [Vrw]* dH? — Qv (w), (4.1.26)
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and cp, := g—g@g + %(1 + 62) + § > 0 1s a constant that becomes arbitrarily small as 0y

becomes arbitrarily small.

Proof. As said, by using (4.1.12) and (4.1.18) and rearranging terms we have

Dy(u) < (1 +¢)Vs(u)

— 14 zjé Vrwl? + O <(]é NTwP>2> <(1+e) (1 + Quy (w) +]£2 (w, D w A Oy )

— 2][ |Vrwl|? dH? — Qvs(w) < e+ eQyy(w) + (14 5)][ (w, Oryw A Opyw) dH?
s2 S

2

-0 (( g Vrw|? d%2>2>

<e+4¢|lQuy(w)| + (1 +¢) ][ (w, Opyw A Opyw) dH?
S2

O << g \Vrw|® d%2>2>

We finally use (4.1.13), (4.1.23), (4.1.24) for the remainder terms and the fact that we
have assumed without loss of generality that 0 < & < 63 to obtain (4.1.25) with the value

+

of the constant ¢y, as exhibited in the Lemma. ]

If we thus choose the parameter 6y > 0 sufficiently small, we see that for every
0 < & < 62 the last term on the right hand side of (4.1.25) can be set to be an arbitrarily
small multiple of the Dirichlet energy of w. We can therefore move our focus of attention
on the coercivity properties of the quadratic form (Q3, which can be thought of as the
linearization of the nonlinear combined conformal-isoperimetric deficit. This will be the
content of the next Subsection. The underlying geometric idea behind the arguments is
the invariance of the deficit under the action of the rotation group of the sphere, so that
actually the self-adjoint operator associated to Q3 can be diagonalized simultaneously with

the Laplace-Beltrami operator.

4.1.2 On the coercivity of the quadratic form (3

For the most part of this Subsection the results hold true in every dimension n > 3 and
since we will use them also in Section 4.2, we also denote here the ambient dimension 3
with the general letter n to avoid the repetition of the arguments in the next Section.
Our goal is to examine the coercivity properties (in a purely W12-setting) of the quadratic

form @),,. By the reductions we have performed, this can be considered in the space
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S§n—1

H, = {w € WH(s" L R™) :][ wdH" =0, ][ 1(w,x> dH" ' =0 } . (4.1.27)
Gn—

For every k > 1 we define now H,, ; to be the linear subspace of H,, consisting of those

maps in H,, all the components of which are k-th order spherical harmonics. As we

mention in the Appendix B, it is well-known that every element of H,, ; is the restriction

on S"7! of an (R™-valued) homogeneous harmonic polynomial of degree k, the subspaces

(H,1)52, are pairwise orthogonal with respect to the L-inner product, each one is finite

o
dimensional and H,, admits the L?-orthogonal decomposition H, = @ H, . We also
k=1

define the subspaces

- . Awy, = 01in B"
H,p:=wy:B"— R": , (4.1.28)
wh|gn—1 € Hn,k

so that €9 ]:In,k is an L2-orthogonal decomposition of the vector space of harmonic map-
k=1
pings wy, : B" — R" for which w;(0) = 0 and TrVw,,(0) = 0.

Actually, for every k > 1 we can further consider the L?—orthogonal Hodge decompo-
sition
gn,k = [j[n,k:,sol @ F[é_,k’,sol’ (4129)

where
ﬁmk,sol = {wh € f{n,k cdivw, = 0in Bn} , (4130)

and HY, ., is its orthogonal complement in L?. In view of the k-homogeneity of the maps

in H,x, we can write the latter L?-decomposition also on S"~!, namely

Hn,k = Hn,k,sol @ HTJL_,k’,sol? (4131)

where
Hn,k,sol = {w € Hmk TWh € [j[n,k:,sol}y (4132)

and Hy ) is its L*(S*~';R")-orthogonal complement. Let N(n, k) := dimH, < oo,
Ni(n, k) == dimH, ksol, No(n, k) := dimH, ), so that N(n,k) = Ni(n, k) + Na(n, k).

According to (4.1.19), the bilinear form that corresponds to the signed-volume-term

V, is
Qv, (v,w) = g][ (v, A(w)) dH™ " for v,w € H,,
S§n—1
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where the associated linear first order differential operator A is defined as

A(w) = (divgrw)e — Y a;Vew’  for w € H,. (4.1.33)
j=1
The main feature that we are going to use here is the fine interplay between the operator

A and the above defined spaces, as it is properly described in the following.

Lemma 4.1.7. The linear operator A is self-adjoint with respect to the L*-inner prod-
uct and leaves each one of the subspaces (H, k)k>1 invariant. Even more specifically, for
every k > 1 A is a linear self-adjoint isomorphism of the spaces Hy pso and Hyy o with

respect to the L2-inner product.

Proof. The fact that A is self-adjoint with respect to the L?-inner product is immediate,
since it arises from the second variation of V,, at the idg.-1, but it is also easy to verify
directly after integrating by parts that for any w,v € H,

]£n1<w,A(v)) dH ! = ][ (A(w), v) M.

Sn—1

Let now k£ > 1 be fixed. Since for every w in the finite dimensional space H, j, its
harmonic extension wj, in B" is a (vector-valued) homogeneous harmonic polynomial

of degree k, all its derivatives will be polynomials again and hence analytic up to the

boundary. In particular, for every 7 =1,2,...,n we have
Vw, = Vew + (0pw))r = Vew’ + kw’z on S"7!
and
divw, = divgn1w + (Qpwp, z) = divgn1w + k(w,z) on S" 1.
Therefore,

A(w) = (divgn-1w)x — Z z;Vrw' = (divwy, — k{w, )z — Z z;(Vw! — kw'z)

j=1 j=1

= (divwp,)x — ijVwi on S" 1.

j=1

Writing the operator A in terms of the full gradient and divergence operators, we easily

see that

][ A(w) dH™ ! :][ (divwy,)z — ijwal dH" ' = %][ <Vdivwh — Z@Vwi)
n—1 S§n—1 =1 n

j=1

:][ (Vdivwy, — Vdivwy,) dz =0
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and also

][ (A(w),z) dH™ ! :][ <(diVSn_1w)x - Za:jVij, x> dH" !
Sn—1 Sn—1

j=1

:][ divgn1w dH" ™ = (n — 1)][ (w,z) dH" ™ = 0.
Snfl

S§n—1

It is straightforward to verify that [A(w)], = (divwy)z — 32", 2;Vw] in B™, since first

j=1
of all it matches the boundary condition and also

= [A(divwy)]z 4+ 2V (divw,,) — i (z;A(Vwi) + 20, V)

j=1

A | (divwp)z — Z x;Vw)

j=1

= [div(Awp)]|z + 2V (divwy,) — ZIjVAwi — 2V (divwy,)

J=1

=0.

It is also clear that since wy, is an R™-valued k-homogeneous harmonic polynomial, [A(w)],
is also an R™-valued k-homogeneous harmonic polynomial and therefore its restriction on
S"~!is an R"-valued k-th order spherical harmonic. This finishes the verification of the

implication w € Hy,, = A(w) € H, .

In order to check that kerA = {0} in H,, s 501, let w € H, ko1 be such that
A(w) := (divgn—1w)x — ijVij =0 on S™.
=1

Since w € H, k501 is smooth, A(w) is smooth as well, so that the last equation can also be
understood in the strong sense. Thus, both the normal and the tangential part of A(w)

have to vanish identically, i.e.

divgn-1w =0 and ijVij =0on S"L

Jj=1

By the first of these last two equations and the definition of H,, j o (in which divw, = 0),

we deduce that for such a w,
L. : n—1
(w,x) = E(dlvwh — divgn-1w) =0 on S"7.

Testing now the second one of the previous equations with the vector field w itself and
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integrating by parts on S"!, we obtain

0 — _][ AV4 j7 dHn—l - _ ][ \V4 j7 oL dHn_l
S§n—1 <‘]ZIZ'E‘7 Tw w> jzl S§n—1 < Tw x]w >
—][ (w, z) (divge-1w — divge—1 ((w, z)x)) + Z][ w {e; — vz, w)
Sn—1 =1 Sn—1

— _][Sn1<w,x) ((n — 1){w, z) + (Vr{w, x), x}) +]£n1 |wl® —]£n1<wv$>2

:][ lw|? dH" ! — n][ (w, z)*dH" :][ lw|* dH™,
Sn—1 Sn—1 Sn—1

ie. w=0onS" 1

We finally check that A leaves H,, j o invariant. Indeed, if w € H,, j so1 then

div[A(w)], = div ((divwh)x - Z :L‘ijfl) = —div (Z ijwa>

j=1 j=1

= —divwy, — (z, Awy) =0 in B",

i.e. A(w) € H, ks as well. This concludes the proof that A is a self-adjoint linear isomor-
phism of H,, i so1. Thus A leaves also H,, . invariant and is actually also an isomorphism

of it as we will show next. O]

As a consequence of the previous Lemma each one of the finite-dimensional subspaces

(Hpkso1)k>1 and (Hrjzjk,sol)kzl admit an eigenvalue decomposition with respect to A.

Theorem 4.1.8. The following statements are true.

(i) For every k > 1, the subspace H, s has an eigenvalue decomposition with respect

to A as
Hn,k,sol = Hn,k;,l @ Hn,k,Qa

where H,, 1.1 is the eigenspace of A corresponding to the eigenvalue o, 11 = —k and

H,, 1.2 is the one corresponding to the eigenvalue oy, 12 = 1.

(i) For every k > 1 the subspace H, 3 1= HL,I{:,SOI is an etgenspace with respect to A

n

corresponding to the eigenvalue oy 13 ==k +n — 2.

Proof. As we just have remarked, for every k& > 1 there exists an L?-orthonormal

basis of eigenfunctions wy 1, ..., Wn kN (nk) Of Hygsol and Wy gk Ny (nk)+15 - - - Wnok, N(n,k)
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of H+

nksols -6 forevery i =1,... N(n, k) the R"-valued map w, ; satisfies the eigen-

value equation

n
A(wy ki) = (diven-—1wy, )T — ijVwaLM = OpkiWnr; on ST (4.1.34)

j=1
For each such eigenvalue 0, ;; we denote its corresponding eigenspace by H,, ;. If in the
previous eigenvalue equation we take the inner product with the unit normal vector field

on "1, we obtain further that each eigenfunction w,,  ; satisfies the equation
divgn-11Wy 4 = Oppi(Wopix) on S*71 (4.1.35)
and in terms of the full-divergence
div(w, ki)n = divgn1wn i+ (05(Wn ki), ) = (Oppitk) (Wops,x) on S"1. (4.1.36)
We now fix the index & > 1 and consider all the different possible cases that will allow

us to find the eigenvalues of A in the invariant subspaces Hy x5 and H,, ) respectively.

(a1) Let w be a non-trivial eigenfunction of A in H, 4, so divw, = 0in B*. By
the (k — 1)-homogeneity of the function divwy, this is equivalent to divw, = 0 on
S"=1. By (4.1.36) we see that one possibility for the last equation to hold is for
o = —k. We thus set 0,41 := —k and label H, ;1 = span{w, 1, ...,wn,k’pn’k} its

corresponding eigenspace, where p,, j, 1= dimH,, ;.

(az) Let now w be a non-trivial eigenfunction of A in H,, j 1, with w € Hj’k’l. The only
possibility for (4.1.36) to hold then is iff

(w,z) =0 on S"!.

In this case w is a tangential vector field and by (4.1.35) we have divgn-1w = 0 on

S"~1 as well. The eigenvalue equation (4.1.34) reduces then to

n
ow = — g z;Vyw’ on S™.

j=1
With the very same calculation that we performed in the proof of the previous

Lemma, we test this last equation with w and integrate by parts to obtain

0][ lw? dH™ = —][ < E ijij,w> dH™ !
Snfl Snfl
Jj=1

:][ lw|* dH" ! — n][ (w,z)* dH™"
S§n—1 S§n—1

:][ lw|* dH™ L.
S§n—1
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We label this eigenvalue 0,12 := 1 and Hypo := span{wpkp, 41, s Wnk, Ny (nk) }
will be its corresponding eigenspace. We have thus obtained the full eigenvalue

decomposition Hy, jsol = Hp k1 D Hp ko

in which the di-

vergence of wy, € H,; does not vanish identically in B™. Since wy, is a vector-

(b) Let us now look at eigenfunctions of A in the subspace H, .,

valued k-homogeneous harmonic polynomial, we have that divwy, is a scalar (k—1)-
homogeneous harmonic polynomial and therefore its restriction on S"~! is a scalar
(k — 1)-spherical harmonic. We can then apply the Laplace-Beltrami operator on
both sides of (4.1.36), to obtain

(k=1)(k+n—3)divw, = —Agar(divwy) = —(0 + k)Agn1 ((w, z))
= (0+k) ((-Agmw, z) — 2Vyw : P+ (w, —ASH@)
= <k(k—|—n— 2) =20+ (n— 1)>(a+/{)<w,w>
= <k(k +n—2)—20+(n— 1)>divwh on S"L.
Since in this case divw,, does not vanish identically, we conclude that
k(k+n—-2)—20+(n—-1) = (k—1)(k+n—-3) = o0 = k+n—2.

We label this eigenvalue as 0, ;3 := k +n — 2 and its corresponding eigenspace as
H,, 3. In particular we have found that Hﬂasol = Hp 3. O

n,

We have obtained in total the L*-orthogonal decomposition of our space of interest

into eigenspaces of A as

", =P (HM,1 D P Hn,k,g) . (4.1.37)
k=1

It is easy to construct examples showing that except for H, ; 3, none of these eigenspaces
are apriori trivial. The triviality of H, ;3 is a consequence of the fact that we have
already scaled properly our initial maps u, so that the corresponding maps w satisfy the
condition f,, ,(w,z) dH""' = 0. Indeed, let w(x) := Bx € H,;3 for some B € R™".

By assumption,
1
0 :][ (w, z) dH™* :][ (Bx,z) dH" ' = ~TrB
Snfl Snfl n

Therefore, divw, = TrB =0 in B, i.e. w € Hyis0l = Hrf’m, which forces w = 0.
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This eigenvalue decomposition of the space H, into eigenspaces of A is valid in ev-
ery dimension n > 3. In dimension n = 3 it immediately gives the desired coercivity
estimate for the quadratic form @3 of Lemma 4.1.6. with optimal constant. In the
higher-dimensional case, the quadratic form associated with the combined conformal-
isoperimetric deficit has an extra term and the study of its coercivity properties via the
previous eigenvalue decomposition is slightly more complicated. Since this is going to be
the content of Subsection 4.2.2, for the rest of this Subsection we switch back to denot-

ing the ambient dimension by the number 3. As a consequence of Theorem 4.1.8., we have

Lemma 4.1.9. (i) The quadratic forms Qv, and Qs diagonalize on each one of the
subspaces (Hs i )k>1, i=1,23, 6-€. there exist constants (¢3y.i)i—123 and (Cski)iz1.23,

so that for every w € Hsy

Qvg(w) = C3k,; ]VTwIZ dH2 and Q;g(w) = Cg,kﬂ' ]VTwIQ dH2 (4138)
S2 S2

(i7) For every k,l > 1 andi,j =1,2,3 with (k,i) # (I,7), the subspaces Hs},; and Hs ;

are also Qv,- and Qz-orthogonal, i.e. for every wy,; € Hsy; and w;; € Hsy

QV3 (wk,i, wl,j) =0 and Qg(wkﬂ',wl,j) =0. (4139)

Proof. The proof is immediate. For part (i) of the Lemma, by (B.0.5) we know that

1
][ lw|* dH? = A—][ IVow|? dH?  for all w € Hyy, with A3, := k(k + 1).
NG 3,k Js2
For every 1 = 1,2, 3, if w € Hs},; we have

Qu(w) = 51 (v, Aw) a = 24 Jul? an -
2 S2 2 S2

3o 3.k,

Vowl? dH2
2A3,k]£2’ rwl” dH

which is precisely (4.1.38) for c3; := 395k and then

223,k

Qs(w) = OB,k,i][ IVrw|? dH?,
SQ

where Cs 1 1= % — c3,i- We list below the precise values of the constants, which are
important in this case since we will need to sum up the identities in order to obtain an

estimate on the full space Hs.

-3 3 3
_ __ 3 _ 2 414
C3k,1 k1) C3 k.2 h(h 1) Caks = 5p ( 0)
and
3(k +3) 3(k —1)(k +2) 3(k — 2)
L = AT Y L — = N 4.1.41
O30 ZES C3 1,2 Tlh+1) 3.k,3 m ( )
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For part (7i) of the Lemma, the proof is a trivial calculation. Using that the subspaces
(H3 ki) k>1.i=1.23 are mutually orthogonal in L?(S?; R?), for any (k, i), (I,7) € N*x{1,2, 3}
with (k,7) # (1,7) and any wy; € Hs ., wi; € Hs;; we immediately have

303,

Qv (Wi, wy ;) = ?][ (Wei, wyy) dH? =
SQ

3031,

5kl5ij =0
2

and of course also

][ <VT1U]<;,Z', VTwl7j> d?‘ﬂ = )\37k][ <wk7i,wl,j> d?‘[z = Ag,kékléij =0. O
S2 S2

Since H3; 3 = {0} and having the precise values of the constants (Csj;)k>1,i=1,23, We

see that U319 = U323 = 0, but otherwise it is easy to verify that

N . 1
C = min CB,k,i = 03’373 = —. (4142)
k>1, i€{1,2,3} 4
(k,1)#(1,2),(1,3),(2,3)

Lemma 4.1.9. gives now the desired coercivity estimate for the quadratic form ()3 on the
space Hs with the sharp constant. Indeed, for any w € H3 we write it as a Fourier series

in terms of the previous eigenspace decomposition as
oo
w = E E W3,k,i5
k=1i=12,3

where ws,; € Hsy,; for every k > 1, ¢ = 1,2,3 (and as we have justified w313 = 0).

Expanding the quadratic form, we obtain

Qs(w) = Z Q3(ws ki, w31,5)

(k9),(1,5) € N*x{1,2,3}

- Z Qs(ws ki) + Z Q3(w3 ki, w31,5)

(ki) € N*x{1,2,3} (ki)#(L,j) € N*x{1,2,3}

Z Csnit |Vrwse® dH*
(ki) # (1,2),(1,3),(2,3) 2

1 2 2
> > ]é \Vpws g dH

(ki) # (1,2),(1,3),(2,3)

1 2
=3 |VTw — Vor(wsia+ w3,2,3)‘ dH’
SQ

To summarize, if for every (k,i) € N* x {1,2,3} we define Iy, , : H, — Hy; to be
the L?-orthogonal projection of H, on the subspace H,;, we have finally proven the

following.
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Theorem 4.1.10. For every w € Hj the following coercivity estimate holds.
1
Qs(w) = L f |Vrw— V(s ow)|” dH?, (4.1.43)
S2

where Hyo = H312@ Hsas is the kernel of Qs in Hy and 13y : Hy — Hsg is the
W2 orthogonal projection of Hs onto Hso. The constant }l in the previous estimate s

sharp.

4.1.3 Completion of proof of Theorem 4.1.2.

The presence of the degenerate space Hsp is a small but natural obstacle to overcome
for the proof of Theorem 4.1.2. to be completed. At an infinitesimal level, it basically
means that although the map w is apriori supposed to be y-close to the ids2 in the W12-
topology, there might be another Mébius transformation of S? that is also 0y-close to the
ids2 and is a better candidate for the nearest Mobius map to u in terms of its combined
conformal-isoperimetric deficit. Similarly to | | and | |, a topological argument
will allow us to identify this more suitable candidate. Before doing this, let us present a
useful fact about the structure of the subspace H,,o. The characterizations given in the
next Lemma hold true in every dimension n > 3 and this is why we denote the ambient

dimension again by the general letter n in it.

Lemma 4.1.11. The following statements are true.
(i) The subspace H, 12 admits the following characterization

H,10={we H, :w(r) = Azx; where A € Skew(n)}, (4.1.44)

n(n—1)
2

and its dimension s dimH,, ; o = . The projection on this subspace is therefore

characterized by
HHn,l,zw =0 <~ th(()) = th(())t (4145)

(i) The subspace H, 20 admits the following characterization

Vk=1,...,n: w*(z)=(Akz,z),
Hn,Q,sol =qweE Hn : (4146)
AF e Sym(n): TA* =0, S AL =0

and therefore

dimHn7273 = dimHnQ - dimHn,?,sOl =n.

The projection on the subspace H, 23 is characterized by

Oy, ,,w=0 <= (divwy,(z))x dH"(z) = 0. (4.1.47)
S§n—1
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Proof. For part (7) of the Lemma, if w € H, ; 2, we can write it as w(z) = Az for some
A € R™™, In this space,

(w,z) =0 on §" = Z (Ajj + Aj)rz; =0 on S = A'=—A.
1<i<j<n

The characterization of the projection Ily, |, is then immediate. Regarding part (77), let
w € Hp240. Its harmonic extension is a homogeneous solenoidal harmonic polynomial

of degree 2, so for each k = 1,...,n, there exist A* € Sym(n) such that
wi(z) = (A*z, x) = Z Afjxixj € B
ij=1
In particular, for each k£, =1,...,n,
0= 1Aw) = TrA*

Onwf(z) =2 Afz; = o
=1 0= §dlvwh = Zk:l (Zl:l A%k) Ty Zl:l A;k = 0.

For the last characterization,

Oy, ,,w=0 <= Iy, ,w € Hyy5 < Z (VQwﬁl(O))lk =0 for every k=1,...,n.
=1

By the mean value property of harmonic functions again,

n

0= Z oyt () dax = O (divwy,(x)) dx = n][ (divwy, (2))zy, dH"(z),
=1 Bn Bn S§n—1
which completes the proof. ]

It is worth noticing here that simply by counting dimensions,

dimH, o = dimH,, ;2 +dimH, 23 = @,
which is also the dimension of Conf(S"™1), the latter seen as a finite-dimensional Lie
group. The next Lemma in which we still denote the ambient dimension 3 by the general
letter n, follows from a suitable application of the Inverse Function Theorem and is the
final ingredient for the completion of the proof of Theorem 4.1.2.. Note that in the state-
ment we still denote H, 0 := H, 126 H, 23 the linear subspace of WH(S"~1; R") that
enjoys the characterizing properties described in Lemma 4.1.11., and in these subspaces
the defining properties of H,, i.e. f, ,w dH"' =0 and £, ,(w,z) dH"' = 0 still
hold. In any case, these two properties will in the end be fixed by making use of Lemma
4.1.3..
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Lemma 4.1.12. Let 0 > 0 sufficiently small and ¢ > 0 be given. There exist > 0

depending on 0 with the following property. For every u € An72,975 there exists ¢, €
Conf,(S™1) such that

uo¢p, €A, ,5. and Ilg, (uo¢,)=0. (4.1.48)

Proof. Given u € An,w@, we define the map ¥, : Conf, (S"!) — R™5™ as follows.
For every ¢ € Conf(S"™1) let,

wi0): = (f (@vtwoon@)e s (9ueaio - awo o) )

— (]ém (div(u ° ¢)h($)>x’ (]énl (e 6)ay = (ue ¢)jxi)> 1<i<j<n> |

Our goal is to show that 0 € Im(¥,). To simplify notation, let us also set ¥ := Wl

sn—1"

Clearly U(idgn-1) = 0. In order to apply the Inverse Function Theorem, we look

n(n+1)

at the differential dV¥l|ia,_, : Tia,,_, Conf (S"!) = R >

non-degenerate linear map. Indeed, as we have seen in Remark 2.2.3. of Section 2.2

and we prove that it is a

T, ,Confo(S"") = {Sz 4+ u((z, &)z —€) : "' = R™ S € Skew(n), £ € S*', peR}.

The differential of ¥ at the idg.—1 is also easy to compute. Indeed, by the linearity of all

the operations involved, for every Y € Tiq,_, Conf(S*™"), defined as before via
Y(z)=S8z+p((z, )z —¢&) : SR S'=-5 €S, peR,
we can calculate (with a slight abuse of notation in the domain of definition of V)

d¥|ia., (V) :

d d
== tZO\I/ (eXpidSn_l (tY)> =V (%‘toeXpidsn—l (tY)) =V (Y)

_ (]é divYy (z)z dH" 2, <]£ (YVi(@)z; — Y7 (x)2;) dHn_l)ngjgn) .

The harmonic extension of Y in B™ is given by the vector field

Vi) = 5o p (g - (T2 ),

sn—1

n

(nt2)(n-1)

the divergence of which is divY,(z) = pix,&). In particular,

n+2)(n—1)

][ divYy,(z)x dH" ™ = ( 1,
S§n—1
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while for every 1 <1i < j <mn,
. , 2
][ (Yi(z)x; — Y (2)x;) dH" ' = =S
Sn—1 n

is a linear

n—1

These short calculations show that indeed ker(dW¥liq,,_,) = {0}, i.e. d¥[iq,

isomorphism between Ty, _, Conf,(S"') and R™5

Since the exponential mapping €XPid,,_, (+) is a local diffeomorphism between a neigh-
bourhood of 0 in Tiq_,_, Conf,(S*~") and a neighbourhood of idg»-1 in Conf,(S*7"), we
can use the Inverse Function Theorem to find a sufficiently small open neighbourhood U,

of idgn—1 in Conf, (S"!) inside which the map

n(n+1)

Ul 1 Uy € Conf (S" 1) = U(Uy) CR 2 is a C' — diffeomorphism.

In particular, deg(W;0;Uy) = 1.

As a next step, we justify that U is homotopic to ¥, in Uy. Indeed, for every ¢ € Uy,

we can estimate

v@ -9 =3 (f aviideod,n)

Si<js<n (]é“ <[<u —idgn1) 0 ¢]' 7; — [(u — idgn1) 0 ¢ xz>)2

2

([(u — idgn-1) © ¢]l> ;

+

1

< ]é (div [(u—idgn 1) 0 ], )" + 3 ][

< 2n]én1 Vo [(u — idgn-1) 0 ¢] | +]£n1 (1 — idgn-1) 0 ",

In the last step we used the estimate
][ (divop)? dH" < n][ |Vop|? dH" ™ < 2n][ Vo> dH"
Sn—1 Sn—1 Sn—1
which follows from Cauchy-Schwartz and Remark B.0.4.. With similar estimates as the

ones we have exhibited in Remark 4.1.1., part (i7), we can also estimate separately

][ V7 [(u— idga-1) o ¢] |2 dH" ! < Cl(uo)][ \Vru — Pr? < CL(U,)0°,  (4.1.49)
Sn—1 S§n—1

where

C1(Up) ~p sup  inf 1|VT¢‘3_H > 0.

dEUy reSn—
Of course, in the case of this Subsection, i.e. for n = 3, the presence of this constant is

obsolete since the Dirichlet energy is conformally invariant, so the first one of the last two
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inequalities is actually an exact equality (without the presence of a constant). Similarly,

][ |(u — idgn-1) 0 ¢|> dH" ' < Og(uo)][ lu— idgn1 > dH™F < Cy(U)6?, (4.1.50)
S§n—1 S§n—1

where we have used the fact that fswl (u—idgn-—1) dH" ' =0 foru € ./17%279’57 the Poincare

inequality and property (7) of the class Amz,g,g in the last inequality above. Here,

Cy(Up) ~p sup  inf !Vﬂb‘l_n > 0.

deUy reSn—1

The strict positivity of the constants C1(Uy), Ca(Uyp) is ensured by the fact that we can
take the neighbourhood U to be sufficiently small around the ids».-:. Hence,

19— 02y < CUE. (4.151)

where C'(Up) := max {\/27101(1/10), \/Cg(uo)} > 0.

We can now continue as in Proposition 4.7 of | |. For the sake of making the

proof self-contained we present the argument here, adapted to our setting.

Let (I's)sejo,1) be a foliation of Uy (which can be taken for example to be a small
geodesic ball around the idgn-1) by closed hypersurfaces in Conf(S"™1), so that Ty =
{idgn-1} and T’y is the topological boundary of Uy. Let us define

m(s) := minger,|V(¢)| for every s € [0,1]. (4.1.52)

This is obviously a continuous function of s. Since ¥|p, = 0 and ¥y, is a homeomorphism

onto its image, we infer that

m(s) >0 for all s € (0,1] and lim m(s) =0. (4.1.53)

s—0t
Notice that m(1) > 0 depends only on the size of Uy. We can then choose 6 > 0 sufficiently
small so that (C(L{o) + 1)9 < @ and then define

sp :=inf {s € [0,1] : m(s) > (C(Up) + 1)0} . (4.1.54)
Clearly, limg_,g+ sg = 0.

Let us now consider the linear homotopy between ¥ and V¥,. For every ¢t € [0, 1] and
¢ €Ty, CUy C Confy(S™H),

(1 =) +t0,,) ()]

v

(W (@) — t[(V — W) ()]
V(@) — [[Wy — W] oo @)

> my, — C(Up)0 > 0> 0.

V

= mln(berse
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In particular,
(1=t)V +tW,)(¢) #0 for every ¢ € [0,1] and ¢ € Ty, (4.1.55)

Since the degree around 0 remains constant through this linear homotopy, if Us, is the

open neighbourhood around the idg.-1 in Conf, (S"™!) such that OU,, = T's,, then
deg(V,,0; Us,) = deg(V,0; Us,) = 1. (4.1.56)
Therefore, there exists ¢, € Uy, C Conf. (S"!) so that

Uy(pu) =0 <= Ilg, (uod,) =0. (4.1.57)

In the same fashion as have estimated before,

][ |U e} gbu — idSn71|2 d%n_l S 2 <][ |(U — idSnfl) o ¢u|2 —f—][ |¢u - idSn—l |2>
S§n—1 S§n—1 S§n—1
<2 ((Jz(uo)e2 +][ P — idgn_1|2>
S§n—1

and

][ Va(uody) - Prl? dH < 2 (][ V(t — idgn ) o Gl + ][ |vT¢u—PT|2)
Sn—1 n—1 n—1

S S

< 2(01(240)92 +][

i ‘VT¢u - PT‘2>7

so that

IVr(uwo du) — Prlpagn-1y < \/§<\/ C1(Uo)0 + [|pu — idswl||wlv2(8nfl>>
< V2(VOiWh)0 + Cls0)). (4.1.58)

where
C(S@) = ;Ilal ||¢u — idSnfl ||W1,2(§n—1). (4159)
50

Of course, all topologies in the finite dimensional manifold Conf,(S"™') are equivalent
and since limy .o+ sy = 0, we also have that limy o+ C'(sg) = 0. Hence, we can take the
neighbourhood Uy small enough and then 6 > 0 sufficiently small so that uop, € A, 55,
where § := \/Q(MG + C’(s@)) > 0 is again sufficiently small (depending only on 6

and the dimension). O

We can now combine all the previous steps to complete the proof of our main Theorem.
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Proof of Theorem 4.1.2. For 6, > 0 that will be chosen sufficiently small in the end
(and as we have assumed without loss of generality 0 < & < 62), let us consider a map

u € Az, Using Lemma 4.1.12.; we can find a Mdbius transformation ¢, € Conf, (S?)

such that
(u —][ u) o ¢, € Az, and Iy, ((u —][ u> o ¢u> =0,
s2 s2

where we have abused notation by not replacing 6, with 670, something that we can do
without loss of generality as we have justified just above. Applying Lemma 4.1.3. to the
map (u — fs2 u) o ¢, we can further find and b, € R? and )\, > 0, so that by abusing

notation once more,
~ u o Qbu - bu
Au

with b, = f,uo ¢y dH?, A, = w. Setting W := @ — ids2, we have as a

consequence of these two lemmata that

6 A3,2,90,€7

][ W dH* =0, ][ (W,z) dH* =0 <= Iy, , 0 =0, andalso Iz, = 0.
s2 s? '

Thanks to the invariances of the combined conformal-isoperimetric deficit, the map u still

satisfies the inequality
Da(@) < (1 + €)Va(d).

Expanding the deficit around the identity, we arrive again at (4.1.25) and since we have

assumed without loss of generality that 0 < & < 62,

Qs3(W) < e +coof |Vr|* dH>. (4.1.60)
S2
Since w € H,, and g, ;@ = 0, the inequality (4.1.43) gives us.
1
Qs(w) > Z][ V| dH2. (4.1.61)
S2
By choosing now 6y small enough so that
1
Co, S §7

we can combine the last two estimates to infer that

e (252)

Au
Finally, by the Poincare inequality on S,

wo by — b\ .
(5 -

for an absolute constant C' > 0, for example C' = 2v/3. O

2
dH? :][ \Vrw)? dH? < 8e.
SQ

< Cve; (4.1.62)

W1.2(S2;R3)
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4.2 The higher dimensional case, n > 4

In this Section we would like to discuss how the results regarding the local stability of
Conf,(S?) among maps from S? to R® that are almost conformal and produce small
generalized isoperimetric deficit can be generalized in higher dimensions. As we have
remarked, we are going to follow the same lines as before and therefore we will focus more
on the parts that exhibit a slight difference, adjusting the setting and the remaining parts

of the analysis without repeating the proofs.

4.2.1 The setup of the estimate, revisited

We first revise shortly the setup in which the local stability of Conf, (S !) will be
investigated. This differs from the one of Subsection 4.1.1 only in the choice of the
topology in which the maps in consideration are assumed to be apriori close to the
idgn-1, the reason for this being a difference in the growth behaviour of the higher than
quadratic order terms in the expansion of the deficit around the idg.—1. For some 6 > 0
that will again be chosen sufficiently small eventually and ¢ > 0, the relevant class of
mappings is now
(4) [[Vru — Pr||poc@gn-1,rn) < 6,

An,oo,@,s =QUuE WLOO(Snil; Rn) : s (421)
(1) Dyp—1(u) < (14 ¢€)Vi(u)

where now
‘v u|2 ”7*1 et n—1
o T n—1 - n—1
D, 1(u) :== <]£n_1 <—n — ) dH ) , Vi(u) - ]én_l <u, Z_/\1 aﬁ.u> dH" . (4.2.2)

In this higher dimensional setting, the local stability result is similar to Theorem 4.1.2.,

namely

Theorem 4.2.1. Let n > 4. There exists a constant 0y := 0y(n) > 0 and C := C(n) >0
with the following property. Given € > 0, then for every u € A, o0, there exist ¢, €
Conf,(S"™1), b, € R" and \, > 0 such that

uwo ¢, — by, .
[(#25) - e

The exponent % in the e-deficit is again optimal, for the same reason as in the case

< CyE. (4.2.3)

Wl,Q(Sn—l;Rn)

n = 3 and the proof of the theorem will follow the same steps.

First of all, since A, 09 C An29. Lemma 4.1.3. applies also here with the same

proof also for maps u € A,, « g, just replacing the dimension 3 with the general ambient

90



dimension n, so that again without loss of generality we can move our attention to the
set of maps

( )

(Z) HVTU - PTHLOO(SVL 1. Rn) S 9
. . (44) fgp s u dH" 1 =0

Apocpei=que WS R"): . (4.2.4)
(141) fsn Su, ) dH L =

(

i) Dpq(uw) < (1 +e)Vo(u) )

\

We can now consider © € flmmﬁ@ set again w := u — id|gn—1 and then perform a Taylor
expansion of the deficit around the identity. The computations are once again standard
(we include them for convenience in Appendix C), but the outcome is slightly different

than before. Actually, in this case that n > 4, we have
Lemma 4.2.2. Let n > 4 and 0 > 0. There exist constants C1,Cy > 0 depending only
on n and 0 such that for every u € .,Zln,oo,g,g and after setting w = u — id|gn-1,

(a) The (n — 1)-Dirichlet-energy-term D,,_1(u) has the formal Taylor expansion

Doi(u) = 1+ Qp, ,(w)+ ][ Rp,_,(Vyw) dH"", (4.2.5)

Sn—1

where Qp, _,(w) is the quadratic form defined via

1 n n—3, .. e
Qp,_,(w) = P 1]£n_1 <|VTw|2 + m(dlennuf) dH™ 1 (4.2.6)

and the remainder term is of growth

:]énl O(|Vruwl*) + O ((]é |va|2)2>

< 01||VTw||Loo(Sn1)][ \Vrw? dH" . (4.2.7)

S§n—1

][ Ranl(VTw) dHn_l
S§n—1

-

][ RDn_l(VT'w) d%n_l
S§n—1

(b) The signed-volume-term V,,(u) has the formal Taylor expansion
Valu) = 14 Qy, (w) +][ Ry, (w, Vyw) dH" !, (4.2.8)
S§n—1
where Qv (w) is the quadratic form defined via the following equivalent formulas:

(

2fen s (w, (divgnrw)z — > i1 z;Vrw!) dH" !

Qv (w) == 9 24, (2 divgnrw(w, z) — n(w, z)* + |[w|?) dH"! (4.2.9)

e (@m0~ To(02)
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The remainder term has the algebraic structure

n

][ RVn (U), VTU)) d?’[nil = Z][ Rvmk(w, VTU)) d%nil,
Sn—1 Sn—1

k=3

where for every k= 3,...,n, the k-th summand is of the form

F Bratw Vew) ae = (w ) ane
S§n—1 Sn—1

A, i being a nonlinear first order differential operator that is a “homogeneous poly-
nomial” of order k —1 in the first derivatives of w. Regarding its growth behaviour,

one always has

][ Ry, (w, Vow)| dH™ < C, (][ |V rw]? cmnl)" . (4.2.10)
Sn—l n—1

S

Remark 4.2.3. As the last Lemma suggests, there are two basic differences in the ex-
pansion of the combined conformal-isoperimetric deficit around the idg.-1 compared to
the case n = 3, both coming from the expansion of the (n — 1)—Dirichlet-energy-term.
The first one is already seen in Qp,_, (w), where a divergence term appears with a certain
dimensional coefficient, which for n = 3 was vanishing. The increase in the dimension
and the presence of this term will be the two new features in the study of the coerciv-

ity of ), via the eigenspace decomposition described at the beginning of Subsection 4.1.2.

The second difference is seen at the growth behaviour of the remainder term in the
expansion of D,,_;(u) around the idgn-1. In the case n = 3, we saw that this term was
growing quadratically in the L?-Dirichlet energy of w. Imposing the condition that the
map u is apriori close to the identity in W12 was therefore perfectly enough to absorb this
term in the final (local in nature) estimate. Its behaviour in the case n > 4 is different,
since it grows like the cubic power of the L3-norm of the gradient of w. This is the reason
why in this setting we impose apriori-closeness of u to the ids.-1 in a stronger topology,
namely in the Wh*-topology, to finally absorb this term in the local estimate. It seems
that a slightly weaker condition for our estimates to be valid, would be to impose that
Vru is close to Pr in BMO (see | | for details), but the discussion of this anyway

small refinement goes beyond the scope of the thesis.

Regarding the Taylor expansion of the term V,,(u) around the idg«—1 and the structure
as well as the growth behaviour of the remainder terms in it, one readily sees that it is
the exact higher dimensional analogue of the one in the case n = 3, so that this part
of the deficit does not exhibit any differences in its treatment. The precise algebraic

expression of f, , Ry, (w, Vow) dH""! is of course more complicated than in (4.1.18),

92



but its structure and the assumption that [|[Vru — Prl| e gn-1pe) < 6 still imply that

|Ry,, (w, Vrw)| Snomse |w||[Vrw]? H* ' —ae. on S"' which implies

2(n—3) ntl
£ IR T10)] Suo ol 2ep 19707 2 S 055 ] g I 9705

For the last estimates only the information that [[Vrwl|e(sn-1y is apriori bounded is

necessary and not that it is actually bounded by a small constant. We can then apply

the Sobolev inequality with the optimal exponent p, = % in this case, to obtain the
analogue of (4.1.22),1.e. (4.2.10) with the optimal exponent —= and with Cy(n,0) = o(0).

As in Lemma 4.1.6. we use the expansions (4.2.5) and (4.2.8) in the mized conformal-

isoperimetric deficit € > 0, rearrange terms and use the defining conditions of the set

A0 06 to estimate the higher order terms by

|VTU)|2 S 019 ]VTw|2 dHnil,
1 Sn—1

][ R, (Vgw) dH™
Snfl

f; (71‘|‘7TQUHl}w(Sn1)][

N

and

;%T 2
< (Y (][ ’VTw|2) < (;'29711][ |VTw|2 df7,_[n—17
Sn—1 S§n—1

and finally arrive (again assuming without loss of generality that 0 < e < 63) at

][ Ry, (w, Vyw) dH™!
Sn—l

Lemma 4.2.4. Let n > 4, 0y > 0 sufficiently small and 0 < & < 0% arbitrary but fized.

For every u € Amwa& the map w := u — idgn—1 satifies the estimate

On(w) < =+ cn,go][ Vowl? dH™ (4.2.11)
Sn—l

where Q, 1s the quadratic form defined as

Qu(w) :== Qp,_, (w) — Qv, (w) (4.2.12)

and ¢, g, = 2%68—1—02(71,9)(1—1—98)6% +C1(n,0)-09 > 0, where Cy := C1(n,6) >0

and Cy := Cy(n,0y) > 0 are the constants of Lemma 4.2.2..

For 6y > 0 small enough, ||Vyw||gee@gn-1) < 6y and as we have seen both constants are
actually such that Cy(n,6), Ca(n,0y) ~n, 0(6p). Once again, choosing 6y > 0 sufficiently
small depending only on n, the constant c,g, can be set to be arbitrarily small and
then the important feature for the local stability estimate is again the behaviour of the
quadratic term @,. This will be studied using again the results of Subsection 4.1.2,

addressing the differences in this higher dimensional setting.
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4.2.2 On the coercivity of the quadratic form @),

We would like to examine the quadratic form

Qn(w) = g]én_l (’ZT_wly + (n = ?Zl(il‘;g);—lw) - <w,A(w)>) dH™ 1, (4.2.13)

A(w) := (divgn—1w)x — Z z;Voyw (4.2.14)
=1

again in the space

H, = {w e Wh2(S" 1 R") :][ wdH" =0, ][ (w,z) dH" =0 } , (4.2.15)
S§n—1 S§n—1

where now n > 4. As we have already mentioned, Lemma 4.1.7. and Theorem 4.1.8.
hold true in every dimension n > 3. In the case n = 3, where the divergence-term was
dropping out, we had a precise splitting of the quadratic form ()3 in the eigenspaces
(Hp i) (k,iyens x{1,2,31\(1,3)> 1-e. Lemma 4.1.9. and as a consequence of it we obtained the
desired coercivity estimate (4.1.43) with sharp constant. In this higher dimensional case,
Lemma 4.1.9. holds partially, in the sense that the quadratic form Qv is of course
splitting among these eigenspaces, but the full form @, is not due to the presence of the
divergence term. Nevertheless, the form @), is still proportional to the Dirichlet energy

in each one of the eigenspaces separately with constants that can be computed explicitely.

Lemma 4.2.5. Let k > 1 and i = 1,2,3. For every w € H, ,; one has

W) = Cnki Vorw|? dH™ where Crnki = n,hyi 4.2.16
QVn< ) n,k,i ’ T | y n,k,i
vy Sn—l vy 2An7k
02 (2N kCngi — M)
divgn— 7 = n,k,i \Y% 2 dHn_l; nki - — ki L 4.2.17
£ v =auf | Vrw s = TR (4247)
_ n n(n — 3)
w(w) = Ch i Vow|* dH" Y Cppi = ki — Cngi. (4.2.18
Q (w) 7k'7 fgn—l | Tw| 7k7 2(TL _ 1) 2(n _ 1)20[ ,k, c 7k7 ( )

Proof. We just need to justify the second identity. To do so, recall that for every v € H,

we can alternatively write Qy; (v) in the form

n

Qv, (v) = 5 ]gnl (2d1v§n—1v<v,x> —n(v,z)* + |v\2> dH" .

For w € H,,; we have Qv, (w) = Cogifens |[Vowl?, fous [w]* = Tl,kfsn—l |Vrw]? and
recalling (4.1.35), divgn-1w = 0y, (w, x). Substituting these identities above yields the
desired identity for f;, ,(divgn-1w)? and the one for @, follows then immediately. ]
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Let us list the values of the previously mentioned constants.
( _
Cnkl = 30rn D)

. — _ k(k+1)
For k > 1; nkl = Gfn—2)2kin) ’

_n(_1 1 (n—3)k(k+1)
Chka = E(m s T (n71)2(k+n72)(2k+n))
Cnk2 = D)

For k > 1; Qppo =0 , (4.2.19)

_ n (k=1)(k4+n-1)
Cnk2 = 5 o Dh(hen=2)

——n
Cnk3 = 5

For k > 2; Qn k3 = (H/?(;:l(s:?)is)

n(k—2) ((3n—5)k+(n2—6n+7))

Chps = 2(n—1)2k(2k+n—4)

the last set of constants being considered for k > 2, because in any case Iy, , ;w = 0 for
every w € H,. By taking a closer look at the values of the constants, it is seen that one

cannot merely neglect the divergence term. Indeed, although the quadratic form
1 n
][ |VTUJ|2 dHn_l - Qvn(w)
Sn—l

15 splitting among the eigenspaces (Hn7k’i)(k7z')€N*X{172’3}\(1’3), for n > 4 it does not have a

2n—1
Stgn.

The last quadratic form is actually negative in H, ;3 for every k = 2,...,n — 2, zero

in H,12,H,,-13 and strictly positive in each one of the other eigenspaces. Therefore

the contribution of the nonnegative term %T(Léﬁ_lf’gfgn_l(di\/gnqu has to be taken into

account, the presence of which however produces mized terms in the expression of @,.
The interesting feature is that these mized terms are of a particular form as the next

Lemma reveals.

Lemma 4.2.6. Let w € H,, be written in Fourier series as

w = E Wn ki, wWhere wpp; € Hyp i
(k,i)eN*x{1,2,3}
(k,i)#(1,3)
Then,
In(n—3) . :
Qn(w) = E Qn(Wn ki) + 2 (n—1) E divgn-1wy, k1 divern—1wp k42,3
(k,i)eN*x{1,2,3} k>17S"!
(k,)#(1,3)
In(n —3) . :
§W E legn—lwn’k’glegn—l’U)n’k_i_z’l.
- Sn—l

k>3
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Proof. Since the form %ﬁ st [Vow]? dH" ' =Qv, (w) splits completely in the eigenspaces

(Ho ki) (ki) ene x {1,2,30\(1,3), What needs to be checked is that
j[ djVSn—th%deiVSn—llUan d?{nil ::0 (4.2.20)
Snfl

for all pairs (k,7), (I,5) € N* x {1,2,3} \ (1, 3) with (k,4) # (I,7), except for the pairs of
the form (k,1), (k+2,3) and (k,3), (k + 2,1).

This can be checked again using the different formulas for the quadratic form Qy; .
Indeed, let wy, ; € Hy giy Wny; € Hpyj with (k,4) # (1, j). Since divgn-1w = 0 whenever
w € H, 12, we may suppose without loss of generality that i, € {1,3}. Then,

n . n .
Qvn (wn,k,z', wn,l,j) = —][ leS7L*1wn,k,i<wn,l,j7 I> + —][ leSnflwn,l,j <wn,k,z’7 x)
2 Sn—l 2 Sn—l

n2

n

2 i) + 5 i),
S§n—1 S§n—1

and by the fact that actually

no-n’lhj no_n?l7]

Qv,, (Wn ks Wnl ) = T]é 71<wn,k,i7 Wn,j) = Td’“é“ =0

and (4.1.35), we obtain

1 1
0= 2 ( + — " >][ diVSn—lwn7k7idiVSn—lwn7lJ d%nil
Snfl

2\0nlj  Onki  OnkiOnl;

. . —1
<— 0= (Un,k,i + Onlj — n)][ leSn—l’wn’k,ileSn—lwn,l’j d%n 5
Sn—1

i.e. (4.2.20) holds, unless the pairs (k,) # (I,j) are such that o, x; + 0,;; = n. In this

respect,
(i) fi=7=1, oppiton;=—-k—-1<0<n,
(i) Ifi=37=3, oppi+oni;=k+1+2n—4>2n—-2>n,
(i) Ifi =1, =3, Oppi+onij=n < —k+l+n—-2=n < l=k+2,
() Ifi=3,j=1, Opgi+0oni;=n < k+n—-2—-1l=n < k=10+2,

which proves the desired claim and the formula for @, follows by the bilinearity of the
expression. Another interesting point in the formula is that the summation in the last
term of the expression starts from k = 3. The reason for this is that in any case w, 13 =0

whenever w € H,, but also

][ diVSnflwn72’3diV§n—1wn7471 dHn_l =0. (4221)
S§n—1
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To prove this last identity, recall that div(w, 1), = 0 in B" and therefore

][ diVSn_1wn,273div§n_1wn7471 d%n_l = —4n][ (wn,273, .Z'> <wn74,1, .’L’> dHn_l
§n—1 Sn—1

= —4n <<(wn,2,3)h,$>(wn,4,1)ha x> dH"
Sn71

= — ][n diV(((wn,2,3)h;5’7> (wnﬁl,l)h) dz

. ][ (V{20 2), () o

To justify that the last integral is zero, observe that

n

F O lnaadnse)swna) = £ 3wy Ownzahn ) + (s (wnzsh) do

B" -1
= ][ (wn2)h (Os(wnns), @) e,
i=1Y B"

because an<(wn7471)h, (Wn23)n) = 0, the reason being simply that the vector-valued ho-
mogeneous harmonic polynomials (wy, 41)n, (wy23), are of different degree. Moreover, we

observe that for every i =1,...,n,

A((0i(wn23)n, v)) = 20idiv(wy3), in B™ (4.2.22)

Since (W 2.3)n s an R"— valued 2nd order homogeneous harmonic polynomial, 0;div(wy, 2.3)n

n

neous harmonic polynomial of degree 2, hence also L*-orthogonal to (wy41)s. Thus,

is simply a constant. The function (0;(wn23)n, T) is therefore a homoge-

&-div(wmg,g)h

][ (W 2 )i (Os(wnn)ns 7) da = —][ (wnan)i 2] do

n

; &dlv Wp, 2.5 i n—
o L ()i (O (wnn)n ) do = ZIV(Wn2a)n ][ (o) A =0,
Bn n—|—6 sn—1

where we used the fact that the function (wj, 41)%]z|? is 6-homogeneous, so that we can
write its integral over B™ as an integral on S™7!, up to a multiplicative constant. The
last integral is of course zero for every nontrivial spherical harmonic. Note that the pre-
vious argument relies on the fact that 0;div(wy 23)s is constant and of course cannot be

implemented for the mized terms of higher order. O]

Looking again at the values of the constants in (4.2.19), we see that the quadratic

form (), vanishes again in the desired space H, o := H, 12D Hy 23, an issue that can
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be handled applying again Lemma 4.1.12.. Therefore, what we need to check is that the
presence of the mixed divergence-terms is harmless, i.e. it does not produce any further
zeros in ,. A quantitative way to see this using some elementary estimates is the fol-

lowing.

For every k > 1 we can apply a weighted Cauchy-Schwartz inequality, with weight

k+n
1
. 2 . 2 2
< <][ (diven—1wy k1) ) <][ (diven—1y k+2.3) )
S§n—1 S§n—1

Enk = 3+ > 0 to estimate
1 1
2)° 2)°
= (an,k,l][ |V rw, 1] ) (an,k+2,3][ \Vrwh, r2.3] )
Sn—l Sn—l

O 1€ -
< M][ IV rwnpa|” + M][ |V peasl’

[NIES

][ diVSnfl wmk’ldiVSnfl Wnp k+2,3
S§n—1

 (k+D(k+n) ][
© 2(k+n —2)(2k +n)Jsn

k(k+mn—1) 5
HET R o n)]é Vrtnesaal™

For the last summand in the expression obtained in Lemma 4.2.6., after shifting the

summation index we can rewrite it as

][ divgn—1wy pyo3diven—1wy, graq dH" !
E>17/8" !

and for every £ > 1 we can estimate as before,

1
2)° 2)°
< | anry23 |V 1w, ky2.3] Oy, a1 \Vrwh, a1
Sn— 1 Sn—l

On k+2,3 2 | Onk4+41Enk 2
— \Vrwy, 23" + ————= \Vrw, ga1]
gn—l Sn—l

f diVSnflwnk_i_Q’gdiVSnflwn7k+4’1
S§n—1

IN

25n,k 2
B k(k+n—1) 5
T2k +2)(2k + n)]én_l Vrtn k2]

(k+4)(k+5)(k+n) ][ Vo .
2k(k+n+2)(2k 4+ n+8)Jgn TWn k+4,1]" -

The choice of the weights was such that some of the terms match. The series appearing
are all absolutely summable, Qn(wy12) = Qn(wn23) = 0 and we can therefore estimate

the form @, from below by
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1n(n— )(k+n) 5

n > n n,k,i) V n

@n(w) 2 , Z @n(n) n—l k+n—2 2k+n)]én1‘ T Wil
(k,i)eN*x{1,2,3} >1

(k,1)#(1,2),(1,3),(2,3)

~1n(n -3 (k+4)( k‘+5)(k;_|_n)][ Vew .
”—1 « k(k +n+2)(2k +n + 8) /g TWn, k4,1

1n(n —3) k(k—irn—l)][ )
zm_m2gg@+m@k+mgnﬂvﬂ%H%V

After rearranging terms we arrive at the estimate,

w) > Zén’k’l]én1 ]VTwn7k71|2+Z én,k,Z]énl \VTwn,k,2’2+Z C’nm][ ) IV rwn i3]

E>1 k>2 k>3 snt

where the new constants are defined as

— n(n —3)(k+1) k(k+mn —4)Xm>5(k)
G 1= {C"”“’l ~4(n—1)2(k +n - 2)(2k +n) ( k—4 Tk ”)ﬂ ’

Cn,k,2 = Cn,k,27 k>2

and

Cors i [Cn,k,?) _Inn=3)(k—2)(k+n—23)

2(n—1)2 k(2k+n—4)

},kza

By elementary algebraic calculations that we omit here one can verify that

N nl 1 1 n=3)(n—10+1)
n =35 - ’ for [ = 17 27 747
Cri 2[n—1+l—|—n—2 2on—12(+n—2)+n) | 3
~ nl 1 1 n(n—3)(k—2)(k+1)
G = 2 _ for k> 5,
= 2{n—1+k+n—2 (n—12h—k+tn—2)2k+n)] =
~ n (k—1)(k+n-—1)
= — for k >1
Cni2 = 5 Dk an—z)y F2l
- n(k—2)((n -1k —1)
s = Cfor k> 2,
Cnks = 0 @b tn—a) "
and in particular,
min an, 1 =:Cp1 >0, min C’mk,g =:Cy2 >0, min C~’n7k73 =:Cy3> 0. (4.2.23)
k>1 k>2 k>3
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Labelling C), :== min{C,, 1, Cy, 2, Cy 3} > 0, we can estimate again from below,

Cn (Z]énl |van,k,1|2 + Z][nl IVTU)n,k72|2 + Z][S\nl ‘VTwn’k73|2>

E>1 E>2 k>3
Ch <][ |va|2 —][ |VTwn,1,2|2 —][ ‘van,Q,?)’Q) .
Sn—l Sn—l Sn—l

In this way we arrive again at the desired estimate, namely

@n(w)

v

Theorem 4.2.7. There exists a dimensional constant C,, > 0 such that for every w € H,

the following coercivity estimate holds.

Qn(w) > cn][ Vrw — V(I gw)|[* dH™, (4.2.24)
Sn—l

where Hy,o = H, 106D Hpo3 is the kernel of Q, in Hy,, and 11,0 : H, — H, is the
W2 orthogonal projection of H, onto H, .

The proof of the local stability Theorem 4.2.1. is now essentially the same as the one
of Theorem 4.1.2. for the case n = 3. The degenerate space H, ( is again characterized
by Lemma 4.1.11. and then Lemma 4.1.12. applies again, so that the proof carries out
unchanged, except of course for replacing the initial set of maps Az a9 With A, oo
and using (4.2.11) instead of (4.1.25).

Remark 4.2.8. A more abstract way to argue about the coercivity of the quadratic form

@, that would be similar to the argument in Section 3.3, would be to notice that for every

we H,,
Qn(w) = Qn,conf(w) + Qn,isop(w)7
where
n divgn-1w 2
Qn,conf(w) = QDT,,_1 (w>_QPn_1(w) = ][ (P%va)sym - —[x dHn_l 2 07
n—1Jgn n—1
and
n Vrw]? + (divge-—1w)?
Qn,isop(w) = |:][ <| A | ( & ) ) - Qn,isom(w):| - QV,L(w) Z Oa
n — 1 Sn—l 2
where by recalling (3.3.5),
t t t|2
Qn,isom(w) ::][ PTva +2(PTva) dHnil Z 0.
n—1
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Again, the quadratic forms Qp cont and Qpisop are both nonnegative and the kernel of
each one of them is actually infinite-dimensional. Indeed, for @, cont(w) we observe that
for every ¢ € WH2(S"" 1 R) with £, , ¢ dH" ' =0 and {,,_, #(x)x dH"' = 0 the map
we(x) := ¢(x)r € H, and by an easy short calculation

T

P%Vqub =o¢l, = (P%vaqﬁ)sym T a1

Since the space of such ¢’s is obviously infinite dimensional we have in particular that

also dim(ker@, conf) = 00.

Regarding the quadratic form @), is0p, We will prove the following.
Claim. Hn,Q = @iozl Hn,k,2 g kerQn,isop - dim(kerQn,isop) = O0.

To verify the claim we first use the following identity, which is referred to as Korn’s
tdentity, that is interesting in its own right and whose derivation is a simple computation

which is also included at the end of Appendix C.

For every w € W12(S"=1; R") the following identity holds

n
E a:jVTw]

J=1

2
1

Qn,isom(w> - _][ |VTU)|2 -
Sn—l

n—2

+ (divgn-1w)® | — Qv, (w). (4.2.25)

2 n

The interesting point of this identity is that when n > 3 the quadratic form @y, of the
expansion of the signed-volume-term appears in the right hand side as some short of cur-
vature contribution, and it is really a surface identity in the sense that the corresponding
tdentity in the bulk is

/U (Vi )m? dr = % /U (IVol + (divw)?) de — % /U (divew)? — Te(Ve)?) d,
but the last term on the right hand side is a null-Lagrangian and should be interpreted

as a boundary-term contribution.

By using Korn’s identity, the quadratic form ), isop can be rewritten in a simpler form

as
2

—(w, A(w)) | dH" .

n - 4
Qn,iso w) = —][ x; Vo’
p(10) 2(n — 1) Jons ; 7T

But if w € H, 5, then in this infinite-dimensional space, A(w) = w and divgr-1w = 0 on

S*tie. — Z?Zl 2;Vrw! = w, and therefore @, is0p(w) = 0 which proves the claim.

If now w € kerQ), <= w € kerQ, cont N kerQ)y, isop, then again the following two

equations must be satisfied simultaneously.
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PN rw + (PpVow)'  divgnaw
2 - on-1

I, and @ sop(w) = 0. (4.2.26)

Because of the first one, the second results in the equation

n Vow?  (divgn1w)®  (divge-1w)®]
n—1]£n1 { > T 2 s M CIC)

1 2 n—3 . 9 ][
(n—1)2 noiw) = A(w)) = 4.2.2
= 1]£n1 Vrw|* + = 1>2]£n1(d1v§ w) SM(w’ (w)) =0, (4.2.27)

i.e. we ended up back to the original equation Q,(w) = 0. Arguing directly with
the eigenvalue decomposition with respect to A also has the extra benefit of showing
explicitely how the form (),, behaves in each one of the eigenspaces separately, as well as

giving a lower bound for the value of the optimal constant C), in the coercivity estimate.

4.3 On a stability result for degree =1 Mo6bius trans-

formations of S?

This last Section is of complementary character and its purpose is to show how the proof
of Theorem 2.2.2. can be perturbed in a quantitative manner to give an alternative and
somewhat shorter proof of a recent result due to A.B.-Mantel, C.B. Muratov and T.M. Si-

mon (see | |) regarding the rigidity of degree &1 harmonic maps from S* onto itself.

As it is well-known in the theory of harmonic maps, a map between two-dimensional
Riemannean manifolds is harmonic, i.e. a critical point of the Dirichlet-enerqy functional
iff it is generalized conformal and in particular, according to Liouville’s theorem, the
class of orientation-preserving/-reversing, degree +1 harmonic maps from S? onto itself

is precisely the group Con f(S?).

We discuss here the case of maps of degree 1, the case of maps of degree —1 being
completely analogous, or it can be derived from the first case by a single flip in the
ambient space R3. Following the notation we had in the previous Chapters that differs

only slightly from the ones in | |, let us define
Agz = {u € W'2(S?*,S?) : degu ::][ (u, Oy u A Opyu) dH? = 1} : (4.3.1)
S2

As a particular case of (1.2.6) for n = 3 and since V3(u) = 1 for every u € Ag2 (see also

Lemma A.31in | | and the references therein), in this class of mappings we know that

1
5 |Vrul> > 1 for every u € Ass,
SQ
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with equality iff u € Conf, (S?). Therefore, for every u € Age the quantity

1
D(u) := =4 |Vzul* -1 (4.3.2)
2/
is nonnegative, invariant under both the left and the right action of Conf, (S?), and van-
ishes precisely when u € Conf,(S?) providing thus an appropriate notion of conformal

deficit for maps in the above defined class.

A direct application of Proposition 2.2.7 (which for our argument we use instead of

Step 1 in the proof of Theorem 2.4 in | |), for n = 3 in this case, gives

Lemma 4.3.1. Let (uj);en € As2 be a sequence of mappings such that

lim D(u;) = 0. (4.3.3)
j—00
Then, up to a non-relabeled subsequence there exist (1;)jen € Confy(S?) and R € SO(3)
such that

][ wj oy dH?> =0 (4.3.4)
S2
and

uj o p; — Rids> strongly in W'?(S*%§?). (4.3.5)

With these notations, we present now our alternative proof of the following.

Theorem 4.3.2. (A.B.-Mantel, C.B. Muratov, T.M. Simon, [ |, The-
orem 2.4.) There exists a constant ¢ > 0 such that for every u € Ag, there exists

¢ € Conf(S?) so that
][ |VTU - VT¢‘2 d?’[2 S CD(U) (436)
S2

Proof. As we have already seen in the proof of Lemma 2.2.6., given u € Ag2 one can
always find a Mobius transformation ¢ € Conf,(S?) so that f,, u o1 dH* = 0. Hence,
if we set @ := w o), thanks to the invariance of the Dirichlet-energy under conformal
reparametrizations in two dimensions and the invariance of the degree under orientation-
preserving conformal reparametrizations, we have

€ As: with D(a) = D(u), degt =degu =1 and ][ i dH? = 0. (4.3.7)

S2

The proof is again divided in two steps, where in the first one we prove a local version
of the statement under the assumption that our map @ is apriori close to the idg2 in the
Wh2(S?; S?)-topology and in the second step where we use the compactness Lemma 4.3.1.

to conclude.
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Step 1. Let us first prove (4.3.6) under the extra assumption that
\Vrii — Pr|* dH? < 6% (4.3.8)
S2

where @ is a sufficiently small positive constant that will be chosen later. This assumption

also implies a trivial upper bound for the conformal deficit, since
1
D() = 5][ \Vrial? dH? — 1 g][ (V7 — Pr|> + |Pr*) dH? =1 <1+ 6% (4.3.9)
s2 S2
Since u € W12(S% S?) and ¢ € Conf,(S?) their composition @ := u o v also satisfies the
pointwise identity
G| =1, H* — a.e. on S%, (4.3.10)

With a trick similar to one that we have used earlier, we can alternatively write the

conformal deficit as

1
D(u) = ol \Vrul? dH? — 1
1
- -][ Vir(uo ¢)2 dH? - 1
2 S2

1
= —][ Vrif? dH2 — 1
2J

1
2

where we used that (4.3.10) in particular implies that

][ |)? dH? = 1.
Sn—l

In other words, a feature similar to one that appeared in Chapter 3 appears in this two

\Vra|* dH? —][ |@|? dH?, (4.3.11)
SQ

dimensional conformal setting as well, i.e. the conformal deficit of u (or equivalently
of @) transforms into the deficit in the L?— Poincare inequality for the zero-average map
. Once again by expanding in spherical harmonics and by using the sharp Poincare
inequality (with constant ¢) for the map @ — Vi, (0)idse which has vanishing mean and

vanishing linear part,

1
D(u) = =4 |Vra* dH? — 4 |a|? dH?
2 S2 S2

1

=5 Vit — Vi, (0) Pr|* dH? —][ it — Vi, (0)x|* dH?
S2 S2
1 1 ~ ~ 2 2

> (-2 Vit — Vi, (0)Pr|? dH?,
2 6)Js
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and the last estimate can be rewritten as

Vi — Vi, (0)Pr|* dH? < 3D(u). (4.3.12)
S2

As the reader can notice, although we are now in a different setting, (4.3.12) is similar to
(3.1.16) and (3.2.17) and once again we only have to justify why we can replace Vi, (0)
with a matric R € SO(3) in the last estimate. The proof of this fact follows the lines
of the analogous proofs in Theorem 3.1.2. and Theorem 3.2.3., by using the degree one
condition for 1, the extra assumption (4.3.8) and the extra information that @ takes

values H%-a.e. on S?. As it was argued in Chapter 3, (4.3.8) implies that

92
Vi, (0) — I3)* < 37 (4.3.13)

and by choosing 6 > 0 sufficiently small, we can take V,(0) to be invertible and such
that

Vi (0)[2, [Viin(0)] "' € [2,4] and detVin(0) € B%} (4.3.14)

By writing again Vi, (0) = Roy/Vu,(0)'Via,(0) with Ry € SO(3), label the eigen-
values of \/Vﬂh(O)tV&h(O) € Symy(3) as 0 < g < pe < pg and set \; == p; — 1,
A=A+ X+ Az and A% := A + A3 + A3, we have as in (3.1.17),

2
A2 = dist(Viin(0): SO(3)) < [Viin(0) — Ll < % (4.3.15)

Setting again,
w(x) := Vi, (0) (a(z) — Vi, (0)z), (4.3.16)

we can use the fact that deg(az) = 1 and the computations we performed to arrive at
(3.1.32), to obtain

1 = detVi,(0) (1 + Qv () + ][ (0, Oy 10 N Oy D) dH2> : (4.3.17)
SQ

By writing again detV,(0) as a polynomial in the eigenvalues as
1
detVi, (0) = 1+ X+ §(A2 — A?) + M2, (4.3.18)

instead of (3.1.22) or (3.2.19) we now have the exact indentity

2 2
5= (0 5) o+ aevin) (@u(@) + f 0,0 n0,0) a2 (4319
SQ

In the way that we have already encountered, the last identity leads to the desired esti-

mate, i.e.

dist?(Vi,(0); SO(3)) = A? < ¢, D(u), (4.3.20)
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for an absolute constant ¢; > O.

Indeed, the summand <>\ + ’\72> can be handled as in the proofs we saw in Chapter 3
by observing that now

< 5D(u)

un(0)* 1 3 A?
VanO)F <~ |Vyiu]P dH?* =1+ D(u) = A< =D(u) — —

3 2 )2 2 2
and distinguish again between the case A > 0, where

At % < gD(u) + g[D(u)]Q 42 (§ a4 92)> D(u),

2 8
and A < 0, where due to (4.3.8),

A2 3
A+ —<[1——0 )<
2‘( 2@)

Alternatively, by decomposing the S?-valued map % into its linear part given by the map
x +— Vu,(0)z and the part consisting of the higher order spherical harmonics, one can

obtain

1
| :][ af? :][ Vin(0)2]? +][ i Vi (0)af? = 5[V O +][ i — Vin(0)2]?
S2 S? S2 S2

1 1
— 1 = Va0l = 50+ + i) = g0n + 12+ a4 17+ g+ 1)
S2
1 2 3 - - 2
= A= —§A ~3 |t — Vi (0)x|, (4.3.21)
S2

which is an exact identity relating A and A. If we use this identity (4.3.19) results in

1 3 9 ?
A= Mg+ | A+ AL |G — Vi, (0)z]* + = |t — Vi, (0)x]?
8 4 Jso 8 \Js2
3
o it — Vi, (0)x|* + detViiy, (0) <QV3 () +][ (W, Oy 0 A 872@) . (4.3.22)
NG S2
Of course,
3
AM—-GM [ A2\ 2 (43.15) @ 1 (4.3.15) 342
/\1)\2)\3 S —_— S —A2 and —A4 S —AQ. (4323)
3 3v2 8 16
By the Poincare inequality for the map 4 — Va,(0)x whose linear part is vanishing, we
get
1 (4.3.12) D
1@ — Vi, (0)z|* dH? < G \Vri — Vi, (0)Pr|? dH? < ém,
s2 s2
so that
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32 i — Vi, (0)z]? dH? <

3D(u)
Pl 8

2
A% and g < il — Vi (0)]? dH2> < 3%[1)@)]2.
SQ

Regarding the last summands, the first term in the second line of (4.3.22) is non-
positive, while the quadratic term in the expansion of the degree can be easily estimated
as in (4.1.24) (with a slightly better constant this time because the linear part of w is

vanishing), so that

|QV3<71))| S 2\/_ . ’vTU)P dH2 2\/_ ‘Vuh (vaL — Vﬂh(O)PT)P d?—[2
3|Vin(0) | - o 2 100
< ——F—1 |Vru— Vu(0)Pr|” dH
> 92 SJ TU i, (0) T’
18
<—D 4.3.24
75D, (4.3.24)

the last inequality following from (4.3.12) and (4.3.14).

The last term can be estimated by using again the functional form of the conformal-

isoperimetric inequality (1.2.6) for n = 3 and o, i.e.

< (%]é |V | d?#)g
< —’ [Wh(o)]l‘g (]é |Vt — Vﬂh(O)PT|2>g

2V/2
£

][ (D, Oy 10 N Oryi0) dH?
SZ

|—|
/-\
\_/
—

D(u). (4.3.25)

&

where we used again (4.3.12) and (4.3.14).

By plugging in all the estimates (4.3.23)-(4.3.25) into the identity (4.3.22) and keeping
in mind (4.3.9), we obtain

) 0 3602 3D(w)\ ,, 3(18 4/27(1+6?) 9 )

. (ﬁ_i_%> A < (%wﬁ%@wﬂ D). (4326
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This final estimate is precisely (4.3.20), after choosing 6 > 0 sufficiently small to addi-

tionally satisfy for example

and then ¢ = 27v2 + 6+/54(1 + 62) + 136(1 + 6%).

Therefore, by combining (4.3.12) and (4.3.20) we conclude that

2
Vo — RoPr|? < 24 |Voi — Vi, (0)Pr|* + gA2
S2 S2

1 2 2
— L 19rlu= R oull < (64 31 ) Do)

By the conformal invariance of the Dirichlet-energy in two dimensions we can rewrite the

last estimate as desired, i.e.
][ |Vru — Vrol? dH? < eD(u), (4.3.27)
SQ
where ¢ := Rygy~' € Conf(S?), and ¢ := 6+ 3¢; > 0.

Step 2. Arguing again by contradiction, suppose that the statement of the theorem is
false. Then, for every k € N there exists a map uy € Asz with D(uy) > 0 such that

][ \Vru, — Vro? dH? > kD(uy) for all ¢ € Conf(S?). (4.3.28)
S2

In particular, for every ¢ € Conf,(S?) which we can fix for the following computation,

and for every k£ > 5,

k‘D(Uk) S][ |VTuk — VT¢|2 dH2 :][ ‘VT<U;§ 9} ¢_1) - P)T|2 dH2
S2 S2
<2f (Vrlwoo )+ |Prf) an?
SQ

= 2][ Voug|? dH? + 4 = 4D () + 8
SQ

8

D(u) < ——
— Dlw) < 5—=5,

for every k£ > 5.

By letting & — 0o we obtain limy_,o, D(u) = 0. We can then use the compactness Lemma
4.3.1. and Step 1 to obtain a contradicition as in the end of the proof of Theorem 3.1.2.

or Theorem 3.2.3 and conclude. O
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Outlook

Inspired from rigidity and stability results for isometric and conformal maps from open
bounded subdomains of R™ into R"”, in this thesis we studied similar features for maps
defined on S"! and mapping into R". We would also like to collect here some open
questions that we mentioned throughout the thesis, that either originate from our study,

or that the author finds interesting problems to be explored in general.

(1) Prove or disprove the conjecture of T. Iwaniec and G. Martin regarding the sharp-
ness of the integrability exponent ¢ for the validity of Liouwville’s theorem for conformal
maps in W1P(U; R™) whenever p > 5, also in odd dimensions. One can then explore the
approzimate version of the previous question (see Theorem 1.1.10. and the subsequent
comments), which for the case of even n > 4 has been settled by S. Miiller, V. Sverak
and B. Yan in | |-

(2) Prove more general versions of the local (with respect to the domains) estimate
(1.1.35) of D. Faraco and X. Zhong where the compact, rotationally invariant, annuli-type
subsets of CO4(n) are replaced by more general subsets of CO,(n), or even CO,(n) itself
if possible. A new PDE approach to this question would be very interesting.

(3) It would be interesting to find alternative proofs of the results of Section 3.2 that
do not rely somehow on the stability of the L2-Poincare inequality and can give also the
LP-version (with respect to the definition of the isometric deficit) of Theorem 3.2.3. for
1 < p < c0. By using the standard truncation argument that we described in Subsection
3.2.2, one should expect that the analogue of Theorem 3.2.3. for p > n — 1 should be free

of any hypothesis regarding apriori boundedness in some Sobolev norm, even when n > 4.

(4) Find intrinsic proofs of quantitative rigidity estimates for maps from S"! to itself,
or to other closed embedded hypersurfaces in R” with optimal exponent in the isometric
deficit (see the comments in Remark 3.3.3.). Although not completely concrete, some

questions in this direction could be the following.

(4,) Give an intrinsic proof of (3.3.20) without the assumption made in Corollary 3.3.2.,

i.e. the apriori closeness to the identity assumption.
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(45) Obtain appropriate generalizations for maps u : S*™! +— N"71 where N ! is a
closed embedded hypersurface in R™ that has small isoperimetric deficit, or satisfies

some appropriate curvature condition.

(4,) Try to obtain general quantitative estimates for orientation-preserving isometries
between orientable Riemannean manifolds of the same dimension (see | | in

this respect).

(5) Prove more global in nature results with respect to the combined conformal-
wsoperimetric deficit, starting from the local stability results for conformal maps from
S*1 to R™ (n > 3) that were presented in Chapter 4. Explore the analogues of the

questions (4p), (4.) in the conformal setting.
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Appendix A

A generalized isoperimetric inequality

for maps on S~

We would like to give here a proof of a generalized version of the isoperimetric inequality

in functional form, that we mentioned and used in the main body of the thesis, namely

Lemma A.0.1. Let n > 2, u € WHY(S""1:R™). Then the following inequality holds,

]én1 <u’ 7:/:\11 871-U> dHn—l

_n_
n—1

< (]é Vdet(VrutVou) d%”—l) : (A.0.1)

As we have mentioned, it is exactly because of this inequality that the integral on
the left hand side is finite for maps in WH"~1(S"~1: R™). The interested reader is refered
to | |, | | and the references therein for related results and details concerning
the regularity assumptions under which the signed-volume-functional is finite for maps
defined on domains of R~ and mapping into R”. Of course, if the map u : S*~ ! — R"
is an embedding, then (A.0.1) is the classical Euclidean isoperimetric inequality for the
open bounded set E, in R" with O0E, = u(S"!). Here, we simply want to mention
how (without refering to Almgren’s general isoperimetric inequality for integral currents)
Lemma A.0.1. is a simple consequence of the following generalized isoperimetric inequality
due to S. Miiller.

Lemma A.0.2 (S. Miiller, | ], Lemma 1.3). Let Q C R" be an open, bounded,
Lipschitz domain, let v € Wh™(Q;R"), let x € Q and let R < dist(x,09Q). Then, for a.e.
r € (0,R)

n—1
< C/ ladjDv| dH" ™, (A.0.2)
OBy (z)

/ detDv dy
By ()

where the constant C' depends only on n.

111



By a careful look at the proof, which is given in Section 3 in | | and relies on a
degree argument and the classical Sobolev embedding in BV (R™), one can verify that the
inequality holds for the same constant as the classical isoperimetric inequality, i.e. for
C= n_lw;%, although this might not be the optimal one for (A.0.2).

Let us see how we can obtain (A.0.1). Let u € Whm1(S""1;R"). By a standard
density argument and Fatou’s lemma we can assume without loss of generality that
u € C®(S" 1 R). Indeed, if (ux)ren € C°(S" 1 R") is such that u, — u strongly in
Whn=t(§"=1.:R") and up to subsequences up — u, Vyur — Vru pointwise H" -a.e.,
then |V, (u)| < liminfy o [V (ug)|, Poo1(u) = limg_yo0 P_1(ug). We can then extend u

in B" in a small (one sided) annular neighbourhood around S~ as follows.

Given 0 < 0 < 1, let ¢5 € C°(R™;R) be a smooth cut-off such that 0 < ¢5 < 1,
¢s = 1 in Us(S" 1), sptos CC Ups(S™1) and then extend u to Us : B™ — R™ by setting

Us(y) == {%() (17): y;é(),}'
0; y=20

In particular, Us € C=(B";R") and in polar coordinates Us(r,0) = u(f) Vr € [1 —4,1]
and 6 € S"7', Us(r,0) =0 Vr €[0,1— 2] and § € S"~'. Therefore (A.0.2) applies to

Us in B™ with the constant C' = n~'w, ", and can be rewritten as

][ detVU; dz| < <][ |adjVUs| de"l)”_ : (A.0.3)
n Snfl

The last inequality is precisely (A.0.1). Indeed, recalling (1.2.2), i.e. the property of the

Jacobian determinant being a null-Lagrangian, for the left hand side we have that

n—1
][ detVUs dx :][ <u, /\ @Tiu> dH" since Us =u on S"L
n S§n—1 i=1

while for the right hand side the two integrands agree pointwise.

Indeed, since the extension Us has no radial derivative on S*~!, foreveryi,j=1,....,n

we have pointwise on S"~!,

n—1 n—1

(VUs)ij = Z(VU57Tm><€J,Tm> + 9;Ul{ej, x (Vru', Tn) (e, Tm) = (VTUP%)M,
m=1 m=1
ie.
t P% n—1
VU = VyuPl = (VTu’0> ] e s
where (with respect to the local orthonormal coordinates {7,...,7,_1}) we have aug-

mented the n x (n — 1)- matrix Vyu to an n X n-matrix with an extra column of zeros,
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and the (n— 1) X n-matrix Pk to an n X n-matrix with an extra row of zeros. By a simple

fact from linear algebra,

t

. . PT . vTut n—1
adjVU;s = adj < 0 ) -adj <VTU)O) = cof (PTIO) - cof ( 0 ) on S"°.

It is easy to check that for every i, =1,...,n

V t
cof rt
0

where ((e;,7;)) is the (n—1) X (n—1) minor of Pr with the i-th row ommited and similarly

— (_1)"+J'5”"det((VTuj, Tm))s

]

[Cof (pﬂo)b = (=16 det({e5, 7)),

for ((Vru?, 7,,)). Multiplying these two matrices, we get
(adjVUs)i; = (=1)" [det({e5, 71))] [det((VTuj, Tm>):| :

Finally,
1
2

[adjVUs| = (Z(adjVU(s)?J = (Z [det({e;,)))” |det((Trer, Tm>)]2>

i,j=1 i,j=1

( n [det((Vrid, 7)) 2) ’

j=

NI

= (Z [det({e;, Tz>)]2>

i=1

= \/det(PLPr) - \/det(Vru!Vru) = \/det(,)/det(Vrul Vru)

= /det(VputVou)

and (A.0.1) follows. In the passage from the second to the third line in the previous
chain of equalities we have applied the Cauchy-Binet formula, according to which for any

n X d-matrix A,
det(A'A) =) (detA)?, (A.0.4)
A

the sum being taken over all d x d minors A of A.
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Appendix B
Spherical Harmonics

It is well known that the Hilbert space W12(S"~1;R"™) admits an orthonormal basis
consisting of eigenfunctions of the Laplace-Beltrami operator. In particular, for every
k € N there exists a finite number (denoted by G(n,k)) of linearly independent maps
(Ynkj)j=12,... G(n,k), Which are called the k-th order spherical harmonics, are restrictions
on S" ! of (R"-valued) homogeneous harmonic polynomials in R” of degree k respectively

and enjoy the following properties.
(1) For every k, k' €N, j=1,2,....,G(n, k), 7/ =1,2,....G(n, k),
| Wi ) apr = 5577 (B.0.1)
Snfl
(i) Forevery k€N, j=1,2,...,G(n, k)
- ASn—ll/}nJg’j = An,kwn,k,ja where )‘n,k = (k +n— 2), (B02)

or, in distributional formulation, for every ¢ € W1H2(S"~1; R")

| (000 Vr0) 1 = [ () (B.0.3)
STL* Sn7

The dimension of each eigenspace in the scalar case is G(n,0) =1, G(n,1) = n, and for
k>2itis Gn,k) = ("7)-("1",?). The reader can refer to | | for more informa-

tion on spherical harmonics.

Remark B.0.1. For every vector field u := (u',...,u") € W'2(S"1;R") we have a

formal expansion of each one of its components into a Fourier series as

i i i o i n—1
u' = E E an,k,j¢n,k,j7 where Ay, ke j .—/ 1 Wty ; dH" 7,
k=0 j=1 s
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where now by an abuse of notation, (¥ ;)k>0,jec (k) are the scalar spherical harmonics.
Let P, ; be the k-th homogeneous harmonic polynomial in R™ whose restriction on S"!

is ¥k . In polar coordinates (r,6) € [0,00) x S"™™!, we can write these polynomials as
Pogj(r,0) = Tkl/’n,k,j(e)-

For each i = 1,...,n, the harmonic extension u has the same power series expansion in

the interior of the unit ball, namely

o0 (;Olk

= E E ankj ki B

k=0 j=1

If the vector field u has zero average on S"~!, then
u}, (0) :][ u' dH" =0 foreveryi=1,2,...,n
Sn—1

In view of the homogeneity of P, ; this is equivalent to a;,o =0forallz=1,2,...,n.

Another immediate but as we saw useful observation, which is based on the fact that
is that

the first order spherical harmonics are the coordinate functions 1,1 ;(0) = \/(%,
the linear part of u is given by the linear map x — Vu,(0)z.

Remark B.0.2. The following Parseval identities on S*~! hold true: If ¢ € WhH2(S"~1)

with its Fourier expansion in spherical harmonics being ¢ = > 7~ 02 (n.k)

then

A ke, ¥n ks

o0 (;Ulk

G(n,
/Snl |0” = Z Z (anny;)® and /SMWTW 7N Mklanry)? (B.0A4)

k=1 j=1

In particular, for every k € N and every j = 1,2,...,G(n, k), we have the identity

/ \Vrthn ;> dH" ™ = )\n,k/ [ i ? dH T (B.0.5)
Sn—l

S§n—1

Remark B.0.3. The sharp Poincare inequality for functions f € W12?(S"71) is then
easily deduced. Let f =", E]G:(Tk) frk jUnk, - Since A, > n — 1 for every k > 1, we

obtain
oo G(n,k) 9
2 - — —
/gn—l |VTf| > (TL 1) kz:; ; fnk] TL 1) /Sn—l f ]én_l f (B06)

Of course, depending on the number of vanishing first Fourier modes in the expansion
of f the constant in the above inequality can be improved in an obvious way. Obviously,

the Poincare inequality holds then true also for vector-valued maps u € W12(S"—1; R™).
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By expanding a function in spherical harmonics one can often obtain useful estimates.

In the next remark we mention two of them that we have used earlier.

Remark B.0.4. If v € W'2(S";R™) and uy : B + R™ is as usual its harmonic

extension, the following estimates hold true:
i) an |Vup|? doe < o fgn,l \Vru|? dH™ 1,

(i) =25 o [Voul? dH ! < oy [Vup|* dH P <2 £, 1 [Vrul? dH™

Let us give the proof of these two simple estimates in the case that u is scalar-valued,

the case of vector-valued u being an immediate consequence. We write again

G(n,k)

o0
E : E Ok Unk g

k=0 j=1
and its harmonic extension in polar coordinates as

G(n,k)

Z r an,k,j¢n,k,j(9)-

k=0 j=1

—~

For the first estimate, we have

][ |Vuy|? dx :][ div(u,Vuy,) dr = n][ u Opuy, dH™ !
n n Sn—1

= — _ Ak )2
—Z Z nk(an.;) —Z : k+n—2<an’k’])
k=0 j=1 k=1 j=1

IA
S
[ ]S
—_
[
>
s
=
S
s
-
<
e
S
—_
T
L
<
S
£
[\e}
QL
X
i

while for the second one, we have

][ |V |* dH" :][ IVoul> dH"! +][ |Opup|* dH"
Snfl Snfl Snfl

o0 G(n,k
_ ][ Vrul? a7+ S0 Y R )’
snt k=1 j—1
oo G(n,k)
— v 2 danl .y 2,
[ e > e Auklane)

and since ﬁ < < 1 for every k > 1, the desired estimate follows immediately.

k+n—2
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Appendix C

Taylor expansions of the deficits and

proof of Korn’s identity

In this Appendix we calculate in detail the Taylor expansions up to second order of the
geometric quantities that we used in the main body of the thesis. The computations
presented here are formal and we assume without further clarification that the maps in
question are always regular enough so that we can perform the expansions. For such a

map u : S"7! — R™ we set as always w := u — idgn-1.

The isometric deficit of u can be expanded as

2
on = ][ dH" ! = ][
Sn—1 gn—1

_ ][ VIe + PiVow + (PpVrw) + Vew'Vew — I,
S§n—1

Formally,

2

V(Vrwt + PE)(Vrw + Pr) — 1| dH™!

VTutVTu — Ix

2

dHn—l

1
\/[x + P%VTUJ + (P%va)t + VT’LUth”LU =1, + 5 (P}VTw + (P%VT”LU)t) + O(|VT1U|2),
so that

2

PN 7w + (PiVrw)t JHn-!

PEVrw + (PVrw)!
2

2
dH"! +][ O(|IVrw|*) dH™ .
Snfl

fSnl

Therefore, the quadratic term appearing in the expansion of the isometric deficit 9,

around the idg.-1 is

Quiam(w) = |

2

PN rw + (PLVrw)! JHn

2
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For the expansion of the generalized (n — 1)-Dirichlet energy-term of u around the idgn-1,

we had seen in detail the computation in the case n = 3 in Subsection 4.1.1. For n > 4,

Veu2) 7\ ][ 2 Vew) T\
D, 1 (u) = e = 1 divgn 1w + L1

n

1 1n—3 =
= (][ (1 + diVSn—1w -+ —’VTU)|2 -+ —n—(diVSn-1w)2 + O(‘VTU}‘?’)))
- 2 2n—1

n—1

1 1n—
[+ £ (0= Dt + oree + i) +

o1V ruf)

S§n—1

n

-1 n—1 2 n—1
+ n]én1<w,x> dH" ™ + 2 =1) 1)]£n1 \Vrw|* dH

+ %ﬁn_l(divwlwf dH" ' + g (]é_ (w, $>>2

+]£n_1 O([Vrwl’) + O <(]£_ IVTw|2>2 + ]én_1<w,x) ]én_l |va|2> ,

Therefore, the quadratic term appearing in the expansion of D,,_;(u) around the idgn-1

@p,_,(w) := g []é ('ZT_WF + <::f)2(divgnlw)2) + (ﬁn_lm,x)ﬂ .

Notice that in Subsection 4.2.1 we had already translated and scaled the initial map u

is

properly, so that the map w was satisfying f,, , w = 0, f,,_ (w,z) = 0. Thus, the last
term in Qp, ,(w) was dropping out and also the structure of the higher order terms was

simplifying.

For the expansion of the generalized perimeter-term around the ids.-1, we have

][ \/det(VTutVTu) dH" ! :][ Vdet(I, + A) dH™ !,
sn—1 S

n—1

where A := PEVrw + (PiVrw)' 4+ Vrw'Vow. The Taylor expansion of the determinant

around the identity matrix gives,
1
det(I + A) =1+ TrA + ((TrA)2 - Tr(AQ)) +O(AP)
and since in our case,

(a) TrA = 2divgn1w + |Vrwl|?

120



(b) (TrA)? = 4(divgn1w)? + O(|Vrw]3)

(c) Tr(A?) = |PLVrw + (PEVrw) 2 + O(|Vrw|?),

we obtain the formal expansion

][ Vdet(VputVou) dH™ ! = ][ V1+06(w) + O(|Vrw|?) dH" !,
gn—l

Sn—l
where
PLN rw + (PLVpw)t |2
2

()(1U>::: 2divgn—11U %‘|‘7T1U|2'+'2(djVSn—llU)2'_'2

Since (O(w))? = 4(divgn-1w)? + O(|Vrw|?), we can perform a Taylor expansion of the

square root inside the integral to get

][ \/det(VTutVTu) d,Hnil _][
Sn—1 S

n—1

(1 + %@(w) - %(@(w))2 +0 (vaw|3))

1
=1+ (n— 1)][ (w, x) + 5][ (|IVrw]* + (divge-1w)?)
S§n—1 S§n—1

]én—l

A final Taylor expansion of the function ¢ — t7-1 gives,

PyVrw + (PhVrw)!
2

2
S§n—1

P, 1(u):= (][ Vdet(VrutVou) d?—[”_1> o
S§n—1

2 : 2
-1 _|_n][ (w,:)s> d%n_l + L][ (‘VTUJ‘ + (leSn— w) ) dHn—l
S§n—1 S§n—1

n—1 2 2
n_ |
n—1Jgn

The quadratic term appearing in the expansion of P, ;(u) around the idg».—1 is therefore

2
) o

PNV 7w + (PEVrw)t 2

2

dH"! +][ O (|Vrw|?) dH™ .
S§n—1

n IVrw|?  (divgn-1w)? | PV rw + (PEVrw)!
Qo (w) = 2 1]£n_1 ( 2 T 2
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For the expansion of the generalized signed-volume-term around the ids.—1, we can

argue as in Subsection 4.1.1. An intrinsic way to perform the calculation is the following.

n—1

Va(u) : :]énl <U,7Z\187iu> M — ]énl <w+x, /_\ (aanranx)> JHr!
]én IZ Z a, @ <w—|—x (/\@(ﬂ)) A (/{l\aTﬂl,) > AN

= lo(w) + L (w) + L(w) + I3(w).

Here we have used standard multiindex notation. For every k € {0,1,....,.n — 1} and
for every multiindex a := («ay, ..., ay,), where (a;)"; € Nwith 1 <ay <. <ap <n-—1,
we denote & its complementary multiindex (with its entries also in increasing order),
o(a, @) the sign of the permutation that maps («, @) to the standard ordering (1,...,n)
and O, w := 0r, wA ... A, w. We have also denoted by (1i(w))i=o1,2 the zeroth, first
and second order terms with respect to w and Vyw in the expansion of V,(u) around
the idgn-1 respectively and by I3(w) the remaining term which is a polynomial of order
at least 3 and at most n in w and its first derivatives. Keeping in mind that 0,,x = 7; for
1 =1,...,n— 1 and that by an abuse of notation 7y A 5 A ... AT,_1 = z, we can compute

each term separately.

Io(w) : :][ (x,0p,x N ... NOD, _ 1) dH" ! :][ |x|2 AHn! = 1.
S§n—1

S§n—1

o S e ()
:]£n1<w,m> +]£n1 é(anw, 7) :]énlm,:c) +]£M diven 1w

:][ (w, z) dH" ' + (n — 1)][ (w, ) dH"
S§n—1 S§n—1

:][ (w,z) dH" .
Sn—1

For the quadratic term, we observe that we can write it as Ir(w) := Iy (w) + Iz 2(w),

122



where

n—1 i—1 n—1
La(w): = Z]é <w, (/\ zm) A Orw A ( A ame>> dH" !
i=1 =1

m=i+1
n—1 i-1 n—1 n—l
— Z][ <w, (/\ Tl> A <Z<8ﬁ-w,7—j>7—j + (8Tiw,x>x> A < /\ Tm>>
=175 =1 j=1 m=i+1

n—1
= ][ divgn1w(w, ) dH™* —][ E (w, 7:)(Orw, vy dH™ !
S§n—1 S§n—1 i—1

= ][ <w, (divgn-1w)x — Z :Ejvaj> dH™ .
S§n—1

J=1

The change of sign in the one before the last equality is due to orientation reasons, since
we have taken the local orthonormal basis {7y, ..., 7,1} of T,S"! in such a way that at
every v € S"! the set of vectors {7i(z),...,7,_1(z),x} is a positively oriented frame of

R™. Moreover,

Ls(w): = ]énl Z <x, (Z/\1 aTkx) A Or,w A (j/\ 6le> A Orw A < "/\1 @me>>

1<i<j<n—1 k=1 l=i+1 m=j+1

fs‘nl 1<

After integrating by parts it is easy to see that the first term is

((&iw,n)(&jwﬁj) — <8nw,7'j><8Tjw,Ti>) d%nil.

(]

DO | —

ij<n—1

][ Z <8Tiw, 7i) (Or,w, Tj> dH" 1 = <w, (n—l)(dngnflw)I—VTdiVSnflw> dH" !,
Sn—l

1<i,j<n—1 snt

while

][ Z (Or,w, 75)(0r,w, 7;) :][ <w,(diVSnflUJ)..'E—VTdiV§n71'lU+(TL—2)Zﬂj‘jVij>.
S s

n—1

1<,5<n~—1 j=1

Subtracting these two identities, we arrive at

Lo(w) : = (g - 1)]£ B <w, (divgn-1w)x — ZZL‘jvaj> dH" .

J=1

123



Therefore, the quadratic term appearing in the expansion of V,,(u) around the idgn-1 is

Qv (w) == L(w) = g ][ <w, (divgerw)z — Y a;Vrw > dH"

Snfl N

J=1
- g][ (2 divgn1w(w, z) — n{w, z)? + |w|2> dH" !

S§n—1
1 : 2 2
=3 ((divwy)? — Tr(Vwp)?) da.

The identity between the first and the second line above follows from a simple integra-

tion by parts, and the one between the third and the first line was justified in Subsection
4.1.1. By the same procedure that we followed to calculate I5(w) one can also obtain the

algebraic structure of higher order terms in the expansion which was described in Lemma
4.2.2..

Let us conclude by giving a proof of Korn’s identity on S*~! which was mentioned in
Remark 4.2.8..

Proof of Korn’s identity. With the notation we introduced before, we have

n—1n

£omEve?) = Y e n)(Vrutn) (Ve )

ij=1, k,l=1

n—1
- Z][ (Or,w, ) (0w, 7)) dH™
Sn—1

1,j=1
:f (divgnflw)2 dHn_l - 2]2,2(@0)
S§n—1

2(n —2)

— ][ (divgn-1w)? dH ! — Qv, (w).
S§n—1

Therefore,

]énl

and the identity follows since f,, , |P;Vow]* = £, [Vow|* — £,

PN qw + (PLV pw)t |2

2

1 1
= —][ |P%VTU)|2 + —][ TI'((P%VT’U))z)
2 Sn—1 2 Sn—1

12
S i Vrw O

Jj=1
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