MULTIPLICITY OF NORMALIZED SOLUTIONS FOR THE
FRACTIONAL SCHRODINGER EQUATION WITH POTENTIALS
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ABSTRACT. We are concerned with the existence and multiplicity of normalized solutions to the
fractional Schrodinger equation

{ (=A)u + V(ex)u = du+ h(ez) f(u) in RY,

|u|?dz = a,
RN
where (—A)® is the fractional Laplacian, s € (0,1), a,e > 0, A € R is an unknown parameter
that appears as a Lagrange multiplier, h : RY — [0, +00) are bounded and continuous, and f
is L%-subcritical. Under some assumptions on the potential V, we show that the existence of
normalized solutions depends on global maximum points of h when ¢ is small enough.

1. INTRODUCTION

1.1. Background and motivation. In this paper, we investigate the multiplicity of normalized
solutions for the fractional Schrodinger equation

(1) i = APy + V() — (gl n B,
where 0 < s < 1, ¢ denotes the imaginary unit and ¢ (z,t) is a complex wave. A solution of (1.1)
is called a standing wave solution if it has the form ¢ (z,t) = e~ u(z) for some A € R. (—=A)*
stands for the fractional Laplacian and if u is small enough, it can be computed by the following
singular integral
s u(z) — u(y)

(—A)°u = C(N,s)P.V. /RN - y|N+25dy‘
Here the symbol P.V. is the Cauchy principal value and C'(N, s) is a suitable positive normalizing
constant.

The operator (—A)® can be seen as the infinitesimal generators of Lévy stable diffusion
processes [4], it originates from describing various phenomena in the field of applied science,
such as fractional quantum mechanics, barrier problem, markov processes and phase transition
phenomenon, see [13,20,30,31]. In recent decades, the study of problems of fractional Schrédinger
equation has attracted wide attention, see e.g. [27,28,33] and references therein.

In [2], Alves considered the following class of elliptic problems with a L2-subcritical nonlinear
term

—Au = Au+ h(ex) f(u) in RV,
(1.2) / lul?dz = a.
RN
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By using the variational approaches, the author shows that problem (1.2) admits multiple
normalized solutions if € is small enough. Particularly, the numbers of normalized solutions are
at least the numbers of global maximum points of h. Moreover, for the following class of problem

~Au+V(ex)u = du+ f(u) in RY,

lu|?dz = a,
RN
a similar result is also obtained for some negative and continuous potential V.
Motivated by [2], our interest is mainly focused on the fractional case with both potentials and
weights. Actually, our purpose of this paper is devoted to the multiplicity of normalized solutions
for the fractional Schrodinger equation

(—=A)su+ V(ex)u = Mu+ h(ex)f(u) in RV,

(1.3) lu|?dz = a,
RN
where s € (0,1), a,e > 0, A € R is an unknown parameter that appears as a Lagrange multiplier.

In the local case, when s = 1, the fractional laplace (—A)® reduces to the local differential
opterator —A. If V(z) = 0, Jeanjean’s [18] exploited the mountain pass geometry to deal
with existence of normalized solutions in purely L?-supercritical, we refer [6,14,15,21] for more
results in this type of problems. In [25], they considered the related problem for ¢ = 2 + %.
The multiplicity of normalized solutions for the Schrédinger equation or systems has also been
extensively investigated, see [12,18,18,29].

For the non-potential case, a large body of literature is devoted to the following problem:

—Au = Au+g(u) inRY,
(1.4) / lu?dz = a®.
RN

In particular, for the case g(u) = |u[P~'u, by assuming H'-precompactness of any minimizing
sequences, Cazenave and Lions [7] showed the attainability of the L?-constraint minimization
problem and orbital stability of global minimizers, it is assumed that FE, < 0 for all a > 0, and
then, the strict subadditivity condition:

(1.5) Eaip < B+ Eg

holds. However, when dealing with the general function g, it is difficult to show (1.5) holds.
Shibata [29] proved the subadditivity condition (1.5) using a scaling argument.

In addition, if V(z) # 0, Ikoma and Miyamoto [16] studies the existence and nonexistence of a
minimizer of the L?-constraint minimization problem

e(a) = inf{E(u)|u € H'(RY), uf5 = a},
where

B(u) = % /RN(]Vu|2da: V(@) uf)dz — /RN Fu)dz,

V and f satisfy some suitable assumptions. They performed a careful analysis to exclude
dichotomy and proved the precompactness of the modified minimizing sequence. When dealing
with general nonlinear terms in mass subcritical cases, one can apply the subadditive inequality
to prove the compactness of the minimzing sequence.

Zhong and Zou in [35] studied the existence of ground state normalized solution to Schrédinger
equations with potential under different assumptions, and presented a new approach to establish
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the strict sub-additive inequality. Alves and Thin [3] study the existence of multiple normalized
solutions to the following class of ellptic problems

—Au+ V(ex)u = Mu+ f(u) in RV,

lu|?dz = a,
RN

(1.6)

where ¢ > 0, V : RY — [0, 00) is a continuous function, and f is a differentiable function with L2-
subcritical growth. For normalized solutions of the nonlinear Schrodinger equation with potential,
we also see [5,17,26] and the references therein.

In the case 0 < s < 1, few results are available. In the paper [34] the author proved some
existence and asymptotic results for the fractional nonlinear Schrodinger equation. For the
particular case of a combined nonlinearity of power type, namely f(t) = plul??u + |ulP~2u,
h(z) = 1 and V(z) = 0, i.e 2 < ¢ < p < 2! = 2%, Dinh [8] studied the existence and

2s
nonexistence of normalized solutions for the fractional Schrodinger equations
(L.7) (=A)Yu+V(z)u = [ulP">u, in RN,

By using the concentration-compactness principle, he showed a complete classification for the
existence and non-existence of normalized solutions for the problem (1.7). For more results about
the fractional Schrodinger equations, we can refer to [11,24] and the references therein.

1.2. Main results. In what follows, we assume f € C* (]RN ,R) is odd, continuous and satisfies
the following assumptions on f.

(f1) hm‘t'q)| —c>0,wher62<q<ﬁ:2+4ﬁ

(f2) hm L) =0, Wher62<p<]3:2+4—]\‘;

oo [tP=1

(f3) There exist a, 8 € R satisfying 2 < o < 8 < p such that
0<aF(t)<tf(t) < F(t)8 for any t > 0.
Moreover, h and V satisfy the following assumptions.
(A1) h € CRN,R*), 0 < hoo = lim h(z) < max h(z) = h(a;) for 1 < i < k with a; = 0

|| =00 r€RN
and a; # a; if i # j.
(A3) V € O(RN,R), V(a;) = inf Vi) < lim V(z)=0forl<i<k.
Tz€R

|z| =400

The problem (1.3) is variational and the associated energy functional is given by

(1.8)  L(u)= ;/RN (—A)ul?de + % /RN V(ex)ulda — /RN h(ex)F(u)de, u e HY(RY)

with )
2 u(y)|
/ |(—A 2u| dx—//RQN ]x— |N+2S —————dxdy.

It is easy to know that I. € C1(H*(RY),R) and

Ié(u)cp:/RN(—A) u(—A)Swdx—i—/ V(ex)ugodx—/ h(ex)f(u)pdz, Vo e HS(RY).

RN RN
The solutions to (1.3) can be characterized as critical points of the function I.(u) constrained on
the sphere

(1.9) Sa = {u € H(RM) : /RN u|2dz = a}

Now, we are ready to state the main result of this paper.

(Sl
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Theorem 1.1. Suppose (A1), (A2), (f1) — (f3) hold, then there exists e1 > 0 such that problem
(1.3) admits at least k couples (uj, ;) € H*(RY) x R of weak solutions for ¢ € (0,e1) with
Jen [uj?dz = a, A <0 and I.(u;) <0 for j=1,2,--- k.

The paper is organized as follows. In Section 2, we study the autonomous problem and give

some useful results which will be used later. Section 3 is devoted to the non-autonomous problem.
In Section 4, the proof of Theorem 1.1 is given.

2. THE AUTONOMOUS PROBLEM

In this section, we focus on the existence of normalized solution for the autonomous problem
(=A)Su+nu = u+ pf(u) in RY,

ox lu|?*dz = a,
where s € (0,1), a,t > 0,7 <0 and A € R is an unknown parameter that appears as a Lagrange

multiplier. With the assumptions (f1) — (f3), it is standard to show that the solutions to (2.1)
can be characterized as critical points of the function as follows

(2.1)

1 s
(2.2) J(u) = / [(—A)2u?dz + 77/ uldz — u/ F(u)dz
2 RN 2 RN RN
restricted to the sphere S, given in (1.9). Meanwhile, set
1 s
Jo(u) = / [(=A)2uf?dz — p F(u)dz
2 JpN RN

,TT . E

a

Theorem 2.1. Suppose that f satisfies the conditions (f1) — (fs). Then, problem (2.1) has a
couple (u, A) solution, where u is positive, radial and A < 7.

The proof of Theorem 2.1 is standard. For the sake of convenience, we give the details. Before
the proof, some lemmas are given below.
Lemma 2.2. Assume u is a solution to (2.1), then u € S, N P, where
s N N
P = {UE H*(RM)| |(—A)§u|2dﬂs—f—f'u F(u)dac——'u (u)udx:O}.
RN S RN 2s RN

Proof. Let u be a solution (2.1), then we get

(2.3) /]RN [(=A)zu’dz + (n — N) /RN wlde — p o fw)udz =0,

In addition, one can show that u satisfies the Pohozeav identity

(N—2s)/RN](—A)§u|2dx+N(n—)\)/RN u2—2zv,i/]R F(u) =0.

N
Combining with (2.3), we obtain that
Nu Npu

/]RN |(=A)zul?dz + 5 F(u) — s Jun (u)udz = 0.

Lemma 2.3. Assume (f1) — (f2), then we have

(1) J is bounded from below on S,
(i) any minimizing sequence for J is bounded in H*(RY).
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Proof. (i) According the assumptions (f1) — (f2), there exists C' > 0 such that
(2.4) |[F(t)] < C(Jt]? + |tP), VteR.
By the fractional Gagliardo-Nirenberg-Sobolev inequality [10],
a s 2 N(a—2) 2 giN(a72)
(2.5) ul* <C(s, Nya) (| [(=A)2af) ([ ful7)27 e,
RN RN RN

for some positive constant C'(s, N, ) > 0. Then, (2.4) and (2.5) give that

1 s C(s,N (a=2) s (a—
R O R Y IN[CNER o
2 RN 2 q RN
N - . _
o) MR a)tupan
p RN
Since ¢,p € (2,2 + %), we infer that 0 < %, % < 1. Therefore J(u) is bounded from
below on Sj,.
(74) Since u € S,, the conclusion immediately follows from (2.6). O
The lemma above guarantees that
E, = inf
* ulélsa J(U)

is well defined. Now we study the properties of the function J defined in (2.1) restrict to S, and
prove Theorem 2.1.

Lemma 2.4. For any a > 0 and n <0, there holds E, < 0. In particular, we have E, < %

Proof. According (f1), %iné ql;q(t) = ¢ > 0 and then there exists ¢ > 0 such that
—
gF(t) _ ¢
e T2
In fact, taking u € S, N L= (RY) as a fixed nonnegative function, we define
(Txu)(z) = e%Tu(eT:U), for all z € RY and all 7 € R,
then 7 *u € S,. Moreover, for 7 < 0 and |7| large enough, we have
N, N
0<e2"u(z)<(, VreR",
which combines with (2.7) give that

(g—2)NT
/ F(r*xu)de > Ce 2 / |u|?dz.
RN RN

(2.7) vt € [0,¢].

It follows that
1 s
J(r %) =/ (—A)S (rxw)Pde + 19— u/ F(r»u)de
2 RN 2 RN

1 s (¢=2)NT
(2.8) geQST/ [(—A)ul2de + L — pCe ™= / u|?da.
2 RN 2 RN
Since q € (2,2 + 4—]\}9), increasing |7 if necessary, we have
1 s (g=2)Nt
6287/ [(—=A)2uf*dz — pCe = / lu|fde = K, < 0.
2 RN RN

Hence, we obtain
J(T xu) SKT+%<O

and then E, < 0. In particular, we have E, < . The proof is complete. O
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In the following, we adopt some idea introduced in [35] to get the sub-additive inequality.

Lemma 2.5. For > 0,7 <0 and let a,b > 0, then
(i) a — E, is nonincreasing,
(i) a — E, is continuous,
(1i1) Egyp < Eq + Ey. If E, or Ey can be attained, then Eqy, < Eq + Ey,.
Proof. (i). For any € > 0 small, there exist u € S, N C§°(RY) and v € Sy, N C°(RY) such that
Ju) < Es+¢e, Jo(v) <Tpq+e.

Since v and v have compact support, by using parallel translation, we can take R large enough
satisfying

o(z) =v(z — R), supp unsupp v ={.
Then u + v € Sp and

~ 2
Ey, < J(u+0) = // ut @) -+ o))l dxdy—i—n\u—i-f)@—,u/ F(u+0)dx
R2N 2 RN

. W)(o() ~ o),
//Rw Tyl

supp u C Br(0) and supp © C B3r(0)\B2r(0),

Suppose that

we obtain

e _,zu_( W gy

—2u(z)0(y)
——  dad
//R o — rws e

Noting that |z — y| > R large enough, we have

(2.9) Ey<Ju+70)<Ju)+J0)+e<J(u)+ Jo(v)+e < Eg+ YTp_q+ 3c < Ey + 3¢.

Here we used the fact Tj,_, < 0. Then by (2.9) and the arbitrariness of €, we obtain that Ej, < E,
for any b > a > 0.
(74). We prove the following two claims.
Claim 1: lim FE,_j, < E,.
h—07t
For € > 0, by the definition of E,, there exists u € S, such that

(2.10) E,<Ju) < E,+e.
Setting
a—h 1
t=1th)= N
(= (“T)3
and us(x) = u(§), we get
(2.11) lim t =1 and |w|3=t"a=a—h.

h—0t
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Then, by using (i), we have J(u;) > E,_p. In addition,

Ty =1 Aculde + ™ [ w2ae - [ Pluyd
ug) = 5 [(—A)2u|*dz + 5 u“dx — ut (u)dz
RN RN RN

tN—2s s 1o N 1 s 1o
= [ NP+ ) 5 [ (A iud)
N—-2s(1 _ 42s s
:tNJ(u)—i—t(lt)/ (—A)3uf2dz
2 RN

by (2.10) and (2.11), we obtain

Ilm E, , < E,+e.
h—0+

Since € is arbitrary, the claim holds.
Claim 2: lim FE,,, > E,,

h—0+
Actually, we consider the case h = 2,n € N. Take u, € S, 1 such that J(u,) < E,

Set
[ na
vp(z) = — 1un(x)

By Lemma 2.3, we know {u,} is bounded in H*(R"). Morever, we have

ol =~ =~ (et ) = a.
Hence, we get u, € S;. On the other hand,
na
v — un| s mry = (1 = p— 1)\|un||Hs(RN) —0 as n — +oo,

Then
E, <liminf J(v,) = iminf[J(u,) + 0,(1)] = lm E,4p.
h—0+

n—-+oo n—-+4+oo
Thus, we obtain that
lim F, > FE,.
oot ot = e
Moreover, E,_j, > E, > E,p, holds due to (7). Hence, we get

lim E, , > FE,> lim E,ij.
h—ot h= = RS0+ ath

We complete the proof of (ii).
(97). Firstly, we prove that

FEy, < 0F, for 8 > 1 closing to 1.
For any € > 0, we take v € S, N P such that
J(u) < E, +e.

Setting u(z) = u(ufﬁx) for v > 1, by the assumption, we have |i|3 = va and

Then, we get that

d N_2 S S
— J(@) = Su?v/ (—A)2u|2dx—|—n/ Wdz —p | F(u)da.
2 ]RN RN

dv

_l’_

3=

S|
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Since u € P, we know

s N N
/ (—A)sufde + ~E [ Flu) - 2£ (w)udz = 0.
RN S RN 2s RN

Thus

d N — 28 2s 1 s

_ AR — _ = —A)2 2 )

S0 =T =g =3 [ AP

N—-2s 2 1 Nu 1
oy ¥ =R [ s Flus
N-2s _2 Npu 1
(gt =58 [ G- Flds
Obviously, if ¢ > 0 small, it follows that
N-—-2s _2s Np

(2.12) 5y WY —2—s<0, forve[1,1+¢].
Then by (2.12) and (f3), we obtain that

d _ . N—-2s _2s Np ,a—2

L g - < _ZF F

@ =) < (5 F - FEEE) [ Pajde <o,
Namely,

d
EJ(&) —J(u) <0, for Vve[l1,14¢].

Therefore, for any 6 € (1,1 + &), we have

(@) — J(u) = /1 ' %J(a)du < /1 " Hudv = J(u) (0 —1).
Then, it is easy to see that
Epy < J(u) <0J(u) <O(E, +¢),
Since the arbitrariness of €, we get
Epo <O0FE,, 0 € (1,14¢).
and if F, is attained, we can take u as a minimizer in the above step, then we have
Ep, < J(u) < 0J(u) =0E,, 6 (1,1+¢).

Furthermore, following the proof of (i), since E, is nonincreasing, if E, < 0, for any b € (a, +00),
we can get some uniform & > 0 satisfying

Ey. <OE., V0 € [1,1+&),Vc € [a,b)].
Now, for any a > 0 with £, < 0 and 6 > 1, we take £ > 0 such that
Eayrye < (1+k)E:,VEk € [0,€),Vc € [a, 00]
Then, we may choose ko € (0,£) and n € N such that
(1+ ko)™ <0 < (14 ko)™,
and so

0, <(1+ko)E_o

T+ko Tt+ko

<(1+ko)’E_ s

(1+k0)2a

0
<(1+ ko)"E <(+k)"——E, =0F,.

E@a = E(1+k0)

a
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Then, if E, is attained, we get that Ey, < 0F, for any 8 > 1. For 0 < b < a, we obtain that

a—+b b b
Ea:Ea—l—aEa:Ea—i—aE%nga—l—Eb.

Eorpy=FEass, <
If E, or Ej is attained, we get

(2.13) Ey= Esy < %Eb,

and then F,y, < FE, + E}. The proof is complete. ]

The next compactness lemma on .S, is useful in the study of the autonomous problem as well
as non-autonomous problem.

Lemma 2.6. Let {u,} C S, be a minimizing sequence with respect to E,. Then, for some
subsequence, one of the following alternatives holds:

(1) {un} is strongly convergent;
(ii) There exists {yn} C Sq with |y,| — oo such that the sequence vy (x) = up(x + yn) is
strongly convergent to a function v € Sy with J(v) = E,.

Proof. By Lemma 2.3, we know J is coercive on S,, the sequence {uy} is bounded, so u, — u in
H*(RY) for some subsequence. Now we consider the following three possibilities.
(1) If u # 0 and |u|2 = b # a, we must have b € (0,a). Set v, = u, — u, by the Brézis-Lieb

Lemma [32],
d d d d
//Rw !l’— IN“S T Jeen \x— \N“S Y

()2
(2.14) //R2N ]m—y[NJF?S ——————=—dzdy + o,(1).

Since F is a C! function and has a subcritical growth in the Sobolev sense, then it follows that

(2.15) F(up)dz = F(up — u)dz + / F(u)dz + o, (1).
RN RN RN

Furthermore, setting d,, = |v,|3, and by using
’un@ = |Un|§ + |Un|§ + on(1),

we obtain that d,, € (0, ) for n large enough and |v,|3 — d with a = b + d, we infer that

E,+o,(1) =
// [on2) = 0l g, | 1 Moult s [ Flon)ia
o |:c— \NHS oy

P gy M |

T g vaas dud 5 - F(u)d (1

//R2N \fU*y\NHS y+2|“’2 M o (u)dx + 0, (1)
ZEcln+Eb+0n( ).

Letting n — 400, by Lemma 2.5, we find that
Ea ZEd + Eb > Ea7

which is a contradiction. This possibility can not exist.



10 X. ZHANG, M. SQUASSINA, AND J. J. ZHANG

(2) If |un|3 = |u|3 = a, it is well known that u, — u in L2(R™). Then, by (2.4) and (2.5), we
have that

/ F(up —u)dz <Cy / |up, — u|?dz + CQ/ |y, — u|Pdz
RN RN RN

(¢=2) (r—2)
sc</ i — w3 4 C</ fun — )BT
RN RN
Hence, we get [pn F(up —u)dz — 0. From (2.15), we obtain that
/ F(uy)dzx — F(u)dz.
RN RN

which combines with E, = lim J(uy) provide
n—+00

1 s
E,= lim / [(—A)2u,* 4+ nud)de — u/ F(u)dz
RN N

n—-+oo 2

R
1 s
Z/ ’(—A)iu‘Q + 77u2)dx — u/ F(u)dz = J(u)
2 RN RN
>E,,
Since u € S,, we infer that £, = J(u), then ||u,||*> — ||u||?, where || || denotes the usual norm in

H*(RN). Thus u, — v in H*(R™), which implies that (i) occurs.
(3) If u = 0, that is, u, — 0 in H*(R"). We claim that there exists 3 > 0 such that

(2.16) liminf sup / |un|?dx > B, for some R > 0.
"m0 yeRN J Br(y)
Indeed, otherwise by [9, Lemma 2.2], we have u, — 0 in L'(RY) for all I € (2, :22-). Thus
1 s
E,+ on(1) = J(up) :/ [(—=A)2u,|*dx + 77/ ulda — ,u/ F(uy)dx
2 RN 2 RN RN

1 s
:/ |(—A)2un|2dx+n/ uzdx + 0, (1)
2 RN 2 RN

which contradicts the Lemma 2.4.

Hence, from this case, (2.16) holds and |y,| — oo, then we consider @, (z) = u(z + yn),
obviously {@,} C S, and it is also a minimizing sequence with respect to J,. It is observed that
there exists @ € H*(RY)\{0} such that i,(x) — @ in H*(R™). Following as in the first two
possibilities of the proof, we infer that @, (z) — @ in H*(R"), which implies that (1) occurs. This
proves the lemma. O

In what follows, we begin to prove Theorem 2.1.

Proof of Theorem 2.1. By Lemma 2.3, Lemma 2.4, there exists a bounded minimizing sequence
{un} C S, satisfying J(u,) — E,. Then applying Lemma 2.6, there exists u € S, such that
J(u) = E,. By the Lagrange multiplier, there exists A € R such that

(2.17) J'(u) = X0 (u) in H*RYY,
where ®(u) : H¥(RY) — R is given by
1
O(u) = / lul?dz, ue H¥(RYN).
2 RN

Therefore, from (2.17), we have

(2.18) (=A)u+nu = u+ pf(u) in RY,
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By Lemma 2.2, we can get

(A=) /RN w2d :/RN (—A)5ul2de — “/RN F(u)udz

—- 2P P 5 [ fude—p [ fu)uds
RN RN RN
I N —2s
[ u)—

Furthermore, according to the condition (f3) and the claim 3, we must have A < 7.
Next, we will prove that u can be chosen to be positive. Obviously, we have J(u) = J(|ul).
Moreover, since u € S, shows that |u| € S, we infer that

E,=J(u) = J(u|) > E,.

which implies that J(Ju|) = E,, we can replace u by |u|. Furthermore, if u* denotes the
Symmetrization radial decreasmg rearrangement of u (see [1 Section 9]), we observe that

// (@) — )P, <// Jule) =) g,

R2N |I’— ‘N+2s R2N ‘JJ— ‘N+2s

(2.19) / |u dx:/ |u*|?dz and / F(u)da::/ F(u*)dx
RN RN RN RN

then u* € S, and J(u*) = E,, it follows that we can replace u by «*. Similarly as in [23], one can
show that u(z) > 0 for any = € R. This completes the proof.

0

3. THE NON-AUTONOMOUS PROBLEM

In this section, we first give some properties of the functional I (u) given by (1.8) restricted to
the sphere S,, and then prove Theorem 1.1. Define the following energy functionals

1 s
Io(u) = / [(—A)2ul?dz — hoo/ F(u)dx
2 RN RN
and for i =1,2,--- | k,
1 s i
Iy, (u) :/ |(—A)2u?dz + V(a)/ u?dz — h(a;) F(u)dz.
2 RN 2 RN RN
Moreover, denoted by E; 4, Eq4,; o and E , the following real numbers

E.,= inf I.(u), E4q= inf I, (u), Esg = inf I(u).
u€Sy UES, UES,

The next two lemmas establish some crucial relations involving the levels E; ,, Fo o and Eq, 4.
For any «, 6 € R, set

1

Topl) = 5 [ I(=A)iufdo+ 5

uw?dx — a/ F(u)dz = Ep v, q-
RN RN

where
Eoga = uigga Jap(u),
Lemma 3.1. Fiza >0, let 0 < hy < hy and Vo < Vi <0. Then Ep,vy 0 < Enyvia <0.
Proof. The proof is standard and we omit the details. O
Lemma 3.2. limsup E; , < Fy, 0 < B, < 0,8 =1,2,--- k.

e—0t
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Proof. By the proof of the Theorem 2.1, choose ug € S, such that I,,(ug) = Eq, . For 1 <i <k,
we define

u:uo(x—%), z e RV,
€

Then u € S, for all € > 0, we have

1 s 1
E.o<I.(u) = §|(—A)§u0]% + 3 /]RN V(ex + a;)udda — /RN h(ex + a;) F(up)dx.

Letting ¢ — 0T, by the Lebesgue dominated convergence theorem, we deduce

(3.1) limsup E. o < lim I.(u) = I,,(uo) = Eq, q-

e—0t =07t
Noting that E, , can be achieved, due to 0 < hos < h(a;) and V(a;) < 0, we have
Euo < Esxa <0.

It completes the proof. O

Hence by Lemma 3.2, there exists e > 0 satisfying E., < Ex, for all ¢ € (0,¢1), In the
following, we always assume that € € (0,e1). The next three lemmas will be used to prove the
(PS). condition for I, restricts to S, at some levels.

Lemma 3.3. Assume {u,} C S, such that I.(u,) — ¢ as n — +0o with ¢ < Ex q < 0, then

0 := liminf sup / |up () |2 dz > 0.
B(y,1)

n—oo yERN

Proof. We argue by contradiction and assume that § = 0, then up to a subsequence, we have
up — 0 in ZHRN) for all I € (2, NQfNZS), by the Lebesgue dominated convergence theorem and
(f1)-(f2), we infer that

(3.2) / h(ex)F(up)dx — 0 as n — +oo.
RN
Since V(z) — 0 as || — oo, one can show that

V(z)uldz = 0,(1),
RN
which combining with (3.2) follows that
1 s
0> c=L(uy) +o(1) = 2/ (= A)3un[2dz + o(1) > 0,
RN

which is a contradiction. t
Lemma 3.4. Under the assumption of Lemma 5.3, assume u, — u in H*(RN), then u # 0.

Proof. By Lemma 3.3, we have that

liminf sup / [ () 2dz > 0.
()

n—o0 yG]RN
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So if uw = 0, there exists {y,} satisfying |y,| — oo, let @, = up(x + yy), obviously {u,} C S,, we
have

¢+ on(l) =I(uy)
1 s 1
:2/ [(—A)2u, [2dx + 2/ V(ex)uZdx — / h(ex)F (uy)dx
RN RN RN
1 s 1
=3 / [(—A) 210, [*dz + 2/ V(ex + eyy)izd — / h(ex + eyn) F(iiy,)dx
RN RN RN

1
L) + 5 [ Vet ega) = Vaido [ (hoo — hlew + epn) Flin)do
RN RN
:Ioo(an) + On(l) > Eoo,a + On(l)a
which is absurd, because ¢ < F , < 0. This proves the lemma. ]

Lemma 3.5. Let {un} C Sy be a (PS). sequence of I, restricted to S, with ¢ < Ex 4 <0 and let
Up — ue in H5RN). If u, £ ue in H5(RY), there exists > 0 independent of € € (0,¢1) such
that

lim inf |u,, — u|? > 8.
lim inf fun — uelz > 3

Proof. Setting the functional ® : H*(RY) — R given by

1
o) = /R Julds,

It follows that S, = ®~1({a/2}). Then, by Willem [32, Proposition 5.12], there exists {\,} C R
such that

(3.3) 112 (un) = An® (un)|| s mavyy — 0 as n — +oc.

By the boundedness of {u,} in H*(RY), we know {\,} is a bounded sequence, thus there exists
Ae such that A\, = A\; as n — +oo. Then, together with (3.3), we get

L(ue) = Ac®'(ue) =0 in (H3RY)),
and setting v, = u,, — us, we deduce that
(3.4) 12 (vn) = An®' (vn)|] (s ey — 0 as n — +o00.
By a straightforward calculation, we have

E o >liminf I, (uy,)
n——+oo

1 1
=liminf (I (uy) — ilé(un)un + 5)\”@ +0n(1))

n—-+00
h 1
=lim inf[/ (e2) f(up)updz — / h(ex)F(uy)dx + = Ana + o(1)]
n—+00 RN 2 RN 2
1
ZiAEG
implying that
2E‘oo a
(3.5) Ae < . = <0, forall e € (0,1).

From (3.4), we get

(3.6) [(=A)2v,|2 + /RN V(ex)|vp|?de — Ao|v,|3 — / h(ex) f(vn)vndz = o, (1).

RN
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which combined with (3.5) to give
s 2Fxq
[(—A) 2,3 —l—/ V(ex)|vn 2 da — ’/ o, |2d < / h(ex) f (vn)vndz + on(1),
RN a RN RN
which leads to
(3.7) / [(—A)2v, 2 dz + 03/ v, |2da < 02/ [vn[Pd + 0, (1),
RN RN RN

for some constant C3 > 0 that does not depend on ¢ € (0,e1). If u, /4 u. in H*(RY), that is
vp /4 0 in H*(RY), we know that there exists Cy > 0 independent of ¢ such that
o »
(3.8) lﬁg}r{g [on[h > Co,
Then, by the fractional Gagliardo-Nirenberg-sobolev inequality,

N(a—2)

o s N(a=2) a_ N(a=2)
/ ol sc<s,N,a></ (A5, ™5 </ foa[2)3 -5,
RN RN RN

for some positive constant C(s, N, «) > 0. We have

.. s N(p p N(p 2)
lim inf |vn|P gC(s,N,p)(/ [(—A)2v,[%) hmlnf/ [vn|?)
N RN

n—-+0o R

(3.9) <C(s,N,p)K 14 e (hmmf/ [vn | )g T2
]RN

—+00
Clearly also for K > 0 is a suitable constant independent of e satisfying the condition
Jen 1(—= 2vn|2 < K. This together with (3.8) and (3.9) gives that there exists 8 > 0 independent
of € € (0, 51) such that
imi 2> 8.
N lenle 28
we get desired result. O

Next we will give the compactness lemma.

Lemma 3.6. Let

0 < po < min{Eocq — Ea, a: S(Eoo’a —Ey0)}-

Then, for each ¢ € (0,e1), the functional 1. satisfies the (PS). condition restricts to S, if
¢ < FEq;a+ po-

Proof. Let {u,} be a (PS). sequence for I. restricts to S, and ¢ < Eq, o + po. It follows that
¢ < Ex,q <0, since {uy,} is bounded in H*(RN), let u,, — u. in H*(RY). By Lemma 3.4, u. # 0.
Denote v, = u, — ue, If up, — ue in H*(RY), the proof is complete. If u, 4 u. in H*(RY), by
Lemma 3.5,

lim nf [vn[5 > 5.
Set b = |uc|3, d,, = |v,|3 and suppose that |v,]3 — d > 0, then we get d > 3 > 0 and a = b + d.
From d,, € (0,a) for n large enough, we get

(3.10) c+on(l) = I(uy) = I (vy) + I (ue) + on(1).
since v, — 0 in H*(R™), we can follow the lines in the proof of Lemma 3.4. Then
(3.11) Ic(vn) > Exo 4, + 0n(1),

which combing with (3.10), we obtain that
c+on(l) = I(up) >FEoq, + I (us) + 0p(1)
ono,dn + Eai,b + On(l)a



MULTIPLICITY OF NORMALIZED SOLUTIONS FOR FRACTIONAL NLS 15

Letting n — oo, by the inequation (2.13), we have

d b
c= Eoo,d + Eai,b Zano,a + aEai,a

d
:Eazya + g(EOO,a - Eai,a)

ZEa,',a + g(Eoo,a - Eai,a)

which is a contradiction, because ¢ < Fy; o + g(Eoo,a — E,, o). Therefore, we can obtain u,, — u.
in H*(RN). O
In what follows, let us fix p,7 > 0 satisfying:
(1) Bp(a;) N Bp(ay) for i # j and i,j € {1,...k}.
(2) Uiy By(a;) € By(0).
(3) Qg = Ui By (ai).
We set the function G, : H*(RV)\{0} — R"™ by

) Je xCer s
¢ IRN |ul2dx

where y : RV — RY denotes the characteristic function, that is,

[ oz, if x| <7
x(z) = P, if o] > 7

The next two lemmas will be useful to get important (PS) sequences for I, restricted to S,.

Lemma 3.7. Fore € (0,¢1), there exist 61 > 0 such that if u € S and I.(u) < Eq, o + 01, then
Ge(u) € Q%’,VE € (0,e1).

Proof. If the lemma does not occur, there must be é,, — 0, &, — 0 and {u,} C S, such that

(3.12) I, (uy) < Eq, o+ 0y and Ge, (uy) ¢ Qg,V@ € (0,e1).

so we have
Eopa < 1o (un) < I, (un) < Egj o + 6n
then
{un} € S, and Iy, (up) = Eq, q-
According to Lemma 2.6, we have one of the following two cases:
(i) up — u in H¥(RY) for some u € S,,

(74) There exists {y,} C S with |y,| — oo such that the sequence v,(x) = up(r + y,) in
H*(RYN) to some v € S,.

For (i): By Lebesgue dominated convergence theorem,
G, (uy) = Sy XDl unPdr - fon x(O)fuPde
A Jan [un|?da Jen |ul?dz
Then G., (u,) € Q5 for n large enough, that contradicts (3.12).
2

For (i1): We will study the following two case: (I) |enyn| — +o00; (II) epyn — y for some
y € RV,

EQE.
2
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If (I) holds, the limit v,, — v in H*(RY) provides

S

1 : 1
Iy (i) =58 enff 5 [ View+ e = [ hens + 20) (o) da
2 2 RN ]RN
(3.13) —Is(v) as n — +00.
Since I.(up) < Eq, o + 0pn, we deduce that
Eoo,a < Ioo(v) < Eai,a-

which contradicts Fy,; o < Ex,q in Lemma 3.2.
If (II) holds, by (3.13), we obtain that

I, (up) — Ih)vy) (v) as n — +oo,

and then Eyyv)a < Ih)ve) (V) < Eu e By Lemma 3.1, we must have h(y) = h(a;) and
V(y) = V(a;). Namely, y = a; for some i =1,2,... k. Hence

Jan X(En2)|unl®dz [on x(en® + enyn)|vn|*da

G Up ) = =
en (tn) Jon [un|?dz Jen vn)?dz
2
d
oy Xz o
S~ |v[?da 2
which implies that G (u,) € Q 2 for n large enough, That contradicts (3.12). The proof is
complete. O

From now on, we will use the following notations:
o 0l:={u € S, : |Ge(u) — ai| < p};
e 002:={u € S, :|G:(u) — a;| = p};
o Bi=inf I(u);
N uch?
= inf I.(u).
"
Lemma 3.8. Let py be defined in lemma 3.6. Then there is
B < E4 0+ po and B < B, for Ve € (0,e1).

Proof. Let u € S, satisfy

For 1 <14 <k, we define

ol (x) = u(x — %), z e RV,

Then @ (z) € S, for all € > 0, by direct calculations give that

: 1 s 1
I.(ui(x)) = f](—A)iu@ + / Viex + ai)|u]2dx — / h(ex + a;) F(u)dz,
2 2 RN RN
and then
(3.14) lim I.(4%) = I, (u) = Eq, o
e—0
we know

Jan x(ex + a;)|ul?dx
Jon [uf?dz

so 1l (x) € 0 for e small enough, which combined with (3.14) implies that

Ge(ul) = —a; as € =0T,

. )
I(6)) < Eq, 0 + 51 Ve € (0,e1).
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Decreasing d; if necessary, we know that
BL < Euya+ po, Ve € (0,e1).

For any u € 96%, that is u € S, and |Ge(u) — a;| = p, we get that |Go(u)| € Q. Then by Lemma
2
3.7, .
I.(u) > Eq, o + 01, forall u e 06, and € € (0,¢1)

which implies that

Bl = inf I.(u)> Euq+ 01,
ucofL

Then, we have
BL < B, forall e € (0.e1).

4. PROOF OF THEOREM 1.1
Proof. By Lemma 3.8, for each i € {1,2,...,k}, we can use the Ekeland’s variational principle to
find a sequence {ul,} C S, satisfying
A A A 1 , A
Ie(un) = e and Le(w) 2 L(up) — —flw —upl], Yw € &,

Recalling Lemma 3.8, 8¢ < 3¢, and so u!, € #1\00% for n large enough.
Let w € T,; Sq, there exists § > 0 such that the path v : (=4,0) — S, defined by
" (uf, + tw)
|uf, + twly’

v(t) =

and satisfies A
y(t) € G2\9OL Vit € (—6,48), v(0) = u}, and 7/(0) = w.
Then for any t € (0, 9),

t t n t ’
Taking the limit of ¢ — 0F, we get I'(ul)w > —waH Replacing w by —w, we obtain
[T’ (u?))w| < L|jw||. Then, we have
1

sup{| I (w,)(w)] : [[w]] < 0,} < -,

Consequently,
I(ub) = BL asn — +oo and ||L[s, (ul)|| = 0 as n — +o0,

that is, {u},} is a (PS)g for I. restricts to S,. Since B < Eq, q + po, it follows from Lemma 3.6,
there exists u’ such that u!, — u’ in H*(R"). Then, we get

ut e Hé,Is(ufl) = B; and I€|'Sa(uil) =0.

Morever

G.(u') € B5(a;), Ge(w’) € Bj(ay)

and

Bj(a;) N Bp(aj) =0 for i # j,
which implies that u! # u/ for i # j while 1 < 4,j < k, we can get I, has at least k nontrivial
critical points for any € € (0,e1). Therefore, we obtain the theorem. O
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