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ABSTRACT. We study a strain gradient-enhanced version of a model for geomaterials under compression by
Marigo and Kazymyrenko (2019) coupling damage and small-strain associative plasticity. We prove that
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we perform a vanishing-viscosity analysis showing existence of Balanced Viscosity quasistatic solutions a la
Mielke-Rossi-Savaré.
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1. INTRODUCTION

In this paper we study a strain gradient-enhanced version of a model for geomaterials under compression
by Marigo and Kazymyrenko [25] coupling damage and small-strain associative plasticity, proving a better
regularity in time for the corresponding evolutions.

The model of [25] is based on a micromechanical analysis, accounting for microcracks inside the material
as the main responsible of the progressive loss of rigidity and then for the macroscopic elasto-plastic coupled
behavior.

Given a reference domain 0 C R™ and denoting by u: Q@ — R" the displacement field, in the general
framework of small-strain elasto-plasticity the total strain Eu = (Vu)®™ € Mg is additively decomposed
into elastic strain and plastic strain:

Eu=e+p

and the stress tensor o: 0 — M depends linearly on e according to Hooke’s law

o = Ce,

where C is the fourth order positive definite Hooke’s tensor, with ¢ lying in a fixed closed and convex set
K C M (the constraint set) and satisfying equilibrium conditions involving the external loads.

In order to describe the model in [25], consider the reference case of a triaxial test - a shear compression plus
a compression normal to the shear plane - and the observed phenomenon of dilatance, i.e., the irreversible
increase of volume in compression. A micromechanical justification is that in the shear compression the
volume may increase with that of the internal voids between the granuli, interpreted as microcracks, due to
a less efficient particle organization; conversely, in the normal compression a part of these microcracks may
be closed, preventing a free sliding and thus the free relaxation to the initial configuration in unloading.

Then a damage variable «: [0,T] x © — [0,1] is considered in [25], related to the density of closed
microcracks and reflecting into an internal blocked energy depending on plastic strain, being related to
irreversible deformations. Assuming Coulomb law for the sliding with friction between the lips of closed
microcracks, plasticity follows a standard Drucker-Prager criterion with an associative flow rule, that is the
plastic flow is normal to the constraint set K. Moreover, damage is assumed to be an irreversible process
(consequently « is nonincreasing in time) and the growth of the microcracks is modelled by the terms usually
present in gradient damage models

D(a(t)) +la[Va(t)|7e,
lo >0, cf. [30], [4, Section 4], [25, Remark 3.1].

In [10] the existence of quasistatic evolutions for such a model is proven, fulfilling the notion of energetic
solutions by Mielke and Theil [29]: this is based on a global stability condition, which prescribes at each
time the minimization, among the admissible configurations, of the total internal energy plus the dissipation
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potential, and on an energy-dissipation balance between the total variation in time of the internal energy,
the total dissipated energy, and the work of the external loadings.

In [35] the model has been enriched by including, still employing an irreversible degradation function a,
also the tensile response. This accounts for the fact that the evolution of opening microcracks in tension
leads to brittle behavior and mode I fracture. Conversely, the response in compression shares many features
with [25], but plasticity is required to satisfy a non-associative flow rule.

The present contribution focuses on a different modification of the model in [25], obtained by formally
including in the internal energy the L? norm of the plastic strain gradient, times a dimensional (length)
constant. Terms involving higher order derivatives are considered on the one hand by their capability to
capture the correct scale size of shear bands, usually observed in failure in soils induced by shearing, and
on the other hand to avoid mesh dependence in numerical simulations. Inspired by the work of Aifantis [2],
several plastic strain gradient models have been proposed, for both crystalline and granular materials (e.g. [19,
18, 31, 20, 32, 6, 26, 36]).

The framework of our strain gradient enhancement is that of the explicit gradient theories, in which
the gradient terms typically evolve according to ordinary differential equations determined by constitutive
relations; in particular we follow the lines of [19, 20, 32].

Therefore, the stored energy at time t is the sum of the elastic energy of the sound material, of the
kinematical hardening term (depending on «), and of the strain gradient term

%/Q(Ce(t,x);e(t,x)dx—i—/QIB%(a(t,x))p(t,x):p(t,m)dx—i—lpHVp(t)H%z,

for B a fourth-order tensor positive semidefinite (usually positive definite except for & = 0). The gradient
term, which enforces the plasticity to be in H! (in space), introduces a characteristic internal length related
to the scale of the observed shear bands. In this setting, the plastic dissipation from a plastic strain ¢ is the
functional
[ HGt2) -~ a@)ds,  HE = swoie
Q oceK

We observe that in the original model p(t) is in general not in L? in the set {a = 0}, so shear bands with
infinitesimal thickness may therein display. Therefore, in [10] the dissipation from a plastic strain ¢ is the
relaxation of the functional above for p(t) a bounded Radon measure.

In the present setting, the additional regularity of the plastic strain with respect to [10] makes the
existence of energetic solutions much easier to prove; the core of the paper is the study of the regularity in
time of the evolutions. In fact, with general nonconvex total energies, evolutions may display jumps in time.
Basing on standard techniques we show in Lemma 3.9 that energetic solutions, whose existence is proven in
Theorems 3.8, are strongly continuous outside an at most countable set of time instants.

Further, we develop a more precise analysis exploiting the particular structure of the model: we prove that
the variations in time of the whole set of variables with respect to the target norms are controlled in terms of
the variation in time of the damage in the L!(€)-norm, plus that of the external loading (cf. Theorem 3.15
for the precise statement). This ensures that, as soon as damage does not jump, the whole evolution, and in
particular the plastic strain, has no time discontinuities. Our analysis is in the spirit of [13], which proves
that small strain perfect plasticity is absolutely continuous in time.

The interplay between damage and plastic strain is a key point in the analysis of coupled damage-plasticity
models. We consider, for instance, the uniaxial responses in [4], a reference work for the variational analysis
of such coupling, and in [25]: in [4] it is shown that strain concentrates into ‘cohesive crack points’ where
the space derivative of the damage is discontinuous; in [25], assuming solutions smooth in time and a linear
D, it is observed that damage evolves only with plasticity.

By inspecting our proof it is apparent that the strain gradient regularization is crucial for the improved
regularity. This could suggest, in analogous cases with gradient plasticity, to carefully verify if jumps in
time of plasticity but not of damage are analytically ruled out and if this is in accordance with the expected
experimental results.

In the final part of the paper we study the existence of quasistatic evolution obtained through a vanishing
viscosity approximation, satisfying the notion of Balanced Viscosity (BV) solutions, see Definition 5.1.

BV solutions, which have been described in an ‘abstract’ context in [17] and the subsequent [27, 28], are
obtained trough the approximation of a rate-independent system by viscously perturbed system and provide
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a selection criterion for solutions with a mechanically feasible behavior at jumps, as well as a description of
trajectories joining states before and after jumps. In fact, the notion of energetic solutions is not satisfactory
from the physical point of view, whenever jumps develop in time: these jumps may appear ‘too long and too
early’, being forced to overtake energy barriers between energy wells (see the characterization in [33] and the
references therein).

The vanishing-viscosity technique has also been adopted in various concrete applications, ranging from
plasticity (cf., e.g., [14, 16, 15, 7, 21, 34]), to damage, fracture, and fatigue (see for instance [22, 24, 23, 11,
5, 3, 12]).

We show existence of BV solutions (cf. Theorem 5.4), mostly taking advantage of the analysis carried out
for the regularity result. Arguing similarly, we show that as soon as the damage variable is regularized in
time with respect to the L?-norm (in space), then all the evolution gains the same regularity in time, in the
energy space. Moreover, using an argument from [23, 11], we get that the evolution is absolutely continuous
in time uniformly respect to the viscosity parameter. Eventually, such regularity permits follow the lines
of [11] to conclude existence of Balanced Viscosity solutions.

The paper is organised as follows: In Section 2 we fix the notation used throughout the paper and we
introduced the mathematical framework of our model. In Section 3 we first prove in Theorem 3.8 the
existence of global quasistatic evolutions, and then in Theorem 3.15 we investigate their regularity in time.
We continue with Section 4, where we introduced a e-regularization in time with respect to the L?-norm in
space of the damage variable, and in Theorem 4.14 we prove the existence of e-approximate viscous evolution.
Finally, in Section 5 we prove the existence of BV solutions (see Theorem 5.4).

2. PRELIMINARIES

2.1. Notation. The space of n X n symmetric matrices with real entries is denoted by M. Given two

matrices Ay, Ay € MZX" | their scalar product is denoted by A;: As and the induced norm of A € M2 X" by

sym sym
|A|. The identity matrix is denoted by I € M.

For a measurable set B C R™ we use L"(B) to denote the n-dimensional Lebesgue measure of B. By
x5: R™ — {0,1} we denote the corresponding characteristic function. Given an open subset 2 of R™, the
set of all distributions on €, namely the continuous dual space of C2°(f2), endowed with the strong dual
topology, is denoted by D’'(2). We adopt standard notation for Lebesgue spaces on measurable subsets
B C R"™ and Sobolev spaces on open subsets 2 C R™. According to the context, we use || - ||z»(5) to denote
the norm in LP(B) for all 1 < p < co. A similar convention is also used to denote the norms in Sobolev
spaces. The boundary values of a Sobolev function are always intended in the sense of traces.

The partial derivatives with respect to the variable x; are denoted by 0;. Given an open subset {2 C R"
and a function u: Q — R%, we denote its Jacobian matrix by Vu, whose components are (Vu);; = 0;u; for
i=1,...,dand j =1,...,n. For a function u: @ — R" we use Eu = (Vu)» = L(Vu+ VuT) € Mg
to denote the symmetric part of the gradient. Given a tensor field F': Q@ — M
divergence with respect to lines, namely (div F); = Z?Zl 0;F fori=1,...,n.

nXxXn

gym s by div F' we mean its

2.2. Mathematical framework. We fix the mathematical framework of the model of complete damage
and strain gradient plasticity presented in the introduction. For simplicity, all the physical constants are
fixed to 1.

Throughout the paper the reference configuration € is a bounded domain with Lipschitz boundary in
R", where n = 2,3. The displacement field is represented by a function u € H'(£2;R™), and we decompose
its total strain as Eu = e + p, where e denotes the elastic strain and p the plastic strain. To simplify the
notation, we set

A= H'(QR™) x L (M) x HH (Q; MET).
Given a function w € H'(Q;R"), the set of admissible displacements and strains for the boundary datum w
on 0f) is defined as

A(w) ={(u,e,p) € A : Eu=e+pin Q, u=w on 9NQ}.

Remark 2.1. In this model we require a higher regularity in the plastic strain p, which usually is only a
Radon measure. This property is ensured by the addition in the total energy (2.8) of the L? norm of the
plastic strain gradient term.



4 M. CAPONI AND V. CRISMALE

We fix T' > 0. Let us consider a time-dependent boundary displacement w satisfying
we HY((0,T); H (Q;R™)). (2.1)
The damage variable is a function o € H*(Q; [0, 1]). Given o® € H'(;[0,1]) we set
D(a®) = {a € H'(2;0,1]) : a <a’},
so that
D(a?) C D(a') for all &* € D(at).
The energy dissipated in damage growth is the functional D: H'(;[0,1]) — [0, 00) given by

D(a) = /Qd(a(x))dx for all o € H'(£2;]0,1]),

where d: [0,1] — R satisfies

de Ch([0,1];[0,00)),  d(0) <0 (2.2)
(notice that the assumption d(0) < 0 is compatible with the ones proposed in [25]). The elastic energy is
the functional Q: L?(Q; M) — [0, 00) given by
Qle) = %/Q(Ce(z) ce(r)dr for all e € L*(Q; M),
where C € Lin(Mg; M) satisfies
Cijii = Cpiij = Cjipg forall 4,5, k,1=1,...,n, (2.3)
NlE? < CE: € < ypléf for all € € MIT, (2.4)

with constants 71,72 > 0. In particular, it holds
|C¢| < yolé] for all & € MIXM.

sym

The kinematical hardening term is the functional Q: H*(€;[0,1]) x H'(Q; MET) — [0, 00) given by

Q(a,p) = /QIB%(a(x))p(x) :p(x)de for all a € H*(Q;[0,1]) and p € H(Q; M),

sym

where B: [0, 1] — Lin(MZ"; M2 X" satisfies

sym ) sym
B e CH([0,1); Lin(MEI M), B(0)E: £ <0 forall £ € M, (2.5)
Bijki(o) = Briij(o) = Bjiw(a) forall i, j,k,l=1,...,nand a € [0,1], (2.6)
B(a)¢:£>0 forall a€[0,1] and { € M

Remark 2.2. Thanks to (2.6) and (2.7), we derive the Cauchy-Schwartz Inequality
B(a)¢1 : &7 < (B(a)ér : &) (B()é : &) for all ar € [0,1] and &3, & € MIT
Define the total energy €: H'(;[0,1]) x L*(Q; M) x H'(Q; M) — [0,00) as

E(a,e,p) = Q(e) + D(a) + || Val3 + Qa,p) + [[Vpll3. (2.8)

Remark 2.3. By the Sobolev Embedding Theorem, for n = 2,3 and d € N we have that the embedding
HY(Q;R?Y) — LP(Q;R?) is continuous for all € [1,6] and compact for all § € [1,6). In particular, by (2.5)
for all « € HY(Q;[0,1]), B € H(Q), and p,q € H'(Q; M) we have:

[ Bt s ga) do
Q

< IBlloollpll2llll2;

/{zﬁ(a(x))ﬂ(x)p(x):q(w)dx < [BllclIBl2llpllallalla,

< [IBlloollar = azll2llpllaliglla;

/Q B0 () — Blan(x))]p(e) - (z) da

< Bllscllar — azllallBllallpllaliala.

/Qués<a1<x>> ~ Blan(@))|B@)p(a) : gla) de
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The constraint set for the stress tensor o is identified by a closed and convex set K C ngxrr? satisfying

{oeMP" : |o|<rg}C K (2.9)

sym
for a radius rg > 0.

Remark 2.4. Notice that K can be unbounded. In particular, as in [10], we can consider constraint set of
the form

K ={ceMl " : 170, + |op| — x>0}

sym
for 7,k > 0, where o,,, == t“’ € R is the mean stress and op = 0 — o, 1 is the deviatoric part of o.
Let us consider the support function H: MZ " — [0, 00] of K, which is defined as
H(§) = supo:§ forall & € MILT.
ceK

Clearly H is convex, lower semicontinuous, and positively 1-homogeneous. Moreover

rpl§] < H(E) for all & € M. (2.10)
The plastic potential H: L' (M) — [0, 00] is defined as

/ H(p(x))dz for all p € L'(Q; M)

Lemma 2.5. The functional H is lower semicontinuous in L*($; M-

Proof. Let (px)r C L (;M2X") and p € LY(Q; M2X") be such that py — p in L1(;M2X"). We consider a

sym sym sym

subsequence (p,); C (px)r satisfying

lim H(pg,) = liminf H(pg), pr; () = p(z) for a.e. z € Q.
j—oo 7 k—o0 7
Since H: M — [0, o0] is lower semicontinuous, by Fatou Lemma we have

/H ))da < / lim inf H (py, (v)) dz < hmlnf/ H(py,(v))dr = hm H(pr; )zlikminf’H(pk),
Q :— 00

j—o0 j—o0o
which implies the lower semicontinuous of A in L'(Q; MZ). O

Remark 2.6. Since H: L' (Q; M) — [0, oc] is convex, from Lemma 2.5 we derive that 7 weakly (sequen-

tially) lower semicontinuous in L!(Q;M2X"). By arguing in the same way, we derive that also the functional

Sym
P ft p(t)) dt is lower semicontinuous in L' ([t1, to]; L' (€ MZ)) for all [ty, 5] C [0,T].
Given [ty,t2] C [0,T] and p: [t1,to] = L'(Q; M), the H-dissipation of p on [t1,t5] is defined as
N
Vi (p;t1,t2) == sup ZH(p(Sj) —p(sj—1)) : NeN t1 =50 <51 <---<sy_1<sy =1l
j=1

We recall that this notion has been introduced in [13, Appendix]. By (2.10) we have

raV(piti,t2) < Vu(piti, ta), (2.11)
where V(p; t1,t2) is the total variation of p: [t1,t5] — L'(Q; M), which is defined as

V(p;t1,ta) = sup Z ||P(5j) —p(sj—l)Hl t:NeN t; =50 <51 <---<sy_1 <SSy =1
j=1
Lemma 2.7. Let [ty,t1] C [0,T] and py: [t1,t2] — L' (ML), k € N, satisfy
pe(r) = p(r) in L' ML) as k — oo for all v € [ty to].
Then
V’H (p; tl, tg) < hkm inf VH (pk; tl, t2>. (2.12)
—o0
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Proof. We fix n € N and a collection of points (sj);»vzo such that
ti=80<81<--<Sny_1<8N =ta. (2.13)
For all j =1,...,n we have
pr(sj) —pr(sj—1) = p(s;) —p(sj—1) in LI(Q;MQYXH:L) as k — oo.
Therefore, by Remark 2.6

N N
Z H(p(sj) —p(sj-1)) < Z lim inf M (pi(s;) — pr(sj-1))

N
< 1%€Iggf§;ﬁ(pk(8j) —pr(sj—1)) < likrgicgf YV (pr; ti, t2).
iz

By taking the supremum over N € N and all collections of points (sj)évzo satisfying (2.13) we get (2.12). O
We recall the following result.
Lemma 2.8. For all 0 € [2,6) and 6 > 0 there exists a constant Cy s > 0 such that
lullg < Cosllull? +dlIVull3  for all u € H (:R?).

Proof. We fix 6 € [2,6) and § > 0 and we argue by contradiction. We assume that for all k£ € N there exists
uy € H'(;R?) satisfying

lurlls > KllukllF + 0| Vu3-
We set 4y, :== ”;ﬁ and we have

lixllo =1, 1> kllag|? + 8| Vug|2 for all k € N.
In particular, by the continuity of the embedding L?(Q;R?) — L?(;R?) we deduce the existence of a
constant Cy > 0 such that
1
a2 = llaxll3 + || Va3 < Co + 5 forallkeN.

By the Sobolev Embedding Theorem there exists a function @ € H'(€; R?) with [|ii]lp = 1 and a subsequence
(tig;)j C () such that

Uy, — 4 in LY(Q;R?) as j — oo.
On the other hand,

|ax))? < — forall k € N,

el

which gives
Gr — 0 in L'(Q;RY) as k — oo.
This implies that & = 0, which contradicts |||y = 1. O
The following is an easy consequence of Lemma 2.8.

Corollary 2.9. There exists a constant C > 0 such that

full2 < C (lull? + Vul3)  for all u € H (4 RY). (2.14)
Proof. By Lemma 2.8 with § = 2 and § = 1 there exists a constant C7 > 0 such that

lullzr = l[ull3 + [Vull3 < Cullulli + 2[|Vull3 < max{2,C1} (Jull + [ Vull3)

which gives (2.14) O

3. GLOBAL QUASISTATIC EVOLUTIONS

In this section we prove Theorem 3.8, i.e., the existence of global quasistatic evolutions (also referred to
as energetic solutions) for the model of geomaterials coupling damage and small-strain associative plasticity
introduced before. Moreover, in Theorem 3.15 we perform a detailed analysis of the regularity in time of
these evolutions.
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3.1. Definition and preliminary results. We start by introducing the mathematical formulation of our
model of geomaterials. Following [10] and the definition of energetic solution of [29], we give the following
notion of global quasistatic evolutions.

Definition 3.1. Assume (2.1)-(2.7) and (2.9). A quadruple (a,u,e,p) from [0,7] into H'(£2;[0,1]) x A is
a global quasistatic evolution with datum w if:
(qs0) for a.e. z € 2 the map

t — «(t,z) is non increasing on [0,T7;
(asl) (u(t),e(t),p(t)) € A(w(t)) for all t € [0,T] and
E(a(t), e(t), p(t)) < E(B,m,q) + Hlg — p(t) for all (,0,1,9) € D(a(t)) x Aw(t)):
(qs2) p: [0, 7] — H*(Q; M2X™) has bounded H-variation and for all t € [0, T

sym

t
E(a(t),e(t), p(t)) + Vu(p;0,t) = E(a(0),€(0),p(0)) +/ (Ce(s), Eur(s)) ds.
0
Remark 3.2. The first condition (qs0) models the irreversibility of the damage process, (gsl) is the global
stability condition, and (qs2) is the energy-dissipation balance.

Let us check that the integral in (qs2) is well defined. To this aim, we first prove the following stability
result.

Lemma 3.3. Assume (2.2)—(2.7). Let wy € H*(;R™), and (o, ug, ex, pr) € HY(Q;[0,1]) x A(wy) for all
k € N. Assume that as k — oo

up — Uso  in H(Q;R™), ap = as  in H'(Q),
er — oo N Lz(Q;M;‘yXH?), Dk — Poo N Hl(QQngXn?)a

wy, = Wee in HY(R™).
Then (oo, €ccs Poo) € A(Wso). If in addition
E(ak, er,pr) < E(Bym,q) +H(g—pr)  for all (B,v,1,q) € D(ay) x A(wy), (3.1)

then
E(Qoos €00y Poc) S E(ByM,q) + H(q — Poo)  for all (B,v,1,q) € Do) X A(weo). (3.2)

Proof. We argue as in [9, Theorem 3.6]. Since
Eup =ep +pr inQforall k €N, up = wg on Jf) for all k € N,
by passing to the limit as £ — oo and using the continuity of the trace operator, we derive that
Euo = €56 + P in €, Uso = Woe 0N ON.

Therefore, (Uoo, €oos Poo) € A(Wso)-
We fix (8,v,7,q) € D(as) X A(weo) and for all k € N we set

Br = B A ay, V= U — Ugo + Ug, Mk =1 — € t+ €k, qk = q — Poo + Dk-
By construction (Bk, vk, Mk, @r) € D(ag) x A(wy) for all k € N, and as k — oo
v = v in HY(;R"Y), Br — B in HY(Q), (3.3)
me =1 in L2 M), gk —q in H'(Q; ML)

We use (B, Uk, Nk, qx) as test function in (3.1), and from the identity
IVBIIE + Varlls = V(B A ar) 3 +IV(B Va3,
we derive
D(ag) +[IV(BV ar)l3 = VB3 + Qak, pr)
= D(ay) + [IVa]l3 = VB3 + Qak, pr)
< Q(mr) — Qlew) + D(Br) + IVarll3 = IVoell3 + Q(Brs ax) + Hlax — pr)
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= L= em 4 201),1 — eoc)o + D(B) + OB ar)

2
+ (V4 = Voo +2Vpr, Vg = Vo )2 + H(q = Poo)- (3.5)
By (3.3)-(3.4) and Remark 2.3, for all 6 € [1,6) we have as k — oo
ar — s in LY(Q), Br— B in L°(Q),
Dk — Poo  ID LQ(Q;M;L;;?), gr — q in LQ(Q;M;L;;?).
In particular, by using (2.2) and (2.5) and arguing as in Remark 2.3 we deduce
lim D(ay) = Dla). lim D(%) = D(5).
Jim Q(a, pr) = Q(ase, poc), Jim Q(Br, qr) = Q(8,9)-

Moreover, 3V ar — o in HY(Q) as k — oo, which implies
IVaoo|3 < liminf [ V(8 V a)]l3.
—00

Hence, by passing to the limit as k — oo in (3.5) we get
D(am) + ||V04oo||§ - ||VB||§ + Q(aoovpoo)

< 2O+ ex).n — eee)s + D(B) + QB,0) + (Va + Vo, Ve — Vo) + Hla — o)

= Q1) — Qlexe) + D(B) + Q(B.q) + Vall3 — [ Vpasll3 + H(a — poo),
which gives (3.2). O
Thanks to Lemma 3.3 we deduce the following regularity result.

Lemma 3.4. Assume (2.1)~(2.7) and (2.9). Let (o, u,e,p) from [0,T] into H'(2;]0,1]) x A be a quadruple
satisfying (qs0) and (qs1), and such that p: [0,T] — H' (ML) has bounded H-variation. Then there
exists a constant C > 0, independent on t € [0,T], such that

la@llar + @l g + le@)llz + lp®)la < C for all t € [0,T]. (3.6)

Moreover, there exists a countable set N C [0,T] such that the quadruple (a,u,e,p) is weakly continuous
from [0,T]\ N into H(Q) x A. In particular, the quadruple (o, u, e, p) is strongly measurable from [0,T]
into H1(Q) x A.

Proof. Since p: [0,T] — L*(£;M2%") has bounded H-variation, by (2.11) we deduce that p has bounded

Sym
total variation. In particular, ||p(¢)||; is uniformly bounded in [0, T7], being

lp@)[lx < [lp() = p(0)]lx + lIp(0)]lx < V(p;0,T) + [[p(0)]x  for all £ € [0, T7. (3.7)

Since (0,u(T) — w(T) + w(t),e(T) — Ew(T) + Ew(t),p(T)) € D(a(t)) x A(w(t)), by the global stability
condition (gsl) we deduce

E(alt).et). p(t))
Q(e(T) + Q(Bw(T) — Bw(1)) + (Ce(T), Ew(T) ~ Bw(t)): + Q(0,p(T)) + [Vp(T)[3 + H(p(T) ~ p(t))
Dl + FIEw(T) - Ew(®)[3 +2lle(D) |2 | B (T) ~ Bw(®);

+ Bl o3 + IVR(T)II; + Valp,t,T)
2

T
< plle(D)I3 + 72 </0 IIEU'/(T)IIsz> + Bl (M3 + VRT3 + Vi (; 0,T).

ININ

Notice that the quantity on the right-hand side is independent on ¢ € [0,T]. Since
N
E(a(®), e(t),p(t) = o lle®]3 + IVa®I3 + IVPO)IS,
we deduce that there exists a constant Cy > 0, independent on ¢ € [0, T], such that
IVa@))3 + lle@® +[[Vp#)]3 < C1 forall t € [0,T].
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By using (3.7), Corollary 2.9, and the fact that 0 < a(t) <1 a.e. in Q for all ¢ € [0,T] we obtain a constant
C3 > 0, independent on ¢ € [0, T}, such that
la @iz + lle@®l3 + lp(®)][7n < C2 for all £ € [0, T]. (3.8)

Finally, since u(t) — w(t) € H}(Q;R™), by Korn Inequality there exists a constant Cs > 0, independent on
t € [0,T7], such that

[u(®)ll2 < fu(®) = wB)ll2 + [lw@)ll2
< ClEu(t) — Bw(t)|l2 + [[w(@)ll2 < Clle@®)]l2 + Clp(t)ll2 + Cl[Ew(®)]|2 + [lw@)]2-
Therefore, by (3.8) and Korn Inequality there exists a constant C5 > 0, independent on ¢ € [0,T], such that
lu(®)l| < C.

This implies (3.6).

It remains to prove that there exists a countable set N C [0,7T] such that the quadruple (o, u,e,p) is
weakly continuous from [0,7] \ N into H*(2) x A. Indeed, if this holds, then the quadruple (o, u, e, p) is
weakly measurable from [0,7] into H(Q) x A, and therefore strongly measurable, since H'(Q2) x A is a
separable Banach space.

We start by observing that a: [0,7] — H'(£2;[0, 1]) satisfies

la(®)loo <1 forallte[0,T], alts) <a(ty) ae. inQforall0<t; <ty <T.

By [9, Lemma A.2] there exists a countable set Ny C [0,7] such that the function a: [0,7]\ N; — L?(Q)
is (strongly) continuous. In particular, thanks to the uniform estimate (3.6) we derive that «: [0,T]\ Ny —
H(Q) is weakly continuous. Similarly, since p has bounded total variation in L*(£; M2X"), there exists a

Sym
countable set Ny C [0, 7] such that the function p: [0, 7]\ Ny — L' (Q; MZX") is strongly continuous. Hence,
the uniform estimate (3.6) yields that p: [0,7]\ No — H*(£); ngfg) is weakly continuous.

Let us define N := N; U N;. We claim that the pair (u,e) is weakly continuous from [0,7] \ N into
HY(Q;R™) x L2(;M2X™). Indeed, let us fix to € [0,7]\ N and let us consider a sequence (t;)x C [0,7]\ N

such that ¢ — 1o asS}l,cmH oo. By the uniform estimate (3.6) there exists a constant C' > 0 independent on
k € N such that

lu(E) |l + |le(te)]|le < C  for all k € N.
Therefore, there exists a subsequence (t,); C (tx)r and a pair (ueo,eoc) € H'(Q;R™) x L?(Q; M) such
that as j — oo

uty,) = us in H'(Q;R™), e(ty,) = e in L7(Q; ML)

sym
Moreover, as j — oo we have
afty;) = alte) in H'(Q), p(ty;) = p(teo) in HY(Q; M, w(ty,) = w(teo) in HY(Q;R™).

sym

Thus, we can apply Lemma 3.3 to deduce that ((teo), Uoo, €oos P(teo)) € A(w(tao)) and satisfies
E(atoo), €00, p(toc)) < E(Bm,q) +H(q = pltec)) for all (B,v,7,q) € D(a(teo)) X A(w(too))-

In particular, by choosing 8 = a(tw) and ¢ = p(ts), we derive that the pair (uco, €~ ) minimizes the

functional F: H'(Q;R™) x L*(Q; M) — [0, 00), defined as
F(v,n) == Q(n) forall (v,n) € H' (4 R") x L*(Q; ngxrf),

over the convex set
G = {(v,n) € H (GR") x LA (MY = (0,7,0(too)) € A(w(too))}-

This implies that (ue, €xo) is uniquely determined for all ¢ € [0,T] by the strict convexity of Q. Therefore,
U(too) = Uso and e(too) = €no. In particular, we get that as k — oo

u(ty) = ultes) i HY(QGR™),  e(tr) = e(too) in L2H(QMIT),

sym

i.e., the pair (u,e) is weakly continuous from [0, 7]\ N into H'(€;R™) x L?(€; MZ5). O
Remark 3.5. By Lemma 3.4 the integral in (qs2) is well defined for all quadruple (o, u, e, p) from [0, T] into
H(Q;[0,1]) x A satisfying (qs0) and (qs1) and such that p: [0, 7] — H*(£; M%) has bounded H-variation.

sym
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Remark 3.6. If (a,u,e,p) from [0,T] into H*(£2;[0,1]) x A is a global quasistatic evolution, then we can
improve the estimate in (3.6). Indeed, by Lemma 3.4 we have that the function ¢t — ||e(t)||2 is bounded and
measurable on [0,T]. In particular, if we define

M = sup |le(®)|2 < oo,
t€[0,T)

by (gs2) we derive
T
LM < E((0).e(0),p(0) +22M [ [Eib(s) . ds.
0

This implies the existence of a constant C7, which depends only on w, d, C, B, and on the initial datum
(a(0),€(0), p(0)), satisfying
M= swp [le®ls < Cr.
t€[0,T]
Therefore, by using again (gs2) we derive the existence of a further constant Cs, depending only on w, d, C,
B, K, and the initial datum («(0),(0),e(0), p(0)), such that

la@lar + lu@®)[ar + lle®)ll2 + lp(#) |z < C2 for all t € [0,T].
3.2. Existence of a global quasistatic evoltion. In this subsection we prove the existence of a global
quasistatic evolution satisfying a fixed initial configuration. As in [10], the proof relies on the De Giorgi’s Min-
imizing Movement approach to quasistatic evolutions, where time-continuous evolutions are approximated

by discrete-time ones, constructed by solving incremental minimization problems.
We consider an initial configuration

(a%,u’, e p%) € H'(Q;[0,1]) x A(w(0)),

which satisfies

(e p%) < E(B,m,q) + H(g—p°) for all (B,v,n,q) € D(a®) x A(w(0)). (3.9)
For all £ € N we define
TR = %, tio=dry,, wh=w(tl) fori=0,..., k.

Starting from
(e, ups e, pf) = (%0, %, p°) € H'(Q;]0,1]) x A(w(0)),
foralli=1,...,k we define
(ks ek k) € D(ag ") x A(wy)
as the solution of

min — {&(B,n,q) +H(g—pi 1)} (3.10)
(B,v,m,0)€D(ay ) x A(wy)

Notice that
(Oé;;_lvwlievaza 0) € D(Oé;c_l) X A(wz) 7£ @ for all ¢ = 1’ Tt k.

Moreover, for all i =1,...,k and (o, u,e,p) € D(afg_l) x A(w}) we have
i N i
E(ae,p) + Hp = pi) = - llells + IVals + [IVplI3 + rallpll — rallpilh

and the functional
(Oé, u, €7p) — g(a7 eap) + H(p - p},{;)

is sequentially lower semicontinuous with respect to the weak convergences in the spaces H(2), H!(Q;R"),
L2(Q; M), and H'(Q; MZ5"). Hence, by the Direct Method of Calculus of Variations, for all & € N and
i = 1...,k there exists a solution (a},ul, el pi) € D(al) x A(w}) to the minimum problem (3.10). In
particular, since

Hig—py ") — Hpk —p ") < Hla— k),
the quadruple (o}, ul, ek, pt) satisfies

Eay, el p) <EB,m.q) +H(g—p,) forall (B,0,1,q) € D(a ") x A(w},). (3.11)
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In the following lemma, we derive an energy estimates for the discrete evolution {(ai,ut,el,pi)}r ;.

First, for all £ € N we define
; wh —wit
wy, = —+* "k fori=1,..., k.
Tk

Lemma 3.7. Assume (2.2)—(2.7), (2.9), and (3.9). For allk € N and i =1,...,k we have

i i
E(ofehph) + > Ml —ph ") < (%% p") + > mi(Cel ! Eair))2 + 0y, (3.12)
j=1 j=1
where
Y2 T
Oy = TkE/ |Ew(r)||3dr — 0 as k — oo, (3.13)
0
In particular, there exists a constant C' > 0 independent on k and i, such that
k . .
Joax flegllz + max (ipk[lm + max floj |z + _Z;H(pk -p, <0
1=

Proof. We fixi=1,...,k and for j =1,...,7 we consider
(aifl,uifl — wiil + wi, efjl - wa1 + Ewi,pf:l) € D(aifl) X A(wi).
By the minimality condition (3.10) we get
E(Q[Z:’ e?gap‘ljc) + H(pgg - pi_l) S S(ai_la ei_l - Ewi;_l + E’U}"i,pi_l)

ji—1 _j—1  j—1 i—1 1. ] 72 j j—1
<&@ el pi) + m(Cel ,Ew;)2+§\|Ewi—Ew; 2.

We sum over j = 1,...,4 and we use the inequality
k T
, - ]
S IBul —Bul < [ [Bo) [ ar
j=1 0

to obtain (3.12).
By the discrete energy inequality (3.12) we get

i
Y1y . i—
S lekll3 < £, e%p%) + 72 ) el B 2l |2 + 8.
j=1

Since d; — 0 as k — oo, there exists a constant C; > 0, independent on k and ¢, such that

max ||e§€H2 < (C].
i=0,...k

Therefore, by (3.12) we can find another constant Cy > 0, independent on k and 4, such that

k
02 Q2 i_ il < o
(max [Vaill3 + max [[Vpi|3+ Zlﬂ(pk n )< Ca
=
By Corollary 2.9 and the inequality

k k
, S 1 S
-1 -1
il < 1P°00 + > it — o i < 19°0 + - > HpL -,
=1 =1

we deduce the existence a constant C'5 > 0, independent on k and ¢, such that

i < Cj.
ii%f}fk”pk”m S O3

Since 0 < a}; < 1in , there exists a constant Cy > 0 independent on k and 4 such that

..........

This concludes the proof. O
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We introduce the piecewise constant interpolant &y, : [0, T] — H(£2;[0,1]) as

ap(t)=ai forte ' ti],i=1,....,k  a(0)=al, (3.14)
and similarly we consider u: [0,T] — H'(Q;R"), &: [0,T] — L*(Q ML), py: [0,T] — H'Y(Q; M),
and wy, — H'(Q;R™). Moreover, we define 7y : [0,T] — [0,7] as
Te(t) =t forte (ti ' ti],i=1,....,k,  Tx(0)=0. (3.15)
By definition, we have
ZH = Vu(py; 0, T),

and thanks to Lemma 3.7 we deduce that the piecewise constant interpolants satisfy the following estimate:
there is a constant C' > 0 independent on k € N and t € [0, 7] such that

llex 2 + 112x )|l zr + @k (@)l gr + Vi (Py;0,T) < C for all t € [0,T]. (3.16)
We can now prove our existence result for global quasistatic evolution.

Theorem 3.8. Assume (2.1)—(2.7), (2.9), and (3.9). Then there exists a global quasistatic evolution
(a,u,e,p) from [0,T] into H*(Q;[0,1]) x A satisfying the initial condition
((0),u(0),€(0),p(0)) = (a®,u’ % p"). (3.17)

Proof. Step 1. Starting from (a®,u", e®, p®) we consider the incremental problem (3.10) for all k € N and
i=1,...,k, and we obtain a sequence of approximate solutions (@, Uy, €, b)) from [0, T into H*(£2;]0, 1]) x
A. Since all functions @y are non increasing in time, we can apply a generalized version of the classical
Helly Theorem to conclude that there exist a subsequence, still denoted by @y, and a function «: [0,T] —
H'(£2;1]0,1]) non increasing in time, such that for all ¢ € [0,7] as k — oo

ai(t) — a(t) in HY(Q).

In particular, thanks to Remark 2.3, for all ¢t € [0,T] and 6 € [1,6) we have as k — 0o
ap(t) — at) in LY(Q).

Moreover, by (3.16) there exists a constant C' > 0, independent on k, such that

0

raV(P;0,T) < Vu(py;0,7) ZH <C, 154 (0)| 5 = 1P°l e < C.

Hence, there exist a further subsequence, still denoted by py, and a function p: [0, 7] — H'(Q; M) with
bounded variation in L'(Q;M2X") such that for all t € [0,7] as k — oo

sym
Pi(t) = p(t) in H' (ML)

In particular, by (2.12) we get
Vu(p;0,T) < likminf V1 (Pr;0,T) < C,
— 00

which yields that p has bounded H-variation. Furthermore, for all ¢ € [0,T] and 6 € [1,6) we have as k — oo
Pult) = plt) in LO(9; M),

sym
Step 2. For all fixed ¢ € [0,7] there exist a subsequence k; and functions e* € L*(€;MZ5") and
u* € HY(;R™), depending on t € [0, 7], such that as j — oo
e, (1) = e in L2 M), T, (t) = u* in H' (Q;R™).
By construction (a(t),ux(t), ex(t), by (t)) € HY(Q;[0,1]) x A(wk(t)) and in view of (3.11)
E(@r(t),ex(t), p(t)) < E(B,1m,q) + H(g = pi(t))  for all (5,v,1,q) € D(@y(t)) x A(wi(t))-

By writing the inequality for £; and using Lemma 3.3 we deduce

E(a(t), e, p(t)) < E(Bn,q) +H(g —p(t)) forall (5,v,7,q9) € D(a(t)) x A(w(t)).
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Therefore, we can argue as in Lemma 3.4 to derive that (u*,e*) is uniquely determined for all ¢ € [0,7T]. In
particular, by defining u(t) := u* and e(t) := e* we deduce that as k — oo

er(t) = e(t) in L2(;M™XM), T(t) — u(t) in HY(Q;R™),

Sym
and the quadruple (a, u, e, p) satisfies (qs0), (gsl), and (3.17).
Step 3. By Lemma 3.4, we deduce that (o, u,e,p) are strongly measurable from [0, T] into H*(Q) x A.
We define ¢, : [0,7] — LQ(Q M2X") as

sym
ep(t)i=ei b forte [t tl),i=1,....k  e(T)=e}.

By the discrete energy inequality (3.12), for all k € N, ¢ € (t};—l, t;],and i = 1,...,k we have

) T ()
E(@i(t),ex(t), Br(t)) + Vi(Pi: 0,1;) < E(a®, €, p%) +/ (Cey,(r), Eio(r))2 dr + 0. (3.18)
0
Since ¢, (t) = €, (t — 73) for a.e. t € [1, T], we derive that as k — oo
g — € in Lz((07T)aL2(Q M;lyfr?))

Hence, we can use the convergences of Steps 1 and 2 to pass to the limit as £ — oo in (3.18), and to obtain
that the quadruple (o, u, e, p) satisfies for all ¢ € [0, T

E(a(t),et), p(t)) + Vu(p; 0,1) < E(a’, %, p") +/0 (Ce(r), Eu(r))z dr,

being all the terms on the left-hand side are sequentially lower semicontinuous with respect to the conver-
gences of @y, €, P, It remains to prove the opposite inequality.
We fix t € (0,7] and for all k € N we consider a collection of points {si }¥_; in [0,] satisfying

O=s) <sp<--<sy'<si=t lim max [s;—si ' —0.
k—o0i=1,....k

Foralli=1,...,k we have
(als}), u(sh) — w(s) +w(si), e(s) — Buo(sh) + Bu(si),p(si)) € Dlalsi)) x A(w(si)).
By using (gsl) in t = s}:l forallk e Nandi=1,...,k we deduce
E(a(si),e(si), plsi)) < Elalsh), elsh) — Bu(sh) + Bu(si™), p(s)) + H(p(sh) — (i)
= E(alsp)se(si), p(si,)) + H(p(sy,) —p(sy )
— (Ce(sy), Bw(sy) — Ew(s; )2 + Q(Ew(sy) — Ew(s; "))

< E(alst), e(st), p(si)) + H(p(sk) — p(sy ")) —/Sk (Ce(sy,), B (r))z dr

i—1
k

+ max s} — s} 72/ B ()12 dr-

.....

By summing over ¢t = 1,...,k we get

£(a®, %, p%) < E(alt),e(t), p(t)) + Viu(p; 0,t) — / (Cex(r), Eu(r))z dr

+ max Jsh— s 12 / B (r)|2 dr, (3.19)
where é;: [0,T] — L*(; ML) is defined as
ér(t) =e(si) forallte[si ! sh), ér(T) = e(T).

Since éx(r) — e(r) in L*(Q;M2X") for a.e. r € [0,t] as k — oo, we can use the Dominated Convergence

sym
Theorem to derive .

lim (Cé(r),Ew(r))qsdr = / (Ce(r),Ew(r))q dr.

k=00 Jo 0

By passing to the limit as & — oo in (3.19) we get the other opposite energy inequality. Hence, (o, u, e, p)
satisfies (qs2) and it is a global quasistatic evolution from [0, T into H'(Q;[0,1]) x A. O
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3.3. Continuity in time. In this subsection we investigate the regularity in time of global quasistatic
evolutions (o, u, ¢, p) in the sense of Definition 3.1. More precisely, we show that every evolution is continuous
at every continuity point ¢ of a: [0, T] — L*(£2). We point out that such a property improves the continuity
result of Lemma 3.4.

We start by proving several preliminary results. In the first one we show that every global quasistatic
evolutions is strongly continuous up to a countable set.

Lemma 3.9. Assume (2.2)—(2.7) and (2.9). Let (o, u,e,p) be a global quasistatic evolution from [0,T] into
H'(9;]0,1]) x A. There exists a countable set N C [0,T] such that the quadruple (o, u,e,p) is strongly
continuous from [0, T)\ N into H'(Q) x A.

Proof. From Lemma 3.4 we know that there exists a countable set Ny C [0,7] such that every global
quasistatic evolution (a,u,e,p) is weakly continuous from [0,7] \ N into H!(Q) x A. Moreover, since the
map t — Vy(p;0,t) from [0,7] into R is increasing, there exists a countable set Ny C [0,T] such that
t — Vi (p;0,t) is continuous from [0, 7] \ Ny into R. In particular, the energy equality (qs2) yields that the
map ¢t — E(a(t),e(t), p(t)) is continuous from [0, 7]\ Nz into R.

Let us define N := N7 U No. We fix to € [0,T]\ N and a sequence (tx)r C [0,7]\ N such that tx — teo
as k — oo. Thanks to Lemma 3.4 we have

a(ty) = alts) in HY(Q) as k — oo, u(ty) = u(tss) in HY(Q;R") as k — oo,

e(ty) — e(tss) in L2(Q; M) as k — oo, p(tr) — pltse) in H'(Q M) as k — oo,
and by the Sobolev Embedding Theorem (see also Remark 2.3), for all § € [1,6) we get

afty) = alts) in LY(Q) as k — oo, u(ty) = u(tss) in LY(Q;R™) as k — oo,

p(tr) = p(tso) In LH(Q;MQ},XH?) as k — oo w(ty) = w(ts) in H'(QR") as k — oo.

In particular, we derive that

E(altes); e(tos), Pteo))

< liminf Q(e(ty)) + lim D(a(ty)) + liminf | Va(t)]|3 + lim Q(a(tk),p(tk)) + lim inf ||Vp(tz) |3

k—o0 k—o0 k—o00 k—o00 k—o0

< lim E(alty). ety). p(1x)) = E(0{t0). e(too). Plio)).

This implies that
Qle(tos)) = liminf Qle(ty)),  [[Valteo)l3 = liminf [Va(ty)l5,  [IVp(te)l3 = liminf [ Vp(t)|f5-
k—o0 k—o0 k— o0

If we use also that

lim inf(ag + bx) < limsup ag + liminf b, < limsup(ag + b;) for all two sequences (ax)k, (br)r C R,
k—o0 k—o00 k—ro0 k— o0

we conclude that

Qlelta)) = lim Qe(t)),  [Valtw)f = Jim [Va(t)3,  IVp(t)l3 = Jim [Vp(to)l3.
Hence, thanks to (2.4) we obtain the following strong convergences:

a(ty) = a(ts) in HY(Q) as k — oo, e(ty) = e(tos) in L*(Q; M) as k — oo,

p(ty) = plteo) in Hl(Q;M;‘yﬁL) as k — oo.

Finally, by Korn Inequality, we derive
IVu(te) — Vultoo) 2 < € (Jults) — ulto)l2 + le(ti) — etoc)lz + Ip(te) — pltoc)ls) = 0 s k — o,
Therefore, the quadruple («,u, e, p) is strongly continuous from [0, 7]\ N into H*(Q) x A. O
Moreover, we introduce the following definition.

Definition 3.10. For all « € H'(Q;[0,1]), e € L?>(Q; M™X"), and p € H(Q; M2X") we define

sym sym

BuElre,p)[B) == [ d(o())B(x)dz +2 /Q Va(z) - V() do + / B(a(2))B(x)p(x) : plz) dx

) Q
for all B € H'(Q).
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By Remark 2.3 we deduce that 0,&(«,e,p)[f] is well defined, and we can identify 9,&(,e,p) as an
element of (H'(Q2))" by setting

(0a€(a,e,p), B) = 0u€(a,e,p)[B] forall g€ H'(Q).

In the next lemma we show that every global quasistatic evolution satisfies the following variational
inequalities.

Lemma 3.11. Assume (2.2)~(2.7) and (2.9). Let (o, u,e,p) be a global quasistatic evolution from [0,T] into
H(9;]0,1]) x A.
(a) For allt € [0,T] we have
Do (a(t), e(t),p(t)[B] >0 for all B € H*(Q) with 3 < 0. (3.20)
(b) For allt € [0,T) and (v,n,q) € A(0

) we have
—H(q) < (Ce(t),n)2 + 2(B(a(t))p(t), @)z + 2(Vp(t), Vg)2 < H(—q). (3:21)
(¢c) Forallt €[0,T] and (v,n,q) € Alw(t))
Qe(1)) + Q(n — e(t) + Q(a(t), p(1)) + Q(a(t), g — p(t) + [IVp(1) 13 + Vg — Vp(t)ll3
Q(n) + Q(alt), q) + IVall3 + H(g — p(t)). (3:22)
Proof. (a) We first extend d and B to (—o0,0) by setting
d(a) == d(0) + ad(0) and B(a)=B(0)+aB(0) for all a € (—o0,0). (3.23)
By construction,
d € C((~00,1];[0,00)) N C¥}((~00, 1]; [0, 00)),
B € C*((—o0, 1]; Lin(MZ5; MIPE)) N O ((—oo, 1]; Lin(MEpR; MIPET)).

In particular, by the Dominated Convergence Theorem for all a € H'(2;[0,1]), e € L*(; M%), and
p € HY(Q;M2X™), and for all 3 € HY(Q) with 3 < 0 there exists

lim Ela+ AB, e,;z)?\) —&(a,e,p)
A0+
We fix t € [0,T]. Let 3 € H'(Q) with 3 < 0 and let A > 0. Since (a(t) +A8)" € D(a(t)), by (qsl) we get
Ea(t),e(t),p(t) < E((alt) + AB) T, e(t), p(t))
Moreover, by (2.2), (2.5), (3.23), and the fact that a(t) > 0 we have
D((a(t) + /\ﬁ) ) < D(a(t) +A8), IV((a(t) + AB) )1 < [V (ax(t) + AB)]I3,
Q((a(t) +A8)*,p(t)) < Q(alt) + A8, p(t)).

Hence, we derive

= aag(a’eap)[ﬂ}' (324)

E(a(t),e(t),p(t) < E(at) + AB,e(t), p(t)).
By dividing for A > 0, sending A — 07, and using (3.24) we get (3.20).
(b) For all (v,n,q) € A(0) and A > 0 we test (gsl) with
(a(t),u(t) + Av, e(t) + An, p(t) + Aq) € D(a(t)) x A(w(t)),
and we get
Qe(t) + Q(a(t), p(t)) + [Vp(®)3 < Qle(t) + An) + Q(a(t), p(t) + Ag) + IV (p(t) + Ag)|[3 + AH(q).

By dividing for A > 0 and sending A — 0T we get one inequality of (3.21). To get the other inequality, it is
enough to replace (v,n,q) € A(0) with (—v, —n, —¢q) € A(0).
(¢) By (3.21) for all (v,n,q) € A(w(t)) we get

Q(e(t)) + Qn — e(t)) — Qn) + Qa(t), p(t)) + Q(a(t), g — p(t) — Qalt), )
+IVe®3 + Ve = Vp@)ll3 - IVall3
= (Ce(t), e(t) = n)2 + 2(B(e(t))p(t), p(t) — q)2 + 2(Vp(t), Vp(t) — V)2 < H(q — p(t)),
which is (3.22). O
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Remark 3.12. The assumptions d(0) < 0 and B(0)¢ : £ <0 for all £ € M in (2.2) and (2.5) are needed
to deduce (3.20) for all 3 € H*(Q) with 8 < 0.

By (3.21) we deduce that every global quasistatic evolution (a,u, e, p) satisfies
divCe(t) =0 in D'(;R™) for all ¢ € [0, 7). (3.25)
Indeed, since (¢, E¢,0) € A(0) for all ¢ € C°(;R™) and H(0) = 0, by (3.21) we deduce
(Ce(t),E¢)y =0 for all ¢ € C°(Q;R™),
which is (3.25). Let us recall also the following integration by parts formula.

Lemma 3.13. Let e € L*(Q;MIX") satisfy

Sym
divCe =0 in D'(Q;R"). (3.26)
Then, for allw € H'(Q;R™) and (v,n,q) € A(w) we have
(Ce, q)2 = —(Ce,n — Ew)a. (3.27)

Proof. Since e € L*(€; MZ5!"), by using a density argument in (3.26) we derive
(Ce,Eqp)y =0 for all ¢ € Hy (4 R™).
In particular, for all w € HY(Q;R™) and (v,n,q) € A(w), we get
(Ce,q)2 = (Ce,Eu —n)2 = —(Ce,n — Ew)s + (Ce, E(u — w))2 = —(Ce,n — Ew)a,
which is (3.27). O

Moreover, we need the following version of Gronwall Inequality, whose proof is analogous to the one of [13
Lemma 5.3].

Lemma 3.14. Let a,b € R with a < b. Let f: [a,b] — [0,00) be a bounded measurable function, let
g: la,b] — [0,00) be a non decreasing function, and let h: [a,b] — [0,00) be an integrable function. Suppose

that
2

f(@®) / f(r)h(r)dr + (/at h(r) dr) for allt € [a,b]. (3.28)

Then,

f@) <g)+ 3 /t h(r)dr for all t € [a,b]. (3.29)

2
Proof. Let ty € [a, b] be fixed. Define

7o = glto)? + ( / " ) dr>2. (3.30)

If vo = 0, then g(to) = 0 and h = 0 a.e. on [0, tg], which implies that f(tp) = 0 by (3.28), and so (3.29) is
satisfied. Therefore, we may assume that vy > 0 and we define the function

/ f(r)h(r)dr for all r € [a, o).

By assumptions V € AC([a,to)) and V (t) = f(t)h(t) for a.e. t € [a,to]. Therefore, thanks to (3.28) we derive
that V() t)\/Yo + V (t) for a.e. t € [a,to]. Integrating between a and tg, and using (3.30) we get

to

to
2V (to) +70 < 2\/%+/ h(r)dr < 2g(to) + 3/ h(r)dr.
On the other hand, by (3.28) we derive f(t9) < /V(to) + 70, and so

2(to) < 29(t0) +3 [ h(r)dr,

which gives (3.29). O
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We can finally prove the strong continuity of a global quasistatic evolution (a,u,e,p) from [0,7] into
H(Q) x A at every continuity point ¢ of a: [0,7] — L*(€).

Theorem 3.15. Assume (2.2)~(2.7) and (2.9). Let (o, u,e,p) be a global quasistatic evolution from [0, T
into H'(2;[0,1]) x A. Then, there exists a constant C > 0 such that for all t;,ty € [0,T] with t; < ta we
have

la(t2) = )l + lle(t2) = e(t)ll2 + [lp(t2) = p(t0)l|

c (na(tz) ~awli+ [ ||Ew(7")||2d7‘> , (3.31)
lu(te) — u(t) s < C <||a<t2> —awli+ [ ) dr) | (3.32)

Remark 3.16. Therefore, every global quasistatic evolution (o, u,e,p) is (strongly) continuous from [0, T']
into H(Q) x A, except for a countable subset of [0,7], which is the set of discontinuity points of a with
respect to the convergence in L'(Q2). Moreover, if a € AC([0,T]; L(Q)), then (a,u,e,p) are absolutely
continuous from [0, 7] into H*(2) x A.

Proof. We fix t1,to € [0,T] with ¢; < t2. We test (3.20) in ¢; with 8 := a(t2) — a(t1) and we use the identity
IVa(tz)]3 = [Valtz) = Va(t)l3 = [[Va(t)]3 = 2(Va(ty), Valtz) — Va(ty)),
to derive that
IVa(t:) — Va(t)|3
<|IVa(t2)[l3 = [Va(t)| + (d(a(t)), altz) — a(tr))s + Bla(t)(alt2) — a(t))p(t), p(t)2.  (3.33)
We now test (3.22) in ¢, with
(v,m,q) = (u(tz) — w(t2) + w(t1), e(t2) — Ew(tz) + Ew(t1), p(t2)) € A(w(tr)),
and we get
Qle(t1)) + Qle(tz) — e(tr) — E(w(tz) — w(ty)))
+Q(a(t), p(tr)) + Qa(tr), p(t2) — p(t1)) + [IVp(t1)[I5 + I Vp(t2) — V(1) |3
< Q(eltz) — B(w(ta) — w(t1))) + Q(a(tr), p(t2)) + [ Vp(t2) |3 + H(p(t2) — p(t1)).
In particular
Qe(ta) — e(t1)) + Q(a(tr), ptz) — p(tr)) + [ Vp(t2) — Vip(t1)ll3
< Q(e(tz)) — Qle(t)) — (Ce(tr), E(w(tz) — w(t1)))2
+Q(a(tr), p(t2)) = Q(a(tr), p(t1) + [Ve(t2) |13 = IVe(t)3 + H(p(t2) — p(t1)). (3.34)
Moreover, by (gs2) evaluated in ¢; and t2, we have that

H(p(t2) — p(t1)) < Va(p;ta,t2)
— E(altr), e(tr), p(t)) — E(alts), e(ta), p(ta) +/t " (Ce(s), Eui(s))2 ds. (3.35)

If we sum (3.33) and (3.34) and we use (3.35) we deduce that
Qe(t2) — e(tr)) + Qa(tr), p(t2) — p(t1)) + [[Vp(t2) = Vp(t1)lI3 + [ Va(ts) — Va(ti)|3

< /1t 2(C(G(S) — e(t1)), Eir(s))2ds + D(a(tr)) — D(a(ts)) + (d(a(t)), altz) — a(tr))2

+ Qa(tr), plt2)) — Qaltz), plt2)) + Ba(tr))(altz) — alt))p(tr), p(t))z.
By (2.2) and (2.5), for all a;,a € [0,1] and £ € M we have

(@) — d(az) — d(a1) (a1 — az)| < [|d]|sc|ar — az/?,
[B(c)€ < € = Blaz)€ : £ — B(a)(ar — @) : €] < [|Bloslar — aaf?|€]*.
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Therefore, thnkas to (2.4) and the uniform estimates (3.6) (see also Remark 3.6), we have
Zle(ta) - () + QUatr), plt2) — plt1)) + [ Vp(t2) — To(t) + [ Valtz) — Valt) 3
< / " (©els) — elt)), Bis))a s+ Jdlolln(tz) — (i) + [Bllcllatz) — a(ea) Blp(e)I
+Qa(1) (1)) — Qlalta), plt2)) — Aot ), (1) + Glalt2) (1)),
- / (Clels) — e(t1)). Eab(s))2 ds + [[d] [(t2) — a(t0) 3 + [Bllocllltz) — alto)|Bp(t2)]3
+ (B(a(t)) — B(a(t2))(plt2) — p(t2)), p(ta) + p(t2))2
< Clla(tz) — a(tr) [} + Culla(ts) — alt2)llallp(t) — p(tr) 2 + Co le(s) — e(ty) |2l Edb(s) |2 s (3.36)

for a constant C7 > 0.
By Remark 2.2, the uniform estimates (3.6), and (2.10), (3.35), there exists a constant Cy > 0 such that

rulp(ta) — p(t1)|1 < H(p(tz) — p(t1))
< Ealty), e(t), p(tr)) — E(a(ta), elta),p(t2)) + / " (Ce(s), Bi(s))s ds

< Q(e(t1)) — Qle(t2)) + D(a(tr)) — D(a(t2)) + [IVa(t) 3 — [Va(t2)lI3
+Qa(tr), p(t1)) — Qla(tr), p(t2)) + Q(altr), p(tz)) — Qla(tz), p(ts))

T IVpE)IE = V()3 + / " (Ce(s), Bi(s))s ds

< Ca([le(tz) = e(tr) |2 + llalte) — a(t)lls + [IValtz) = Va(ti)ll2)

+Cy (¢@<a<t1>7p<t2> — p(t) + [ 9p(t2) = Vp(t)lls + [ [1Buis)]la ds) .

t1

Therefore, if we use also (3.36) we deduce the existence of a constant C3 > 0 such that

rillp(t2) — p(t2)I7
<305 (lle(tz) — e(t1) 13 + llaltz) — a(t)| + IVe(ts) — Va(t)|l5)

1302 (@<a<t1>,p<t2> — p(t)) + [IVp(t2) — Vp(tr)[ + ( / 2 ||Eu><s>|2ds) )
< Cslla(ts) — a(tr)||F + Cslle(ts) — auta)]allp(ta) — p(t1)||2

e 2||e<s>—e<t1>||2||Ew<s>||2ds+cg( QEw<s>||2ds). (3.37)

tl tl
By summing (3.36) and (3.37) and using also Corollary 2.9, we can find a constant Cy > 0 such that
lle(t2) — e(t)13 + llp(t2) — p(t)llF + lla(tz) — a(t)|[7n

< Cylla(tz) — a(tr)]f + Calla(ty) — altz)llallp(tz) — p(t1)ll2

0 [ et~ etenlalBi@llds + Ca ([ B0 fas)

ty
Firstly, we use Young Inequality

la(tr) = a(ta)lallp(t2) — p(t1)ll2 < Cella(ts) — al(t2) |7 + €llp(t2) — p(t2)||7:  for all e >0,
and then Lemma 2.8 with 6 = 4 to derive that
lle(ta) — e(t)|3 + p(t2) — p(t) |7 + [la(tz) — a(tr) I3

SC5||a(t2)—a(t1)llf+C5/t2 lle(s) — e(t1)|2][Ew(s)[l2 ds + Cs </tQ [Ewi(s) |2 dS)

2



A RATE-INDEPENDENT MODEL FOR GEOMATERIALS UNDER COMPRESSION 19

for a constant Cs > 0. In particular, there exist a constant C' > 0 such that

(lle(t2) = e(t)ll2 + lIp(t2) = p(t2) s + llate) = a(ty)|m)?

to ta
< Clalt) — alt)|E+C [ le(s) = eltr) o) ds + (c / ||Ew<s>||2ds) S (3
t1 t1
Let us define the functions
f@) = lle(t) —e(t)ll2 + lp(t) = p(tE) |l + la(t) — a(ty)|lmr for all t € [t1,T],
g(t) = Clla(t) — a(t1)|1 for all t € [t1,T], h(t) == C||Ew(t)||2 for a.e.t € [t1,T).
Therefore, by (3.38) we deduce

t t
f®? <g®)?+ | f(s)h(s)ds+ (/ h(s) ds) for all t € [t1,T).
t1 tl
We can apply Lemma 3.14 to deduce (3.31). Finally, by Korn Inequality we have

[u(tz) — u(t)]l2 < Cslle(ta) — e(t1)ll2 + Csllp(tz) — p(t1)ll2 + Collw(tz) — w(ts)l
for a constant Cg > 0. Hence, by (3.31) we derive (3.32).

4. APPROXIMATE VISCOUS EVOLUTIONS

The present section is devoted to prove the existence of a quasistatic evolution for a viscous regularization
of our elastoplastic-damage model, driven by a small parameter € € (0,1) (see Definition 4.10). As in the
previous section, this is done by using a time discretization scheme.

4.1. Discretization in time. Let ¢ € (0,1) be fixed. As in Section 3 we consider an initial configuration
(a®u €% p%) € HY(Q;1]0,1]) x A(w(0)) which satisfies (3.9).
For all k € N we define

T . .
TR = = t?e =T, wz = w(tfc) fori=0,...,k.

Starting from
(af,up, e, pp) = (%, u’, e, p°) € H (2 ]0,1]) x A(w(0)),
forall i =1,...,k we define I . _
(@ ks €4 11) € D(ay ") X Alwy)
as the solution of the minimum problem
. i—1 € i—1)2
min _ {g(ﬂ,mq)JrH(q—pk )+ 518 —ay ”2}' (4.1)
(B,v,ma)€ED(a) ) x A(wy) Tk
As in Section 3, the minimum problem (4.1) admits a solution (ad,ui, ek, pi) € D(ak ') x A(w}) for all
i=1,..., k. Moreover, it satisfies the following properties.
Lemma 4.1. Assume (2.2)—(2.7), (2.9), and (3.9). The following hold for allk € N andi=0...,k.
(a) For all (v,n,q) € A(w})
E(ag, €y 1) < E(af,m.q) + H(g — pp)-
(b) For all (,1,q) € A(0)
~H(q) < (Ce,,m)2 + 2(B(a} )Pk, )2 + 2(Vi, V)2 < H(—q).

In particular

divCel =0 in D'(;R™). (4.2)
(¢) For all (v,n,q) € A(w})
( i)+ Q(n — €i) + Qo i) + Qlaj, g — pi) + IVPLIE + Ve — Vi |13
Q(n) + Q(aj,q) + Va3 + H(g — p)-
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Proof. (a) For i = 0 this is true by (3.9), while for i = 1,...,k and (v,n,q) € A(w}) it is enough to use (4.1)
together with ‘ 4 . ,
Mg —p)") = Hpk — vy ") < Hig = pi)-
(b) For all (v,n,q) € A(0) and A > 0 we text in (a) with (u} + Av, el + A, pi. + A\q) € A(w}), and we get
Qer) + Qaj, pi) + Vi3 < Qlef, — M) + Q(ag, b — M) + IV (ph = Ag)[I5 + AH(—q).

By dividing for A > 0 and sending A — 0% we get one inequality of (b). To get the other inequality, it is
enough to replace (v,7,q) € A(0) with (—v, —n, —q) € A(0).

Let now ¢ € C°(Q2). Then (¢, E¢,0) € A(0) and by using (b) we get

(Cel,E¢)a =0 for all ¢ € C(Q;R™),
which gives (4.2). .
(c) Thanks to (b), for all (v,7,q) € A(w},) we get
Qer) + Q(n — et) — Q) + Qag, pi) + Qa4 — i) — Qag, q)
+IVoLl3 +11Va — Vil — IVall3
= (Cej,, ef, — m)2 + 2(B(ag)pk, Bl — @)2 + 2(Vk, VoL, — V)2 < H(g — ),

which implies the desired inequality. (]
Forall k e Nand i =1,...,k we define
i i—1 i i—1 i i—1 i i—1 i i—1
i Yk T Qg i W Uy i ._ Gk T Gk i . Pr — P i WE T Wy
O{k = 5 uk = 5 ek = s pk? = 5 wk = .
Tk Tk Tk Tk Tk

By arguing as in Lemma 3.7, we can derive the following discrete energy estimates.

Lemma 4.2. Assume (2.2)—(2.7), (2.9), and (3.9). For allk € N and i =1,...,k we have

. . . ¢ s £ i s i . s
E(ay, ep, py) + ZTk,H(p?g) + 9 ZT’fHO‘chg < 5(@0, eo’po) + ZTK(Ce?c 17Ewé)2 + Ok,
j=1 j=1 j=1
where 0, — 0 as k — oo is defined as in (3.13). In particular, there exists a constant C' > 0 independent on
e, k,1 such that
e ekl + s Dokl + o loblir + Yo nas) +donlatli<c. (9
Proof. Tt is enough to proceed as in the proof of Lemma 3.7. O
We now show a variational inequality for the quadruple (af,u}, e}, ph), similarly to Lemma 3.11-(a).
Lemma 4.3. Assume (2.2)—(2.7), (2.9), and (3.9). For alli=1...,k we have
Do (0 p})[B] + (& B)2 > 0 for all € H'(Q) with < 0. (1.4)
Moreover S _
Do (ak, e, i) 6] + el )13 = 0. (4.5)
Proof. We extend d and B to (—o0,0) as in (3.23). We fix k € Nand i = 1,...,k. Let § € H'(Q) with
B <0 and let A > 0. If we consider (o + A\B8)* € D(a} "), by (4.1) we get

€ i i— i i € i i—
—llaj, — a5 < E((ek + M) T, ek k) + 5l (ak + AB) T — a3

ol chorh) + -

2Tk

Moreover, by (2.2), (2.5), and the fact that o} ' > 0 we have
D((ag +A8)%) < D(e, + AB) IV (e +A8) D)3 < IV (g + AB) |13,
Q(af, +A8)*,pk) < Q(aj, + A, i) (o +28)" — ai M3 < llag + A8 — i~ 3.
Hence
i € i—1)|2 i i € i—12
E(ay, ey, k) + 5 ok —ap Iz < E(ay + AB, ey, py) + ok + A8 —ap |2
Tk QTk
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By dividing for A > 0, sending A — 07, and using (3.24) we get (4.4).
If we use B = &} in (4.4) we get the first inequality of (4.5). To get the other inequality, we fix A € (0, 7x)
and we consider af — Adi € D(a} !). Hence, thanks (4.1) we have

€ i y
o e = b= Ad

By dividing for A > 0, sending A — 0", and using (3.24) we derive (4.5). O

S IS5 . . . AP
&, ki) + 5l = oy, 5 < E(ag — Adj, e pi) +

Remark 4.4. As in Section 3, the assumptions d(0) < 0 and B(0)¢ : £ < 0 for all ¢ € M in (2.2)
and (2.5) are needed to prove that (4.4) holds.

Remark 4.5. Arguing as before, by (3.9) for all 8 € H'(2) with 8 < 0 we deduce
9a&(a’, e, p”)[B] > 0. (4.6)

In the same spirit of Theorem 3.15, in the following lemma we show that we can estimate the norms of
Uk, €k, Pr by the norm of ¢y and wy times a constant independent on k and . The proof follows the one
of [11, Lemma 3.6].

Lemma 4.6. Assume (2.2)—(2.7), (2.9), and (3.9). Define for allk e Nandi=1 ...,k
wi = lag = ai 2 + [|Ewy, — Ewy ' l2.

There exists a constant C > 0, independent on €, k, i, such that for alli=1,... .k and k € N

lex. — e ll2 + [Pk — 2i~ It < Cl. (4.7)
In particular, for alli=1,...,k and k € N we have
g, = w e < O(lwy, —wi 2 + wi)- (4.8)
Moreover, for alli=1,...,k and k € N
H(pr) < (Cej, pr)2 — 2(B(af,)pi. Bi) — 2(Vpi, VB2 + O ([l65 )13 + [Ew[13) - (4.9)
Proof. We fix k € Nand i =1,..., k. If we test Lemma 4.1-(c) in ¢ — 1 with

(uf, — (wj, —wy ), e — B(wj, —wy™ ), pj) € A(wy ),

we get
)+ Qe —ey " — E( —wy )
+ Qo o) + Qo — o ) H VRS + IV — Vo3
< Qe — E(wj, — wim") + Qi pi) + VoLl + H(pi, — pi ).
In particular

Qlej. — e )+ Qo s pi — P ) + IVl — Vi I3

< Q(ep) — Qe ") — (Cej E(wy, — wy 1)

+ Qe pk) — Qe Lo ) + IIVDLI3 — IVpi I3 + Hipk — Py ) (4.10)

(o) x A(w}) with
(o uy '+ (wf, —wy ™), e+ E(wy, —wi ), ) € D(ag ) x A(wy),

We now use the minimality of (o, ul,el, pi) € D
and we get

Q(el) + Q(ay,pj) + IIVPZIIE +H(pi — vy ")
< Q(ei ' + B(wg —wi M) + Q(ak. py 1) + VL3

< Qe + E(wy, —wi 1) — Qer) + Qag, i) — Qlag, i) + Vo 12 = 1VpL 13- (4.11)
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By combining together (4.10) and (4.11), we deduce the existence of a constant C; > 0, independent on
e, k, i, such that

Qef, — e 1) + Qg i —pi ) + IVpk — Vol 13

< QE(wi —wi M) + Qog ", pk) — Qlag pk) — Qo' pi ) + Qlag. i)

< T Buw} — w3 — (B(ah) — Blaf )k —pi ), pk + 712

< C1 ([1Bwy, — Buy I3 + llog — o Hlallpk — 23 ) - (4.12)

Moreover, by Remarks 2.2 and 2.3 and the uniform estimate (4.3), there is a constant Cy > 0, independent
on ¢, k, 1, such that

Pe )

Py,
k) — Qley” )+Q( (wj, —w, 1)) + (Cey " E(wy, —wy )2
(akapk )_Q( 7pk )+Q( i717p;'€) _Q(alwpk)
(o "o ) = Qag hph) + 1IVE I3 = 1VpLlI3

<0, ( (6 — e 1) + y/Olal Lk — P ) + IV — Vp?{llz)

rrlpk — 1||1 <H

(Pi
Qe
Q

+ Co([E(wy, — wi Hll2 + llag, — aj Hl2)-
Therefore, we have
Ik, — pi 113
< CS Q(ei _eifl) +Q(Oli71 pi _ i*l) 4 HV 7 _v i71||2_’_ ||E(’LU1 _wifl)”? 4 Haz _ai71||2
> k k k Pk — Py Pg Py 2 k k 2 k koll2
< Callleg = e allpk, — pi Ml + [[Bwy, — Bwy Ml + ok — i t13), (4.13)

for two constants Cs,Cy > 0, independent on e, k,i. If we sum (4.12) and (4.13), and we use (2.4) and
Corollary 2.9, we derive that

et — e I3 + llpk — oy HI7 < Cs(llag, — ai lallpk — Py e + [Ewg, — Bwp 3 + [lag, — a7 H13)
1. ) .
< 5wk —pi iz + Col|Buwj, — Ewi 13 + llag, — a7 13),
for two constants C5, Cs > 0, independent on ¢, k, 7. This gives (4.7). Moreover, to obtain (4.8) it is enough

to combine (4.7) with Korn Inequality.
Finally, by combining (4.11) and (3.27), with (4.7) and the identity

laj> = |b|> = —2b- (b—a) + |b—al® for all a,b € R?,

we obtain
H(pi, —pZ_l)
< (Cep, B(wy, —wy ) = (e — ;7)) + Q(E(wj, — wy 1))
— (Clef, — ¢ 1)»E(w1@ —wy )2 + Q(ek —ep )
— 2(B(a})pk, Pk — Py 2+ Qpk — Py ") — 2(Vph, Vi, — Vi D2 + [IVph — Vi3
< (Cej,, pj — Pk o — Q(B(ak)pkapk *pk Y2 — 2(Vpi, Vi, — Vp2_1)2
+C (llog — a3 + 1By, — By~ '[13)
which gives (4.9). U

Remark 4.7. We can rephrase Lemma 4.6 in the following way: there is a constant C, independent on
e, k,i, such that forall k e Nandi=1,...,k

lekllz + 1Pkl e < Clllékllm + 1Bwkll2),  llaklla < Clllékllm + lldklla)-
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We now estimate, by means of the following two lemmas, the regularity in time of the viscously regularized
evolutions, taking value in the target spaces of the internal variables, with respect to the H'(0,T) norm (for
fixed € € (0,1)) and the W1(0,7) norm (uniform in € € (0,1)).

Lemma 4.8. Assume (2.2)—(2.7), (2.9), and (3.9). There exists a constant C' > 0, independent on €, k, 1,
such that

4 : , C o, c
e 13+ mllag 3 < ze%tk forallk>— andi=1,... k. (4.14)
j=1

Proof. We fix k € N. By the uniform estimate (4.3), the identity (4.5) with ¢ = 1, the variational inequal-
ity (4.6) with 8 = d}, the (4.7), and Remark 2.3 we have

ellékll3 + 27rllon 17 < Dl (ak, ek pR)Idk] — Oa (o, ek, pr)[en] + 27kllok 1 7o
= /Q[d( R(@)) — d(aj(@))a (@) do + 27| dg13
+2 /Q [B(a}(x)) — Bag(2))]ék (2)p) () : pi(x) de

- 2/913(04116(5@)@11@(%)(1911@(%) — () : (pr(x) + P () da
< Crm(llaglls + llealld + llég ll2llpi — pRller)
< Comi(llég |15 + | By ]13), (4.15)
for two constants C1,C2 > 0, independent on ¢, k. Similarly, for j = 2,..., k we use (4.5) in j and (4.4) in
J — 1 with g = &, and we get

e(ad,al — ad Mg + 2m|all|3n < 0a(al el pl D [al] — 0al (e, el pl) ] + 27|kl 3
- /Q [d(0d ™ (2)) — d(od.(2))]6d () d + 27|62
+2 /Q B(ad ' (2)) — B(og(2))led (2)p], () s p " (z) dz

- 2/ B(ag, (2))ér, () (pp (x) — 9, (2)) = (ph(2) + pf " () da
Q

» y y . -
< Came(llegllz + llag I + llag llzllpy —pi llan)
< Cami(|laq 117 + 1B [13), (4.16)
for two constants C'3, Cy > 0, independent on €, k, 7. We now use the estimate
L. - €. E i .
e(aq,, ag, — o, Dy > ~llag 3 — §Hafc Y2 foralli=2,...k,

and we sum the two above inequalities over j = 1,...,% to derive

7 7
ellapl3 + Y mllalF < Cs [ 14> mllad]i|  foralli=1... k,
j=1 j=1

for a constant C5 > 0, independent on ¢, k,i. By Lemma 2.8 with § = 4 for all A > 0 there exists a constant
C' > 0 such that
lall? < M|Va|Z+ Cyllal?  for all « € HY(Q).

Hence, there exists a constant Cg > 0, independent on €, k, 4, such that

i i
ellaill3 + > el Fn < Co [ 1+ mlledll3 ] - (4.17)
j=1 j=1
Therefore, by applying the discrete version of Gronwall Inequality of [1, Lemma 3.2.4], we derive that

; 2Cs 2Cq,i 2
lai)2 < =85 for all k >
e

TCs

andt=1,... k.
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Finally, if we combine the above inequality with (4.17) we obtain (4.14). O

Lemma 4.9. Assume (2.2)—(2.7), (2.9), and (3.9). There exists a constant C' > 0, independent on e, k, 1,
such that

k

> mlléillm <C forallk €N, (4.18)

i=1
Proof. We fix k € N. If we set &) := 0, by (4.15), (4.16), and the inequality

7 .7 =1 .7 .7 .7—1 .
ey, dy, — 637 )2 = elldglla(lagllz — lldg " [l2)  forall j=1,... .k,
we can find a constant C; > 0, independent on €, k, j, such that
ellaqllz(larllz = e ll2) + 2melléd IFn < Came(llaq |l + |Ew]3) forallj=1,... k.
By Lemma 2.8 with 8 = 4, for all A > 0 there exist C}, Cy > 0 such that
lald < MIVal3 + Callall} < AIVal3 + Callalhllalls  for all « € HY(R).
Hence, we deduce that
elladllz(llcgllz = llag ™ Ml2) + mllar 7 < Come(llégalladllz + [[Ew]3) forall j=1,... .k,

for a constant C3 > 0, independent on ¢, k,j. By multiplying the above inequality by % and taking into
account that || || g2 > ||é||2, we derive that

QCQTk

(1 o1 Ty in2 . T v iy .
2l ek ll2(lldll2 = llag™ " [l2) + ;Haillg + ;llaiﬂfql = (ledllsllc 2 + 1B 13) for all j =1,... k.

From now on, the proof follows closely the proof of [11, Proposmon 3.8], employing in particular the discrete
Gronwall Inequality with weights from [23, Lemma 4.1]. We detail all the passages below, for reader’s
convenience.

Let us set ag := ||a}]|2 =0and for j =1,...,k
Tk j Th . j 202% CoTy
C=2 a=ldlh b= B, = [l dy = =2 .
Therefore, we can rephrase the above inequality as
2a;(a; — aj_1) +2Cal + b5 < ¢ +2a;d; forall j=1,... k.
Hence, we can apply [23, Lemma 4.1] and we use that ap = 0 to deduce
J J 2
Z 14 ¢)2h==1p2 <2Z 4+ Q)AL 4 <Z + )i 1d;> forall j=1,...,k.
h=1 h=1 h=1

In particular, for all j =1,...,k we derive
2

J J J
20 (14 PP a7 < 8Co¢ Y (14 ¢ B3 + (402< > 1+ C)h_]_lleh)
h=1 h=1 h=1
We now use the inequality
a>+ 0> < (a+b)?<(14+a®>+b)? foralla,b>0,

to estimate from above the right-hand side by
2

J J
(1 +8C5C Y (14 Q)P Y[Eaip |5 +4Co¢ Y (1 + c)h‘j‘lla’éHl)

h=1 h=1
Moreover, for all j = 1,..., k we have

J J
32 R < (€30 00 )
h=1 h=1

1

2

=

J
(cZ (L4 (209 1||ah||H1)
h=1
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1
2

J
( Z 1+C 2(h 3)— 1||ah||2 ) ,

since
J - o
¢ _ 1490 -01+9™) _ (1+¢)
(1 + )22 —— Y 1+ < <1 4.19
(2 1+9) +chz:: < G+02-1 = 2%¢ ° (4.19)
Therefore, by combining the previous inequalities we deduce that for j =1,...,k

J
€3S+ e < <1+<Z (1 + 2= | B k||2+<z (1+¢)"- 1||ak||1) (4.20)
= h=1 h=1

for a constant Cs3 > 0 independent on ¢, k, j. We now multiply both sides by 73, and we sum over j = 1,... k,
to obtain

kK J
¢ (4P

j=1h=1
kE J kK J
s | T+¢D Y m(+ Q27 Bag 3 + ZZ L+l |- (4.21)
j=1h=1 j=1h=1
If we change the order of the sum and we argue as in (4.19), we derive
ko J _ e k k
¢y L+ P BGLS < = Z Tl[Edgll3 < D ml B3, (4.22)
j=1h=1 h=1 h=1
k 7 ]
O m@+ QM g < H_CZTkH%Hl <Z77€”O‘k”17 (4.23)
j=1h=1
kK J , 1 +< k
CY D L+ P g = 1 ¢ Yo =@+ O ) g an (4.24)
j=1h=1 h=1

Hence, by combining (4.21)—(4.24) we derive

*Zmllakllm <Cs <T+ZTkIIEwkllz+Zmllaklll> +Zm L+ 2P Vllag .

h=1 h=1 h=1
Since 73, = 2e(, by (4.20) we have

k k
S @+ QX ED 6l = C 2R 68|
h=1 h:l
<2e + ZmnEwkHz + Zmam) :
h=1

which gives

k k k
Y el < Ca (1 + ) Tl B3+ kalldﬂh)
h=1 h=1 h=1

for a constant Cy > 0 independent on ¢, i, k, since € € (0,1). Finally, we observe that

k k
};TkHdZ”l Z};/Q(Oéz—l( — of(z))dz = /(ag(m) —of(z))dz < £™(Q).

Hence, we obtain (4.18). O
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As done in the previous section in (3.14) and (3.15), we introduce the piecewise constant interpolants
ay: [0,7] — HY(Q;[0,1]), ug: [0,T) — HY(Q;R™), ex: [0,T] — Lz(Q;M;L;;?), D [0,T] — Hl(Q;M;’yXH:L),
w, — HYQR™), and 7i: [0,T] — [0,T]. Moreover, we define the piecewise affine interpolant ay €
HY((0,7); H'(2]0,1])) as

ap(t) =ab b+ (t—ti el fort e[ty ], i=1,...,k,
and similarly ux, € H*((0,T); HY(Q;R™)), ex € HY((0,T); L2(;M2X™)), and py € HL((0,T); H(2; M2XM)).

Sym sym
By using the piecewise affine interpolants, we can rephrase Lemmas 4.8 and 4.9 in the following way:

there exists a constant C, independent on k and ¢, such that

T
) ) ) ) C ¢ C
/ (llék (P70 + i ()17 + lex(r)13 + 1P (r) 7)) dr < ;62 forall k > —, (4.25)
0
T
/ (Jak (M) 1z + Nax(P) |z + lléx(r)]l2 + |pe(P)]| ) dr < C for all k € N. (4.26)
0

4.2. Passage to the limit. In this section we fix ¢ € (0,1) and we shall send k& — oo to find an e-
approximate viscous evolution according to the definition below.

Definition 4.10. Assume (2.2)—(2.7) and (2.9). Let € € (0,1) be fixed. A quadruple (ae,u.,e.,p.) from
[0, 7] into H(€;1]0,1]) x A is an e-approximate viscous evolution with datum w if

a. € HY(0,T; H'(9;0,1])), u. € HY(0,T; H (Q;R™)), (4.27)
ec € H'(0,T; L*(; ML), pe € H'(0,T; H' (ML), (4.28)

and the following conditions are satisfied:

(ev0), drreversibility: for a.e. x € Q the map
t — ac(t,x) is non increasing on [0,T7;
(evl). kinematic condition and equilibrium: for all ¢t € [0, T
(us(t),ec(t),pe(t)) € A(w(t)) and divCe.(t) =0 in D'(Q;R");
(ev2). stress constraint: for all t € [0, 7]
H(q) > (Cec(t), q)2 — 2(B(ac(t))pe(t), )2 — 2(Vp=(t), Vg)2 for all g € H' (4 MIL);
(ev3). Kuhn—Tucker Inequality: for a.e. t € [0,T]
Bul(ac(t), ec(t),p=(t))[8] + e(d=(t), B)2 > 0 for all € H'(Q) with 5 < 0;
(evd). energy balance: for all ¢t € [0, T

E(ac(t), ec(t), pe(t)) + / Hpo(r)) dr + ¢ / 6 ()I12 dr = £ (0), e2(0), p (0)) + / (Cex(r), Ea(r))a dr.

Condition (ev2). is a generalization of the standard stress constraint in plasticity. Indeed, we have the
following result.

Lemma 4.11. Assume (2.2)—(2.7) and (2.9). Let (o, u,e,p) € H(;]0,1]) x A be satisfying
H(q) > (Ce,q)2 — 2(B(a)p, )2 — 2(Vp, V)2 for all q € H' (ML) (4.29)
If pe H* (ML) and K is compact, then (a,u,e,p) € H'(;[0,1]) x A satisfies
Ce(z) — 2B(a(x))p(z) + 2Ap(x) € K for a.e. x € L.

Proof. Let g € C°(; Mg 1"). By integrating by parts in (4.29) we get

H(q) > (Ce —2B(a)p + 2Ap, q)2  for all g € CZ°( ML)
Since K is bounded, there exists R > 0 such that K C Bgr(0). Then

H(q) < Rllgll  for all ¢ € L* (ML),

which implies that # is continuous on L?(); M. Therefore, by a density argument we derive

H(q) > (Ce — 2B(a)p + 2Ap, q)o  for all ¢ € L*(Q; M2X™).

sym



A RATE-INDEPENDENT MODEL FOR GEOMATERIALS UNDER COMPRESSION 27

Let us fix £ € MZJ5. Since for all measurable set B C Q we can take ¢ :== xp& € L*(Q; M), we derive

sym

H(¢) > [Ce(z) — 2B(a(x))p(x) + 2Ap(x)] : € for all £ € MX" and for a.e. z € Q.

Sym

Therefore, Ce(z) — 2B(a(x))p(z) + 2Ap(x) € 0H(0) = K for a.e. x € . O
The following proposition is instrumental to prove existence of e-approximate viscous evolutions.

Proposition 4.12. Assume (2.2)—(2.7) and (2.9). Let ¢ € (0,1) be fixred and let (e, u.,ec,p.) be sat-
isfying (4.27)-(4.28), (ev0)e, (evl),, (ev2)e, and (evd)e. Then (e, ue, e, pe) i an e-approrimate viscous
evolution, i.e., it satisfies the energy balance (evd)c, if and only if any of the conditions below holds true:

(evd). for a.e. t € [0,T] the following hold:
Kuhn—Tucker equality:

Ba&(ae(t), e=(t), pe(t))[ae ()] + el (t)][3 = 0;
Hill’s mazimum plastic work principle:
H(pe(t)) = (Cec(t), pe(t))2 — 2(B(ae(t))p=(t), Pe(t))2 — 2(Vpe(t), VPe(t))2;
(evd")e energy inequality: for allt € [0,T]
5(a€(t),ee(t),p5(t))+/ H(pe(r)) dr—i—e/ [l e (7)]|3 dr < E(a:(0), e-(0), pE(O))—I—/ (Cec(r), Ew(r))s dr.

Proof. (evd). <= (evd').. Since ag, e., and p. satisfy (4.27) and (4.28), then ¢ — E(a.(t),e.(t), p:(t)) is
absolutely continuous on [0,77], and for a.e. t € [0, T] we have

S £(02(0),e2(0). (1) = DaE 0c(1), e2(1), P2 (1) 6=(0)] + (Cec(t) £2(1):
+ 2(Vpe(t), Ve (t))2 + 2(B(ae (£))pe (1), Pe(t))2-
By (evl). we deduce that (i (t), é-(t), pe(t)) € A(w(t)) and
(Cec(t), éc(t)) = (Cec(t), Ew(t) — pe(t))2 for ae. t €[0,T].
Hence, we derive that for a.e. ¢t € [0, T

%f(as(t), ec(t),pe(t)) = D& (ae(t), ec(t), pe(t))[ce (t)] + (Cec(t), Ew(t))2

— (Cec(t), P ()2 + 2(Vpe(t), VPe(t))2 + 2(B(ac (t))pe (1), P<(t))2- (4.30)
Notice that (ev4). holds if and only if for a.e. t € [0, 7]

%5(%(7?)7 e=(t), pe(t) = —H(p=(t)) — ella=(t)]13 + (Cex(t), Eav(t))2.

Therefore, (evd). is equivalent to the following identity: for a.e. t € [0, 7]
H(pe(1)) + ellae ()13
= —0a&(ac(t), ec(t), p= () [d= ()] + (Cec(t), pe(t))2 — 2(Vpe(t), Ve (t))2 — 2(B(ae ())pe (1), pe())2-
By (ev2). and (ev3). we have
H(pe(t)) = (Cec(t), P (t))2 = 2(Vpe(t), Ve (t))2 — 2(B(az(1))pe(t), p< ()2 for ae. t €[0,T],  (4.31)
ellaec(t)]|2 > —0aE (ac(t), ec(t), pe(t))[de ()] for a.e. t € [0,7].  (4.32)

Hence, we derive that (ev4). is equivalent to (evd’)..
(evd). < (evd”).. Clearly (ev4). implies (ev4d”).. Let us prove the other implication. By (4.30), (4.31),
and (4.32) we deduce for a.e. t € [0, T

%g(aa(t)ves(t)vpa(t)) > (Cec(t), B(t))2 — H(p(t)) — ellac(8)]3-

Integrating over the intervall [0,¢] for all ¢ € [0,T] we get
t t t
Elaclt) ect)pe() + [ W) dr e [ (B dr = £(0c(0),ec0).p:(0) + [ (Ceclr), Bir(r))adr,
0 0 0
which implies (evd). by (evd”).. O
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By (ev3). and (evd’). it follows that
ellae(®)|l2 = 2112(—8&8(045(15),eg(t),ps(t)),@ for a.e. t € 0,77,
€

where
F={8eH'Q): B0, 82 =1}
If we define
®(f) == sup(—f, ) for all f € (H'(Q)), (4.33)
BEF
(o, e,p) == ®(0u(a,e,p))  forall (a,e,p) € H (;[0,1]) x L*(Q; ML) x H' (ML), (4.34)
then we deduce
(ae(t), ec(t), pe(t)) = ellae(t)]]2. (4.35)

Hence, we can rewrite the energy balance (ev4). as: for all ¢ € [0,T].

E (0 (t), ex(t). pe () + / H(po(r) dr + / e (7) 2% (0 (1), € (1), pe () dr

t
= &(ac(0), e<(0),p=(0)) + / (Cec(r), Eu(r))z dr.
0
By arguing as in [11, Lemma 4.4] we can give another characterization for the operator ® introduced
in (4.33).
Lemma 4.13. Define
G=1{hec(HYQ) : (h,B) >0 forall B H (Q) with B <0}
and
d2(f, G) = min{l|gl}2 : f+g€ G}
Then
®(f) =da(f,G) for all f € (H'(Q))"

Proof. The proof follows the same lines of the one of Lemma 4.4 of [11]. It is enough to replace H™ () with
H1(Q) and to use the density of C*(Q) in H(). O

We are now ready to prove the existence result of e-approximate viscous evolution for fixed € € (0, 1).

Theorem 4.14. Assume (2.2)—(2.7), (2.9), and (3.9). For all ¢ € (0,1) there exists an e-approximate
viscous evolution (o, Ue, ec,pe) satisfying the initial condition

(e (0), ue(0), e2(0), p= (0) = (o, u®, €%, p°), (4.36)

and the uniform estimates

T T T T
/ e ()1 dr + / e () s dr + / lex(r) 2 dr + / 6o ()l dr < C, (4.37)
0 0 0 0

for a constant C > 0 independent on € € (0,1).

Proof. Step 1. Let us fix ¢ € (0,1). Starting from (a®,u%, €%, p) we consider the incremental problem (4.1)
and we obtain a sequence of piecewise affine interpolants (a,us, ek, px) from [0,7] into H*(£2;[0,1]) x A.
By the uniform bounds (4.25) and Remark 2.3 there exist a subsequence (not relabeled) and a quadruple
(Qe, Ue, ec, pe) of functions from [0, 7] into H'(£2;[0,1]) x A satisfying as k — oo

a —a. in H'Y((0,T); H(Q)), ar — a.  in C°[0,T]; L(Q)), (4.38)
pe —pe i H'((0,T); H' (ML), pe = pe  in CO([0,TT; L° (9 M), (4.39)
ex —e in HY((0,T); LQ(Q;M;L;;?)) up —u in H'((0,T); H(Q;R™)) (4.40)
for all 6 € [1,6). Moreover, for all t € [0,T] as k — oo
ap(t) = as(t) in HY(9), () = pe(t) in H' (M), (4.41)
ep(t) = e(t) in L2( ML) Up(t) — u(t) in H'(Q;R™). (4.42)
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In particular, the initial conditions (4.36) are satisfied, and by passing to the limit as k& — oo in (4.26),
we derive the uniform estimates (4.37). Moreover, the weak convergences (4.41) and (4.42) imply that
(ue(t), ec(t), pe(t)) € A(w(t)) and a.(t) € H*(;]0,1]) for all t € [0,T], and that for a.e. z € Q

t — ac(t,x) is non increasing on [0, T].
By (4.2) and (4.41) we conclude that for all ¢ € [0, T
divCec(t) =0 in D'(;R™).
Furthermore, by using Lemma 4.1 together with (4.41)—(4.42), we deduce that for all ¢ € [0, T]
H(q) > (Cea(t), 02 — 2(B(0e()p (1), a)2 — 2(Ve(t), Va)s for all g € H'(Q; ML),

To conclude, it remains to prove (ev3). and (evd”)..
Step 2. Since the functions «ay, er, and pg are absolutely continuous, we derive that the function
t— E(a(t), ex(t), pr(t)) is absolutely continuous and for a.e. t € [0,T]

%5(041@(75)’ er(t), pr(t)) = (Cer(t), €x(t)2 + 2(B(ovk ())pr(t), i (t))2 + 2(Vpr(t), VPr(1))2
+ 0a& (0 (t), en(t), pio(t)) [ (t)]-
Hence, by using also (4.5) we conclude that for a.e. ¢t € [0, T

%g(ak(t),ek(t),pk(t))

= (Cex(t), én(t))2 + 2(B(an(t)pr (), or(1))2 + 2(Vpr(t), VBr(t))2 — ellcu (t)]3- (4.43)
Notice that
(Cer(t), éx(t))2 = (Con(0), éx(t))2 + (Clexlt) — e4(0)),éx(t))z, (1.44)
(B(a (1))pe(t), P (t))2 = (B(@k ()P, (), Pr(t))2 + (B(@n (£))[pr(t) — Pr(2)], Pr(£))2

+ ([Blax(t)) — B@k(t)]pr(t), r(t))2, (4.45)
(Vpr(t), VD ()2 = (VP (1), VEk(t))2 + (Vi (t) — Vpi(t), Vik(t))2. (4.46)

Thanks to (3.27), since (U (t), éx(t), pr(t)) € A(wg(t)) for a.e. t € [0,T], we get
(Cey(t), ér(t))2 = (Cex(t), Euwg(t))2 — (Cer(t), pr(t))2 for a.e. t € [0,T]. (4.47)

By (4.9), for a.e. t € [0,T] we get
— (Cer(t), pr(t))2 + 2(B(@k (£))py (1), i (1))2 + 2(VDy (1), Vi (t))2
< —HEr(t)) + Cri (lan®)]I3 + [Edw(®)]3) - (4.48)

By integrating (4.43) over the interval [0, ¢] for all ¢ € [0, 7], and using (4.44)—(4.48), (4.25), and Remark 2.3
we deduce

g(ak(t), ek(t)’pk(t)) - g(ao’ eoapo)

= /o ((Cen(r), éx(r)z2 + 2(B(ck(r)pr(r), pr(7))2 4+ 2(Vpr(r), Vir(r))2 — elléw(r)||3) dr
S/o (Ceg(r), Ewg(r dr—/ H(pr(r dr—e/o Ho'zk(r)H%dr

+ C/o (llex(r) —ex(r)ll2lléx (M)ll2 + lpk(r) — Pe(r)ll2llpr(r)ll2) dr

+ C/O (llak (r) = ar () [l2llpx (7)) | 22 196 (M) [ 22 + VD (r) — Vpr(r) |2l VPe(r)]2) dr

+Cn / (e (P12 + [ B (r)|12) dr

¢
§/((Cék( ), By (r drf/ H(pr(r drfs/ || éeg (1) [|3 dr
0
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t
+ CTk/ (lew (13 + k() + léw ()13 + B (r)[3) dr
0

S/o ((Cék(r),Ewk(r))gdr—/O ’H(pk(r))dr—s/o | () |3 dr 4 C'7y,

for a constant C' > 0 independent on k. Hence, for every t € [0, T] we have

E (o (t), ex(t). pi(t)) + / H(pe(r) dr + ¢ / ()3 dr < £(a®,¢0,p%) + / (Cei(r), Bty (r))2 dr + Oy,

By sending & — oo and using the weak convergences (4.38)—(4.42) together with the lower semicontuinty of
the left-hand side (see Remark 2.6), we get (ev))..
Step 3. By (4.4), for all 8 € L>((0,T); H'(2)) with 3 < 0 we have

0 < (d(a=(t)), B(t)2 + 2(Vax(t), V()2 + Bae () B8Py (1), i ()2 + e (1), B(1))2

+ (d(@(t)) — d(as(t), B(t))2 + (B@x(t)) — Blae()]B(6)Bx(¢), Br(1))2-
By Remark 2.3, as k — oo
|(d(@ (1)) — d(a=(t)), B(1))2] < lldosln(t) — a:(®)l|2B(t)]|2 — O,
|(B(@ (1)) = Ba=(6)]1B(1)P (1) i (8))2] < 1Blloo i (8) — e ()[4l BE)lallPe ()1 — 0
in view of the strong convergences in (4.38), see also (4.41). Moreover, thanks to the strong convergences
in (4.39) we get
(Blae(£)B(1)pe (1), pe(t))2 = lim (B(oe(£)B)P(2), Br(1))2-
Hence, we can apply the Dominated Convergence Theorem to derive that
T

0< lim [ [(d(a=(r), B(r))2 + 2(Var(r), VB(r))2 + (B(ac (1) B(r)py.(r), By (r)2 + e(dn(r), B(r))2] dr

k—o0 Jo

T
= /O [(d(=(r)), B(r))2 +2(Vae(r), VA(r))2 + (Blac(r) B(r)pe(r), p(r))2 + e(ée(r), B(r))2] dr.

If we fix 3 € HY(Q) with 8 <0 a.e. in , by choosing 3(t) = Bxa(t) with A C [0,T] arbitrary set, we get

(d(ae(t)), B)2 + (B(ax(8))Bpe(t), p: ()2 + 2(Vae(t), VB)o + e(de(t), B)2 > 0 for all t € [0,T]\ Ej,
where Ej is a negligibile set depending on 3. Since {ov € H*(Q) : « < 0} is separable, we get (evs).. O

5. BALANCED VISCOSITY (BV) SOLUTIONS

In the previous section for all € € (0,1) we found an e-approximate viscous evolution (a., ue, €., p:) from
[0, 7] into H*(£2;[0,1]) x A which satisfies (4.37). We now introduce a “slow” time scale s and we pass to the
limit as e — 0, to obtain a Balanced Viscosity quasistatic evolution in the spirit of [11], see also [15, 17, 27].
We first introduce the following definition.

Definition 5.1. Assume (2.2)—(2.7) and (2.9). A quintuplet of Lipschitz functions (ayg,uo, €0, po, o) from
[0, S] into H(Q;[0,1]) x A x [0,T] is Balanced Viscosity quasistatic evolution in the time interval [0, S] with
datum w, if setting for all s € [0, 5]

wo(s) = w(to(s)) and Uy :={s€]0,5] : o is constant in a neighborhood of s},
the following conditions are satisfied:
(ev0) irreversibility: to is non decreasing and surjective, and for a.e. € 2 the map
s+ ap(s,z) is non increasing on [0, S];
(evl) kinematic condition and equilibrium: for all s € [0, S|
(uo(s),e0(s),po(s)) € Alwo(s)) and divCe(s) =0 in D'(4R™);
(ev2) stress constraint: for all s € [0, S|

H(q) > (Ceo(s), q)2 — 2(B(ao(s))po(s), q)2 — 2(Vpo(s),Vq)2 for all g € H'(Q; ML);
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(ev3) Kuhn—Tucker Inequality in [0, 5]\ Up: for all s € [0, 5]\ Uy
D& (ap(s),e0(s),po(s))[B] >0 for all B € H(Q) with 8 < 0;
(evd) energy balance: for all s € [0, 5

|
E(an(s), eos). po(s)) + Hiin(r)) dr + | léo(r) 2% (a0(r), eo(r), por)) dr

= E((0),e0(0),p0(0)) + / (Ceo(r), Ewg(r))2 dr,
0
where ¥ is the function defined in (4.34), with the convention 0 - oo = 0.

Remark 5.2. A similar definition for a different model with incomplete damage can be found in [11], where
it is called rescaled quasistatic viscosity evolution. By Lemma 4.13 and (ev3), for every s € [0, 5]\ Uy we
have

0< d(aag(a0(5)760(8)7p0(5))a G) - \P(QO(S)a 60(5)7170(5)) = Eug<78a€(a0(s)> 60(5)7p0(5))7ﬂ> <0,
€
which gives
U(ag(s),eo(s),po(s)) =0 forall s €[0,5]\ Up.
Similarly to Proposition 4.12, the following is a technical proposition instrumental to prove existence of
Balanced Viscosity quasistatic solutions.

Proposition 5.3. Assume (2.2)—(2.7) and (2.9). Let (ap, uo, €0, Po,to) be a quintuplet of Lipschitz functions
from [0, S] into H(£2;]0,1]) x A x [0,T] satisfying (ev0), (evl), (ev2), and (ev3). Then (o, ug, €0, Po,to) s
a Balanced Viscosity quasistatic evolution, i.e., it satisfies the energy balance (evd), if and only if any of the
conditions below holds true:

(evd”) for a.e. s € [0, 5] the following hold:
generalized Kuhn—Tucker equality:

—0a&(ao(s), €o(s),po(s))[do(s)] = lldo(s)[2¥(ao(s), eo(s), po(s));
Hill’s mazimum plastic work principle:
H(po(s)) = (Ceo(t), Po(s))2 — 2(B(co(s))po(s), Po(s))2 — 2(Vpo(s), VPo(s))2;
(evd”) energy inequality: for all s € [0, 5

]
E(an(s), enls), po(s)) + / " H(po(r)) dr + / o) 2 (o (r). colr), po(r)) dr
< £(ap(0), e0(0), po(0)) + / " (Ceo(r), Biin(r))2 dr-

0
Proof. The proof is analogous to the one of Proposition 4.12. O

We eventually prove existence of Balanced Viscosity quasistatic solutions.

Theorem 5.4. Assume (2.2)-(2.7), (2.9), and (3.9). Then there exist S > 0 and a Balanced Viscosity
quasistatic solution (o, ug, €, Po,to) in the time interval [0, S] satisfying the initial condition
(0(0),u0(0), e0(0), po(0),0(0)) = (a,u’, €%, p°, 0). (5.1)

Proof. Step 1. Let € € (0,1) be fixed and let (a,ue, ec,pe) be the e-approximate viscous evolution given
by Theorem 4.14. For all t € [0,T] we define the function

Ji=t 4 / e (r) g1 dr + / lex(r)llzdr + / 62 ()11 dr-

The function s is absolutely continuous, increasing, and bijective on [0, 7] and we have
$O(ta) — 82(t1) > tg —t; forall0 <ty <ty <T. (5.2)

Let S. :=s%(T) > T and let t: [0,S.] — [0,T] be the inverse of s°. By (4.37) we can find a constant C' > 0
independent on € such that S. < C for all € € (0,1). Hence, up to a subsequence, S — S as € — 0, with
S>T.
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for all s € [S.,S]. For all € € (0,1) we define the following rescaled functions on J: for all s € [0, 9]
ag(s) = e (t(s)), we () = w(td(s)), u(s) = ue(t2(s)),
e2(s) = e (t(s)), p(s) = pe(t2(s))-
Notice that the functions t2: [0, S] — [0, T] are uniformly Lipschitz in ¢ € (0,1) by (5.2), since
0 <t2(sg) —t2(s1) < sy —s; forall0<s; <sy<08.

We set S— SUP.¢(0,1) S = S and we extend every function t? to the interval [0, S] by defining t9(s) :== T'
[0,

Hence, there exists a subsequence and a Lipschitz map to: [0,S] — [0,T] such that t — ¢, uniformly on
[0, 5] and weakly* in W°°((0,5); (0,7)) as € — 0. In particular to(0) = 0, to(s) = T for all s € [S, S], and

0 <to(s2) —to(s1) <sa—s1 forall)<s; <sp<S.
In particular, the map tg: [0, S] — [0,77] is non decreasing and surjective. Moreover, as e — 0 we derive
w?(s) — wo(s) = w(te(s)) in H'(QR") for all s € [0, 5].
By using the definitions of s and t we obtain
[a2(s2) — al(s1)l|mr + [led(s2) — €2(s1)ll2 + Ip2(52) = p(s1) ]l < s2 =51 forall 0 <51 <55 < S, (5.3)

By Ascoli-Arzela Theorem there exists a quadruple (ag,ug,eg,po) of Lipschitz functions from [0, S] into
H'(Q;[0,1]) x A satifying: for all s € [0,5] as ¢ — 0

a2(s) — ap(s) in H(Q), ul(s) = up(s) in H'(Q;R™), (5.4)
ed(s) = eo(s) in L*(Q ML), pe(s) = pols) in H' (ML) (5.5)

In particular, by Remark 2.3, for all s € [0, 5] as € — 0 we have
al = ag in CO([0,8]; L°(Q)),  p2 = po in CO([0,S); L7 (4 MELT)) (5.6)

for all § € [1,6). Furthermore, if we combine the uniform Lipschitz estimate (5.3) with the weak conver-
gences (5.4)—(5.5), we get
e (s2) — o (s1) |1 + [leo(s2) — eo(s1)ll2 + [[po(s2) —po(s1)[lmr < s2—s1 forall0 < s; <53 <,
which yields
lao(s)llar + [léo(s)ll2 + lpo(s)][r <1 for ae. s € [0,5].
Moreover, the initial conditions (5.1) hold by construction.

Step 2. Let us prove that (ag, ug, €9, po, to) is a Balanced Viscosity quasistatic solution on [0,.5]. By (5.4)
and (5.5) we derive that (ug(s),eo(s), po(s)) € A(wo(s)) and div Ceg(s) = 0in D'(Q; R™) for all s € [0, S], and
that for a.e. z €  the map s — «aq(s,z) in non increasing on [0,.S]. Hence (ayg, uo, €9, po, to) satisfies (ev0)
and (evl). Let us fix s € [0,5] and ¢ € HY(Q;M2%"). Then t.(s) € [0,7] for all s € [0,5] and € € (0,1).

sym

Hence, thanks to (ev2),, for all s € [0, S] we get

H(g) = (Cel(s), q)2 — 2(B(al(s))p(s), @)z — 2(VPL(s), V)2 for all g € H'(QML;D).
By sending ¢ — 0 and exploiting the convergences (5.4)—(5.6), for all s € [0, S] we derive

H(q) = (Ceo(s), a)2 — 2(B(ao(s))po(s), )2 — 2(Vpo(s), V)2 for all ¢ € H' (ML)

Therefore, also condition (ev2) is satisﬁed
Step 3. We introduce the functions s, sy : [0, 7] — [0,.5], defined by

sg(t) =1inf{s €[0,8] : to(s) >t} forte[0,T), si(T) =S,
so () ==sup{s € [0,5] : to(s) <t} forte (0,T], sa(0)=0
Then
s () < lim i(r)1f s9(t) < limsups2(t) < sf(t) forall t €[0,T], (5.7)
£ e—0
and
to(sy (1)) =t =to(sg (t)) for all t € [0,T], so (to(s)) < s < sf(to(s)) forall s €[0,9].

In particular, the set
So = {t€[0,T] : 55 (t) < 50 (t)}
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is at most countable and
Uy = {s€[0,8] : to is constant in a neighborhood of s} = U (s (1), 53 (t)).
teSo

Thanks to (5.7), for all t € [0,7]\ So we have that s(t) — sy (t) = si(t) as e — 0. Hence, by

exploting (5.3)—(5.5) we deduce that for all ¢ € [0,T]\ Sp as € = 0
ae(t) = ao(sq () in H' (), ue(t) = uo(sg () in H'(R"), (5.8)
e=(t) = eolsy (1)) in L (ML), pe(t) = po(sg () in H' (M),
and by Remark 2.3 for all ¢t € [0, 7]\ Sp ase — 0
a:(t) = ap(sy (1)) in LG(Q), Pe(t) = po(sg () in LG(Q M;Lyxn?)

for all 6 € [1,6).
We want to show (ev3) and we define

Ag={s€]0,5] : T(ap(s),eo(s),po(s)) > 0}.
Therefore, in order to prove (ev3) it is enough to show that Ag C Uy. Since for all 3 € H'(Q) the map
— (=0,E(an(s),e0(s),po(s)),B) is continuous on [0,S], we derive that the map s +— U(ag(s), eo(s),po(s))
is lower semicontinous on [0, T]. In particular, the set A is open on [0, 7]. Moreover, for all 3 € H'(Q) with
B <0 we have

(=0a& (0 (s), €0(s), po(s)), B) < liminf(—9a&(al(s), e2(s), p2(s5)), B) < lim inf W(ag(s), e2(s), p2(s)),

e—0 e—0
which gives
W (ao(s), ea(s), po(s)) < lim inf W(a(s), e2(s), p2(s))- (5.10)
Let us define
Do == {s € (0,5) : to(s) = 0},
and let us show that
limsup#2(s) >0 for a.e. s € [0,5]\ Do. (5.11)

e—0

On the contrary, since ¥ is non decreasing, we could find a measurable set A C (0,S) \ Dy with positive
measure such that

lim f2(s) =0 for all s € A.

e—0
Since every function #? is 1-Lipschitz on [0, S], by applying the Dominated Convergence Theorem we conclude
that

. ;0 o
gl_r}(l) . te(r)ydr =0.

On the other hand, we have that t2 — to weakly* in W1>°((0, S); (0, 7)), which gives

lim [ £2(r)dr = / to(r)dr > 0,
A A

e—0

since fo(s) > 0 for a.e. s € [0, 5]\ Dy. This leads to a contradiction and proves (5.11).
For a.e. s € [0, 5]\ Dy we derive

é2(s)l2

.. 0 0 0 IR TI . 0 IR TI
0 < W(ao(s),eo(s); po(s)) < liminf U(ag(s),e-(s),pe(s)) = liminf ef|ae (- (s))[|l2 = lim inf e 0(s)

=0

by (4.35), (5.3), and (5.11). Therefore, we have
U(ap(s),eo(s),po(s)) =0 for a.e. s €[0,5]\ Dy,
which gives that Ay C Dy, i.e.,
to(s) =0 for a.e. s € Ay.

Since Ay is open on [0, 7], every s € Ag has an open neighborhood where #; = 0. Since t, is Lipschitz, we
conclude that Ay C Uy. This gives (ev3).
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Step 4. By Proposition 5.3, in order to show that («g,ug, eg, po,to) is a Balanced Viscosity quasistatic
evolutio, it is enough to prove the energy inequality (ev4”). By using (ev4). in t = t2(s) together with (4.34)
and the change of variable formula, for all € € (0,1) and s € [0, S] we get

£(al(s), ¢° E/Hpg m+/na 2T (a(r), 2(r), p2(r) dr

t2(s)
=E&(a e pY) /0 (Cec(r), Ew(r))s dr. (5.12)
)

+
By the weak convergences in (5.4) and (5.5) we get
E(n(s). o(s). po(s)) < liminf E(a2(s), (). p2(5)).

Moreover, by Remark 2.6 and the fact that p¥ — pg weakly* in L>°((0,S); H(; M™%")) as € — 0, we have

sym
/ H(po(r))dr <liminf [ H(P2(r))dr,
0 e—0 0
We want to show that

/IIdo(T)||2‘I/(ao(7“)’60(7")7290(7“))017“Sliggng 162 (r) |29 (a2(r), 2 (r), p2(r)) dr. (5.13)

Ao

Let C C Ap be a compact set and let ¢: C' — [0,00) be a continuous function such that
U(ao(r),eo(r),po(r)) > w(r) forallreCC.

By (5.10) and the compactness of C, we deduce that for all £ > 0 small enough
T(al(r),e2(r),p2(r)) > (r) forall r € C.

By a standard approximation argument from below, since s — W(ag(r), eo(r), po(r))islowersemicontinuous,
in order to prove (5.13) it suffices to show that

[ o) lv(r) dr < imigt [ 20)]l2v0) dr (.14
c e—0 c
for all compact set C' C Ag and every continuous function t: C' — [0,00). To this end, let (¢;); C C°(Q)

be a dense sequence in the unit ball of L?(f2). Since

1a2(r)]|2 = Sup(soi,c'vg(?"))g for all r € C,

by the Localization Lemma (see, e.g., [8, Lemma 2.3.2]) we have

k
&2(M)||ov(r) dr = su i,o'zgr 2t(r) dr,
Lugmwwi p;Lp ()z(r)d

where the supremum is taken over all integers k and over all finite Borel partitions Cy,...,Cy of C. For
all i the real-valued functions 7 — (p;, a2(r))2 are equi-Lipschitz on [0, S] and converge to 7 — (i, a(r))2
for all r € [0,5] as e — 0. Hence the functions r — (¢;,a%(r))2 converge to 7 + (p;, cio(r))2 weakly™*
L>(0,5). It follows that

Z/ (pi, o (r))2(r) dr = hmZ/ i, G (1))t (r )dr<11m1nf/ &2 ()220 (r) dr

This implies (5.14), which gives (5.13).
It remains to study the limit as ¢ — 0 of the last term in the right hand side of (5.12). By the Dominated
Convergence Theorem and the weak convergences of (5.8) and (5.9) we have
t2(s) to(s)
lim (Ce.(r), Ew(r))zdr = / (Ceo(sq (1)), Ew(r))s dr.
0

e—=0 Jg
Since t, is Lipschitz and w satisfies (2.1), we get that wo € AC([0,S]; H'(Q;R") and
Eig(r) = B (to(r))to(r) for ae. r € [0,5].
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Hence, by the area formula we derive

to(s) s . s
/ (Ceo(sy (1)), Eaio(r))2 dr = / (Ceo(sy (to(r))), Bai(to(r)))zfo(r) dr = / (Ceo(r), Enin(r))z dr,
0 0 0

because s (to(r)) = r for all r € [0, 5]\ Up and #o(r) = 0 for all r € Uy. This implies the energy inequal-
ity (ev4”), which concludes the proof. O
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