EXISTENCE OF MINIMIZERS FOR A TWO-PHASE FREE BOUNDARY

PROBLEM WITH COHERENT AND INCOHERENT INTERFACES

RANDY LLERENA AND PAOLO PIOVANO

ABSTRACT. A variational model for describing the morphology of two-phase continua by
allowing for the interplay between coherent and incoherent interfaces is introduced. Co-
herent interfaces are characterized by the microscopical arrangement of atoms of the two
materials in a homogeneous lattice, with deformation being the solely stress relief mecha-
nism, while at incoherent interfaces delamination between the two materials occurs. The
model is designed in the framework of the theory of Stress Driven Rearrangement Instabil-
ities, which are characterized by the competition between elastic and surface effects. The
existence of energy minimizers is established in the plane by means of the direct method of
the calculus of variations under a constraint on the number of boundary connected com-
ponents of the underlying phase, whose exterior boundary is prescribed to satify a graph
assumption, and of the two-phase composite region. Both the wetting and the dewetting
regimes are included in the analysis.
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In this manuscript we address the problem of providing a mathematical variational frame-
work for the description of the morphology and the elastic properties of two-phase continua
based on Gibbs’s notion of a sharp phase-interface dividing them [13| 311 [35]. In the presence
of two interacting media large stresses due to the different crystalline order of the two mate-
rials originate and, besides bulk deformation, various types of morphological destabilization
may occur as a further strain relief mode. These are often referred to as the family of stress
driven rearrangement instabilities (SDRI) [5, 20, 34, 36, 49)], which include the roughness
of the exposed crystalline boundaries, the formation of cracks in the bulk materials, the
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nucleation of dislocations in the crystalline lattices, and the delamination (as opposed to
the adhesion) at the contact regions with the other material.

Literature provides extensive studies of these phenomena under the assumption that one
phase is a rigid fixed continuous medium underlying, such as the substrates for epitaxially-
strained thin films [14] 17, 27, B9], or constraining, such as crystal cavities [26] or the
containers in capillarity problems [23], the other phase, which is instead let free, or by
modeling the interactions with other media simply by means of fixed boundary conditions.
There are though settings in which the hierarchy between the phases is not clear, or a rigidity
ranking between them is not easily identifiable, since the interplay among the deformation
and the interface instabilities affecting all phases is crucial, such as, in the shock-induced
transformations and mechanical twinning [35] or in the deposition of film multilayers [42].

As described in [35] the extension of classical theories of continuum mechanics to two-
phase deformable media is though “not as straightforward as it might appear”, since com-
bining the accretion and deletion of material constituents responsible for the moving of the
interface between the two phases and their boundaries, with the framework of elasticity
related to bulk deformation and fractures [15, B0], by quoting [35], “leads to conceptual
difficulties”. A critical modeling issue related to the interface between the two phases is
the interplay between coherency, that is here intended as the microscopical arrangement
of atoms of the two materials in a homogeneous lattice, with deformation being the solely
stress relief mechanism [35], and incoherency, that instead refers to the debonding occurring
between the atoms of the two materials [13], which results in the composite delamination at
the two-phase interface [40]. This manuscript seems to be, to the best of our knowledge, the
first attempt to provide a mathematical framework able to simultaneously describe coherent
and incoherent interfaces for a two-phase setting, which we carry out by also keeping in the
picture the other features of SDRI, such as the dichotomy between the wetting regime, that
is the setting in which it is more convenient for a phase to cover the surface of the other
phase with an infinitesimal layer of atoms, and the dewetting regime, in which it is preferable
to let such surface exposed to the vapor.

The studies for the setting of only coherent interfaces go back to Almgren [I], who was
the first to formulate the problem in R¢, d > 1, in the context without elasticity for surface
tensions proportional among the various interfaces, by means of integral currents in geo-
metric measure theory and by singling out a condition ensuring the lower semicontinuity of
the overall surface energy with respect to the L'-convergence of the sets in the partition.
Then, Ambrosio and Braides in [2, [3] extended the setting to also non-proportional surface
tensions by introducing a new integral condition referred to as BV -ellipticity, which they
show to be both sufficient and necessary for the lower semicontinuity with respect to the
L'-convergence. As such condition is the analogous, for the setting of Caccioppoli partitions,
of MorreyZs quasi-convezity, it is difficult to check it in practice. In [2, 3] BV-ellipticity is
proved to coincide with a simpler to check triangle inequality condition among surface ten-
sions for the case of partitions in 3 sets (like the setting considered in this paper, in which
one element of the partition is always represented by the wvapor outside the two phases),
which was then confirmed to be the only case by [10]. Other conditions therefore have been
introduced, such as B-convexity and joint convezity, with though BV -ellipticity remaining
so far the only condition known to be both necessary and sufficient for lower semicontinuity
apart from specific settings (see [11, 45] for more details). Recently, the BV -ellipticity has
been extended in the context of BD-spaces in [32]. Finally, we refer to [7] for a variant
of the OhtaKawasaki model considered to model thin films of diblock copolymers in the
unconfined case, which represents a recent example in the literature of a two-phase model
in the absence of elasticity and of incoherent and crack interfaces, under a graph constraint
for union of the two phases.
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Regarding incoherent interfaces the problem is intrinsically related to the renowned seg-
mentation problem in image reconstruction that was actually originally introduced by Mum-
ford and Shah in [46] with a multiphase formulation, as a partition problem of an original
image, with the connceted contours of the image areas characterized as discontinuity set
of an auxiliary state function. Then, the approaches developed to tackle the problem led
to the study of a single phase setting with the jump set of the state function representing
internal interfaces, proven to satisfy Ahlfors-type regularity result [4, [19]. Such single-phase
framework has been then extended to the context of linear elasticity in fracture mechanics
with the state function being vectorial and representing the bulk displacement of a crys-
talline material and the energy replaced by the Griffith energy [15, B0]. The attempt to
recover the original setting of [46] in a rigorous mathematical formulation (apart from some
formulations with piecewise-constant state functions or numerical investigations) has been
then addressed by Bucur, Fragala, and Giacomini in [§] and [9] (see also [16] for a related
multiphase boundary problem in the context of reaction-diffusion systems). In [8] Ahlfors-
type regularity is established for ad hoc notions of multiphase local almost-quasi minimizers
of an energy accounting for incoherent isotropic interfaces and disregarding the contribution
of the coherent portions, while in [9] they introduce a multiphase version of the Mumford-
Shah problem by treating all the reduced phase boundaries as incoherent interfaces (like the
internal jump sets) and by adding an extra (statistical) term, which induces multi-phase
minimizers.

In order to finally include in the model both coherent and incoherent portions (possibly
also on the same interface between the phases), we first restrict to the two-phase setting (for a
multi-phase setting in the context of film multilayers we refer to the related paper [42] under
finalization) and follow a different direction than the one of [8, 9], which works for d = 2: We
adopt the approach considered in [36} 37], that was relying on the strategy developed for the
Mumford-Shah problem in [19]. Such approach consists in first imposing a fixed constraint
on the number of connected components for the boundary of the free phases, in order then
to employ adaptations of GolabZs Theorem [33] for proving the compactness with respect
to a proper selected topology, and then in studying the convergence of the solutions of the
different minimum problems related to different constraints on the connected components,
as such constraints tend to infinity. This second step has been performed for the one-phase
setting in [37] (and for higher dimension in [38]) by means of density estimates.

Here, we performed the first step in this program, reaching an existence result analogous
to the one in [36]. However, the extension of [36] to the two-phase setting requires important
modification in the model setting, since characterizing the incoherent interface as the jump
portion of the bulk displacement on the two-phase interface as in [36, 37, [38] appears to
be not feasible, as in our setting the two-phase interfaces need to be considered much less
regular than Lipschitz manifolds like in [36] 37, [38]. To solve this issue we consider as set
variables of the energy not the two phases, to which we refer to as the film and the substrate
phase, but the substrate phase and the whole region occupied by the composite of both
the two phases, and we characterize the incoherent interfaces as a portion of the boundary
intersection of such variables. As a byproduct of this strategy we do not need to impose
a constraint on the number of boundary components of the film phases (but only with
respect to the substrates and the composite regions), so that the physical relevant setting
of countable separated isolated film islands forming on top of the substrate is included in
our analysis, even though it was prevented by the formulation in [36]. Moreover, we can also
extend [36] to the presence of adjacent materials for the Griffith-type model with mismatch
strain and delamination [I5] [30 [3§].

In agreement with the SDRI theory [5], 20, [34] the total energy F is given by the sum of
two contributions, namely the elastic energy ¥V and the surface energy S, and it is defined
on triples (A, S,u) € C, where u represent the bulk displacement of the composite material
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of the two phases, and A and S are sets whose closures represents the composite region and
the substrate region, respectively, while the film region is given by A\ S M) (for SM) denoting
the points with density 1 in S). More precisely, given Q := (—I,1) xg2 (=L, L) C R? as
the region where the composite material is located, which is defined for the two parameters
[,L > 0 and to which we refer as the container in analogy to the notation of capillarity
problems, we introduce

C:={(A4,5u): Aand S are £2-measurable sets with S ¢ A C Q such that

DANTnt(S) =0, DA and 9S are Hl-rectifiable,

HL(DA) + H(S) < 0o, and u € HL_(Int(A); R?)}.
We define F : C — R as

F(A, S u):=8(A,S)+W(A,u)
for every (A, S,u) € C. The elastic energy WI(A,u) is defined analogously to [21], [36], 37, [38]
by
WI(A, ) = / W (2, E (u(z) — Fo (2))) dz,
where the elastic density W is deterrr?ined by the quadratic form
W (x,M):=C(x)M: M,

for a fourth-order tensor C : 2 — ngm,

E denotes the symmetric gradient, i.e., E(v) :=
V”%VT“ for any v € H{ .(Int(A); R?), representing the strain, and Ey is the mismatch strain

z € Qi Ey(x) € M2, defined as

{E(uo) in Q\ S,
EO = .
0 in S,

for a fixed ug € H'(£; R?). The mismatch strain is included in the SDRI theory to represent
the fact that the two phases are given by possibly different crystalline materials whose free-
standing equilibrium lattice could present a lattice mismatch. In this context notice that C is
allowed to present discontinuities at the interface between the two materials (see hypothesis

(H3) in Section [3.2).
The surface energy S(A,5) is given by
S(A,5) = | Ve, v(@) dH! (2),

QN (DAUBS)

where, by denoting with v;7(2) the normal unit vector pointing outward to a set U C R?
with H!'-rectifiable boundary at a point « € 9U,

() = va(z) if z€0A\ DS,
" \ws(z) if z €8S,

and 1) : Q x R? — [0, 0o represents the surface tension of the composite of the two phases,
which we allow to be anisotropic.

In order to properly define ¥ we need to consider the three surface tensions g, g, @rs :
Q x R? — [0, 0c] characterizing the three possible interfaces for the two-phase setting, i.e.,
the interface between the film phase and the vapor, the interface between the substrate phase
and the vapor, and the interface between the film and the substrate phases. Furthermore, to
simultaneously treat both the wetting and the dewetting regime, we introduce two auxiliary
surface tensions, to which we refer as the regime surface tensions, that we defined as:

¢ :=min{eg, or +ers} and ¢’ :=min{ps, ¢r},

since (g is the surface tension associated to the dewetting regime, as the substrate surface
remains exposed to the vapor, while pr + prg and ¢y are both associated to the wetting
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regime, respectively, to the situation of an infinitesimal layer of film atoms covering the
substrate surface (by being bonded to the substrate atoms), which is referred to as the
wetting layer, or of simply a detached film filament. We define

op(z,v ()) e QN (0*A\ 0*S),
o(z, v (z)) z€NNISNI A,
vrs(z, v (z)) x€eQN(0*S\ 04),
(or + @)z, v (z)) ze€QNI*SNIANAD),
Yl v(@) = 20p(z, v (2)) ze€QNIAN AN NSO, (1.1)
20 (z,v (x)) reNNIANAO),
2ops(z, v (2)) $€QN(98\04)n (SO USO)NAD,
20(x, v () z€QNISNIANSD),

where 8*U and U@ denote, when well defined, the reduced boundary and the set of points
of density o € [0,1] for a set U C R?. We notice that the 8 subregions of the domain
QN (0AU9S) in which the definition of v is distinguished are the counterpart of the 5
terms appearing in the surface energy of [36] for the two-phase setting (see Remark
for more details). Each subregion appearing in represents, by moving line by line,
the film free boundary, the substrate free boundary, the film-substrate coherent interface,
the film-substrate incoherent interface, the film cracks, the exposed filaments, the substrate
filaments and cracks in the film-substrate coherent interface, and the substrate cracks in the
film-substrate incoherent interface, respectively.

We observe that the surface tensions associated to the film free boundary, the coherent
substrate-film interface, and the substrate free boundary, are simply ¢p, @rg, and (to ac-
commodate both wetting and dewetting regimes) ¢ respectively, while the surface tension
associated to the incoherent film-substrate interface is chosen to be ¢ + ¢ in analogy with
the film-substrate delamination or delaminated region in [36, 37, [38], since the incoherent
interface coincides with the portion of the film-substrate interface in which there is no bond-
ing between the film and the substrate surfaces. All remaining 4 terms are weighted double
(in analogy to the lower-semicontinuity results previously obtained in [14], 2], 27] [36, 37, 38]
for the one-phase setting) as they refer to either material filaments in the void or cracks in
the composite bulk. In particular, we notice that in the substrate bulk region represented
by S we distinguish between substrate cracks in the coherent and in the incoherent film-
substrate interface, that are counted with weight 2ppg and 2y, respectively, while in the film
bulk region AN N SO we distinguish between substrate filaments that are not film cracks
counted with 2ppg and film cracks counted 2¢p (see Figure [1)).

The main result of the paper consists in finding a physically relevant family of admissible
configurations in C. , which is denoted by Cp, for m := (mg,m1) € N2, in which we can prove
that, under a two-phase volume constraint, F admits a minimizer. We find such a family
Cm C C by considering as admissible configurations (A, S,u) € C the ones for which (see
Definition for more details):

- the number of boundary connected components of S and A are fixed to be at most
mg and m1, respectively,

- the substrate regions S satisfy an exterior graph constraint consisting in requiring
that *SU(0SNS) is the graph of an upper semicontinuous function with pointwise
bounded variation (while internal, also non-graph-like, substrate cracks are allowed),

as shown in Figure[I] We notice that such an exterior graph constraint allows to have a more
involved description of the substrate regions than the previously considered graph constraint
in the literature for the one-phase setting [14, [17, 21} 27], which is indeed needed to achieve
the compactness result contained in Theorem [3.11
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FIGURE 1: The admissible regions for an admissible configuration (A, S,u) € Cpy
(see Definition are represented by indicating the substrate region S and the

film region A\ S D) with a darker and a lighter gray, respectively. In particular,
the film and the substrate free boundaries (with the film and substrate filaments)
are indicated with a thinner line, while the film-substrate interface is depicted with
a thicker line that is continuous or dashed to distinguish between its incoherent
portions and its coherent portions (inclusive of substrate cracks and filaments that
are not film cracks), respectively.

Therefore, for any two volume parameters vo,v1 € [£2(22)/2, £2(2)] such that v < vy,
we consider the problem:
ot F(A, S u), (1.2)
L2(8)=vo, L2(A)=v1
which we tackle by employing the direct method of the calculus of variations, namely by
equipping C with a properly chosen topology 7¢ sufficiently weak to establish a compactness
property for energy-equibounded sequences in Cy, and strong enough to prove the lower
semicontinuity of F in Cp,. The topology 7¢ is characterized by the convergence:

supeny H! (0A)) < 00, supgeny H! (0Sk) < oo,
sdist (-, 0A) = sdist (-, 0A) locally uniformly in R,
—00

C
(Ax, S ) k—00 (4,8u) = sdist (-, 0Sk) o sdist (-, 0S) locally uniformly in R?,

up —— u  a.e. in Int (A),
k—o0

where the signed distance function is defined for any E C R? as follows

dist(z, E) ifzeR?\FE
sdist(z, OF) := ! ‘(x, ) 1 . \E,
—dist(z, E) ifx € E.
The compactness property shared by energy-equibounded sequences (Ag, Sk, ug) € Cm
that we establish in Theorem [3.11] consists in the existence, up to a subsequence, of a
possibly different sequence (Ag, Sk, ux) € Cm compact in Cy, with respect to 7¢ such that

lim inf F(Ay, S, ux) = lim inf F (Ay, S, @ ).

This is achieved by both extending to the two-phase setting and to the situation with the
exterior graph constraint the strategy used in [36, Theorem 2.7]. For the latter, we rely on the
arguments already used in [14 27], while for the former we used the Blaschke-type selection
principle proved in [36, Proposition 3.1] together with the Golab’s Theorem [33, Theorem
2.1] and we implement to the two-phase setting the construction of [36, Proposition 3.6].
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Such construction is needed to take care of those connected components of A that separate
in the limit in multiple connected components, e.g., in the case of neckpinches, in order
to properly apply Korn’s inequality just after having introduced extra boundary to create
different components also at the level Ay (by passing to the sequence with composite regions
ﬁk) We notice though that the characterization of the delamination region introduced in
this manuscript allows for a simplification in the arguments used [36, Theorem 2.7], as the
surface energy does not involve the bulk displacements, also yielding an extension of the
result by including the situation with S # () and vy := £2(1Q).

The crucial point in proving the 7¢-lower semicontinuity of F is the 7¢-lower semiconti-
nuity of S, as the 7¢-lower semicontinuity of W directly follows by convexity similarly to
[27, B6]. In order to establish the 7¢-lower semicontinuity of S in Proposition we fix
(Ag, Sk, ug) € Cm and (A, S,u) € Cpy such that (Ag, Sk, uk) I, (A, S,u), and we associate
the positive Radon measures p, and u in R? to the localized energy versions of S(Ay, Sk, ux)
and S(A, S, u), respectively. We have that

lim inf S(Ag, Sk, ur) > S(A, S, u) — liminf pp(R?) > u(R?), (1.3)
k—+o00 k—+o0

and since, up to a subsequence, p weakly™ converges to some positive Radon measure py,

and p is absolutely continuous with respect to H'L ((9AUS)NN), by proving the following

estimate involving Radon-Nikodym derivatives:

dpo S dp
dHIL (QN (0AUdS)) = dHIL (QN (AU IS))

H' -a.e. on QN (QAUDS), (1.4)

which implies that lim p(R?) = po(R?) > p(R?), in view of (1.3)), the 7c-lower semiconti-
nuity of S follows.

The proof of is very involved and it is performed by separating 2 N (90A U 9S) in
12 portions on which we apply a blow-up technique (see, e.g., [29] ) together with ad hoc
(apart from the 2 portions in which it turns out that we can use [43, Theorem 20.1]) results,
i.e., Lemmas which can be seen as the counterpart in the two-phase setting of
[36, Lemmas 4.4 and 4.5] (see Table 1| for more details on the 12 blow-ups). In order to
prove Lemmas firstly we formalize the notions of film islands, composite voids, and
substrate grains (see Definition , secondly we prove in Lemma that the coherent
interface associated to any configuration (A,S,u) € Cy can be regarded, up to an error
and a modification of (A,S,u) by passing to the family C, as given by a finite number
(depending on the initial configuration (A, S,u)) of connected components, and finally we
design induction arguments (with respect to the number of such components) in which we are
able to use the induction hypothesis by “shrinking” islands, “filling” voids, and “modifying
grains in new voids” as depicted in Figures and [0} respectively, by means of employing
the anisotropic minimality of segments [43, Remark 20.3].

The manuscript is organized as follows: in Section [2] we specify the notation used through-
out this paper, in Section [3| we introduce the model under consideration, present some
preliminary results and state the main results, i.e., the existence of a solution to in
Theorem [3.10] together with the compactness result of Theorem and the lower semicon-
tinuity result of Theorem [3.12] in Section [4 we prove Theorem [3.11], in Section [§] we prove
Theorem [3.12] and finally in Section [6] we prove Theorem [3.10]

2. NOTATION

In this section we collect the relevant notation used throughout the paper by separating
it for different mathematical areas.
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Linear algebra. We consider the orthonormal basis {e1,e2} = {(1,0),(0,1)} in R? and
indicate the coordinates of points = in R? by (21, x3). We indicate by a - b := 212:1 a;b; the
Euclidean scalar product between points a and b in R?, and we denote the corresponding

norm by |a| := v/a - a.

Let M2 be the set of (2 x 2)-matrices and by M2, the space of symmetric (2 x 2)-matrices.

sym
The space M? is endowed with Frobenius inner product E : F := E%,j:l E;;F;j and, with a

slight abuse of notation, we denote the corresponding norm by |E|:= Vv E : E.

Topology. Since the model considered in this manuscript is two-dimensional, if not other-
wise stated, all the sets are contained in R?. We denote the cartesian product in R? of two
sets ACRand B C R by A xg2 B := {(a,b) : a € Eand b € F}. For any set E C R?,
we denote by Int(E), E and OF interior, the closure and the topological boundary of E,
respectively. Furthermore, we denote by CI(F') the closure of a set F' in E with respect to
the relative topology in E. For any r € R we define rE := {rz : x € E}.

Given v € S! and z € R?, Q,, (z) is the open square of sidelength 2p > 0 centered at =
and whose sides are either perpendicular or parallel to v. Note that if v = e; = eg and z = 0,
Qp = Qp(0) = (—p, p) X (—p, p). We define by I, the symmetric segment I, := [—p, p| C R.
Furthermore, a (parametrized) curve in R? is a continuous function r : [a, b] — R? injective
in (a,b) for a,b € R with a < b and its image is referred to as the support of the curve.
Moreover, since any continuous bijection between compact sets has a continuous inverse,
the support of any curve is homeomorphic to a closed interval in R (see [25, Section 3.2]).

Given yp € R? and p > 0, we define the blow-up map centered in o with radius p as the
function 0,4, : R — R? by
Y—Yo

p
for all y € R2%. Observe that if we apply Opx t0 Qpu(x) and @, (), we obtain that
Opaz (Qpu () = Q1,,(0) and 0, 4(Qp () = Q1,,(0). When yy = 0, we write o, instead of
0,,0- We denote by 7; the projections onto x;-axis for i = 1,2, i.e., the maps 7y : R? — R and
7y : R? — R are such that 71 (z1,22) = 21 and ma(x1, 22) = x9 for every x = (r1,z2) € R2.

Finally, let dist(-, F) and sdist(-,0F) be the distance function from E and the signed
distance from OFE respectively, where we recall that sdist(-,0F) is defined by

Op,y0 (y) =

dist(z, E) ifz € R?\ E,

dist(z,0F) :=
sdist(z, OF) {—dist(:c,E) ifrel

for every x € R2.

Geometric measure theory. We denote by £2(B) the 2-dimensional Lebesgue measure
of any Lebesgue measurable set B C R? and by 1p the characteristic function of B. For
a € [0,1] we denote by B(® the set of points of density o in R?, i.e.,

B .= {xeR%;%m—a}

We denote the distributional derivative of a function f € Li (R?) by Df and define it as
the operator D : C°(R?) — R such that

Df o=~ [ f-Veds
R2 R2

for any ¢ € C5°(R?).
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We denote with H! the 1-dimensional Hausdorff measure. We say that K C R? is H!-
rectifiable if 0 < H(K) < +oo and 0.(K,z) = 0*(K,z) = 1 for H!'-a.e. * € K, where

YK nNB, KN B,
0+(K, x) 3:hminH( N5 (@) and 0°(K,x) ::hmsupH( i (a:))

r—0+ 2r r—0+ 2r

We define sets of finite perimeter as in |4, Definion 3.35] and the reduced boundary 0*E of
a set F of finite perimeter by

. Dlg(B,(x))
8*E::{xER2:EIVE:U::—hm,VEx :1}, 2.1
(@) = lim T B L o o) (2.)

where we refer to vg (x) as the measure-theoretical unit normal at x € OF.

Let z € R?, if vg () exists Tovp(z) =1y € R? : y - vg (x) = 0} stands for the approximate
tangent line and H, () = {y € R? : y - vg (x) < 0} is its corresponding half space at .

For any set E2 C R? of finite perimeter, by [43], Corollary 15.8 and Theorem 16.2] it yields
that

HY(EYD\0*E)=0 and §Ec EW/?. (2.2)
Moreover, for any set E C R? of finite perimeter, we have
OE=NUdEUEYUEY)NIE, (2.3)
where N is a H!-negligible (see [43, Section 16.1]).
We denote by Uy the (half-open) dyadic square, i.e.,
Uk :=[0,27%) xg2 [0,27%) + 2741
for any k € N and | € Z x Z. We denote by Q the family of dyadic squares and by N'! the

net measure. More precisely, for any Borel set F,
NYE) = lim ingg(E), (2.4)

is the M''-measure of F, where

NH(E) := inf{z diam(U;) : {U;},c; C Q is a countable disjoint covering of £
i€l
and diam(U;) < 0}, (2.5)
Note that this measure does not coincide with the Hausdorff measure, however we have the
following equivalence (see [44, Chapter 5])

HI(E) < N'(E) < 251 (E), 2.6)
for any Borel set £ C R2.

Functions of bounded pointwise variation. Given a function A : [a,b] — R we denote
the pointwise variation of A by

Var h := sup {Z |h(zi) — h(zi—1)| : P :={®o,..., s} is a partition of [a, b]}

We say that h : (a,b) — R has finite pointwise variation if Varh < oo. We recall that
for any function h such that Var h < oo, h has at most countable discontinuities and there
exists h(x¥) := lim,_,,+ h(z). In the following given a function h : [a,b] — R with finite
pointwise variation, we define

h™(z) := min{h(z™"),h(z7)} = lim inf h(z)
and
Rt (z) := max{h(x™), h(z7)} = limsup h(z).

zZ—x
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In view of [41], Corollary 2.23] and with slightly abuse of notation, the limits
ht(a):= lim h(z) and h™(b):= linlr){ h(z) (2.7)

are finite.

3. MATHEMATICAL SETTING AND MAIN RESULTS

In this section we present the model introduced in this manuscript with some prelimi-
naries, and then we state the main results of the paper outlining the consequences for the
related one-phase setting of [36], 37, B8] and the multiple-phase setting of film multilayers
considered in [42].

3.1. The two-phase model. Let Q := (—1,1) xg2 (=L, L) C R? for positive parameters
[,L € R. We begin by introducing the family C,, of admissible configurations and, in par-
ticular, the admissible substrate regions.

Roughly speaking, an admissible substrate region S C () is characterized as the sub-
graph of a upper semicontinuous height function h with finite pointwise variation to which
we subtract a closed H!-rectifiable set K such that H!(K) < oo, which represents the
substrate internal cracks. More precisely, we consider the family of admissible (substrate)
heights AH(Q2) defined by

AH(Q) :={h: [-,]] = [0,L] : h is upper semicontinous and Varh < oo} (3.1)
and let S, denote the closed subgraph with height h € AH(2), i.e.,
Spi={(z,y): -l <z <liy<h(x)} (3.2)

We then define the family of admissible (substrate) cracks AK(S) by
AK(Q) :={K C Q: K is a closed set in R?, H!-rectifiable and H'(K) < oo} (3.3)
and the family of pairs of admissible heights and cracks AHK(Q) by

AHK(Q) :={(h,K) € AH(Q) x AK(Q) : K C Int(Sh)}. (3.4)
Finally, given (h, K) € AHK(Q2) we refer to the set
Shi = (Sp \ K) N, (3.5)

as the substrate with height h and cracks K, and we define the family of admissible substrates
as

AS(Q) :={SCQ : S =5k for apair (h, K) € AHK(Q)}. (3.6)

We observe that
85}1,[( =0S, UK (3.7)

for every Sy x € AS(Q2), so that Sy x = S, and Int(Sh k) = Int(Sy) \ K. We denote the
Jumps points and the vertical filament points of the graph of h € AH(Q2) by

J(h) :={x e (=1,1):h (x) #hT(z)} and F(h):={x e (=1,1):h"(x) <h(z)}, (3.8)

respectively. By [41, Corollary 2.23] and thanks to the fact that h € AH(Q2), J(h) and F'(h)
are countable. Moreover, it follows that 0), is connected and, 95), and 0S5}, i have finite
H'-measure. By [25, Lemma 3.12 and Lemma 3.13], for any h € AH, 95}, is rectifiable and
applying the Besicovitch-Marstrand-Mattila Theorem (see [4, Theorem 2.63]), 95y is H!-
rectifiable, and hence, 9Sy, i is H!-rectifiable. Furthermore, applying [37, Proposition A.1]
Sy and Sy i are sets of finite perimeter.

The following result allows to interchangeably bound the pointwise variation of a function
h € AH(Q2) from the H!-measure of Sy, and vice versa.
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Lemma 3.1. Let h € AH(QY). Then
Var h < H'(8S),) < 21 + 2Varh, (3.9)
where Sy, is defined as in (3.2)).

Proof. The proof is divided in two steps.

Step 1. We prove the left inequality of . We proceed as in [I4, Section A.2.3]. Let
m € Nandlet {l; : i €{0,...,m},lo = —I,l,,, =l and l; < l;+1} be a partition of [, ]. Take
i €{0,...,m—1} and define by L; the segment connecting (I;, h(l;)) with (l;+1, h(li+1)). By
[25, Lemma 3.12], there exists a parametrization r; : [0, 1] — R? of 9Int(Sy) N ((Is, li+1) Xg2
[0, L)), whose support 7; joins the points (I;, h(l;)) and (I;41, h(li+1)), furthermore, it follows
that

|h(lit1) — h(l:)| < \/|li+1 — Li]* + |h(ligr) — h(1)1? = H'(Ls) < H' (7).
Moreover, repeating the same argument for any ¢ € {0,...,m — 1} we have that

m—1 m—1
Z% [h(liy1) = h(ls)] < Z;) H' (i) < H'(8Sh),

where in the last inequality we have used that

98, = ot (Sy) U (85, N S) U N, (3.10)
where N is a H!-negligible set. Taking the supremum aver all partitions of we obtain the
left inequality of (3.9).

Step 2. In this step, we prove the right inequality of . We observe that
Int(Sp) ={(z,y): —Il<z<ly<h (z)}

and so,
r: [=1,]] — Olnt(Sy)
z = (z,h(2))
is a parametrization of dInt(S}y), whose support we denote by 7. Therefore, from [41] Defi-
nition 4.6 and Remark 4.20] it follows that

m—1
H(0Int(Sy)) = sup { Z Ir(zig1) — r(:c,)\} , (3.11)

=0

where the supremum is taken over all partitions of [—[,[]. By definition of r and thanks to

(3.11)), we see that
m—1

Hl(alnt(sh)) < sup { Z (‘:L’i+1 — l‘z| + |h_(:L'Z'+1) — h_(l'z)D} < 2] + Var h,

i=0
where we used the fact that Varh~ < Varh. Finally, by (3.10) we have that H!(9S),) =

H(OInt(Sy)) +H (DS, N S,(lo)) and since H' (9, ﬂS’,(ZO)) < Var h, by the fact that 9}, OS,(IO)
is the union of vertical segments, we can deduce the right inequality of (3.9). O

We now introduce the family of admissible region pairs and configurations.

Definition 3.2 (Admissible regions and configurations). We define the families of admissible
pairs B(2) and of admissible configurations C by

B(Q) :={(A,S) : Ais L:-measurable, DA is H'-rectifiable, H'(DA) < oo,
there exists (h, K) € AHK(Q), S = S,k € AS(Q2),
Sh,x C ACQand 9AN Int(Sh.x) = 0},



12 R. LLERENA AND P. PIOVANO

and

¢:={(4,8u)eC:(AS)eB},

respectively.

In the following we also refer to the sets A, S, and A\ S (1) with respect to an admissible
pair (A,S) € B as the composite region, the substrate region, and the film region of the
admissible pair. Moreover, we refer to S0 and A1 N SO as the substrate and the film bulk
regions, respectively.

In Theorem [3.12] we will need to consider a natural extension of the families B and C,
which we denote as B and C, respectively.

Definition 3.3. We define the families of admissible pairs B(£2) and of admissible configu-
rations C by
B(Q) :={(A,S) : A, S are £L2-measurable, DA, dS are H'-rectifiable,
HY(DA), HY(S) < 00, S € A C Q and AN Int(S) = 0},

and

Ci={(A,S,u): (A,5) € Buc H, (Int(4);R*) |,

respectively.

We observe that B C B, since for any (A, S) € B there exists (h, K) € AHK(Q) such that
S = Sn.x € AS(Q) and 95, i is H!-rectifiable, and thus, (4, S) € B(f).

Notice that, for simplicity, in the absence of ambiguity we omit the dependence on the
set 2 in the notation B(2) and B(2) by writing in the following only B and B, respectively.

Remark 3.4. We observe that any bounded £2-measurable set A C R? such that H!(9A) <
oo is a set of finite perimeter in R? by [37, Proposition A.1].

We now equip the family B with a topology.

Definition 3.5 (rp-convergence). A sequence {(Ay, S;)} C B p-converges to (A, S5) € B,
if

- supgeny MY (0AR) < oo,supgeny HY (8SK) < o0,

- sdist (-, 0Ag) — sdist (-, DA) locally uniformly in R? as k — oo,

- sdist (-, 0Sy) — sdist (-, 0S) locally uniformly in R? as k — oo.

It will follow from Lemma [3.9) below that the Tp-convergence is closed in the subfamily of
admissible triples By, C B whose definition depending on the vector m = (mg, m;) € Nx N
we now provide.

Definition 3.6. For any m := (mg,m1) € NxN the family By, is given by all pairs (A4, S) €
B such that 0A and 0S5 have at most m; and mg-connected components, respectively. Let
us also define

Cm :={(A,Su)eC:(A,S) € By} CC. (3.12)

We denote the topology with which we equip the family C by 7c.

Definition 3.7 (7¢-Convergence). A sequence {(Ag,Sk,ur)}reny C C is said to 7¢-
convergence to (A, S,u) € C, denoted as (Ay, S, uz) —= (A, S, u), if

- (A, Sy) = (4, 9),
- up — u a.e. in Int (A).
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We now state some properties of the topology 7¢.
Remark 3.8. We notice that:

(i) The following assertions are equivalent
(i.1) sdist(-, 0Ey) — sdist(-, 0F) locally uniformly in R2.
(i2) B, & F and R2\ Ej, &5 R2\ Int(E).
Moreover, these imply that 0FE} K, oE.

(ii) If there exist (hg, Kx) € AHK(Q) and (h, K) € AHK(Q?) such that E, = Ep, i, €
AS(Q) and E = Ej g € AS, for every k € N, we observe that Item (i.1) above is
equivalent to

Ep=Ep, x, = E, and R2\ B, =R\ Ej, g, = (R?\ Int(E})) UK,

where Ep, k,, En i are defined as in (3.5)) and Ej, is defined as in (3.2)).
(iii) Let {(Eg, F)} C R? x R? be a sequence of bounded sets and let E, F C R? be two

bounded sets such that 0E K 9E and o0F}, K, 9F. In view of the Kuratowski
convergence (see [4, Section 6.1], [I8, Chapter 4] or [36, Appendix A.1]), we observe
that for every x € OE \ OF there exist r := r(z) > 0 and k,, € N such that
B(z,r) N 0F, = 0 for any k > ky . Similarly, for every z € 0F \ OF there exists
r’:=r'(x) >0 and k,» , € N such that B(z,r) NOEy, = 0 for any k > k5.

From the next result the closedness and the compactness (see Theorem {4.2)) of the family
By with respect to the topology 3 follows for every m := (mg, m;1) € N x N.

Lemma 3.9. Let {E}} be a sequence of L2-measurable subsets of Q having H!-rectifiable
boundaries OE), with at most m-connected components such that

- supy, HY(0Ey) < o,
- sdist(+, 0Ey,) — sdist(-, 0F) locally uniformly in R? as k — oo for a set E C R?.

Then, OF is H!-finite, H'-rectifiable, and with at most m-connected components, and E C Q
is L2-measurable. Furthermore, if Ex = Ep, k, € AS(Q) for every k € N and for some
(hk, Kk) S AHK(Q), then

sup(H*(K}) + Var hy) < 0o (3.13)
k

and there exists (h, K) € AHK(Q) such that E = Ej, i € AS(Q).

Proof. The fact that OF is H!-finite, H!'-rectifiable, and with at most m-connected com-
ponents, is a direct consequence of [36, Lemma 3.2]. Since H!(OF) < oo, it follows that
L2(E\ Int(E)) = L2(OF) = 0, by applying [6, Theorem 14.5] to E \ Int(E) C E \ Int(E)
we infer that E \ Int(E) is £2-measurable and so, £2(E \ Int(E)) = 0. Therefore, E =
E\ Int(E) UInt(E) is £L2measurable.

It remains to prove the last assertion of the statement. Let (hy, K) € AHK(Q) such that
Ey = Ey, i, € AS(2) for every k. We begin by observing that (3.13) is a direct consequence
of (3.7)), by applying (3.9)) to hy. To conclude the proof we proceed in 2 steps.

Step 1. We claim that E = Ej,, where h is the upper semicontinous function defined by

h(x1) = sup{limsup hy(z¥) : 2¥ — z,}.
k—oo
Let z = (z1,22) € E, by Remark (1) we observe that there exists zp = (2%, 28) € Ej
such that ;. — x. We deduce that

29 = lim 25 < limsup hy(2¥) < h(z1),
k—oo k—o00
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and by (3.2) we deduce that E C Ej. Now let x = (21, 72) € E},, by definition we observe
that

zo < h(z1) := sup{limsup hy(zF) : ¥ — 21}
k—o0
Let 2, = (2, 25) € Q such that o¥ — 21, hp(z}) — h(z1) and define 2§ := min{x,, hk(x’f)i
It follows that zy € Ej and zy — x, by Kuratowski convergence we have that = € FE,
therefore, E), C F.

Step 2. We claim that Int(E) = Int(E}, k), where K := 0FE N Int(E}). Notice that K is a
closed set in R? and since OF is H!-rectifiable, we deduce that K is also H'-rectifiable. On
one hand, we see that

It(E) = Int(E) \ (OF N Int(Ep)) C Int(Ey) \ (OF NInt(Ey)) =: Int(E,) \ K = Int(Ep «),

where in the first equality we used the fact that Int(F)NJE = () and in the inclusion we used
Step 1 and the fact that E C E = Ej. On the other hand, let z € Int(Ej, x) = Int(Ep) \
(OE NInt(Ey)) and assume by contradiction that « ¢ Int(£). This assumption implies that
either x € OF or z € Q\ E, which is a contradiction by the facts that 0F C E = E}, and

WS Int(Eh) \ <8E N Int(Eh)) = Int(Eh) \ OF C E), =F.

Finally, observe that (h, K) € AHK(Q2). Thanks to the uniqueness of Kuratowski conver-

gence, the facts that Ej g = Ej, and Int(Ej, x) = Int(E}) \ (OE NInt(E})), and in view of
Remark (1) we conclude from the previous two steps that ' = Ej, k. O

The total energy F : C— [0, +00] of admissible configurations is given as the sum of two
contributions, namely the surface energy S and the elastic energy W, i.e.,

F(A, S,u) = S(A, S) + W(A, u)

for any (A, S,u) € C, where we observe that the surface energy does not depend on the
displacements (as a difference from [36, 37]). The surface energy S is defined for any (A4, S) €
B by

S(A, S) ::/

(v (a)) dH + [ o, va (2)) dH!
QN(9* A\0*S)

QNo*SNo*A

s, vs () dH’ + [ (or + @) (@, va (x)) dH!

/QD(B*S\aA)mA(U QNo*SNIANAM)

/ 2r (@, v (@) dH' + 2 (,va (2)) dH!
QNOANAMLINS(0) QNIANAW)

2 z,vg (z)) dH*
/Qm(aS\aA)m(S<1)uS<0>)mA<1) ers(@,vs (@)

/ 25z, va (2)) dHY,
QNISNOANS (L)
(3.14)

where ¢p, ors : Q x R? — [0, 00] and, given also the function pg : Q x R2 — [0, cc], we
define the functions ¢ and ¢ in in C(Q x R?; [0, 00]) by

¢ :=min{ps,or + ops}  and ¢ :=min{pr, ps}.

Notice that o, s, ¢rs represent the anisotropic surface tensions of the film/vapor, the
substrate/vapor and the substrate/film interfaces, respectively, while ¢ and ¢’ are referred
to as the anisotropic regime surface tensions and are introduced to include into the analysis
the wetting and dewetting regimes. We refer the Reader to the Introduction for related
explanation and for the motivation for the integral densities choice in .
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Similarly to [21), 36, 37, [38], by also taking into account that in our setting the film and
substrate regions are given as subsets of the composite regions, the elastic energy is defined
for configurations (4, S,u) € C by

W(A,u) = /AW (x, E(u(z) — Ey (x))) dz,

where the elastic density W is determined by the quadratic form
Wi(x,M):=C(zx)M: M,
for a fourth-order tensor C : Q — M2 . E denotes the symmetric gradient, i.e., E(v) :=

sym)

V”%VT” for any v € HL () and Ep is the mismatch strain x € Q — Ey (z) € ngm defined
as

E(up) in 2\ S,
Ey = )
0 in S,
for a fixed up € H(Q).

3.2. Main results. We state here the main results of the paper and the connection to the
one-phase and multiple-phase settings.

Fix [, L > 0 and consider Q := (—I,1) xg2 (—L, L). Let ¢ := min{ps, ¢r + ¢rs}, ¢ =

min{pp, pg} for three functions or, ¢s, rs : Q x R? — [0, c0]. We assume throughout the
paper that:

(H1) @r, ors, ¢, ¢ € C(Q x R?; [0, 00]) are Finsler norms such that
Cl‘§| < SOF(x?g)a(p('x:‘f%SOFS(xv‘S) <02|§’ (315)

for every x €  and ¢ € R? and for two constants 0 < ¢; < ca.
(H2) We have

for every x € Q and ¢ € R
(H3) C € L*°(9; M2 ) and there exists c3 > 0 such that

Sym
C(z)M : M > 2c3M : M (3.17)
for every M € M2x2

sym*
We notice that under assumptions (H1)-(H3), the energy F(A,S,u) € [0,00] for every
(A, S,u) eC.
The main result of the paper is the following existence result.
Theorem 3.10 (Existence of minimizers). Assume (H1)-(H3) and let vo,vi €

[£2(2/2), £L2(Q)) such that vo < vi. Then for every m = (mg,m1) € N x N the volume
constrained minimum problem

inf F(A, S u) (3.18)
(A,S,u)ecm,£2(A)=V1,£2(ShyK)=V0
and the unconstrained minimum problem
inf  FMA, S, u) (3.19)

(A,5,u)ECm
have solution, where F» : Cm — R is defined as

FMA, S,u) 1= F(A, S,u) + M |L2(A) = vi| + M| £3(S) = vo

)

for any A = (Ao, A1), with Ao, A\ > 0.
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To prove Theorem we apply the direct method of calculus of variations. On the one
hand, in Section 4} we show that any energy equi-bounded sequence {(Ag, Sk, ur)} C Cm
satisfy the following compactness property.

Theorem 3.11 (Compactness in Cm,). Assume (H1) and (H3). Let {(Ak, Sh,, K, Uk) }ken C
Cm be such that

sup F (A, Sh,, iy Uk) < 00. (3.20)
keN

Then, there exist an admissible configuration (A, S,u) € Cy of finite energy, a subsequence
{(AknaShkn,Kknzukn)}nGN a sequence {(An"?"’uk”)}nel\l C~Cni and a sequence {by}nen
of piecewise rigid displacements associated to A, such that (An, Sp, Uk, + bn) SEN (A, S u),
L2(Ay,) = LY(Ay), L2(Sh, K\, ) = L*(S,) for alln € N and

lim inf F (A, , Sh,,, K, tk,) = lim inf F (Zln, Sy g, + bn>. (3.21)

On the other hand, in Section [5| we show that F is lower semicontinuous in C,, with
respect to the topology 7¢.

Theorem  3.12  (Lower semicontinuity of F). Assume (H1)-(H3). Let
T

{(Ak, Shy ko uk) Yhen C Cm and (A, Spx,u) € Cm be such that (Ag, Sk, ur) —
(A, Sy k,u). Then
F (A, Shk,u) < hgﬂg,}ff(Akv Shy K Uke)- (3.22)
We now describe the consequences for the one-phase setting of the results obtained in
this manuscript for the two-phase setting.

Remark 3.13 (Relation to literature models with fixed substrate). The energy considered in
this paper can be seen as an extension of the energies previously considered in the literature,
e.g., in [36, 27, 26], by “fixing the substrate regions”. More precisely, if we consider the
subfamily B’ C B where

B :={(A4,S) € B: SN is a Lipschitz 1-manifold}
and C' := {(A, S,u) € C: (A, S) € B'}, then the energy F’ defined for every (A, S) € B’ by
U

F (A, S,u) = F (A, S, u) — / ors (2, vs(2)) dH' — / 25 (2, va(2))dH
QNo*S QN(8A\OS)NAO)

= wp(z,va(2))dH? —|—/ 205 (2, v4(2))dH?
QN+ A\8S QN(8A\JS)NUAM
/ (or = )z, va (a)) a’ - | Blesvalz))dH,
QNI*SNOANAM) QNI*SNO* A

where 3 := ppg — ¢, is analogous to the energy F' of [36, Theorem 2.9] (where the notation
¢ was referring to ¢p), which is an extension of the energies of [27, 26] as described in [36]
Remark 2.10]. We notice though that, even in the situation of a fixed regular substrate, i.e.,
by considering the family C” := {(4, S,u) € C: S = Sy} C (' for a fixed admissible region Sy
such that 05y N is a Lipschitz 1-manifold, the setting considered in this manuscript allows
to include into the analysis the possibility of an uncountable number of film islands (or film
voids) on top of the substrate (which was instead precluded in [36]), because of the crucial
difference introduced in the setting of this manuscript consisting of always including the
substrate regions inside the admissible region A (with the film region then being represented
by A\ SM). We also notice that the hypotheses on the surface tensions in this manuscript
coincide with the ones in [36] up to the observation that on the right hand-side of
one can disregard the absolute value for the setting with a fixed substrate).
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We conclude the section by outlining the consequences of the results obtained in this
manuscript for the two-phase setting in the multiple-phase setting of film multilayers that
is the object of investigation in [42].

Remark 3.14 (Relation to the setting of film multilayers). In the parallel paper [42] the
authors consider the setting in which also the film region is subject to a graph constraint, by
introducing a family of admissible regions for the film and the substrate of the form B! :=
{(Shl’Kl,ShO’KO) S AS(Q)XAS(Q) - RO < h' and 85’h1’K1 ﬁIHt(ShO’KO) = @} C B and the re-
lated family cl .= {(Shl,KhShO,KOyU) : (Shl,K%ShQKO) € B'and u € Hlloc(Shl,Kl;R2)} C
C of admissible configurations. By implementing in the compactness for both the substrate
and the film the arguments employed in this manuscript for the substrate, a similar result
to Theorem [3.10] is established, thus providing an existence result for the problem of films
resting on deformable substrates in the presence of delaminations, which can be seen as an
extension of [21),22] 27]. Furthermore, in [42] by then performing also an iteration procedure
an existence result is provided also for the setting of finitely-many film multilayers.

4. COMPACTNESS

In this section, we fix m := (mg, m1) € N x N and we prove that the families By, and Cy
are compact with respect to 73 and 7¢ topologies, respectively.

Proposition 4.1. The following assertions hold:
(i) For every sequence of closed sets {Ey}, there exists E C R? such that Ej, KB

(ii) For every sequence { Ex}ren of subsets of R? there exists a subsequence { Ex, }ien and
E C R? such that sdist(-, 0Ey,) — sdist(-, OF) locally uniformly in R2.

The proof of Proposition [4.1}(i) and -(ii) can be found in [4, Theorem 6.1] and [36]
Theorem 6.1], respectively (see also [4, Theorem 6.1] for the version of Item (ii) with the
signed-distance convergence replaced by the Hausdorff-metric convergence).

Theorem 4.2 (Compactness of By ). Let {(Ag, Sh, k,)} C Bm such that

sup S(Ag, S, k,,) < 00
keN

for (hy, Ki) € AHK(QY). Then, there exist a not relabeled subsequence {(Agx, Sh, k,)} C Bm
and (A, Sy k) € Bm such that (Ag, Sp, k) 1B, (A, ShK)-

Proof. For simplicity we denote Sy := Sj, k,. We begin by observing that by Proposi-
tion (ii) there exist A C R? and S C R? such that sdist(-,0A,) — sdist(-,0A) and
sdist (-, DSk,) — sdist(-, dS) locally uniformly in R?. Let R := supjen S(Ak, S, k, )- In view
of Remark and by we have the following decomposition of 0 Ay,

OAy, = 0" A, U (04,1 (ALY U AD)) U Ny,
where N}, is a H!-negligible set for every k € N. Thus, for every k € N we observe that
Ak \ Sy = 9" A\ 98, U (045 \ 0S) N (417 U ALY ) ) U NG, (4.1)

where Nj := Ny \ 9Si is a H!-negligible set. Since for any k € N, S is a set of finite
perimeter, by (2.3)) we have that

08, = 0*S, U (05, N (S U S U Ny,
where Ny, is a H'-negligible set for every k € N. Reasoning similarly to we have that
OSk \ DA = 9" S \ 9A, U (98 \ 94,) 1 (S, U SV U NG, (4.2)
(08 \ 04K N ALY = (978, \ 04, U (08 \ 04, 0 (S U SV )) ) n A UNY (43)
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and

08k N 04 N ALY = (0" N 04 U (08, N 04 N (S USI)) ) n AV UNY, - (4.4)

where N b N,  and N /" are H'-negligible sets for every k € N. Furthermore, we can deduce
that

08k N 0A, = (0", U (98K N (S US)) N (97 4k U (94, 0 (417 U AY)) ) U N,
= 08N o" A U (08k n 0" A 0 (5,7 USIY)) U (075K naAg 0 (a7 U A))
(98kno4x N (A U A U (S US))) U N,

(4.5)
where Nk is a H!'-negligible set, for every k € N. By (H1), - and thanks to
the fact that for every k € N, S, C Aj we have that

e (H'(0Ax) + H' (9 \ 0Ay))
<e / dH' + M + / M
8% A \OSy 0*SNO* Ay, (BAR\OSK)N(AR O uUA, (D)
/ ant 1 / dH!
*Sk\aAk ﬂAk 8SkﬂaAkﬂSk(1) 8Skﬁ8*AkﬁSk(0) (46)
/ M+ M
(0SK\OAK)N(S; M US,0)NA, D 8* SpNAALNA, MY

/ dH!
0SENOAL) ﬂSk(O)ﬂAk(l)

< 2(S(Ag, Sk)) < 2R,

for every k € N, where in the first inequality we used Lemma[3.I]and in the second inequality
we used (3.15)). It follows that

H(0A)) < Qf (@7)
and
H (0Sy) = HY(0S) N OAL) + HY (9Sk \ 04) < QCR (4.8)
for any k£ € N. 1

In view of and we conclude by Lemma that A C Q is L£?-measurable,
0A is H!'-finite, H! -rectifiable, and with at most mi-connected components, and that there
exists (h, K) € AHK(Q2) such that S = Sj x € AS(Q2) and 0S5}, k has at most mg-connected
components. Furthermore, in view of Remark (i), since S, C Ay, for any k € N, we have
that Sh’ K C A.

In order to prove that (A, Sp i) € Bm it remains to check that 0A N Int(Sy ;) = 0, to
which the rest of the proof is devoted. Assume by contradiction that

OANInt(Sp k) # 0. (4.9)
Then, there exists z € dA N Int(Sy ). By Remark [B.8}(i), there exists 3, € A, such that
xp — x and hence, by 7p-convergence we observe that
sdist(z, 0Sh, K, ) — sdist(z, 05y k) as k — oo. (4.10)
Since by (4.9)) there exists € > 0 such that sdist(z, 0S5}, k) = —¢, we can find ko := ko(z) for
which sdist(z, 95, k) is negative. Then, x € Int(Sh, K, ) and so, there exists § < /2
such that
Tk, € B(;(CC) C Int(Shkokao)7
which is an absurd since 0A;, N Int(Sh, k,) = 0 for every k € N. O
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We are now in the position to prove Theorem To this end, we implement the ar-
guments used in [36, Theorem 2.7] to the situation with free-boundary substrates and in
particular the ones contained in Step 1 of the proof of [36, Theorem 2.7]. In fact, the origi-
nal setting introduced in this paper with respect to [36] to model the delaminated interface
regions allows to avoid the further modification of the film admissible regions that was
performed in Steps 2 and 3 of [36, Theorem 2.7].

Proof of Theorem [3.11. Denote R := supyen F(Ak, Sh, K, uk). Without loss of generality
(by passing, if necessary, to a not relabeled subsequence), we assume that

hkminff(Ak;Shk,Kkyuk) = khm f(Ak, Shk,Kk,uk) < R. (4.11)

Since W is non-negative, by Theorem there exist a subsequence {(Ag,, Sh,, i, )} C Bm

and (A, S) € Bm such that (Ag,, S, K, ) 5, (A, S). As a consequence of Theorem
there exists (h, K) € AHK such that S =S}, k.

The rest of the proof is devoted to the construction of a sequence (ﬁn,gn) C Bm to

which we can apply [36, Corollary 3.8] (with P = Int(A) and P, = Int(A,), respectively)
in order to obtain u € H{_(Int(A);R?) such that (A4, S,u) € Cp has finite energy, and a

sequence {by, },en of piecewise rigid displacements such that (ﬁn, Sn, U, + bn) X5 (A, S, u).

Furthermore, we observe that also Equation (3.21)) will be a consequence of such construction
and hence, the assertion will directly follow.

By [36], Proposition 3.6] applied to Ay, and A there exist a not relabeled subsequence
{Ag,} and a sequence {A,} with H!'-rectifiable boundary 94, of at most mj-connected
components such that

sup H(8A,,) < oo, (4.12)
neN

that satisfy the following properties:
(al) DAy, C OA, and lim H'(9A, \ 94y,) =0,

(a2) sdist(-, dA,) — sdist(-, DA) locally uniformly in R? as n — oo,

(a3) if {E;}ier is the family of all connected components of Int(A), there exist connected
components of Int(A,), which we enumerate as {E};c;, such that for every i and
G CC E; one has that G CC E} for all n large (depending only on ¢ and G),

(ad) L2(A,) = L2(Ay,).

Furthermore, from the construction of A, (namely from the fact that A, is constructed
by adding extra “internal” topological boundary to the selected subsequence Ay, , see [30],
Propositions 3.4 and 3.6]) it follows that

An = Ag, \ (04, \ 04y,) (4.13)

with dA,, \ DAy, given by a finite union of closed H'-rectifiable sets connected to dAy, .
More precisely, there exist a finite index set J and a family {I';};c; of closed H!-rectifiable
sets of 2 connected to 0Ay, such that
04, \ 04y, = |J Ty
jeJ
We define

K, = Ky, U((0A, \ 0Ak,) NInt(Sk, ) C Int(Sh, )

and we observe that En is closed and H!-rectifiable in view of the fact that 9A,, \ 04y, is
a closed set in ) and is Hl—rectiﬁjble, since dA,, is H!-rectifiable. Therefore, (hy,, K,) €

AHK(Q) and S, = Shk 7 C A,,. We claim that 8S, has at most mo-connected com-

ponents, so that (ﬁn,Sn) € Bm. Indeed, if for every j € J, Sy, k, NTI; is empty there
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is nothing to prove, so we assume that there exists j € J such that Sy, k, NI; # 0.
On one hand if I'; C Sy, kK, , thanks to the facts that I'; is connected to Ay, and
Shy,, Kn, C Ay, , we deduce that I'j needs to be connected to dSp, K, - On the other hand,
if T; N (Ag, \ Sh,,,) # 0, then we can find 21 € T;N Sy, k, and zz € TjN(Ag,\ S, ). Since
[ is closed and connected, by [25, Lemma 3.12] there exists a parametrization r : [0, 1] — R?
whose support v C I'; joins the point z1 with z2. Thus, 7y crosses 9Sp,, i, and we conclude
that I'; is connected to dSh, K, -

We claim that (A, S,) 2 (A, S k) as n — co. In view of [@12)), (a2) and the fact that
by (3.7) and the previous construction of K,

sup H' (9S,) :sule((?Sh 7 ) < oo,
neN neN kno B

it remains to prove that

sdist(-,élS’h’c =) — sdist(-, 0Sp i) (4.14)

locally uniformly in R? as n — oo. Indeed, by Remark (i), it suffices to prove that

Shkn,ffn K, S, and that Q \ Shkn,f{n LNy \ Int(Sh, ). On one hand, by the 73-convergence

of {(Ax,,, Sk, )}, the fact that §7n ::Shkn,f(n = Sh,,» and the properties of Kuratowski con-

vergence, it follows that S, =9, LN Sh. On the other hand, let z € Q\ Int(Sy k),

knaKn

since

Int(S, ) =Int(Sp,, )\ K, C Int(Sp, )\ Ky, = Int(Sp, 1)

and by the fact that Q\ Int(Sy, rx,, ) K a \ Int(Sh, k), there exists

Tn € Q\ Int(Shkn7Kkn) ST Int(Shk fN(n)

such that x,, — x. Now, we consider a sequence z, € Q\ Int(Sh converging to a point

.
kn7Kn
x € 2. We proceed by contradiction, namely we assume that « € Int(Sy, ). Therefore, there
exists € > 0 such that sdist(z,dS k) = —¢, which implies that sdist(z,dSp, k, ) — —¢
as n — o0o. Thus, there exists n. € N, such that z, € B.jp(x) C Int(Sh, K, ), for every

n > n.. However, notice that
o € U\t (S, ) =Q\ (Int(Sh,, )\ Ka)
= (Q \ Int (Shkkan)) U ((811” \ 8Akn) ﬁm) )

where in the last equality we used the definition of K,, := K U ((dA4, \ 94, )N Int(Sp,, )
and the fact that Int(Sp, x, ) = Int(Sk,, )\ K, Therefore, by (4.15) we deduce that
T, € A, \ DAy, for every n > n. and hence, z € A by (a2) and Remark (1) We
reached an absurd as it follows that z € Int(Sp x) N JA = 0. This conclude the proof of
(4.14]) and hence, of the claim.

By (3.15)) and by conditions (al), (a4) and (4.13)), we observe that

(4.15)

Tim[S(Ak,, Sk,) = S(An, Sn)| = lim_[S(Ag,, Sn, i) = S(An, S, 7| =0, (4.16)
and
W(Ag,, uk,) = W(An, u, ). (4.17)

By (3.17), (4.11)), (4.13), (4.17), (a3) and thanks to the fact that S is non-negative, we
obtain that

/ le(u, )| *dz < /~ le(u, )|Pdz < R
E:l A

)
n 263
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for every ¢ € I and for n large enough. Therefore, by a diagonal argument and by [36]
Corollary 3.8] (applied to, with the notation of [36], P = E; and P,, = E}*) up to extracting
not relabelled subsequences both for {uy,} C HL.(Q;R?) and {E"}, there exist w; €
Hl (E;,R?), and a sequence of rigid displacements {b,} such that (ug, + b)1 Ep — W; a.e.
in E;. Let {D?}Z c7 for an index set I be the family of open and connected components of

A\ User Ef such that by (a3) Int(D}') converges to the empty set for every i € I.In D}
we consider the null rigid displacement, and we define

by, = Zb;ﬂE? and u:= sz‘ﬂEi-
icl iel
We have that u € HL (Int(A);R?), b, is a rigid displacement associated to

Ap, up, + b, — wu ae. in Int(A) and hence, (A,S ,u)=(A,ShK,u) € Cm and
(An, §n,ukn + by) ::(ﬁn,Shk 7o Uk, + by) I, (A, Sh.i,u). Furthermore, as e(uy, +b,) =
e(ug,, ), from (4.16)) and (4.17) it follows that

Jim ‘]:(Akn; Sty Ky s Wen) — F (A, Sy g, + bn)‘

= lim ’7:(141%, Shiy, Ky > Uky) — F(A,, Shkn,f(n’

which implies (3.21]) and completes the proof. O

Uk, + bn)’ =0,

5. LOWER SEMICONTINUITY

In this section we prove that for any fixed m := (mg, m1) € N x N the energy F is lower
semicontinuous in the family of configurations Cy, with respect to the topology 7¢. Since F
is given as the sum of the surface energy S and the elastic energy W, we proceed by proving
that both & and W are independently lower semicontinuous with respect to 7¢.

We begin with S and we adopt Fonseca-Miiller blow-up technique [29], for which we make
use of a localized version Sp of the surface energy, which we can consider with surface
tensions constant with respect to the variable in ).

Definition 5.1. Let ¢, ¢g, drs be three functions and let ¢ := min{¢g, ¢ + ¢ps}, ¢’ =
min{¢r, ¢s} be such that ¢r, ¢rs, ¢, ¢ € C(R?;[0,0]) are Finsler norms and the hypothe-
ses (H1) and (H2) are satisfied by the functions pq, ¢, ¢’ € C(QUxR?) given for o = S, FS, F
by a(z,) == 0a(:), plx,-) == &(-) and @' (z,-) = ¢'(+) for every x € Q. We define the local-
ized surface energy St : Br, — [0, +0o0] by

S51(A,8,0) = / op(va) dH! + / $(va) dH!
ON(8*A\8S) 0Nd*SNd* A

+ ¢rs(vs) dH' + (ér + ¢)(va) dH!
on(0*S\oA)NAM) ONd* Sy, kNOANAM)

2w (va) dH'+ / 26/ (v4) dH!

/OﬂaAmAU)mS(O) ONOANA©)

20es(vs) dH' + | 26(vs) dH!

/Om(aS\aA)m(SO)us(O))mA<1> 0NdSNAANS ()
(5.1)

for every (A, S,0) € B, :={(A4,5,0) : (A,S) € B, O open and contained in 2}.

We start with some technical results needed in the blow-up argument used in Theorem

B.I3l

Lemma 5.2. Let Q be any open square, K C Q be a nonempty closed set and Ej, C Q be
such that sdist(-,0Ey) — dist(-, K) uniformly in Q as k — oo. Then Ej KK ask — oo.
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Analogously, if sdist(-,0Ey) — —dist(-, K) uniformly in Q as k — oo, then Q \ Ej K K as
k — oo.

The proof of the previous lemma follows from the same arguments of [36, Lemma 4.2].

Proposition 5.3. Let m € N and let E C R? be a set such that OF has at most m-
connected components, is H'-rectifiable, and satisfies H'(OE) < oo. Let x € OF be such
that the measure-theoretic unit normal vg (x) of OF at x and there exists R > 0 such that
T X —_—

QRyp(x) () N 00, 2(E) = Qpuy@) () N Ty as p — 0", where T, := wwp(z)- Lhen, the
following assertions hold true:

(a) If € EW N OE, then sdist(-,00,.(E)) — —dist(-, T,) uniformly in QRyp(z) 05
p—0%F;

(b) If » € EO N OE, then sdist(-,d0,,(E)) — dist(-,T;) uniformly in QRyp(x) 05
p—0%F;

(c) If x € O*F then sdist(-, 00, . (E)) — sdist(-, 0H,) uniformly in Qg yp ) as p— 0F.

Proof. The cases (a) and (b) follow directly from [36, Proposition A.5]. It remains to prove
the case (c) to which the remaining of the proof is devoted. Let z € 0*E and R > 0 be such
that

- c -
QR,VE({E) (x) N Oop(E) = QR,Z/E(Z) (x)NT, as p — 0r. (5.2)
Without loss of generality, we assume that z = 0,vg(0) = e2, H, = Hy and T, = Ty = 0H.

Let {pr} C (0,1) be such that p — 0 and let fj := sdist(-,apk(aE))|QR € Whee(Qg).
We see that for any k& > 0, fi is 1-Lipschitz continuous, moreover by the fact that f;(0) =
sdist(0, 0, (OF)) = 0, we deduce that {fi} is uniformly bounded. By applying Ascoli-
Arzel Theorem, there exists f € W1°°(Qg) and a non-relabeled subsequence {f;} such
that fr — f uniformly in Qg. In view of [36, Proposition A.1], by we obtain that
| fr| = dist(-, 0, (OF)) — dist(-, Tp) uniformly in Qg and thus, |f(x)| = dist(x, 0Hy) for any
T € Qg.

It remains to prove that f(-) = sdist(-,0Hp) in Qr. We proceed by absurd. Assume by
contradiction that f # sdist(-,0Hy) then, either f = sdist(-,d(Qr \ Ho)) or f = dist(x, Tp)
or f = —dist(z,Ty). Let us first consider the case in which f = sdist(-,0(Qgr \ Hp)). In
view of Remark (i), it follows that o,, (E) X Qn \ Int(Hp) and so, as a consequence
we have that £2 (0, (E)A(Qr \ Int(Hp))) — 0 as k — oo, which is in contradiction with
the De Giorgi’s structure theorem of sets of finite perimeter (see [24, Theorem 5.13] or [43]
Theorem 15.5]).

In the case f(-) = dist(+,Tp), thanks to the fact that f; — f uniformly in Qg and by
Lemma we have that o, (E) N Qg LN To N Qr, and thus, 1,, (5 — lg in LY(Qr),
which is a contradiction with the fact that Ilgpk () — lm, in L%OC(R2) by [24, Theorem 5.13].

In the last case in which f(-) = —dist(-,Tp), we proceed analogously, and by Lemma
we obtain that Qg \ 0, (E) X, T, and hence, 1(@\0% (my) — lnp in LY(QR). Therefore, we
reach a contradiction again by applying [24, Theorem 5.13] since # € 9*(R?\ E) and so,
L@\ (B)) — B2\t (310 10 Lioo(R?). =

We now introduce the notions of film free boundary, substrate free boundary, and film-
substrate adhesion interface for triples (A, h, K) € B, and of triple junctions at the points
where they “meet”.

Definition 5.4. For any admissible pair (4, S) € B we denote:
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e the film free boundary, the substrate free boundary and the film-substrate adhesion
interface by
Tr(4,5) == ((04\08) U (9 N 9AN AD)u(@S N o* AN S)) N,
Is(4,8) = ((0SNaA)\ (9Sna*AnS?))nQ,
Is(4,9) == (((0s\94)n aAM)) ng,
respectively. Notice that the film-substrate delamination interface, that we define by
IRs(4,9) = (95 no4)nAV) N,

is contained both in I'p(A4, S) and in I's(4, 5).
e triple junction (by including for simplicity also the “double” junctions at the bound-
ary) any point

p € (CUTR(A, $)) N CUTs(A, $) N CI(TEs(A, $) N Q)
U (CUTr(4, 5)) N CITs(4, S)) N oInt(S) N 92) )
U (CUTR(4,8) N CUTHS(A, 9) No9)) ,
where the closures are considered with respect to the relative topology of 0A U 9S.
The next result allows us to assume that the adhesion interface of any admissible pair
(A, S) € Bm (without the substrate internal cracks) can be considered, up to an error and

up to passing to the family g, to be given by a finite number (depending on the initial pair
(A, S)) of connected components.

Lemma 5.5. Let R be an open rectangle with two sides, that are denoted by T}
and T, perpendicular to e;. Let (A,Shk) € Bm for (h,K) € AHK be such that
Si(A,Shk,R) < oo, where S is the localized surface energy defined in (5.1). If

H! ((F?s (A,Sh,K)\Int(Sh)) ﬁR) > 0, for every n € (0,1) small enough there exist

M = M(A,Shk,n) € NU{0} and (A,S) € B such that (Tf(4,S) \ Int(?)) N R has
at most M connected components and

St(A, Shr, R) > Si(A, S, R) — 1. (5.3)
Furthermore, (ﬁ, §) satisfies the following properties:

(i) IfdS, N RNTy # 0 for £ =1,2, then also SN RNTy # 0 for £ =1,2;
(i) If there exists a closed connected set A C DA N R such that ANT; # 0 for £ = 1,2,

then there exists a curve with support A C OAN R such that AN Ty # 0 for £ =1,2.

Proof. Notice that we cannot a priori exclude that (T'3g(A, Sp.x) \ Int(S)) N R is a totally
disconnected set with positive H!-measure (see, for instance, the Smith- Volterra-Cantor set
in [47, Chapter 3]). We denote by L(h) the set of substrate filaments of the substrate Sy, k-,
namely,

L(h) := {(z1,22) € Q:z1 € (=1,1) and A" (z1) < 22 < h(x1)} C ISh. (5.4)
Since h is upper semicontinuous, there exist an index set J; and a countable family of
disjoint points {@] };es, C (—I,1) such that
L(h) = |J L;(h), (5.5)
J€N

where Lj(h) == {(z],22) € Q: ht(2]) < x5 < h(2])} for every j € Ji. In the following
three steps, in view of the outer regularity of Borel measures, we construct an admissible
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pair (ﬁ, S ) C B by modifying some portions of 0.5 and JA. More precisely, in the first step,
we construct an admissible height h! by eliminating a family of “small” filaments of L(h)
so that L(h') consists of only a finite number of filaments, we accordingly modify A in an
admissible region A® containing L(h)\ L(h'), and we define K! := K. In the second step, we
construct S? by modifying Sp1 k1 and we introduce an admissible region A? in such a way

that (T'84(A42, 5%)\Int(S2))NR is a countable union of connected components, and (i) and (ii)
hold true. In the third step, by eliminating some components of Flés(ff, SH\ Int(S2)) N R
we define an admissible pair (4,S5) € B for which (I‘és(ﬁ, S) \ Int(S)) N R has at most
M-connected components, (i) and (ii) are preserved, and ({5.3)) holds true.

Step 1 (Modification of substrate filaments). We modify (A, Sp k) in (A% Sp1 g1) to have
a finite number of substrate filaments. We denote by Jo C J; the set of indexes j € J; such
that H*(L; \ Int(A)) = 0 and L; is not connected to A, and we denote by Fj,(h) the set of
the x- coordmates correspondmg to the points in each vertlcal segment L; for j € Js, ie.,

Fy,(h) = {xl}geha where x] € [—I,1] is such that (ZL‘l,h( N e L; j(h) and ht(al) < h(l‘l)
for every j € Jo. We define as h° the modification of h, given by

R [-1,1]] — [0,L]
r +— hOx) ::{

and observe that by construction h’ € AH and
H (DS)0) < H'(DS), (5.6)

where S0 is defined as in (3.2)). We notice that the triple (A, Syo x0) € Bm, where K° := K.
As a consequence of the construction and of the non-negativity of ¢pg, it follows that

Sp(A,Sh i, R) > S(A, Spo ko, R). (5.7)
We notice that by we have that
HUL(R")) = HH(L(R) = > HU(Lj(h) = D H'(L;(h))
Jj€J2 J€Js

where J3 := J; \ Jo and L(h) is the set of substrate filaments of Syo o defined as in (5.4).
Therefore, for a fix 7 > 0 there is jj := j{(77) € J3 such that

S HAL) < (5.8)

J=j1+1,j€J3

W) ifa € [~11)\ Fp(h),
ht(z) if w € Fy(h),

and we define

Al = (A\( U (Lj(h)mlnt(A))>)U U (&) n(Q\Int(A))).

J=j1+1.j€Js J=ji+1.j€Js
Furthermore, we denote by h' the modification of A", defined by
rt: [-1,1]] — [0,L]

r  — hl(z) ::{

where Jy :={j € J3:j > ji + 1} and Fy,(h°) := {x{}th such that (w{, h(:):{)) € Lj(h) for
every j € Jy. We define K' := K we notice that (h!, K!) € AHK and Sp1 g1 C AT, thus
(A, Sp1 k1) € B and since Lj(h) is connected to OA for every j € Jy C Js, we deduce that
OA' has at most mq-connected components. Finally, we observe that

Si(A, Sk, R) — SL(A S K1 R) Z 2/ L r(vp, (h))dHl > —2cam, (5.9)
Jj€J4

WO(z) ifze[~1,1]\ Fy,(h°),
ROF(z) if z € Fy, (hY),
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where we used the non-negativeness of ¢, ¢rg and , and we observe that (A, S Wi K1) €
Bm has a finite number of substrate filaments, more precisely, we denote by 7/ € N the
cardinality of the index set J := J3 \ Jy = {j € J3: j < ji} and we have that L(h') is the
union of j/ filaments, i.e.,
L(h')y = Lj(n), (5.10)
JjeJ
where L(h') is defined as in with respect to the substrate Sp1 1 € AS(£2).
Step 2 (Modification of the substrate free boundary). Without loss of generality in the

following we assume that dInt(Sy1)NL(k!) C R. Since H'L_OSy1 1 is a finite Borel measure
and

A = (DR (AY, Sy gr) \ Int(Sp) ) N R
is a Borel set, by the outer regularity of measures (see [43, Theorem 2.10]), there exists an
open set O = O(7]) C R such that T c O N OSp1 i1 and

2—75/2
7+
where A := (O NOInt(Sy1 1)) \I'* and j' is defined in the Step 1 as the number of filaments

of Sj,1. Moreover, by using the notation introduced in (3.2)) and the fact that k' € AH(Q)
we conclude that

H(R) = H' (0N 0" Sp ) \TA) <H (0N 08 ) \TH) < 7o (5.11)

Ot (S g1 ) = OIt(Sp1) = 98+, (5.12)

and hence, since JInt(Sy1 1) is a connected and compact set in R? with finite H!-measure,
by [25, Lemma 3.12] there exists a parametrization r : [0,1] — R? of dInt(Sp1 x1) whose
support v joins the points (—I, h'(—I1)) with (I, R}(I7)).

Notice that by Step 1, dInt(Sy1) N L(h!) is the union of j’-points that we can order by
labeling them with p1,...,pj;. Furthermore, we denote with py := r(to) and pjr4q := 7(t1),
where to := inf{t € [0,1] : r(t) € OR} and t; := sup{t € [0,1] : 7(t) € OR}, and we consider
the family {Rz}f:il of the strips R’ defined as the open regions of R contained between the
vertical lines passing though the points p;—; and p;.

Since A is a Borel measurable set, by (2.6)) and (5.11)) we have that

_n
j+ 1
where N'! is the net measure defined in ([2.4]). Therefore, there exists § > 0 such that we can
find a family of disjoint dyadic squares {Uy, }neny C Q such that A C U,y Un, diam(Uy,) < 6
for any n € N and

NYR) < 25HYA) < (5.13)

~ n 2
diam(U,) < N(A) 4 7. 14
%mm(U} N )+j’+l<j’+1n (5.14)

Without loss of generality we assume that (K # () and that) U, N A is non-empty for every
n € N. Let {U.} C {U,} be the subfamily of dyadic squares such that U. N R' N~ # ()
for every n € N. Furthermore, we assume for simplicity that Int(U}) C R‘. We begin by
modifying the pair (A, Sj1 g1) in the strip R', by denoting the modification by (A%, S3).
We characterize A? and S as

A2 = (A1 u Unl) \ | (0Us\UY) (5.15)

neN neN

and

neN neN

5% .= (Shl,Kl\ U Int(Ug)> U [J (00, N (R"\ Sj1)), (5.16)
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respectively. By construction, it follows that S? C /T%, 0A? and S} have finite H! measure

and are H!-rectifiable, and 9A? N Int(S2) = @ and hence, (A2, 52) € B. Furthermore, we
have that

S (A%, Sy gr, BY) = Si (A3, 8, RY)

> [ o) ol + des()

neN n
5.17
>=302 [ rlu) + 0luy) + drsloy) dH! (517
neN Uy
> — Z 24 codiam(U}) > —ic 7
= 2 n) = ],+1 2777

neN

where in the first inequality we used the non-negativeness of ¢y, ¢rg and ¢, in the second
inequality we used the subadditivity of measures, in the third inequality we used ,
and in the last inequality we used (5.14). We notice that I'g(A2, S?) N dnt(S2) N R is a
countable union of connected sets because by construction every connected component of
'8 (A2,52) N oTnt(S7) N R! is connected to an element in the family of sets {OU! N U} }en.

Now, we modify (A%, 5?) in a new configuration (A3, S?) in order to prove Assertion (ii).
To this end let A € AN R be a closed connected set such that ANTy # 0 for £ = 1,2. By
[25, Lemma 3.12] there exists a parametrization 1 : [0, 1] — R? whose support v! C A joins
T, with Ty. We define 41 := v N RT and we observe that (v \ Int(U})) UAU, is a connected
set. Let Z; C N be the set of indexes n such that v, N (QU! NU}) # (. If Z; = (), then we
define A? := A% and S} := S}. If Z; # 0, then we modify ~{ in U,cz, U} by defining a new
set A1. More precisely, by using the fact that dyadic squares by definition do not intersect
each other, we fix n € Z; and we replace with a set A} (see below) the portion of !
passing through U}. To this end, let us denote the closures of the left and bottom sides of
Ul by L} and L2, respectively, and proceed by defining Al in different way with respect to
following three cases (see Figure :

Case 1: v NLL # 0 and v; N L2 = (. Since L} is closed, we deduce that vi N L},
is closed. Therefore, there exist a2 := max{a € R;(l},a) € ¥4 N L.} and b2 :=

min{b € R; (I1,b) € v N L.}, where I} is the element in the singleton 71 (L.). Since
71 is parametrized by 71, there exist ¢.,t2 € [0,1] such that p}hl = (1L, a2) = ri(t))

n'“n n? = 'n
and pfl’l = (I1L,b2) = r1(t2), and by the continuity of r; there exists q}%l e \U!
: 1
such that dist(ph 1, qb ;) < S220a) 1 7y (gl ) = I}, then we define g}, := (I} —
H 1
€, (q}%l)—s) for a e > 0 small enough such that dist(q; ;, (7,1171) < %, otherwise
we let q~71171 = q}hl. We denote by f/}“ the segment connecting q}hl with q?lhl, we

denote by E%l the segment connecting Ej}hl with p?%l, and we denote by Eil the
segment connecting p}m with the vertex of U} in OU\U}. Let A} := E}H UE%JUE%J
and observe that by construction it follows that

HY(AL) =HYLL, UL2,ULE ) < 2diam(U}). (5.18)

Case 2: v§ N LY = 0 and v; N L2 # (. By arguing analogously to Case 1 there

exist t,,t2 € [0,1] such that p 5 := (ap,12) = ri(t;) and p3 5 = (b, 12) = r1(t7),

where mo(L2) = {12}, a} := max{a € R;(a,l?) € 74 N L2}, and b. := min{b €

R; (b,12) € 1 N L2}. By the continuity of r1 there exists ¢, € 7{ \ U, such that
. iam 1 ~

dist(ph 9, g o) < Y8 1f my(gh ) = 12, then we define g}, == (m1(qh ) —¢,12 —¢)

: 1
for & > 0 small enough such that dist(q;, 5, G 5) < dlam#w"), otherwise we let gy, :=

q}%z. We denote by E}lz the segment connecting 6}%72 with p}w, we denote by E%Q
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the segment connecting 2121%2 with pfw and we denote by INL;O’H the segment connecting
Pp.2 with with the vertex of Uy in 0U,} \ Uy Let A}, := E}ﬂ U Efmufjig and observe
that by construction it follows that

HY(AL) = HYLL , UL ,ULE ,) < 2diam(U}). (5.19)

Case 3: v{ N L;, # 0 and 1 N L2 # 0. We define p}; ;, 4, 1, 45 4, E%,e for k =1, 2,

a = 1,2,3 as in Case 1 for £ = 1 and as in Case 2 for £ = 2. Furthermore, we

denote by L% the segment connecting p,%’l with Pi,z' Let AL := L,ll’l U Li}l U L}%Q U
E%’QUEZJ U 52,2 U Efl and observe that by construction it follows that
HY(A)) < Hl(zi,l U z%,luz%,l) + Hl(z}m U Ei,zuzi,z) + ML)

< 5diam(U}). (5.20)

FIGURE 2: The three squares appearing in the illustration represent dyadic squares
U} of the first strip R! in the three different cases, namely, by moving from the left
to the right, Cases 1, 2, and 3, that are considered in Step 2 of the proof of Lemma
On the left the initial pair (A%, S?) is represented, while on the right the pair
(A3, S3) that is obtained after the modification described in such step is depicted.

Let

Ty = (TR(A2,83) N 9Imt(S7) N RY) \ U @h.
nezy
We now observe that the previous construction of U, cz, A} does not divide I'y in an un-
countable number of connected components. More precisely, we claim that for every given
a connected component I' of T'y, T' \ Unez, AL is a countable union of disjoint connected

sets. To prove this claim, we notice that, since I c ~v and 7 is parameterized by r, also r
is parametrizable and hence, there exists a continuous injective map 7:[0,1] — R? whose

support coincides with . This in particular proves that 7 is a homeomorphism between
[0,1] and T. The claim then follows from the fact that T\ Unez, AL is open with respect to
the relative topology of I' and [47, Proposition 8 in Part 1].

We are now in the position to define A3 and S5 as follows

A=A\ ("N U ur|uUeui\uhu J (4TnA})
nez neN nez
U J (R"\Int(A]) NA)) (5.21)
nezi
and
SP=83\ | U (AinAl)]. (5.22)

nezy
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Therefore, we have that

Su (43,83 RY) = Sp (ALSLRY) > =2 [ dp(vag) + 6(vag) aH!

ne€zZ; n
>- > 2/1 v (vry) + Slvyy) dH (5.23)
nez A"
> — Z 20 codiam(U}) > —ic n
=z 2 n) = ]/+1 21,

nezy

where in the first inequality we used the non-negativeness of ¢p, ¢prpg and ¢, in the second
inequality we used the subadditivity of measures, in the third inequality we used (3.15) and

(5.18)—(5.20]), and in the last inequality we used ([5.14]).

Moreover, by construction we have that

Ay = ('yl\ ( U U}L)) u |J A, coAa} (5.24)

nezy nezy
is closed, connected, and joins 77 with 7T5.

We now modify the pair (A43,57) and A; in the strip R?, first by employing the same
construction of (5.15)) and (5.16)) to obtain a configuration (A%, S2) € B, and then by em-
ploying the same construction of (5.21)) and (5.22) to modify the pair (A43,5%), by denoting
the final modified pair with (A43,53) € B. We then define

Ay = (Al\ ( U Uﬁ)) U J A7 c o4l (5.25)

nezs neZs

By iterating the same procedure on the strips R for i = 3,...,5' + 1 we obtain the pair
(A% 52) .= (A?,H, S;-’,H) € B and we define Ajq as in (5.25) by replacing all the index 1
and 2 with j" and j’ + 1, respectively. We observe that by [25, Lemma 3.12] there exists a
support A C Ajy; of a curve joining 77 with T5.

Furthermore, as done in (5.23)) for i=1,
. ' 40
2 Q2 pi) _ 3 g3 pi _ ~
Su (42,82 R) - S (4F, 83 R) > e (5.26)
for every i = 1,..., 5" + 1. Therefore, by iteration it follows that

St (Al, Shl’Kl,R) e (AQ, 52, R) > jz (SL (Al, ShlﬁKl,Ri) _Sy (Af, S2, PJ‘)

+S1, (A?, S, Ri) — S (A?’ SP Ri)) (5.27)

J'+1 38 o

. 2
=i +1

> —88ca1],

where in the second inequality we used (5.17) and (5.26). We notice that 'ag(A42,52%) N
dInt(S?)N R is a countable union of connected sets because by construction every connected
component of T'fg(A2, 5?) N dInt(S2) N R is connected to an element in the family of sets
{0U,, N Up}nen. Therefore, (I'(A%,52) \ Int(S2)) N R is equal to a countable union of
connected sets. More precisely, there exists a family of connected and disjoint sets {I'; }ien
such that

(Pps(A4%,8%) \Int(S?)) N R = |J I, (5.28)
€N
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and hence,
H' ((Tes(4%, 8%\ Int(S2) N R) = > 1" (T). (5.29)
1€N
We conclude this step by observing that Assertion (i) follows by the construction of S2,
while Assertion (ii) holds with the defined set A.

Step 8 (From countable to a finite number of components). Since H'((I'ps(AZ,S?) \
Int(S2)) N R) < HY(9S?) < oo, by - ) there exists ip := ip(77) € N such that

Z HY D) < 7. (5.30)
i=ig+1
Notice that (A, S) € B, where S := S2 and A := A2\ Uieffi with T :={i e N:i>ig+1}.
Furthermore, it follows from Steps 1 and 2 that

SL(A, Shx, R) — SL(A, S, R) = S1.(A, Sk, R) + S1.(42,52, R) — S(A, S, R)

88esi—2 3 / Or (V) + B ) dH! (5.31)
i=ig+1 Z
> —92ca1,

where in the first inequality we used (5.9) and (5.27), and the definition of A and the non-
negativeness of ¢pg and, in the second inequality we used~ and (5.30). We conclude
this step by defining M € NU {0} as the cardinality of N'\ /, and we notice by construction

that (I'g (A, S)\ Int(S)) N R has at most M-connected components.

Finally, we observe that Assertion (i) is a direct consequence of the construction in Steps
1 and 2, while Assertion (ii) follows from the definition of A in Step 2 (which is not modified
in Step 3 since A N (Tag(A42,52) \ Int(S2)) = §). The proof of this lemma is concluded by
taking 7 := gL~ in (5.31)) with 1 € (0, min{1, 92¢s}). O

We formalize below the notions of film islands, composite voids, and substrate grains for
any admissible pair (4, Sy k) € B.

Definition 5.6. Let R C 2 be an open rectangle and let (A4, S) € B. We refer to:
e any closed component VC R of Q\Int(A) such that 9V N(I's(A, S)UI'R(4, S)) is not

empty and it consists in one and only one connected component as an extended (as we
also include “connected delamination regions”) composite void of the configuration
(A, S) (or sometime for simplicity of the film region or of A).

e any open connected component PC R of Int(A\ S) such that 9P NT'3¢(A, S) is not
empty and it consists in one and only one connected component as a film island of
the configuration (A, S) (or sometime for simplicity of the film region or of A), and
to a film island P = Int(A \ S) N R of (A, S) as the full island of A.

e any open connected component GC R of Int(S) such that G NTHg(A,S) is not
empty and it consists in one and only one connected component as a substrate grain
of the configuration (A, S) (or sometime for simplicity of the substrate region or of
S), and to a substrate grain G = Int(S) N R of (A, S) as the full grain of S.

The following results can be seen as analogous of [36, Lemmas 4.4 and 4.5] though in our
more involved setting of three free interfaces (see Table , where we have to distinguish
among the blow-ups at:

- the substrate free boundary (Lemma[5.7)),
- the film-substrate incoherent (delaminated) interface (Lemma [5.8),
- the substrate cracks in the film-substrate incoherent interface (Lemma [5.9)),



30 R. LLERENA AND P. PIOVANO

- the filaments of both the substrate and the film (Lemma [5.10)),
- the substrate filaments on the film free boundary (Lemma
- the delaminated substrate filaments in the film (Lemma [5.12)).

The strategy employed in these proofs is based on reducing to the situation of a finite number
of connected components for the film-substrate coherent interfaces by Lemma [5.5 and then
on designing induction arguments (with respect to the index of such components) in which
we “shrink” islands, “fill” voids, and modify “grains” in new voids (see Figures and @,
respectively) by means of the minimality of segments (see [43, Remark 20.3]).

),

We begin by addressing the setting of the substrate free boundary.

Lemma 5.7. Let R C R? be an open rectangle with a side parallel to e; and let T C R?
be a line such that TN R # 0. Let {pr}ren C [0,1] be such that pr \, 0 and R C o,, ().
If {(Ak, Shy k)t C Bm(0p, () is a sequence such that dSp, k, N R ETAR inR? and

(A \ Int (Sh, k) N R ETARinR2 ask — 00, then for every § € (0,1) small enough,
there exists ks € N such that

SL(Ak,Sthk,R) > 7(ﬁ(l/T) dHl -6 (5.32)
TNR

for any k > k.

Proof. We prove (5.32)) in three steps. In the first step, we prove for every k € N such
that T2 = (T'8(Ax, Sh,.x,) \ Int(Sh, &, ))NR is H'-negligible by following the program
of [36, Lemma 4.4]. In the second step, we consider those k& € N such that 'y has M-
positive measure and observe that in view of Lemma we can pass, up to a small error
in the energy, to a triple (A, Sp) € Bm such that T2 := (DAg(Ay, S) \ Int(Sy))NR has My
connected components, and which then is shown to always admit either an island or a void.
Finally, in the third step, we apply the anisotropic minimality of segments to prove
by means of an induction argument based on shrinking the islands and/or filling the voids
of the triple (ﬁk, §k)

If T is a vertical segment we define ¢y := 1, otherwise we define ¢y := (1/sin )+ (1/ cos ),
where 6 < 7/2 is the smallest angle formed by the direction of T' with ej. Since Ay \
Int(Sh, i, )R K, TR, for every §' € (0,1) there exits ks € N such that

0 # Ay \ Int(Sp, x, )R c T? (5.33)

for any k > kg, where T% := {z € R : dist(z,T) < &’'/(2¢cg)} is the tubular neighborhood of
T in R.

Step 1. Assume that H! (I‘?) =0 for a fix k > kg. Since
Otnt (S i, ) = OInt(Sp,) = DS, (5.34)

by [25, Lemma 3.12] there exists a parametrization 7y, : [0,1] — R? of dInt (Shk,Kk)a whose

support we denote by ~x. Notice that by , there exists po := 7 (to) and p1 := rg(t1),
where to := inf{t € [0,1] : r,(t) € OR} and t; := sup{t € [0,1] : rx(t) € OR}, and also
by to < t1. Let T, € ORNTY for i = 0,1 be the closed and connected set with
minimal length connecting p; with T'N R. Therefore, by trigonometric identities we obtain

that H'(T;) < %09 = %/. We define Ay, := (ORNTY)N (0, (2)\Int(Sh, x,)) and we observe
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that
S1(Ap Sh s R)+ /A b(va,) dH"
k

Slva) ' + [ o(va,) dH*

> /
YKNRNO* Sy, i, NO* Ay, WNRNO* S, 1, NOALNALY

5.35
+/Ak d(vp,) dH (5.35)

1
_ 1 1
_ /F k é(vr,) dH ;:Oj /f pler) dH?,

where T, := Tp U (e NR)UA, U T. By the anisotropic minimality of segments (see [43]
Remark 20.3]), it yields that

/ $(vp,) dH! > /  (vr) dH, (5.36)
Ty TNR

and so, thanks to the facts that Hl(fo U fl) < ¢ and Hl(Ak) < &, and by B.15), (5.33)-
(5.36), we deduce that

SL(Ak, Shlek? R) > o gb(VT) dHl — 2625/. (5.37)
TNR
Step 2. Assume that H(T4) > 0 for a fixed k > kg . By applying Lemma with Q =
B (0,,(2)), there exist My := My (&', Ak, hi, Ki) € N and an admissible triple (A}, Sy) €
B(,, () such that T'{ has M}, connected components and

SL(Ak, Shk,Kkv R) > SL(Avl, gk, R) — 625/. (5.38)

We consider Ay = ;1,1€ U ((8%1,1€ \ 8S;) N (ﬁ,lg)(l)). By (5.38)) and by the non-negativeness of
¢r we deduce that o
SL(Ak,Sth(k,R) > Sp(Ag, Sk, R) —cod. (5.39)

We denote by {I/ }j]\/ikl the family of open connected components of fﬁ‘ In this step we

prove that there exists at least an island or an extended void (see definition in ) in Ay
More precisely, by arguing by contradiction we prove that one of the following two cases
always applies: M} > 1 and there exists at least an island in Ay, or M}, > 2 and there exists
at least an extended void in Ak

To this end, assume that the admissible pair (/Ik,gk) does not present any island or
extended void. We begin by observing that, since Hl(F?) > 0, there exist a jo € {1,..., My}

and an open connected component Fy of Int(Ay \5’7;) N R such that T%° C 9F;. By the
contradiction hypothesis, since F; cannot be an island of Ay, there exists j; € {1,..., Mg} \
{Jjo} such that TV C 9F; and I'7°NI7t = (). Furthermore, as by the contradiction hypothesis

there cannot be also an extended void between I'/0 and I'/1, and by using the fact that dS
contains I'/° and I/, and consists of only one component, we conclude that there exist an

open connected component Fy of Int(ﬁk \ gk) NR, Which could coincide or not with Fj, and
at least an extra ja € {1,..., My} \ {Jjo,j1} such that IV2 C OF5.

We now claim that there exist an open connected component F3 of Int(gk\gk) N R, which
could or not coincide with Fb, and at least an extra js € {1,..., M} \ {jo,j1,J2} such that
I3 C OF3. Indeed, if Fy # F», the claim is a direct consequence of applying to F, the same
argument applied to F; to find IV, and we define F3 = Fy, while, if F, = Fy, the claim is
a direct consequence of applying to F» with the pair of components consisting, e.g., of I/
and T2, the same argument applied to Fy with the pair of components (I'7°, V1) to find
'z with F3 being possibly, but not necessary, equal to F.
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Moreover, the same reasoning applied on F3, can be implement also on Fj, yielding an

open connected component Fy of Int(ﬁk\gk) N R and at least an extra js ¢ {jn}n=0..3 such
that V4 C OFy. As such, by keeping on iterating this reasoning we reach a contradiction
with the fact that the family of connected components of Ff consists of at most My < oo
elements.

Step 3. In this step we prove (5.32)) for those k > kg such that Hl(Fﬁ) > 0, which
together with Step 1 concludes the proof of (5.32)). More precisely, we prove that

S(Ag, Si, R) > /  b(vr) dH' — 6ead, (5.40)
TNR
which, in view of (5.39)), yields Assertion (i) by taking §' := 7%2 and ks := kg for any

0 € (0,min {7¢y,1}).
In order to prove (5.40)) we consider an auxiliary energy Si in B by defining

2
S} (A, Sk R) = Sp.(Ap, S R)+ S /T b (vor) + Olvor) H' (5.41)
=1 i

for every (Zlk, §k) € B, where le and TQI" are the closed connected components of (3Rﬂﬁ,
we recall that F‘,? has M}, connected components, and we prove that

SHAR St R) > | o(vr) dHY — 2¢00, (5.42)
TNR

by proceeding by induction on the number M}, € N of connected components of f? in three
steps. Notice that (5.40)) directly follows from ([5.42), since

HN(TF) <&
by and the definition of 7 and hence,
Si(Ag, S, R) > SL (A, Sk, R) — 4eod, (5.43)
by .

In Substeps 3.1 and 3.2 we prove the basis of the induction by proving it in both the two
cases provided by Step 2, i.e., if M = 1 and Ay presents an island, and if My = 2 and Ag
presents an extended void, respectively. Finally in Substep 3.3 we prove the induction and

obtain ([5.42]).
Step 3.1. We consider the basis of the induction in the case in which My =1 and there is
an island P;C R of Aj, such that ' C OP;. Let p1, pa € OP; be two different triple Junctions

of P, (see Definition such that p; and py belong to the relative boundary of I'! in dS
and let Ly by the closed segment connecting p; with po. It follows that

I:= (35, \I'") UL,

is connected and closed. We consider by {Pl},cn the family of open connected components

enclosed by Ly and I''. We are now in the position to characterize the modification Sy of
Sk by

§k = gk \ U Piﬁ U U Piﬁ
neN,P1CSy neN,PLCR\Int(Sy)
Furthermore, we consider by {P2},cn the family of open connected components enclosed
by L; and 9P; \ T'! such that for every n € N, P2 NT! and P2\ I'! have one non-empty
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connected component. We define

Ap= |4\ |J P2|u U P2
neN,P2C A, neN,P2C R\Int(Ay)

(see Figure |3). By applying the anisotropic minimality of segments (see [43, Remark 20.3]),
it yields that

orlvz) ' + [

(@PAI)N (04,05, )N (g,g%gg)

20p (v~ ) dH
/(mol\rl)ma*ﬁk\aic ) orlvg,)

N o y~d7-[1+/~~~~21/~d7'[1
10(9+5,\04, )N ALY ors Sk) 10 (05,\04; NS nALY ors( Sk) (5.44)

dulv)drt+ [ br (vop,) dH!

(OP\TH)N(TFUT)
> /L or(viy) + dps(vey) dH > /L b(vr,) dHL,

where in the last inequality we used the definition of ¢. We notice that the last term in the
left side of the previous inequality is needed to include in the analysis the situation in which

PiNOR # (). From (5.44)), the inequality (5.42)) directly follows as
SY(Ay, 8, R) > S (Ay, 8i, R) > /  b(vr) dH" — 2006, (5.45)
TNR

/(8P1\F1)08§kma* AxnS©

where in the last inequality we used the non-negativeness of ¢r and we proceeded by applying
Step 1 to the configuration (Ak, Sk> for which by construction it holds that (Fés (Ak, Sk) \

Int(g_k)) N R is H!-negligible.

FIGURE 3: The two illustrations above represent, passing from the left to the right,
the construction that consists in “shrinking” a film island, which is contained in Step
3.1 of the proof of Lemma [5.7] for the basis of the induction in the case with M = 1
and with Ay presenting an island P;.

Step 3.2. To conclude the basis of the induction, we consider the case with M = 2 and
the presence of an extended void V1C R of Aj. Let p1 and ps be the two triple junctions
such that pi,p2 € 0V and p; € I, for i = 1,2. By [25, Lemma 3.12] there exists a
curve with support v! € 8V, N &S, connecting p1 with ps. Furthermore, by [36, Lemma
4.3], since OV; is connected, H!-finite and V; is bounded, there exists a curve with support

v2 c 0Vi \ (1 N oInt(V}). Notice that v and 42 can intersect only in the delamination area,

or more precisely v! N §*S; N O* Ay, and ~2 N O* Ay, \8*§_k are disjoint up to a H'-negligible
set. We denote by L; the closed segment connecting p; with ps, notice that

I':= (85, \7}) U Ly.
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is connected and closed. We consider by {V.1}.en the family of open connected components

enclosed by Ly and 0V N GSk such that for every n € N, 9V,! N 8S’k and 9V, N Ly have one
non-empty connected component. We characterize the modification Sk of S as

S S 2l 1
See=1S\ U WVl|u U V5.
neN, VIS, neN,VICR\Int(Sy)

Furthermore, we define
Ay := A, U (Int(Sy) \ Si).

We notice that by construction (A\k, gk) € B(2) and Fés (A\k, gk) \Int(g_k) =T1UL;UTy
is a connected set (see Figure @) Moreover, by the anisotropic minimality of segments (see
[43, Remark 20.3)), it follows that

- oFlVg, dH1+/ ol dH1+/ o dH!
/208*Ak\88k (z)F( "/108*Sk08*Ak ¢( Ak) 7208*’4’6051(@0) ¢F( )

I +¢)(vy ) dH? 5.46
/(vlwz)ma*smf‘mg) (68 +9)(vy) (5.46)

> [ onlvn) + s a1 > [ sy dr,
1 1
where in the last inequality we used (3.16)). We now obtain (5.42)) by observing that
SHA S R) > SHALSLR) > [ olvr) dH! 2008, (547
TNR

where in the first inequality we used ( and in the second inequality we proceed by
applying Step 3.1 to the configuration (Ak, Sk), which by construction presents a island

and is such that (I'Aq (ﬁk, §k> \Int(g_k))ﬁR consists of one and only component.

R

FIGURE 4: The two illustrations above represent, passing from the left to the right,
the construction that consists in “filling” a void, which is contained in Step 3.2 of
the proof of the Lemma for the basis of the induction in the case with M = 2
and with Ay, presenting a void V.

Step 3.3. Now we make the inductive hypothesis that (5.42)) holds true if f‘? has My = j—1

connected components, and we prove that (5.42)) holds also if f,‘? has My = j connected
components. We observe that by Step 2 we have the two cases:

(a) j > 1 and there exists at least an island PC R in Ay;
(b) j > 2 and there exists at least an extended void VC R in Ay.
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In the case (a) we proceed by applying the same construction done in Step 3.1 with respect
to the island P instead of P; obtaining the configuration (ﬁk,gk) € B(Qk). We observe

that by construction (I'aq (ﬁk, §k) \ Int (?k))ﬂR presents j — 1 connected components (since
a component is canceled) and hence, we obtain that
Si(gk; gk, R) > S%/(A\k, S\k, R) = / 7(]5(1/7‘) Cl’H1 - 2625/, (5.48)
TNR
where we used (5.45)) in the first inequality and we applied the induction hypothesis on
(Ag, Sk) in the second.
In the case (b) we proceed by applying the same construction done in Step 3.2 with
respect to the extended void V instead of V; obtaining the configuration (Ak, §k) € Bm.

We observe that by construction (ﬁk, §k) € B(y) and (T (Ak, §k> \Int(?k))ﬁR presents

j — 1 connected components (since two components are connected in one). Finally, we have
that

S}(Ap, Si, R) > S} (A, S, R) > | o(vp) dH' — 2¢56 (5.49)

TNR
where we used (5.47) in the first inequality and we applied the induction hypothesis on
(Ag, Sk) in the second. O

We continue with the setting of the film-substrate incoherent delaminated interface.

Lemma 5.8. Let R C R? be an open rectangle with a side parallel to e; and let T C R?
be a line such that TN R # () and let x € T. Let {pr}ren C [0,1] be such that pr \, 0 and

R C o0, (). If {(Ak, Shy i)} C Bm(0,,(2)) is a sequence such that Sp, x, "R LR H,,.NR

in R? and R\ Ay ETARinR? ask — oo, then for every 6 € (0,1) small enough, there
exists ks € N such that

SL(Ak, Shk,Kk7R) > - ¢F(VT) + ¢(VT) d'Hl — 9. (5.50)

for any k > k5. The same statement remains true if we replace Hy . with Hy _,,,..

Proof. Without loss of generality, we assume that supycy Sr.(Ak, Shy K, B) < 00. We prove
in two steps. In the first step, we prove for every k € N such that Fl‘i‘ =
(T8s(Ag, Sn, k) \Int(Sh, x,))NR is H!'-negligible by repeating the same arguments of Step
1 in the proof of Lemma In the second step, by arguing as in [36, Lemma 4.4] we prove
for those k € N such that H!(I'2}) is positive.

If T is a vertical segment we define ¢y := 1, otherwise we define ¢ := (1/sin )+ (1/cos6),
where 6 < /2 is the smallest angle formed by the direction of T" with e;. Since 95y, x, N
RETAR and R\ Ay ETNnRinR2ask — oo, for every &' € (0,1) there exits ky € N
such that

OSh.x, NR, R\ A, c T% (5.51)
for every k > kg, where T9 := {z € R : dist(z,T) < 0'/(2¢5)} is a tubular neighborhood of T
in R. By arguing as in (5.34]) there exists a parametrization 7 : [0, 1] — R? of dInt (Shk,Kk)a
whose support we denote by . Finally, let T{S, and TQ(S’ be the connected components of
ORNTY.

Step 1. Assume that H! (F?) = 0 for a fix kK > kg. Notice that by (5.51)), there exists
p1 = 1(t1) and py = ry(l2), where t; := inf{t € [0,1] : rx(t) € OR} and ¢y := sup{t €
0,1] : 7(t) € DR}, and without loss of generality we assume that ¢, < ty. Let T} C JRNTY'
for i = 1,2 be the closed and connected set with minimal length connecting p; with TN R.
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Therefore, by trigonometric identities we obtain that H!(T}) < %09 = %/. Since H! (Ff) =

0 and by [36, Lemma 4.3], there exists a curve with support 7, C 94 \ (7! N dInt(Ay) such
that -y, and 7, can intersect only in the delamination area, more precisely, v, N90*Sy, NO* Ay,
and J, N 0* A, \ Sy, are disjoint up to a H!-negligible set. We define Ay := (ORNTY) N
(% \ Int(Sh, ,)) and we denote by T2 € ARNTY for i = 1,2 be the closed and connected
set with minimal length connecting 7, with each point of T'N Ti‘sl. It yields that

S1(Ak, She s R)+ /A b(va,) dH"
k

or(va,) dH? +/ d(va,) dH?
Y

> /\\/
’ykma*Ak\ashk’Kk kﬁa*Shkkaﬁa*Ak

(5.52)

wf (60 + )wa) i + [ olwn,)art
(kUVE)NO* Shy 1, NOARN AL D

= qﬁF dHlJr/qﬁvrdel Z/ vgs) dH' — Z/ or(vis) dH,

where I'y, := Tl Uy NR)UALU T2 and [ := T1 Uk U T22. By the anisotropic minimality
of segments (see [43, Remark 20.3]), it yields that

[ oplp )t + [ olom)dmt > [ oe(vr) + ovr) di, (5.53)
Tk k Ty TNR

and so, thanks to the facts that ’Hl(fg U f{) < ¢ and H'(Ag) < & for j = 1,2, and by

(3-15)), (5.51)-(5.53)), we deduce that
Si( A Shres R) > /T n(r) + o(vr) A1 = 3eat (5.54)

Step 2. Since (A, Sh,, k,) € Bm(0%(€2)) we can find an enumeration {Z\Z}n:lw,m}c of the

connected components A} of DAy, lying strictly inside of R such that m} < m;. Moreover,
thanks to the fact that Sp(Ag, Sh, k,,Q) < oo for each k € N, the family {Af}qen of
connected components A} that intersect T} 15' or TQ‘SI of A, N Q1, respectively, are at most
countable. Furthermore, we define A™**% for i = 1,2 by

A +i — U Al u 112'5/
a€N, AenT? £0

We denote by 77 : R? — R the orthogonal projection of R? onto T and since for every

n=1,...,mg+2, A" is a connected set we have that 7p(A™) is a homeomorphic to a closed

1nterval in R. More precisely, Um:’“IFQ 7r(A7) is equal to a finite family of closed segments.

Thanks to the facts that R\ A A TNRinRask — 0o, and my < mq for every k € N|
we have that

. my+2
klirgoHl ((TmR)\ nL:Jl wT(A")) =0

and hence, there exists k(%/ > kg such that

my+2

H ((T NR)\ U TrT(A”)> < (mq +2)¢ (5.55)
n=1

for every k > k‘(},. We denote by an,b, € T N R for every n = 1,...,my, + 2 the initial and

final point of each 77 (A7), respectively (notice that ap, 1 € TNTY and by, 12 € TNTY).

We decompose % mp(A™) as the finite union of disjoint open connected sets {C;}jc,
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where the endpoints of C; are denoted by a;-,b; € U?:’“f“Z{aj,bj} for every j € J, and
Ujesiaj, bi} = U S *{an, bp}. Therefore, by definition the cardinality of J is bounded by

2my, + 3,

my+2
U mr(A") = U Cj,
n=1 jeJ

and also by (5.55)) we have that

H! ((T nR)\ | cj) < (mq +2)¢ (5.56)
JjeJ

for every k > k:(%,. Let Tag_ and Tb;_ be the lines parallel to v and passing through ag and b;,

respectively. Finally, we denote by S7 the intersection of the strip between T, a! and Tb; and

RNTY for every j € J.If j € J is such that C;NTY, we define T;; = T% and Tl:; = Tb; n.SJ,

analogously, if j € J is such that C; ﬂTz‘s we define T(; L= T, a! NS7 and Té;_ =T 25,’ otherwise,

if C; UL, TP =0, T;; =Ty N S7 and T’; =Ty N S7. Tt follows that

HI(T;; UTy) <20 (5.57)

From now on we fix j € J and we consider a fixed k > k}, such that H!(I' N .S7) > 0. For
simplicity in the following part of this step we denote A™ := A7 for every n =1,...,my + 2.
By applying Lemma (with R, as from the notation of Lemma coinciding with
S7) there exist My := My(Ay, S, x,,0) € NU{0} and (A, Sy) € Bm such that 1:,‘2 =

(Fés(gm §k) \Int(gk)) N S7 has M;, connected components and
SL(Ak, Shy s S7) > SL(Ay, Sk, 87) — 28, (5.58)

and there exists a path A/ C dA; such that A7 N T, # 0 and 98, N Si N 17, # 0 for
cj € {aj,b}}. Let {Fz}é\ikl bf the family of connected components of T. Without loss of
generality, we assume that A7 intersects all islands and voids of Aj that are not full ones
(see Definition , because otherwise we can always reduce to this situation by repeating

Steps 3.1 and 3.2 of Lemma If M, = 0, by repeating the same arguments of Step 1 we
obtain that

Si(Ap, S, S7) > / e (vr) + S(vr) dH' — 3es6. (5.59)
G
Therefore, by (5.58)) and (5.59)), we deduce that
Stk 8) > [ du(vr) + ovr) A — 4end (5.60)
G

In the remaining of this step we assume that M} > 1 by proving the following claim: If
My, > 1, then there exists an island of ﬁk or a substrate grain of §k (see Definition . In
order to prove this claim we proceed by contradiction. Therefore, let us assume that (k, §k)
does not contain any island and substrate grain. Since M}y, > 1, there exists /1 € {1,..., My}

and, since the endpoints of Iy, must be connected through ﬁUBInt(ﬁk), then there exists an

open connected set D; C Int(A) enclosed by ff and U dInt(Ay) such that Iy, € D;. By

assumption, since Dy cannot be an island Eld cannot be a grain of (ﬁk, gk), there must exist
ly e {1,..., My} \ {1} such that Iy, C D;. Since the endpoints of I'y, must be connected

through 5 U 8Int(Ay), then there exists an open connected set Dy C Int(Ay) enclosed by

T4 and 5 U 8Int(Ay) such that Ty, C 8Da, and we notice that Dy cannot coincide with Dy
since dD; N (3 U dlnt(Ay)) is not connecting the endpoints of Ty, (besides not connecting
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also the endpoints of I'y, ). By keeping on iterating this reasoning we reach a contradiction
with the fact that the family M}, < oo, and hence the claim holds true.

S

Ak

(gk,gk) that is modified in Step 2 of Lemma [5.8| to obtain the pair (ﬁk,g’k) for
which in the same step is proved the existence of at least a film island or a substrate
grain in accordance with Definition

FIGURE 5: The illustration represents the configuration of the admissible pair
b.g

Step 3. In this step we assume that My > 1 (for the case My = 0 see Step 2) and we
prove that

SL(gk, gk, Sj) > / ¢F(VT) + ¢(VT) dHl — 802(5’, (5.61)
G
from which it easily follows from (3.15)), (5.57) and (5.58)), that
SL(Ap, Shy.ic,s §7) > /C e (vr) + d(vp) dH' — a8, (5.62)
j

In order to prove (5.61)) we consider an auxiliary energy S}J given by Sy, with an extra term,
namely defined by

SHAk S ) i= S (A S B) + Y 2 / (65 +6) dH! (5.6
cje{a b’}

for every (Ay, Si) € B, and we prove that
St (Ag, Sy, 57 / or(vr) + ¢(vr) dH', (5.64)

since - directly follows from ([5.64 - by (3.15)) and ( . To prove 5.64) we proceed by

induction on the number M € N of connected components of l" in three steps. In Steps
3.1 and 3.2 we show the basis of the induction for M} = 1, by considering the two cases
provided by Step 2, i.e., the case in which Ay presents an island in Step 3.1 and the case
in which §k presents a substrate grain in Step 3.2. We conclude then the induction in Step
3.3.

Step 3.1 Assume that My, = 1 and that there exists an island P; C ATk\Int(gk) of A, such

that Pj is enclosed by T'y U5 U 8Int(ATk)) with T’y C OP;. Let p; and py be the endpoints of
I'1, and let L; be the segment connecting p; with p2. We denote by P} the open set enclosed
by Li and 0P; NT'; and we denote by P12 the open set enclosed by L; and 0P \ T';.

We define a modification of gk, denoted by §k, and a modification of Zk, denoted by ﬁk,
as _
Sk = (Sk \ (Pl NInt(Sx))) U (P N (S7\ Sk)),
and

A= A\ (PP 0 (nt(Ar) \ 5)) U (PP (87 ).
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respectively. Notice that (A, S;) € B(ox()). By the anisotropic minimality of segments,
it follows that

/ _ ¢r(vop,) dH + _ ¢rs(vop,) dH' >/ or(vr,) + drs(vr, ) dH*
oOP1\C1 OP1NC, L1 (5 65)

o(vp,) dH,

Ly

where in the second inequality we used the definition of ¢, and hence, by (5.65) we obtain
that

SL(Ak, Sk, 87) > St (Ax, S, 87). (5.66)
Moreover, we observe that by construction 7 := (¥ \ (N 8Int(ATk))) U Ly is path connected
and it joins T'N T’, with TN T’, and (Fés(Ak, Si) \ Int (S ))NS7 is H'-negligible. Thus, by

repeating the same arguments of Step 1, we deduce that
St(Ak, i, 87 / ¢r(vr) + ¢(vr) dH'. (5.67)

By (5.57)), (5.58)), (5.63)), (5.66)), and ( we obtain (5.61).

Step 3.2 Assume that M = 1 and that there exists a substrate grain G C §k of Sj, such

that (i1 is enclosed by I'y Uy U 8Int(ATk)) with I'y C dG1. Let p1 and p2 be the endpoints of
I'1, and let L1 be the segment connecting p; with pa. We denote by G1 the open set enclosed
by L; and 0G1 NT'y and we denote by G% the open set enclosed by L; and 0G; \ I'y.

We define a modification of S, denoted by gk, and a modification of Zk, denoted by ﬁk,
as

Sk =Sk \ ((GF N Int(Sy)) U (G} N Int(S}))),
and

Ay = A\ (GINnInt(Ax)) U (G N Int(4y))
respectively (see Figure @) Notice that (A, S) € B(on(9)).

By the anisotropic minimality of segments, it follows that

Lootoc)ar + [ ons(a, ) dH > [ ol + drs(n,) dH!
8G1\F1 o0G1NI' L1

(5.68)
> / or(vr,) dH',
Ly
where in the second inequality we used (3.16)) and hence, by (5.68|) we obtain that
SL(Ak, Sk, 87) > St (Ax, S, 87). (5.69)

Moreover, we observe that by construction 4 := (7\ (7N 0Int (AT;C))) UL, is path connected
and it joins T'N T with 7N T’, and (F?S(Ak, Si) \ Int(S;))NS7 is H'-negligible. Thus, by

repeating the same arguments of Step 1, we deduce that
St (A, Sy, S / ov(vr) + o(vr) dHE. (5.70)

By (3.15), (5.57), (5-58), (6.63)), (6.69), and ( we obtain (5.61).

Step 3.3. Assume that (5.61]) holds true if Mk = ¢ — 1. We need to show that (5.61) holds
also if My, = i. By Step 2 we have two cases:

(a) i > 1 and there exists at least an island P C S7 of Ay;
(b) i > 1 and there exists at least a grain substrate G C S’ of Sj.
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SJ

d'

FIGURE 6: The two illustrations above represent, passing from the left to the right,
the construction that consists in “modifying grains in new voids”, which is contained
in Step 3.2 of the proof of the Lemma [5.8] for the modification of the grain in a new
void.

In the case (a) we proceed by applying the same construction done in Step 3.1 with
respect to the island P instead of P; obtaining the configuration (A\k,gk) € B(Qy). We

observe that by construction the set f‘? = (F?S(ﬁk, S) \Int(g_k)) NS’ has cardinality i — 1
(since the island P of Ay is shrunk in Aj) and hence, we obtain that

S (Ap, S, R) > SL(Ay, Si, R) > /C e (vr) + d(vr) dH! (5.71)
J

where we used the inductive hypothesis in the last inequality.
In the case (b) we proceed by applying the same construction done in Step 3.2 with
respect to the substrate grain G instead of G obtaining the configuration (A\k, §k) e B.

We observe that by construction the set T4 := (Thq (Ay, Si) \Int(g_k)) N 87 has cardinality
i — 1 (since the grain G of Sy is opened in a void) and hence, we obtain that

S(Ap, S, R) > SL(Ap, §u, R) > /C Gr(vr) + b(vr) dH! (5.72)

where we used the inductive hypothesis in the last inequality.

Step 4. Let k > k}, which was defined in Step 2. If Hl(I‘ﬁ) > 0, we consider j € J. By
repeating the arguments of Step 1 in S7 if Hl(FQ NS7) =0 (see (5.54)), and by Steps 2 and
3 (see (5.60) and (5.61))) we obtain that

Sel At Siyais8) > [ dn(vr) + o(vr) dh = 9cad' (5.73)

Therefore, in view of the fact that the cardinality of J is bounded by 2my + 3, by (5.56))
and (5.73)) it follows that

Sp(Ak, Shy Kk, R) > Z S1.(Ak, Sy ki )

jedJ
> or(vr) + o(vr) dH! — 9(2my, + 3)02(5[
Ujes G (5.74)
> - RQSF(VT) + o(vp) dH! — 2(my + 2)625/ —9(2my + 3)026/
n

= / _¢r(vr) + o(vr) dHY — (20my + 31)cpd,
TNR
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where in the last inequality we used that my < mj. By recalling once again (5.54]) of Step
1, we observe that by ({5.74]) we obtain that

Si(Ap, Snres R) > /T _0p(vr) + 0(vr) A — (20m1 + 81)ead (5.75)
n

for both the case with H!(T'3) > 0 and the case with H!(I'2) = 0. Finally, follows
from choosing ks := kj, and &' = m for § € (0, min{(20m; + 31)ce,1}) in
This completes the proof. D

We continue with the situation of the substrate cracks in the film-substrate incoherent
interface.

Lemma 5.9. Let Ty be the xo-axis. Let {pi}ren C [0,1] be such that pp \, 0 and Q1 C
0o (). If {(Ak, Shyk)} C Bml(0,,(Q)) is a sequence such that Q1 \ Ay X, To N Q1 and
Q1\ Sh, K, LN ToN Q1 in R? as k — oo, then for every § € (0,1) small enough, there exists
ks € N such that
St(AksSuies Q) 22 [ glen) !~ 5 (5.76)
ToNQ1

for any k > k.

Proof. Without loss of generality we assume that supycyn Sp(Ak, Sh, K., @1) < o0o. Since
Q1 \ A LR To N Q1 and Q1 \ Sh, K, X, To N Q in R? as k — oo, for every &' € (0,1) there
exits ks € N such that

Q1 \ Ak, Q1 \ Spyk, €T (5.77)
for every k > kg, where T := {z € Q : dist(z,Tp) < &'/2} is the tubular neighborhood
with thickness ¢’ of Ty in Q1. Let T} 1‘5' and T: 25/ be the connected components of dQ,NT? . Since
(Ak, Sh, k) € Bm(ok(2)) we can find an enumeration {FZ}l,...,mg of connected components

[y of OSh, K, lying strictly inside of @1, and an enumeration {A7}; ml of the connected

components A7 of Ay, lying strictly inside of ()1, such that mk < my for ¢ =0,1. Moreover,
thanks to the fact that Sr(Ak, Sk, K, @) < oo for each k € N, the families {I‘,C }aen and
{A%}aen of connected components I'Y and Af that intersect Tf/ or T 25/ of dSh, k, N Q1 and
of 0A;, N Q1, respectively, are at most countable. Furthermore, we define I+ and A™++?
fori=1,2 by

et = U r|ur? and A™t = U Ac|urf.
a€N,TenT? 0 a€N, AoNTY £0

Thanks to the Kuratowski convergences of Q1 \ Ay and Q1 \ Sp, Kk, to ToN Q1 in R? as
k — o0, the fact that mk my for £ = 0,1 and for every k € N, we have that

my 049 k+2
klingoHl ( ToN Q1) \ L_J ) =0 and len;OHl ((Tg nQ\ U wQ(An)) =0

n=1

Hence, there exists k(;, > kg such that

k2
H ((Tom o\ U WQ(rn)) < (mo +2)0' (5.78)

n=1

for every k > k}, and there exists k2, > kg such that

n=1

k+2
H! ((To nQ\ U m(A”)) < (m1 +2)¢ (5.79)
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for every k > k:(;, Let k3 = max{kél,k%,}. Similarly to Step 2 of Lemma we can
decompose "2 mp(I'") and Um’“Jr2 m2(A™) as the finite union of disjoint open connected
sets € = {C’ }]e Jo and €' = {C }jeq, respectively. Notice that the cardinality of Jy is
bounded by me; + 3 for £ = 0, 1. Therefore

O ml+2
k: k
U 2(T™) U CcY, and U ma(A™) U
n=1 j€Jo n=1 JjeJ1
and also by (5.78]) and (| we have that
H! ((To nQn\ U Cj‘?) < (myg +2)0 (5.80)
J€Je

for every k > kg’, and £ = 0,1. We observe that
€ :={C:0+#C=0"nC" with C* € € for £ =0,1}

is a family of pairwise disjoint sets and has cardinality m’c bounded by (2m} + 3)(2m}, + 3),
i.e., ¢ := {C;};es for an index set J with cardinality m* < (2m{ + 3)(2m} +3). We observe
that

H! ((To no\UJga| < Y H ((To NQ)\ U €| < (mo+mi+4), (5.81)

jeJ te{0,1} JET,
where we used (5.80) in the last inequality. Finally, let S7 := ([~1,1] xg2 C;) N T and let
T} and Ty the portions of the boundary of S’ parallels to the z;-axis for every j € J.

We now prove ([5.76]) in three steps. In the first step, we prove (5.76) for k > k3, such
that I‘ = FFS(Ak, Shy i, )NS7 is H1-negligible by repeating the same arguments of Step 1
in the proof of Lemma .8l In the second step, by arguing as in Steps 2 and 3 in the proof
of . we prove ) for those k > k:(;, such that Hl(FA) is posmve In the last step, by
arguing as in Step 4 in the proof of Lemma we obtain

Step 1. Assume that H! (F?) = 0 for a fix k£ > kg’,. By construction and by [25]
Lemma 3.12] there exists a curve with support v1 C 9Sh, k, N (57 \ Int(Sh, k,)) con-
necting 7% with T3, and hence, by [36, Lemma 4.3], there exists also a curve with support
Y2 C dSh, K, \ (1 N OInt(Sh, K, ) such that y1 N O*Sp, Kk, , V2 N O*Sh, K, are disjoint up to
an H'-negligible set and v, joins le with T2j . Since H! (F,‘é) = 0, it yields that

SL(AImShk,Kk, —i—ZQ/ dHl

i

> ¢(VAk) dHl

/(71U72)ﬁ3*5hk,Kkﬂa*Ak

v o 200t
(’le"/z)ﬁ(ashk’Kk maAk)m(Shk,Kk UAk )

(¢r + @) (va,) dH'

(5.82)

A 1U’Y2)ﬂa*shk KkﬂaAkﬂAk(l)
+ 22 / B(vys) dH!

:/ ¢(VF1)dH1+/ ¢(VF2)dH17
I, 1)
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where I'1 := le Ui UTQj and I'y := le U~e UTQj . From the anisotropic minimality of segments
(see [43, Remark 20.3]) it follows that

/ S(vr,) dH + / S(vr,) dH' > 2 / (e1) dH', (5.83)
I Ty c;

and so, thanks to the facts that Hl(le Usz) < 260’, and by (3.15)), (5.77)), (5.82) and (5.83)),
we deduce that

SL(Aps Sy S) > 2 / dler) dH! — dess'. (5.84)
Cj

Step 2. Assume that H! (F*’,j) > 0 for a fix k > kg. By construction and by [25, Lemma

3.12], there exists a curve with support 43 C A}, connecting lel with Tle. If H1(31 N (0A \
08, )) = 0, by repeating the same arguments of Step 1, we can deduce that

S(Aps Shyrces S) > 2 / dler) dH' — dess'. (5.85)
Cj

If HY(31 N (OAg \ OSh,)) > 0, then by reasoning as it was done in the proof of Lemma
to reach (5.62) we obtain

SL(Aps Shyrces S) > 2 / dler) dH' — 9e6'. (5.86)
Cj

More precisely, we reach by noticing that vy, = e; and by following the proof of Step
2 (from after equation (5.57))) and of Step 3 in Lemma with the only difference that we
replace the reference to Step 1 of Lemma 5.8 with the reference to Step 1 of the current
lemma and the extra term appearing in with

> [ e+ 30)ea) art’
i=1,277T;

Step 3. Let k > k% and let j € J. By applying (5.84) if H}(I'f N S7) = 0 and (5.86) if
HY (T2 N S7) > 0 we obtain that

Sr(Ag, Shy Ky » gj) > 2/ o(e1) dH' — 9co6'. (5.87)
Gj

Therefore, since the cardinality of J is bounded by (2m{ + 3) - (2m4. + 3), (5.87) yields

SL(Ak, Shyk Q1) =Y SL(Ak, Sny ey S7)

jeJ
> 2 per) dH —9(2mf +3) - (2m}. + 3)cad’
U]’eJ G (588)
> 2 _pler) dHY — (mg +my + 4)cad’ — 9(2mY + 3) - (2m). + 3)cad’
ToNQ1
=2 ¢(er)dH' — b,
TNR

where a := (mg + mq + 4)ca + 9(2mo + 3) - (2m1 + 3) and in the last inequality we used
that mf; < my for £ = 0,1. Finally, (5.76)) follows from choosing ks := kg), and &' = g for
0 € (0,min{c, 1}) in (5.88)). This completes the proof. O

We continue by treating the situation related to the blow up at a point in the filaments
of both the substrate and the film.



44 R. LLERENA AND P. PIOVANO

Lemma 5.10. Let Ty be the xo-axis. Let {pg}tren C [0,1] be such that pr, \, 0 and Q1 C
0o (). If {(Ak, Shy k) C Bml(op, () is a sequence such that Q1 N Ay K TynQr in R2

and Q1 N Sy, K, X, ToN Q1 in R? as k — oo, then for every § € (0,1) small enough, there
exists ks € N such that

St (Ap, b, K, Q1) > 2/ & (er) dH! — 6 (5.89)
To

for any k > ks.

Proof. The situation is symmetric to the situation of Lemma [5.9 and the proof is the same
since ¢’ < ¢. O

We continue with the situation in the blow up of the substrate filaments on the film free
boundary.

Lemma 5.11. Let Ty be the xo-axis. Let {pi}tren C [0,1] be such that pi, \, 0 and Q C
00 ()N Hp —e, be an open square whose sides are either parallel or perpendicular to e; and

ToNQ # 0. If {(Ak, Sh,..k,.)} C Bm(0,,(R)) is a sequence such that Q N Sh, K, K 1nQ
and Q N Ay, LR Hy.e, N Q, then for every § € (0,1), there exists ks € N such that for any
k> ks,

Stk Suiins Q> [ érler) dr’ s (5.90)
ToNQ
Proof. Without loss of generality we assume that supgcySr(Ak, Sk, K., @) < oo. Since
QN Sk, Kk, LN ToNQy and Q N Ay, LN Hpe, NQ in R? as k — oo for every &' € (0,1) there
exists ks € N such that
@ﬂshk,[(k, QﬂaAk C Tal, (5.91)
where T% := {z € Q : dist(z, Tp) < %/} Let T1 be the upper side of Q and let 7Y := {z €
Q : dist(x, T1) < &'/2}. By the Kuratowski convergence of @ N Sy, r,, there exists k} > kg
such that Sy, NTY # 0 for every k > k}. Let R := (T% \ T{') and let T}, Ty C OR be the
upper and lower side of the rectangle R, respectively.
Since (A, Shy, k) € Bm(0k(€2)) we can find an enumeration {Az}nzl,...,mi of the con-

nected components A} of dAy lying strictly inside of R, such that mj < mj. Moreover,
thanks to the fact that Sg,(Ag, Sk, Kk, Q) < oo for each k € N, the family {Af}qen of con-
nected components A¢ of A, NR that intersect T} or T4, respectively, are at most countable.
Furthermore, we define A™ %% for i = 1,2 by

mg+i . o /
AR = U A | UT.
a€N, ANTY £0

Thanks to the Kuratowski convergences of RN A} to TN R in R? as k — oo, the fact that
m}, < my for every k € N, we have that

n=1

m}1€+2
kh—>HoloH1 ((To OF)\ U WQ(AZ)) =0

Hence, there exists kg, > k;, such that

n=1

mllc+2
H! ((T{) ﬂﬁ)\ U WQ(AZ)) < (my + 2)(5’ (5.92)
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for every k > k2. Similarly to Step 2 of Lemma [5.8, we can decompose Umk+2 mo (A7) as the
Y 5 k

n=1

finite union of disjoint open connected sets ¢ := {C;};cs. Notice that the cardinality of J
is bounded by 2m,1C + 3. Therefore

mllc+2
U m@p)=U ¢,
n=1

jed

and also by (5.104]) we have that

H [(TonR)\ ([ Cj | < (m1+2)cad (5.93)
J€J
for every k > k2. Finally, let S7 := (m1(R) xg2 C;) N T% and let T} and T be the upper
and lower sides of the boundary of each rectangle S7, respectively.
Step 1. Let k > k2, and j € J be such that H (I'Aq(Ak, Sh,. 1) NS7) = 0. In view
of the construction of S7 ; by [25] Lemma 3.12] there exists a curve with support v, C
(A \ Int(Sh,)) joining 7Y with Ty. It follows that

2
SL(Ak, Shk,Kka R) + Z /Tj ¢F(82) dHl

> ¢F(VAk) dHl

[Yk NO* Ap\OSh,, K},

2 v dHl
/vkﬂ(BAk\asthk)O(AI(CO)UA}(:)) or(va,)

+ (¢r + ¢)(va,) dH'

VKNS, 1, NOARNAL

(5.94)

2
+ ¢r(vay,) dH' + Z/ ¢r(e2) dH!
i—1/T]

* (0)
’ykﬂashk’}(’cﬂa Akmshlek:
> [ oulos,) ant,
Tk

where A :=T: 1] Uy UT: 2; . By the anisotropic minimality of segments, we deduce that

| or(vy,) dH' > / ¢r(er) M. (5.95)
Tk C]'
By (3.15)), (5.94) and (5.95)), we conclude that
SL(Ak, Shlka’ S]) = / ng(el) dHl - 2025/. (5.96)
Cj

Step 2. Let k > k2, and j € J be such that Hl(FéS(Ak,Shk,Kk) N S7) > 0. By reasoning
as in the proof of Lemma |5.8| to reach (5.62)) we obtain

SL(Ak, Shk,Kk’ Sj) > / (bp(el) dHl - 7025/. (5.97)
Cj

More precisely, we reach ((5.97)) by noticing that vz, = e; and by following the proof of Step
2 (from after equation and of Step 3 of Lemma with the only difference that we
replace the reference to Step 1 of Lemma [5.8 with the reference to Step 1 of the current
lemma, and the extra term appearing in with

) /T ;(20r + ¢)(e2) dH'. (5.98)

i=1,2
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Notice that the difference of two units more in the error term of ((5.97)) with respect to (5.62))
is due to the fact that the extra term (5.98]) contributes to the final error with exactly two
units more.

Step 3. Fix k > k% and let j € J. By (5.96) if H'(I'2s NS7) = 0 and by (5.97) if
HY(T2 N S7) > 0 we obtain that

Sp(Ag, Sy, §7) > / dr(e1) dH' — Texd. (5.99)
Cj
Therefore, since the cardinality of J is bounded by 2(m; + 3), (5.99)) yields
Si(Ak, S, k., R) > ZSL(Ak:a Shy 16, S7) > /U . or(e1) dH' — 7(2my + 3)c2d’
jeJ jeg I

> [ grlen) dH — (m1 + 2)ead’ — 121 + Head
ToNR

= | _¢p(er)dH' — (15my + 24)ead’.

ToNR
(5.100)
By the non-negativeness of ¢p, » and ¢pg we have that
Sr.(Ak, Shy Kk, Q) = SL(Ak, Shy k., R) > / _or(er) dH' — (15my + 24)cad’
Tonk (5.101)

> / 7¢F(el) dHl — (15m1 + 25)62(5,,
ToNQ

where in the second inequality we used (5.101) and in the last inequality we added and
subtracted [ — ¢r(e1) dH!, and we used (3.15) and the fact that H(Tp N 1Y) < &'/2.
ToﬂTl

Finally, (5.90) follows from choosing ks := k2, and §' = m for § € (0, min{(15mq +
25)cg,1}) in ([5.111). This completes the proof. O

We conclude these list of estimates by addressing the setting of the delaminated substrate
filaments in the film.

Lemma 5.12. Let Ty be the xo-axis. Let {pi}tren C [0,1] be such that pr, \, 0 and Q C
00 ()N Hp —e, be an open square whose sides are either parallel or perpendicular to e; and
ToNQ # 0. If {(Ak, Shy i)} C Bm(0p,(Q)) is a sequence such that Q N Sh, k, E1ng
and Q\ Ay, x, ToNQ, then for every § € (0,1), there exists ks € N such that for any k > ks,

S1(Ap, Shy ey Q) > / 2p(er) dH! — 6. (5.102)
ToNQ

Proof. Without loss of generality we assume that supycy Sr(Ak, Sk, k., @) < o0o. Since
QNSh, Kk, LR ToNQ and Q \ Ay LN ToNQ in R? as k — oo for every ¢’ € (0,1) there exists
ks € N such that

QN Sk k> Q\ A T, (5.103)
where T := {z € Q : dist(z, Tp) < %/} Let Ty be the upper side of @ and let T = {z¢c
Q : dist(z,T1) < &/2}. By the Kuratowski convergence of Q N Sp, k, , there exists k}, > kg

such that Sy, NTY # 0 for every k > kk. Let R := (T% \ T{') and let T}, Ty C OR be the
upper and lower side of the rectangle R, respectively.

Since (A, Shy k) € Bm(0x(€2)) we can find an enumeration {AZ}n:l’m’m}C of the con-
nected components A} of dAy lying strictly inside of R, such that mj < mj. Moreover,
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thanks to the fact that Sp(Ag, Sh, k,, Q@) < oo for each k € N, the family {Af }oen of con-
nected components A¢ of A, NR that intersect 1] or T4, respectively, are at most countable.
Furthermore, we define A™++* for i = 1,2 by

me+i « !
AT = U AP | UT].
a€N, ANTY £0

Thanks to the Kuratowski convergences of Q \ A; to To N R in R? as k — oo, the fact that
m} < my for every k € N, we have that

1

mk+2
klijgoHl ((To nR)\ U Wz(AZ)) =0

n=1
Hence, there exists k:g, > k(}, such that

m}c—i-Q

H ((Toﬂ B\ U @(Az)) < (m1 +2)8 (5.104)

n=1

for every k > k2. Similarly to Step 2 of Lemma we can decompose U;”:’“f 2 1 (A7) as the
finite union of disjoint open connected sets ¢ := {C};c;. Notice that the cardinality of J
is bounded by 2m,1€ + 3. Therefore

m}CJrQ
U m@p)=U ¢,
n=1 j€J
and also by (5.104]) we have that
Hl ((To N R) \ U C]) < (m1 + 2)025/ (5.105)
Jj€J

for every k > kZ. Finally, let S7 := (m1(R) xgz Cj) N T and let le and TQj be the upper
and lower sides of the boundary of each rectangle S7, respectively.

Step 1. Let k > k2, and j € J be such that H'(I'Aq(Ag, Sh,.1,) N'S7) = 0. In view
of the construction of $7, by [25, Lemma 3.12] we can find a curve with support v} C
O0(Ag \ Int(Sp,)) joining T; f with TQj , and there exists only one connected component of
O(Ak\Int(Sp, )) in S7. Therefore, by applying [36, Lemma 4.3] there exists a curve connecting

le and TQj with support 72 C S7 N A(Ax \ Int(Sp,)) \ (vi N OInt(Ax \ Int(Sy,))). It follows
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that
) 2
St S ) +23 [ dv(ea) ar!
=1 i

> ¢F(VAk) dHl

/('Y;iu'v;f)ﬂ(a*Ak\ashk,Kk)

+ o 207 (va,) dH!
(UINOAR\ISH, 1, )NA,,

1
qu(I/Ak) dH
/(7,§uv,§)ma*shk 1, N0ALNALY

2
r(va,) dH' +2 EE/T b (eg) dH!

~/('yliU'y,%)ﬁ85'hk, K, ma*Akms,iOk{ K

2
> Z - ¢F(V:§I’b€) dHlu
i=1""k
(5.106)

where % = le U 7]@ U T2j for ¢ = 1, 2. By the anisotropic minimality of segments, we deduce
that
2

Z/M ¢p(vy) dH' > 2/ or(er) dH . (5.107)
i=1 7k . Cj
By (3.15)), (5.106) and (5.107)), we conclude that
S1(Ak, S, 1, ) = 2/ or(e1) dH' — 4cpd'. (5.108)
Cj

Step 2. Let k > k2, and j € J be such that H'(I'fs(Ak, Sh, i) NS?) > 0. By reasoning
as in the proof of Lemma |5.8[ to reach (5.62)) we obtain

S1 (A Spres §7) > 2 / dr(er) dH! — 9ed. (5.109)
G

More precisely, we reach (5.109) by noticing that v7, = e; and by following the proof of
Step 2 (from after equatio) and of Step 3 of Lemma [5.8 with the only difference that
we replace the reference to Step 1 of Lemma [5.8 with the reference to Step 1 of the current
lemma, and the extra term appearing in with

S [ Bor +o)ea) ar

i=1,2

Step 3. Fix k > k2, and let j € J. By (5.108) if HY(I'y N'S7) = 0 and by (5.109) if
HY (T2 N S7) > 0 we obtain that

SL(Ak, Shk,Kk7 SJ) > 2/ (bF(el) dHl — 962(5’. (5.110)
Gj

Therefore, the same reasoning of Step 3 of Lemma [5.11] yields that

Sr(Ak, Shy k1., Q) = SL(Ag, Shy, k. R) > 2/ _ ¢p(er) dH' — (35my + 56)cad’
TNR
(5.111)
>2 [  ¢p(er)dH! — (35my + 57)cad,
TnQ
where as a difference with Step 3 of Lemma [.II] we added and subtracted
2fT AT ¢r(e1) dH! in the last inequality. Finally, (5.102)) follows from choosing ks := k2,
0
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and &' = m for 0 € (0, min{(35m1 + 57)cz,1}) in (5.111). This completes the
proof. O

We are now in the position to prove that the surface energy S is lower semicontinuous in
Bm with respect to the 75-convergence.

Theorem 5.13 (Lower semicontinuity of S). Let (Ax, Sh, i, )ken C Bm and (A, Sp k) € Bm
such that (Ag, Sh, K,.) 5, (A, Shi) as k — oo. Then,

S(A, Spx) < liminf S(Ay, She i) (5.112)

Proof. Without loss of generality, we assume that the liminf in the right side of (5.112) is
reached and finite in R. For every k € N we denote Sy, := Sy, k, € AS(Q2) for simplicity and
we define uy as the Radon measure associated to S(Ag, Sk), i.e., the measure uy, given by

pu(B) = k(@ vy, (x)) dH

/BﬂQﬂ(aAku&S’k)

for every Borel set B C R?, where v}, := vy A,uas, and the surface tension 9y, is defined by

or(z,va, (7)) if x € 0% Ay \ 05k
o(x,va, (7)) it v € 0% A N 0* S,
2¢p(x,v4, () if £ € (DA \ 0S) N AD),
20 (x,v4, (2)) if £ € (DA \ 0Sy) N AO),
prs(x, vs, () if o € (9°5) \ 9AK) N AP,
Ui, vie(@)) = 4 20(x, v, (7)) if 2 € (05, N 9AL) NSV, (5.113)
2¢'(x,v4,(x)) if € (0S, NOAL) N A,
¢(x,v4,(2)) if 2 € 08, N 0* A N S,
2pps(, vs, (7)) if 2 € (8S) \ 0A4,) N (S U Sy Al
(or + @) (v, () if 2 € DAL, NI*Sp N AL,
21 (, vg, (z)) if 2 € (85, N9A) NS N Al

Furthermore, we denote by u the Radon measure associated to S(A4, h, K), i.e., the measure
W given by

n(B) 3=/ V(@ voavas), « (¢)) dH'
BNQN(0AUDS i)
for every Borel set B C R?, where 1 is defined analogously to v, in (5.113), but with the

sets Ay and S}, replaced with A and S}, x, respectively.
We observe that by (H1) there exists ¢ := ¢(c2) > 0 such that

1k (R?) = S(Ay, Si) < ¢ (Hl(aAk) + Hl(ask))

and since (Ay, Sk) = (A, Sp.x), we obtain that supy, ju,(R?) < 4o0. It follows that {s,}
is a sequence of bounded Radon measures and hence, owing to the weak® compactness of
Radon measures (see [43, Theorem 4.33]), there exist a not relabeled subsequence {;} and

a Radon measure p such that py, — pg as k — oo. The purpose of this proof is to show the
following inequality in the sense of measures

f1o > pu. (5.114)

Since o and p are non-negative measures and p << H'L (94U S}, k), to obtain (5.114),
it is enough to prove that the surface tension ¢ of u on each subset of AU JS} x on which
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it is uniquely defined, is bounded from above by the Radon-Nikodym derivative of pg with
respect to the H!-measure of the corresponding subset, namely the following 12 inequalities:

d
dH'L (a*ilo\ 9Sh.x) (@) > ¢r(@,va (2)) for H'-ac. o € 0°A\ DSy, (5.115)
d
dHI L (a*gf:}{ NoA) (2) > @(z,v4 (2)) for H'-ae. x € 0* Sy ;¢ NO*A, (5.116)
dpio

(2) = 2¢p(z,va (z))  for H'-ae. x € (DA\ OSh k) N AW,
(5.117)

dHIL ((0A\ 0Sh.x) N AD)

dpio

> 2¢/ for Hl-a.e. A A0)
THIL (04N, 05p) 1 AWy (@) 2 27 @ va(@)) - for Hi-ae. a € (941 9Syx) N AT,

(5.118)

dpio
dH L ((B*S;LK \ 814) n A1)

) (z) > @FS(‘T?VSh,K (z))
for H'- a.e. z € (9" Sp i \ 0A) N AWY (5.119)

dpo

(z) > 2p(z,va (7)) for H'-a.e. z € (OShx NOA)N s ,
dH L ((9Sh,x N DA) N S ) i

1

(5.120)

dpo

> 2¢' for H'-a.e. A) N A
dHIL ((0Sh e N OA) N AO) (z) > 2¢'(z,va (z)) for H -a.e. x € (9Shx NOA) N AT,

(5.121)

d o
(@) > ¢r(z,va (2))
dH L (8Sh,x N AN SL )

for Hl-ae. @ € ASpx NO* AN S\, (5.122)

d o
dH L ((9Shx \ 0A4) N S} N AD)

(z) > 2¢rs(z, VS k (z))
for Hl-ae. @ € (9Shx \ 0A4) NSy N AD, (5.123)

dpio
dH! L ((9Shx \ 0A) N Sy ) N AD)

(z) > 2prs(z, VSh i (z))
1 (0) (1)
for H -a.e. z € (OSh,k \ 0A) N Sy jr N AV, (5.124)

dpo
dH L (8*Sh,K NoAN A(l))

() > (¢r + @) (2, va (2))

for H'-a.e. 2 € 8" Sk NOANAD  (5.125)

and

dpo
dHI L ((9Sh,x N OA) N Sy N AW)

for Hl-a.e. @ € (9Shx NOA) NSy, N AV, (5.126)

(x) > 20 (z, VSh .k (x))
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The rest of the proof is devoted to establish the previous 12 lower-bound estimates. In
order to do that we fix € > 0 small enough and we recall that from the uniform continuity
of pr, s, prg it follows that there exists a . > 0 such that

or(y,€) = ¢r(z0,§) —¢,

©s(y, &) > ps(xo, &) —e, and @rs(y, &) = ¢rs(20,§) —¢e, (5.127)

for every y € Qs.(z0) C Q, 7o € Q and [£| = 1. The proofs of ((5.115)) and (5.119)) are based

on [43, Theorem 20.1], the proofs of

are based on Lemmas .1

5.110), (5.120),

5.121), (b-122), (5.125) and (5.126)

[0}, [5.11] and [5.12] respectively. Finally, the proofs of

(5.118) and (|5.124)) are based on [36, Lemma 4.4], and the proofs of ((5.117)) and (5.123]) are
based on [36, Lemma 4.5] (See Table [1]).

Sets \ Conditions \ Surf. t. \ Assertions
0*A\ 0Sh. i l/AkHl(a*Ak) A ML (0*A) YR [43, Theorem 20.1]
& Spx NO*A R, V(A \Int(Sy,)) 5 Ry o, | @ Lemma [57]
(0A\ 8Sp ) N AL Qi \ A, 5 Q1N The, 20F [36, Lemma 4.5]
(DA\ 98y 1) N AO QinAr, 5 01NThe, 2/ [36, Lemma 4.4]
0*Spi \ 0A vs, H (0" Sy) = vs, «HY (0" Shx) | ¢Fs [43, Theorem 20.1]
—_ K —_
(0Sh,x NOA) N SE) O\ A, > Q1N Toen, 20 Lemma
’ Q1 \ Sk, = Q1N The,
—_ ’C —_—
(0Sh.x NOA) N AO) Qim A, ;) %ﬂ Toer, 2 Lemma [5.10]
Q1N Sy, — Q1N The,
—_ ,C —_
08 N AN SO Q10 A, == Q10 Hog,, o Lemma 1]
’ Q1N Sk, — Q1 NThe,
(0Sh,1 \ 0A) NSy ) VAL | Q1 \ Sk, & Q1N Toe, 2rs | [36, Lemma 4.5]
(0Sh,1 \ 0A) NS NAD | Q1N Sy, & Q1N The, 2rs | [36, Lemma 4.4]
IC
* (1) RVSh,K n Sk" - RVSh,K N HO’Z’Sh,K’
0 SthaAmA K YF + @ Lemma
RVS \ Akn — RVS NTy vs
_ hK — h,K VSh K
(0Sh.x NOA) N 5©) (AW | @115k, —> Q10 Toes, 20p Lemma .12
’ Q1 \ Ak, — Q1 NTpe,

TABLE 1: Sketch of the proof of 7 for Theorem w in the blow-
ups centered at a point of the sets listed in the first column, the corresponding
conditions listed in the second column are proven to hold and the lower bounds
of the localized surface energy are reached with surface tensions given in the third
column by means of the assertions listed in the fourth column. Note that R, for
U = A, S i is defined as R,, := Q1 if vy = e; for i = 1,2, or, otherwise, R, :=
(—cosb,,,cos0,,) Xgz2 (—sinb,,,sinb,, ), where 0,, is the angle formed between

Tb,., and the x-axis.

Proof of . We begin by observing that by the definition of 9* A, the continuity of ¢,
the Borel regularity of y € 0*A — ¢r(y,va(y)) and the Besicovitch Derivation Theorem
(see [28, Theorem 1.153]), the set of points in 0*A \ 0S), k not satisfying the following 3

conditions:

(al) va () exists,

(a2) x is a Lebesgue point of y € 0*A\ 0Sh ik — ¢r(y,va(y)), ie.,

1

lim —/
r—=0 21 JQ,no* A\0S), k

lor(y,va(y)) — er(z,va (2))| dH' (y) = 0,
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dpo . .. .
(a3) (o A\95, ) () exists and it is finite,

is H!-negligible. Therefore, we prove (5.115) for a fixed x € 9*A\ 85}, i satisfying (al)-(a3).
Without loss of generality, we consider x = 0 and v4(0) = e, where we used (al).
By [36, Lemma 3.2-(b)] and 7g-convergence we have that Ay — A and Sy — S in L!(R?)

and hence, D14, X D14 and Dlg, X D1g, hence by the Structure Theorem for sets of
finite perimeter (see [24, Theorem 5.15]), it holds that

va, H (0F Ay) = vaH (0 A). (5.128)

Furthermore, by Remark (3.8])-(i) and again the the 75-convergence we obtain that 9.k LN
0Sh K, from which it follows that for any 7 > 0 there exists k, € N such that 0S5, C S” for
every k > ky, where S := {x € Q : dist(x, dSh k) < 1}

We observe that from the properties of Radon measures there exists a sequence p, ~\, 0
such that Q,, CC Q, 1(0Q,,) =0,

1o(Qp,) = lim (@) (5.129)
and
Ao (0) = lim © (@) (5.130)

dH'L (0*A\ 0Sh k) n—oo  2p,
where we also used (a3) and Besicovitch Derivation Theorem (see, e.g., [28, Theorem 1.153)).
Therefore, by (5.129) we deduce that

po(Qp,) = lim 1x(Q,,) > liminf or(y,va,) dH
P k——+o00 e k—oo Qﬂnma*Ak\ask k (5 131)
> lim int pr(y ) ! > [ i (y, va) dH,
k—oo JQ,,no* Ap\S" Qpr,NO* A\ ST

where in the first inequality we used the non-negativeness of 1, in the second inequality
we used the fact that 95, C S" for every k > k, and in the last inequality, by using the
fact that A, — A in L'(R?) and (5.128)), we apply (see, e.g., [43, Theorem 20.1]). Moreover,

taking 7 — 0 in ((5.131f) we obtain that

to(Qp,) > lim er(y,va) dH' =/ or(y,va) dH' (5.132)
n—0.JQ,,Nnd* A\S" Qp,NO* A\DS), K

by Lebesgue monotone convergence theorem [28, Theorem 1.79]. Finally, by (5.130)) and (a2)
we conclude that

d o . ho(Qp,) L. 1 / )
0) = lim ——= > liminf — ,va)dH
L@ A\ 05m0) )~ 2, 7 RIS, o, o mas . Y
= SOF(O, el).

g

Proof of . By the definition of 0*A and 0*S}, i, by [36, Proposition A.4] (applied
with K taken as first 0A and then 0S5}, k), and by the Besicovitch Derivation Theorem the
set of points x € 9*A N 0% 5}, k not satisfying the following 3 conditions:

(bl) va (x), VS x (x) exist and, either vy (x) = e (z) or va (z) = —VSp x (x),

(b2) for every open rectangle R containing x with sides parallel or perpendicular to eq
we have that RN 9o, ,(A) K Rn Tyva(z) and RN 00y (Sh i) LNy e Tya(z) 88
p — 0, where T, ,,, () is the approximate tangent line at z of A (or of 95 k),

dug . o . .
(b3) (@ S e A) (x) exists and it is finite,
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is H!-negligible. Therefore, we prove for any fixed x € 0*A N 0*Sy, k satisfying
(b1)-(b3). Without loss of generality we assume that = 0 and we denote Ty = Tj ,, (0)-
Furthermore, by using (bl) we choose in (b2) the rectangle R,, = @ if v4(0) = e; for
i=1,2,or R,, := (—cosb,,,cos6,,) xg2 (—sinb,,,sinb,,), where 6,, is the angle formed
between the tangent line 7Ty and the x;-axis, otherwise. For any p > 0, we write R, := pR, ,.

In view of the definition of R, , and again by using also the Besicovitch Derivation The-
orem (see |28, Theorem 1.153]) there exists a subsequence p,, \, 0 such that

Ho(0Rp,) =0, lim uk(Rp,) = po(Rp,) (5.133)

and

djio . po(Ry,)
0) = lim —F2~, 5.134
THIL @Sy nord) ) = =, (51349
‘We now claim that

sdist(-, 0o, (A)) — sdist(-,0Hp) and sdist(-, 00, (Sh,x)) — sdist(-,0Hy) (5.135)

uniformly in R,, as n — oo, where Hy is the half space centered in 0 with respect to the
vector v4. To prove the claim we can for example observe that by [36, Proposition A.4] we

have (not only (b2), but also) that @, N 9o, ,(A) K, Q-NT, and Q,N 80, (Shk) LR
Q-NT, asp— 0 for any square Q, such that R,, C @, and hence, by Proposition
(c) applied to @, sdist(-,do,, (A)) — sdist(-,0Hy) and sdist(-, do,, (Sp, k)) — sdist(-, 0Ho)
uniformly in Q, D R,,.

Furthermore, from the 7z-convergence it follows that
sdist (-, 0Ay) — sdist(-,0A4) and sdist(:,0S)) — sdist(-, 0S5}, k) (5.136)

uniformly in R, , as k — oo and hence, by (5.135)) and (5.136]), a standard diagonalization
argument yields that there exists a subsequence {(Ax,,, hi, , Kk, )} such that

sdist(-, 0o, (Ag,)) — sdist(-,0Hy), sdist(-, 00, (Sk,)) — sdist(-,0Hy) (5.137)
uniformly in R,, as n — oo and by (5.133) such that
pk, (Ry,) < po(Ry,,) + P, (5.138)

for every n € N. We also observe that

dpg ' N (T{p)
>1 Hen \Tlpn )
dH'L (0*Sp,x NO*A) © P 2pn
H (R NoA L
> 1 lim sup (£, ko) + H (R, NOSk, \ 0A,)

n—o0 2pn

)

(5.139)

where in the first inequality we used (4.1)-(4.5)), as Ay, and Sk, are sets of finite perimeter,
and (3.15) while in the second inequality we used (5.134) and ([5.138).

Now, we claim that

We proceed by contradiction, let z, € Ry, No,, (A, )\ Int(o,, (Sk,)) such that z,, — 2 and
assume that z € Int(R,, N Hy) or z € R,, \ Ho. In the first case, there exists ¢ > 0 such
that sdist(z,0Hp) = —e. By we observe that sdist(z,do,, (Sk,)) — —e uniformly
in R,, as n — oo. Furthermore, for n large enough, z, € B./(z) and it follows that
sdist(xy,, 0o, (Sk,)) is negative. Therefore, for n large enough, x, € Int(o,,(Sk,))) which
is an absurd. Analogously if z € R,, \ Hy we have that sdist(z, 0Ho) = ¢ and by (5.137),
sdist(x, 0o, (Ak,)) — € uniformly in R, , as n — oo, similarly as before, we can conclude,
for n large enough, that x,, € R,, \ 0., (A, ), which is an absurd.
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Now, let z € R,,, NTy. By Kuratowski convergence there exists {z,,} C Ry, Ndo,, (Ax,)
such that x, — x. We see that for all n € N, z, € R,, No,,(Ax,) and z, ¢
Int(oy, (Sk,)), if not, there exists n' € N such that x,, € R,, NInt(o, ,(Sk,,)) C
Int(op, ,(Ag,,)), which is an absurd.

Ry, \
C R, N

VA

Since {(Akn’shknaKkn)} C Bm, we know that (Upn(Akn)7S(l/pn)hkn(pn'),apn(Kkn)) €
Bm(0,,(2)). In view of (5.137) and by applying Lemma to
(Upn(Akn)7S(l/pn)hkn(pn'),Upn(Kkn)) and R,,, with ¢a<-) = (pa(o,-) for « = F,S,FS,
and by fixing ¢ € (0,1), there exists n! € N such that for every n > nl,

SL(aﬂn (Akn)7 S(l/pn)hkn(pn~),0pn(Kkn)7 RVA) 2> /T ﬁRigD(O, VTO) dHl —e2 2(:0(0a Z/TO) —¢&.
0 v
! (5.141)

Moreover, by the uniform continuity of the Finsler norm ¢, for o = F,S,FS there exists
n2? > n! such that

> or(0,v4,, (0)) dH'

/an no* Akn \6Skn

0,va4,, (0 dHl
pn (O Ak, \OSk,,) (ASQUA;;)) P e (0))

©(0,v4,, (o)) dH'
pnﬂa Sk no* Ak "

(0" St \ DA, )AL ors(0,vs,,, (0)) dH!
kn kn

2¢(0,v4,, (0)) dH'

05k, N0 A, NS (o + ¢rs)(0,v4,, (0)) dH'
kn kn

20ps(0,vg, (0)) dH?
N(9Sk, \0Ak,,) (S,(CITL)US,(CZ))QASTL) wrs( o (0))

JP— (r +9)(0,v4,, (0)) dH
Tn P

(or + ¢ + ¢rs)(0,vs, (0)) dH*

o
“Jy
.,
/ 2008k, M0, ({0
*J,
o
*Js
.,

8SknmaAkn)mS<0)mA D
—¢ (H (Rp, N 0Ay,) +H' (R, N 0Sk, \ 044,)),
= SL( Ak Sty s B) — & (MR 1 0AL,) + H(R,, 0105y, \ 0Ar,))
(5.142)

for every n > n2, where in the first inequality we used the definition of j,, and in the second

inequality (5.127]), and hence,

pn) > pn (SL(O—pn (Ak")7 S(l/pn)hkn(pn')vo-Pn(Kkn)7RVA))
— & (H'(R,, N 0Ax,) + H'(R,, N OSk, \ DAL,)) (5.143)
> 2p,0(0,v7,) — €pn — € (Hl(RTn NOAy,) +HR,, N ISk, \ 8Akn)> ,

Lok,
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where in the first inequality we used (5.142)) and the properties of the blow up map, and in
the last inequality we used ([5.141)). Finally, we conclude that
dyso ik, (Rp,)
0)>1 f Efn A" 2P0/
THIL (0 S norA) ) 2 iminf = >

g
> 90(07 VTO) - 5

1/ o 1/
i P 1041,) 4 10 (B, 0195, 04,)
n—oo 2pn
€ dpo
2 ¢ dH'L (a*Sh’K No*A)

> ¢(0,vry) = (0),

(5.144)

where in the first inequality we used (5.138]), in the second inequality we used ((5.143|) and
in the last inequality we used (5.139)). By (b3) and taking e — 0%, in the inequality above,

we deduce ((5.116]). O

Proof of (5.117). By the H!-rectifiability of A, by [36, Proposition A.4] (applied with K
taken as dA), and by the Besicovitch Derivation theorem, the set of points z € (0A\JS}, k)N
AWM not satisfying the following 4 conditions:

(cl) 0*(0A,z) =0,(0A,x) =1

(c2) va(z) exists,

(C3> Ql va(x) N 6Up$( ) Ql VA(:L‘ z wa(z) a8 P — 0,
(c4)

dpio :
c4 AL (@05 1)nAD) (x) exists and it is finite,

is H!-negligible. Therefore, we prove for any fixed z € (0A\ 9Sp k)N AW satisfying
(c1)-(c4). Without loss of generality we assume that © = 0 and v4(0) = e, and we use
the notation Ty := Tj, ,(0)- Again by the Besicovitch Derivation Theorem there exists a
subsequence p, “\, 0 such that

#0(0Qp,) =0, T k(@) = 10(@p,) (5.145)

and

dpo . po(@p,)
0) = lim H0=ee)

By (¢3) and applying Proposition (a) to A we have that
sdist(-, 0o, (A)) — —dist(-, Tp) (5.147)

(5.146)

uniformly in Q as n — oo. Furthermore, from the 73-convergence it follows that
sdist (-, 0A) — sdist(-, 0A) (5.148)

uniformly in Q; as k — oo and hence, by 15.147: and (5.148)), a standard diagonalization
argument yields that there exists a subsequence { (A4, , Shkn7 Kkn)} such that

sdist(-, 0oy, (A, )) — —dist(-, Tp). (5.149)
uniformly in Q; as n — oo and, by also using (5.145)), such that
1, (Qp,) < 110(Qp,,) + P, (5.150)
for every n € N. By arguing as in (5.139)), we infer that
LQ, NnoA LQ, A d
n—00 2pn, dH'L (((0A\ 9Sh k) N A)

(5.151)
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By and by applying Lemma we have that Q1 \ o, (A, ) LN Q1NTy as n — 0.
Since the number of connected components of do,, (A, ) lying inside of Q1 does not exceed
myq, by [30, Lemma 4.5] (applied by taking mg, d, ¢ in the notation of [30, Lemma 4.5] as m,
e, and ¢r(0, ), respectively) implies that there exists n! > n. such that for every n > n},

/Q no* (A SOSF (0’ Yoy (Aky) (0)) dHl
1 Opn, kn

+/ 208(0, V5, (4,,)(0)) dH' 5.152
Q1N00p, (A, )N((0pn (Aky ) O U(0p, (Ak,, ) D) pn (An) ( )

>2 |  ¢r(0,e1) dH' — e = 4pp(0,e1) —e.
Q1NTy

In view of Remark (iii) and by 7p-convergence, there exists a ball B, () (0) and n2 > nl
such that Q,, NSk, C By o)(0) NSk, =0 for any n > n?, and thus,

0 =Q,, NOSk, = pn(Q1N 0oy, (Sk,)). (5.153)
Therefore, by (5.152)) and ([5.153]), we obtain that

(e dH?
/C‘?lm(a*o-ﬂn (Akn)\aapn (Skn)) ( on (Akn))

5.154)
+f 2050, v, (1) (0) dH" ¢
Q18701 (A1, )\ py, (Skpy NN(Tpyy (A, ) O U(0p, (Aky, ) D) pn(Akn)

> 4(’01:‘(0, 82) — €.
Furthermore, by (5.127) it follows that there exists n2 > n2 such that

fir, (Qpy) > er(0,va,, ) dH'

/Qpn No* Ak, \0Sk,,

/ 0), 4 (1) 29017 (Oa VAkn) dHl
Qpnﬂ(BAkn\(?Skn)ﬂ(Akn UAkn)

— e (H'(@p. N 0AL,) + H (@, NSk, \ 04y,))

¥F (05 Vo‘,)n (Akn)) dHl

Pn /
< Q1N(9* 0y, (Akn )\ py, Sk )

20r(0, v, ) dH1>
/Ql N800y, (Al )\ py, (S )N(0 7 (AR, ) O U(0pp, (A, ) D) on(Akn)

— & (H'(@p, N0Ax,) + H'(@p, 1055, \ 04y,))
> 4papr(0,e1) = epn — £ (HN(@Q,, NOAy,) + H'(Q,, NSy, \ Ay,)), (5.155)

for every n > n3, where in the first inequality we argued as in (5.142)) (with Q,, instead
of R,,) and we used the non-negativeness of 1, , in the equality we used properties of the

blow up map, and in the second inequality we used (5.154]). Finally, by (5.146]), (5.150) and

(5.155) and by repeating the same arguments of (5.144)), we deduce that

d,u,() 3 3 d,UJO
0) > 20p(0,e1) — = — = 0).
dHlL((aA\ash,K)mAm)( ) 2 2¢e(0,e1) = 3 cr dﬁlL((aA\ash,K)mAﬂ))( )
By (c4) and taking ¢ — 07, in the inequality above, we deduce (5.117)). O

Proof of (5.118). Since ¢’ < pp, we repeat the same arguments of the proof of (5.117)) by
using Proposition[5.3}(b) and [36, Lemma 4.4] instead of Proposition[5.3}(a) and [36, Lemma
4.5], respectively. O
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Proof of (5.119)). We observe that ([5.119) follows from the same arguments used in (5.115|),
which are based on [43, Theorem 20.1], by “interchanging the roles” of Ay, A with Sk, Sp, k.

O

Proof of (5.120)). By the H!-rectifiability of DA and 35Sy, k¢, by [36, Proposition A.4] (applied
with K taken as first 0A and then 0S5}, k), and by the Besicovitch Derivation Theorem the

set of points z € (0Sy,xk NOA) N S,(f}( not satisfying the following 4 conditions:
(f1) 0*(0A,x) = 0,(0A,z) = 0*(0Sh Kk, ) = 0,(0Sh.K,2) = 1,
(f2) va (v), vs, , (v) exist and either v4 (7) = vg, . (z) nor va (z) = —vs, , (7),
~ K ~F——F~ ~ K
(f?’) QI,VA(x) (l‘) N 8Up,z(A) - QI,VA(.’E) (l’) N Tz,uA(m) and QI,VA(:E) (LE) N aa,o,:r(sh,K) -

QI,VA(J:) (l’) N TJ),VA(Q})’

duo . ey . ﬁ .
(f4) dHlL((ash,KmaA)mS,gf}() (z) exists and it is finite.

is H'-negligible. Therefore we prove for any fixed z € (0Sh, Kk NOA)N S,(ng( satisfying
(f1)-(f4). By (f2) and without loss of generality we assume that © = 0 and v4(0) = eq,
and we denote Ty := Tj,, (o). Again by the Besicovitch Derivation Theorem there exists a
subsequence p, \, 0 such that

#0(0Qp,) =0, Tim (@) = 10(Qp,) (5.156)

and p
Ho - (0) = lim 10(Qpn). (5.157)
dH'L ((8Sh,x NOA) NS, 1) n—oo 2pn
By (f3) and applying Proposition (a) to A and Sp g we have that

sdist(-, 0o, (A)) — —dist(-,Tp) and sdist(-, do,, (Sh k) — —sdist(-, Tp) (5.158)

uniformly in Q1 as n — oo. Furthermore, from the 73-convergence it follows that
sdist(-, 0Ay) — sdist(-,0A) and sdist(-,0Sy) — sdist(-, 0Sh k) (5.159)

uniformly in Q7 as k — oo and hence, by (5.158) and (5.159)), a standard diagonalization
argument yields that there exists a subsequence {(Ax,,, h, , Kk, )} such that

sdist(-, 0o, (Ag,)) — —dist(-,Tp) and sdist(-, do,, (Sk,)) — —dist(-, Tp) (5.160)
uniformly in Q; as n — oo and by (5.156]) such that

1 (@) < 10(Qp,) + P, (5.161)
for every n € N. By arguing as in ([5.139)) we deduce that
1o 1o
n—00 2pn dH' L ((OSh,k NOA) N Sh,K)
(5.162)

By (5.160) and by applying Lemma we deduce that
Qi\op, (Ap) S QinTy and Q1 \ o, (Sk) = Qi NTh. (5.163)

Since {(Akmshkn,l(kn)} C B, we know that (Upn(Akn)vS(l/pn)hkn(pn~),t7pn(Kkn)) S

Bm(0p,(2)). By (5.163) and by applying Lemma to (0,, (Ak,)s S(l/pn)hkn (pnA),apn(Kkn))
and Q1, with ¢ (-) = ¢a(0, ) for @ = F,S,FS, there exists n! € N such that for every n > n},

S1(p, (Aky)s S/ pn)hn,, (pn)s0 o (K, ) @1) = 2 - ¢(0,e1) dH' — e > 4p(0,e1) — ¢.
1 0
(5.164)
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By (5.164), by the uniform continuity in ([5.127) and by repeating the same arguments of
5.143)) we obtain that there exists n? > n! such that

11, (@p,) > 40(0,e1) = epn — & (H'(@p, N 0AL,) + H'(@p, N 0Sk, \ 9AL,)),  (5.165)
for every n > n2. By (5.157), (5.161)), (5.165)) and by arguing as in (5.144) we have that

o (0) > 20(0,e1) — - — — g - (0).
dH L ((0Sh,x NOA) N Sy 1) 2 dHY L ((0Sh,x NOA) NS, i)
Finally, by (f4) and taking ¢ — 07, in the inequality above, we reach (5.120]. O

Proof of (5.121]). Since ¢’ < ¢, we repeat the same arguments of the proof of (5.120)) in
view of the fact that 95, x NOAN S’,(l(?}{ NAO = OSh, kN dANAO by employing Proposition

(b) in place of Proposition [p.3}(a) and Lemma in place of Lemma O

Proof of (5.122). In order to obtain ([5.122)) we combine the arguments of the proof of
(5.116]) and the proof of ((5.120]), by using the argumentations of the former with Proposition
(c)

with v4 = ey for the sets A and Ay and their convergence, and the argumentations
of the latter with Proposition (b) for the sets Sj, k and Sy and their convergence, but
employing Lemma [5.11] in place of Lemmas and [5.9] which were used in such previous
proofs. O

Proof of (5.123). We repeat the same arguments of the proof of (5.117)) which are based on
[36l, Lemma 4.5], by “interchanging the roles” of Ay, A with Sg, S k. O

Proof of ((5.124). We repeat the same arguments of the proof of (5.118)) which are based on
[36l, Lemma 4.4], by “interchanging the roles” of Ay, A with S, S k. O

Proof of (5.125)). By the definition of 9*S}, k, by the H!-rectifiability of A, by [36], Proposi-
tion A.4] (applied with K taken as first 0A and then 0S5}, k), and the Besicovitch Derivation
Theorem the set of points x € 0*S), x N AN AW not satisfying the following 4 conditions:

(hl) 6*(0A,x) = 0,(0A,x) =1,

(h2) va (z), vs, x () exist and, either vy (z) = vg, . (¥) or va (z) = —vs, , (T),

(h3) for every open rectangle R containing = with sides parallel or perpendicular to eq
we have that R N do,(A) K Rn Tyva(z) and RN 30y (Sh i) & Rn T,

va(z) 88
p — 0, where T, ,, () is the approximate tangent line at = of 9A (or of OSh k),
dpo . . s .
(h4) T (0" 5y OANAT) (x) exists and it is finite,

is H'-negligible. Therefore, we prove for any fixed x € 0*S) x NOAN AW gsatisfying
(h1)-(h4). Without loss of generality we assume that = 0 and we denote Ty = T} ,, (0)-
Furthermore, by using (h2) we choose in (h3) the rectangle R,, = @ if v4(0) = e; for
i=1,2,or R,, :=(—cosb,,,cos6,,) Xg2 (—sinb,,,sinb,,), where 6,, is the angle formed
between the tangent line Ty and the x1-axis, otherwise. For any p > 0, we write R, := pR, .

In view of the definition of R,, and again by using also the Besicovitch Derivation The-
orem (see [28, Theorem 1.153]) there exists a subsequence p,, \, 0 such that

Ho(0Ry,) =0, lim p(Ry,) = po(Rp, ) (5.166)

and

dpo . po(Rp,)
0) = lim E0ten) 5.167
THTL (0 Sy N 940 AD) ) = =5 (5.167)

We now claim that
sdist(-, 0o, (A)) — —dist(-,Tp) and sdist(-, do,, (Sh k) — sdist(-, 0Hp) (5.168)
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uniformly in R,, as n — oo. To prove the claim we can for example observe that by
[36, Proposition A.4] we have (not only (h3), but also) that Q, N 9o, (A) X, QN

T, and Q,NJ0,.(Sh k) LN Qr-NT, asp— 0 for any square @, such that R,, C Q,
and hence, by Proposition Items (a) and (c), applied to @, sdist(-,00,,(4)) —
—dist(-,7p) and sdist(-, do,, (Shx)) — sdist(-, 0Hp) uniformly in Q, D R,,.

Furthermore, from the 7s-convergence it follows that
sdist(-, 0Ay) — sdist(-,0A4) and sdist(-,0Sk) — sdist(-, 0Sh k) (5.169)

uniformly in R,, as k — oo and hence, by (5.168) and ([5.169), a standard diagonalization
argument yields that there exists a subsequence {(Ax,, , b, , Kk, )} such that

sdist(-, 0o, (Ag,)) — —dist(-,Tp) and sdist(-,do,, (Sk,)) — sdist(-, 0Ho) (5.170)
uniformly in R,, as n — oo and by (5.166)) such that

pk, (Rp,) < po(Ry,,) + P, (5.171)
for any n € N. By (.166), (5.171) and arguing as in ([5.140)) we infer that
YR, NoA YR, A d
i sup - Fon 0 0Ak,) + 1 (Rp, 005k, \ 0Ar,) ! 1o (0).
n—o00 20n dH (8*8;17;( NIAN A(l))
(5.172)

By applying Lemma we have that Ry, \ 0,, (4, ) LR Ty and in view of Remark
(i) we have that R,, N do,,(Sk,) X, Tp. Since {(Akn,Shkankn)} C Bm, we know that
(Tpn (Akp)s S(1/pn)hr, (pn)s00m (Kiy)) € Bml(0p,(22)). By applying Lemma with ¢ (-) =
©a(0,-) for a = F,S,FS and § = ¢, there exists n! € N such that for every n > n!

€

Si(0,. (Ar.), S, o , Ry >/ 0,v + (0, v )dH — ¢
(000 (Akn)s Sy, (S0 (K)o Fla) RVAHTOQOF( n)) + (0 vn) (5.173)

= 2(901'7‘(07 VTO) + 90(07 VTo)) —¢&.

By definition of ug, the non-negativeness of pr, p and pgs, (5.127)), (5.173) and arguing as
in (5.143)) we deduce that

(@) > 200(0,0)+ 9(0, )~ — (HA(@pr 11 0Ax,) + HL @y (10, \ DAL,
(5.174)
for every n > n.. By (5.167)), (5.171)), (5.174) and by arguing as in ([5.144]) we have that

dpo
dH' L (0AN9*S N AW)

(0) > SOF(OvyTo) + QO(O,VTO) -

Do ™

d
et 1o (

0
dH L ((9Sh,x N OA) N S))

Finally, by (h4) and by taking ¢ — 0" in the inequality above, we deduce (5.123)). O

Proof of (5.126)). We repeat the arguments of ((5.120) by using Proposition (a) for the
sets A and Ay, and Proposition (b) for the sets Sj, x and Sy, and by replacing Lemma

with Lemma [5.12 O
O

We are finally in position to prove Theorem [3.12
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Proof of Theorem [3.13. Without loss of generality, we assume that the liminf in the right
side of (3.22)) is reached and finite in R. From Theorem it follows that

S(A, Spx) < liminf S(Ay, She,xc,). (5.175)

In view of the definition of F, in order to reach the assertion, it suffices to establish the
lower semicontinuity of W, to which the rest of the proof is devoted.

Let D CC Int(A), by the fact that Int(Ag) LR Int(A), we deduce that D CC Int(Ag)
for k large enough. As ux — u a.e. in Int(A), then, uy — wu a.e. in D. Furthermore, since
e(ug) are bounded in the L?(D) norm, we have that e(ug) — e(u) in L?(D). By convexity
of W(D, ) we obtain that

W(D,u) < Ik}m inf W(D, ug) < lkim-si-an(Ak’ Uk).

— 400

To conclude it is now enough to let D " Int(A). O

6. EXISTENCE

In view of Theorems and [3.12] we are in position to prove Theorem [3.10]by employing
the direct method of the calculus of variations.

Proof of Theorem[3.10 Fix m € N and let {(Ag, Sh, k,,ur)} C Cm be a minimizing se-
quence of F such that £2(Ay) = vi, £L%(Sh, k,) = Vo, and

sup F (Ag, Shy, i, » Uk) < 00.
keN

By Theorem there exist a subsequence {(Akl,SthKkl,ukl)}, a sequence

{(AZ’Shklf{kl’vl)} C Cm, and (A4, Sy i, u) € Cm such that (Al’Shklf{kl’vl) % (A, Shre, )
as | — oo and
lim inf F(A,, Sty V1) = 0 i F (A, Sh k) (6.1)
By Theorem [3.12, we have that
f(A, Sth,u) < hﬁigff(gl’shklﬁkl’vl)' (6.2)

We claim that {(A;, Shk ,I?kl’vl)} and (A, Sp i, u) satisfy the volume constraints of (3.18).

Indeed, by Theorem for any [ > 1, vi = L% (Ag,) = L£2(A4;) and vy = ﬁQ(SthKkZ) =

£2(8, &), where S, = € AS(Q). Thanks to the fact that (A;, Sh, k) = (A, Sy k) as

| — oo, by applying [36, Lemma 3.2] we infer that A — Ain L'(R?) as | — oo, and thus
L%(A) = v1, and, similarly, we deduce that £?(Sy, k) = vo. Finally, from (6.1)) and (6.2)) we
deduce that

inf F(A, Spxc,u) = Jim F(A;, S

~ Ly
(A,Sh, i, 4)E€Cm, L2(A)=v1, L2(Sh, K )=V0 hey Ky )

> hlrﬂé?ff (Al, Shkl Ky vl>

> F(A, Shi,u)
and hence, (A, S, k,u) is a solution of the minimum problem (3.18). By observing that (6.1])
and (6.2)) hold true also by replacing F with F* for A := (Ao, A1), with Ao, A > 0, we deduce

that also the unconstrained minimum problem (3.19)) can be solved by employing the same
method. This concludes the proof. O
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