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ABSTRACT. We prove the general version of point-to-point constructive con-
trollability results for control affine systems on compact manifolds with drift
under nonholonomic constraints on controls. Namely, we find the sufficient
(and almost necessary) conditions when arbitrarily small controls satisfying
such constraints can be found to steer the ODE from one given state to an-
other. This result provides controllability for systems having invariant mea-
sures supported on the whole phase space and being finite (for example, for
divergence-free drifts) or, more generally, for nonwandering flows.

1. INTRODUCTION
Consider the ODE over a C? — smooth (p € N|J{oo}) closed manifold M
(1.1) & =V(x),

where V' is a given sufficiently smooth vector field on M. We assume that M
is a Riemannian manifold with the norm in each tangent space T.M at z € M
denoted by | - |.. Recall some classical definitions.

Definition 1.1. Let € > 0, T' > 0. We say that a continuous function & :
[O,T] — M with a piecewise continuous derivative £ is an € — solution of (1.1)
if 1€(t) — V(&(1))|ew) < € for all t where the derivative exists.

Definition 1.2. The ODE (1.1) is called controllable by arbitrary small controls
or chain transitive, if for every couple of points xg,x1 € M and every ¢ > 0
there exists a T > 1 and an ¢ — solution & : [0,T] — M such that £(0) = x¢ and

§(T) =21

Of course, such a property implies that the manifold M is connected. On
the other hand, for flows on connected manifolds, controllability is equivalent to
chain recurrence. Finally, controllability implies that for any ¢ > 0 an any points
xg,x1 € M there exists a T' > 1, and a control function u(t,x) such that u(¢,x)
is € — small, i.e. [Julloo 1= sup,ep SuPsep 7 [u(t, 2)|. < € and there is a solution of
system @ = V' (z) 4+ u(t, z) such that z(0) = xg, z(T) = 2.

Key words and phrases. global controllability, control affine system, nonholonomic control,
Hormander condition.
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In this paper, we consider the classical problem of controllability of (1.1) under
nonholonomic constraints. Namely, given the distribution of planes provided by
a finite number of smooth vector fields X; j = 1,..., m (which do not necessarily
form a basis of T, M at any point x), we prove the existence of a sufficiently
small control steering the state variable from one given point to another. In
other words, the control problem becomes, given xqg € M and x; € M, to find
u;: [0,7] = R, j =1,...,m such that the boundary value problem

i= V(@) +u ()X (@) + ...+ () X (2(2)),

(1.2) 2(0) = zo, x(T) =

is solvable while
(1.3) u(t,z) == uy () X1 (z(t)) + .. 4 U () Xon (2(2))

is € — small.

1.0.1. Background. In the driftless case V = 0 the controllability result is given
by the Chow-Rashevskii theorem [4, 8], see also [6]. Namely, in this case, the
control problem (1.2) is solvable when the vector fields X;, j = 1,...,m sat-
isfy Hormander (also called Lie bracket generating) condition, which means that
the distribution of planes given by the Lie algebra generated by all X in every
x € M is the full tangent space T, M. In other words, the rank of this distri-
bution at every point is equal to the dimension of M (see Section 3 for precise
definition). When the vector fields X are real analytic, this is also necessary for
nonholonomic controllability by the Nagano-Sussmann theorem (also known as
Orbit Theorem) [9], see also [10].

For the case V' # 0, the situation is much more subtle. If the distribution of
planes generated by all X; spans the whole tangent space T, M for every x € M,
controllability is provided when all the points of M are chain recurrent for the
flow generated by V, see [2]. In particular, this is true if V' is divergence-free (see
Theorem 4.2.7 in [1] where it is formulated for real analytic vector fields).

In the presence of nonholonomic constraints, the natural requirement is that of
Hormander condition for the vector fields V', X, ..., X,,. In general, this is not
sufficient for controllability. However, this requirement is sufficient in the case
when the flow, generated by V', is recurrent [3].

1.0.2. Our contribution. In this paper, we prove a general sufficient condition
on nonholonomic controllability of (1.1). In a sense, this condition is almost
necessary once the drift V' and vector fields X; are sufficiently smooth. Namely,
in this case, controllability is guaranteed if vector fields V, Xi,...,X,, satisfy
the Hormander condition, and (1.1) is controllable by arbitrarily small controls
(without any nonholonomic constraints). Moreover, in this case, the controls u;
can be chosen so that u = u(t, z) given by (1.3) be as small as desired. This gives
an equivalence of controllability by arbitrarily small controls in holonomic and
nonholonomic settings once V', X,..., X, satisfy Hormander condition.
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The main obstacle for our proofs is the fact, that one cannot a priori direct
the system infinitesimally in the direction opposite the drift. Therefore, in the
classical results cited above, some conditions on the drift are used, mainly the re-
currence property. By contrast, in our paper, we only assume the controllability
of the system with arbitrarily small controls without any nonholonomic con-
straints, which is, of course, necessary for nonholonomic controllability. Finally,
mention that all our results are constructive. Namely, we provide an algorithm
to convert an arbitrary control to a nonholonomic one. Similar results may also
be obtained for flows on non-compact (including Euclidean spaces) in some as-
sumptions on the considered vector fields. This work, requiring much technical
efforts, is postponed to further papers.

2. NOTATION AND PRELIMINARIES

With a slight abuse of notation, we write a vector field X over M as X: M —
TM with T'M standing for the tangent bundle of M, meaning that X (z) € T,M
for every z € M. By C*(M,TM) we denote the set of all X: M — TM with
all derivatives up to the order k& continuous (resp. all derivatives continuous, if
k = oo). Denote ¢} (y) := w(t), where z(-) is a solution of the system (1.1)
satisfying x(0) = y. Similarly, we define flows for other systems.

For any metric space M, we denote by B,(z) the open ball centered at z € M
with radius p > 0, and for £ C M its closure is denoted by E. Along with the
notation presented in Introduction, we also denote by |- | the Euclidean norm in
a finite-dimensional Euclidean space R™, and by || - ||oc the supremum norm for
real-valued functions defined over an interval. Given real numbers a and b, we
denote their minimum by a A b.

The matrix norm ||-|| for real n xn matrices will always be chosen to correspond
to the Euclidean norm |-| in R". By e;, we denote the j-th unit coordinate vector
in R"™. Given a Lipschitz continuous function/vector field F' we denote by Lip F
its Lipschitz constant. Finally, we use the notion id,, for the unit matrix n x n.

3. HORMANDER CONDITIONS

Let X;: M — TM, j =0,...,m be vector fields over a smooth manifold M.
We consider the set X, of all X; and all their Lie brackets of orders < p (if the
vector fields are smooth enough so that the respective brackets be defined), i.e.

X, = {Xo, ... Xo} U (X0 XjJU | X XL XU
i,j=0 i,5,k=0

For an Y € X,, we inductively define the mazimum order of Lie brackets forming
Y (frequently abbreviated as the order of Lie brackets, or just order, if there is
no possibility of confusion) as follows:

(i) it is zero when Y = X for some j,
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(ii) if Y = [U,V] for some {U,V} C X,, then the maximum order of Lie
bracket of this particular representation of Y is maximum between the
orders of U and V plus one, and the maximum order of Lie brackets of Y’
is minimum among all the orders of possible representations.

We denote then by X the set of all X; and all their Lie brackets up to the
maximum order £ € N, so that X, = UpX;. For instance, if dim M = 3, and
Xy, X5 is a pair of vector fields over M generating noninvolutive distribution of

planes, then the orders of X; and X, are zero, and the order of [X;, X5] is one,
and hence Xy = { X1, Xo}, X1 = {[X1, X5}

Definition 3.1. The vector fields X;: M — TM, 5 =0,...,m satisfy Horman-
der condition, if X; € CP(M,TM) for all j =0,...,m and

span{Y (z): Y € X} = T, M.

Remark 3.2. Observe that for a compact manifold, the Hormander condition
implies that even for p = oo a finite number of vector fields Y is enough to span
spaces T, M for all x € M.

Ezample 3.3. Let M := (R/Z)? be the three-dimensional torus. Assume 0 <
Ry < Ry < R3 < Ry < R; < 0.5, and let 745 stand for a smooth function such
that nus(z) = 1 for © € Bpg,(0), ms(z) = 0 for @ & Bp(0) and |nas(z)| < 1
for all x € M. Consider the vector fields Xi(x) := (e; + zae3)nus(z), Xo(z) =
(eo — w1e3)mus(z). Let 112 be a C*° smooth function such that no(x) = 1 if
x € Bg,(0), ma(x) = 0 for € Bg,(0) and |no(x)] < 1 for all z € M, and
consider the vector fields

Xs(x) = er(l —ma(x)),  Xu(x) :=e2(l —mua(2)), Xs(x) := es(1 —ma(2)).
We have then that the vector fields X, Xo, X3, Xy, X5 satisfy Hormander condi-
tion. In fact, let R := min{Ry — R3, R3 — R2}. Then for every z € Bg,(0) one
has Br(z) C Bg,(0) and the 3 x 3 matrix Y1(z) := (X1(2), X2(2), [X1, X2](2))
is non-degenerate for any z. On the other hand, for every y ¢ Bg,(0) one has
Br(y) C Qq := M \ Bg,(0) and the 3 x 3 matrix Yo(2) := (X3(2), Xa(2), X5(2))
is an identity matrix for all z € Bg,(0).

4. TECHNICAL TOOLS
Our principal tool is the following statement proven in Appendix A.

Lemma 4.1. There is an €9 > 0 such that for every Y € X there exist an
a=aY)e(0,1,l=1Y)eN, ¢;=c¢j(Y) >0, j=1,...,1, and vector fields
{Z,,....2,,Z;,....Z]} C{O} NV +X,;,V —X;:j=1,....,m} for which the
function A: (=&, &0) X R" — R" defined by

Zl Zl o 1% >
(41) A(&‘ ,I) = ” <(1061€a o . .élo gpclea)(x) SOZ] e (CL'), g = O’
(80_1Cl|€|” O0...0 SD_lClls‘a)(x) - SOYZJ leela(x), e < O,
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satisfies
Al(e, w)]e=0 = V().
Under conditions of Lemma 4.1 we denote

k
o) = 2am G €20,
T Sl e <o,

j=1

and

((pCZlEaO,,,ogchlga)(x), 5207
'QD(Y, 5) I‘) = Zi ! A !
( (Sp—cﬂe\a 0...0 Qp—lcl\s\a)(x)v e < 0.

With these notations, we prove the key statement of this section.
Lemma 4.2. Let 2 C R™ be an open set. The following assertions hold.
(i) If V(z) # 0, and for some t > 0 and x € Q the vector fields

{Y17' .- aYn—l} C xk

are such that the vectors Y1(z), ..., Y,_1(2), Ya(2) with Y, (z) := V(2) form
a basis of T,Q =R" for z := ¢} (z), then denoting

@(50,51, ey En—1, Z) =

((Ya1,en1) 00 (Vi 61) 0 0¥ s
one has that ® is continuous in the neighborhood of zero
{(€0y .- 6n—1) ER": |(g0,...,6n-1)| <t, P(c0,...,En1,2) € N},
and det <I>’(EO 77777 an71)<0’ .,0,2) #0.

(ii) If V(z) = 0 and the vector fields {Y1,...,Y,} C Xy are such that the
vectors Yi(x),..., Y, (x) form a basis of T,2, then denoting

(4.3) P(ey,....en,2):= (W(Yp,en)0...00(Y,e1)0 SOYZLNY,-(&'))@) —,
one has that ® is a continuous map in a neighborhood of zero,
{(e1,...,en) €ER": |(g0y...,6n-1)| < t,P(ey,...,en,2) € Q},
(mddetCD'( 0,...,0,z) #0.

4.2
2 o)) - =

BAC

€0yee+s En—l)(

Proof. Given the set of vector fields {Y;}, the continuity of the map @ is obvious.
Clearly, ¢ (Y}, 0) is the identity map. So, if all £; = 0 except for j =i # 0, one
has ®(0,...,0,&;,0,...,0,2) = ¥(Y;, &) o go‘_/TY‘(Ei)(z) — 2. But from Lemma 4.1

with Y; in place of Y, &; in place of ¢ and ﬂm (gi)(z) in place of = we get

(Vi) 0 Yy (0 (2) = Yy () + &85 (Y () + o)
= 2+ ei(Yil2) +o(1)) + o(es) = 2+ eYi(2) + ofe:)
as ¢; — 0 so that
(4.4) ®L(0,...,0,2) = Y;(2).
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On the other hand, ®(g¢,0,...,0,2) = 4,0;/0 (z) — z, so that
(4.5) . (0,...,0,2) =V(2).

It is known that the existence of derivatives in the direction of the basis vectors
does not imply the existence of the full derivative at zero (see the map (z,y) —
T +y + /Ty as an appropriate counterexample). This is why we need Lemma
4.3, formulated several lines below and proven in Appendix B.

Then relationships (4.4) and (4.5) imply that the corresponding Jacobi matrices
are non-degenerate. O

Lemma 4.3. Both mappings, defined by the formulae (4.2) and (4.3) have a de-
rivative at zero with respect to n-tuples of variables (gq, . ..,e,-1) and (€1,...,€p)
respectively.

To finish our proofs we need a technical statement, proven in Appendix C.

Lemma 4.4. Let U be a neighbourhood of zero in R™, N be a compact metric
space, and a function ® : U x N +— R"™ be continuous and let there exist an
invertible Jacobi matriz A(x) = ®(0,z) that is a continuous function of w.
Then for any o > 0 there exists a 6 > 0 such that for any x € M the following
inclusion holds:

B5(0) € (B, (0), 2).

Now we go back to our problem of local controllability for the flow on the
manifold M. We let R(zo, L) stand for the set of points attainable from the
given point xy € M by using controls bounded in the uniform norm by L > 0
and prove the following statement.

Lemma 4.5. Let M be a compact Riemannian manifold and vector fields
V. Xy, ..., X

satisfy the Hormander condition. Then for any 6 > 0 there is a p > 0 such that
for any point x and z of M satisfying z = o} (x) with t > & all the points in
the p-neighborhood of z are attainable from the initial point x with the help of
piecewise constant controls u;: [0,T] — {—1,0,1}, j = 1,...,m. In particular,
B,(z) C R(z,1) (see Fig. 1). In the case V(z) =0 one has B,(z) C R(x,1).

Proof. Taking a chart (¢,U) on M with U C M being an open subset and
v U — Q C R", we can transfer the vector fields and the respective flows to
). Now we can prove the existence of p as claimed in Lemma 4.5 but possibly
depending on z. Here we apply Lemma 4.4 to the function ®(-,-) acting from
By(0)x M to 2. The existence of p independent on z follows from the compactness
of M and the fact that the radius of the ball attainable from a point z is a
continuous function of z. U
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FIGURE 1. Local controllability.

5. CONTROLLABULITY

Theorem 5.1. Let M be a compact Riemannian manifold with dim M = n.
Suppose that

(i) the vector fields V', X1, ..., Xy, satisfy Hormander condition and
(i) the problem (1.1) be controllable by arbitrary small controls.

Then for any given {xo,z1} C M and o > 0 there is a T > 0 and u;: [0,T] —
{0,0}, 7 =1,...,m with the above properties, so that in particular R(zy,0) = M
for arbitrarily small o > 0 and every vy € M, and hence, for every e > 0 one
can take o to be so small that ||u|l < &, where u is defined by (1.3).

Proof. First of all, we formulate a simple statement that follows from Picard’s
approximations method [5, Chapter IL,§1].

Lemma 5.2. Let z(-) € R", y(-) € R™ satisfy & = V(x), y = V(y) + v(t),
2(0) = y(0) = 2z for some z € R™. Then |z(t) — y(t)| < ||v||oo(e"PV? — 1)/LipV..

Now fix a § € (0, diam M /4||V||ooc A7/2||V||c0). By Lemma 4.5 thereisa p > 0
such that for every z € M and for every x € M satisfying z = ¢} (z) with ¢t > ¢
one has that all the points in the p-neighborhood of z are attainable from the
initial point = with the help of piecewise constant controls u;: [0,7] — {—1,0,1},
j=1,...,m, so that in particular B,(z) C R(z,1),with p > 0 independent on .

Let £ € (0,[|V]|eo A pe~@LdiamM/2[Vlic) = By the chain transitivity of system
(1.1), there is a continuous piecewise smooth curve Z: [0,7] — M satisfying

T =V(&@t) +ut,z(t), #0)=x, i(T)=uzx,

with 7' > 1 for some u € [0,7] x M — TM with |u(t, )|z4) < e.

Let N € NN(T'/26,T/d] (the latter intersection is nonempty because T' > 24),
ie. & <T/N <25. Now, for each j =0,..., N — 1 setting z; := oy (Z(jT/N)),
we get B,(z;) C R(Z(jT/N),1) with piecewise constant controls taking only
values 0 or ==1. On the other hand, the inequalities
(5.1) IVIIT/N < 20|V <,

(52) IV e + )TN < 26(|V ]l +2) < 48[Vl < 7,
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imply both z; € B,(z(jT/N)) and Z((j +1)T/N) € B.(z(jT/N)). Therefore, by
Lemma 5.2 applied with ¢,V instead of V| ¥,u instead of v, z := ¥(Z(jT/N))
and t :=T/N, we get

[0(2)) = w(@((j + DT/N))| < Cee™ N < Cee®™™ < Cp,

and hence z((j + 1)T/N) € B,(z;). Lemma 4.5 implies z((j + 1)T/N) €
R(z(jT/N),1), and by induction on j we get therefore z(7T') € R(z(0),1), that
is, 1 € R(xp, 1) with piecewise constant controls taking only values 0 or +1.

eX;/mD for all j =1,...,m. The vector fields X still satisfy Hormander con-
dition. Therefore there exist a T' > 0 and piecewise constant control functions
@; : [0, 7] — {—1,0,1} such that the boundary value problem

T=V(x)+ &1(15)5(1(3:(16)) +...+ ﬂm(t)Xm(x(t)), z(0) =x9, «(T)=x

be solvable. It suffices to set then u; := et;/mD, j =1,...,m, to see that (1.2)
is solvable with u is defined by (1.3) satisfying ||u|l < e. O

The following corollary is valid.

Corollary 5.3. Let M be a C* smooth compact closed manifold, and C*° smooth
vector fields V and X;, 7 =1,...,m are such that V, Xy, ..., X,, satisfy Horman-
der condition. The following conditions are sufficient for the ODE (1.1) to be
controllable by arbitrarily small controls belonging to the distribution of planes
defined by the vector fields Xy...., X,:

(i) V' has a finite invariant measure p (that is divuV = 0 in the sense of
distributions) with supp u = M. In particular, this is true if divV =0
or if periodic points of (1.1) are dense in M.

(i1) All points of M are nonwandering for (1.1).

Proof. If V has a finite invariant measure pu, then by Poincaré recurrence theorem
p-a.e. and hence all z € supp p is a nonwandering point for the flow ¢}, and
hence if supp p = M, then every X € M is nonwandering for (1.1), which means
that (i) follows from (ii). To prove (ii) note that if {xg,z1} C M belongs to the
set of nonwandering points for (1.1), then by proposition 3.3 of [7] for every € > 0
there is a 7" > 0 and a control function u € L*((0,T); TM) with |u(t, z)|s@) < €
for all t € (0,T") such that the problem (1.2) admits a solution. Thus, under the
conditions of (ii) he problem (1.1) is controllable by arbitrary small controls, and
it suffices to refer now to Theorem 5.1 recalling that all he vector fields V' and
X, j=1,...,m and their derivatives are continuous. 0

Remark 5.4. The above corollary is clearly valid if the manifold M, and the vector
fields V and X, j = 1,...,m be a C* rather than C* smooth with k > 2 such
that span{Y (z): Y € Xy} = T, M for all x € M.
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APPENDIX A. PROOF OF LEMMA 4.1

In this section, we demonstrate how one can shift solutions of system (1.1) in
prescribed directions of the set X by adding appropriate perturbations to system
(1.1). To this aim, fix the vector field Y (x) from the statement of the Lemma.

Given a Lipschitz continuous concerning the second argument vector field
Ul(t,-), consider the system

t=V(x)+ Ut x), r eR"

and compare its solution o, Y (x) satisfying initial condition x(0) = x, with the
solution ¢} (xg) of system (1.1) satisfying the same initial condition. Recall that

A (z0) = o TV (o) — ¢} (20).

Proof of Lemma 4.1. First of all, recall a simple estimate:

(A1) /f F(e/2)e + O(H)

for any C? — smooth function f : R — R™. One can obtain this estimate by
writing down the Taylor series for f in £/2.

We prove Lemma 4.1 by induction by the maximum order of Y (see the begin-
ning of Section 3).

For any k € Nand any Y € X, we set 7y (¢) = 7 = 25(1-2"M 227" 1y particular,
7o = € and Ty = 4/27;, for any k € ZT.
Step 1 (the simplest case). For any Y € Xy. For Y = V| the statement is
trivial. Let Y € {Xy,..., Xi}, consider the system & = V(z) + Y (z). Here we
set Z1 =Y, c; =1, a =1 so that A(e, z9) = AY (z0). By Lemma 5.2,

A (20)| < |IY [loc(exp(Lip V) — 1)/Lip V

where Lip V' is the Lipschitz constant for the vector field V. Therefore, there
exists a positive constant C' such that

(A.2) |AL (w0)| < Cel[Y oo
for any e sufficiently small. Now, proceed to more precise estimates. Clearly,
Y (x9) = mo+ [5 V(g (o)) dt  and
p! M (wo) = wo+ fg (Ve (20)) + V(i ™ (20))) dt.
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Consequently, using the estimate (A.2), we obtain

AY (o) fY VY (20)) dt + f (V@Y (o) = V(@Y (20))) dt =
[Y (e (@) di+ [ (DV (@ o)A (mo) + O(AY (x0)?) dt =
€Y(.T0) + O( ) as ¢ —0.

Step 2 (base of induction). In order to shift a solution in the directions of
Lie brackets like [X;, V] or [X;, X;], we derive the analog of the famous Trotter
formula. Consider two vector fields Y;,Ys € Xy. We introduce a scheme that
provides a shift of the solution in the direction close to [Y7,Ys]. Consider the
vector field which depends on ¢ (here 6 > 0 will be specified later):

Y'l(x)’ if te [O,(S),

) Ya(a), if € [9,29),
U(t,z,0) := “Vi(2), if  te[24,30),
—Ys(z), if € [30,40).

This situation corresponds to the upper (solid lines) contour of Figure 2 below.
Now consider the respective ODE
t=V(x)+ Ut z,0)
on the time segment [0, 40] and the corresponding solution ¢,
condition z(0) = x¢. Similarly to (A.2), we obtain
(A.3) sup A (wo)| = O(9), sup |y " (z0) — wo| = O(9).

te[0,46] te[0,44)

VY (1) with initial

Using formulas

46
pi(20) = wo+ [ (Vg™ (20)) + U(t, 0 ™ (20)),0) dt,
(A.4) 0

16
o1s(ro) = o+ [ V(e (20))dt,
0

we deduce that

i (o) + O(32), it ¢ € [0,4],
(A5) AU (2y) = 8Y1(zo) + (t — 6)Ya(wo) + O(6?), %f t € [0,20],
(36 — t)Y1(mo) + 0Ya(mo) + O(6?), if t € [26,30],
(46 — t)Ya(z0) + O(6?), if ¢ € [30,40].
Now, we proceed to more precise estimates. Equation (A.4) implies
Afs(zo) = @15 (20) — @ls(w0) =

(A.6) "

46
LOf(V(sot”U( 0)) — V (¢} (20))) dt+0fU(t790tV+U(fvo),5) dt
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Let us write the asymptotic estimates for both integrals in the right-hand sides

of (A.6) using (A.5). Obviously, for any ¢ € [0,40)

V(SOZ/JFU( 0)) — V(@Y(%)) = DV(‘PX(%))A?(IO) + O(Ag(xo)Q) =
[due to (A.3)] = DV(o) (10))AV(x0) + O(6?).

Thus,
[ (VG a0) = Vel an) e =
A (f+2f§ # 14 (VG ) = Vi () =

512 DV <§0(21+1)6 (ZL‘O)> A(21+1)6 (ZEO) + 0(53>
=0 2 2

Here we used (A.1) to obtain the last line of the latter equality. Applying esti-
mates (A.5) we can rewrite (A.7) as follows:

J (Vo (o)) = VGl (a0)) dt =
S0V (4 0) Yita) + 2DV (o} o) <Y1<xo> + Y(;)) +

(A.8) Yi(zo)

52DV (¢‘§5 (:po)) (% + Yg(xo)) +
2DV (% (x0)) Vo) +0(5°) =
252DV(3§0)(Y1 (ZEo) + }/2(330)) + 0(53)

Now we estimate the second term of (A.6):

4f§U(t,xo,5> dt = [by (A1) =

e (i (W5 (@) + Y (95 (w0)
(A.9) YI(SOXB/;U( )) (@/;U ))

5 (v (47 ) — ¥i (7 () +

B(@‘QU( )) (cp‘és*U xo)) +0(5
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Here we applied (A.1), (A.5) and (A.3) once again. Besides,

552
5 (o) =5 (20) = [ (Ve (w0)) + Ut @/ ™ (w0),0)) dt =
2 2 (5/2
56/2 26
J Ve T (o)) dt + [U(t 9" (w0),0) dt + O(5%) =
5/2 5

—0(2V () + Ya (o)) + O(d?).
Similarly, @%*U(mo) — % (20) = —0(2V (w0) + Yi(m0)) + O(62).

2

All in all, we obtain from (A.9) that
16

/ Ult, 20, 8) dt = 26% (DYi(z0) + DY(z0)) V() + 62[Y3, Ya] (o).
0
The last formula, taken together with (A.8) implies that

Als(zo) = 26DV (wo)(Yi(wo) + Ya(wo))—
20%(DY(xg) + DYa(x0))V (z0)+
62DYs(20)Y1(x0) — DY1 () Ya(z0) + O(63) =
22(Y: + Yo, V(o) + (Y1, Val(o) + O(5?).

This asymptotic estimate is the most important technical result of this section.

(A.10)

Remark A.1. Observe that, taking the zero vector field instead of Y5, we obtain
the expression 26%[Yy, V](zo) + O(6%) in the right-hand side of (A.10).

Let Y} and Y5 be not collinear to V. In order to ‘model’ the Lie bracket [Y7, Y5
we have to eliminate the ‘extra term’ 26%[Y; + Y5, V](zo) at the right-hand side

of (A.10). To do this, we use the simple formula [Y],Y3] = [V, —Y5]. Besides,
we ‘rescale’ the perturbation, selecting 6 = (/e/2. Let Y, = Y, for e > 0 and
Vi = —Y; for e < 0. All in all, we apply the perturbation
( Vi), it e [0,/
V), it te[VER2VER)
~Yi(), it te[2y/]el/2,3v/el/2),
_) v, i teBVERAVEDD),
A WEnsMBD =0 g i repVERSVER.
—Ya(z), if  te[5y/el/2,64/]el/2),
Yi(x), if  tel[6y/el/2,7vel/2),
[ Ya(2), it te[Ty/]el/2,8V/]el/2).

Roughly speaking, we add the ‘dashed contour’ of Figure 2 to cancel brackets
Y1 + Y5, V], see (A.12) below. Figure 3a illustrates what the trajectories of the
perturbed system look like in the considered case.
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FIGURE 2. The order of applying controls while modeling the Lie
bracket [Y7, Ya].

If oy ™V (z0) is the solution of the corresponding system with the initial con-

dition z(t9) = o, we have, due to (A.10)

(z0) = ) " (o) — <P;/\/m($o) =

w
8+/Jel/2 8/Jel/2

£[Yi + Yo, V(o) + S[¥3, Ya) (w0) -
£
2
e[V1, Yo (o) + O(3/2), see Fig. 4b.

Remark A.2. In order to obtain Lie brackets of the form [Y;, V], we consider the
perturbation

(A.12)

e[Yy + Yz, V(wo) + 5 [V1, Yal(20) + O(|e[*?) =

Vi(z) if te {0,’ ‘|/a|/2), Eres
0 it te V2 2vER),
WEL2) =1 3w it te[2y/[e]/2,3V/]E]/2),
0 it te3y/]el/2,8V]el/2).

Thus, we proved the lemma for vector fields of orders 0 and 1.

Step 3. Before proceeding to the vector fields of higher orders, we prove the
following technical statement. It will allow us to apply all the perturbations on
intervals of time of the same length.

Lemma A.3. Let 01 and 0y be strictly increasing continuous functions and Y €
X, be a vector field such that

(1) 61(0) = 65(0) = 0 and 0,(g) < O2(¢) for any e > 0;
(2) there ezists a control Wy = W (t,z,e,Y), defined fort € [0,60,] such that
the solution @] ™Y (x4) of system & =V (z) + W (t,z,e,Y) is such that

Portey " (%0) = @y o) (o) + €Y (o) + 0(e).
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(0, xp) £ € € € 3 B € 1l
z ANz Nz Yz Nz Yz Nz 83
a)
R EEELES ot (xo)
— o™ (%)

(O,XO) f 2\/? 3\/@ 4\/§ 58 65 75 gt
2 2 2 2 2 2 z 8z

b)

FIGURE 3. Trajectories of perturbed and unperturbed systems when
we model a) [Y7,Ys] with Y7,Y2 # V; b) [Y1, V].

Then, if we set W (t,x,e,Y) =0 fort > 6,(¢), we have
@XJE‘;VY(%) = 90(‘9/2(5) (z0) + €Y (o) + o(e).
Proof of Lemma A.3. Let A (20) = oy ™" (20) — @) (0). Obviously,
AZ‘;{E) (x9) = €Y (x0) + o(e).
Consider the linear system
(A.13) = DV (o) (20))u.

Let U(t,s) be the fundamental matrix of (A.13) with ¥(s) = id,,. Observe that
U(6y(),01(c)) =id,, + o(1) as € — 0 since both the values 0;(¢) = o(1) (they are
continuous functions that vanish at zero). Then, by theorem on differentiation
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of solutions with respect to initial conditions, we have

A (wo) = W(bs(e),01(e)) A1, (x ( o1(e) >
Agtoyae) 0By [ (@ )) = £Y (w0) + o(e)
as desired. -

Step 4 (the induction step). Now, we study the vector fields of order 2 and
higher. Since the manifold M is compact, there exists a number k € N such that
for any point xy € M there exist vector fields Yi(z),...,Y,(z) of X) that span
the space T, M for any point x of a neighborhood of .

Now, we suppose that for given k € N, the desired controls W (¢, z,e,Yy) can
be constructed for any Yy € Xj. Let X € X4 1. Then there exist two vector fields
Y and Z of X, such that X = [Y, Z]. By Lemma A.3, we may assume, without
loss of generality, that 7v = 77 = 7. Then there exist controls W (¢, z,,Y) and
W(t,z,e,Z), such that the solutions ¢} ™" (20) and ¢; 7Y% (z4) of systems

t=V(z)+W(t,x,eY) and 2 =V(x)+ W(t,x,e Z)
respectively with initial condition x(0) = x( satisfy asymptotic estimates
Py (o) = @Y, (20) + €Y (x0) + o(e),
@y V7 (20) = ¢y (20) +eZ(20) + 0(e).

Let 0 = \/7Tk/2 = Tk11/8.

Observe that the perturbations —Wy and —W, approximate shifts in directions
—Y and —Z respectively. We can select e_y = ¢y and e_z = ¢4.

Let us first assume that none of the fields Y and Z are collinear to V. Similarly
o (A.11), we define the perturbation corresponding to X as follows:

(W (t,z,e,Y), if te€]|0,0),
W(t—o,z,¢,7), if t € [o,20),
—W(t—20,2,6,Y), if t€|[20,30),
—W(t—30,2,¢,7), if te€|[30,40),

W(t,z,e,X) =

—W(t—4do,z,e,Y), if té€ [do,50),
—W(t —b50,z,¢,7), if ¢ € [5bo,60),
)

W(t —60,z,e,Y), if te€[6o,70),

| W(t—"To,x,¢,7), if te|[70,80).

If one of the vector fields Y or Z is collinear to V, the perturbation Wx can be
defined similarly to the second formula of Remark A.2.
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Now we consider the solution ¢} ™" (1) of the Cauchy problem

t=V(z)+W(t xe X), z(0) = .
The equality ¥+ V¥ (o) = ¢y (w0) + X (w0) + o(e) is similar to (A.12).

Tk+1

In the case X = [Y, V] (see Remark A.1) we set ex = 40y and
([ W(t,z,e,Y), it tel0,0),
0, if t€[o,20),
W(t,z,e,X) =

—W(t—20,z,6,Y), if te€]20,30),

0, if te[30,80].
OJ
Observe that we need to construct perturbations for finitely many vector fields
(those from X, where p is taken from the Hormander condition). This fact,

together with Lemma A.3, implies that we can construct all the necessary per-
turbations on time segments of the same length.

APPENDIX B. PROOF OF LEMMA 4.3

We only give the proof for the map, defined by (4.2); the proof for the map
defined by (4.3) is similar. For any k € Z" and any set of smooth vector fields
Y1, ..., Y, of X, we introduce the map

OV Yk (gg, ek, 2) = (Y(Vi,ex) 0. 0 (Ve e1) 0 90‘—/22“:1%(61-) ol )(2) ==

and prove that it has the derivative at zero with respect to the variables e, . . .,
applying induction by k.

Step 1 (base of induction). For &k = 0 (when the set {Y1,..., Y%} is empty)
the statement is evident. Consider £ = 1 and the map

oM (50’ €1, Z) = ¢(Yl’ 51) © ‘pyyl(el) © SOL/O(Z) -z
By Lemma 4.1, the map AY _ (2) = (Y1, e1)(2) — oY (e)(#) has a derivative
1\¢1

TY1 (81)
with respect to £; at zero. Then, the same is true for the function

AV (e1,2) = (Vi a)(z) 0 0¥y (o (2) — 2 = AT () (2) +0(1)

Ty1

does also have a derivative at zero. And now, we notice that
Y, Y v v
i (e0,21)(2) = A ol (2) + ol (2) — 2

and, therefore this map has a derivative at zero with respect to the vector (g9, 7).
Step 2 (the induction step). Consider the map AY1-Y+ defined by the formula

AVoYe(eo e 2) = (Vi ex) o (Y1, 1) (2) — wgfﬂm(gi)(z)
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induction hypothesis. For AY1 this statement was proven in Step 1.
Observe that

AVt Yk(go, €y Z) =
(Ve o0 bV en)(2) SD‘T/Yk(e;c)<Z) ot)(Yi—1,€k-1)0...0(Y1,e1)(2)+
@yyk(sk)(z) ot(Yi—1,6k-1)0...0(Y1,e1)(2) — wgfzﬂn(&)(z) R

where Ay and A, are the first and the second difference, respectively.
Further,

Ay= AL @Vierer) 0.0 d(Yr en)(2)) =
Yi(¥(Ye1,€p-1) ... 0 (Y1, 61)(2))er + o(ex) =

Yi(2)er + o(max(|eq], . . ., ek])),
so A is differentiable at zero.
Meanwhile,
Ay = Sfyyk(gk)(z) 0 Y(Vy-1,€5-1) ©... 0 (Y1, €1)(z) — (’Dglewi(si)(z) =
AYU-Yi-t(go g1, 2) + o(max(|eq], .. ., |ex])

which proves the existence of the Jacobi matrix at zero for A,.
The trivial asymptotic estimate

OV Ye(gg e, 2) = AV Yi(gg L ep, 2) + o(max([eo], - - -, ek]))

finishes the proof of the lemma. O

APPENDIX C. PROOF OF LEMMA 4.4

Since the matrix A(x) = ®,(0,z) is continuous and invertible for any z, the
matrix A7!(x) is continuous and, therefore, bounded, so we select C' > 0 so that
||A(z)|| < C for any x € N. We need to prove that for any o > 0 there exists a
d > 0 such that for any p € Bs(0) C R” the equation

(C.1) ®(q,x) =p,  q€ By(0)

is solvable. We represent the function ®(q,z) = A(x)q + R(q, x).

Let p > 0 be such that B,,(0) C U (recall that the function ® is defined and
continuous at U x N). Let S"! be the unit sphere in R". Observe that the
function 7 : [0,70] x S"71 x N — R" defined by the formula

g = { R = (Bl = Al

is continuous and, hence, uniformly continuous. This is why we can select a ¢ > 0
such that |R(q,x)| < |q|/2C for any x € N and ¢q € B,(0).
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Now, the equation (C.1) can be rewritten in the form A(x)q+ R(q,z) = p that
is equivalent to
¢="T(q,2) = A" (z)p— A" (2)R(q, ).
If |g| <o and p < ¢/8C then |T(q,x)| < 2C|p| + 0/2 < 30/4. This means that
T(-,z) maps the ball B,(0) into itself. So, by Brouwer’s fixed point theorem, the
problem (C.1) is solvable. The lemma is proven. O
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