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Abstract

Given a bounded open connected set  C R? with Lipschitz boundary, we consider the
class of piecewise constant maps u taking three fixed values a, 8,y € R2, vertices of an
equilateral triangle; for any u in this class, using a weak notion of Jacobian determinant
valid for BV functions, we give a precise description of Det (Vu) and show that the relaxed
graph area of u is bounded from above by a quantity related to the flat norm of Det (Vu).
The provided upper bound allows to show the validity of a De Giorgi conjecture regarding
the relaxed area functional when one restricts to this class of piecewise constant functions.
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1 Introduction

Problems of relaxation of non-convex functionals with non-standard growth arise in many con-
texts of calculus of variations. In the non-parametric approach to Plateau problem, as in cap-
illarity problems and other settings related with minimal surfaces in higher codimension, the
area functional is the canonical example of energy which, in codimension greater than 1, is
non-convex (but policonvex). This leads to non-trivial questions when one tries to relax the
functional, and a full understanding of the properties of the relaxed area functional is far from
being reached; even basic questions regarding the characterization of the domain itself and the
expression of the relaxed area functional are open.

In this paper we focus on a class of piecewise constant maps u from a planar domain to R2,
which actually generalizes the classical triple junction map. The latter was introduced by De
Giorgi in [19] (see also [1,8,130]) in order to prove a conjecture regarding the lack of integral
representations for the area functional. Before explaining our main results, let us introduce the
area functional and the related open questions.
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Let Q C R? be a bounded open set (that, without loss of generality, we assume connected).
For a given function v € C*(Q;R?) we indicate by

Alv,Q) = /Q 1+ |[Vol2 + | Det (Vo)[2dz (1.1)

the classical 2-dimensional area of the graph G, = {(z,y) € @ x R? : y = v(z)} of v. For any
u € L1(;R?) the L!-relaxed area of the graph of u is defined as

A(u, Q) = inf{lkimian(Uk,Q), ve € CH(Q;R?), v — w in L' (Q;R?)}. (1.2)
—+00

It is well known that, when v is scalar valued, the study of the relaxed area is crucial in the

study of the Cartesian Plateau problem [25]. In particular, for scalar valued maps, the graph

area is obtained by relaxing the classical functional A(v,Q) = [, /1 + [Vv[?dz for v € C*().

It is also well known that in this case, for any u € L(Q), it holds

T, ) {fzoo,/l + [Vul2dz + |D%u|(Q)  if u € BV(Q), (1.3)

otherwise,

where Vu is the approximate gradient of u and D*u is the singular part of Du (see [25]). In the
case of vector-valued maps, the characterization of the domain Dom(A(-, Q)) of A(-,Q), and the
computation of its corresponding values seem at the moment out of reach, due to the presence
of highly nonlocal phenomena. Specifically, for vector-valued maps it can be proved that

A(u, Q) > /1 + |Vul2dx + | Du|(Q), (1.4)

and strict inequality might occurs (actually, equality holds only in very special cases [1]).

Starting from [19], the relaxed area of the triple junction map uy : B,(0) C R? — R? has been
studied. This map takes only three values o, 8, € R?, which are the vertices of an equilateral
triangle T C R? inscribed in a circle of radius 1; in particular, |o| = |3| = |y| = 1. The map
ur assumes these values in three equal circular sectors of the circle B, (0) whose boundaries are
three radii of B,(0) meeting at the origin with angles of 120°. In [1], the authors positively
answered to a conjecture of De Giorgi [19], stating that the set functio A — A(ur; A) is
not subadditive, and hence it cannot have an integral representation. These results have been
obtained using suitable estimates on A(ug; A), for suitable subdomains A C B,(0), even if
the precise expression of A(ur; B,-(0)) is missing in [1]. Sharp estimates are instead contained
in [8/30], where the precise value of A(uz; B,-(0)) has been proved to coincide with

A(ur; By(0)) = |B,(0)| 4+ 3m,., (1.5)

where | - | denotes the Lebesgue measure, and m, is the area of an area-minimizing minimal
surface obtained as the solution of a Dirichlet-Neumann nonparametric Plateau problem in
codimension 1. The techniques used to show are based on the notion of integral currents,
Cartesian currents [23,24], together with a Steiner type symmetrization machinary adapted for
integral currents which strongly relies on the symmetries of the domain Q = B,(0) and of the
target triangle T (we refer to [8[30] for details). It is here important to point out that m, enjoys
the following features: for all » > 0

(a) m, > rl, where [ = /3 is the side of the triangle T’

!Defined for any open set A C B,.(0).



(b) 3m, < 3rl+ |T|, with |T'| denoting the area of T'.

As a consequence of (a) it turns out that

A(ur; Br(0)) > [Br(0)] + [Dur|(B(0)),

in particular showing that, in contrast with the scalar case , the presence of the Jacobian
determinant in plays a crucial role.

Before explaining the main consequence of (b) instead, we first point out that similar phe-
nomena have been observed for the vortex map uy : B.(0) — R?, uy(z) = ﬁ, x # 0, and
more in general for functions u € WH1(Q;S!). Specifically, if u € WH1(Q;SY), in [11] it has
been proved that the distributional Jacobian determinant of v provides a nontrivial contribution
in the computation of A(u,). This contribution can always be estimated from above as the
following formula shows:

A(u, Q) g/Q\/H— Vuldz + | Det (Va)]), (1.6)

where the quantity || - || is a suitable norm on C¢' (€)' equivalent to the standard flat norm
(see [11]). We emphasize that this inequality may hold strict, and an explicit example is given
in [6], where it is proved the following precise formula

A(uy, B.(0) :/Q‘/” Yy [2dz +Cr, (1.7)

for the vortex map, where C, is again, in a similar fashion as in , the area of an area-
minimizing minimal surface obtained as a solution of a non-parametric Plateau problem with
partial free boundary (see [6] for details, and [7] for the general approach to this Plateau-type
problem). Here, for r small enough, it holds that C, < 27r, where 27mr = || Det (Vuy)|| turns
out to be the || - ||-norm of the distributional determinant Det (Vuy ) = mdg in B, (0).

In this paper we prove a formula similar to for piecewise constant maps v taking only
the three values «, 8,7. This requires to introduce a notion of distributional determinant for
this kind of functions; in particular, using the notion of minimal lifting introduced in [27],
in [28] the author proved that, for suitable maps u € BV (£2;R?), a component of a suitable
Cartesian currenlﬂ with underlying map w replaces the distributional Jacobian determinant
of u. In [20], extending this result to every function u € BV (£;R?) N L>(Q;R?), a weak
notion of Jacobian determinant for these maps is provided, and in particular it turns out that if
u € BV(Q;{a, 5,7}), then Det (Du) is well-defined and can be written, simililarly to the case
of S'-valued Sobolev maps, as a series of weighted Dirac deltas. As a consequence, it follows
that Det (Du) € Co'1(Q) and then Det (Du) has finite flat norm.

The first main result of the present paper is the following:

Theorem 1.1. Let Q C R? be a bounded connected open set with Lipschitz boundary and let
u € BV (Q;{a,B,7}). Then

A(u, Q) < |2 + [Dul(Q) + 4] Det (Vu)|gat.- (1.8)

Also in this case, we emphasize that the inequality in (1.8]) can be strict. For instance, in
the case of the triple junction map up : B,(0) — {«, 3,7}, it holds that

Det (VUT) = ’T‘(So,

2This current, called completely vertical lifting of w, is unique.



where |T| is the area of the triangle T' with vertices «, 3, . It then follows that || Det (Vur)||gat =
|T'|r, and so for r > 1 we have

A(ur, B(0)) = [By(0)] + 3my < |Br(0)] + 37l + |T| < |B,(0)] + [ Dul(B:(0)) + [ Det (Vur)]gat,

where we have used condition (b) above. We conjecture that the inequality in is always
strict (apart from the trivial case Det (Vu) = 0, which essentially occurs only when there is no
presence of multiple points (see Section [2.6])). The presence of the flat norm encodes, in ,
the aforementioned nonlocality of the relaxed area functional.

Following De Giorgi [19], it seems interesting to consider a further relaxation of A, this time
looking at the functional A(u,-) as a function of the open set: for every V C €, we set

. +o00 +oo
A(u,V) := inf {ZA(U,Ak) : A € Q open U A 2 V} . (1.9)
k=1 k=1

The advantage of this second relaxation is that, for all u € L'(€;R?), A(u,-) is the trace of a

regular Borel measure restricted to the open subsets of Q. Moreover, A(u, ) coincides with the
greatest subaddivite functional which is less or equal to A(u,-); in some sense, A(u, -) should
encode the local part of the relaxed area functional, just excluding the singular contribution.
Specifically, De Giorgi conjectured the following statementﬂ

Conjecture ( |19, Conjecture 3]). For any u € L'(Q; R?) with A(u, Q) < +oc it holds that

A(u, Q) = inf{A(u,Q\ C) : C is closed with H'(C' N Q) = 0}. (1.10)

In [11] we partially answer to this conjecture, proving that it is true when u € W1(Q;Sh).
The second main result of this paper states that such conjecture still holds for maps u €
BV (Q;{a, 8,7}). Precisely, we have the following:

Theorem 1.2. Let Q C R? and u be as in Theorem . Then
A, Q) = Q] + | Dul (), (1.11)

and

A(u, Q) = inf{A(u, 2\ O) : C is closed with H°(C' N Q) < +00}. (1.12)

In particular (1.10) holds.

In order to prove Theorem [1.1 we approximate the map u with maps u; € BV (Q;{a, 8,7})
which are polyhedral (namely, their jump set S, is a finite union of segments) and moreover
which enjoy the feature that for all x € S, there is a neighborhood of = in which wy, takes only
two values. For this kind of maps it is known that

Alug, Q) = |2 + [Dug | (),

and so Theorem [1.1] follows if one shows that lim infj_,« |Dug|(Q2) < [Du|(€2) +4| Det (V)| gat-
This is provided by Proposition [3.] in Section [3] In order to show this, we use suitable density
theorems for polyhedral maps, which are proved in Section [2.5] whose starting point is the
approximation result contained in |14]. The main point here is to show that we can suitably

3The conjecture is here presented in the case Q C R?, and v € L* (2 ]RQ)7 even if it was stated in any dimension.
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approximate the flat norm of the Jacobian determinant of u € BV (Q;{«, 3,7v}). This requires
a characterization of Det (Vu), which is given in Section

To prove Theorem we first prove , and then we show that, erasing a suitable finite
set C of points in €2, we can apply formula with the domain Q \ C' and show that the flat
norm contribution can be made arbitrarily small. Notice however that the domain Q \ C' is not
Lipschitz, and so we cannot apply directly Theorem but need a technical modification of it.

The paper is divided into two main parts. In Section [2] we set the notation and give some
preliminary results. In particular we characterize the Jacobian determinant of piecewise constant
maps and show the needed density of polyhedral maps. Then in Section [3| we prove Theorems

LI and 2

2 Preliminaries

2.1 Notation

Let U C R? be a bounded connected open set with Lipschitz boundary (a Lipschitz domain in
the sequel). Let § > 0; we denote by

Us := {z € R? : dist(x,U) < 0}, (2.1)

the é-neighborhood of U, where dist(-,U) is the distance from U.
Given a vector field ¢ = (¢1,¢2) : U — R? we define Curl ¢ := ‘g%f — 991 We also denote

Oxo
by ¢+ the vector ¢ = (—¢2, ¢1), namely its counterclockwise rotated by a m/2-angle.
We introduce the following quantity, for all z,y € U,

dy(x,y) := min{|z — y|, dist(z, U) + dist(y, 0U)}.

This well-known pseudometric on U is useful to describe atomic distributions (see next section)
arising as Jacobian distributional determinant of maps with values in S! (see [13}[15}[16,29] and
references therein), and is related with its minimal connection when dealing with domains with
boundary (see |15, Chapter 14]).

We denote by M;(U) the space of Radon measures with bounded total variation in U. We
denote by eq,eo, ..., e, the canonical basis of R™, which is naturally identified with a basis of
1-vectors. The symbols dx1, dxs, ..., dz, denote a basis of 1-covectors. We denote by D¥(U) the
space of k-forms on U, and by Dy(U) the space of k-currents on U. Any O-current T in Dy(U)
can be naturally identified with a distribution in D/(U).

We denote by H* the k-dimensional Hausdorff measure in R2. A H!-rectifiable subset S of
R? is said to be polyhedral if it is a finite union of segments.

Lipschitz maps and dual norms. For an open set U C R? we denote by C%!(U) the
space of Lipschitz functions on U, and by c? ’1(U ) its subspace of compactly supported maps.
We define I(1)) the Lipschitz constant of 1) € C%!(U), namely

{\w(fc') - w(y)!} ’

(1) := sup T

z,yelU
TFY

and we define the Lipschitz norm in C%'(U) as

[¥llcor := max{[[[| Lo, 1()) }- (2.2)



For bounded domains U, on the subspace C¢"' (U) it turns out that I(-) is a norm equivalent to
|- lco.r. For any A € C&H(U) we introduce its flat norm as

IAllgat = sup (A, 9). (2.3)
»peCcdH(U)
I(y)<1

Here, brackets (-, -) denote the duality paring between Co''(U) and C2'(U). We also denote by
(,-)a the duality paring between C''(A) and C™'(A), when the open set A is not clear from
the context.

Diffeomorphisms of R2. We denote by id : R? — R? the identity map, namely id(z) =
x for all € R?; let further I denote the 2 x 2 identity matrix. Let G : R? — R? be a
diffeomorphism of class C1; let § > 0, then if |G — id|| 1,00 (r2;r2) < 6 it happens that also
|G~ - id|[yy1,00(m2;r2) < O(6). Indeed, using the triangle inequality and the submultiplicativity
of the Frobenius norm for 2 x 2-matrices, it is not hard to prove that ||[VG ™| Lo (R2R2) < 1‘%[5 =
. Next, for every y € R2, |G~L(y)—y| = |G~ (1)~ G~ H(GW))| < 2/|VG | 1o (peipe) |G (y) .
so |Gt — id|| oo (r2;R2) < 2%”(1 — id|| oo (r2;2). Furthermore, VG (y) - I| = |VG~Hy)(I —
VGG ()] < VG W)= VGG ()], 50 |96~ ]|y goizry < 25 19G — || pouoze)
From these two estimates we finally get ||G~! — id|| 1,00 (m2;R2) < 21%/%5, so O(6) can be chosen
equal to 21—\{%5.

In this case, redefining ¢ if necessary, we will often assume that G satisfies

maX{HG — id”wl,oo(R2;R2), ||G'_1 — id”wl,oo(RQ;RQ)} < 5 (24)

We introduce the following definition:

Definition 2.1. We say that a diffeomorphism G : R? — R? is regular if G,G~! € C*(R?; R?),
and there exists § > 0 such that (2.4]) holds.

If G is a regular diffeomorphism as above, we can estimate, for any vector v € R2,
W (VG)| < [vT(VG = D)| + 7] < (14 8)v],

and hence, if ¢ is a Lipschitz map, ¢ o G will be Lipschitz as well with I(p o G) < (14 §)i(p).
In particular, the flat norm of the push-forward by G of any O-current T' € Dy (R?) satisfies

oG
CoTlze = swp Tlpo@)=(1+8) swp T(F20) < (14 )T fpuse (25)
peCd!(R?) pecimz) N(1+90)
lp)<1 Up)<1

Therefore, if T € Dy(R2) N C'(R2)' then also G4T € Do(R2) N CY'(R2). Further, if T has
support in the closure U of a Lipschitz domain U, one has

1G4 T lgat,v < (1 + )T llar,c—2 ) < (14 )T [|nat,v;- (2.6)
2.2 Atomic distributions
We introduce the following subclass of Radon measures on a Lipschitz domain U:
X¢(U) = {A EMU):3neN, J(z;,y;)) eUxUfori=1,....n: A= 2(5% 75%)}.
i=1

(2.7)



Every A € X;(U) can be identified with an integral 0-current in Dy(U). The points x;,y; are
referred to as poles of A. Notice that if z; € U, it does not contribute in M;(U), and hence its
presence in the representation A = Y1 | (0, — dy,) is only taken for convenience. In particular,
a single Dirac delta A = 6, € X;(U), because for any y € OU it holds A = 6, — §,,.

The more general set of atomic distributions in U is defined as

X(U) := {A e CO\UY : I(ai, ) eUxUVieN: A= f((srm —dy.)s +§dU($¢,yi) < +oo}.
- - (2.8)
For all A € X(U) it holds
+oo
(A,@) = (p(xi) —p(y) Ve eCRYU). (2.9)
i=1

The fact that A € CO'(U) (that is equivalent to require that | Allfat, < +00) implies that for
any @ € C2H(U) the series in (2.9) is convergent.

Remark 2.2. Notice that A = >_;"°7(6,, — ,,) has not a unique representation as a series; two
sequences ((zi,y;))ien C U x U and ((Z;, i) )ien C U x U define the same linear functional on
cHw) if

i=1 =1

400 +oo
<Z(5m - 5y2-)7s0> = <Z(5@ - 5gi),<p> Ve € CPH(U). (2.10)

We point out that the hypothesis ((z;,%;))ien C U x U is done for convenience, and it may
happen that for some i € N, either z; € dU or y; € U, or even both. Notice that if x; € U
then 0,, = 0 in c? ’I(U )'; the presence of z; only affects the representation of A, and not its
action on C2H(U).

Remark 2.3. Let A € X¢(U) be nonzero, and write A = > (0, — dy,) for some points
(z5,y;) € U x U. We define I (A) := {z; : 2; € U}, and I~ (A) := {y; : y; € U}. Of course, the
measure A depends only on the points in I7(A) and I~ (A) and not on the points belonging to

oU. Namely
A= D b= D> by
i:xiEIJF(A) i:yieff(A)
Up to erasing points x; which coincide with some y;, we can always suppose that there are no

cancellation in the sum above, namely that I (A)N I~ (A) = @. We can also relabel the indeces
of the points in I*(A) and suppose that

I+(A) = {xlv <o 733771} I+(A) = {ym-i-lv . )ym-i-k}v

where we do not exclude that there are repeated points in I (A) (resp., in I~ (A)) or that some
of these sets is empty. For all ¢ = 1,...,m we introduce a point y; € OU so that |z; — y;| =
dist(x;,0U), and for all i = m+1,...,m + k we introduce a point x; € U so that |y; — z;| =
dist(y;, OU). Since these new points belong to U they do not contribute on C¢' (U)’, and so,
A=>"" (65 — dy,), where we have renamed n := m + k.

With this procedure we show that, given A € X;(U), we can always suppose that the
representation A = > | (0, — 0y, ) satisfies the following property:



(P) for all i = 1,...,n either x; € U and y; € U, or z; € OU and y; € U. In the first case
|z; — yi| = dist(x;,0U), in the latter |z; — y;| = dist(y;, OU). Moreover, the two families
of points It(A) :={wx; : ; € U} and I~ (A) := {y; : y; € U} are disjoint.

In the sequel we will consider the following class of rectifiable currents in R?:

S = {S’ e Di(R?): S = Z [wrzx] for some sequence ((wy, zx))x € R?, m € N}, (2.11)
k=1

and denote by S(U) the class in ([2.11)) when the currents are restricted to an open set U C R2.
Let U be a Lipschitz domain, and let A € X (U); then the supremum in the right-hand side
of (2.3 can be extended to Lipschitz maps vanishing at the boundary, namely

[Allfat,o == sup (A, 4), (2.12)
beCy ! (U)
I(¥)<1

where C’g’l(U) denotes the space of Lipschitz maps 1 on U whose extension on U satisfies ¢ = 0
on OU. According to [29] (see also [15] and references therin, and |11]), the supremum in (2.12)
is achieved. Moreover, standard results (see [21, page 367] and [11, Lemma 8.1]) entail

HAHﬂat,U:inf{|S|U:S€D1(U), A:(?S} VAEX(U), (2.13)

and the infimum is attained. According to [11, Proposition 3.5] (which can be straightforwardly
adapted to this case), the following statement can be proved:

Proposition 2.4. Let A € X(U); then the infimum in the right-hand side of (2.13)) is attained
and there is a minimizer S € D1(Q) that is also an integer multiplicity current.

In the case that A € X¢(U) something more can be proved for the minimizer S. Assume
that A = > | (02, — dy,) is a representation satisfying property (P); we define

PA):={ie{l,....,n}:x; €U}, and NA)={ie{l,...,n}:y; €U}.

By (P) we obviously have P(A) U N(A) ={1,...,n}, and P(A)N N(A) = @. For all I C P(A)
we introduce T (I) the class of injective maps 7 : I — N(A) (this class might be empty, e.g., if
I =@ or A(N) = @). Then we introduce the following minimum problem

m(A) ;== min E 1Zi — Yr(i)] + E |z —y;| + E lz; —yj] |- (2.14)
ICP(A)
rer(n \i€l jeP(M\I FEN(M\T(I)

If I = @ we have T(I) = @ and the quantity between brackets is intended to be

Sodw -yl Yl — oyl

jeP(A) JEN(A)

The minimum above is always attained as the number of competitors is finite. Correspondingly,
if Iiyin and Tyin are minimizers of (2.14]), we denote by Spin € S the 1-current

Swin = Y Wmmo@l+ Y mEil+ ) [757]- (2.15)

i€ min FEP(M\Imin JEN(A)\Tmin (Imin)



In the special case Inin, = 9 we will have

mln = Z [[y]xj]]+ Z [[ij]

jeP(A JEN(A)

Notice that, in any case, it trivially holds 0Spyin = A in Dy(U). To shortcut the notation, for all
couples (I, 7) admissible for the minimum problem ({2.14)), we introduce the couple (I, 7) defined
as follows: We set

T:=P(A)U(N(A)\ (1)) (2.16)

(where we notice that the union is made through mutually disjoint sets) and define 7 : T
{1,...,n} as

2(i) = {T(” Heed, (2.17)
i ifie (P(A)\ DU (NA)\ (D).

In the special case I = @ we define I = P(A)UN(A) and 7(i) = i for all i. Using this notation,
for any couple (I, 7) admissible for the problem (2.14)), we introduce the corresponding 1-current
S(r) € S defined as

Sum =Y el (2.18)
iel
By ({2.15)) it follows that Smin = S(1,.;, 7))

Lemma 2.5. Let A € X;(U) with U C R? a Lipschitz domain. Then
[A|at, v = m(A), (2.19)
and there is a minimizer S for that satisfies the following properties:
(i) S belongs to S(U);

(ii) if (I,7) is a minimizer for ([2.14), than S = Swmin deﬁned in . In particular there is
(I T) as in and | such that Smin = S(1,7) N Furthermore for alli e I

the interior of the segment Y7(i)Zi s contained in U, and

1Sy = Z |z; — y?(i)|;

iel

(i1i) if the points in the Jamily {xi,y; : i € P(A),j € N(A)} are three by three not collinear,
then for every i,j € I i # J, if Yr(Ti NYz(jTj N U # @, one of the following holds:

(a) x; = x; € OU, and either Tz(3T; C Uz(;)T; o Ur(;)T; < Ur(3)Tis

(b) Yy = y=(j) € OU, and either Tz Ti C Yz(;)Tj or Tr(5)T; < Y (i) Ti-

Proof. Let us prove . Let (I, 7) be a minimizer of and let S be the current in ([2.18)).
Since S € D1(R?) and dS = A, we obviously have, by (2.13)), ||Al/gat,y < m(A). Let us prove
the opposite inequality.

Thanks to Proposition as the minimizer S has integer multiplicity, by Federer decom-
position theorem for integral 1-currents [21| 4.2.25], we can write S := ) 2, S;, where S; are



the indecomposable components of S and are the push-forward of the integration on [0, 1] by
Lipschitz maps. Hence, either 05; = 9., — 0, or 9S; = 0. We exclude the second case, since
we could erase S;, define S:=9— S;, and see that S becomes a better competitor than S for
, contradicting the minimality. Similarly, by minimality and indecomposability, we have
that |S;|y < |[ziwi]|u, and one easily sees that it must be S; = [z;w;].

Let now A = >~ | (0, — dy,) be a representation of A satisfying (P). As 95 = """, 9S; and
S; are indecomposable, one seesﬁ that m < n, and so S € §. Hence, for any ¢ = 1,...,m we
have the following exclusive possibilities:

L. w; = xy(; € U, for some index k(i) € P(A), and z; € 9U;
2. z; = yp() for some index h(i) € N(A), and w; € 9U;

3. both w;,z; € U, and so there are two indeces k(i) € P(A) and h(i) € N(A) such that
wi = Ty and z; = Yp(s)-

In all the cases, since 95 = Y| (dy, — d,) = A we can choose the functions k and h injective,
and see that for all j € P(A) there exists i € {1,...,m} such that k(i) = j, and for all j € N(A)
there is ¢ so that h(i) = j. Further, by minimality and property (P), we can suppose that in the
first case z; = yu(;), in the second one that w; = xp(;), and in the latter case that k(i) # h(i).
We define

I:={k(i):ie{l,...,m} and 3 holds},

and introduce the function 7 : I — N(A) as 7(j) = h(k~'(j)). Finally we set

. {j if j € P(A) and 1 holds, or j € N(A) \ 7(I),
T() =

7(j) otherwise,

for all j € P(A)U(N(A)\7(I)). Now we observe that S coincides with the one in formula (2.18).
Further, so far we have shown that any indecomposable component S; of S is one addendum
in . Then, any segment Jz(;),, cannot intersect the boundary of U in its interior, thanks
to indecomposability. Therefore, by , we conclude that [[Allgae,r = |S|ly > m(A). This
implies (2.19), (i), and (ii).

Let us now show (iii): let ¢ # j be such that Y7())Ti N Y7(;)T; # 2 and assume that the
intersection consists of a unique point ¢ in the interior of the two segments. Then we modify 7
into a new function 7 which differs from 7 only on {i,j} and 7(j) = 7(¢) and 7(i) = 7(j). In
this way, since by the triangle inequality |v; — yz(j)| + |2 — yz@)| < |7 —yz0)l + 125 — yz(j)|, the
corresponding current Y .7 [¥7(;)@i] is a better competitor for (2.14)), leading to a contradiction.
In particular we conclude that if ¥z;)@; N y7;T; N U # & then such intersection must contain
an extremum of (at least) one of the two segments. Assume that such point is ; € U; x; and
Yz(;) cannot both belong to U, by assumption of non-collinearity. Hence either z; € U or
Yz(j) € OU. Let us treat separately the two cases:

e x; € OU: in this case we find a contradiction with minimality, since the segments Z;yz(;
and T;Yz(;) have total length strictly smaller than |z; — yz;)| + |7 — yz(;)|;

® yzj) € OU: we find a contradiction by the triangle inequality, because, as |z; — y?(i)] <
|z; — yz(j)| we will have, unless yz(;) = y=(;), that |z; — yz()| < |77 — yz(;)| which is absur
by property (P). If instead yz(;y = yz(;), we are in case (b).

“This follows since for all i = 1,...,m, at least one among z; and w; must coincide with a pole x; or y; with
index j € P(A) UN(A).
®As yz(j) € OU, necessarily 7(i) = i and y; minimizes the distance from z; to 9U.
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Similarly, if the extremum of the segment belonging to ¥z;)Ti NY7;T; NU # D is yz(;), we will
end up with case (a). This concludes the proof. O

Let 6 > 0 and U be a Lipschitz domain. Let A € X;(U;s), where Us is the é-neighborhood of
U (see (2.1])). The following theorem provides a property of continuity of ||Al|gat,7; With respect
to 4.

Lemma 2.6. Let 69 > 0, let U be a Lipschitz domain, and let A € X¢(Us,). Then
S [A [gacvs = (1A |gas,-

Proof. Since Us C Uy for 6 < ¢', the quantity ||Al/gat,v, is nondecreasing in ¢, and so the limit
exists. Also, lims_,o+ [|Allfat,v; > [[Allfat,v- Let us show the opposite inequality.

As the supremum in is achieved, let ¢5 € Cg’l(Ug) be a maximizer in Uy, for all
0 < 0 < dp. We can trivially extended 5 to zero on Uy, \ Us. Up to subsequences, there is some
(VRS Cg (U such that 15 — 1 pointwisely, and then uniformly since I(tb5) < 1 for all § € (0, dp).
Therefore, using that A is a Radon measure on Us, with finite total variation, we easily get

||A||ﬁat,U5 = <A7¢5>R2 — <Aa ¢>R2 < ||AHﬂat,U>
as 0 — 0. The thesis is achieved. O

We now extend the continuity property of the flat norm for general atomic distributions
Ae X (U5o)-

Lemma 2.7. Let §o > 0, let U be a Lipschitz domain, and let A € X(Us,). Then

51—1>%1+ I Allfat,os = [|A]lga,v-

Proof. Since A € X(Us,), we find a sequence of couples (z;,v;) € Us, x Us, such that A =
0y, — 0y,), and DO dus, (i, yi) < +00. For € > 0 we find N > 0 so that

—+o00o
Z dU(gO (xzayl) < €;
i=N+1
this in particular implies, setting Ac 1= >/ %% 1 (0a;, — 6y,) and Ay = SN (8, — 8y,), that

IAN|gat,v < [[A]lgat,v + [|Acllfat,v < || Allfae,v + €,
AN fat,v 2> [[Allgat,y — [[Acllpas,y > [[Allgat,v — ¢, (2.20)

for any open set V' C Uj,. As a consequence, by Lemma [2.6] we infer
lim [|Allgat,vs < €+ lm [|[AN][ga,us = € + [[AN|lpat,r < 2€ 4 ||Allfa,v-
6—0+ 6—07+

This concludes the proof thanks to arbitrariness of ¢ > 0, since on the other hand we always
have lim; o+ [|Allfat,u; = [|Allfat,u- O
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2.3 Functions of bounded variation

Let U be a fixed bounded Lipschitz domain. Let u € BV (U;R?); we recall that the distributional
gradient of u is a measure Du € M,(U; R**?) which writes as

Du = Vul? + D+ D’u,

where Vu € L'(U;R?) is the approximate gradient, Du is the Cantor part of Du and D”u
is the jump part which is absolutely continuous with respect to the one dimensional Hausdorff
measure H!. As in the scalar case, there exists a 1-rectifiable set S, such that

<D3]ui>90> :/S (uj_ - ui_)VjSO dHl? Vo € Ce(92),

where v is a unit normal vector to S, chosen so that, for H'-a.e. € S,, it holds

T(z) = aplim  y—z u(y), u” (x) = aplim y—z  u(y). (2.21)
(y—z)v>0 (y—z)-v<0

u

Currents induced by scalar maps. Let f € BV(U) be a given real valued function. We
introduce T € D2(2) the following 2-dimensional current: for every 2-form o € D?(U) we set

Tf(o) == /(J(f(x)el A e, a(x))dz. (2.22)

The boundary 9Ty of Ty can be identified with the gradient of f; namely, for all w € DYU),
w = ¢1dxy + ¢Podxo, one has

OTy(w) = Ty(dw) = Ty( Curl é day A dirs) = /U F(@) Curl ¢(z)dz = /U 6 (2)dDf(z). (2.23)

Push-forward and boundaries. Let G € C!(R?;R?) be a diffeomorphism which preserves
orientation. If {e1,es} is a basis of 1-vectors in A1(R?), we denote by {e1,e2} a basis for
A (G(R?) = A (R?).

Given g € BV(G(U)) we denote by TgG € D2(G(U)) the current

HOEY o, IWer Az, B (2.94)

for all 8 € D*(G(U)). Further, for f € BV (U) and any 8 € D?(G(U)), writing 8 = ody; A dya
(so that G#8 = (¢ o G)dG A dGs), we have

/ z)ey A ez, G B(x))dx —/ f(z (x))det (VG(x))dz
= [ HET ey = [ (70 G e A )y = Tl (5).
G(U) G(U)
Hence
GuTy=Tf . (2.25)
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As for the boundary of G 4T, given @ = ¢1dy; + ¢a2dys € D(G(U)), one has deww = Curl ¢dy; A
dyo, and

G 4(Ty) () = Gy (Ty) (dw) = /G oG e e d ()

_ / £ oG () Curl ¢(y)dy = / oL (y) - dD(f 0 G ) (y) = ITG 1 ().
G(U) G(U)
(2.26)

Let G : R? — R? be a regular diffeomorphism as in Definition and let 6 > 0 such that
holds. Observe that, as G(U) C Us, if f : Us — R2, then fo G : G~}(Us) — R?, and since
U C G~Y(Us) both f and f o G are defined on U.

Let f € BV (Us); then the currents 7'y and chicfl are well-defined in D2 (Us) and D2 (G(Us)),
respectively, and as G(Us) D U, both are well-defined in D5(U). We have, from (2.22)) and ([2.24)),

T(q LU =Ty LU,

so that, from (2.25)), we have
Tfogfl |_U == (G#Tf) |_U (227)

BV piecewise constant maps. Let U C R? be a Lipschitz domain and G and § > 0 be
as above. We now discuss the special case in which the map f € BV (Us) is piecewise constant.
This implies that the approximate gradient Vf of f (as well as the Cantor part of Df), is
constantly null, and D f consists only of the jump part, namely

Df=(f* =) -H'LSy,
where Sy C Uy is the jump set. Let w € D(U), w = ¢1day + ¢adxa, so (2.23) and (2.26) imply

Ty (w) = /S = et van! = / (FF = f)6 - rdi, (2.28)
N

Sy

OTjoq1(w) = / (FoGTHT = (foGT) ) vdH!
Stog-1NU

— Oy (GHw) = /S (f* = 1) (60 GG - van?
f

:/ (f+_f)(¢oG)VG.Tde1=/ (f+—f)(¢oG)ngH1, (2.29)
St T

Sy

where we denote —v+

= 7 a unit tangent vector to Sy. Here we have used also (2.27).
2.4 Weak Jacobian determinant of vector-valued functions of bounded vari-
ation

Let U C R? be a Lipschitz domain. If v € BV (U;R?), we will have u; € BV(U), i = 1,2.
According to formula @D, we have at our disposal two currents T,,, € Da(U), i = 1, 2.

Let u € BV (U;R?) N L*>®(U;R?) be given. We introduce the measure \, € M,(U;R?)
defined as

1 _ 1 _
/Ugo(x) ~dAy(z) = — 3 /U\Su ()t (x) - dDug + 5 /U\Su Uy ()™ () - dDuy
=5 [ @@ @ - uf @ @)@ vdii@), (@30
Su
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for all ¢ € C.(U;R?). Here, u(x) denotes the Lebesgue value of u at x, defined H'-a.e. on
U\ Sy. As a vector valued Borel measure with bounded total variation, A, can be identified
with a 1-current in Dy (U).

Definition 2.8. Let u € BV (U;R?) N L>®(U;R?); then we denote by Ju € Do(U) the current
Ju = OA\,.

The definition of Ju € Dy(U) provides a weak notion of Jacobian determinant of w, and
extends the classical distributional determinant of Vu for Sobolev maps (see [20], and also [28]).
The following theorem (see [20]) provides a property of continuity for Ju.

Theorem 2.9. Let u;,u € BV (U;R?) N L®(U;R?) be such that u; — u strictly in BV (U; R?)
and sup; [[u;| < < C. Then
Juj = Ju wealky in Dy(£2).

Moreover, ||Jullfat,u < M| (U) < Cllull gy r2)-
As a consequence of the last assertion in the previous theorem we get:

Corollary 2.10. Assume the hypotheses of Theorem . If Ay — A |(U) — 0 as j — oo, then
Ju; — Ju with respect to the flat norm.

BV functions taking three values. From now on we suppose that a, 3,7 € S! are the
vertices of an equilateral triangle centered at the origin, with edge of length I := /3 and

3
\g—axﬁ—ﬁx'y—*yxa. (2.31)
Here we have noted o x § := —a - B+. The last requirement implies that «, £, and v, are in

couterclockwise order on S'. Set

_ V3 _lax Bl _Jaxq| _|Bx4l
1 2 2 2

(2.32)

For a piecewise constant map u € BV (U;{a, 8,7}) the weak Jacobian determinant will read,

using (2.30)), for all ¢ € D(U),

Ju(p) = —1/ (u3 (x)uy () — uf (2)uy (2))VEg(2) - vdH (x)

2
_ ;/ (" x u) 1) 02 ()M ().

u

u

Here, since u takes values in {a, 3,7}, it holds that u™ x u~ takes only a finite number of

possible values. In particular, thanks to (2.32)), it happens that ‘ﬁ%“_ € {0} H'-ae. on S,,.
In particular

1
Au =5 TxuT)T-HILS, (2.33)
is the multiple of an integer multiplicity 1-current (namely, the multiplicity is in {4+0}).

We will now discuss more in details the structure of the Jacobian determinant Ju when u
has polyhedral jump set. Specifically, we introduce the following definition:
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Definition 2.11. A function u € BV,.(R?; {a, 8,7}) is called polyhedral if S, = UN  7;p; is
the union of finitely many segments, with m;p; C U. We call n;,p;, i = 1,..., N (the extrema of
the open segment 7;p;), the vertices of S,,. Additionally, we suppose that if i # j,1 <i,j < N
then either n;p; N7;p; is empty or it is a vertex.

We say that a map u € BV (U;{«, ,7}) is polyhedral if it is the restriction on U of a
polyhedral function.

Notice that if u € BVjoc(R?; {a, B,7}) is polyhedral then it must be constant outside some
ball Br(0).
As a consequence of the definition, if u is polyhedral, then in the segment 7;p; the jump

uT —u~ of u is constant, for all i. Therefore we easily obtain
&p 1
2/ ut xuT al’r’-[1 3 Z (ut xu”)Lmpi (p(pi) — (i) (2.34)
nipi i=1

for all ¢ € D(R?). Using ([2.32)), the previous expression is equal to

(ut xu™)

= O'Z’Yl pl ’I’ll)) s ’}/Z = m € {—1, +1}
Namely
N
Ju:=0Y (0, — dn,), (2.35)
=1

is a finite Radon measure; notice that if u € BV (R?; {«, 3,7}) the points p;, n; are not in general
distinct and can also lie on OU. It turns out that

1
—Jue X f(U )
o
Let us now consider a regular diffeomorphism G € C'(R?;R?) satisfying (2.4). Assume u €

BViee(R%; {a, ,7}) be constant outside a ball Bg(0), and let us consider the currents Ay, Aduoc €
D1 (R?) in (2.33) related to u and u o G: namely

Ay = %(u"‘ X u_)T . HILSu,
1
Mo = 5 (w0 G)F x (wo G) )7 - H'L Susc (2.36)

where 7 = —1, with ¥ the unit normal to S,cq. We can now consider the push-forward of Ayoq
by G. For all w = ¢1dz1 + ¢odry € D(R?) we have

Cphaoc(®) = o (GF) = /S (w0 G)* mwr)(m@?ﬁd%l
:i/ (u” xuT)¢ - TdH! = Au(w),

u

that is,

Gy = M in Dy (R?).
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In particular, 0(GgAuoa) = Oy, i.e.
GuJ(uoG) = Ju in Dy(R?). (2.37)
Equivalently, we will also have
J(uoG) = (G yJu in Dy(RR?).
Now, if Ju has the form in , we see that
N
J(woG) =03 %il0a-10p) = dG-1(n1))- (2.38)
i=1
We have proved the following:

Lemma 2.12. Let G € CYR?%R?) be a regular diffeomorphism as in [2.4). Assume u €
BVioo(R?%; {at, B,7}) be polyhedral. Then L Ju and 2J(uoG) are Radon measures in X j(R?) and

write as in (2.35) and (2.38)) respectively. In particular, for all ¢ € CO'(R?) one has

N
Ju(p) =0y 7ile(pi) —p(ni),  J(uoG)= UZ% Ypi) = o(G7H(ni)). (2.39)

i=1
Observe that (2.5) and (2.6) apply to J(uo G) and Ju as in Lemma

Remark 2.13. To show Lemma we have proved (2.37)); notice that this formula holds for
any piecewise constant u € BWV,.(R?; {a, 3,~}). In particular, if %Ju € X(R?), also %J(qu) €
X (R?), and hence,

=0 Z —oly),  JwoG) =0y (oG (@) = (G (y)).  (240)
i=1

2.5 Approximation of BV piecewise constant maps

Since we deal with functions taking only the 3 values o, 8,7 € R?, we need the following
approximation theorem contained in [14, Theorem 2.2].

Theorem 2.14. Let u € BWoo(R?%; 2), with Z = {z1,...,2m} C R? a finite set. Assume
that u is constant outside a ball Br(0) (hence |Du|(R?) < +o00). Then there erxists a sequence
u; € BVioc(R?%; Z) such that the jump set Su; of uj is polyhedral and u; — u in L (R?%;R?).

Furthermore, there are bijective functions f; € C1(R?; R?), with fj_1 € CY(R?;R?) as well, such
that f; — id strongly in W1>°(R%;R?) and |Duj — D(uo f;)|(R?) = 0 as j — oo.

By [14, Lemma 2.7], the following extension result holds:

Theorem 2.15. Let U C R? be a Lipschitz domain and let v € BV (U;Z), with Z =
{21,...,2m} C R? a finite set. Then there exist C > 0 (depending only on U) and a func-
tion 4 € BVioe(R?; Z) such that

aU) ~0, (2.41)



Furthermore, we can always assume that u is constant outside Bg(0), for some R > 0 large
enough such that U CC Bg(0).

Remark 2.16. Let u € BV (U;{a,3,7}), and let us denote by wu itself an extension of u
as in Theorem Let (u;) C BViee(R?; {a, 8,7}) be the polyhedral approximations of u €
BViee(R?%; {a, 8,7}) provided by Theorem Since u can be taken constant outside Br(0), we
can easily see that u; as well can be choosen constant outside Bg(0), and u; = u on R?\ Bg(0).

The condition |[Duj — D(uo f;)|(R?) — 0 as j — oo implies that for any U’ with U C U’ C
Br(0) we have

|Duj — D(uo f;)|(U') — 0, as j — oo.

Let us denote by w; := u; —uo f; and by wyl» and wyz its components; according to , this
means that for ¢ = 1,2, the current aTw; tends to zero strongly in D;(U’) (i.e., its mass in U’
tends to zero as j — 00). On the other hand, since f; — id strongly in W1 (R?; R?), taking
into account (2.29)), also

OT -1 — 0 strongly in Dy (U"), i=1,2. (2.42)

VAR
-1 _ -1 . .
Now wj o fj =u;o fj — u; hence, we easily 1nferﬁ|
u; o fj_1 —u strongly in BV (U’; R?) (2.43)
and

oT

u; o fj_

1 — 0T, strongly in Dy (U’), i=1,2. (2.44)

Using again (2.28) and (2.29)), exploiting the fact that |[ut —u~| =1 > 0, H'-a.e. on Sy, we

conclude that

HY(S,AS

ujofj—l) —0 as j — oo. (2.45)
With (2.43) and (2.45)) at our disposal we are now able to prove the following:

Theorem 2.17. Let U C R? be a Lipschitz domain and let u € BV (U;{a, 8,7}). Then LJu €
X(U).

Proof. Asin Remark we extend u to all R? constantly outside Bg(0), and choose polyhedral
approximations of u given by functions u; € BViee(R% {a, 8,7}) which are constant outside
Br(0). Let f; : R? — R? be diffeomorphisms as in Theorem by Lemma we know that

N
Ju; = UZ(épi — 6n,),
i=1

and
Nj
i=1
for some points p;, n; € R2. We claim that
J(u; o fj_l) — Ju in the flat norm. (2.46)

SFixing any subsequence, this must be true for a suitable sub-subsequence, and hence it holds for the full
sequence.
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Indeed, let A\, and )\ujo £l be the measures as in ([2.36)) associated with v and uo f j_l respectively.
J
Specifically,

1 _ IR TN
)\uofj—l = 5((% o f; DT x (uj o fi H7)F - HlLSujofj—l.

To prove the claim it is sufficient to show that ]/\ujO 1 A|(R?) — 0 as j — oo. This is
J
straighforward, since

I\ — AJ(R?) < oM (SLAS, o),

’LLjij

which goes to zero thanks to ([2.45)).
We now choose a (not-relabelled) subsequence of (u;), such that

_ _ 1
[ (uj o fj 1) —J(uj-10 fj—ll)Hﬁat,U < 2 (2.47)
for all j > 1. We write (J(ujof].’l) —J(uj1 of]ﬂl)) JZZ M; 1+1( —0dy,) and J(uoofoﬂ) _

azij\i % (0z; — 6y;), for a suitable increasing sequence of natural numbers M; > 0, and suitable
points x;, y; € U. Notice that we can choose these representations in such a way that

M

1 )
||( ( Of ) (Ug 1of] 1)||HatU§ Z U|$i_yi|gﬁ Vi > 1.

= M]'_1+1

J(uno fo ) = J(ugo fo ")+ (J(ujo f;7) = J(ujy 0 f}” 1)—‘72 (0z; — ;)

j=1
and
My,
> ola — il <201 (uo o f57 ) laarw +2-
i=1

Letting n — oo in the two previous expressions, we infer %J u € X(U). The thesis then follows
by using that »°7%; du (2, yi) < 2272 |2 — yil. O

As a consequence of the previous proof we have the following:

Corollary 2.18. Let u € BV},.(R?; {«a, 8,7}). Then there exist a sequence of polyhedral maps
(uj) C BVioe(R%; {a, 8,7}) and a sequence (f;) C CYR*%R?) of diffeomorphisms with f; — id
strongly in WH°(R?,R?) such that
17 (uj © f;) = Jullat g2 — 0.
The previous result implies in turn

| (uj o f;) — Jullfas,y — O,

for any Lipschitz domain V C R2.
A further consequence of the proof of Theorem is the following:

Corollary 2.19. The space X(U) is sequentially closed with respect to the flat topology.
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Proof. Let (Ar) C X(U) be a sequence converging to A in the flat topology. Starting from (2.47)
and replacing J(uy o f; 1) with Ay we can employ the same argument of the proof of Theorem
and conclude that A € X (U). O

The following approximation result will be crucial to prove our main theorem.

Theorem 2.20. Let U C R? be a Lipschitz domain and let w € BV (U;{«, 8,7}). Then there
ezists a sequence (u;) C BV(U;{c, B,7}) of polyhedral maps such that

uj = u strictly in BV (U;{«, 5,7}),
Ju; — Ju in Do(U), (2.48)

| Jwjl|fae,r — || Jw/|fat,U-

Proof. We extend u to R? constantly outside Br(0) (with R > 0 large enough so that U CC
Br(0)). Let u; € BVioe(R% {a, 3,7}) be polyhedral approximations of u given by functions
which are constant outside Bg(0), and let f; € C*(R?*R?) be diffeomorphisms as in Theorem
let § > 0 be arbitrary, and assume without loss of generality that holds for all f;’s.
By Theorem IQTW we know that |lu; — (v o fj)llBv(Byo)r2) — 0 as j — oo. Moreover, as a
consequence of [14, Corollary 2.4] we also know that u; — u strictly in BV (U;R?). By Theorem
also Ju; — Ju weakly in Dy(U); to conclude, we have hence to prove the last condition in
(2.48).
We have

1Tl past < 1T = T(wo f7 ) laary + 17 (wo f;7) asv- (2.49)
The first term in the right-hand side tends to zero as j — oo. Indeed, by , we can write
Juj — J(uo f;l) = (fjfl)#(t](uj o f;) — Ju); thus by (2.5)), one has
1 Tuj = J(wo f7 Y aasy < I Juj = J(uo fi7 ) lgarrz < (1401 (uj 0 f;) — Jullgag g2,

the last term vanishing as j — 0 thanks to Corollary 2.18] Let us now analyse the second term
in the right-hand side of (2.49)). Let 6 > 0 be arbitrary, and assume j is large enough so that f;
satisfies (2.4). Thanks to Theorem we can write

Ju=0Y (0a; — by,), (2.50)
=1

for suitable points z;,vy; € R Let I := {i: either x; or y; € Us}, so that

JulLU = 02(5% — Oy, )-

el

By ([2.40)) we also have

J(uo fjﬁl)l_U =0 Z(éfj(wi) - 5fj(yi))7
el

because fj(x;) € U implies x; € Us (and similarly for y;). In particular, by ([2.6))
17 (uo f; Dllpatr < (14O Tullgar, g0y < (1 + 8)|[Tullfas,vs-

We can hence pass to the limsup and obtain

lim sup |J (uo f;l)Hﬁat,U < (14 9)[[Jullfat,vs

J]—00
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which holds for any § > 0 small enough, and thus, by Lemma we conclude

limsup || (u o f;7) a0 < [[T0lnas,v-
Jj—o0

The opposite inequality follows by the second equation in (2.48)) and by lower semicontinuity of
the flat norm. ]

2.6 Density of polyhedral maps

Let u € BWoo(R?;{a, 3,7}) be polyhedral. According to Definition there is N > 0 such
that
Su = UL mips,

for suitable points p;, n; € R?, vertices of the jump set of u. We recall that every segment 7;p;
does not partially overlap each other, and neither trasversally intersects any other, but they
only can share an endpoint; i.e., for ¢ # j, n;p; N n;p; is either empty or a vertex. Moreover, if
x is a vertex of S, we define 1ts multiplicity as m(z) .= #{i € {1,...,N} : z =n,;, or x = p;}.

Equivalently, a vertex x has multiplicity m > 0 (and in such a case is called m-vertex) if
there exists § > 0 such that, for all » € (0,0), B,(x) NS, consists exactly of m segments (which
will be radii of B, (x)). For this reason, the multiplicity of any vertex is at least 2.

Let x be a 3-vertex (also referred to as a triple vertex) and let > 0 be small enough so that
B,(z) NS, consists of exactly three radii Ry, Re, and R3 of B,(z), chosen in counterclockwise
order around x. Let S;;11 be the circular sector enclosed by R; and R;y1, i = 1,2,3, with
i + 1 intended mod(3). Finally, set §; := ulL S; ;41 the value of u on S;;11. Then, since z is
a 3-vertex, it follows that the triple (6,0s,03) is a permutation of («, 3,7). We say that the
3-vertex is positively (negatively) oriented if the sign of the permutation is positive (negative,
respectively).

Eventually, a couple (x,y) of distinct triple vertices is called a dipole if y is negatively and
x is positively oriented.

Let « be a vertex of S, and let Ty be a segment in S,. Choose a Cartesian coordinate
system (2/,y") with origin at x so that the halfline {2’ > 0,3’ = 0} contains the segment Z7.
If 7 = —vt = (1,0) is a tangent vector to Zy, thanks to (2.34), it turns out that v = (0,1)
and so uT corresponds to the value that u takes for 3 > 0 (for 3 < 0, respectively) just above
(below) the segment Ty. In particular, if x is a 3-vertex positively oriented, the possible values of
(u*,u”) are only the following: (ut,u”) = (a,7), (u"u™) = (B,a), (" u™) = (v,8); hence,
in any case, (u+ xu~) = o. Therefore, if z is a posmvely oriented 3-vertex, using again ,

by (2.31] - and -7 we infer that

Jul_ By (x) = 306, in Do(Br(z)), (2.51)

for r > 0 small enough. If instead x is negatively oriented, we will have a minus sign in the
right-hand side of the previous expression.
We will now state and prove the following density result:

Theorem 2.21. Let U be a Lipschitz domain and v € BV (U;{«, 3,7}). Then for all € > 0
there is a map u. € BV (U;{«a, 8,7}) such that

(i) uez is polyhedral, and its jump set writes as S, = Uf»vzslnf-pg NU, for suitable points p§,nS €
R=, wvertices of the jump set;

(ii) for all vertices x € U, the multiplicity of x is at most 3;
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(iii) the vertices p$,n§ of Sy, which are contained in U form a family of three by three not
collinear points;

(iv) if A = Ac := &= Juc and S = S, = > et 7@ mz]] is the minimizer of (2.13|) provided by
Lemma then the segments y=;x; VU, i € I are mutually disjoint;

(v) it holds that
= el + ||DulU) — 1DuU)] + || ullnev — [Tt 0] < e (2.52)

To prove this, we will combine the two following lemmas. We start with:

Lemma 2.22. Suppose uw € BV (U;{«, 3,7}) is polyhedral. Then there exists a finite set of
couples {(xs,yi) i =1,...,N}Y C U x U such that Ju =30 3N (64, — 8,,). Furthermore, there
s a sequence of polyhedml maps u; with vertices of Sy; in U of multiplicities at most 3 and such
that

uj —u strongly in BV (U;R?),
| Juj — Julgat,v — O, (2.53)

as j — 0.

Proof. We divide the proof into three steps.
Step 1. Let the jump set of u write as S, = U™ 7;p;. By Lemma the Jacobian deter-
minant of Du has the form
JU =0 Z FY'L pi nz

for suitable signs 7; € {£1}. Up to switch the notation for p; and n; we assume that ~; = 1 for
alli=1,...,m

A vertex x of multiplicity 2 has null contribution, since in this case x = p; = n; for some 1, j.
Instead, if x is a triple point then, if z € U, by we have that its contribution is +£304,.
Adding, if necessary, points on QU, the lemma is proved if any vertex has multiplicity at most
3, as we can take u; := u for all j > 0.

Step 2: Let us prove the statement for a general u. Let {z : k = 1,..., K}, be the family of
vertices in U of S,, with multiplicities my; > 4, k=1,..., K. Let € > 0 be small enough so that
Be(x) N S, consists of my, radii for all k =1,..., K and let v € {«, 3,7} be a fixed vector. Let
Q.1 be a closed square with baricenter in zj, with vertices on 0B.(xj). We define the function

{u(x) if v € U\UE Q.

ue(z) =
(@) v ifx e nglQe,k:'

The maps u. € BV (Q;{a, 8,7}) are polyhedral, with vertices at most of multiplicity 3, and

satisfy u. — u strongly in BV (U;R?) as € — 0. Furthermore, as u. and u differ only on UX_, Q. 1,

owing to , we easily see that A, — A, is a measure concentrated only on Ui(zl (Qere NSy) U
szl 0Q i, whose total variation goes to zero as € — 0. In particular

A — A [(U) = 0 as € — 0,

and then by Corollary 2.10} Jue — Ju in the flat norm. The same holds for u; := ue; as j — oo,
with €; an infinitesimal sequence.

Step 3: We show that the weak Jacobian determinant of u takes the form .J u =30 Zz 1 (0g, —
dy,). But this is a consequence of Corollary E applied to the distributions 5~ Ly uj. The proof
is complete. ]
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Lemma 2.23. Let u € BV (U;{«, 5,7}) be polyhedral and such that every vertices of S, in U
has multiplicity at most 3. Then for all € > 0 there is a polyhedral map u. € BV (U;{«a, 5,7})
such that

lue — ullgs + | Duel(U) — 1Dal(O)] + | Tuellae. — [ Tullaev] < e, (2.54)

and all the vertices of Sy, which are contained in U have multiplz'cz’ty at most 3 and are three
by three not collinear. Moreover, we can find u. so that, if A := Ju6 and S =3, ¢ [[yT O]
is the minimizer of (|2.13] - ) provided by Lemma H then the segments Yz NU, @ € I are
mutually disjoint.

Proof. Let S, = U™ ,7;p; and denote by {z;, ¢ = 1,...,n} the points among p; and n; which
are contained in U. Given 7 > 0 small enough, let T}, := {z € U : dist(x, S,) < n} be a tubular
neighborhood of Sy; we assume also that the balls B, (z;) C U are mutually disjoint. We will
modify v in T}, in order to move the points z;. For all i = 1,...,n, by assumption, z; is either a
2-vertex or a 3-vertex. In the first case, let wy; and wy be the points among the z;’s which are
connected to z; by a segment in S,; we choose z; € By (2;) so that Z; does not belong to any line
;) passing through z; and 2, with j, k # i. We can choose z; arbitrarily close to z;. We now
define @ in such a way that it coincides with u outside 7}, and has S which is given by

Sa = (Su \ Wiz Uw2z)) U (w12 U waZy).
If n is small enough, it is easily seen that u is uniquely determined, and it holds
@ — ulls + |DAI(U) — |Dul(U)] < Cn,
for some constant C' > 0 independent of 7. Furthermore, we also estimate
17| gat,u — | Jullgat,u| < 607z — 2| < Cn.

In the case that z; is a triple point, we proceed in the same way and define @ so that

S; = (Su \ (wlzi Uwsez; U 11)32’1')) U (wl'z\i UwseZz; U w3/2’\i),

where w1, ws, and ws, are the vertices of 5, linked to z; with a segment in .S,,. Similar estimates
lead to

1@ = ullpr + [|DEU) — |DulU)| + || Tallgas,v — | Tullgae,u] < Cn.

Then we iterate the construction moving every z;, for ¢ = 1,...,n. The thesis then follows by
fixing € > 0, and choosing 1 small enough in order that holds for u, = u.

Eventually, let A = ;-Ju = 1" (6, — 6y,) be a representation satisfying (P) and let
S =37 [W7@7i] be the minimizer of provided by Lemma U 575 TiNY=;5)7;NU # @
for some i,j € I, i # j, then by Lemma (iii) either (a) or (b) holds, and hence it means
that the four points yz@, zi, Yz(j), ; are on the same line. So, if for instance x; € U (if not,
necessarily yz;) € U ), it is sufficient to repeat the preceeding procedure to move z; (respectively,
Y=(;)) a bit in order that it is not aligned with any segment yxzy,, k,h € {1,...,n}, h#i. O

We are now ready to prove Theorem [2.21

Proof of Theorem [2.21. Given u € BV (U;{a, 3,7}) and € > 0, we use the approximation result
given by Theorem 2.20 and combine this with Lemma [2.22] and Lemma [2.23 ]
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Corollary 2.24. Let U be a Lipschitz domain and let w € BV (U;{a,B,7}). Then 3%Ju €
X(U).

Proof. We denote by u € BVio(R?; {a, 3,7}) itself an extension of u as given by Theorem m
and let u; € BVioc(R%; {a, 8,7}) be polyhedral maps as in Corollary Thanks to Lemma
[2.12]the restrictions to U of the maps ujo f; enjoy J(ujo f;) € X(U); hence, since J(ujo f;) = Ju
with respect to the flat distance, we conclude by Corollary O

3 Proof of the main results

In this section we prove Theorems and Throughtout the section © C R? denotes a
Lipschitz domain.
We start with the following:

Proposition 3.1. Let u € BV(Q;{a, 8,7}) be a polyhedral map such that S, := UN m;p;
satisfies:

(1) the points z;’s in the family {z; : i = 1,...,m} of vertices n;, p;, which belong to Q, are
three by three not collinear;

(2) the multiplicity of each vertex of S, N is at most 3.

Let A := %Ju =Y 1 (0z; — Oy,), where we assume that this representation satisfies hypothesis

(P), let S € S(U) be a minimizer of (2.13) provided by Lemma S =iz, and
suppose that

(3) the segments Yz;)T; N2, i € 1, are mutually disjoint.

Set l; := |z; — yz@)l, 1 € f; then there exists a sequence (u;) C BV (;{«, 5,7}) of polyhedral
maps satisfying:

(i) the multiplicities of the vertices of Sy, N are at most 2;
(ii) up — u strongly in L'(2;R?) as k — oo, and

lim inf | Duyg|(Q) < IH'(Su) + 30 ) L = |Dul(Q) + 4] Jul|gas 0-
k—o0 ~
el

Proof. Let {w; : i =1,..., K} be the points among {x;,y; : i = 1,...,n} which are contained
in . By assumption, all such points must be triple points. Let 7 > 0 be small enough so that
the balls By (w;), i =1,..., K are mutually disjoint, contained in 2, and such that B (w;) NSy,
consists of three radii.

To prove the thesis, for all € > 0 small enough we show that there exists a polyhedral map
ue € BV (Q;{a, 8,7}) satisfying (i) and such that

|Du|(Q) < IH'(S.) + 31 zn:zi +0(e), (3.1)
i=1

where O(e) — 0 as e — 0.
First we observe that, thanks to hypotheses (1), (2) and (3), by (iii) of Lemma the
segments Yz;T; N {1 are mutually disjoint and they can share only endpoints lying on 9.

Moreover, thanks again to (1), for all ¢ € f, the segment ¥z ;)@; enjoys one and only one of the
following:
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Figure 1: Construction in Step 1, a subcase of (a).

(a) YT is contained in a segment 7;p;, for some j =1,..., N;
(b) for any j = 1,..., N, the intersection 7z;Z; N 7;p; is either empty or is a single point.

To construct u. we will recursively modify u in a tubular neighborhood of the segment ¥z,
for all i € 1.

Step 1. In this step we describe how to modify u around the segment yz;)7; in case that (a)
above holds. To simplify the notation, set p := z;, n := yz(;). We first discuss the case in which
p,n € Q: Denote T, (np) := {x € R? : dist(x,np) < n}. Up to taking 1 small enough, we can
suppose that T, (7p) C Q and that u takes only two values in (T,(7p) \ By (p)) \ By(n), say o and

B. Further, B,(p) NS, consists of three radii, r1, 72, and r3 chosen in counterclockwise order
around p, and with r; C mp. Similarly, we note by r}, 5, and r§ the three radii of B,(n) NS,
chosen in clockwise order around n and 7§ C np. Let (z,y) be a Cartesian coordinate system
so that mp C {y = 0}. Assume first that either for § > 0 small enough the line y = 7 intersects
both r9 and 4, or for ¥ < 0 small enough the line y = ¥ intersects both r3 and r5. Suppose
without loss of generality we are in the first case, and denote by p’ and n’ the corresponding

intersections between y =y and 7o and 74, respectively. Finally we set

u elsewhere in €,

where Qpnn/p is the quadrilateral with vertices p,n,n’, and p’. The new family of triple points
of ue is {w; : i =1,..., K} \ {p,n}, and it is straightforward to check that

lu = uelln < i + O(n),
[Ducl(€) < |Dul(€) + 2; + O(1). (3.3)

Assume now that no lines y = ¥ intersect both r9 and 7%, or both r3 and 4. This means that ry
and 73 are contained in {y < 0}, and 74 and 4§ in {y > 0} (or viceversa). Let v € {a, 3,7} be
the value that u takes in the circular sector enclosed by 7o and 73 (which is the same value in
the sector between 7, and r45). Let us assume that v = . Then we build two parallel segments
¢, and {,, originating from p and n respectively, and ending at points p’ and n’ on r4 and 73,
respectively (see Figure . We then set u, as in . Also in this case the triple points p and
n disappear, and holds true.

It remains to discuss the case in which one among z; and yz(;) belongs to 9€2. As before, set
P 1= Tj, N 1= Ya(;), assume that n € 92, and that u takes the values a and 3 in (T, (np) \ By(p)) \
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Figure 2: Construction in Step 2, case M = 2.

By(n). Let 7 and p’ be as above and choose a point n' € {y = 7} N (T,(mp) \ By(p) \ By(n));
then we define u, as in . It is easy to see that the triple points of u. in 2 are in the family

{w; :i=1,...,K}\ {p}, and that (3.3)) holds.

Step 2. Let us now treat case (b). We have to distinguish the cases in which both the points
p = T, n = yz@;) belong to  and in which one of them is on J€. Let us treat the first one:
Thanks to (b), the segment 7p intersects S, in a finite set of M > 2 points, containing p and n.
Suppose first that M = 2, i.e., np does not intersect S, in its interior. Let, as in Step 1,
1, T2, 73, and r, 75, r4 be radii in By (p) and By(n) respectively, contained in S, and with
np N By(p), r1, r2, and r3 chosen in counterclockwise order around p, and 7p N By (n), ], 74,
and r4 chosen in clockwise order around n. Let g; be the endpoint of ; on 9By (p) and let q}
the endpoint of % on 9B, (n), for j = 1,2,3. We choose three points (in clockwise order) s;,
1 2,3, between ¢; and g3, on 0B, (p), and we choose three points (in counterclockwise order)
j, =1,2,3, between ¢] and g5, on 9By(n). We can choose the points s; and s; close to the
segment np in such a way that the three segments ?s;., j =1,2,3, are parallel to np (see Figure
2).
Since p and n are two triple points, one positively and one negatively oriented, and since np
does not intersect Ely\other point in S, except p and n, the map u takes the same values on the

arc qj/qj? and q]qJ 41, for ] = 1,2,3. Assume, without loss of generality, that u = o on qz3q1,
u = on q1¢2, and © = v on ¢2q3; then we define

B on T1aUS19U Sig
Ue = <y on Thz U Sz U S, (3.4)

u  elsewhere,

[These arcs are intended on 9B, (p) and 9B, (n) respectively, j is intended mod 3, and it is intended that
4;q;+1 does not contain g; 2.
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where T1o is the region in (2 \ B, (p)) \ By(n) enclosed by s1s] and sas), Ths is the region in
(Q\ By(p)) \ By(n) enclosed by sash and s3s5, S12 C By(p) is enclosed between g151 and g252,
S1y C By(n) is enclosed between ¢ s} and ¢s), and similarly So3 and Shs. It is not difficult to
see that the new map w, has not triple points in B, (p) and B, (n) (and neither we have added

other triple points). Moreover, it is easily checked that

|u —wellzr < mls + O(n),
|Due| () < |Dul() + 31l + O(n). (3.5)

Let us now discuss how to modify u in the case that M > 2. The procedure is the same: we
choose the points s1, s2, and s3 as before in 0B, (p), and then, denoting by ¢ the first segment
in S, starting from p, that np intersects, we choose s}, s5, and s on ¢ in such a way that the
segments ?s;-, j =1,2,3, are parallel to np. Assuming, as before, that © = o on ¢3q1, v = 8 on
7192, and u = v on ¢2q3, we define

B on T U St
Ue = ¢y on Th3 U Sog (3.6)

u  elsewhere,

where Ty is the region in Q\ B, (p) enclosed by s1s}, sash, and £, Ths is the region in Q\ B, (p)
enclosed by @, @, and ¢, S1o and Sa3 defined as before. With this definition, u. has no
anymore triple points in B (p), but has a new triple point p’ either in s} or in s% (and positively
oriented). However, we notice also that the segment p'n, if 7 was chosen small enough, does
intersect S, in exactly (M — 1) points. Then we can repeat the argument above, inductively,
starting from the segment p'n, and redefining u. (M — 1) times, up to erase also the triple point
in n. We easily check that, at the end of the procedure, also in this case we have the estimate
(3-5)-

To conclude Step 2, we have to describe how to modify w in the case that one point among p
and n belongs to 9. Assume without loss of generality that n € 0S2, then if M > 2 we proceed
as in the previous case. So we have only to specify how to modify u in the case M = 2. In this
case, we proceed as before defining u. as in , but with the difference that we choose the
points s} = s, = s5 =n € 0§0. Also in this case still holds.

Step 3. We iterate the procedure described in Step 1 and Step 2 for all couples (z;,yz;))- In

the end, summing the estimates (3.3) and (3.5) for all i € I , by the triangle inequality we can
choose 1 small enough so that u, satisfies (3.1). The thesis follows. O

We are now ready to prove Theorem

Proof of Theorem[I.1l Let u € BV (Q;{a, 3,7}) be given; we have to prove that

Au, Q) < 19|+ [Dul(9) + 4] Jul a0 (3.7)

By Theorem there exists an extension @ € BVjoc(R?; {c, 8,7}) of u such that | Du|(9Q) = 0.
For § € (0, 1), we consider the -neighborhood s of 2, defined as in (2.1). Since |Du|(92) = 0,

we have
| Du|(Q2s \ Q) — 0 as 0 — 0. (3.8)

Since ¢ is arbitrary, by Lemma we can assume that s is a Lipschitz domain (and we can
take it as small as we want).
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Furthermore, thanks to Theorem and Lemma we have

[Tl fat,05 = | TUllfar.0 = [|Jullfat.0 as § — 0. (3.9)

For all § > 0 small enough, and all £ > 0, we use Theorem to find a polyhedral map
usr € BV (Q5;{a, 5,7}) satisfying (1), (2), and (3) of Proposition and such that

1@ — uskll L1y + |1 DUl (Qs5) — [Dusy

_ 1
Q)] + [Illa.05 = [ Tuskllanos| < - (3.10)
In turn, by Proposition for all such § and k there exists a polyhedral map usj with the
vertices of Sz, , in © having multiplicities at most 2, and such that

1
L) = 7

—~ —~ 1
s e — ws < o | Dus | (Q5) < [Dus ] () + 4| Jus k|| a5 +

. (3.11)

Moreover, using the density result in Lemma we can assume that |Dus|(0€2) = 0 for all §
and k > 0. From (3.10) and (3.11]) it follows that

~ 2 ~ _ _ 2
s = ullrr) < 7 | Dg il (2) < [D|(95) + 4l Tullpar0; + - (3.12)

We now invoke [1, Theorem 3.14], which implies that

A(us g, Q) = [9Q] + | Dus | () < [Qf + [Dul(€25) + 4| Jul|ar,05 + %

and so, letting kK — oo, by lower semicontinuity of A, we infer
A, Q) < 0]+ [Dal() + 41l T a2 (3.13)
Finally, using and , we can let § — 0 and conclude . The thesis is achieved. [

Remark 3.2. Notice that for the functions us ) we can extract a sequence 5 \, 0, such that,
as k — oo, it holds

Uy 1= Us, | — U in Ll(Q),
likmsup | Dug|(2) < |Du|(2) + 4[| Ju||fat.0,
—o0

limsupj(ﬂk,ﬁ) < Q| + | Du|(Q) + 4]| Ju/gas,0-

k—o0

Moreover, any map uy admits an extension to Q5 which is polyhedral with, for all the vertices of
the jump contained in €25, multiplicities at most 2. This observation will be useful in the sequel.

We now focus on the proof of Theorem We recall that if u € BV (Q; {«, 8,7}), then by
Corollary [2.24 we have

[e.9]

1
370_']u = Z((Swz - 6%)7

i=1
for suitable points x;,y; € Q, such that Y o0, do (s, yi) < +00.
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Proof of Theorem[1.9. We divide the proof into two steps.
Step 1(Proof of (L.11)). For all € > 0 small enough we fix N > 0 so that

oo
Z do(z;,yi) < €. (3.14)
i=N+1
This in particular implies that, setting A := 30 )" v (02, — dy,), we have
[Ac]lflat.0 < 3oe. (3.15)

Let us denote by {wy : k=1,...,m} ={z; € Q, y; € Q, i < N,j < N} the family of points
z;, yj (with é,j < N) which are contained in . We can choose r > 0 small enough so that the
closed balls By, (wg), k = 1,...,m are contained in Q and are mutually disjoint. It turns out

that the domain U, := Q\ (U, B,(wy)) is a Lipschitz domain, so that we can apply Theorem
L1l and obtain

A(u, Up) < |Ur| + [Dul(Ur) + 4]l Jullgas,v, - (3.16)
Notice that Jul_U, = A.L U, in D'(U,), so from we readily infer
| Jul|fat,v, < 3oe. (3.17)
On the other hand, denoting D" := U}, Bo,(wy), by Theorem we also deduce that
| Ju|/fiat, pr < C|Du|(D") — 0 as r — 07,
so we choose r > 0 small enough in order that
[ Jul|fat,0r < €. (3.18)
Therefore, again Theorem implies that

A(u, D") < |D"| + |Du|(D") + 4e. (3.19)

Eventually, by definition of A, by (3.16)), (3.17), and (3.19)), we get

A(u, Q) < [U,] + [Dul(U,) + |D"| + [Dul(D") + 0.(1), (3.20)

where 0,(1) — 0 as € — 0". Since (3.20) holds for all » > 0 small enough, we conclude that

A(u, Q) < || + |Dul(2) + 0.(1), and thus

A(u, Q) <[]+ [Dul(©),

by arbitrariness of € > 0. The opposite inequality simply follows from the fact that

A(u; U) = U] + [Du|(U),

for any open set U and any u € BV (U;{«, 3,7}), as a consequence of (|1.4]).
Step 2. As in Step 1, we fix ¢ > 0 and N > 0 so that (3.14)), , and (3.17) hold.

Furthermore, in the Lipschitz domain U, = Q \ (Uj", B,(wy)) we consider a sequence uy, as in
Remark (applied with Q replaced by U,). To emphasize the dependence of this sequence on
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r > 0 we denote such maps uj, := u;. We recall that uj, admits an extension on a neighborhood
of U, which is polyhedral with vertices of Syr in U, of multiplicity at most 2, and

lim sup A(uj, U,) < |Uy| + |Du|(Uy) + 4| Jullfat,v, < |Ur| + |Dul(Uy) + 120¢, (3.21)

k—o0

for all r > 0 sufficiently small. In particular
A(up, Up) < |Up| + |Du|(Uy) + 120€ + 0k (1), (3.22)
where 0x(1) — 0 as k — co. On the other hand
likrn inf A(uy, Usy) > |Usay| + | Du|(Usy), (3.23)
—00
where Uy, = Q\ (U, Bar(wp)), so

A(uf, Usr) > |Us] + | Dul (Usr) + (1), (3.24)

where 0} (1) = 0 as k — oo.
Fixing 7 and k, we can find a sequence (v}’ My ¢ CYU,; R2) N WE*(U,; R?) such that

"R ol in LY(U,;R?) as j — oo,
lim A( U ) = A(u, Uy) = |Uy| + |Dup|(U,), (3.25)
j—00

where the last equality follows from [1, Theorem 3.14]. Combining with (3.21]) and (3.24)), we
have

U\ Uzp| + | DU (U, \ Usy) < lim A}, U\ Uny) = lim (APF, U,) — A, Uay) )
J—00 J J—00 J J
< A(uf, U,) — lim ian(vg’k, Up) < A(ul, Uy) — A(u, Uy,
< ‘U | + \Du!( ) + 120€ — ‘UQT’ — ]Du\(UQT) + Nk
= |U; \ Uz | + | Du|(Uy \ Uzy) 4 120€ + n,
where 1y, — 0 as k — oco. From this we get

| Dug|(U, \ Uay) < |Du|(U, \ Uay) + 120€ + 1. (3.26)

Next we observe that, since v;’k is built by mollification (see |1, Theorem 3.14] for details),
it also follows that

o sl strictly in BV (U R?) as j — oo, (3.27)

By Fubini and the mean value theorems we can find a set I}, C (r,2r) of positive measure such
that for all p € I, we have

| D | (9B (wn)) < 1IDUZI(Bzr(wh) \ Br(wn)), (3.28)

where we have denoted by uj € BV((?B (wp); R?) the traceﬁ of uj, on OB,(wy). By (3.27),
applying [4, Lemma 2.5], for all h =1,...,m we can find 7, € I}, such that (up to extracting a
subsequence)

VPR g strictly in BV (B, (wh); R?) asj — oo, Vh=1,...,m.  (3.29)

8This coincides with the restriction of uj for a.e. p > 0, and we can assume this is a BV function.
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For all j we now define

rk .
K fxeQ\(UB
7t =1, B ) (3.0
vy (wh+rh|x o ) if x € By, (wp) \ {wn}, h=1,...,m.
Hence we have ﬁg’k € Wllofo Q\{wp : b = 1,...,m};R?), it is piecewise Cl-regular, and

furthermore, for z € B,, (wp) \ {wp},

T —w T —w
Vﬁg’k(x) = Vv;’k (wh + Thh> \Y (rhh> ,
|2 — wp| |z — wp|

whose Jacobian determinant is null as det (V ( L )) =0, and

lz—wa|

V)] < [V (- )| T
T — wp wp, — T
o= unl /| Fon — =

As a consequence

A U B o) \ () = [ eV e < B+ [ 90

Uny Bry, (wr) Uy, Br, (wh)

m 21 prp
< 4mr’m + Z/ / Th ‘Vv;’k(wh + 7, (cos 0, sin 9))‘ dpdb

_47T7“m+2/ / \VoTE|dH dp

= 47r’m + Z 71| DL | (8B, (wy)) + 0j(1), (3.31)
h=1
where, using (3.29), we have 0;(1) — 0 as j — oo. In turn, from (3.26)), (3.28]), and since rj, € I,
we infer
A@F, U (Br, (wn) \ {wn})) < 4mr®m + [Dug| (U, \ Usy) + 05(1) (3.32)

< Arr?m + |Du|(U, \ Uzy) + 120¢€ + g, + 0;(1).
Eventually, by (3.25)) and using (3.22), this implies

AT QN {(wn) h=1,...,m}) < A@*, Uy) + A@;" Uy (B, (wn) \ {wn})
< A(ul, Uy) + drr®m + | Dul (U, \ Uzy) + 120¢€ + 7 + 0;(1)
< |Q| + |Du|(Q) + 37r*m + 120€ + T + 0;(1), (3.33)

where 7, — 0 as k — oo Hence we conclude, by a diagonal argument, that there exists a
sequence vy 1= U, (k) € VVIOC (Q\{wy : h=1,...,m};R?), piecewise C'-regular on Q\ {wy, : h =
1,...,m}, such that vy — u in L'(Q;R?) and

liminf A(Tg, Q\ {(wp,) : h=1,...,m}) <|Q| + |Du|(Q) + 120¢. (3.34)
This is sufficient to ensure that
A(u, Q\ {(wp) : h=1,...,m}) < |Q] + |Du|(Q) + 120¢. (3.35)

Therefore, for all € > 0 we have found a finite set of points C¢ := {(wp,) : h = 1,...m} such that
(3-35) holds, and we conclude that the right-hand side of (1.12) coincides with [Q[ + [Du|(£2).

This is exactly A(u, ) as proved in Step 1, so the thesis is achieved. ]
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4 Appendix

We collect here two useful observations. The first one consists in the following lemma, whose
content can be found in [22] (see also references therein):

Lemma 4.1. Let U C R? be a relatively compact set; then for a.e. § > 0 the §-neighborhood Uy
of U has Lipschitz boundary.

As a second remark, we see that we can equivalently relax the area functional using VVli)COO
functions instead of C' maps:

Lemma 4.2. Let Q C R? be a Lipschitz domain and u € L*(Q;R?). Then

Au, Q) = inf{lim inf A (v, ), v € W2 (Q;R?), v — w in LY R?)}. (4.1)
—+o0
This follows from the fact that for v € VVl}j’COO(Q;RQ) it holds A(v,Q) = A(v,Q) (see [1]),

which trivially implies the inequality < in the formula above. The opposite inequality is obtained
by simply observing that C(Q; R2) C WL (Q; R?).
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