CVGMT Preprint Server - http://cvgmt.sns.it/papers/pao02/

On the Relaxed Total Variation of Singular Maps

Emanuele Paolini^∗

March 21, 2003

Abstract

We consider the total variation functional T V (u) = ∫ | det Du| defined on W^{1,n}(Ω, R^n ) for Ω ⊂ R^n . An extension T V^p is defined by relaxation in the weak topology of W^{1,p} for p < n; so the relaxed functional is defined also on maps which may have singularities. In this paper we study the relaxed total variation and compute the functional on 0-homogeneous singular maps.

1 Introduction

See Section 3 if in doubt about notation. Let Ω be an open bounded subset of R^n and let u: Ω → R^n . We define the total variation of a map u: Ω → R^n T V (u) = ∫ Ω |det Du(x)| dx which is a continuous functional on W^{1,n}(Ω, R^n ) → R. Altought W^{1,n} is the natural ambient space for T V in many applications one is interested in extending T V on maps with singularities. The main example is u: B^n → R^n , u(x) = x/|x| which is in W^{1,p} for all p < n but not in W^{1,n}.

An extension of T V on W^{1,p} for p < n can be accomplished in two ways. The first one is to define a distributional Jacobian determinant to replace det Du. Since det Du is a sum of products of n terms which are derivatives of u, one can integrate by parts to obtain a distribution which involves the products of only n − 1 derivatives. The distributional Jacobian has been widely studied, see [15] [1] [18] [4] [17] [6] [2].

The second possibility (which we consider in this paper) is to extend T V by relaxation either in the weak or strong topology of W^{1,p} for p < n as follows

T V^p(u) = inf{lim inf_{k→∞} T V (u_k): u_k^{W 1,p}⇀ u, u_k ∈ W^{1,n}},

T V^p_s (u) = inf{lim inf_{k→∞} T V (u_k): u_k^{W 1,p}→ u, u_k ∈ W^{1,n}}.

∗Dipartimento di Matematica “U. Dini”, viale Morgagni 67/a, 50134 Firenze (Italy)

See [14], [8], [10], [3], [13], [12], [7].

This paper bases itself on [7] where the relaxed total variation is introduced and widely studied.

2 Plan of the paper

Our aim is the computation of T V^p on singular maps. We will only consider 0-homogeneous maps. This class of maps is however relevant in the study of general maps with single point singularities. In fact when u has a singularity in one point x_0 we have

T V^p(u) = ∫ | det Du| + T V^p(u_0)

where u_0(y) = lim_{ε→0}+ u(x_0 + εy) is the 0-homogeneous blow-up of the singularity (see the proof of [7, Theorem 10]).

Given a Lipschitz continuous map φ: S^{n−1} → R^n , we will consider the 0- homogeneous extension u_φ(x) = φ(x/|x|). This map is defined on D^n \ {0} and hence is defined almost everywhere on B^n . It is easy to show that u_φ ∈ W^{1,p}(B^n , R^n ) for all p < n but (apart from constants) u_φ ∉ W^{1,n}.

In Theorem 4.3 we highlight the following identity

T V^p(u_φ) = T V^p_s (u_φ) = inf{T V (v): v⌞S^{n−1} = φ, v regular}.

Thought not explicitly stated, this fundamental result is proved in [7, Section 7]. We have rewritten the proof which is divided in the two estimates of Lemma 4.1 and 4.2.

In Theorem 4.7 we show that T V^p(u_φ) only depends on the homotopy class of the map φ. Notice that the distributional Jacobian is instead tied to homological properties of φ (see [10]).

Applying Theorem 4.7 we easily find that the formula

T V^p(u_φ) = | deg(φ)| · |B^n |

holds whenever φ(S^{n−1}) ⊂ S^{n−1} (Theorem 5.1). This result extends [7, Corollary 16] and was conjectured in [7, Remark 11].

In Theorem 5.2 we compute T V^p(u_8) where u_8 is the so called “eight curve”. This example was first introduced in [9] where it is shown (thought in a slightly different context) that T V^p(u_8) > 0. This is the first example of a map on which the distributional Jacobian and the relaxed total variation differ. In [7, Example 47] it has been proved that T V^p_s (u_8) ≤ 4π while in [12] the u_8 function is considered as an example and T V^p_s (u_8) ≥ 4π is claimed. Instead we show that T V^p(u_8) = T V^p_s (u_8) = 2π. This result was independently obtained in [16, Theorem 1.2].

Last, we also present a more complex example to show how to proceed to compute T V^p on a general 0-homogeneous map in R^2 .

A brief resume on the topological degree and on homotopy is given in Section 6.

3 Notation

Let R be the set of real numbers and Z the set of whole numbers. We will denote by B^n_ρ (x) the open ball of R^n with radius ρ centred in x. Default values ρ = 1, x = 0 and n are assumed. With S^{n−1} ⊂ R^n we denote the sphere ∂B^n and with D^n_ρ = B^n_ρ the closed disc. If u: A → B and C ⊂ A we denote the restriction u⌞C: C → B, u⌞C(x) = u(x). We denote with C^n the space of differentiable functions, with W^{n,p} the Sobolev spaces and with Lip the space of Lipschitz continuous functions. If A ⊂ R^n we denote with χ_A the characteristic function of A which has value 1 in A and 0 outside. With deg(u, y) we denote the topological degree of u in the point y (see Section 6.1). With sgn(x) we denote the sign function: x = sgn(x) · |x|. If X is a set #X is the number of points or cardinality of X. With mul(u, y) we will denote the multiplicity of u in y that is #u^{−1}(y) (see Theorem 4.6).

Given two continuous maps φ, ψ: S^{n−1} → X we say that φ and ψ are homotopic if there exists a continuous mapping (the homotopy) γ: [0, 1] × S^{n−1} → X such that γ(0, ·) = φ and γ(1, ·) = ψ. With π_k(X) we denote the k-th homotopy group of the topological space X (see Section 6.2). G ∗ H is the free product of groups, i.e. the group of words generated by the elements of G and H.

When X ⊂ R^n we denote with |X| or H^n(X) the Lebesgue measure of X; we define dist(x, X) = inf_{y∈X} |x − y| and we denote with (X)_ε = {x ∈ R^n : dist(x, X) < ε} the ε-neighbourhood of X.

In Definition 4.4 we introduce the notion of Lipschitz set.

4 Main Theorems

The following Lemma 4.1 and 4.2 can be found in [7, Section 7]. We prove them here for the convenience of the reader. In particular compare the following with [7, (108)].

Lemma 4.1 (upper bound). Let φ: S^{n−1} → R^n be a Lipschitz continuous map and let v: B^n → R^n be any Lipschitz continuous function with v⌞S^{n−1} = φ. Let u: B^n → R^n be defined almost everywhere by u(x) = φ(x/|x|). Then for all p ∈ ]1, n[, T V^p_s (u) ≤ T V (v). Proof. For ε ∈ ]0, 1[ define

u_ε(x) = { u(x) if |x| ≥ ε v(x/ε) if |x| ≤ ε. Clearly u_ε is Lipschitz. Moreover det Du_ε(x) = 0 when |x| > ε while u_ε is a reparameterization of v in B_ε . So T V (u_ε) = T V (v).

Moreover |Du(x)| = 1 |x| |D_τ v(x/|x|)| ≤ 1 |x| ‖Dv‖_L∞ and for |x| < ε |Du_ε(x)| = 1 ε |Dv(x/ε)| ≤ 1 ε ‖Dv‖_L∞ . Hence ‖Du − Du_ε‖^p_Lp = ∫ B_ε |Du − Du_ε|^p ≤ c_1‖Dv‖^p_L∞ ∫ B_ε ( 1 |x| + 1 ε )_p dx = c_2ε^{n−p} which goes to 0 as ε → 0 when p < n. Hence u_ε → u in W^{1,p} and T V^p_s (u) ≤ lim inf_{ε→0+} T V (u_ε) = T V (v).

Compare the following with [7, Lemma 36].

Lemma 4.2 (lower bound). Let Ω be an open bounded subset of R^n and let Ω_0 ⋐ Ω. Let u ∈ Lip(Ω \ Ω_0, R^n ) ∩ W^{1,p}(Ω, R^n ) ∩ L^∞(Ω, R^n ) for some p ∈ ]n − 1, n[. Then given any ε > 0 it is possible to find a map v ∈ Lip(Ω, R^n ), v⌞∂Ω = u⌞∂Ω such that T V^p(u) ≥ T V (v) − ε. Proof. By the definition of T V^p we can find a sequence u_k ∈ Lip(Ω, R^n ) such that lim inf_{k→∞} T V (u_k) ≤ T V^p(u) + ε/2, (1) u_k^{W 1,p}⇀ u. Let c_1 = ‖u‖_L∞ . If we let u^′_k be the truncation of u_k in the cube [−c_1, c_1]^n we notice that T V (u^′_k) ≤ T V (u_k) and also u^′_k ⇀ u. So by replacing u_k with u^′_k we may also suppose that sup_k ‖u_k‖_L∞ ≤ c_1.

Choose now r > 0 such that the set A_r = {x ∈ Ω: dist(x, ∂Ω) < r} is contained in Ω \ Ω_0 and consider the cut-off function φ: Ω → R φ(x) = { dist(x, ∂Ω)/r if x ∈ A_r ∪ ∂Ω, 1 if x ∈ Ω \ A_r.

Notice that φ is 1/r-Lipschitz and |φ| ≤ 1. So the following sequence v_k: Ω → R^n v_k(x) = φ(x)u_k (x) + [1 − φ(x)]u(x) is in Lip(Ω, R^n ), v_k ⌞∂Ω = u⌞∂Ω and we have

T V (v_k) = ∫ Ω | det Dv_k | = ∫ A_r | det Dv_k| + ∫ Ω\A_r | det Du_k| (2) ≤ ∫ A_r | det Dv_k − det Du_k| + ∫ Ω | det u_k|.

We recall the inequality | det ξ − det η| ≤ c_2(1 + |ξ|^{n−1} + |η|^{n−1})|ξ − η| which holds for all matrices ξ and η with some constant c_2, in particular | det Dv_k − det Du_k| ≤ c_2(1 + |Dv_k|^{n−1} + |Du_k|^{n−1})|Dv_k − Du_k| and by Hölder inequality with q = (p − n + 1)/p we get ∫ A_r | det Dv_k − det Du_k| (3) ≤ c_2 ‖ ‖1 + |Dv_k|^{n−1} + |Du_k|^{n−1} ‖ ‖_{L pn−1 (Ar )} · ‖Dv_k − Du_k‖_{Lq (Ar )} From the definition of v_k we obtain |Dv_k − Du_k| = |Dφ ⊗ (u_k − u) + (1 − φ)(Du − Du_k)| ≤ |u − u_k| r + |Du − Du_k|. Since u_k ⇀ u weakly in W^{1,p} we know that u − u_k is bounded in W^{1,p} that is sup_k ‖Du − Du_k‖_Lp ≤ c_3. Moreover there exists a subsequence u_{kj} such that |u(x) − u_{kj} (x)|/r → 0 for almost every x. So by Lebesgue convergence Theorem we obtain

lim inf k→∞ ‖Dv_k − Du_k‖^q_{Lq (Ar )} ≤ lim inf_{k→∞} ∫ A_r [ |u − u_k| r + c_3 ]_q = c^q_3|A_r|. (4)

Being Du_k and Du bounded in L^p and being also |Dv_k | ≤ 2|Du_k| + |Du| + |u − u_k| r we find that ‖ ‖1 + |Dv_k|^{n−1} + |Du_k|^{n−1} ‖ ‖_{L pn−1 (Ar )} ≤ c_4 [ 1 + ‖Dv_k‖^{n−1}_{Lp(Ar )} + ‖Du_k‖^{n−1}_{Lp(Ar )} ]

≤ c_5 [ 1 + ‖ ‖ ‖ u − u^k r ‖ ‖ ‖^{n−1} L^p(A_r ) ]

again, passing to the limit we obtain

lim inf k→∞ ‖ ‖1 + |Dv_k|^{n−1} + |Du_k|^{n−1} ‖ ‖_{L pn−1 (Ar )} ≤ c_5. (5)

From (3), (4) and (5) we have

lim inf k→∞ ∫ A_r | det Dv_k − det Du_k| ≤ c_2c_3c_5|A_r|^{1q} and from (2) and (1) we conclude

lim inf k→∞ T V (v_k) ≤ c_2c_3c_5|A_r|^{1q} + T V^p(u) + ε 2 . Since |A_r| → 0 as r → 0 we can choose r small enough so that for some k T V (v_k) ≤ T V^p(u) + ε.

Theorem 4.3 (characterization). Let φ: S^{n−1} → R^n be a Lipschitz map and let u: B^n → R^n be defined almost everywhere by u(x) = φ(x/|x|). Then for all p ∈ ]n − 1, n[ we have u ∈ W^{1,p}(B^n , R^n ) and

T V^p(u) = T V^p_s (u) = inf{T V (v): v ∈ Lip(D^n , R^n ), v⌞S^{n−1} = φ}.

Proof. Clearly T V^p ≤ T V^p_2 so the result comes at once from Lemma 4.1 and 4.2.

Definition 4.4. We say that a set X ⊂ R^n is Lipschitz if there exist ε > 0 and a Lipschitz mapping π: (X)_ε → X such that π(x) = x for all x ∈ X.

Notice that the projection π need not to be the minimum distance projection. In particular the set X = {(x, y) ∈ R^2 : |y| = |x|} is Lipschitz in our definition. An example of non Lipschitz set is instead X = {(x, y) ∈ R^2 : |y| = x^2}.

The following theorem assures that when X ⊂ R^n is regular then homotopic maps can be joined with a Lipschitz continuous homotopy. This is true when X is Lipschitz. However we believe that when n = 2 and X is the image of a Lipschitz curve (as in Theorem 5.2) again this theorem should be valid even if X is not Lipschitz in our definition.

Lemma 4.5. Let X be a bounded, Lipschitz subset of R^n . Let φ, ψ: S^{n−1} → X be two Lipschitz mappings. If φ and ψ are homotopic then there exists a Lipschitz homotopy γ̄: [0, 1] × S^{n−1} → X such that γ̄(0, ·) = φ and γ̄(1, ·) = ψ.

Proof. Being φ and ψ homotopic there exists a continuous mapping γ: [0, 1] × S^{n−1} → X. First of all we consider an extension γ̃: R × S^{n−1} → X

γ̃(t, σ) = γ(0, σ) if t < 0 γ(t, σ) if 0 ≤ t ≤ 1 γ(1, σ) if t > 1

Clearly γ̃ is uniformly continuous since γ is.

Then, given δ > 0 we define, by regularization, γ_δ: [0, 1] × S^{n−1} → R^n γ_δ (t, σ) = 1 2δH^{n−1}(B_δ ) ∫_{t+δ} t−δ ∫ B_δ (σ) γ̃(s, τ) dH^{n−1}(τ) ds with B_δ(σ) = B^n_δ (σ) ∩ S^{n−1}.

One can easily check that γ_δ^{L∞}→ γ and γ_δ is Lipschitz continuous. Since X is Lipschitz we can choose ε > 0 such that there exists a Lipschitz projection π: (X)_ε → X. Also fix δ̄ such that γ¯_δ ([0, 1] × S^{n−1}) ⊂ (X)_ε (this is possible since γ_δ → γ uniformly). Finally define γ̄: [0, 1] × S^{n−1} → X by γ̄(t, σ) = π((1 − 3t)γ(0, σ) + 3tγ¯_δ(0, σ)) when t ∈ [0, 1/3], π(γ¯_δ (3t − 1, σ)) when t ∈ [1/3, 2/3], π((3 − 3t)γ¯_δ(1, σ) + (3t − 2)γ(1, σ)) when t ∈ [2/3, 1].

For t ∈ [0, 1/3] we are joining the curve φ with the curve γ¯_δ(0, ·). Between 1/3 and 2/3 we consider the regularized homotopy γ¯_δ and between 2/3 and 1 we join the curve ψ. The resulting mapping γ̄ is a Lipschitz homotopy between φ and ψ.

We recall the following theorem (see for example [10]) which will be useful in the computation of T V

Theorem 4.6 (area formula). Let Ω be a bounded open subset of R^n and let u ∈ Lip(Ω, R^n ). Then T V (u) = ∫ Ω | det Du(x)| dx = ∫ u(Ω) mul(u, y) dy Theorem 4.7 (homotopic invariance). Let X ⊂ R^n be a Lipschitz set with |X| = 0. Let φ, ψ: S^{n−1} → X be two Lipschitz maps and let u, v: B^n → R^n be defined almost everywhere by u(x) = φ(x/|x|), v(x) = ψ(x/|x|).

If φ and ψ are homotopic in X then T V^p(u) = T V^p(v) for every p ∈ ]n − 1, n[. Proof. Since X is a Lipschitz set and φ, ψ are homotopic, by Lemma 4.5 we know that there exists a Lipschitz mapping γ: [0, 1] × S^{n−1} → X such that γ(0, σ) = φ(σ), γ(1, σ) = ψ(σ) ∀σ ∈ S^{n−1}. By Lemma 4.2 there exists a sequence u_k ∈ Lip(D^n , R^n ) such that lim inf_k T V (u_k) ≤ T V^p(u) and u_k⌞S^{n−1} = φ. Define v_k: D^n → R^n as follows:

v_k(x) = { u_k(2x) when |x| ≤^1_2 γ(2|x| − 1, x/|x|) when |x| ≥^1_2 . Clearly v_k ∈ Lip(D^n , R^n ) and v_k⌞S^{n−1} = ψ so that by Lemma 4.1 T V^p(v) ≤ T V (v_k). We have

T V (v_k) = ∫ B^n_{12}

| det Dv_k| + ∫ B^n \B^n_{12} | det Dv_k|. The first integral on the right hand side of the previous equality is nothing else that T V (u_k) since the map u_k⌞B^n_{12} is a reparameterization of u. On the other hand in view of Theorem 4.6 we have

T V (v_k⌞D^n \ B^n1_2 ) = T V (γ) = ∫ X mul(γ, y) dy = 0 since |X| = 0.

So we get T V (v_k) = T V (u_k) and hence

T V^p(v) ≤ lim inf_{k→∞} T V (v_k) = lim inf_{k→∞} T V (u_k) ≤ T V^p(u).

Repeating the proof with φ and ψ exchanged we obtain the opposite inequality and hence the complete proof.

5 Applications

Compare the following with [7, Theorem 1 and Corollary 16].

Theorem 5.1 (the sphere). Consider any Lipschitz map φ: S^{n−1} → S^{n−1} and let u: B^n → R^n be defined almost everywhere by u(x) = φ(x/|x|). Then

T V^p(u) = | deg(φ)| · |B^n |

for all p ∈ ]n − 1, n[.

Proof. Let k = deg(φ) and let φ̄: S^{n−1} → S^{n−1} be defined as follows

φ̄(ρ cos θ, ρ sin θ, x_3, x_4, . . . , x_n) = (ρ cos(kθ), ρ sin(kθ), x_3, x_4, . . . , x_n),

where ρ = √ 1 − (x^2_3 + x^2_4 + . . . + x^2_n) and let ū: D^n → R^n be defined by ū(x) = φ̄(x/|x|). Clearly deg(φ̄) = k and hence φ̄ is homotopic to φ (see Section 6.2) so that by Theorem 4.7 we have T V^p(u) = T V^p(ū).

To apply Theorem 4.3 we consider any Lipschitz map v: D^n → R^n such that v⌞S^{n−1} = φ̄. One of such maps is v̄(x) = |x|φ̄(x/|x|). Since for this map we have deg(v̄, y) = k for all y ∈ B^n we also have deg(v, y) = k for all y ∈ B^n because v and v̄ agree on S^{n−1} (see Section 6.1). So we have (see Theorem 4.6 and Section 6.1) T V (v) = ∫ R^n mul(v, y) dy ≥ ∫ B^n | deg(v, y)| dy = |k| · |B^n | while T V (v̄) = ∫ B^n mul(v̄, y) dy = ∫ B^n |k|dy = |k| · |B^n |. Hence T V (u) = T V (ū) = inf_v T V (v) = |k| · |B^n |.

Compare the following with [9, Theorem 1], [12, Example 3.8], and [7, Section 6 and Example 47].

Figure 1: On the left the “eight curve”. On the right a representation of the image of the map u_2. The right disc is spanned two times while the left remains empty.

Theorem 5.2 (the eight curve). Consider the Lipschitz curve φ: S^1 → R^2 defined by

φ(cos θ, sin θ) =

(−1, 0) + (cos 4θ, sin 4θ) when θ ∈ [0, π/2] (1, 0) + (− cos 4θ, sin 4θ) when θ ∈ [π/2, π] (−1, 0) + (cos 4θ, − sin 4θ) when θ ∈ [π, 3π/2] (1, 0) + (− cos 4θ, − sin 4θ) when θ ∈ [3π/2, 2π]

and consider the map u_8: B^2 → R^2 defined almost everywhere by u_8(x) = φ(x/|x|). Then T V^p(u_8) = 2π for all p ∈ ]1, 2[.

Proof. The image of φ is the “eight curve” X = X_1 ∪X_2 that is the union of the two circles X_1 = S^1(−1, 0) and X_2 = S^1(1, 0). Let D_1 and D_2 be respectively the two discs D_1 = D^2 (−1, 1) and D_2 = D^2 (1, 0). If a represent the curve around the left circle and b the curve around the right circle, then φ can be represented by aba^{−1}b^{−1}.

To compute T V^p(u_8), by Theorem 4.3, it is enough to consider all Lipschitz continuous maps u which agree with φ on S^1.

One such map is u_1(x) = |x|φ(x/|x|). Clearly it holds T V (u_1) = 4π since both circles D_1 and D_2 are spanned twice by this map. This gives at once T V^p(u_8) ≤ 4π.

However a better result can be achieved. In fact it is possible to find a Lipschitz continuous function u_2 whose image spans one of the two circles (say D_2) two times while leaves empty the other circle (as suggested in Figure 1).

We decompose D^2 into three pieces: T = D^2 ∩ {x − 1 ≤ y ≤ x + 1}, A^+ = D^2 ∩ {y ≥ x + 1} and A^− = D^2 ∩ {y ≤ x − 1}. Also consider the two points p^+ = (1/2, 1/2) and p^− = (−1/2, −1/2) which respectively lie in T ∩ A^± (see Figure 2).

We define u_2 by the following properties:

1. u_2⌞S^1 = φ;

2. u_2 is constant on the lines x + y = q for every q in [−1; 1];

A^+

A^−

T p^+

p^−

Figure 2: Here are the pieces in which D^2 is broken in the definition of u_2. Along the circle, u_2 is equal to φ. Along continuous lines the function u_2 is constant; along dashed lines u_2 is a linear interpolation. Along the two strong lines u_2 is zero.

3. u_2 is linear on the intersection of A^+ (respectively A^−) with the lines through the point p^+ (respectively p^−).

As suggested by Figure 1 the image u_2(T ) of the strip T is the left circle X_1 while the image of both A^+ and A^− is the full disc D_2.

So applying Theorem 4.6

T V (u_2) = ∫ u_2 (B^2 )

mul(u_2, y) dy = ∫ D_2

2 = 2π.

And in view of Theorem 4.3 we obtain

T V^p(u_8) ≤ 2π.

Indeed we claim that T V^p(u_8) = 2π. To prove this we have to show that given any regular map v: D^2 → R^2 with v⌞S^1 = φ we have T V (v) ≥ 2π. So let v be such a map. Since v and u_1 agree on the boundary of D^2 they have the same topological degree. So we have (recall that X = φ(S^1))

deg(v, y) = deg(u_1, y) = 0 ∀y ∈ R^2 \ X.

We now claim that one of the two circles D_1 or D_2 is completely contained in the image of v. In fact suppose by contradiction that there exists two points y_1 and y_2 such that y_1 ∈ D_1, y_2 ∈ D_2 and mul(v, y_1) = mul(v, y_2) = 0. Let Y = R^2 \ {y_1, y_2}. We know that the homotopy group π_1(Y ) is Z ∗ Z and, denoting with a and b the two generators of π_1(Y ), the homotopy class of φ is [φ] = aba^{−1}b^{−1} ≠ 0 (see Section 6.2). On the other hand we are supposing that v(D^2 ) ⊂ Y so that v is an explicit homotopy in Y between φ and the constant map v(0). This is a contradiction.

So at least one of the two circles (say D_1) must be completely spanned by v. On the other hand for almost every y ∈ R^n \ X we have deg(v, y) =

X B C A

Figure 3: The curve X = φ(S^1) with three holes A, B and C. ∑ v(x)=y sgn det Dv(x) = 0. Since mul(v, y) = #{v(x) = y} we get that

mul(v, y) is even for almost every y ∈ R^n . Being different from 0 we obtain that mul(v, y) ≥ 2 for almost every y ∈ D_1 and hence T V (v) ≥ ∫ D_1 mul(v, y) dy ≥ 2π.

The technique used in the previous example can be extended to many 0- homogeneous maps u: D^2 → R^2 .

Let φ: S^1 → R^2 be a Lipschitz continuous curve. Let X = φ(S^1). Clearly |X| = 0. Suppose, for example, that X is a set enclosing three “holes” A, B and C as in Figure 3.

So A, B, C are open, simply connected, disjoint subsets of R^2 . Since X is Lipschitz we know that any curve φ can be replaced with the canonical representant of its homology class [φ]. If a, b and c are three closed curves enclosing the sets A, B and C we know that π_1(X) = Z_a ∗ Z_b ∗ Z_c that is the group of all words composed with the letters a, b, c and their inverses a^{−1}, b^{−1}, c^{−1}.

Suppose, for example, that our curve φ is represented by the word φ = aca^{−1}bc^{−1}ab^{−1}. We now construct three different maps v_1, v_2, v_3: D^2 → R^2 with v_i⌞S^1 = φ such that

inf{T V^p(v): v ∈ Lip(D^2 , R^2 ), v⌞S^1 = φ} = min{T V^p(v): v ∈ {v_1, v_2, v_3}}. (6)

As in Theorem 5.2 the idea is to “collapse” some pieces of φ with strips joining two inverse paths.

For example we can collapse in aca^{−1}bc^{−1}ab^{−1} the first a with a^{−1} joining them with a strip. The two remaining closed curves are then c and bc^{−1}ab^{−1}. The first curve cannot be simplified further and we put a disc on it. In the second curve we can collapse b with b^{−1} leaving the curve c^{−1}a on which we put two discs. The resulting map v_1: D^2 → R^2 can be represented as in Figure 4.

a

c

a^{−1} b c^{−1} a b^{−1} a

c

a^{−1} b c^{−1} a b^{−1} a

c a b^{−1}

C A C X X C A B

X B C A X A B A

B a^{−1} b c^{−1}

Figure 4: Here are represented the domains of the three maps v_1, v_2, v_3: D^2 → R^2 . The letters in the regions indicate where the point of that regions are sent by v. In particular the regions marked with an X are mapped into a thin curve contained in X while the regions A, B and C are mapped, with a disc type surface, onto the corresponding region.

The strips have 0 total variation while the discs have a total variation which equals the measure of the corresponding hole. So T V (v_1) = |A| + 2|C|.

If we instead join the second a of aca^{−1}bc^{−1}ab^{−1} with its inverse a^{−1} we are left with the two curves b^{−1}ac and bc^{−1} that cannot be collapsed further. The resulting map v_2 (see Figure 4) has total variation T V (v_2) = |A| + 2|B| + 2|C|.

The last possibility is to collapse c with c^{−1} to obtain the two curves a^{−1}b and ab^{−1}a. The resulting map v_3 has total variation T V (v_3) = 3|A| + 2|B|.

We have to prove that any other regular map v: D^2 → R^2 is worse (i.e. has greater total variation) than one of v_1, v_2, v_3.

To achieve this we use the topological degree. Let v: D^2 → R^2 be any C^1 map with v⌞S^1 = φ.

Since all maps with the same boundary have the same topological degree, we have^1 deg(v, A) = 1, deg(v, B) = 0 and deg(v, C) = 0. This can be quickly obtained also by letting a, b and c commute in aca^{−1}bc^{−1}ab^{−1} to obtain aa^{−1}abb^{−1}cc^{−1} = a. Hence mul(v, y) ≥ χ_A(y).

Then we claim that either B or C must be completely spanned by v. In fact suppose that there exist y_1 ∈ B and y_2 ∈ C such that mul(v, y_1) = mul(v, y_2) = 0. Then let Y = R^2 \ {y_1, y_2}. The inclusion i: X → Y gives an homomorphism i^∗: π_1(X) → π_1(Y ) which can be computed by simply letting a = 0 since a is homotopic to 0 in Y . So i^∗(φ) = cbc^{−1}b^{−1} which, for sure, is different from 0 in π_1(Y ). However v is an explicit homotopy in Y between φ and 0. So either B or C is completely spanned by v.

Suppose that C is spanned by v. Since deg(v, C) = 0 we get that mul(y, C) ≥ 2 as mul(y, C) is even. Hence mul(v, y) ≥ 2χ_C and recalling that mul(v, y) ≥ χ_A we obtain T V (v) ≥ |A| + 2|C| = T V (v_1).

Suppose instead that B is spanned by v. In this case we obtain mul(v, y) ≥ 2χ_B. We now claim that either mul(v, C) ≥ 1 or mul(v, A) ≥ 2. Suppose by contradiction that there exist y_1 ∈ A and y_2 ∈ C such that mul(v, y_1) ≤ 1 and

1With deg(v, E) = d we mean deg(v, y) = d for all y ∈ E.

mul(v, y_2) = 0. We can also suppose that y_1 is not a critical value of v. If mul(v, y_1) = 0 we obtain a contradiction reasoning as before. So suppose that mul(v, y_1) = 1. In this case there exists one unique point x_1 such that v(x_1) = y_1. Since x_1 is not critical and deg(v, A) = 1 we know that det Dv(x_1) > 0. So v is locally invertible, i.e. there exist ε > 0 such that v⌞B_ε (x_1) is a diffeomorphism with its image. Hence the mapping v: D^2 \ B^2_ε (x_1) → Y = R^2 \ {y_1, y_2} is an explicit homotopy between φ and the curve ψ = v⌞∂B_ε (x_1). Notice that, in Y , we have [φ] = aca^{−1}c^{−1}a and [ψ] = a. But this is a contradiction since aca^{−1}c^{−1}a and a are different in Z_a ∗ Z_c. We conclude that either C is spanned by v or A is spanned at least twice.

In the first case we get mul(y, C) ≥ 2 and hence T V (v) ≥ |A|+2|B|+2|C| = T V (v_2).

In the second case we get mul(y, A) ≥ 3 (since deg(v, A) = 1) and hence T V (v) ≥ 3|A| + 2|B| = T V (v_3). We have so proved (6) and hence T V^p(u) = |A| + 2|C| if |C| ≤ |A| + |B| and T V^p(u) = 3|A| + 2|B| otherwise.

6 Appendix

6.1 Topological degree

Let Ω be an open and bounded subset of R^n and let u: Ω → R^n be a continuous function. Given y ∈ R^n \ u(∂Ω) it is defined the topological degree of u in y which is denoted by deg(u, y) ∈ Z (see for example [5]).

Among other properties we recall the following:

1. if u ∈ C^1 and y is not critical (i.e. det Du(x) ≠ 0 whenever u(x) = y) it holds deg(u, y) = ∑ u(x)=y sgn det Du(x);

2. | deg(u, y)| ≤ mul(u, y) for all y ∈ R^n \ u(∂Ω);

3. deg(u, ·) is constant on each connected component of R^n \ u(∂Ω);

4. if u⌞∂Ω = v⌞∂Ω then deg(u, y) = deg(v, y) for all y ∈ R^n \ u(∂Ω).

Given a map φ: S^{n−1} → S^{n−1} and given any continuous extension u: D^n → R^n (with u⌞S^{n−1} = φ) the topological degree deg(u, y) is the same for any y ∈ B^n and for any choice of u. So it only depends on φ and we call it deg(φ) (see Theorem 5.1). For example one can always choose ū(x) = |x|φ(x/|x|) and define deg(φ) = deg(ū, 0). One could also define the topological degree for maps φ between manifolds. In this case the manifold S^{n−1} has no boundary so that deg(φ, y) is constant for all y ∈ S^{n−1}.

6.2 Homotopy

Given k ∈ N the homotopy group π_k(X) is a group which is associated to the pathwise connected topological space X (see for example [11]). We can associate to each continuous map φ: S^k → X an element [φ] of the homotopy group π_k (X). If [φ] = [ψ] there exists a continuous mapping γ: [0, 1] × S^k → X such that γ(0, ·) = ψ, γ(1, ·) = ψ and we say that φ and ψ are homotopic. On the other hand if φ is homotopic to a constant map then [φ] = 0 (the identity element of the group π_k (X)).

When X = S^k we have π_k(S^k) = Z and each map φ is represented by means of the topological degree, i.e. [φ] = deg(φ).

When X ⊂ R^2 is a set with h holes (for example X = R^2 \ {x_1, . . . , x_h}) we have π_1(X) = Z ∗ . . . ∗ Z that is the free product of h copies of Z. The loops φ_1, . . . , φ_h around the holes are the generators of the homotopy group. Every curve φ is hence represented by a sequence of these generators. This group is not commutative, i.e. [φ_i][φ_j ] ≠ [φ_j ][φ_i] if i ≠ j.

Notice instead that the groups π_k (X) with k > 1 are always commutative.

References

[1] Ball, J., M.: Convexity conditions and existence theorems in nonlinear elasticity, Arch. Rational Mech. Anal. 63 337–403 (1977)

[2] Bethuel, F., Brézis, H., Helein, F.: Ginzburg-Landau vortices. Boston:

Birkhauser 1994

[3] Bouchitté, G., Fonseca, I., Malý, J.: The effective bulk energy of the relaxed energy of multiple integrals below the growth exponent, Proc. Royal Soc. Edinburgh Sect. A 128 463–479 (1998)

[4] Brézis, H., Coron, J. M., Lieb, E. H.: Harmonic maps with defects, Comm.

Math. Phys. 107 (1986)

[5] Cronin, J.: Fixed points and topological degree in nonlinear analysis. Providence R. I.: American Math. Soc. 1964

[6] Dacorogna B.: Direct Methods in Calculus of Variations, Appl. Math. Sciences 78, Berlin: Springer-Verlag 1989

[7] Fonseca, I., Fusco, N., Marcellini, P.: On Total Variation of the Jacobian, Preprint Dip. Mat. Univ. Firenze 16 (2002)

[8] Fonseca, I., Marcellini, P.: Relaxation of multiple integrals in subcritical Sobolev spaces, J. Geometric Analysis 7 57–81 (1997)

[9] Giaquinta, M., Modica, G., Souček, J.: Graphs of finite mass which cannot be approximated in area by smooth graphs, Manuscripta Math. 78, 259–271 (1993)

[10] Giaquinta, M., Modica, G., Souček, J.: Cartesian Currents in the Calculus of Variations. Berlin: Springer 1998

[11] Greenberg, M. J.: Lectures on Algebraic Topology. New York, Amsterdam:

W. A. Benjamin Inc. 1967

[12] Jerrard, R. L., Soner, H. M.: Functions of Bounded Higher Variation, Indiana Univ. Math. J. 51/3 645–677 (2002)

[13] Malý J.: L^p-approximation of Jacobians, Comment. Math. Univ. Carolin.

32 659–666 (1991)

[14] Marcellini P.: On the definition and the lower semicontinuity of certain quaiconvex integrals, Ann. Inst. Henri Poincare, Analyse non Linéaire 3 391–409 (1986)

[15] Morrey C. B.: Multiple integrals in the calculus of variations, Berlin:

Springer-Verlag 1966

[16] Mucci, D.: Remarks on the Total Variation of the Jacobian, preprint (2002)

[17] Müller, S.: Weak continuity of determinants and nonlinear elasticity, C. R.

Acad. Sci. Paris 307 501–506 (1988)

[18] Murat, F.: Compacité par compensation: condition necessaire et suffisante de continuité faible sous une hyphothése de rang constant, Ann. Sc. Norm. Sup. Pisa 8 68–102 (1981)