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Abstract

The paper is concerned with a class of optimization problems for moving sets ¢ —
Q(t) c R2, motivated by the control of invasive biological populations. Assuming that
the initial contaminated set 2y is convex, we prove that a strategy is optimal if an only
if at each given time ¢ € [0,7] the control is active along the portion of the boundary
08(t) where the curvature is maximal. In particular, this implies that €(¢) is convex for
all ¢ > 0. The proof relies on the analysis of a one-step constrained optimization problem,
obtained by a time discretization.

1 Introduction

Motivated by a model in [6, 7], describing the control of an invasive biological species, we
consider here the evolution problem for a set €(t) C R? of finite perimeter, depending on
the normal velocity assigned at every boundary point z € 9§(t). We think of Q(¢) as the
contaminated set at time ¢t > 0. If no control is applied, this set expands with unit speed in
all directions. By implementing a control strategy, we assume that one can reduce the area of
Q(t) at rate M per unit time.

To model this situation, for ¢ € [0, 7] and x € 9§(t), we denote by S(¢,z) the normal speed
of the boundary at the point x, in the direction of the interior normal. In other words, if the
sets Q(t) are described by

Qt) = {a; = (z1,x2) € R?: Y(t,x1, x2) > 0}
for some differentiable function ¢, then
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We denote by
E(B) = max {1+ 4,0} (1.1)

the control effort, needed to push the boundary of 2 inward with speed £.

Definition 1.1 Given a constant M > 0, we say that a set-valued function t — Q(t) is
admissible if the corresponding characteristic function t — 1lq) is Lipschitz continuous
from [0,T)] into L*(R?), and moreover

/ E(B(t,z)) H (dzx) < M, for a.e. t€0,T]. (1.2)
20(t)

Here B denotes the velocity of a boundary point in the inward normal direction, and the integral
is taken w.r.t. the 1-dimensional Hausdorff measure along the boundary of Q(t).

Given an initial set Q¢ C R? and a constant M > 0, three problems will be considered.

(NCP) Null Controllability Problem. Find an admissible set-valued function t — Q(t) and
a time T' > 0 such that

Q(0) = Qo, QUT) = 0. (1.3)

(MTP) Minimum Time Problem. Among all admissible strategies that satisfy (1.3), find one
that minimaizes the time T'.

(OP) Optimization Problem. Given a time interval [0,T] and constants c1,ca > 0, find an
admissible set-valued function t — Q(t) which minimizes the cost

T
J = cl/ L2(Q(t)) dt + co L2(AT)), (1.4)
0
subject to Q(0) = Q.

Here and in the sequel, we use the notation £2(f) to denote the 2-dimensional Lebesgue
measure of a set Q@ C R?, while H!1(99Q) will be used to denote the 1-dimensional Hausdorff
measure of its boundary.

Remark 1.1 When the control effort is zero, the set §2(¢) expands in all directions with unit
speed. On the other hand, the bound (1.2) on the instantaneous control effort allows us reduce
the area of 2(¢) at rate M per unit time. This yields a basic relation between the growth rate
of the area of Q(¢) and its perimeter:

Seram) = H(o9() - M. (15)

The Null Controllability Problem (NCP) can thus be solved if and only if we can reduce the
perimeter P(t) = #'(8Q(t)) to a value strictly smaller than M.



A more general class of optimization problems for moving sets was recently considered in
[7], proving the existence of optimal strategies and deriving some necessary conditions for
optimality.

In this paper we consider the optimization problems (MTP) and (OP), assuming that the
initial set g is convex. Our main result, Theorem 5.1, completely characterizes the optimal
strategies. Confirming a conjecture proposed in [7], we prove that a strategy is optimal if
an only if, at each given time t € [0,7], the control is active precisely along the portion of
the boundary 0€2(t) where the curvature is maximal. We observe that, with this control, the
perimeter P(t) also shrinks at the fastest possible rate. Moreover, all sets (¢) remain convex.

As a preliminary to the proof of the main theorem, Section 2 collects several geometric results
concerning r-semiconvex sets, i.e., sets that satisfy the outer sphere condition with radius r.
In particular, we prove a sharp bound on their perimeter, and give estimates on how the area
of their r-neighborhood changes, when the boundary is perturbed.

In Section 3 we study a one-step minimization problem, derived from the original evolution
problem by discretizing time. More precisely, given a compact convex set U C R? and a
constant 0 < a < L2(U), we seek a subset Q C U with area £2(2) = a, such that the area
of its r-neighborhood B,(f2) is as small as possible. By a detailed analysis, we prove that
this optimal set €2 is always convex, see Theorem 3.1. As a consequence, the set ) is also
optimal for the problem of minimizing the perimeter, subject to the same constraints. In the
literature, this second problem has already been studied in [16], and is well understood in
dimension n = 2. Properties of constrained perimeter-minimizing sets, described in Section 4,
play a key role in determining the optimal strategy t — €(t) for both (OP) and (MTP).

For an introduction to geometric measure theory and BV functions we refer to [1, 12, 14].
Various other models of moving sets, subject to external control, have been considered in
[4,5,8,9, 10, 11]. More detailed models of the control of an invasive biological species can be
found in [2, 3]. See also [15] for related results on controlled reaction-diffusion equations.

2 Preliminary geometric lemmas

Throughout the following, B, (x) denotes the open ball centered at x with radius r, while
Q" = Q4+ B, (0) = {z; dist(z,Q) <r}

denotes the open neighborhood of radius r around the set Q C R?, and we will use the
standard notation £2? for the Lebesgue measure in R? and H! for the 1-dimensional Hausdorff
measure. The closure, the interior, and the convex hull of a set €2 are denoted by clos 2, int 2
and conv €, respectively. Given a vector v = (vq,v2) € R?, we write v- = (—uy,v;) for the

perpendicular vector.

Let E C R? be a compact convex set with nonempty interior, and let ¢ — ~(¢) be an arc-length
parametrization of the boundary dF, oriented counterclockwise. Call St = {e € R?; |e| = 1}
the set of unit vectors in R2. For every boundary point z € F consider the set of outer unit
normals

n(z) = {eESl; e (x—y)>0 forallye E}.

We observe that the (possibly multivalued) map ¢ — n(t) = n(y(t)) C S' is a set-valued



function with closed graph and connected values. We will sometimes use the notation n(t) =
e In this case ¢ — 6(t) is a monotone multifunction. A few observations are in order.

1. The map t — n(t) is a BV function, with total variation 7'V (n(-)) = 2w. The absolutely
continuous and the singular part of its measure-valued derivative will be denoted by

Dn = D%n+ D¥"n ¢ M(99,Sh).

Note that with this notation we require that in the jump points the quantity ‘n(w—k) - n(x—)‘
is the length of the smaller arc [n(z—),n(z+)], i.e. the jump |6(t+) — 6(t—)|, = = (t).

2. If A C OF is a Borel subset, then (see Fig. 1, left)

%1< U x—i—hn(ac)) = HY(A)+ h|Dn|(A) = H'(A) + hDO(A), (2.1)
z€A

£2< U x—i—pn(a:)) = hH'(A) + 1h2|Dny(A) = hH'(A) + 1h2De(A). (2.2)
x€A, pe(0,h] 2 2

These formulas generalize the classical Steiner’s formulas for the perimeter and the area of
the r-neighborhood around a convex set (see Theorem 10.1 in [13]). They can be proved
by approximating £ with a polygon and passing to the limit. Notice that the second is the
integral of the first one, by the coarea formula. The above identities can be extended to a
more general class of sets with finite perimeter.

Definition 2.1 Given a closed set E C R2, an open set F and a radius r > 0, we write

5= | Biw). rre (PUBWG) = BAE Y

zelR yg¢r

We say that E, F are in r-duality (or simply in duality) if F = E" and E = F~".

From the above definition, it immediately follows that the two sets E” and (E")™" are in
duality. Note that we always have E C (E")™", but equality does not hold, in general.

Definition 2.2 Let E C R? be a closed set, and let r > 0. We say that E has the exterior
r-ball property, or equivalently that E is r-semiconvex, if for every boundary point x € OF
there is an outer ball B.(y) C R?\ E with |z —y| = r. When this holds, we say that the segment
with endpoints x,y is an optimal ray.

We say that an open set F' has the interior r-ball property, or equivalently that F' is
r-semiconcave, if every point x € F is contained in some open ball B,(y) C F.

In the following, having fixed the radius 7, for shortness we will just say semiconvex/semiconcave.
As immediate consequences of the above definitions, one has:

(i) E is r-semiconvex iff £ = (E")™".



(ii) F is r-semiconcave iff FF = (F~")".

(iii) For every closed set E, every point x € OE" belongs to the boundary of a ball of radius
r contained in E", with center in F;

(iv) For every closed set E, every point x € 9(E")™" belongs to the boundary of a ball of
radius 7 contained in R? \ E, with center in OE".

We observe that, if E is compact, r-semiconvex with int £/ connected but not simply connected,
then each of its “holes” must contain an open ball of radius r. Therefore, the complement R?\ E
can have at most finitely many connected components. To fix ideas, we call V; the unbounded
component, and Vs,...,Vy the bounded components. Each boundary oV, k = 1,...,N is
a simple closed curve with finite length. Let t — ~;(f) be an arc-length parameterization of
OV}, oriented counterclockwise in the case of V5 and clockwise for Vs, ..., V. As before, let
n(x) be the set of outer unit normals at the point x € F. Using complex notation, we again
write ng(t) = n(yx(t)) = ¢*® for the set of unit outer normal vectors at the point yy(t).
The assumption of r-semiconvexity implies that the (possibly multivalued) map t — 6 (t) has
bounded variation. Its distributional derivative satisfies

1
Doy, > —;Ll. (2.3)

Indeed, the negative part of the measure D@ is absolutely continuous and has uniformly
bounded density w.r.t. 1-dimensional Lebesgue measure £ on the unit circumference S'. For
future use, we notice that this yields:

Lemma 2.1

(i) The set R?\ V; is not convex if and only if there exists a point * = ~1(t*) where the
function t — 01(t) is differentiable, with a strictly negative derivative.

(ii) For every k =2,..., N, there exists a point x* = v (t*) where the function t — O(t) is

differentiable, with a strictly negative derivative.

The identities (2.1)-(2.2) have counterparts for general r-semiconvex sets. More precisely,
consider a Borel subset A C 9V}, C OF. For 0 < h < r we then have

7—[1( Uz hn(x)) < HY(A) + hD(A), (2.4)
€A

£2< U =+ pn(m)) < hHY(A) + %mDGk(A). (2.5)
z€A, pe0,h]

These formulas can again be proved by approximating the set £ with polygons, then passing
to the limit. The second one is obtained from the first by an integration. We observe that, if
E is not convex, then there can be distinct points x,y € OF such that the sets {x+pn(x) i pE
[0,h]}, {y+pn(y); p € [0,h]} have non-empty intersection (see Fig. 1, right). This motivates
the inequality signs in (2.4)-(2.5).



Figure 1: Left: a convex set E and its r-neighborhood. Given a measurable subset of the boundary
A C OF, the set of points y € E” that project onto A has area computed by (2.2). Right: if the set E
is r-convex but not convex, the formula (2.5) may hold only as an inequality, because of the overlap.

2.1 The perimeter of a semiconvex set.

Lemma 2.2 Any r-semiconvexr set E has locally finite perimeter. Indeed, for any ball of
radius r, one has

H'(B.(Z)NOE) < 27 (2.6)

Proof. 1. As a first step, we observe that the boundary OF is rectifiable with length locally
finite. Indeed, for any umit vector e € S', consider the set of points x € OF which have
an optimal ray of direction n(z) such that |n(z) —e| < 1/2. By the outer ball property of
r-semiconvex sets, for every such an x there is an open cone C, with axis in the direction +e
and opening > /6 such that 9ENC, N B,.(z) = (): indeed, C, N B,.(x) C B.(x+re) C R?\ E.
A standard rectifiability criterion (see Theorem 2.61 in [1]) shows that OF is rectifiable, and
moreover the fact that the curves are separated gives that their total length is locally finite.

2. Next, we claim that, for any fixed ball B,(Z) and any finite family of balls B,(x;), i =
1,...,n, there holds

H! (Br(x) no Lnj Br(xl-)) < #! <8Br(a:) N LnJ Br(a:i)> < 277 (2.7)

i=1 i=1

Indeed, the above estimate is trivial when n = 1. By induction, assume that it holds for n
and consider an additional ball B,(z,+1). By relabeling, we can assume that 0B, (xn+1) \
Ul'clos By (z;) is an arc intersecting 0B, (Z) in at least one point.

e If the intersection
n
OB, (zny1) N <8Br(x) U Br(azi)> (2.8)
i=1
consists of two distinct points y1, y2 (see Fig. 2, center), then either

(i) there is a ball B, (x;) such that By(z;) N By(Z) C Br(xn+1) N By(Z). In this case the
ball B, (x;) can be removed from the family of balls and we can apply the recurrence



hypothesis. Or else
(ii) we observe that

1 (B,@) NOU! B
= 1B 1 [ (98 011) \ ULy B00) U (0Us B\ Bt )
< HY Br(Z) N OB (wpy1) | + H? Br(az)ﬂf)U?:lBr(:ci)) (2.9)
< H(0B.() N By(wps) ) + H aBr(az)ﬂU?_lBr(m)>
= (98, VU Bl ).
Hence the first inequality in (2.7) holds.

e On the other hand, if the intersection (2.8) consists of a single point y; (see Fig. 2, right),
then it contributes to the measure above by an arc y1ys C OB, (zp4+1) N By(Z). In this
case, the arc y@z replaces the set By (n41) N By (Z) N 8( Ui, Br(z )) and either
(i) there is ball By (z;) which is not contributing to B, (z )ﬁ@(Um'1 B, (;)). This happens
when two or more balls are involved in the set By (2,+1)N B, (Z )ﬂ@( Ui, Br (iL'Z)) . In this

case, the ball B, (z;) can be removed, and the result follows by the inductive assumption.

Or else
(ii) the arc y1y» replaces an arc yoy2 = By (p11)NIB,(x;). A simple computation shows
that

length of yfg}g < length of y@g + length of y@l,

where yoyl is the the arc of 0B, (Z) which belongs to B, (zp41) N B, (Z)\U} By.(z;). Hence
again (2.7) is verified.

By induction, the estimate (2.7) holds for every n > 1.

) O

Figure 2: Left: the set B,(z) \ U/, Br(z;). Center and right: the set B,(z) \ U/, B.(z;), in the
two cases considered in step 2 of the proof of Lemma 2.2.

3. To complete the proof, we need to consider the general case where F is any r-semiconvex
set. Since OF N B,(Z) is rectifiable with finite length, by the Vitali-Besicovitch Covering
Theorem [1, Theorem 2.19] for every € > 0 there is a finite set of points x; € 0E N B,(Z) and
radii r; <e,7=1,...,N, such that



Figure 3: Up to two small end parts, to each point of € dF Ngraph(vy;) N By, (z;) (red) there
corresponds at least one point of d U; B,(y;) (light blue), giving (2.10).

1. z; belongs to the reduced boundary 0*FE, i.e. it has a unique normal n;;
2. By,(wi) C By(3);
3. there is a Lipschitz curve ~; such that

4 —ni| <e and H'(graph(y;) N By, (z:)) > (1 —€)2r;
4. it holds

Z ‘Hl(aE N By(z)) — 27"1-‘ <e, HY(OE N B,(z)) — 227} < e.

Indeed, the balls satisfying the first 3 statements are a fine covering of 0*E N B, ().

For each z;, consider the optimal ray [z;,v;] (there is only one because z; € 0*F) and the
family of balls B,.(y;) C R?\ E. The boundary of the set U; B,(y;) consists of finitely many
curves, and inside every ball B, (z;) its length must be at least

H1<Bri(:ni)08UBr(yj)> > (1—2¢)(2ry) (2.10)

for r; < 1. Indeed, for each point x € OF N graph(y;) N Bz, (z;) the line z + Rn; must
intersect the boundary of U; B, (x;) at one point inside By, (z;) (see Fig. 3).

In view of (2.7), we thus conclude that

1
HOENB@) < e+ 3 < o+ 25 S (Buled n0UBulw)
i i J
2mr

1—2¢

]. 1 _
< et M <8Br(x)ﬂUBT(yj)> < e+
J
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Taking the limit € \, 0 we obtain the bound (2.6). 0

Remark 2.1 In the case of different radii 0 < p < r, the same arguments used in the proof
of Lemma 2.2 show that the estimate (2.7) can be replaced by

H! (B,,(E) néo O Br(xi)> < 2mp. (2.11)

i=1

2.2 A property of r-semiconvex sets.

Throughout this section we consider a compact set £ C R? whose boundary is a simple closed
curve s — 7(s), parameterized by arc-length and oriented counterclockwise. As before, the
unit outer normals are denoted by e?(®) = n(s) = —4(s)*.

If the set E is r-semiconvex, then the negative part of of the distributional derivative of 4 is
absolutely continuous w.r.t. one-dimensional Lebesgue measure. Namely,

Do > L (2.12)
T

Conversely, assume that ¢ = —41 and that (2.12) holds, so that 6 has bounded variation.
One can then define the set of unit normal vectors as

n(t) = {e', ¢ € [0(t-), 0(t+)]}.
Equivalently, n(t) is the set of unit vectors n € S such that

i sup{n-(y—~(t)); y€ENBs((1)}
im sup 5 <
N\ 0

Let (2.12) hold and consider any boundary point x € JE. As shown in Fig. 4, by moving along
the boundary of F, it is possible to get into the interior of the outer tangent ball B, (:U—I—rn(x)),
but only after having travelled along an arc of length > 7r.

Lemma 2.3 In the above setting, if (2.12) holds, then for every x = ~v(t) € OF one has

B, (v(f) + rn(f) N {v(t) L otelf-nr, T+ wr]} ) (2.13)

Proof. If (2.13) fails, then there exists 0 < p < r such that

B (y(®) + pn(®) 0 {x(t); te[f—mp, E+mpl} # 0. (2.14)

A contradiction can then be obtained in two steps.

1. We claim that, for every ¢, there exists € > 0 such that
B.(y(®)+ @) n {2(); tefi-ei+e} = 0. (2.15)

9



Y(tp+pn(t)

Figure 4: Left: if (2.12) holds, the outer curvature radius is > r. Hence in a neighborhood of x the
set F lies outside the ball B, (:r + rn(x)). However, the boundary F can enter this ball at a point y,

where the boundary arc @ has length > 7r. Right: the points v(t1), (t2), ¥(t) and v(7), considered
in step 2 of the proof of Lemma 2.3. Starting from () and moving toward ~(¢;), we enter the ball
B,(z) (shaded region) at a point y(7), before reaching v(¢1). Indeed, any curve v’ of length < mwp/2
starting at v(f) and remaining outside the ball B,(z) cannot touch the ball B,(y(t1) + pn(t1)). The
inductive process eventually identifies a point ~(¢*) where the outer radius of curvature is < p < r,
thus obtaining a contradiction.

Indeed, by a translation and rotation of coordinates, we can assume that ¢ = 0, v(0) = 0 and
4 = (1,0). The equation for v can be locally written as

B(t) = cosO(t), y(t) =sinf(t), —= < 6(0—) < O(0+) < g

2|

where the map ¢ — 6(t) satisfies (2.12).
Since t — x(t) is Lipschitz, in the interval of invertibility (i.e. as long as cos@(t) > 0) we

obtain
_ _ to
Ot) = 6(0) > b tl-(/ COSG(T)dT>
t

x(te) — x(t1) r .
This implies that z — 6(t(x)) satisfies

-1

D0(t(z)) = —@, sin(6(t(z))) > _;

dy x

- = tan6(t(z)) > Nk

Since this argument is valid both for ¢ > 0 and for ¢ < 0, one concludes that

in a nonempty interval ¢ € [—¢,¢] where cos6(¢) > 0. This proves (2.15).

2. Next, to prove the global property (2.13), consider any point y(t1) € OF, and choose t3 > t;
so that y(t2) is the first point where the curve 4 touches again the set clos B, (y(t1) + pn(t1)).
In other words (see Fig. 4, right),

ts = min {t >t1; y(t) € clos By(t + pn(tl))}.

10



Notice that, by (2.15), one has to > t; + €, hence the above minimum is well defined.

If to — t1 < pm, we will derive a contradiction. As shown in Fig. 4, right, let ¢ € [t1, t2] be such
that the distance |y(f) — (y(t1) + pn(t1))| is maximal. Consider the ball B,(z), where

v(t1) + pn(t1) — (%)
[v(t1) + pn(t) —v(f)]

Since tg — t1 < 7r, then one of the intervals [t1,], [t,to] is shorter than [ty —t1|/2 < 7r/2. To
fix ideas, assume t —t; < to—t. Starting from ~y(¢), we move along this shorter arc [t1, t] toward
7(t1) until we reach a first point y() € 0B, (v(f) + pn(f)). Notice that this first intersection
point is well defined and bounded away from 7(¢), because of the argument in step 1.

= 7(ﬂ+pn(ﬂa l’l(i) =

Moreover, 7 cannot coincide with ;. Indeed, the point «(7) lies on the half circumference

{y € By(2); (2 —y)-n(t) >0},

while 7(¢1) lies on the arc of circumference

{ve B(oy(t) + () (2 =) n(®) = 0}.
These two arcs do not have any point in common.

We then repeat the above construction, replacing [t1,¢2] with this new interval [¢,7]. By
induction, we thus obtain a sequence of nested intervals [t1 ,,t2,], with to, —t1, < 27777,
such that

Y(tam) € 8Bp(7(t1,n) + pn(tin)), 'Y(]tl,nathD N clos Bp('Y(tl,n) +p(t,)) = 0.

Since the length of these intervals is converging to zero, if t* is the limit of the sequence, then
for n > 1 we obtain a contradiction with step 1, since [t1 ,,t2,] would be contained in the
set where v does not intersect any of the tangent open balls. This concludes the proof. L]

Corollary 2.1 In the above setting, if (2.12) holds and H*(OE) < 27r, then E is r-semiconvez.
More precisely, each point v(t) + rn(t) has distance r from E, and E = (E")™".

Moreover, for every portion of the boundary ~ of length t5 — t; < 7, the rays

prr V(t) + pn(t) ) pe [0, T] ; L€ [tht?]

can intersect only at the initial point p = 0 and final point p = r, at most. We can thus obtain
the same formulas (2.1)-(2.2) over this portion of E. For every Borel subset A C v([t1,t2]),
there holds

7—[1( U=+ hn(w)) = HY(A)+ h|Dn|(A) = H'(A) + hD(A), (2.16)
T€A
£2<ng+hn($)> = hH'(A) + %hlen!(A) = hH'(A) + %hQDH(A). (2.17)

11



2.3 Local perturbations of convex sets.

Let E be a compact convex set, with boundary parameterized by ¢ — ~(t). As before, let
e?) = n(t) = —4(t)*. Let  be a Lebesgue point for D(t), so that

1 C
61351+E|D9—/@£1‘([t—5, t+6]) = 0.

Here k > 0 is a constant describing the local curvature. This implies that for every € > 0 one
can find 6 > 0 such that

In(t) — n(t) — kY(E)(t —1)| < elt — 1 for t € [t — 6, t + 4.

Observe that, up to a rigid motion and decreasing J in case, locally we can write the curve ~y
as the graph of a positive convex function f(x), x € [—§, d], with

FO0)=0,  |f(x)—ra| <elal,  lim D w50 =0.  (218)
600
Consider a semiconvex function ¢ < 0 such that
supp ¢ C [—9,d], D%¢ > —%El. (2.19)

It is easy to see that these conditions implies that |¢/(z)| < 4.

Define the set E’ by

E'=EU{ye f(z) + [¢(z),0],z € [-§,4] }. (2.20)

Its boundary is the simple closed curve 4’ obtained by replacing the part of its graph equal to
{(z, f(x)),x € [—6,0]} with the graph {(z, f(z)+¢(x)),x € [-0,0]}. In the interval z € [—0, d],
the curvature of 7/ is clearly a measure and its a.c. part can be easily computed as

f// + ¢1/ S 1

T

Next, let ¢t be a parametrization of the new curve +/, and for any choice of t and m = €' with
a € [0'(t—),0 (t+)], consider the segment

{y{t) +om; 0<o<r}.

We claim that all these segments are disjoint. Indeed, it is enough to verify this statement for
segments when +/(t) belongs to the graph of f + ¢ and ¢ # 0. In this case, since the length of
the arc is O(9) < 7r, we can apply the analysis in step 1 of the proof of Lemma 2.3.

By (2.17), which can be applied to the whole E’ because the optimal rays are disjoint, we
obtain

L2((E)) = L2E") = L2(E') - L2(E) +7r(HY(OE') — H'(OF))
= [ o)tz rr [ (VIFF@+ @R - VI @) do

12



If ¢ is a Lebesgue point of D8 where the derivative is 9(5) =K = % > 0, corresponding to the
Lebesgue point 2 = 0 for D?f where D?¢(0) = ¢"(0) = k = %, for 6 < 1 we have

(L2((B)") — L2(E") — (LX(E) - LX(E)) = / (VI+(f(2) + ¢/ ()2 = V1+(f'(2))?) do

YR TOE <<>>2 s
VI (@) + ¢ @) + 1+

:7«/_6(( f)) e )x>(1+(’)(6))dx.

P
(2.21)

To achieve the last estimate in (2.21), notice that ¢/ = O(4), f' = %(1 + O(9)), because of
(2.18,2.19).

A useful choice of the perturbation is

—_— if |z| <6,
P(z) = 2a (2.22)

0 if |z| >4,
1

with a > r. In this case, if the local curvature is k = 5> 0, then the perturbed set E’ in
(2.20) satisfies

s '(x))? x
ey ve) - e e = [ (g0 o o)

- ravom) [ R e L

_5 a? ap

_ (14 o(1)) [;;Jr(sg} - r(1+0(1))<1+;>§z

3ap a

= r(1+0(1)) (i + ;)L‘,Q(E’ \ E).

In particular, by letting a — 400, we obtain the following proposition:

Proposition 2.1 If E is a convex set such that there is a Lebesgue point for the curvature
K= %, then for every e > 0, there is a set E' D E such that

LE(EY"\E") — <1 + ;)LQ(E’ \ E)‘ < eL*(E'\E). (2.23)

Next, we study what happens when we remove a set E’ from a convex set F, so that the
difference E'\ F’ is still convex. Consider a point ¢ such that

lim inf w > 1
t—t t—1 p

13



Figure 5: Left and center: the perturbations of the convex set E considered at (2.24) and at (2.27).
Right: the perturbation of the semiconvex set E considered at (2.31).

We first consider the case where ¢ is a corner point. Up to a change of coordinates (see Fig. 5),
the boundary OF is thus the graph of a function x9 = f(z1), with

lim f'(z1) = =+a, a> 0.

$1—>0:t

We then define (see Fig. 5, left)
E'(h)) = EnN{xze > h}. (2.24)

Using (2.2), one obtains
2

LXE\E'(h) = %(1—1—0(1)),
LX(E"\ (E'(h)") — L*(E\ E'(h)) = r(H'(OE) — H'(OE'(h)))

= r(ViTa )2 (14 o) (2.25)

A similar computation can be done in the case

lim f/(z1) =0, lim fla) _ +00

x1—0 z1—0 Iq

In this case, indeed, for h < 1 one has |f'(z1)| > k|z1|, f(x1) < h, with k > 1 arbitrarily
large. Defining again E'(h) = E N {x2 > h}, one finds

LT\ (B'(h)") = LAE\ E'() = r(H'(OB) - H'(OF (1))

= r / T _ T C o , " 9 .

B /f(x1)<h( L+ (f(@1))? = 1) dz1 2 2(1+ (1))/f(a:1)<h(f( 1))“dxy (2.26)
T:IC 1 . 7']{7

=3 Sy 7 S LENE).

Finally, assume that
/
1
lim f(z) = -
z—0+ X 1%

)

so that f(x1) = it 1+ 0(1)). Choosing a > p and defining (see Fig. 5, right
2p p

E'(h)=EnN {m > g(z1) = h + (‘;1632 } (2.27)
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we now obtain

T1 (f'(:vl) — g'(xl))dxl = (1 + 0(1)) <1 — 1) /f (z1)%dxy,
<g

2 / —
cEEw) = | -

f<g

C2(E"\ (E'(h)") — LX(E\ E'(h)) = r(H!(OF) — H'(OF'(n))
- T/f<g <\/1 + (f/(l'l))2 - \/1 + (g’(ml))2)>dx1

= Lo) [ (@) - (g

f<g

T 1 1

=-(14+o))| = - 2d
2( + of ))<p2 a2>/f<gx1 I
,

5 (1+0(1)) (; + i)ﬁz(E \ E'(h)).

For every € > 0, letting a  p we obtain that, for A > 0 small enough,

L2E™\ (E'(R))") — (1 + ;)EQ(E \ E'(h))‘ < eL*(E\ E'(h)). (2.28)
We summarize the results into the following proposition:

Proposition 2.2 If E is a convex set, and there is a point where the inner radius of curvature
is 0, then for every p > 0 there is a perturbation E' C E such that

LEE"\(E)")-L*E\E) > %LQ(E \ E). (2.29)

If at a boundary point x € OF the radius of curvature is p > 0, then for every € > 0 there is
a set E' C E such that

L2(E"\ (B - (1 + ;>£2(E \E")| < eL*(E\E). (2.30)

2.4 Local perturbations of r-semiconvex sets.

Similar computations can be done locally for a semiconvex set E. To fix ideas, consider a
boundary point # = (f) € OE. As before, denote by e?) = n(t) the set of outer normals
and assume that ¢ is a Lebesgue point of 0, with 0(t) = —%. Writing OF locally as the graph

of a semiconvex function xy = f(z1) with f(0) = —1/p, we choose a > p and replace E with
the slightly larger sets

E'(h) = EU {:c2 > g(x1) = —h — ;3} (2.31)

15



Similarly to the previous cases, we compute

LA(E W) \E) ~ B0\ E) < r(H OF (1) — H'(OF)
= o[ (VIFT@P - VI @ )iy
f<g
= —pro) [ () - (g0

- —jro) (5 ) [ @i
= - pro) (54 1)\ b)

The first inequality is due to the fact that (2.17) holds only locally, and in general there can
be point in E” belonging to more than one optimal ray. Letting a * p we obtain the following
lemma:

Proposition 2.3 Let E be a semiconcave set and x a point with outer curvature p. Then for
every € > 0 there exists a set E' D E such that

LE(E")"\ E") — <1 — ;>L‘2(E’ \ E)’ < eL)(E'\E). (2.32)

Figure 6: The maximum inner radius R defined at (3.1), and the set (AZ(QO, p) (shaded region), in the
case where ) is a triangle.

3 A one-step minimization problem

Given a bounded convex closed set g C R? with nonempty interior, its inner radius is defined
by setting

R = R(Q0) = max{r >0; Qo contains an open ball B,(z) of radius r}. (3.1)
As shown in Fig. 6, for p €]0, R] we also consider the open set
Q.0 = |J Bo@). (3.2)
BP(I)QQO

In this section, given a constant 0 < a < L£2({)), and a radius r > 0, we will study the
following one-step minimization problem:

minimize: L£*(Q"), subject to Q C Qp, L*(Q) = a. (3.3)
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In other words, among all sets of fixed area a contained inside €0y, we seek one that minimizes
the area of its r-neighborhood. We will show that the optimal solutions to (3.3) do not depend
on the radius r > 0. Namely, a set ) is optimal if and only if it solves the corresponding
minimization problem for the perimeter:

minimize: H!'(99Q), subject to Q C Q, L*(Q) = a. (3.4)

The existence and various properties of optimal solutions to (3.4) have been established in
[16]. To show the equivalence of the two problems (3.3) and (3.4), the key step is to prove
that the optimal solutions of (3.3) are convex. This is the content of the following theorem.

Theorem 3.1 Consider a compact convex set Qy C R? and let 0 < a < |Q]. Then there
exists a set

Q = arg min{CQ(QT); Q is a closed subset of Qo with area L*(Q) = a}. (3.5)

Moreover, every such minimizer is conved.

The proof will be achieved in several steps. The existence of a minimizer follows from a
standard compactness argument. However, its convexity requires a careful analysis. First we
prove that every connected component of an optimal set 2 must be convex. Then we show
that an optimal set can have at most finitely many components. Finally, we will prove that
every optimal set () is connected.

3.1 Existence of a minimizer.

We prove here that the optimization problem (3.5) has a solution. Let (€2,,),>1 be a minimizing
sequence of compact sets, such that

Q, C€Qo,  L32Q) >a, lim L£2(Q) = m =inf{L*(Q"); QCQ L*Q)=a}.
(3.6)

By possibly replacing €2,, with the larger set (€21)~", which is still contained inside g, we can
assume that €7 and (2, are in duality.

We use the following lemma.

Lemma 3.1 If Q,,Q;, n € N, are a family of sets in duality, with , C clos Br(0) for a
fized closed ball clos Br(0), then there ezists a subsequence €y, , 0,,., k€N, and a set Q such
that

Q,, — Q, clos Bry.(0) \ ©y,, — clos Bry,(0) \ ",

w.r.t. the Hausdorff distance of compact sets and w.r.t. the L'-distance, respectively.
In particular, the limit sets are in duality.

Proof. 1. By possibly taking a subsequence, we obtain the convergence

Q — QH Q. — Qp1
"* Hausdorff ausy "tk Ll L
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clos Brer(0)\ Q) —  clos Brir(0) \ Qauss Q. — Q.

"k Hausdorff ko
for some limit sets Qpaus, 21, Qpaygs and 4, all contained in the closed ball clos Br(0).

Indeed, this follows immediately from the finite perimeter estimate (Lemma 2.2) and the
compactness of the family of compact subsets of the compact set clos Bg.(0).

2. It remains to prove that

/ reYs
Haus — ““Haus»

QHaus = QLla Q}:Iaus = Q/Ll’

where the last two equalities should be intended as L'-equivalence of the characteristic func-
tions.

First of all, we have that if y € Qf, ., then there exists a point z € Qpays such that |z —y| =

r — dr < r for some §r > 0. Then by Hausdorff convergence, there exists K > 1 such that for
all k> K it holds d(,, Quans) < 07/2. Then if z,, € Qy, N By, /o(x) it holds

or
|y733nk\§|y7x|+|1:—xnk|<r7?.

We thus conclude that y € Q7 for all k large enough. Hence Qf, o C Q!

Haus Haus*

T

A similar argument shows that, if y ¢ clos Q.

Moreover, for every € > 0 we obtain

then y ¢ € for all k large enough.

(Qrans) ~° € O, € U, (3.7)

Haus

r

Haus 1S Oopen, we conclude that

for all k suitably large. Since {2

/ _or
Haus — ““Haus"*

r

Haus 15 Tectifiable, we have

Next, since the boundary of 2

’C’2(QT+E ( ﬁaus)is) = ‘62(89{1&115—’_35(0)) = (25+0(5))H1( TH&US)’

Haus

and from (3.7) we get that the symmetric difference satisfies

lim £%(Q, AQfp.) =0,

ks o0 Haus

i.e. Qllzl — QT‘

Haus"

Reversing the analysis, i.e. considering ,, = (€}, )", we obtain that for every ¢ > 0 there
exists K > 0 such that, for k > K,

(Qhtans) 7" C ()7 C (D)™
Being (€2,,)™" = Qy,,, we obtain up to negligible sets
int Qprans € Q1 C (QrHaus)_r = QHaus-

This yields Q71 = QHaus, because £2(0QHaus) = 0. O
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Applying this result to the sequence introduced at (3.6), we obtain a subset = limy Q,,
such that Q" = limy 7, and

£3(Q) = lim £%(Qy,,) > a, L£2(Q7) = lim £*(Q),) = m.

k—o0 k—o0

It remains to show that £2(2) = a. If on the contrary £2(Q) > a, we fix a unit vector e; € R?
and consider the smaller sets

Q) = {z€Q; z-e; < A} (3.8)
For a suitable A € R, one has £2(2()\)) = a. But this would imply £2(Q(\)") < L2(Q7") = m,

reaching a contradiction.

We collect the results of this section into the following proposition.

Proposition 3.1 Every minimizer Q2 of (3.5) satisfies
Q=Q")™" and 2 = clos(int ).
Proof. The first identity was already proved in Lemma 3.1. The second identity can be

proved as follows. Since £2(0€2) = 0, then £ (clos(int 2)) = a. Moreover, for all z € 9(int )
there is y € 92" such that |z — y| = r, being Jd(int Q) C 9Q. This yields

clos(int ©2) = ((clos(int 2))")™".

If Q 2 clos(int §2), then Q" 2 (clos(int 2))". Since these two sets are open, we would have
L£2(9Q7) > £2((clos(int 2))"), contradicting the optimality of (2. O

Figure 7: Proving Lemma 3.3. If the set F is not convex, we can enlarge it in a neighborhood of
the point x* where the curvature of the boundary is negative. At the same time, we shrink it in a
neighborhood of the exposed point y. This yields a perturbed set E. with same area as E, but with
L2(ET) < L%(E"). We remark that, in general, the points y and z* may belong to distinct connected
components of E.

3.2 Convexity of the optimal set.
Aim of this section is to prove that every connected component of a minimizer is a compact

convex set. Because of Proposition 3.1, it is enough to study the connected components with
positive measure.
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Lemma 3.2 Let Q be any compact set and let Q(X) be as in (3.8). If L2(Q(N)) < L2(Q), then
L2Q\NQN)) = LA\ Q). (3.9)

Proof. The inequality (3.9) is an immediate consequence of the inclusions
(Q\QWN) +rer € Q" N{z; z-e1>A+7} C Q" \ Q)"
O

Lemma 3.3 Let Q C Qg be a minimizer for (3.5). Then every connected component of int €
18 convez.

Proof. Assume, on the contrary, that the optimal set (2 has a connected component E which
is not convex. Since €2 is r-semiconvex, according to Lemma 2.1 there is a point z* € OF
where the boundary has negative curvature. We will derive a contradiction showing that €2
is not optimal. As shown in Fig. 7, by slightly enlarging the set E near z* and shrinking the
set Q at some other point y along its boundary, we can keep constant the area £2(2), but
decrease the area £2(Q") of the r-neighborhood.

1. To construct these perturbations, as stated in Lemma 2.1 we can find a boundary point
x* = ,(t*) where the derivative D6 (t*) exists and is strictly negative, say

DO (t) = —;,

with p > 0. Constructing the slightly larger sets E’(h) as in (2.31), the change in the area of
the r-neighborhoods (E’(h))" is bounded above by (2.32).
2. Next, for any h > 0 small enough, choose A = \j, so that the set () in (3.8) satisfies
LA\ Q) = LX(E(R)\ E). (3.10)
Then define the perturbed set
Q, = (QUE'(h)N{z; z-e1 < A} (3.11)

The above definition implies £2(Q;) = £2(Q) for every h > 0 small enough. Moreover,
combining (2.28) with (3.9) we obtain

L2(Q) = L) < LA(E'(h)"\ E") = L2(Q7\ Q(An)")
< <1 s o(l))EQ(E(h) \ E) — L2(Q\ Q(An))
_ (1 _ % n 0(1)>£2(E(h) \ E) — L2(E(h) \ E)

— <—;+0(1))}§ <0

for all h > 0 small enough. This contradicts the optimality of €2, proving the lemma. Ul
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We observe that the same proof can be adapted to the case of a connected component with 0
measure. Indeed in this case one observes that every connected set of finite length is covered
by a closed curve. We will not need this fact, because we will prove in Lemma 3.9 that there
are only finitely many components.

\_//\_// R+r

Figure 8: Left: the points x;,2;,y,y" considered in Lemma 3.4. Right: A slight perturbation of the
set . If R is the constant curvature radius, then the increase in the area of the neighborhood £2,.
satisfies £2(QF) — L2(Q7) ~ B2 (£2(Q.) — L2()).

To prove Theorem 3.1 it remains to prove that the optimal set €2 is connected. As an inter-
mediate step, we will show that Q has at most finitely many connected components.

Let {€;}ien be the connected components of int (2.

We will use the following lemmas, whose proofs are elementary.

Lemma 3.4 Let () be an optimal set, and let Q;,$; be distinct connected components of int €.
If (clos ;)" N (clos Q)" # 0, then there exists points y,y’, such that

o0 o = {y,y/).
Moreover, there exists points x; € §};, xj € ; such that
(clos ;)" N (clos ;)" = By(x;) N By(x;), {zi,z;} = 0B, (y)NOB.(y). (3.12)

Finally, for every x € R?
f{i:xeQf} <2 (3.13)

Proof. It is clear that the boundaries of the two open convex sets 0§27, E?Q; intersect exactly

at two points y,y’ (see Fig. 8, left). Let x;, 2}, € 0% and x5, 2} € 0% be points such that
y—ail = ly—z5l = |y —ai| =y —aj| =

We claim that x; = z} and z; = /. Indeed, if ; # 2, consider the arc along the boundary

of Q; with endpoints z;,2}. This arc has positive length and thus contains at least one point

x € 02 where the unit outer normal n(x) is unique. By optimality, the point = + rn(z)

cannot lie inside the open set Q", otherwise we could enlarge the set {2 in a neighborhood of

x, without changing Q". On the other hand, the above construction implies z + rn(z) € 7,

yielding a contradictions. A similar argument yields z; = xg

The remaining identities (3.12) are clear.
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The last estimate follows by the following consideration of elementary geometry. If (3.13) is
false, then there is a point x such that (up to relabeling)

x € QI NQ,NAL,

then we are in the situation of Fig. 9: in particular we can assume that x is the intersection w of
the symmetry axis of the sides of the triangle {x1,z2,z3}. The hexagon {x1,yo, x2,y2, 3, Y2}
must be convex, and then its angles satisfy

S Licamiy) + Y L wwyiwasr) =47, xa=21,50 = Y3, (3.14)
i=1,2,3 i=1,2,3

Here and in the following, by Z(xyz) we denote the angle formed at y by the two segments
zy and yz. Since w € N;j=1,23B(z;), we obtain

L(yicrwy) > Z(yi-12:i), Yo = Y3,

and then

Z L(Yi—123yi) < Z L(zjwwity) = 2, Yo = Y3-
i=1,2,3 =123

In a similar way, let z be the intersection of the axis of symmetry of the triangle {y1,y2,ys}:
being z equidistant from y;, i = 1,2, 3, we deduce that if |z — y;| < r then

Z Z(xiyiwip1) < Z Z(rjwzig1) = 2, Ty = 71
i=1,2,3 i=1,2,3

This however contradicts (3.14). Hence the set 2 cannot be in duality or optimal: indeed, if
it is in duality, the set containing z and not covered by the three balls B, (y;), i = 1,2,3, is
not convex, and the only points belonging to 02" at distance r from this set are the points

Y1,Y2,Ys. U

In the following, given a distance ¢ > 0, we shall say that two components €);, (); are j-related
if there exists a point y such that

By the previous analysis, this can happen only if there are points € 0, ' € 08; such
that, calling § = |n(z;)|, one has

rcosg < 0. (3.16)

Corollary 3.1 For each connected component §2; there are at most 2 sets that are (r/2)-related
to i, and at most 3 sets Q; which are (r/\/2)-related to ;.

Proof. The boundary 0f); can contain at most two points where |n(z)| > 2r/3. Taking
§ =rcos§ = 5 by (3.16) we obtain the first assertion.

T

Similarly, there can be at most 3 points where ‘n(x)} > m/2. Taking § = rcos§ = ok by
O

(3.16) we obtain the second assertion.
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Figure 9: An illustration of the last statement in Lemma 3.4. If we assume that w € N;=1 238, (x;),
then the point z, intersection of the axis of symmetry of the sides of the triangle {y1,y2,y3} cannot
belong to any of the balls B, (y;), i = 1,2, 3.

Lemma 3.5 Let §2; be a connected component of int 2, where € is an optimal set. Let

Omar = gggi‘n(x)kﬂ

be the mazimal angle at corner points of 9€);. Then all other components of Q0 have a strictly

positive distance from €);. Namely

B Gmax
(clos ,)PN(Q\ ) = 0, with p = rsin <7r2> (3.17)

Proof. Consider the set of boundary points admitting a single outer normal:
S; = {x € 9Q;; n(z) is a singleton }. (3.18)

Being 2 semiconvex and y = x + rn(x) the only point in 02" at distance r from x € S,
the open ball B, (:U + rn(:):)) cannot intersect (2. As shown in Fig. 12, left, it now suffices to
observe that
Q; U U B.(z+mn(z)) 2 (clos)?,
TES;
where p is the radius at (3.17). O

In particular, clos§2; coincides with the connected components of 2 with positive measure.
From the definition (3.18) it follows that 9); \ S; is a set of corner points, admitting multiple

outer normals; hence it is countable. A further property of points x € .S; is now described.

Lemma 3.6 For every point x € S; there exists 6 = 6(x) > 0 such that

{z+pm(z); r—6<p<r} C (clos)"\ clos(Q)\ clos;)". (3.19)
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Figure 10: Proving Lemma 3.6. Here the arc of circumference AB along the circumference centered at
y = x + rn(x) with radius r is entirely contained in the interior of the ball B,.(y,), for n large enough.
Therefore, for k large, the point wy cannot lie inside €.

Proof. With reference to Fig. 10, consider a sequence of boundary points =, € S; with
Tn — x. Let y = x +rn(x) and y, = x,, + rn(z,). Assume that the conclusion of the Lemma
fails. Then there exists an increasing sequence ¢, — r—, and sequences of points z, wg, k > 1,
such that

2z = 2 + cxgn(z), wg € Q\ closQ;, |lwg, — zx| < 7.

Since zj, — y, by possibly taking a subsequence we conclude that wy, — w € Q, with |[w—y| = r.
By Lemma 3.5, every point wy has uniformly positive distance from §2;. Hence the limit point
w must lie on an arc AB of the circumference 0B, (y) of length < mr/2. However, this is

impossible because such arc is entirely contained in the open ball B,(y,), for n > 1 large
enough. L]

Lemma 3.7 Assume that the interior int Q of an optimal set 2 has infinitely many connected
components. Then there exists a sequence of components € such that

(i) diam () — 0;
(ii) each set Q contains two corner points xy,x) € 0, where the sets of outer normals
n(zy), n(z),) satisfy
ln(zi)| — ln(zy)| — as k — oc; (3.20)

o for k> 1, writing OQx \{zk, T1 } as the union of the two Lipschitz arcs (0Q)™, (0Q%) ™,
only one of the two arcs may have nonempty intersection with 0€).

Proof. 1. Asshown in Fig. 12, left, consider any convex component 2; C int €). Assume that,
at each point z € 9€2;, the set n(x) C S! of outer normals covers an angle < f. Then, by the
duality relation Q = (2")™", every other component ; must have distance from Q\(clos ;)
at least

0
§ > |2/ -z = 2rcos§.
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Figure 11: The situation considered in Lemma 3.7.

2. If int 2 contains infinitely many components, since each one of them has positive Lebesgue
measure, there can be only countably many of them. Since €2 is bounded, by taking a subse-
quence ()r>1 we can assume that their barycenters by, converge to some limit point z. By
the previous step, there is a sequence of points z € {2, where the sets of unit normal vectors
have 1-dimensional measures }n(azk)‘ — m. As shown in Fig. 12, right, call n; = e the
central unit normal at xj, so that the entire set of unit normals has the representation

n(zy) = {eie; ek_ak§0§9k+ak}a

for suitable angles oy < 7/2. By possibly taking a further subsequence, we can assume
ng — n.

3. Next, we claim that each set 9 must also contain a second point x}, such that the sets

of unit normal vectors n(z}) also satisfy [n(a})| — 7.

Indeed, if the claim did not hold, we could find > 0 such that for each k£ > 1, the half circle

{yeR? |y—ml <6 (y— o) nlo) <0}

does not intersect any other connected component besides (2. This would exclude the exis-
tence of a limit point Z, providing a contradiction. This establishes part (ii) of the statement.

Notice that, from the convergence ‘n(xk)‘ — 7, it follows that the central unit normals n} at
x, satisfy nj — —1, as k — oo.

If (iii) is false, then the limit point Z belongs to 9§, and the suppporting cone Rn(z) of €

would have an opening of 7, which is impossible by convexity if £2(Qqg) > 0.

4. To complete the proof, assume that (i) fails. By possibly taking a subsequence, we can
assume that diam(Qy) = |zp —a)| > 6 > 0 for every k > 1. Taking further subsequences,
we obtain the convergence

T — T, T, =T, T 7| > 4.

This yields an obvious contradiction with the duality assumption: Q = (Q")~". O
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Figure 12: Left: The minimum distance between the component (2; and any other component €2; is
bounded below in terms of the angle 6. Right: the central unit normal vector ny at the point xj. If
the set 9, does not contain a second point zj, where the set of outer normals has size ’n(mﬁc) ~ T,
then there is a large region to the left of {2, which cannot intersect any other connected component.

In connection with the optimization problem (3.5), the next lemma provides necessary condi-
tions for a set €2 C )y to be optimal. Namely, every component €2; of int {2 must have the same
curvature radius R, at all points in the interior of €}y, with the exception of countably many
corner points described in Lemma 3.4. More precisely, define the sets of boundary points

Si = {x€09; z+n(x)rCoN}. (3.21)

Lemma 3.8 Let 2 be an optimal set for the problem (3.5), and intQ = U;Q;. Then the
curvature of its boundary is constant in the set S = (U;S;) \ 0Q0, and hence S; = S;, where
S; is defined in (3.18).

Proof. The identity S; = 5’1 follows is all the points in 5', have the same curvature, a conditions
which implies that n(z) is singleton.

This statement follows by removing a small area near a point 2’ € S where the boundary
has a smaller curvature radius R/, and adding the same area near a point z”” € S with larger
curvature radius R”. This can be done as long as z” lies in the interior of €.

More precisely, let ' be the set obtained from € by removing a small region near z’, as in
(2.24), (2.27). In view of Lemma 3.6, most of the points removed from (clos Q;)" do not lie in
the set (2 clos;)".

By (2.28), the change in the area of the r-neighborhood is estimated by

L2\ ()) = <1+ % +0(1)>£2(Q\Q’).

Next, let Q" be the set obtained from Q by adding a small region near z”, as in (2.20). By
(2.23), the change in the area of the r-neighborhood is estimated by

L2\ Q) = (1 + % —|—0(1))£2(Q”\Q).

By simultaneously performing the two modifications, we obtain a new set Qc Qg, with

£2(Q) = £2(Q) but L2(Q7) < L2(Q7), against the optimality of Q. O
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In the following, we shall denote by R be the constant curvature radius, outside the corner
points, as in Lemma 3.8.

To prove that the configuration considered in Lemma 3.7 is not optimal, we study what
happens if we remove one of the sets §2;.

As shown in Fig. 11, let z;, 2} € 0€; be the corner points where the set of outer normals is
large, say !n(mz)‘ > T — €, !n(m;)‘ > 7w — 9. By convexity, the boundary 9f); is the union
of two parts, above and below the segment [z;,2}], only one of which may have nonempty
intersection with 92y by Lemma 3.7. To fix ideas, we assume that the upper boundary lies in
the interior of {29. The lower boundary may have nonzero intersection with 9.

Call S;r C 99; the set of points on the upper boundary having a unique outer normal, and
consider the set of points projecting into S;", namely

yt = {yeRQ; d(y, ) = |y — z forsome:xGS;r}.

7

We estimate how many of these points will not be in (2 \ clos€2;)". For this purpose, for each
T € S;L, consider the segments

l(z) = {z+cn(z); ceR}NQ;, L(z) = {(z) + rn(z). (3.22)
We observe that, for every z € S;, ‘L(x)‘ = ‘E(w)| and moreover
lx) C Q, L(z) c Q"\ () clos;)". (3.23)

Indeed (see Fig. 13), let 2}, € 9;_1 be the corner point opposite to z; as in Lemma 3.7.
Similarly, let x;1; € 941 be the corner point opposite to ;. We then have the identity

V;rn(Q\ cos)" = YN (B (%j_)) UBr(zi11)).
Since L(z) N (By(#_;) U By(zi41)) = 0, this yields the second relation in (3.23).
By Lemma 3.8, at every point z € S;, the curvature of 0f2; is constantly equal to R.

Being the curve 9); convex, the map
St xR 3z e T(z,c) =z +c(x) € R?

is BV on the rectifiable set Sj x R, and its a.c. Jacobian is

J(m,c):'u;

This allows us to compute by the area formula

Tz, )M (dz) £ (de) < /S 16ta) o),

2(0). 0(p—1 2 _
£2Q) < /Q HT )£ d) /

S xR-NT=1(9;)
(3.24)
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where we observe that, being the set convex, ; C T(S;” x R™). Similarly

L2((Q2\ clos Q) NY;T) = H*(SF x RTNTH((Q\ clos )" NY;T))

SATRaE
st LJr—|L(@) R (3.25)
2 (r = L)\ 1 -
= /Sj <T+R—(7’—L(x))—R>’H (dz)
_ R+r  |0a)]
_ /Sf < = B2 )| e
Combining the above inequalities, we conclude
L2((92\ clos Q)" NY;T) r
G > — — .
£2(%) > 1+ 7 o(1), (3.26)

where o(1) is a quantity that approaches zero as supm}ﬁ(x)‘ — 0.

Figure 13: The configuration considered at (3.24)-(3.25). Here S;" C 0Q; is the upper part of the
boundary of §2;, excluding the points with multiple outer normals. Removing the set clos ();, all points
in the upper shaded region are no longer in the set (Q \ clos€;)". These are points y € Yi‘L which
project into S;", but whose distance from z/_; and from z;,; (and from all other components of Q) is
> .

A similar estimate can be performed for the set of points y € (£2\ clos ;)" NY;” which project
onto the lower boundary S, C 9€);. However, if this lower boundary touches 0€)y, we have
no lower bound on its curvature. With the same computations as above can only obtain the
weaker estimate

LA(Q\ Q) NY;)
tso> 1. 3.27
22(0) > (3.27)
This enough to conclude the non-optimality of . Indeed, when 2; is small enough, (3.26)
and (3.27) together yield

L2((92\ clos ;)" S 3
£2() =2

providing a contradiction. We thus have

LT
R’
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Lemma 3.9 The optimal set £ can have at most finitely many connected components.

Indeed, if there are infinitely many components, then there exists an accumulation point and
thus we are in the situation of Lemma 3.7 for arbitrary small sets: deleting one of these
very small components and transferring its mass along the boundary of another set €2; with
curvature R, the total area £2(2") will decrease.

In particular, the connected components of €2 are the closure of the connected components §2;,
i=1,...,N: with a slight abuse of notation, we will use the notation €2; for the components
of Q.

3.3 Completion of the proof of Theorem 3.1.

It now remains to prove that a set Q = UM Q;, with a finite number N > 2 of connected
components, is not optimal. W.l.o.g., we can assume that ()9 = conv (2. We will show that it
is possible to rigidly move each component, so that

Qz(t) = t(z — Zz) + Q;, (3.28)

in such a way that the area of the r-neighborhood

L) = D LAY = Y L) N2;(1)7)
( i)
is strictly decreasing. Here the points z € Qg and z; € ; must be carefully chosen, so that all
the sets €2;(¢) remain inside €, for ¢ € [0,¢] with € > 0 small enough. In the above formula
we have used (3.13).

If Q = U;Q; is an optimal set, the time derivative of the area £2(Q2(t)") is computed as follows.
Call A the set of all couples (7, ) such that ¢ # j and

dl‘j = diSt(Qi,Qj) = ]a;i—:rj\ < 2r.

Here x;,x; are the points considered in Lemma 3.7. At time ¢t = 0, assuming that z; € ; for
alli=1,..., N, the time derivative is computed by

42
jt,c?(gm(t)r) = > 2 r2— b (@i—ay) (2 —z) < 0. (3.29)

=0 (i.j)EA

We can always assume that Q" = U; Q2] is connected, otherwise the non-optimality is trivial:
indeed, with the same ideas here below, otherwise there is a component of 2" which can
be moved freely inside g until it superimpose to another component of €2". Notice that
this assumption implies that, for every i, there exists j # i such that QF N Q7 # 0. As a
consequence, we can assume that the inequality (3.29) is strict.

If 2 has at least two components, the first lemma rules out the existence of an §2; which cannot

be translated inside Qg (see Fig. 14).

Lemma 3.10 Let Q C Qg be an optimal set. If ) has more than one component, then for
every component §; the set 90; N Oy is a connected arc whose normal vectors span an angle
<.
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Figure 14: Proving that a set Q = (J, €; C Qo with finitely many connected components cannot be
optimal. The case considered in Lemma 3.10.

Proof. 1. For a component ; such that 9Q; N Q¢ = (), the spanned angle is zero and the
conclusion is trivial.

2. Next, assume that there is a component €2; such that 98 \ 9€; contains an arc zz!
such that the angle spanned by n(z), x €2/z/, is < 7. We consider only the components €,

Y

contained in the part of € \ £; whose boundary contains the arc z/z/'. There must be at least

one such set, because 2y = conv ). To obtain a contradiction, we shall move only these sets.

o

If 9Q; N 9Qy = 2}z, we consider the point z; = zjzzj € Q;. Otherwise, if 9Q; NN = 0, we

take the barycenter: z; = f—Q xdx. In addition, we set z = z; = # Defining Q;(t) = €;
]

while Q;(t) = Q; + t(z — z;), we check that Q;(t) C Qg for t > 0 small. Moreover, (3.29) is

satisfied as a strict inequality. Hence €2 is not optimal. U

If © contains more than one component, by Lemma 3.10, for every component {2; the inter-
section 0€); N Oy either is empty, or is a connected arc spanning an angle < m. The next
lemma rules out this remaining possibility.

Lemma 3.11 If Q C Q¢ has more that one component, and every component intersects 0€)g
in an arc of opening < w (or does not touch 0y at all), then Q is not optimal.

Proof. For every component £2;, by assumption the intersection 0§2; N 9€) is a connected arc

o

/i
2%y

of opening < m, or it is empty (see Fig. 15).

Fix a unit vector e € S, and choose two points 21, 29 € 9Qp such that e € n(z1), e € —n(z2).
Define z = % Then, for every component €);, if z € €); we define z; = 2. On the other
hand, if z ¢ Q;, we consider two cases.

VY

o If 00; N 0N = 22!, we take the mid-point: z; =

/ "
z;+z;
171 2

o If 0Q; N Oy = (), we take the barycenter: z; = JCQ rdr.
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Figure 15: The configuration considered in Lemma 3.11.

By elementary geometry, we check that, for ¢ > 0 small, all the sets §2;(¢) defined at (3.28)
remain inside . Again, the relation (3.29) is satisfied as a strict inequality. Hence € is not
optimal. |

Combining the two above lemmas, we achieve the proof of Theorem 3.1.

4 Further properties of the optimal set

Having proved that the optimal set for the problem (3.3) is convex, by the area formula
L2Q7) = L2(Q) +rH (99Q) + mr?

it is clear that the same set ) is an optimal set for the constrained isoperimetric problem
(3.4). This second problem has been studied in [16]. Recalling the definition of the sets Q at
(3.2), we collect here the main results:

Theorem 4.1 Let g C R? be a compact, convex set. Then, for every 0 < a < L2(Qp) the
constrained minimization problem (8.4) has a solution. Moreover, the following holds.

(i) The optimal set Q@ = Q(Qo,a) is convex. Moreover its boundary dQ has curvature
which is constant and maximal along each connected arc in OQ\ 08.

(i) Conversely, any convex set §~§ Qo, with £2(Q) = a and such that the curvature is
mazximal and constant along 02\ 08, is an optimal solution to (3.3).

(iii) When 0 < a < 7r§2, with R being the inner radius in (3.1), the optimal solutions are
precisely the balls B,(x) C Qo with radius p = \/a/m.

(iv) When R <a< £2(QQ0, R)), any optimal solution is contained in Q(Q, R), and
coincides with the convex closure of two balls of radius R.
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(v) For L2(QUQ, R)) < a < L2(), the optimal solution is unique. Indeed, there exists a

unique p €10, R| such that

~ ~

Q(Q()’a) = Q(Q(]’p)
(vi) For 0 < a < L2(y), one has

d%%l(aﬁ(@o, a)) = &, (4.1)

where k is the maximal curvature of the boundary Q.

(vii) The map a — H (9o, a)) is monotone increasing.

Proof. 1. The existence and the convexity of solutions were the main results proved in
Theorem 3.31 of [16], together with the properties stated in (i) and (vii). Parts (iii), (iv), (v)
are proved in Theorem 3.32 of [16].

2. To prove (ii), let © C Qg be such that £2(Q) = a and the curvature » is constant and
maximal in the set 9Q \ 0Q. Any relatively open connected component of 9 \ 9 is thus
an arc of a circle of radius p = 1/k > 0.

Being the of every point of the boundary x(xz) < 1/p, it follows that € has the internal ball
property. Namely, for every x € € there exists a ball B,(y) such that € clos B,(y) C .
Therefore, €2 is the closure of a union of balls of radius p.

We use the following observation. Let 2 be a compact convex set set whose boundary has
curvature k(x) < 1/p at every point € 99Q. If the boundary is tangent to a ball B,(y) at

two points z1, 22 € dB,(y), then © must contain the arc 2/122 C 0B,(y) with minimal length
(in case where both arcs have equal length mp, it must contain at least one of the two arcs).
If Q contains an arc with length strictly greater than 7p (i.e., spanning an angle > ), then it
follows that 2 itself is a ball of radius p (case (iii) of the statement).

If an arc 2;22 has length exactly mp (i.e., it spans an angle = ), then the set 2 must be the
convex hull of two balls of radius p. Namely: Q = clos(Uae[O’” Bp((l —a)zr; + ax2)> for
some x1,x2. Here we can take x1 to be the center of the ball whose boundary contains the

arc 2/1;2, while x9 is the center of the inner ball tangent to Q) at the furthest point from x;.

Hence p = R. This corresponds to case (iv) of the statement.

If every arc of radius p contained in 92 has length < 7p (i.e., it spans an angle < ), we claim
that Q = Q(Qo, p) (case (v) of the statement). In other words, it is impossible to enlarge €2
by adding other balls B,(y) of radius p contained in 2g. To prove the claim, two cases are
considered:

e If the ball B,(y) we add does not intersect 2, then by convexity one arc must be > =
(which contradicts the assumptions here), otherwise there are two points with distance
> 2p connected by an arc of radius p, which is impossible.

e On the other hand, if B,(y) N 0 # 0, then the intersection must be an arc 2129 of
curvature p. But since the opening of this arc is < 7, B,(y) must be already in ;
otherwise B,(y) is not a subset of .
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Figure 16: Computing the increase in the area of in Q(Qo, p), as the radius p is reduced.

3. To prove (vi), let 6; be the angle covered by the free arc L; C 02Ny of maximal curvature,
i > 1. Since by definition

o0\ = |JLi, 6=

it is enough to study the variation of area and perimeter about a single arc L;, spanning an
angle 6;, which has constant curvature k = 1/p. Moreover, the only non elementary case is
when the opening of the arc is < 7. In this case we will use the dependence w.r.t. the maximal
radius of curvature p of (3.2) for 0 < p < R.

Up to a rigid change of coordinates, about every arc L; we are in the situation shown in

Fig. 16. If H'(L;(p)) is the length of the arc %129 C dQ(Qo, p), one gets
H(Li(p)) < HY(Li(p—h)) = (p—h)bi +2htan % + o(h)
— Hl(Li<p)) + h<2 tan %2 — 91) + O(h) (4_2)

HAL) + (2t —6,).

IN

where 0; = H'(L;)/p. Here we observed that o(h) < 0 by convexity. Note that the case of
maximal growth occurs when 9Q (o, p) coincides with the tangent cone. In particular, the
map p — H'(L;(p)) is right differentiable with derivative bounded by

0;
2 tan <2> —0;.

The above arguments yield the estimate

HH(0Q(Q,p)) < H (0N, p — 1)) < Hl(aﬁmo,p))mz(mn%—ei)

Therefore the function p — Hl(ﬁﬁ(Qo, p)) is Lipschitz for p < R and strictly decreasing w.r.t.
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p. For every k > 1, taking the derivative for a.e. 0 < p < R we obtain

5 (2tn -6) =% - HLG)

i<k i<k

< - %H (0Q(Qo,p)) < Z <2tan2 — 9>
Since the series is convergent, for a.e. p we conclude that
—iﬂl(aﬁ(g ) = > 2tan 2 — g,
dp 0, P - i 2 i -
The same computation can be done for the area: the variation of area A;(p) inside each region
of opening 6; is computed by
;i 0
L) < LAp-0) = L)+ (7 = -7 (tan - %) v (43

with o(h) < 0. Arguing as before, for a.e. 0 < p < R we obtain
L L2604, p)) = 2> 20 % —0;) =~ p O, )
dp P dp e

This yields (4.1), for a.e. p. The final observation is that p — L’?(Q(QO, p)) is strictly decreasing
and continuous, as seen by (4.3). Therefore the inverse map

L2, p)) > p

is continuous, thus implying that (4.1) holds for all p €]0, R]. O

Remark 4.1 We observe that the minimizer = SNI(QO, a) is not uniquely determined when
a < L2, R)). (4.4)

As shown in Fig. 17, one can remove this ambiguity and single out a unique set O by considering
the barycenter b of Q(Qo, R), and imposing that the barycenter of Q also coincide with b.

More precisely, for a suitable unit vector e and £* > 0, we have the representation

Q(Q0,R) = |J Bg(b+he).

|h|<e
We can then define
. —2
Bm(b) if 0<a<mR",
Q(Qo,a) = it 7R <a< L2000, R)), (4.5)
U Balb -+ he) . (0. R),
<t choosing ¢ so that 2R{ + TR™ = a.

On the other hand, when £2(Q(Q0, R)) < a < £2(€), the optimal set ©(Q,a) is already
uniquely determined.
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(&) G2

Figure 17: Optimal sets Q = (£, a) in the cases considered at (iii) and at (iv) of Theorem 3.1,
respectively. Here () is a trapezoid. Note that in both of these cases the optimal sets are not unique.

Uniqueness can be achieved by imposing that the barycenter b of Q coincide with the barycenter of
Q(Qo, R).

Lemma 4.1 With the definition (4.5), the following holds:

(1) a1 < ag implies Q(Qo, a1) C o, az).

(2) (Q,a) = ﬁ(Qg, c?(ﬁr(szo,a))).

Prvof. Part (1) of the lemma is obvious. To prove part (2), we first observe that, if a <
L£2(2(Q0, R)), the result is a simple consequence of the identity

Q( 67§+T) = QT(Qovﬁ)'

To handle the remaining case where a >~£2(§(QO,§)), we will prove that the set Q7(€,a),
i.e., the neighborhood of radius r around Q(£2, a), provides an optimal solution to the problem

minimize: £2(),  subject to Q C Q5 L£3(Q) = L2(Q7(Q, a)). (4.6)

Toward this goal, we claim that Q:(Qo, a) satisfies the conditions stated in part (ii) of Lemma 2.1.
Indeed, consider any point z € J€(Qo,a), and call n(x) the unit outer normal. Then the cur-
vature of 2"(€2, a) at the boundary point x + rn(z) € 9Q" (£, a) is computed by

K(ﬁr(ﬂo, a), v+ rn(x)> = " _fig/:ég(();;)’f))’ a:) . (4.7)

Since by assumption the curvature K(Q(Qo,a),m) is constant and maximal at points z €
800, a) \ Qo, by (4.7) the curvature m(ﬁr(Qo,a), x + rn(x)) is constant and maximal at

points z +rn(z) € 99" (Qp, a) \ Qf. Using (ii) in Lemma 2.1, we thus obtain the optimality of
the set Q" (o, a).

Finally, we notice the implication
a > L2Q00,R) = L2 (Q,a)) > L2, R+7)).

This implies that the optimal solution on (4.6) is unique, completing the proof of part (2) of
the present lemma. UJ
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5 The optimal strategy, in continuum time

We study the optimization problems (MTP), (OP) on the entire plane, assuming that the
initial set Q¢ C R? is convex.

According to Definition 1.1, we say that the multifunction ¢ — Q(¢) C R? with compact values
is admissible if the following holds:

e For every timet >0 and § > 0,

Q(t +0) (1) i L) — L2t +9))

50+ ) =M (5:1)

Assuming that all sets (t) have perimeter with finite length, one has

QEQ(Q(t)) —  lim EQ(Q(tJF(s))*cQ(Q(t))

dt 5—0+ 1)

L2(0(1) — L2(U1))
§—0+ )

- M = HY(ON(t)) — M.

For a given time interval [0,T], we are interested in finding the evolutions which minimize
the terminal area £2(€2(T)). Assuming that the initial set Q(0) = Q is convex, we will show
that these evolutions also minimize the areas £2(Q(t)) of all intermediate sets, for t € [0, T],
respectively.

Let a bounded, open convex set 2y and a constant M > 0 be given. Using the notation
introduced in Lemma 2.1 and in Lemma 4.1, we define an admissible strategy by setting

Alt) = Q(Qh,a(t)), (5.2)
where the area function a(t) = L2(A(t)) satisfies

d -
() = H (0, a(t))) — M, a(0) = L3(Q). (5.3)
This strategy is defined on a time interval ¢ € [0,T*], where

T" = sup{t>0; a(t) >0} € ]0,+o0)] (5.4)

is the first time when the area vanishes. We will show that this is indeed the optimal strategy.

Theorem 5.1 Let a bounded, open convex set o and a constant M > 0 be given. Then the
set valued map A(-) introduced at (5.2)-(5.4) is a well defined, admissible strategy. For any
other admissible strategy Q(-), at every time t € [0, T*] the areas satisfy

L2(A)) < L2Q1)). (5.5)

As a consequence, one has
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(i) Setting A(t) = 0 for t > T*, the map t — A(t) provides a solution to the optimization
problem (OP).

(i) The minimum time problem (MTP) is solvable if and only if T* < 4+o00. In this case,
the map A(-) provides an optimal solution.

Proof. 1. We begin by showing that the function a(t) is well defined. The proof of Theorem
4.1 shows that the map _
(t,a) — HY(ONQ, a))

is continuous w.r.t. both variables and monotone increasing w.r.t. a. It is also locally Lipschitz
continuous w.r.t. a as long as 0 < L2(Q(Qf,a)) < £2(92f). By Peano’s theorem, a solution to
the ODE (5.3) thus exists.

To prove uniqueness, consider two solutions, say a(t) < a’(t). Observing that the maximum
curvature of the boundary of f is < 1/t, using (4.1) we obtain the bound

d ~ ~
(@) —a(t)) = MU, ' (1)) — H'(992(2, a(t)))
" (5.6)
O g a'(t) = a(t)
= — Q0 < —
[ 000k @) da < TEE,
valid for ¢ > 0 sufficiently small. Therefore for 0 < s <t
d(8) —a(t) < é(a’(s) (). (5.7)
Since at ¢t = 0 one has
2000\ _ 200\ _ !
i S0 Z00) o, L) Zd0) _
5—0+ 0 5—0+ 1)
we conclude that ,
lim )l _
s—0 S

Letting s — 0 in (5.7), this yields the uniqueness of the solution.

By the definition of the area function at (5.3), it follows that ¢ — A(?) is an admissible strategy.

3. We now prove the inequalities (5.5), showing that the strategy (5.2) is optimal. Given any
other admissible strategy ¢ — €(t), consider the sets

Z(t) = Q(Qt, 52(9@))).

The time derivative of the function z(t) = L£2(Z(t)) = L£2(2(t)) is computed by

d+t o — i .fEQ(Z(t+5))—£2(Z(t))
a = ;
oy L2 +0)) — L2(Q0) | ... L2Q() — L2(Z(1))
= lim + lim inf
6—0+ 5 1) ) 0—0+ 1)
> —M + liminf 2°0)] = £7(2(2))
6—0+ 1)
= |0Z(t)| — M.
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Therefore, z(t) = £2(Q(t)) satisfies the differential inequality

d* ~
az(t) > 0994, 2(t))| — M.
Following the same line as in (5.6), a comparison with the optimal solution a(t) = £2(A(t))
now yields

d* (z(r+96) —a(t+9)) - (2(t) —at)) _ 2(t) —a(t)

G0~ ) = g ;

Since the map ¢ +— z(t) — a(t) is continuous, we deduce

t
2(t) —a(t) 2 —(2(s) —a(s)). (5.8)
On the other hand, since both strategies are admissible, at the initial time we have
0) —a(d
lim 20 =90 _ (5.9)
5—0+ 4]

Letting s — 0 in (5.8) and using (5.9), for every t € [0, T*] we thus obtain
z(t) = (),
proving (5.5).

The two statements (i)-(ii) are now an immediate consequence of (5.5). O

Remark 5.1 The optimal strategy A(t) introduced at (5.2)-(5.3) is uniquely determined for
all ¢ € [0, 7*], thanks to the formulas (4.5) which remove any ambiguity also in the case (4.4)
where a > 0 is very small. In general, however, other optimal solutions can exist.

Calling R(t) the inner radius of the set Qf, if a(t) < ‘Q(QB, R(t))
in Theorem 4.1, the minimization problem

, according to (iv) and (v)

minimize: HL(O9) subject to Q C Qf, L*Q) = al(t), (5.10)

has multiple solutions. One can thus construct a different optimal strategy, say t — A’(t) C QF,
where each set A’(t) is a translation of the corresponding set A(t).

6 Large time behavior
In this last section we study the large time behavior of the optimal strategy A(t).

Proposition 6.1 Let Qy C R? be a bounded, open convex set. Then there exists a constant
My > 0 such that the following holds.

(i) For 0 < M < My, the optimal strateqy A(t) defined at (5.2)-(5.4) satisfies

lim L%(A(t)) = +oo. (6.1)

t—4o00
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(ii) For M = My, after some time T > 0 the set A(t) becomes a ball:

A(t) = Barjen(2) for allt > T*. (6.2)

(iii) For M > My, the area L?(A(t)) shrinks to zero at a finite time T* < +oo. In this case,
there exists a time T < T* such that the set A(t) is a ball for all T' <t < T*.

Proof. 1. Since our solutions now depend on the choice of M, the notation ay/(t) =
L2(Ap(t)) will be used. We consider the set of all solutions ay; of (5.3) which remain uniformly
bounded for all times ¢ > 0, and define

My = inf{M >0; sup apm(t) < +oo}. (6.3)

t>0

From the equation (5.3) it immediately follows

M <M == ap(t) < app(t) for all t > 0. (6.4)

2. To prove (i), assume M < My. By definition, sup,-qan(t) = +o0o. By the isoperimetric
inequality, any set 2 with area £2(£2) = a has perimeter H!(Q) > 2/7a. Hence from (5.3) it

follows p
ﬁaM(t) > 2y/map(t) — M.
In particular, if at some time 7 > 0 one has 2\/7ap(7) > M, then the area function ¢ — aps(t)

is monotone increasing, and approaches infinity as ¢ — +oo. This proves part (i).

3. To prove (iii), assume M > My. Let My < M’ < M. By assumption, the solution
apy (t) > aps(t) is also uniformly bounded. The difference between these two solutions of (5.3)
satisfies

d
a(CLM/(t) — CLM(t)) > M — M/.
At all times ¢t > 0 where ay/(t) is defined, this implies
ap(t) < <sup CLM/(T)> — (M — M')t. (6.5)
7>0

Since the right hand side of (6.5) becomes negative for ¢ large, by continuity there exists a
time T* such that £2(Ap (T*)) = ap(T*) = 0. This proves the first statement in (iii).

Next, call Ry > 0 the inner radius of the convex set (), i.e. the radius of the largest ball
contained inside Q. Then the inner radius of Qf is R(t) = Ry + t. By the definition (5.2),
when the area satisfies ay(t) = L2(Ap(t)) < 7R%(t), the set Ays(t) becomes a ball. This is
certainly true when ¢ is sufficiently close to T*, because

li = li = T*.
1T au (t) 0 LT R(®) Ro+

This establishes the last statement in (iii).
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4. Finally, consider the case M = M. We claim that the corresponding solution ¢ — aps(t)
remains uniformly positive, and uniformly bounded.

Indeed, assume that at some time 7 > 0 one has 2y/man, (7) > Mp. By continuity, there
exists € > 0 such that 2y/mayy (1) > M’ for every M’ € [My, My + €] as well. As remarked in

step 2, this implies apy (t) — 400 as t — +00, reaching a contradiction with the definition of
M.

On the other hand, assume that litm inf apg, (t) = 0. In this case, following the argument in
—00

step 3, we can find a time 7 such that Az, (7) is a ball of radius R < % By continuity there
exists £ > 0 such that, for every M’ € [My — &, My], the set App(7) is also a ball of radius
R < QMﬂl If this happens, then the area Ay (7) shrinks to zero in finite time. Again, this
yields a contradiction with the definition of Mj.

It remains to prove that, for ¢ sufficiently large, Ay, (f) is a ball. Toward this goal we observe
that the inner radius of Qf is R(t) > t. Hence, when a = ap,(t) < mt?, the solution to the
optimization problem (5.10) is a ball. Since ajz,(t) remains bounded, this inequality is true
(and hence Apy,(t) is a ball) for all times ¢ large enough. It is now clear that the radius of
this ball must be R = % Otherwise, the solution of (5.3) will tend to infinity, or else become
zero in finite time. O

Remark 6.1 When the initial set Qg is a ball of radius R, one has My = 21 R = 2,/7L2(Q).
For a general convex set €1y, one has

MO < 2 7T,C2(Qo).

Indeed, this threshold is smaller than the threshold for the ball, since the perimeter remains
larger for the same area.

In the case where € is a square, for various values of M the optimal strategy Aps(t) has
been studied in Example 8.1 of [7]. In particular, for the unit square the value of My can be
computed explicitly:

4 —
My = T~ 2797 < 2/
1—1In2
In this case, for M = M)y, the optimal set A(t) becomes a ball at time
1 1
==
A(1-In2) 2
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