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Abstract

We give an interpretation of a class of discrete-to-continuum results for Ising sys-
tems using the theory of zonoids. We define rational zonotopes and rational zonoids,
as the families of Wulff shapes of perimeters obtained as discrete-to-continuum limits
of finite-range homogeneous Ising systems and of general homogeneous Ising systems,
respectively. Thanks to the characterization of zonoids in terms of measures on the
sphere, rational zonotopes, identified as finite sums of Dirac masses, are dense in the
class of all zonoids. Moreover, we show that a rational zonoid can be obtained from a
coercive Ising system if and only if the corresponding measure satisfies some ‘connect-
edness’ properties, while it is always a continuum limit of ‘discrete Wulff shapes’ under
the only condition that the support of the measure spans the whole space. Finally,
we highlight the connection with the homogenization of periodic Ising systems and
propose a generalized definition of rational zonotope of order N, which coincides with
the definition of rational zonotope if N = 1.
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1 Introduction

We consider Ising systems; that is, energies depending on a spin parameter, formally written

as
—Zai,juiuj. (1.1)

i#]
In this notation the spin functions u: Q N Z¢ — {—1,1} is defined on the portion of the
standard cubic lattice contained in the (bounded) open set €2, and we write u; in the place
of u(i). The systems are supposed to be ferromagnetic; that is, oy, > 0 for all k € Z.



This condition implies that the interactions between nodes at distance k such that aj > 0
are minimal if u; = u;. This condition in turn implies that the only ground states are the
constant states, provided that the network of interaction is connected, in the sense that
for every j € Z\{0} there exist K € N and ki, ..., kg such that k = ky + --- + kg and
ag, > 0 for all £ € {1,...,K}, and also  is likewise connected. While the form (1.1) is
quite descriptive, it is convenient for our purposes to consider an equivalent energy of the
form

Zai,j(ui —Uj)2. (12)

i#j

Indeed, since u? = uf = 1 developing the square, the terms in (1.2) can be rewritten as

J
Z ai_j(ui — ’u,j)2 = 22 OG—j — 22 QU US,

1#] 1#] 1#]

and 2, ; @i—j is a constant depending only on €. In the form (1.2), ground states have
always zero energy and we can also consider {2 unbounded since we thus avoid annoying
+00 — o0 indeterminate forms. In this paper Q plays no role, and we take Q = R? for
simplicity. Furthermore, the lattice Z? can be substituted with a Bravais lattice, at the
expense only of a heavier notation in some proofs.

The overall behaviour of systems (1.2) can be described by introducing an effective
surface tension, which takes the form

p(v) =4 ) arltk,v)l, (1.3)

keZd

which describes the energy density of a minimal interface macroscopically oriented as an
hypersurface with normal v. This effective surface tension can be obtained in various
ways, which describe different ways of looking at the problem. One way is to compute the
average limit behaviour of minimum problems on large cubes with two faces orthogonal
to v and boundary conditions jumping in correspondence of the mid-plane of the cube;
a more complete analysis is obtained by looking at minimizers of problems in the whole
space with the volume constraint #{u; = 1} = N, and prove that, upon suitably scaling
and translating them, they converge (after suitable interpolation) to minimizers of the
perimeter energy related to ¢. A relatively recent way to explain this convergence is by a
discrete-to-continuum approach, as a result of a limit analysis for the scaled energies

Eo(u) = Y e o j(u; — u))?, (1.4)
i#]

where the scaled spin parameter u: QneZ% — {—1,1} is now defined on the scaled standard
cubic lattice, and we write w; in the place of u(ei). Each function u is extended as a
piecewise-constant function, so that the domain of each E. can be identified as a subset of



LL (9 {—1,1}), and, if the lattice Z? is connected with respect to {ay} in the sense above,
the family E; is equicoercive with respect to the strong convergence in L{ .(€; {—1,1}), so
that a family u® with equibounded energy converges, up to subsequences, to a continuum
parameter u with u(z) € {—1,1} almost everywhere. If we write u = 2y 4 — 1, this defines
a discrete-to-continuum convergence of spin functions u® to sets A, which are indeed sets
of finite perimeter. With respect to this convergence, the I'-limit of the functionals E. is

the (anisotropic) perimeter functional

F(A) = L s o(v)dHI ™, (1.5)

where 0*A and v4 are the reduced boundary and the measure-theoretical internal normal
to 0* A, respectively, and ¢ is defined by (1.3). In this form, the result has been proved
in various versions, first in the context of free-discontinuity problems by Chambolle [9]
and by Braides and Gelli [5], whose proof is then reset in terms of Ising systems in [1,
Section 3.1] (for a simplified exposition in a two-dimensional context see also Section 3.2.4
in the book by Braides and Solci [8]). This analysis can be seen as a homogenization
problem with a 1-periodic system of interactions [7] and as such ¢ can be defined via an
asymptotic homogenization formula, reducing to the limit analysis of minimum problems
on cubes as described above. Conversely, the convergence of minimum problems with
volume constraints to a Wulff problem for the perimeter F' is a consequence of the property
of convergence of minima of I'-convergence.

Scope of this paper is to connect these variational descriptions of Ising systems with the
concept of zonoid from Convex Geometry. A zonoid is defined as a limit in the Hausdorff
metric of zonotopes, which are simply defined to be vector sums of a finite number of line
segments. As such, their support functions can be written in the form

N
F(2) = Y mil(, 2)l, (1.6)

J=1

where v; € S471 and m; > 0. Comparing (1.6) with (1.3) we note that the latter requires
some restrictions on v;. With this observation in mind, we then define the subclass of

rational zonotopes as those for which all v; in (1.6) are rational directions; i.e., v; = H:—JH
J

for some k; € Z4\{0}. Hence, an effective surface tension ¢ in (1.3) for a system {ay} with
a > 0 only for a finite set of k € Z? can be interpreted as the support function of a rational
zonotope. Note that the family of rational zonotopes is still a dense class in the family of
zonoids.

The fundamental property for the analysis of zonoids is that they can be identified with
(symmetric) positive bounded measures 1 on S9! such that the support function f of the
zonoid can be written as

16 = | Kol duw) (1.7



In the case of zonotopes this measure is a finite sum of Dirac deltas, which, in case of
rational zonotopes, are concentrated on a set of rational directions. We then define the
class of rational zonoids as that of the zonoids corresponding to possibly infinite sums of
Dirac deltas concentrated on rational directions. This is the class corresponding to general
¢ in (1.3).

We then have the following characterizations.

Ezact reachability. The functionals F' obtained as limits of Ising systems are all func-
tionals whose Wulff shapes are rational zonoids.

Approximate reachability. For each zonoid there exists a family F,, of functionals ob-
tained as limits of Ising systems such that the corresponding Wulff shapes converge to the
zonoid.

Convergence of discrete Wulff shapes. If a rational zonoid has positive Lebesgue mea-
sure then there exists an Ising system with constrained minimizers, suitably identified with
sets, that approximate the zonoid. For lower-dimensional rational zonoids the same holds
in a lower-dimensional subspace.

Coercive Ising systems. A necessary and sufficient condition for the existence of a coer-
cive Ising system generating a given rational zonoid is a suitable “connectedness property”
of the generating measure y; namely, that the span of the set {k € Z% : u(ﬁ) >0} in Z is

the whole Z2.

We further note that we do not have uniqueness of generating Ising systems, in the sense
that the same rational zonoid corresponds to infinitely many equivalent Ising systems, for
some of which we may not have the property of convergence of discrete minimizers.

The concept of zonoid has been generalized in various ways (see [13, Chapter 9]). The
variational interpretation of rational zonoids allows to view them as a particular case of
homogenization of periodic Ising systems when the period is 1. With this observation
in mind, we finally propose a generalization of rational zonotopes and zonoids as those
obtained by homogenization of periodic Ising systems. If such a system of period N is
of finite range, the Wulff shape of the corresponding perimeter is a polytope, due to the
results by Chambolle and Kreutz [10], which allows to define rational zonotopes of order
N. The closure of all zonotopes of order N with varying IV is proved to be the set of all
convex centered sets using the results of Braides and Kreutz [6].

2 Zonotopes, zonoids and their support functions

In the following two sections we recall some definitions and properties from the theory of
zonoids, for which we refer to the monograph by Schneider [13]. In Section 3.1 we introduce
the subclass of rational zonoids.



2.1 Zonoids

A (centered) zonotope in R? is a polytope that is obtained as a Minkowski sum of a finite
number of centered segments [—w;, w;] with w; € R?, i e {1,..., N}, and N € N; that is, a
set of the form

N
W = {w e R?%: there exist s; € [—1, 1] such that w = Z siwi}. (2.1)
i=1

The usual definition of zonotope (see [13]) does not require that the segments be centered.
However, any (general) zonotope is the translation of a centered zonotope. Since we will
mainly deal with symmetric sets in R? we directly use centered zonotopes in order to
simplify the notation and terminology.

We say that W is non-degenerate if the vectors wi, ..., wy span the whole R? so that
W is a convex set symmetric with respect to the origin and of non zero Lebesgue measure.
If otherwise, a degenerate zonotope can be identified as a non-degenerate zonotope in a
lower-dimensional space.

It is worth noting that zonotopes are particular centered symmetric polytopes character-
ized by the fact that their faces are themselves (congruent to d — 1-dimensional) zonotopes.
This property rules out a number of polytopes in dimension d > 3; e.g. octahedrons.

Using (2.1), the support function of a zonotope is then given by

N
fw(z) = sup{(z,w): we W} = Z |z, wi)|.
i=1

Conversely, given f of this form, the set W in (2.1) coincides with the Wulff shape of f,
given by
Wy = {w eR?: (z,w) < 1 for all z € R? such that f(z) < 1}. (2.2)

The family of (centered) zonoids in R is the family of all convex symmetric sets that
can be obtained as limits of zonotopes in the Hausdorff metric. We say that a zonoid is
non-degenerate if it has a non empty interior, in which case it is the limit of non-degenerate
zonotopes. Note that in dimension d = 2 all convex symmetric sets are zonoids, while the
symmetry restrictions on the faces of zonotopes imply that zonoids are nowhere dense in
the family of all convex symmetric sets if d > 3.



2.2 Generating measures and support functions of zonoids

For a zonotope W as in (2.1), after setting v; = leTliH’ we can write

N
> Kz wi)l
i=1
Oy, + 0—y;

N
Dol = [, el w)

fw(z)

|, ket o),
gd—1

where

]
HW = Z 21 (5% + 5—%-)-
=1

Conversely, given a positive measure of the form p = Zf\;l Ni(0y, + 0_y,), with v; € S971
setting

N
o) = [ Kl du) = 3 20,
i=1

we have that f, = fw, where W is given by (2.1) with w; = 2);1;. Hence, zonotopes corre-
spond to (symmetric) linear combinations of Dirac deltas on S%~! with positive coefficients.
Note that the Hausdorff convergence of zonoids corresponds to the weak* convergence of
the related measures. By the weak™ density of sums of Dirac deltas this shows that positive
symmetric measures on S%~! are in bijection with zonoids.

The support functions of (centered) zonoids in R? are characterized by elements of the
cone of positive symmetric measures on S4~! as in the following proposition.

Proposition 2.1. For every (centered) zonoid W in R? there exists a unique symmetric
positive measure pyy on S such that the support function fy can be written as

fw) = | el duaw o). (2.3

Such a measure is called the generating measure of W.

3 Ising systems and a variational interpretation of rational
zonotopes and zonoids

We consider homogeneous systems of discrete interactions governed by energies of the form

Eo(u)= > "o j(u; —uy)?, (3.1)
i,j€Z4



defined on functions u: eZ% — {—1,1}, where we use the notation u; = u(ei). Note that
we can assume, and we will, that a_j = «;, since otherwise we can replace both coefficients
by %, and this change does not influence the value of the energy. We assume that
the system is ferromagnetic; that is, ag, = 0 for any k € Z%. We further assume the decay
condition
D7 agk] < +oo. (3.2)
kezd
This condition is necessary to have non-trivial energies, in the sense that if this condition

fails then the limit of E. as defined below is finite only if u is identically 1 or —1. The
convex function : R? — [0, +00)

p(z) =4 3 apldz k), (3-3)

keZd

is well defined and finite thanks to (3.2).

3.1 Rational zonoids

The particular form of the functions ¢ in (3.3) suggests a definition of a class of zonoids,
of which such types of functions are support functions.

Definition 3.1. We say that v € S%! is a rational direction if there exist w € Z\{0}
such that
w
v=—.
w]

A set W is a (centered) rational zonotope if its generating measure is of the form

N
W = Z )‘2(5% + 6—Vi)’ (34)
=1

where N € N, v; are rational directions and \; > 0. A set is a (centered) rational zonoid if
there exists a sequence {v;} of rational directions and a summable sequence {\;} of positive

numbers such that
+00

pw = Y Ail0y, + 6-0,). (3.5)
=1

Remark 3.2. By the density of rational directions in S?~!, rational zonotopes (and hence
also rational zonoids) are dense in the class of zonoids.



3.2 Sets of finite perimeter and their energies

To each Ising system we will associate a perimeter energy. To that end we recall that a
subset A in R? is a set of finite perimeter if the distributional gradient of its characteristic
function y 4 is a bounded measure. We refer to [2, 4, 12] for an introduction to the topic.
Here we only recall that if A is set of finite perimeter there exists a Borel set 0* A, the
reduced boundary of A, and a function v = v4: 0*A — S9! the inner normal to A, such
that Dy = vH4 'L 0* A. Furthermore if ¢: R? — [0, 4-0) is a convex function positively
homogeneous of degree one, then the perimeter energy F' = F, defined by

Fold) = [ plo(@ant~ (@) (3.6

is weakly lower semicontinuous with respect to the convergence of x4, to x4 in L%OC(Rd)
on families such that the total variations |Dx .| are equibounded.

We finally recall that families of sets of finite perimeter such that |Dxa_| are equi-
bounded are precompact with respect to the convergence x4, — x4 in LllOC (R%), and that
if A is a set of finite perimeter then there exists a family of polyhedral sets A. converging
in the sense above to A as ¢ — 0, and such that F,(A.) tends to F,,(A). Note that for

polyhedral sets we have 0*A = dA, up to an H¢ '-negligible set.

3.3 Convergence of the scaled energies of an Ising system

We say that a sequence uf: eZ? — {—1,1} converges to a set of finite perimeter A if the
piecewise-constant interpolations u. of u® on €Z¢, defined by u.(x) = uf (= u®(ei)) if
x € gi + [0,¢)?, locally converge in L'(R?) to the function u = 2y 4 — 1 and there exists C
such that | Du.| = |Du.|(RY) < C, where || Du.| denotes the total variation of the measure

Du,. In other words, the sequence u. converges weakly in BV,.(R?).

The condition that | Du.||(R?) < C is a consequence of the boundedness of the energies
E.(u®) if there holds a condition of the type

ar = c> 01if |k|| = 1 (coerciveness of nearest-neighbour interactions). (3.7)

In this case, we have that there exists A such that u®* — A up to subsequences. A thorough
description of the limit of Ising systems in terms of perimeter functionals when condition
(3.7) is satisfied is given in [1, Section 3.1].

A general necessary and sufficient condition for coerciveness will be given below. Note
however that we do not make any such assumption in our definition of convergence of E,
in order to include also degenerate cases in our treatment.

Theorem 3.3 (limits of homogeneous Ising systems as rational zonoids). A functional of
the form (3.6) is a I'-limit with respect to the convergence u* — A of energies E. of the



form (3.1) for some Ising system {ay} with oy = 0 satisfying (3.2) if and only if the Wulff
shape of ¢ is a rational zonoid. Furthermore, if the range of {ay} is finite the Wulff shape
of ¢ is a rational zonotope.

Proof. Given {ay} non-negative coefficients satisfying (3.2) with respect to the convergence
u® — A, the I'-limit of the sequence of energies E. defined by is given by an energy (3.6)
with ¢ given by (3.3). We briefly give a proof. This can also be achieved with a perturbation
argument from the analog result for coercive functionals, for which we refer e.g. to Section
3.1 in [1], where the interested reader can find further common details with the proof
presented below.

In order to provide a lower bound, we examine separately energies with only the con-
tribution for a fixed k € Z%\{0}. We can suppose that the last component k; be strictly
positive, and define the lattice £ = L}, as the Bravais lattice generated by {e1,...,eq_1, k},
which is a sub-lattice of Z%. We consider the functionals

B (u) = > e (uipr — wi)”.
€L
These can be seen as a system of nearest-neighbour interactions on the lattice £ with
ae; =0forje{l,....,d—1}.

Let u® — A with sup, |Duc| < +00. For every uf we can define its interpolation u%
on the lattice £ defined by uf(x) = u if x € i + U, where U is the d-dimensional
parallelogram with sides e1,...,eq 1,k and i € £. Note that sup, |DuX| < +o0, so that
we can suppose that uf — 2x4c — 1 in Lll0 C(Rd), for some set of finite perimeter A~.
Since u.(z) = uf(z) on eL + (U n [0,1)%) we then deduce that AX = A. If we define
AL = {z e R?: uf(x) = 1} then we have

k k 1
EF(uf) = H4f <1/, —>‘d’l—ld_1 = 4J v, k)| dHEL,
ka  Joac I%| ki Joac
where we have taken into account that the parts of the boundary of AEL with normal
v e {ey,...,eq_1} donot contribute to the energy, and the projection of U on the hyperplane
orthogonal to k£ has d — 1-measure equal to HdeH Note that in this case E¥(uf) equals the

total variation |Dyuf|, where Dy denotes the distributional directional derivative in the
direction k.
Taking into account the lower semicontinuity of this perimeter functional, we then have

1
lim inf E¥(uf) > —4 f [, k| dHAL.
e—0 kd 0% A
Since |U| = kg the number of equivalence classes of Z? modulo £ is kg, from which (pro-
ceeding as above in each of these equivalence classes) we have

lim inf Z e N uipp — u;)? = kgliminf EF (uf) > 4J |, k) dHEL.
=0 e—0 %A



From these inequalities, valid for all k € Z?, the inequality lim i(I)lf E.(u®) = F(A) follows.

To prove the upper bound it suffices to note that if A is a polyhedron then the restriction
of u* = 2x4 — 1 to eZ% is a recovery sequence satisfying |Du.| < C' < 4+0o0. The proof of
the I'-convergence is then completed by an approximation argument.

Since the function ¢ is the (locally uniform) limit of the functions

gon(z) =4 Z ak|<k,z>|,

keZd, |k|<n
whose Wulff shapes are rational zonotopes corresponding to the measures on S¢1

- e |5 & |
1 DT day Hﬁ

kezd, ||k|<n

© is the support function of a rational zonoid corresponding to

p= > 4akaHéﬁ
kezd

All these measures are symmetric since we assume «ay = a_g. Note that if {«y} is of finite
range then ¢ is the support function of a rational zonotope.

Conversely, if we have a rational zonoid W corresponding to a finite symmetric positive
measure

Hw = Zﬂz (5111 + 5—112-)7
with v; € S9! rational directions. Note that
[ e 500 = 240,

so that

fw) = | el ) = 2 3 il

ki and define

Then for all i we can fix k; € Z% such that v; = Thel

ap = {451;4 if K = k; or k = —k; for some ¢

0 otherwise,

so that we have

o) =4 Y aplk, 2 =238,
kezd 7

z’ Y
< HkiH>
and Y, aglk| = 3>, B; < +0, so that (3.2) is satisfied. O

10



Definition 3.4. We say that an Ising system {cy} generates a rational zonoid W, or
equivalently it generates a measure uy (the generating measure of W), or equivalently it
generates an energy density fy, the support function of W, if we have that E. I'-converges
to ' in the sense of Theorem 3.3 with ¢ = fyr. We say that two Ising systems as above
are equivalent if they generate the same zonoid.

Remark 3.5 (equivalent Ising systems). For every rational direction v e S%1 let Z(v) =

{k e Z\{0} : ﬁ = v}. We can rewrite formula (3.3) as

o(2) =143 3 sl =4 () el )izl (38)
)

v keZ(v v keZ(v)

From (3.8) and taking the symmetry of ay into account we note that two Ising systems
satisfying (3.2) generate the same rational zonoid if and only if for every rational direction

v e S%1 we have
DU oanlkl = > gk (3.9)
keZ(v) keZ(v)

As an example, we may take the systems (parameterized on sequences {\,})

. (3.10)
0 otherwise,

o {)\W if k =nepnelZ, Le{l... d
with 3.7 nA, = A. Then ¢(z) = 4\ Zi:l |zn| =: 4]|z|1, and the corresponding W is the
same coordinate square depending only on A\ and not on the particular sequence.

Let 1 be a measure generated by the system {a;}. Note that if v € S%! is such that
u({v}) > 0 then the set of indices k € Z(v) such that o > 0 may be infinite even though
{ag} generates a rational zonotope. Conversely, for all rational zonoid W there exists an
Ising system {«y} generating W such that for all ap > 0 k # 0 such that MW(H—I]Z’“) > 0.
Indeed, it suffices to note that, if a(v) = 3};.7(,) |k, then an equivalent Ising system
if ke Z(v) and k = nko(v), where kg is the element of

a(v)
nflko(v)]

is {a}.} given by o) =277
least norm in Z(v).

The following definition generalizes condition (3.7).

Definition 3.6. We say that an Ising system {ay} is a coercive system if there exists a
constant M > 0 such that

[Dul| < ME(u) , where E(u) = Z i j(u; — uy)?, (3.11)

i,j€74

where in the left-hand side we have identified w: 74 — {—1,1} with its piecewise-constant
extension from Z°.

11



Remark 3.7. Note that in (3.11)
IDull = 41 (0 s u(w) = 1}) = 2840, ) wi # w5, (3.12)

the factor 4 coming from the fact that (u; — u;)? = 4 if u; # u;, and the factor 2 coming
from counting both (4, j) and (j,) if u; # u;. From the last equality we have that (3.7)
implies that {ay} is coercive.

From the definition of E. we obtain that (3.11) is equivalent to |Du.| < M E.(u®) with
M independent of ¢, so that if sup, E.(u®) < +0o0 then also sup, |Du.| < 400 and then,
up to subsequences, u® — A for some set of finite perimeter A.

Remark 3.8 (equivalent coercive and non-coercive systems). In the assumptions of The-
orem 3.3, in general the sequence E. is not coercive; that is, we cannot deduce that there
exists A such that u* — A up to subsequences from the boundedness of the energies E.(u®).
In the case that (3.7) holds we have a subclass of ¢, for which o, > 0 if k € {e1...,eq},
and the construction in the proof of the theorem gives coercive approximating E.. Note
however that from the form of ¢ we cannot deduce the equicoerciveness of E.. Indeed, let
©(z) = 4| z|1, for which we may take (see (3.10) in Remark 3.5)

ak:{; if k=2, Lef{l...,d}

. (3.13)
0  otherwise;

that is, the only non-zero interactions are those at distance 2. The corresponding ener-
gies are not coercive. Indeed, they have additional ground states, e.g., those given by
the checkerboard functions v and —v, where v; = (—1)Iflt, The interpolations v, of the
corresponding scaled functions v do not converge strongly locally in L'(R%).

Example 3.9 (non-exact reachability of rational zonotopes by coercive systems). Let
d = 2 and let ¢(z) = 8(|{e1 + ea,2)| + [{e1 — ea,2)]), corresponding to aj = 1 for k €
{e1 + ea,e1 — ea,—e1 + €2, —e1 — ez}, and oy = 0 elsewhere, which is not coercive, again
with ground states v and —v as in Remark 3.8.

We give a definition of connectedness related to an Ising system {ay}.

Definition 3.10. We say that i and j € Z¢ are connected with respect to {ay}, or that i
and j are {oy}-connected, if there exist N € N and {k1,...,kn} such that YN ke = j—1,
and oy, > 0 for all £ € {1,...,N}. We say that the system {ay} is connected if all i and
j € Z% are connected with respect to {ay}.

Remark 3.11. Note that the following statements are equivalent
(i) {ax} is connected;

(ii) 0 and j are connected for all j € Z%

12



(iii) 0 and e,, are connected for all n € {1,...,d}.

The only non-trivial implication is that (iii) implies (ii). This is proved e.g. by induction
on n = |j|l;. If n =1 the two statements are the same. If |j|; = n > 1 then we can write
j =j +en for some j with [j/|; = n—1 and some m . By the inductive hypothesis there
exist N € N and {ki,...,kn} such that Zévzlkg =j',and oy, > 0 for all £ € {1,..., N},
and there exist Ny, € N and {k7",... kY } such that Zévzml ky* = em, and agy > 0. Then

the claim is proven by writing j = Zé\;l ke + Zévz’”l ky*.

We now give a necessary and sufficient condition for a rational zonoid to be obtained
from a coercive Ising system.

Theorem 3.12. Let p be a symmetric positive measure on S generating a rational
zonoid. Then there exists a coercive Ising system {ay} generating p if and only if the set
{(keZd: (HkH) > 0} spans the whole Z* on Z.

Proof. Let {ay} be an Ising system generating u. Note that we may assume that aj > 0
for all points in k € Z% such that ,u(ﬁ) > () since this assumption does not influence p

and increases the connectedness of {«y}. We then have

k
{keZd:u<m) >O} ={keZ:ap >0},
and note that the span of this set is just the set of all finite sums of points k¢ with oy, > 0;
that is, the set of all points {ay }-connected with 0.

If this set is not the whole Z%, then we consider the function defined by

{1 if 7 is {ay }-connected with 0
U; =

—1 otherwise.

Note that we have E(u) = 0, but u is not a constant, so that |Dul| > 0 and hence the Ising
system generating u is not coercive.

Conversely, if the set is the whole Z¢, in particular it contains {ey,...,es}. Then if
i,j € Z are such that i — j| = 1 and w; # u;, using the aj-connectedness there exist
{k¢} with Zév=1 ke = j —i and oy, > 0. Writing 4, = >,,_; k¢ and iy = 4, we have
Zflv:l(uin — i, ;) = uj —u; # 0, and there exist n € {1,..., N} such that w;, —u;, , # 0.
Since k;, = ki, —i,_, is such that ag, > 0 and the family of all such {k,} is finite we deduce
that there exists a constant C' > 0 such that oy, (Ui, — ui,_ )? = C. These indices i,
and i,_; may be shared by a number of pairs (3, j) bounded by (3, [ k¢|)?, so that we can

bound #{(¢,7) : u; # u;} by the energy, and the coerciveness of {ay} follows. O

We now examine non-degenerate non-coercive Ising systems and show that they can be
seen as a superposition of a finite number of coercive Ising systems.
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Remark 3.13 (discrete-to-continuum convergence to multiple parameters). Let {ay} be an
Ising system with symmetric oy > 0 satisfying (3.2). If the system {ay} is non-degenerate,
the set

L ={ieZ:iis {a}-connected to 0} (3.14)

is a d-dimensional Bravais sublattice of Z¢. If the system is not coercive, we can consider the
equivalence classes Z?/L, which are a finite number M, that we can represent as £y = my+L
for0e{l,...,M}. Ifv°: eLy — {—1,1} then we can define the convergence v — Ay on the
(translated) lattice £, as the convergence of the piecewise-constant interpolations vﬁ on
gLy to 2x4,—1in L] (R?). Thanks to the {4 }-connectedness of £, the functionals E, are
coercive with respect to this convergence, so that if u® is a sequence with sup, F.(u®) < 400,
up to subsequences, we can suppose that, denoting by u®‘ the restrictions of u to €Ly,
the corresponding piecewise-constant interpolations uﬁ on £, converge to 2x4, — 1. This
defines a convergence u® — (Aj,...,Apr) with respect to which the functionals E. are
coercive.

Note that at the same time the piecewise-constant interpolations u. of u¢ on €Z¢ con-
verge weakly in Ll (R?) to u = ﬁZz]‘il@XAe — 1), while the stronger convergence in
Theorem 3.3 implies that A; = --- = Ay,.

The convergence in the previous remark allows to generalize the I'-convergence result
as follows.

Theorem 3.14 (I'-convergence to multiple parameters). Let {«y} be an Ising system with
symmetric ap = 0 satisfying (3.2), and such that the lattice L defined in (3.14) be a d-
dimensional Bravais sublattice of Z¢. Then the family E. is equicoercive with respect to
the convergence u® — (A1,...,Apn) in Remark 3.13 and the I'-limit with respect to that

convergence 1s
M
Fr (Ala s a M Z
where F' = Fy, is given by (3.6) with ¢ as in (3.3).

Proof. The functional E. can be written as a sum of functionals E¢ defined on v: e£; —
{_13 1} by
= Y e layli(v — w) (3.15)
,JELy
with the usual notation v; = v(ei). Since E. converge in the sense of Theorem 3.3 to the
functional F' therein, we note that each of these functionals EE I'-converges to MF with
respect to the corresponding convergence. Hence, the claim of the theorem follows. O

The next theorem is an immediate consequence of the characterization of support func-
tions of zonoids through their generating measures. Note however that optimal approxi-
mation of zonoids is a delicate problem (see e.g. [3]).
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Theorem 3.15 (approximate reachability of zonoids). Let ¢ be a support function of a
zonoid. Then for everyn > 0 there exists a coercive Ising system with a limit energy density
©n and Wulff shape a rational zonotope such that

max{|p, (V) — ¢(v)| 1 ve ST} <. (3.16)

Proof. Let {a]l} be an Ising system parameterized by 71, and ¢, the corresponding energy
function. Note that we can write

S N

where
=2 3 ol k[0
kezd
The convergence
lin%)maxﬂgon(y) —p)|:vestty=0
’l”—)

is then implied by the weak® convergence of u, — p, where 1 is a generating measure for
¢. The existence of such p, is then ensured by the weak® density of finite sums of Dirac
deltas. We may also suppose that oy, > 7 for k € {e1, ..., eq}, up to adding a term >, nde,
whose weak® limit is the null measure. The claim then follows after reparameterizing the
measures fi. O

3.4 Convergence of Wulff shapes to rational zonoids

If (v) > 0 for all v € S%~! the Wulff shape W, of ¢ as defined in (3.24) admits a variational
characterization, as the minimizer symmetric with respect to 0 of

min{F(A) : |A| = [W,|}, (3.17)

where the functional F' is as in (3.6). The condition ¢ > 0 is necessary and sufficient in
order that [W,| > 0. If this condition is not satisfied on the whole S¢~! by the convexity
of ¢, either ¢ is identically 0 or ¢ > 0 on a d’-dimensional space with d’ < d, and we
can consider it as defined on R?. We will then restrict to the case that ¢() > 0 for all
ve St

With this variational characterization in mind, given a homogeneous Ising system {cy }
generating a function ¢ we can define a discrete Wulff shape for {ay} as any u® solution of
the minimum problem

min{EE(u) iy = 1) = NE}, (3.18)

where N; € N is such that e?N tends to |Wy|; e.g., N: = [é|W¢|5Jd.
The following result shows the relation between rational zonoids and discrete Wulff
shapes.
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Theorem 3.16 (Rational zonoids as limits of discrete Wulff shapes). Let ¢ be the energy
density of the limit F of the Ising system {cay} as in Theorem 3.3, and let W be the
corresponding related rational zonoid. Suppose that p(v) > 0 for all v € S9=1: then there
exists a family u® of discrete Wulff shapes such that u® — W.

Proof. If the system {«y} is coercive then this result is a consequence of the I'-convergence
of E. to F, the fact that, by a translation argument, we can suppose that discrete Wulff
shapes are bounded and with barycenter at distance at most of order ¢ from 0, and that
recovery sequences u° for a set A with |A| = |W,| can be taken with #{i : u = 1} = N,
If the system is not coercive, by the condition ¢ > 0 it must nevertheless be non-dege-
nerate. As in the proof of Theorem 3.14 the functional E. can be written as the sum of the
functionals EY in (3.15), sing the same notation as in Remark 3.13 for the sets £,. Since
each Ly is disconnected from Ly if £ # ¢/, we can decompose the minimum problem as

mm{ (u)  #{i:u; =1} = N, }
M M
_ min{ 3 min{Ef(u) lie Lo =1) = Nf} I NE}.
/=1

/=1

We can suppose that e?N! — X for each £ € {1,..., M}, with 331, Xy = |W,|. Since the
unit cell of £ has measure M, we have

1 A

g_r)%mm{Ee(u) cH{ie Ly u; =1} Na} MF<M\W¢|WLP)
i1 A

- M4 F(W,

and

hn(l)mln{ w): #{iiu; =1} =

£

N}
= min{ i Mé2_t Ag_l f
W= i =

/=1

} F(W,).

In the last equality we have used the convexity of the (d — 1)-th power, which implies

that Ay = ﬁ|W¢| for all ¢. This also implies that, using the arguments for coercive
systems, we can take all interpolations of minimizers uj in each €L, converging to W.
The corresponding u° give discrete Wulff shapes converging to W.,. O
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3.5 Asymptotic surface tension of an Ising system

The simplest variational way to associate an energy density to an Ising system is by com-
puting the average limit surface energy; that is, the energy necessary to have a transition
from a state 1 to a state —1 through an hyperplane oriented with a normal v. This can be
done for more general non-homogeneous Ising systems. To that end, given non-negative
coefficiants {a;;} we define a localized energy on a cube T'Q", where T' > 0 and Q" is a
unit cube centered in 0 with two faces orthogonal to v, as follows:
E(’U,, TQV) = % Z aij(ui - Uj)2.
i Or jeZINTQY

Note that, if we set € =
in the cube Q"’.

In order to impose boundary conditions, due to the non-local nature of the energies
we have to fix the values of functions outside T'Q¥. To that end, we consider minimum
problems of the form

%, this can be interpreted as the part of the energy (3.1) ‘contained

my(v) = min{E(u,TQ”) cu; = +1if +G,v)y >0 foralli¢ TQ”}. (3.19)
This value can be considered as the minimum value of the transition from —1 to 1 around
the hyperplane 1" = {z e R? : {(z,v) = 0}.

Definition 3.17 (surface tension of an Ising system). The surface tension of the Ising
system {a;;} is defined as

o 1
e(v) = l%rilfg WWT(V) (3.20)

We note that the definition of surface tension does not require any condition on the
coefficients a;; except their non-negativity. In the case of coefficients a;; = a;—; a straight-
forward computation gives the formula for ¢.

Proposition 3.18 (surface tension of a homogeneous Ising system). If o, = 0 for all
keZ and a;; = ai—; then the surface tension ¢ of the Ising system is given by

o) =4 Y oulk )l (3.21)
kezZa\{0}

Furthermore, the liminf in (3.20) is a limit.

Proof. With fixed k € Z¢ with (v, k) # 0, we note that for any test function u and any line
Lip, ={i+tk:teR} withie Z% and such that Lixy nTQV nII" # (&, there exist and
least one index n € Z such that u;ynk # Uit (n41)%- This implies that

mp(v) =470 Y Kk, v)| + O(T7?)
Jkl<K
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for every fixed K, and the lower bound letting K — +00. An upper bound is simply given
taking u; = 1 if (4,v) = 0 and u; = —1 if (i,v) < 0 for i € Z%. A direct computation shows
that this is a minimizing sequence and the existence of the limit in (3.20). O

3.6 Directed Ising systems and non-centered rational zonoids

We conclude this section with a generalization of Ising systems, where the energies take
the form
E(u)= Y el aij((wi—uj)™) (3:22)
i,j€79

where t* indicates the positive part of ¢ € R. In this case the interaction between two
points ¢ and j such that u; = 1 and u; = —1 is taken into account with the coefficient
a;j—j, while if u; = 1 and u; = —1 with the coefficient a;;_;. This is a particular case of the
inhomogeneous directed Ising systems studied in [10].

For energies (3.22) we do not assume that a_j = oy in order not to lose in generality.
Nevertheless, the proof of the convergence in Theorem 3.3 works essentially unchanged,
with the limit energy density given by

p(z) =4 > ok, )", (3.23)

keZd

Note that in the perimeter functional (3.6) the integration is done with v the inner normal
to the set A, which may reflect the asymmetry of the Ising system.
If the range of «y is finite, then the Wulff shape of the function ¢ is

W, = {w e R?%: there exist s; € [0,1] such that w = 4 Z skakk}; (3.24)
kezd

that is, W, is the finite sum of the segments [0, w;] in R%, where the set {wy} coincides with
the set of 4ok such that oy > 0. This is the translation of a (centered) rational zonotope
by the vector % > we. Proceeding as in Theorem 3.3 we deduce that directed Ising systems
correspond to all translations of (centered) rational zonoids, and then, using Theorem 3.15,
that all (non-centered) zonoids are reached by sequences of zonotopes generated by directed
Ising systems.

4 Connections with discrete-to-continuum homogenization

We now highlight the connection between the definitions given until now and general results
on periodic Ising systems. This will allow us to define a generalization of rational zonoids.
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The limit in Theorem 3.3 can be interpreted as a particular case of homogenization of
periodic Ising systems. We say that an Ising system {a;;} is periodic with period N if we
have

Gj4 Ney j+Ne, — Aij (41)
for all 4,5 € Z¢ and n e {1,...,d}, which in turn is equivalent to
Qi1 kj+k = Ajj (4‘2)

for all i,j € Z% and k € NZ%. If N = 1 then this condition is equivalent to requiring that
a;; = a—; for some ay, so that homogeneous Ising systems coincide with Ising systems
periodic with period 1.

For periodic systems we have the following result.

Theorem 4.1 (homogenization and crystallinity of periodic Ising systems [7, 10]). Let
{a;j} be an N-periodic Ising system satisfying

max E aijlj —il| < +o0. (4.3)
i€Zd
jeZ4

Then there exists the I'-limit in the sense of Theorem 3.3. If in addition the system is with
finite range; that is, there exists a constant K such that a;; = 0 if |[i — j| > K then the
Wulff shape of the limit functional F' is a polytope.

4.1 Zonotopes generated by homogenized Ising systems

In this section we observe that the definition of rational zonotope can be generalized in
view of Theorem 4.1, as the following definitions.

Definition 4.2. We say that W is a rational zonotope of order N if the corresponding ¢
is the limit of an N-periodic Ising system with finite range. We say that W is a rational
zonoid of order N if the corresponding p is the limit of an N -periodic Ising system satisfying
(4.3). We say that W is a zonoid of order N if it is the limit in the Hausdorff distance of
rational zonotopes of order N.

Remark 4.3. Rational zonotopes and zonoids of order 1 are rational zonotopes and zonoids
as defined above. Note that condition (4.3) corresponds to (3.2) if N = 1.

The analysis in [10, Proposition 2.9] imply that the energy density ¢ of a rational
zonotope of order N is differentiable outside rational directions, which suggests that (d—1)-
dimensional faces of Wulff shapes should have normals in rational directions.

Proposition 4.4. If W is a rational zonoid of order N, then it is the limit in the Hausdorff
distance of rational zonotopes of order N.
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Proof. If W is a rational zonoid of order N generated by {aw} it suffices to consider the
rational zonotopes W, of order N generated by {aj;}, where a}; = a;; if [i — j| < n and
ay = 0if i — j] > n. O

We finally show that the union of all zonoids of order N is dense in the class of all
symmetric convex sets.

Theorem 4.5 (density of zonotopes of order N as N — +0o0). For every convex bounded
open set W symmetric with respect to the origin there exist zonotopes Wy of order Ny
converging to W.

Proof. Let ¢ be the support function of W. In [6] the following result is proved: if 0 <
a < [ are such that

alzll < ¢(z) < Blz,

then there exist periodic systems {afj of period N with a - € {a, B} such that the related
homogenized energy densities ¢y, converge to ¢. By Theorem 4.1 the Wulff shapes Wy, are
zonotopes of order Nj that converge to W. O

4.2 Further possible generalizations

While homogeneous directed Ising systems as in Section 3.6 only involve a translation in
the resulting generated rational zonoid, the class of homogenized periodic directed Ising
systems could be strictly larger than that of translations of the non-directed analog. We
can therefore consider periodic Ising systems with coefficients a;; satisfying (4.1), (4.2),
and (4.3), and the corresponding energies

Z eV aii((ui — uj)*)>. (4.4)

i,j€74

Note again that we do not suppose that a;; = a;;, a condition that would not be restrictive
for un-directed Ising systems. The results in [10] ensure the validity of the claims of
Theorem 4.1. We can therefore give definitions of directed rational zonotope and zonoid of
order N as in Definition 4.2. It would be interesting to know if such zonoids still possess a
center of symmetry, in which case it is likely that a result as Theorem 4.5 holds for all W
with a center of symmetry.

Finally, we note that another possible class of perimeter functionals are those generated
by perturbed periodic Ising systems of the form

Z ey >+ Z e%u;g;, (4.5)

i,j€Z4 i€Zd
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where ¢ is a periodic function with zero average, and small enough so that F.(u) remains
non-negative on bounded configurations. This corresponds to adding a volume term with
zero average. These energies still converge to a perimeter functional, whose form may
depend on the perturbation. A link with the homogenization of directed Ising systems can
be obtained following the results in [10] as done for the continuous analog in [11, Sec. 4].

Acknowledgements. This paper is based on work supported by the National Research
Project (PRIN 2017BTM7SN) “Variational Methods for Stationary and Evolution Prob-
lems with Singularities and Interfaces”, funded by the Italian Ministry of University and
Research. Andrea Braides is a member of GNAMPA, INdAM.

References
[1] R. Alicandro, A. Braides, M. Cicalese, and M. Solci. Discrete Variational Problems
with Interfaces. Cambridge University Press, Cambridge, 2023.
[2] L. Ambrosio, N. Fusco, and D. Pallara. Functions of Bounded Variation and Free
Discontinuity Problems. Clarendon Press, Oxford, 2000.
[3] J.Bourgain, J. Lindenstrauss, and V. Milman. Approximation of zonoids by zonotopes.
Acta Math. 162 (1989), 73-141.
[4] A. Braides. Approximation of Free-Discontinuity Problems. Lecture Notes in Mathe-
matics, 1694. Springer-Verlag, Berlin, 1998
[5] A. Braides and M.S. Gelli. Limits of discrete systems with long-range interactions. J.
Convex Anal. 9 (2002), 363-399.
[6] A. Braides and L. Kreutz. Design of lattice surface energies. Calc Var. Partial Diff.
Eq. 57 (2018), 97.
[7] A. Braides and A. Piatnitski. Homogenization of surface and length energies for spin
systems. J. Funct. Anal. 264 (2013), 1296-1328.
[8] A. Braides and M. Solci. Geometric Flows on Planar Lattices. Birkh&user, Basel, 2021
[9] A. Chambolle. Finite-differences discretizations of the Mumford-Shah functional.
ESAIM: M2AN 33 (1999), 261-288.
[10] A. Chambolle and L. Kreutz. Crystallinity of the homogenized energy density of pe-
riodic lattice systems. Multiscale Model. Simul. 21 (2023), 34-79.
[11] A. Chambolle and G. Thouroude. Homogenization of interfacial energies and construc-

tion of plane-like minimizers in periodic media through a cell problem. Networks and
Heterogeneous Media 4 (2009), 127-152.

21



[12] F. Maggi. Sets of Finite Perimeter and Geometric Variational Problems: an Intro-
duction to Geometric Measure Theory. Cambridge University Press, Cambridge, 2012.

[13] R. Schneider. Convex Bodies: the Brunn-Minkowski Theory. Volume 151 of “Encyclo-
pedia of Mathematics and its Applications”. Cambridge University Press, Cambridge,
2014.

22



