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Introduction

We introduce some variational nonlinear models for the elastic energy induced by a finite system
of edge dislocations in two dimensions, proposing and analyzing a purely discrete model settled in
the regular triangular lattice, together with (and relying on) a variant of the core radius approach
in [25].

We start by describing our variational discrete model in absence of defects. We assume to
have a finite portion of the regular triangular lattice, with lattice spacing ε (eventually vanish-
ing), occupying a reference configuration Ω ⊂ R2 . In this framework, deformations are described
through discrete strain fields β which are defined on the nearest neighbor bonds of the lattice.
In the defect-free case, these strains are in fact discrete gradients of some implicitly defined (by
integration) deformation function defined on the nodes. The underlying compatibility condition is
that the discrete circulation of β around each triangular cell is trivial. In the present formulation
the discrete energy is thus a function of the deformation strain β and is given by the sum of two
contributions: a two-body interaction potential accounting for the elongation of the bonds, and a
three-body interaction term penalizing changes of area of the triangular cells. In the thermody-
namic limit (as the lattice spacing vanishes), this model gives back nowadays classical continuous
nonlinear models, where the energy density behaves like the squared distance of the strain from
the set of rotations; in the small strain limit, one gets, by linearization, the classical isotropic
(continuous) linearized elasticity (we refer to [8, 26, 5] for discrete-to-continuum and lineariza-
tion results in the context of short and long-range interaction energies). Remarkably, by tuning
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the pre-factors in front of the two contributions of the nonlinear discrete energy, the simultaneous
discrete-to-continuum limit and linearization process yield in the limit functional all possible Lamé
coefficients (see formula (2.6)).

In this framework, edge dislocations can be introduced as topological singularities of the discrete
strain field β , namely, on each cell εT , we enforce the circulation of β to belong to (a rotation of)
the ε-spaced triangular lattice. If non-zero, such a vector represents the so-called Burgers vector
εξ , which detects and quantifies the presence of an edge dislocation in the triangle εT . We thus
identify such a dislocation with the weighted Dirac mass εξδxεT , where xεT denotes the barycenter
of the triangle εT . A finite distribution of edge dislocations, centered at the points xn and having
Burgers vectors εξn ∈ R2 , can be then identified with the empirical measure µ = ε

∑
n ξ

nδxn . For
any given configuration of dislocations µ, the class of admissible strains is given by those discrete
strain fields whose discrete circulation around each triangle εT is given by µ(εT ). The presence of
edge dislocations enforces some distortion on any admissible strain: since pure rotations become
incompatible, a resulting stored elastic energy is induced. For a single dislocation, such an energy
is of order ε2| log ε|. Our analysis is performed in a dilute regime of edge dislocations, where the
total stored energy is bounded by Cε2| log ε| , which is consistent with the presence of a finite
number of dislocations. This energy regime has been widely analyzed in terms of Γ-convergence,
both for continuous models, also referred to as semi-discrete models, (see [15, 13] for the linear
case and [25] for a nonlinear one) and for discrete linear energies [4]. (For analogous results in
the linear scalar framework of screw dislocations and of vortices in superconductivity we refer the
interested reader to [24, 20, 1, 2, 3, 12]).

As the lattice spacing vanishes, the discrepancy between discrete and continuous models should
also vanish; similarly, since we are dealing with a vanishing energy regime of order ε2| log ε|, also
the energy gap between nonlinear and linearized models should vanish. The purpose of this paper
is to rigorously prove these facts, by proposing a purely discrete nonlinear model (the first to
our knowledge) and building a bridge from discrete to continuous and from nonlinear to linear
edge dislocation models. For this purpose, we first introduce and analyze a slight variant of the
(nonlinear) continuous model studied in [25], which will be instrumental to the discrete problem.
Then we introduce our purely discrete nonlinear model, inspired from the linear discrete models
in [4, 16, 6], and we show that it behaves like the continuous one, as ε→ 0.

The nonlinear continuous model we consider is based on the so-called core-radius approach:
Given a configuration of dislocations µ = ε

∑
n ξ

nδxn , we drill an ε-disc around each dislocation

xn , and set Ωε(µ) := Ω \
⋃
nBε(x

n) . Here, ε is (proportional to) the lattice spacing and the
discs Bε(x

n) represent the so-called cores of the dislocations xn , where plastic effects take place.
Removing the cores means to neglect such plastic effects, whose energy contribution is expected
to be a lower order perturbation with respect to the elastic energy computed outside the cores,
namely, in Ωε(µ) . The admissible strains, in analogy with the discrete setting, are those fields β
defined on Ωε(µ) whose circulation around each Bε(x

n) is equal to εξn. The corresponding elastic
energy of β (and, in turn, induced by µ) behaves like the integral on Ωε(µ) of the squared distance
of β from the set of rotations SO(2) .

Now we describe the further kinematic condition that we impose on the admissible strains. To
this end, assume for the time being that the distribution of dislocations is given by a single dislo-
cation εξ0δx0 , with x0 ∈ Ω and ξ0 belonging to the R0-rotation of the regular triangular lattice. In
such a case, the rigidity estimate [14] together with the energetic bound, guarantees that β is close
to a constant rotation R ∈ SO(2) plus an ε-multiple of a linear strain βlin satisfying the circulation
condition

´
∂Bε(x0)

βlintdH1 = ξ0 . In general, the rotation R around which the linearization takes

place and the rotation R0 associated to the Burgers vector are decoupled. However, if R 6= R0 the
Burgers vector is in general not consistent with the underlying rigidly rotated lattice, providing
then a physically unacceptable configuration. This suggests to incorporate in the model some
extra compatibility condition between the Burgers vectors and the admissible strains in order to
prevent such unphysical configurations. In this respect which options are best suited is in fact still
questionable, and a canonical choice seems to be missing in the present literature. The main reason
is that, in contrast with purely linear models, here we are trying to combine the linear circulation
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condition, which is built upon the additive decomposition of the linear strain, together with the
nonlinear energetic framework. In this respect, it would be preferable to adopt a multiplicative
decomposition of the strain in a plastic, and an elastic part [21, 22], but at the present it is not
clear to us how to implement it in a purely discrete framework. Moreover, while in the limit as
ε → 0 we obtain a fixed rotation, for positive ε nonlinear deformations make unavailable a clear
notion of local orientation for the deformed lattice. In order to overcome this lack of rigidity, in the
present formulation we impose that, in the annulus of radii ε and εγ (with γ ∈ (0, 1)) around each
dislocation point, the average of the admissible strain fields coincides with the rotation associated
to the corresponding Burgers vector. For positive ε , rigidity arguments show that such a consis-
tency between the orientation of the Burgers vector and the underlying lattice holds, not only in
average, but almost pointwise. In fact, such an average condition guarantees, in the compactness
result, that the limit constant rotation R of the admissible fields βε is also the limit of each of the
rotations associated with each Burgers vector. Such a condition leads us to work under the well
separation assumption, namely, to restrict the class of admissible empirical measures to that for
which the distance of two dislocations is larger than (a multiple of) εγ .

Within the framework described above, we prove that a given sequence {µε}ε of admissible
configurations of edge dislocations, satisfying the energy bound Cε2| log ε| , has (once scaled by ε)
uniformly bounded mass; therefore, up to subsequences, µεε converges (in the weak star topology)

to a finite sum µ =
∑
k ξ

kδxk of R2-weighted Dirac deltas. Furthermore, a sequence of admissible
strains {βε}ε compatible with {µε}ε , converges, up to subsequences, to a constant rotation R
that is compatible with µ , i.e., the weights ξk lie in the R-rotated regular triangular lattice.
Eventually, we show that βε ∼ R + ε

√
| log ε|βcf , for some far-field linear strain βcf , which is

curl-free. This is the content of Theorem 1.1. The corresponding Γ-convergence result, Theorem
1.7, shows that the Γ-limit of the energy functional with respect to the convergence described
above, is given by the sum of a self-energy plus the linearized (around R) elastic energy of the
limit field βcf . The self-energy for such a nonlinear model takes the form of

∑
k ϕ(RTξk) , where

ϕ is a positively 1-homogeneous function that is obtained by a cell-formula through a relaxation
procedure accounting for the underlying lattice structure. We highlight that such a density ϕ
depends only on the corresponding linearized elasticity tensor and on the lattice structure and
hence it coincides with the one computed in linear models [15]. Loosely speaking, our result
shows that the nonlinear elastic energy outside of the cores in the energy regime ε2| log ε| can be
linearized thus obtaining the same Γ-limit as in the corresponding linear model.

Some comments are in order. The proof of our result follows the lines of that in [25], where the
authors focus on a finite system of fixed (i.e., independent of ε) edge dislocations, whose Burgers
vectors lie in the unrotated lattice. As mentioned above, our varying measures satisfy a uniform
bound on the total variation; therefore, from the point of view of compactness properties, our case
does not differ much from the case of a fixed system of singularities. Nevertheless, the situation
slightly changes when looking at the Γ-limit of the elastic energy. Indeed, whereas for a fixed
measure no relaxation takes place in the computation of the self-energy, in our model two or more
different singularities for positive ε may converge to the same limiting singularity, thus lowering
the value of the self-energy. This means that our Γ-limit could be smaller than that computed
in [25]. Furthermore, we stress that the average condition on the strain fields described above is
not present in [25], where a possible discrepancy between the (limit) rotation around which the
linearization is performed and the rotation (that is actually the identity matrix) of the lattice
where the Burgers vectors lie, may occur. However, as explained in [19] (see also [10]), such a gap
is not unphysical if one interprets Ω as the deformed configuration instead of the reference one.
Having in mind such an interpretation, an admissible strain field β can be locally understood as an
inverse deformation gradient, so that its circulation turns out to be a vector of the reference lattice
(without any rotation). In fact, while it is quite accepted that the Burgers circuit should be drawn
in the deformed configuration, the correct notion of Burgers vector is rather questionable. The one
corresponding to the circulation of the (local) inverse of the deformation gradient on a closed path
in the deformed configuration is usually referred to as the true Burgers vector [17, formula (1-5)]
and, as already explained, it has the advantage to have a topological nature, being quantized on
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the reference lattice, without being effected by any sort of small elastic fluctuations. On the other
hand, the so-called local Burgers vector, defined as the circulation of the deformation gradient on
a closed path in the reference configuration, besides being very popular, has a direct constitutive
relation with the deformation field. Our proposal of notion of Burgers vector represents a kind
of compromise between the two, being defined on the reference configuration but belonging to a
rotation of the lattice. In fact, such a procedure is borrowed from linear models [6, 9, 15, 13], where
the (local) Burgers vector is (somehow tacitly [17, page 21]) assumed to belong to the (unrotated)
reference lattice. Adopting the notion of true Burgers vector within a purely discrete model seems
to be a challenging task; in this respect, it would be interesting (also in the linear framework) to
introduce discrete models defined directly on the deformed configuration, combining the discrete
formalism of [18] with the analysis in [10].

Summarizing, our model is meant to be a first attempt to combine sound and efficient techniques
available in the linear framework together with fundamental discrete nonlinear models. Specifi-
cally, it relies on the presence of a reference configuration, it is implicitly based on an additive
decomposition of the strain, although the energetic setting is nonlinear. The resulting modeling
choice has a flavor of compromise: we have shown that canonical arguments in linear elasticity
theories of dislocations can be pushed to and exploited in a nonlinear framework as well, at the
price of some extra care needed to relieve the conflict generated by such an unusual combination.

Our contribution represents a first attempt to rigorously analyze in terms of Γ-convergence a
purely discrete nonlinear model for edge dislocations in two dimensions.

Acknowledgments: R. Alicandro, L. De Luca, and M. Palombaro are members of the Gruppo
Nazionale per l’Analisi Matematica, la Probabilità e le loro Applicazioni (GNAMPA) of the Istituto
Nazionale di Alta Matematica (INdAM). The authors thank G. Lazzaroni for interesting and
fruitful discussions on discrete nonlinear elasticity models.

Notation: Let X be an Euclidean space. For every ρ > 0 and for every x ∈ X , Bρ(x)
denotes the open ball centered at x with radius equal to ρ (with respect to the Euclidean metric).
Furthermore, for every x ∈ X and for every 0 < r < R , the symbol Ar,R(x) denotes the (open)

annulus BR(x) \ Br(x) . In what follows, {e1, e2} denotes the canonical basis of R2 , i.e., e1 =
(1 0)T and e2 = (0 1)T . Moreover, SO(2) is the set of rotations of R2 , i.e., the set of matrices
R ∈ R2×2 such that RTR = Id and detR = 1 . Finally, throughout the paper the symbol C
denotes a positive constant that may change from line to line. Whenever we want to stress the
dependence of C on some parameters p1, . . . , pJ (with J ∈ N) we write Cp1,...,pJ .

1. The semi-discrete model

In this section we introduce and analyze the nonlinear semi-discrete model for the elastic energy
induced by a family of edge dislocations.

1.1. Description of the problem. Here we introduce the main notations that will be used
throughout the paper.

Let Ω ⊂ R2 be a bounded, open, and simply connected set with Lipschitz continuous boundary.
Let S ⊂ R2 be a finite subset of R2 and set S := spanZS . Here S represents a reference underlying
lattice. We set Π(S) :=

⋃
R∈SO(2)RS and I(S) := {R ∈ SO(2) : RS = S} . Let 0 < γ < 1 .

Denoting byM(R2;R2) the class of R2-valued Radon measures on R2 , for every ε > 0 (which is a
parameter tuning the lattice spacing) we define the class of admissible edge dislocation measures
Xγ
ε (Ω) as

(1.1)

Xγ
ε (Ω) :=

{
µ ∈M(R2;R2) : µ = ε

N∑
n=1

ξnδxn , N ∈ N, xn ∈ Ω, ξn ∈ Π(S) ,

|xn1 − xn2 | ≥ 4εγ whenever n1 6= n2,

dist(xn, ∂Ω) ≥ 2εγ for all n = 1, . . . , N
}
.
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Moreover, for every R ∈ SO(2) , we set

X
R

(Ω) :=
{
µ ∈M(R2;R2) : µ =

K∑
k=1

ξkδxk , K ∈ N, xk ∈ Ω, ξk ∈ RS
}
.

For every 0 < ε < 1 and for every µ = ε
∑N
n=1R

nbnδxn ∈ Xγ
ε (Ω), with bn ∈ S and Rn ∈ SO(2),

we set Ωε(µ) := Ω \
⋃N
n=1Bε(x

n) and we define the class of admissible strains associated to µ as

(1.2)

ASγε (µ) :=
{
β ∈ L2(Ω;R2×2) : β ≡ 0 in

⋃
x∈suppµ

Bε(x) ,

Curl β = 0 in Ωε(µ),

 
Aε,εγ (xn)

β dx ∈ RnI(S),

ˆ
∂Bε(xn)

βtdH1 = εRnbn for every n = 1, . . . , N
}
,

where, here and below, the operator Curl acts row-wise and is understood in the distributional
sense, t denotes the tangent vector field to ∂Bε(x

n) and the integrand βt is intended in the sense
of traces. Notice that the weight of any admissible singularity cannot be uniquely decomposed
into a product Rb with R ∈ SO(2) and b ∈ S (as an example, if S = Z2 then e1 can be written
also as the clockwise π

2 -rotation of e2); this is why the condition on the average of β in (1.2) is
written in terms of an inclusion (into RnI(S)) rather than an identity.

We now introduce the nonlinear energy density. Let W ∈ C0(R2×2; [0,+∞)) satisfy the follow-
ing assumptions:

W (Id) = 0 ;(i)

W (RM) = W (M) for every M ∈ R2×2, R ∈ SO(2) ;(ii)

W (MR) = W (M) for every M ∈ R2×2, R ∈ I(S) ;(iii)

there exists a constant c > 0 such that: W (M) ≥ cdist2(M, SO(2)) for every M ∈ R2×2 ;(iv)

W ∈ C2 in a neighborhood of SO(2).(v)

Condition (i) states that the reference configuration is stress-free and condition (ii) is the so-called
frame indifference. Condition (iii) says that the energy density W is invariant with respect to the
symmetry group of rotations of the underlying lattice (while, if assumed for all rotations, would
be an isotropy condition). Condition (iv) is a coercivity assumption that guarantees compactness
properties whereas condition (v) serves to linearize the energy around the equilibria. We highlight
that, combining conditions (i), (ii) and (iv), the well of W is SO(2) .

In view of property (v), we can define the 2 × 2 × 2 × 2 linearized elasticity tensor associated
to W as

(1.3) C :=
∂2W

∂M2
(Id) .

For every 0 < ε < 1 we define the energy functional Fγε :M(R2;R2)× L2(Ω;R2×2)→ [0,+∞] as

(1.4) Fγε (µ, β) :=

{ ´
Ωε(µ)

W (β) dx if µ ∈ Xγ
ε (Ω) and β ∈ ASγε (µ)

+∞ otherwise.

1.2. Compactness. Here we state and prove the compactness result for the semi-discrete energy
in (1.4).

Theorem 1.1. Let {(µε;βε)}ε ⊂M(R2;R2)× L2(Ω;R2×2) be such that

(1.5) sup
ε>0
Fγε (µε, βε) ≤ Cε2| log ε| ,
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for some constant C > 0 . Then, up to a subsequence, there exist {Rε}ε ⊂ SO(2) , a rotation

R ∈ SO(2) , a measure µ ∈ XR
(Ω) , and a field βcf ∈ L2(Ω;R2×2) with Curlβcf = 0 , such that:

Rε → R ;(0)
µε
ε

∗
⇀ µ ;(1)

βε −Rε
ε
√
| log ε|

⇀ βcf in L2(Ω;R2×2) .(2)

Definition 1.2. In the following, we write (µε;βε;Rε)→ (µ;βcf ;R) if conditions (0), (1), and (2)
of Theorem 1.1 are satisfied.

In order to prove Theorem 1.1 we follow the lines of the proof of [25, Proposition 3.5]. The
following result provides uniform rigidity estimates á la Friesecke-James-Müller [14] for a suitable
class of domains with holes. It can be proven by arguing verbatim as in [25, Lemma 3.1].

Lemma 1.3. Let E ⊂ R2 be a bounded, open set with Lipschitz continuous boundary. Then there
exists a constant C > 0 depending only on E such that the following property holds true. Let
r > 0 and let {x1, . . . , xN} ⊂ E be such that |xn1 − xn2 | > 4r for every n1, n2 = 1, . . . , N with

n1 6= n2 and dist(xn, ∂E) > 2r for every n = 1, . . . , N . Setting Er := E \
⋃N
n=1Br(x

n) , for every
u ∈ H1(Er;R2) there exists R ∈ SO(2) such that

‖∇u−R‖L2(Er;R2×2) ≤ C‖dist(∇u,SO(2))‖L2(Er) .

Proof of Theorem 1.1. By the energetic bound (1.5) we have that µε ∈ Xγ
ε (Ω) and βε ∈ ASγε (µε) .

For every 0 < ε < 1 let µε := ε
∑Nε
n=1R

n
ε b
n
ε δxnε . We start by proving the compactness property

for the measures µε
ε . We set Kγ

ε := b(1 − γ) | log ε|
log 2 − 1c . Let n ∈ {1, . . . , Nε} be fixed. We have

that Aε,εγ (xnε ) ⊃
⋃Kγ

ε

k=0A2kε,2k+1ε(x
n
ε ) . As a consequence of [14], there exists a constant C > 0

such that for every k = 0, 1, . . . ,Kγ
ε

(1.6)

ˆ
A

2kε,2k+1ε
(xnε )

dist2(βε,SO(2))dx ≥ C
ˆ
A

2kε,2k+1ε
(xnε )

|βε −Rk|2dx

for some rotations Rk; in fact, (1.6) has been proved in [14] for gradient fields defined on sets with
Lipschitz continuous boundary; moreover, the constant C is invariant with respect to omotheties of
the domain. Actually, in our case βε is not a gradient, but one can still deduce (1.6) either covering
A2kε,2k+1ε(x

n
ε ) with two overlapping simply connected sets with Lipschitz continuous boundary,

and applying on each of them [14], or introducing a suitable cut in A2kε,2k+1ε(x
n
ε ) and applying

directly [14] on the resulting simply connected cut annulus. By summing (1.6) over k and over n ,
using (1.5) and property (iv), we deduce that

(1.7)

Cε2| log ε| ≥C
Nε∑
n=1

Kγ
ε∑

k=0

ˆ
A

2kε,2k+1ε
(xnε )

|βε −Rk|2 dx

≥C
Nε∑
n=1

ε2|bnε |2
1

2π
(Kγ

ε + 1) log 2 ≥ Cε2| log ε|(1− γ)
∣∣∣µε
ε

∣∣∣(Ω) ,

where the last but one inequality follows by applying Jensen inequality and using the very definition
of ASγε (µε) . By (1.7), we deduce that

∣∣µε
ε

∣∣(Ω) is uniformly bounded and hence that there exists
a measure µ , consisting in a finite sum of vectorial weighted Dirac deltas, such that, up to
subsequences, property (1) holds.

Now, we pass to the proof of property (2). To this end, we define the maps β̄ε : Ω→ R2×2 as

β̄ε(x) := εχΩε(µε)(x)

Nε∑
n=1

(Rnε b
n
ε )⊗ J

x− xnε
|x− xnε |2

,
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where J is the counter clockwise π
2 -rotation. One can easily check that

(1.8)

ˆ
Ωε(µε)

|β̄ε|2 dx ≤ Cε2Nε

Nε∑
n=1

|bnε |2| log ε| ≤ Cγε2| log ε| ,

where the last inequality follows by (1.7). By construction, we have that
´
∂U

(βε− β̄ε)tdH1 = 0 for

every open set U ⊂ Ω with ∂U ⊂ Ωε(µε) smooth; hence, there exists a map uε ∈ H1(Ωε(µε);R2)
such that βε − β̄ε = ∇uε in Ωε(µε) . By Lemma 1.3 we thus get that there exist a constant C > 0
independent of ε and a sequence of rotations {Rε}ε ⊂ SO(2) such that

(1.9)

ˆ
Ω

|βε −Rε|2dx ≤2

ˆ
Ωε(µε)

|βε − β̄ε −Rε|2 dx+ 2

ˆ
Ωε(µε)

|β̄ε|2 dx+ Cγε
2

≤2

ˆ
Ωε(µε)

|∇uε −Rε|2 dx+ Cγε
2| log ε|

≤C
ˆ

Ωε(µε)

dist2(∇uε,SO(2)) dx+ Cγε
2| log ε|

≤C
ˆ

Ωε(µε)

dist2(βε,SO(2)) dx+ Cγε
2| log ε| ≤ Cγε2| log ε| ,

where we have used also (1.7), (1.8), property (iv), and (1.5) . By (1.9), up to a subsequence,
βε−Rε
ε
√
| log ε|

⇀ βcf in L2(Ω;R2×2) for some βcf ∈ L2(Ω;R2×2), so that property (2) holds true.

Now we prove that Curl βcf = 0 in the distributional sense. To this end, let φ ∈ C1
0 (Ω) and

let {φε}ε ⊂ H1
0 (Ω) be a family converging to φ strongly in H1

0 (Ω) and such that φε ≡ φ(xnε ) in
Bε(x

n
ε ) for every n = 1, . . . , Nε . Then, by (1.7), we get

〈Curl βcf , φ〉 = lim
ε→0

1√
| log ε|

〈
Curl

βε −Rε
ε

, φε

〉
= lim
ε→0

1√
| log ε|

〈
Curl

βε
ε
, φε

〉
= lim
ε→0

∑Nε
n=1R

n
ε b
n
εφ(xnε )√

| log ε|
= 0 ;

by the arbitrariness of φ we have that Curl βcf = 0 in the distributional sense.
Furthermore, since SO(2) is compact, up to a subsequence Rε → R for some R ∈ SO(2). In

order to conclude the proof of the theorem it remains to show that µ ∈ XR
(Ω) . First, for every

n = 1, . . . , Nε , let R̃nε ∈ I(S) be such that
ffl
Aε,εγ (xnε )

βε dx = Rnε R̃
n
ε . In view of (1.7), we can

assume, up to a subsequence, that Nε ≡ N for some N ∈ N independent of ε . For every fixed
n = 1, . . . , N , it holds

(1.10) |Rnε R̃nε −Rε|2 =
∣∣∣ 
Aε,εγ (xnε )

(βε −Rε) dx
∣∣∣2 ≤ Cγε2(1−γ)| log ε| ,

where the last inequality is a consequence of Jensen inequality and of (1.9). Since I(S) is compact,

we have that, up to a further subsequence, R̃nε → R̃n for some R̃n ∈ I(S) . This fact together with

(1.10), yields that Rnε → R(R̃n)T as ε→ 0 and hence µ ∈ XR
(Ω) . �

Remark 1.4. In this paper, the assumption that Ω is simply connected is used to guarantee that
the class of L2 curl-free matrix fields on Ω coincides with the class of gradients of functions in
H1(Ω;R2). Such an assumption can be easily dropped if we replace, in the compactness result
above and in the Γ-convergence result below, the condition βcf ∈ L2(Ω;R2×2) with Curl βcf = 0
by the condition βcf = ∇u for some u ∈ H1(Ω;R2) .

Remark 1.5. As mentioned in the introduction, the condition on the average of the strain field
in (1.2) is needed in Theorem 1.1 to guarantee the compatibility condition that R is both the
asymptotic rotation around which the linearization is performed and the rotation of the lattice
where the weights of the limit singularities lie. Indeed, dropping such an average condition from the
definition of (1.2), one could consider µε ≡ εbδ0 (with 0 ∈ Ω and b ∈ S) , R an arbitrary rotation

in SO(2) and the field βε = R + εβb,CR2 (where βζ,CR2 is the Green function for the corresponding
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linearized problem, see (1.11) below); such a field (once dropped the average condition of (1.2))
would be an admissible strain. Now, the weight of the singularity lies on the set S, while βε is
linearized around the arbitrarily fixed rotation R, providing an unphysical lack of rigidity in the
class of admissible Burgers vectors.

Furthermore, we stress that such an average condition should be required on “thick annuli”
with radii ε, εγ and cannot be replaced by a weaker condition on “thin” annuli with radii ε,Mε
for some M > 1 (independent of ε) , as shown by the following computation. Let ϑε : [ε, 1]→ [0, 1]
be such that ϑε(t) ≡ 0 in [ε,Mε) , ϑε(t) ≡ 1 in [2Mε, 1] and ϑε(t) = t

Mε − 1 in [Mε, 2Mε) and let

uε : Aε,1(0)→ R2 be the function defined by uε(x) := R(ϑε(|x|))x , where

R(ϑ) :=

(
cosϑ sinϑ
− sinϑ cosϑ

)
.

By direct computations,

∇uε(x) =R(ϑε(|x|))

+
ϑ̇ε(|x|)
|x|

(
− sinϑε(|x|)x2

1 + cosϑε(|x|)x1x2 − sinϑε(|x|)x1x2 + cosϑε(|x|)x2
2

− cosϑε(|x|)x2
1 − sinϑε(|x|)x1x2 − sinϑε(|x|)x2

2 − cosϑε(|x|)x1x2

)
,

whence we deduce thatˆ
Aε,1(0)

dist2(∇uε,SO(2)) dx ≤ C

M2ε2

ˆ
AMε,2Mε(0)

|x|2 dx ≤ CM2ε2 .

In this example, the average of ∇uε on the annulus Aε,Mε(0) is the identity matrix R(0), while
∇uε → R(1) (for instance in L2(Ω;R2×2)). The computation above shows that the fields βε =

R(ϑε) + εβb,CR2 (with b ∈ S), would satisfy the average assumption with R = R(0) = Id in the
annulus Aε,Mε(0) , but converge to the rotation R(1) . Therefore, prescribing the condition on the
average of the admissible fields on the annuli of radii ε and Mε (for M fixed) does not provide
any relationship between the rotation of the lattice where the Burgers vector lies and the rotation
around which the energy is linearized.

On the other hand, in order to let our proof (in particular, (1.10)) work, one can easily see that
the average condition in (1.2) can be weakened by requiring that

dist

( 
Aε,εγ (xn)

β dx,RnI(S)

)
≤ δε ,

for some δε > 0 with δε → 0 as ε→ 0 .

1.3. Γ-convergence. This subsection is devoted to the Γ-convergence result for the semi-discrete
energy in (1.4). In order to define the Γ-limit we first introduce the self-energy of an edge disloca-
tion. Let C be a given elasticity tensor in linear elasticity. For every ζ ∈ R2\{0}, the corresponding

displacement uζ,CR2 and strain βζ,CR2 , induced by the edge dislocation ζδ0 in the whole plane, have
been explicitly computed in the literature (see, for instance, [7, formula 4.1.25]); here, we recall

some of their properties we need in our analysis. The strain field βζ,CR2 satisfies the circulation
condition

Curlβ = ζδ0 in R2

and the equilibrium equation
DivCβ = 0 in R2 .

In polar coordinates, βζ,CR2 takes the form

(1.11) βζ,CR2 (ρ, θ) :=
1

ρ
Γζ,C(θ) ,

where (see [15, Remark 7]) Γζ,C is the unique minimizer of
´ 2π

0
CΓ : Γ dθ among the functions Γ

of the form
Γ(θ) := f(θ)⊗ (− sin θ; cos θ) + g ⊗ (cos θ; sin θ) ,

with g ∈ R2 and f ∈ C0([0, 2π];R2) satisfying f(0) = f(2π) and
´ 2π

0
f(ω) dω = ζ . The optimal

gζ,C and fζ,C are uniquely determined by the vector ζ and the tensor C .
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Remark 1.6. We highlight that

(1.12)

ˆ 2π

0

Γζ,C(θ) dθ = 0 ,

and hence, for all 0 < r < R,
´
Ar,R(0)

βζ,CR2 dx = 0 . Indeed, let f̄ζ,C be the 2π-periodic extension

of fζ,C and consider

Γ̂ζ,C(θ) := −Γζ,C(θ + π) = f̄ζ,C(θ + π)⊗ (− sin θ; cos θ) + gζ,C ⊗ (cos θ; sin θ) ;

Notice that the circulation of Γ̂ζ,C coincides with that of Γζ,C . Since, by convexity,

ˆ 2π

0

C
(1

2
Γζ,C +

1

2
Γ̂ζ,C

)
:
(1

2
Γζ,C +

1

2
Γ̂ζ,C

)
dθ ≤1

2

ˆ 2π

0

CΓζ,C : Γζ,C dθ +
1

2

ˆ 2π

0

CΓ̂ζ,C : Γ̂ζ,C dθ

=

ˆ 2π

0

CΓζ,C : Γζ,C dθ ,

by strict convexity we deduce that

(1.13) Γζ,C(·) = Γ̂ζ,C(·) = −Γζ,C(·+ π) ;

therefore, Γζ,C is an odd function and hence (1.12) holds true.

For every ζ ∈ R2 \ {0} we set

(1.14) ψC(ζ) :=

ˆ 2π

0

1

2
CΓζ,C(θ) : Γζ,C(θ) dθ =

1

| log r|

ˆ
Ar,1(0)

1

2
Cβζ,CR2 : βζ,CR2 dx , 0 < r < 1 .

By [13, Proposition 1] (see also [15, Corollary 6]), we have

(1.15) ψC(ζ) = lim
r2
r1
→+∞

ψC
r1,r2(ζ) ,

where

(1.16) ψC
r1,r2(ζ) :=

1

log r2
r1

min
β∈L2(Ar1,r2 (0);R2×2)

Curl β=0 in Ar1,r2 (0)´
∂Br(0)

βt dH1=ζ

ˆ
Ar1,r2 (0)

Cβ : β dx .

Moreover, for every ζ ∈ R2 and for every s ∈ R

(1.17) ψC(sζ) = s2ψC(ζ) .

Finally, for every b ∈ S we define

(1.18) ϕC(b) := min

{ I∑
i=1

|zi|ψC(bi) : zi ∈ Z , bi ∈ S , N ∈ N ,
I∑
i=1

zibi = b

}
(with ϕC(b) = 0 for b = 0). We are now in a position to state our Γ-convergence result for the
nonlinear energy Fγε defined in (1.4).

Theorem 1.7. The following Γ-convergence result holds true.

(i) (Γ-liminf inequality) Let R ∈ SO(2) , µ =
∑K
k=1 ξ

kδxk ∈ X
R

(Ω) , βcf ∈ L2(Ω;R2×2) with
Curlβcf = 0 . For every {(µε;βε;Rε)}ε ⊂ M(R2;R2) × L2(Ω;R2×2) × SO(2) such that
(µε;βε;Rε)→ (µ;βcf ;R) (in the sense of Definition 1.2), it holds

(1.19)

K∑
k=1

ϕC(RTξk) +

ˆ
Ω

1

2
CRTβcf : RTβcf dx ≤ lim inf

ε→0

1

ε2| log ε|
Fγε (µε, βε) .
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(ii) (Γ-limsup inequality) Let R ∈ SO(2) , µ =
∑K
k=1 ξ

kδxk ∈ X
R

(Ω) and βcf ∈ L2(Ω;R2×2)
with Curlβcf = 0 . Then, there exists {(µε;βε;Rε)}ε ⊂M(R2;R2)×L2(Ω;R2×2)× SO(2)
such that (µε;βε;Rε)→ (µ;βcf ;R) and

(1.20)

K∑
k=1

ϕC(RTξk) +

ˆ
Ω

1

2
CRTβcf : RTβcf dx ≥ lim sup

ε→0

1

ε2| log ε|
Fγε (µε, βε) .

Before giving the proof of Theorem 1.7 we state and prove the following linearization lemma
for curl-free matrix fields, arguing as in the proof of [25, Proposition 3.11]. We mention that this
kind of linearization results in presence of defects generalizes the case of gradient fields originally
treated in [11], all relying on the Rigidity Estimate in [14].

Lemma 1.8. Let r > 1 . For every δ > 0 , let ζδ ∈ R2 and βδ ∈ L2(A1,r(0);R2×2) be such that´
∂B1(0)

βδtdH1 = ζδ and Curl βδ = 0 in A1,r(0) . Assume that βδ → R in L2(A1,r(0);R2×2) and
ζδ
δ → ζ (as δ → 0), for some ζ ∈ R2 and R ∈ SO(2). Then

(1.21) lim inf
δ→0

1

δ2

ˆ
A1,r(0)

W (βδ) dx ≥ log r ψC
1,r(R

Tζ) .

Proof. In order to prove (1.21) we argue by contradiction. Assume that there exists a vanishing
sequence {δl}l∈N ⊂ (0,+∞) and a constant σ > 0 such that

(1.22)
1

δ2
l

ˆ
A1,r(0)

W (βδl) dx < log r ψC
1,r(R

Tζ)− σ .

By (1.22), in view of property (iv) and of the Rigidity Estimate in [14] (see [25, Proposition 3.3]
for a specific formulation of such a rigidity result suited for curl-free fields on annuli, as well as
Lemma 1.3 above), we get that there exist a constant C > 0 and a sequence of constant rotations
{R̄δl}l∈N ⊂ SO(2) such that

(1.23) ‖βδl − R̄δl‖2L2(A1,r(0);R2×2) ≤ C log r ψC
1,r(R

Tζ)δ2
l .

Clearly, by triangular inequality, R̄δl → R as l → +∞ . By assumption, the field
R̄T
δl
βδl−Id

δl
is

curl-free, and hence, setting C := {(x1; 0) : 1 ≤ x1 ≤ r} , we have that there exists a sequence

{vδl}l∈N ⊂ H1(A1,r(0) \ C;R2) such that
´
A1,r(0)

vδl dx = 0 and
R̄T
δl
βδl−Id

δl
= ∇vδl in A1,r(0) \ C .

By construction,

(1.24) [vδl ] = R̄T
δl

ζδl
δl

on C ,

where [v] denotes the jump of the function v in the sense of traces. By (1.23), we obtain

(1.25)

ˆ
A1,r(0)

|∇vδl |2 dx ≤ C log r ψC
1,r(R

Tζ) ,

whence we deduce that, up to a subsequence, vδl ⇀ v in H1(A1,r(0) \ C;R2) for some v ∈
H1(A1,r(0) \ C;R2) ; moreover, by (1.24) and recalling that R̄δl → R , we get

(1.26) [v] = RTζ on C .

We are now in a position to linearize the energy around the identity. To this end, we define the
sequence {χδl}l∈N of characteristic functions

χδl(x) :=

{
1 if |∇vδl | < δ−αl
0 otherwise in A1,r(0) \ C ,
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with 0 < α < 1 arbitrarily fixed. By (1.25) it follows that χδl → 1 in measure and hence
∇vδlχδl ⇀ ∇v in L2(A1,r(0) \ C;R2×2) . By Taylor expansion, using (ii), we have

(1.27)

1

δ2
l

ˆ
A1,r(0)

W (βδl) dx ≥ 1

δ2
l

ˆ
A1,r(0)

χδlW (R̄T
δl
βδl) dx

=
1

δ2
l

ˆ
A1,r(0)\C

χδlW (Id + δl∇vδl) dx

≥
ˆ
A1,r(0)\C

(1

2
C(χδl∇vδl) : (χδl∇vδl)−

χδl
δ2
l

ω(δl|∇vδl |)
)

dx ,

with ω(t)
t2 → 0 as t→ 0+ .

Notice that
χδl
δ2
l

ω(δl|∇vδl |) = |∇vδl |2χδl
ω(δl|∇vδl |)(
δl|∇vδl |

)2 ,
which is the product of a uniformly bounded sequence ({|∇vδl |2}l∈N) in L1(A1,r(0)) and a uni-
formly vanishing sequence in L∞(A1,r(0)) . Therefore, by (1.27) and by lower semicontinuity, we
conclude

(1.28) lim inf
l→+∞

1

δ2
l

ˆ
A1,r(0)

W (βδl) dx ≥
ˆ
A1,r(0)\C

1

2
C∇v : ∇v dx ≥ ψC

1,r(R
Tζ) ,

where the last inequality follows by the very definition of ψC
1,r in (1.16) and by (1.26). Since (1.28)

contradicts (1.22), we have that (1.21) holds true. �

With Lemma 1.8 in hand, we are in a position to prove the Γ-lim inf inequality in Theorem 1.7.

Proof of Theorem 1.7(i). We can assume without loss of generality that (1.5) is satisfied. For every

ε > 0 let µε = ε
∑Nε
n=1 ξ

n
ε δxnε ∈ X

γ
ε (Ω) . In view of (1.7), we have that |µεε |(Ω) ≤ Cγ , and hence we

may assume that, up to a subsequence, Nε = N̂ for some N̂ independent of ε . Furthermore, up
to passing to a further subsequence, we may assume that each of the points xnε converges to some

point in a finite set {yj}j=1,...,J ⊂ Ω̄ (with K ≤ J ≤ N̂), where yj = xk ∈ Ω for j = 1, . . . ,K .

Let 0 < ρ < 1 be such that the balls B2ρ(y
j) are pairwise disjoint and

⋃K
k=1B2ρ(x

k) ⊂ Ω . Then,
setting

E far
ε :=

ˆ
Ω\

⋃J
j=1 Bρ(yj)

W (βε) dx , Ekε :=

ˆ
Ωε(µε)∩Bρ(xk)

W (βε) dx (for every k = 1, . . . ,K) ,

we have that

(1.29) Fγε (µε, βε) ≥ E far
ε +

K∑
k=1

Ekε .

By arguing verbatim as in the proof of [25, Proposition 3.11], namely, linearizing W around the
limit rotation R and using the lower semicontinuity of the elastic energy with respect to the weak
convergence in L2 , one can check that

(1.30) lim inf
ε→0

1

ε2| log ε|
E far
ε ≥

ˆ
Ω\

⋃J
j=1 Bρ(yj)

CRTβcf : RTβcf dx .

Now we claim that, for every k = 1, . . . ,K

(1.31) lim inf
ε→0

1

ε2| log ε|
Ekε ≥ ϕC(RTξk) .

Notice that (1.29), (1.30) and (1.31) yield

lim inf
ε→0

1

ε2| log ε|
Fγε (βε) ≥

K∑
k=1

ϕC(RTξk) +

ˆ
Ω\

⋃J
j=1 Bρ(yj)

CRTβcf : RTβcf dx ,

whence (1.19) follows by sending ρ→ 0 .
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Therefore, in order to conclude the proof it is enough to show that for any fixed k = 1, . . . ,K ,
formula (1.31) holds true. To this end, we fix k ∈ {1, . . . ,K} and we set

µ̃kε := ε
∑

xnε∈Bρ(xk)

ξnε δxnε ;

trivially,
µ̃kε
ε

∗
⇀ ξkδxk and

(1.32)
µ̃kε(Bρ(x

k))

ε
→ ξk as ε→ 0 .

Up to a subsequence, we may assume that the cardinality of supp µ̃kε is given by some Nk ∈ N
independent of ε . Up to a relabeling, we can also assume that (recall that k is fixed) supp µ̃kε =

{x1
ε, . . . , x

Nk

ε } . Let (for ε small enough) gkε :
( | log ρ|
| log ε| , 1

)
→ N denote the function that associates

to any q ∈
( | log ρ|
| log ε| , 1

)
the number gkε (q) of connected components of

⋃Nk
n=1Bεq (x

n
ε ) . We have that

gkε ≡ Nk in the interval [γ, 1) and gkε is monotonically non decreasing in
( | log ρ|
| log ε| , 1

)
; hence, it can

have at most Lkε ≤ Nk discontinuities. Up to passing to a subsequence, we can assume that Lkε =

Lk for some Lk independent of ε . Let {qk,lε }l=1,...,Lk ⊂
( | log ρ|
| log ε| , γ

)
denote the set of discontinuity

points of the function gkε with qk,lε < qk,l+1
ε for every l = 1, . . . , Lk − 1 . There exists a finite set

4 := {qk,1, . . . , qk,L̃k} ⊂ (0, γ] with qk,m < qk,m+1 and L̃k ≤ Lk such that, up to a subsequence,
{qk,lε }ε converges to some point in 4 , as ε→ 0 for every l = 1, . . . , Lk . Moreover, we set qk,0 := 0

and qk,L̃
k+1 := 1 . Let λ > 0 be such that 2λ < min{qk,m+1− qk,m : m ∈ {0, 1, . . . , L̃k}}; then, for

ε small enough, the function gkε is constant in the interval [qk,m + λ, qk,m+1 − λ] , its value being
denoted by Ik,mε .

One can easily see (in fact, the following arguing is a part of the so called ball construction
as done for instance in [23], to which we refer the reader for further details) that for every m =

0, 1, . . . , L̃k there exists a family of Ik,mε annuli

(1.33) Ck,m,iε := B
εq
k,m+λ(zk,m,iε ) \B

εq
k,m+1−λ(zk,m,iε )

with zk,m,iε ∈ Bρ(xk) and i = 1, . . . , Ik,mε such that the following properties hold true: The annuli

Ck,m,iε are pairwise disjoint, contained in B2ρ(x
k) and for all m = 0, 1, . . . , L̃k

Nk⋃
n=1

Bε(x
n
ε ) ⊂

Ik,mε⋃
i=1

B
εq
k,m+1−λ(zk,m,iε ) .

Setting ξk,m,iε := µε(Bεqk,m+1−λ(zk,m,iε )) , in view of (1.32), we have that (for everym = 0, 1, . . . , L̃k)

(1.34)

Ik,mε∑
i=1

ξk,m,iε

ε
→ ξk as ε→ 0.

Up to subsequences, we have that (for every m = 0, 1, . . . , L̃k) Ik,mε = Ik,m is independent of ε ;
we claim that

(1.35)
ξk,m,iε

ε
→ ξ̂k,m,i for every i = 1, . . . , Ik,m ,

for some vectors

(1.36) ξ̂k,m,i ∈ RS

with

(1.37)

Ik,m∑
i=1

ξ̂k,m,i = ξk .
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Indeed, up to passing to a further subsequence, by construction, ξk,m,iε = ε
∑Nk,m,i

n=1 Rnε b
n
ε , for some

Nk,m,i ∈ N , Rnε ∈ SO(2) , and bnε ∈ S . By (1.10), we thus have that, for every n = 1, . . . , Nk,m,i

there exists a rotation R̃nε ∈ I(S) such that

|Rnε bnε −Rε(R̃nε )Tbnε |2 ≤ Cγε2(1−γ)
√
| log ε| .

whence, using that (R̃nε )Tbnε ∈ S and that |Rε − R| → 0 , we deduce (1.36); finally, (1.37) follows
immediately from (1.34) and (1.35).

Fix r > 1 . For every m = 0, 1, . . . , L̃k we set Hk,m
ε :=

⌊
(qk,m+1−qk,m−2λ) | log ε|

log r

⌋
and, for every

h = 1, . . . ,Hk,m
ε and for every i = 1, . . . , Ik,m , we defineAk,m,i,hε := A

rh−1εq
k,m+1−λ,rhεq

k,m+1−λ(zk,m,iε ) .

Recalling the definition of Ck,m,iε in (1.33) and setting

β̂k,m,i,hε (y) := βε(r
h−1εq

k,m+1−λy + zk,m,iε ) , for every y ∈ A1,r(0) ,

we get

(1.38)

1

ε2

ˆ
Ck,m,iε

W (βε) dx ≥
Hk,mε∑
h=1

1

ε2

ˆ
Ak,m,i,hε

W (βε) dx

=

Hk,mε∑
h=1

1

(r1−hε1−qk,m+1+λ)2

ˆ
A1,r(0)

W (β̂k,m,i,hε ) dy ,

where we have used the change of variable y = r1−hε−q
k,m+1+λ(x− zk,m,iε ) .

By construction, β̂k,m,i,hε ∈ L2(A1,r(0);R2×2) , Curl β̂k,m,i,hε = 0 and

ζk,m,i,hε :=

ˆ
∂B1(0)

β̂k,m,i,hε tdH1 = r1−hε−q
k,m+1+λ

ˆ
∂B

rh−1εq
k,m+1−λ (zk,m,iε )

βε tdH1

= r1−hε−q
k,m+1+λξk,m,iε .

By (1.35), we get that
ζk,m,i,hε

r1−hε1−q
k,m+1+λ

→ ξ̂k,m,i as ε→ 0 . Moreover, by (1.9), we have that

ˆ
A1,r(0)

|β̂k,m,i,hε −Rε|2 dy = (r1−hε−q
k,m+1+λ)2

ˆ
Ak,m,i,hε

|βε −Rε|2 dx

≤Cγ(r1−hε1−qk,m+1+λ)2| log ε| → 0 as ε→ 0 ,

which implies that β̂k,m,i,hε → R in L2(A1,r(0);R2×2) . Therefore, we can apply Lemma 1.8 with

δ = r1−hε1−qk,m+1+λ , thus obtaining that

(1.39)
1

(r1−hε1−qk,m+1+λ)2

ˆ
A1,r(0)

W (β̂k,m,i,hε ) dy ≥ log r ψC
1,r

(
RTξ̂k,m,i

)
− σε ,

for some family {σε}ε (independent of k,m, i and h) with σε → 0 (as ε→ 0). By summing (1.39)
over h = 1, . . . ,Hk,m

ε , by (1.38), we have that

(1.40)

1

ε2

ˆ
Ck,m,iε

W (βε) dx ≥Hk,m
ε

(
log r ψC

1,r

(
RTξ̂k,m,i

)
− σε

)
≥ (qk,m+1 − qk,m − 2λ)| log ε|

(
ψC

1,r(R
Tξ̂k,m,i)− σε

log r

)
− log r ψC

1,r(R
Tξ̂k,m,i) + σε .

Notice that by (1.15) and by homogeneity (see (1.17)), |ψC
1,r(ζ)−ψC(ζ)| ≤ ωr|ζ|2 for some modulus

of continuity ωr with ωr → 0 as r → +∞ . Now, summing (1.40) first over i = 1, . . . , Ik,m and

then over m = 0, 1, . . . , L̃k , and using (1.36) and (1.37) together with the very definition of ϕC in
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(1.18), we obtain

lim inf
ε→0

1

ε2| log ε|
Ekε ≥ lim inf

ε→0

L̃k∑
m=0

(qk,m+1 − qk,m − 2λ)

Ik,m∑
i=1

ψC
1,r(R

Tξ̂k,m,i)

+ lim inf
ε→0

L̃k∑
m=0

(qk,m+1 − qk,m − 2λ)Ik,m
(
− σε

log r

)

+ lim inf
ε→0

1

| log ε|

L̃k∑
m=0

Ik,m∑
i=1

(
− log r ψC

1,r(R
Tξ̂k,m,i) + σε

)
≥

L̃k∑
m=0

(qk,m+1 − qk,m − 2λ)

Ik,m∑
i=1

(
ψC(RTξ̂k,m,i)− ωr|ξ̂k,m,i|2

)
≥
(
1− 2λ(L̃k + 1)

)
ϕC(RTξk)−

(
1− 2λ(L̃k + 1)

)
Cωr ,

whence (1.31) follows sending r → +∞ and λ→ 0 , thus concluding the proof of (i). �

We conclude the proof of Theorem 1.7 by constructing the recovery sequence.

Proof of Theorem 1.7(ii). By standard density arguments in Γ-convergence it suffices to prove the
claim for ψC(RTξk) = ϕC(RTξk) (for every k = 1, . . . ,K) and βcf ∈ L∞(Ω;R2×2) . Since Ω

is simply connected and since Curl βcf = 0 , there exists a map uβ
cf ∈ W 1,∞(Ω;R2) such that

βcf = ∇uβcf

.
Setting C := {(x1; 0) : x1 ≥ 0} , for every ζ ∈ R2 let uR,ζ ∈ C∞(R2 \ C;R2) be such that

(1.41) ∇uR,ζ = Rβζ,CR2 ,

with βζ,CR2 defined in (1.11). For every k = 1, . . . ,K , setting Ck := xk + C , we define the map

uR,kε ∈ C∞(R2 \ Ck;R2) as

(1.42) uR,kε (x) := uR,R
Tξk(x− xk) +

√
| log ε|uβ

cf

(xk) ;

then ∇uR,kε (·) = RβR
Tξk,C

R2 (· − xk) and

(1.43) [uR,kε ] = ξk on Ck (locally in the sense of traces).

We define the map ufar
ε ∈ H1

(
Ωε(µ) \

⋃K
k=1 C

k;R2
)

as

(1.44) ufar
ε (x) :=

K∑
k=1

uR,R
Tξk(x− xk) +

√
| log ε|uβ

cf

(x) .

Let φ ∈ C1([1, 2]; [0, 1]) be such φ(1) = 1 and φ(2) = 0 ; we define the function uε ∈ H1
(
Ωε(µ) \⋃K

k=1 C
k;R2

)
as

(1.45) uε(x) :=


uR,kε (x) if x ∈ Aε,εγ (xk) for some k ,

φ
( |x−xk|

εγ

)
uR,kε (x) +

(
1− φ

( |x−xk|
εγ

))
ufar
ε (x) if x ∈ Aεγ ,2εγ (xk) for some k ,

ufar
ε (x) if x ∈ Ω2εγ (µ) .

Finally, we set βε := R + ε∇uε in Ωε(µ) and βε ≡ 0 elsewhere in Ω , so that βε ∈ L2(Ω;R2×2) .
Notice that, although uε jumps across Ck , we have that Curl βε = 0 in Ωε(µ) , since, by (1.43), the
tangential derivatives of the traces agree along Ck . Setting µε ≡ εµ and Rε ≡ R for every ε > 0 ,
we claim that {(µε;βε;Rε)}ε is a recovery sequence. First, in view of Remark 1.6, βε ∈ ASγε (µε) .
Second, by the very definition of Rε and µε , properties (0) and (1) are trivially satisfied. We now
show that this is the case also for condition (2). To this end, we first notice that, by (1.11),

(1.46)

‖∇uR,R
Tξk‖L2(Ω\Bε(0);R2×2) ≤ C

√
| log ε| ,

1√
| log ε|

‖∇uR,R
Tξk‖L1(Ω\Bε(0);R2×2) → 0 for every k = 1, . . . ,K ,
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which implies, in particular,

(1.47)
1

ε
√
| log ε|

(βε −Rε)χAε,εγ (xk) =
∇uR,RTξk(· − xk)√

| log ε|
⇀ 0 in L2(Ω;R2×2) .

Moreover, recalling (1.42) and (1.44), for every k = 1, . . . ,K and for every x ∈ Aεγ ,2εγ (xk) , we
have that

uε(x) =uR,R
Tξk(x− xk) +

(
1− φ

( |x− xk|
εγ

))(∑
j 6=k

uR,R
Tξj (x− xj) +

√
| log ε|uβ

cf

(x)
)

+ φ
( |x− xk|

εγ

)√
| log ε|uβ

cf

(xk) ;

hence, for ε small enough and for x ∈ Aεγ ,2εγ (xk) , we have

(1.48)

|∇uε(x)| ≤ |∇uR,R
Tξk(x− xk)|

+
∣∣∣1− φ( |x− xk|

εγ

)∣∣∣(∑
j 6=k

|∇uR,R
Tξj (x− xj)|+

√
| log ε||βcf(x)|

)
+
∣∣∣∇φ( |x− xk|

εγ

)∣∣∣(∑
j 6=k

|uR,R
Tξj (x− xj)|+

√
| log ε||uβ

cf

(x)− uβ
cf

(xk)|
)

≤Cε−γ + C(1 +
√
| log ε|) + Cε−γ(1 + εγ

√
| log ε|) ≤ Cε−γ ,

where we have used that |∇uR,RTξj (x)| ≤ C
|x| , that βcf ∈ L∞(Ω;R2×2) , and that |uβcf

(x) −
uβ

cf

(xk)| ≤ ‖βcf‖L∞(Ω;R2×2)|x− xk| . By (1.48) we have immediately that

(1.49)

1

ε
√
| log ε|

‖βε −Rε‖L2(Aεγ,2εγ (xk);R2×2) =
1√
| log ε|

‖∇uε‖L2(Aεγ,2εγ (xk);R2×2)

≤ C√
| log ε|

→ 0 as ε→ 0 .

Therefore, by (1.47) and (1.49), using again (1.46), we have that

(1.50)

βε −Rε
ε
√
| log ε|

=− Rε

ε
√
| log ε|

χΩ\Ωε(µε)

+

K∑
k=1

1

ε
√
| log ε|

(βε −Rε)χAε,2εγ (xk)

+
1√
| log ε|

∇ufar
ε χΩ2εγ (µε) ⇀ βcf in L2(Ω;R2×2) ,

i.e., (2).
Now we conclude by proving that the sequence {(µε;βε)}ε satisfies (1.20). Since W ∈ C0(R2×2)

and ‖βR
Tξk,C

R2 ‖L∞(R2\Bε(0);R2×2) ≤
C
ε for some C > 0 (independent of ε), for every λ > 1 we have

(1.51)
1

ε2| log ε|

ˆ
Aε,λε(xk)

W (βε) dx ≤ Cλ2

| log ε|
→ 0 as ε→ 0 .

Moreover, note that, by assumption (v), there exist ρ > 0 and cρ > 0 such that

(1.52) W (M) ≤ cρdist2(M,SO(2)) for every M ∈ SO(2) +Bρ(0) .

Let ρ > 0 be such that (1.52) holds true, let λ > 1 be such that ‖βR
Tξk,C

R2 ‖L∞(R2\Bλε(0);R2×2) ≤
ρ
ε

and let α ∈ (γ, 1) . By the very definition of βε, using (ii) and (1.52), one can check that for every



16 R. ALICANDRO, L. DE LUCA, M. PALOMBARO, AND M. PONSIGLIONE

k = 1, . . . ,K

(1.53) lim sup
ε→0

1

ε2| log ε|

ˆ
Aλε,εα (xk)

W (βε) dx

= lim sup
ε→0

1

ε2| log ε|

ˆ
Aλε,εα (xk)

W (Rε(Id + εβR
Tξk,C

R2 (x− xk)) dx

≤ lim sup
ε→0

cρ
| log ε|

ˆ
Aλε,εα (0)

∣∣βRTξk,C
R2

∣∣2 dx = C(1− α) .

Moreover, since ‖εβR
Tξk,C

R2 ‖L∞ ≤ Cε1−α in Aεα,εγ (0) , by considering the Taylor expansion of W
around the identity, for any k = 1, . . . ,K we have

lim sup
ε→0

1

ε2| log ε|

ˆ
Aεα,εγ (xk)

W (βε) dx

= lim sup
ε→0

1

ε2| log ε|

ˆ
Aεα,εγ (xk)

W (Rε(Id + εβR
Tξk,C

R2 (x− xk)) dx

= lim sup
ε→0

1

| log ε|

ˆ
Aεα,εγ (0)

1

2
CβR

Tξk,C
R2 : βR

Tξk,C
R2 +

1

ε2
σ(εβR

Tξk,C
R2 ) dx

with lim|M |→0
σ(M)
|M |2 = 0 . Therefore, in view of (1.11) and (1.14), we get

(1.54) lim sup
ε→0

1

ε2| log ε|

ˆ
Aεα,εγ (xk)

W (βε) dx ≤ (α− γ)ψC(RTξk) .

Furthermore, similar computations (or arguing verbatim as in the proof of [25, Proposition 3.12]
for all details) show that

(1.55) lim sup
ε→0

1

ε2| log ε|

ˆ
Ω2εγ (µ)

W (βε) dx ≤ γ
K∑
k=1

ψC(RTξk) +
1

2

ˆ
Ω

CRTβcf : RTβcf dx .

Finally, by (1.49) and (1.52), for every k = 1, . . . ,K we have

1

ε2| log ε|

ˆ
Aεγ,2εγ (xk)

W (βε) dx ≤ c

ε2| log ε|
‖βε −Rε‖2L2(Aεγ,2εγ (xk);R2×2) → 0 ,

which, combined with (1.51), (1.53), (1.54) and (1.55), implies (1.20) (sending α to 1) . �

Remark 1.9. Let 0 < γ ≤ γ′ < 1 . For every ε > 0 , we can define the functional Fγ,γ′ε :
M(R2;R2)× L2(Ω;R2×2)→ [0,+∞] as

Fγ,γ
′

ε (µ, β) :=

{ ´
Ωε(µ)

W (β) dx if µ ∈ Xγ
ε (Ω) and β ∈ ASγ

′

ε (µ)

+∞ otherwise.

Clearly, Fγ,γε ≡ Fγε . By following verbatim the proofs of Theorem 1.1 and Theorem 1.7, one
can easily check that the same compactness and Γ-convergence statements hold true also for the
functional Fγ,γ′ε .

Furthermore, for every ε, δε > 0 with δε < εγ we can define the class ASε,δε(µ) of admissible
strains for a measure µ ∈ Xγ

ε (Ω) as in (1.2), with the condition
ffl
Aε,εγ (xn)

β dx ∈ RnI(S) replaced

by
ffl
Aε,δε (xn)

β dx ∈ RnI(S) ; analogously, we can define the energy functional

Fγε,δε(µ, β) :=

{ ´
Ωε(µ)

W (β) dx if µ ∈ Xγ
ε (Ω) and β ∈ ASε,δε(µ)

+∞ otherwise.

One can check that if δε � ε
√
| log ε| , the compactness and Γ-convergence results proved for the

functional Fγε still hold true. As observed in Remark 1.5, if δε ∼ ε the coherence of the micro-
rotations around each dislocation with the macroscopic rotation provided by linearization would
fail.



NONLINEAR ENERGY FOR EDGE DISLOCATIONS 17

2. The purely discrete model

In this section we introduce and analyze the nonlinear purely discrete model for the elastic
energy induced by a family of edge dislocations.

2.1. Description of the problem. Here we introduce the main notation that will be used in
this section.

The reference lattice. We set ν := 1
2e1 +

√
3

2 e2 and η := − 1
2e1 +

√
3

2 e2 . Let T := span Z{e1, ν}
and set

T+ := conv{0, e1, ν} and T− := conv{0, e1,−η} ,

where, for every a, b, c ∈ R2, the set conv{a, b, c} denotes the convex envelope of the points a, b,
c, i.e., the (closed) triangle with vertices at a, b, c . For every ε > 0 we denote by Tε the family of
the triangles Tε of the form i+ εT±, with i ∈ εT . Moreover, we set

Tε(Ω) := {Tε ∈ Tε : Tε ⊂ Ω}

and we define ΩTε :=
⋃
Tε∈Tε(Ω) Tε. Furthermore, we set Ω0

ε := ΩTε ∩ εT and we denote by Ω1
ε the

family of nearest neighbor bonds in ΩTε , i.e., Ω1
ε := {(i, j) ∈ Ω0

ε × Ω0
ε : |i − j| = ε}. Trivially,

(i, j) ∈ Ω1
ε if and only if (j, i) ∈ Ω1

ε .
In the following we will generalize the notation introduced above to general subsets of R2 (not

necessarily open). In particular, for every triangle Tε ∈ Tε , we have

(Tε)
1
ε = {(i, j) ∈ (Tε ∩ εT)× (Tε ∩ εT) : i 6= j} .

For every Tε ∈ Tε and for every map V : (Tε)
1
ε → R2 , we define the discrete circulation of V on

the “boundary of Tε” as

dV (Tε) := V (i, j) + V (j, k) + V (k, i) ,

where (i, j, k) is a triple of counter-clockwise oriented vertices of Tε .

The admissible strains and the energy functional. For every ε > 0 we define the class of
discrete strains as

Sdiscr
ε (Ω) := {β : Ω1

ε → R2 : β(i, j) = −β(j, i) for any (i, j) ∈ Ω1
ε} .

In the following, for every β ∈ Sdiscr
ε (Ω) , we set

µ[β] :=
∑

Tε∈Tε(Ω)

dβ(Tε)δxTε ,

where the point xTε denotes the barycenter of the ε-triangle Tε . For any β ∈ Sdiscr
ε (Ω) and for

any Tε ∈ Tε(Ω) with µ[β](Tε) = 0 we denote by β̃Tε the matrix in R2×2 uniquely defined by the
following property

(2.1) β(i, j) = β̃Tε(j − i) for every (i, j) ∈ (Tε)
1
ε .

Moreover, we define the field β̃Tε ∈ L2(Ω;R2×2) as

(2.2) β̃Tε :=
∑

Tε∈Tε(Ω)
µ[β](Tε)=0

β̃TεχTε∩Ωε(µ[β]) ;

notice that every Tε ∈ Tε(Ω) with µ[β](Tε) 6= 0 is contained in Bε(xTε) .
Let ψ1, ψ2 ∈ C(R; [0,+∞)) be such that ψ−1

1 (0) = ψ−1
2 (0) = {1} , ψ1, ψ2 ∈ C2 in a neigh-

borhood of 1 , and ψ′′1 (1) , ψ′′2 (1) > 0 . Assume moreover that there exist a, b > 0 such that
ψ1(t) ≥ at2 − b , for every t ∈ [0,+∞) .
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We define the discrete energy functional Eε : Sdiscr
ε (Ω)→ [0,+∞) as

Eε(β) :=
∑

(i,j)∈Ω1
ε

ε2ψ1

( |β(i, j)|
ε

)
+

∑
(i,j),(i,k)∈Ω1

ε

〈(j−i)∧(k−i),e3〉>0

ε2ψ2

( 2√
3ε2
〈β(i, j) ∧ β(i, k), e3〉

)
.

We will consider also localized versions of our energy functional Eε . More specifically, for every
open and bounded set A ⊂ R2 , we define Eε(·;A) : Sdiscr

ε (A)→ [0,+∞] as

Eε(β;A) :=
∑

(i,j)∈A1
ε

ε2ψ1

( |β(i, j)|
ε

)
+

∑
(i,j),(i,k)∈A1

ε

〈(j−i)∧(k−i),e3〉>0

ε2ψ2

( 2√
3ε2
〈β(i, j) ∧ β(i, k), e3〉

)
,

so that Eε(β; Ω) = Eε(β) .
Let 0 < γ < 1 be fixed. We set S := {e1, ν} , so that, following the notation in Section 1,

S = T . We define

Xγ,discr
ε (Ω) :=

{
µ ∈ Xγ

ε (Ω) : suppµ ⊂
⋃

Tε∈Tε(Ω)

{xTε}
}
,

where the class Xγ
ε (Ω) is defined in (1.1).

Moreover, for any µ = ε
∑N
n=1R

nbnδxn ∈ Xγ,discr
ε (Ω) , with N ∈ N , Rn ∈ SO(2) , bn ∈ T , and

xn ∈ Ω , we define the class of admissible discrete strains associated to µ as

ASγ,discr
ε (µ) :=

{
β ∈ Sdiscr

ε (Ω) :

 
Aε,εγ (xn)

β̃Tε dx ∈ RnI(T), µ[β] = µ
}
,

where β̃Tε is the map defined in (2.2) and I(T) is the group of rotations generated by the π
3

clockwise rotation R(π3 ) .

For every 0 < ε < 1 we define the discrete energy Eγε :M(R2;R2)× Sdiscr
ε (Ω)→ [0,+∞] as

Eγε (µ, β) :=

{
Eε(β) if µ ∈ Xγ,discr

ε (Ω) and β ∈ ASγ,discr
ε (µ) ,

+∞ otherwise.

Before stating and prove our Γ-convergence result for the functional Eγε , we first derive the con-
tinuous nonlinear elastic energy density associated to the discrete functional Eε as well as the
corresponding linearized elasticity tensor.

Remark 2.1. Let β ∈ Sdiscr
ε (Ω) ; for every Tε ∈ Tε(Ω) we define

Ẽε(β;Tε) :=
1

2

∑
(i,j)∈(Tε)1ε

ε2ψ1

( |β(i, j)|
ε

)
+

∑
(i,j),(i,k)∈(Tε)

1
ε

〈(j−i)∧(k−i),e3〉>0

ε2ψ2

( 2√
3ε2
〈β(i, j) ∧ β(i, k), e3〉

)
.

Note that, for every A ⊂ Ω ,

(2.3) Eε(β;A) =
∑
Tε∈Tε
Tε⊂ATε

Ẽε(β;Tε) +
1

2

∑
(i,j)∈A1

ε
i,j∈∂ATε

ε2ψ1

( |β(i, j)|
ε

)
.
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Moreover, for any Tε ∈ Tε(Ω) with µ[β](Tε) = 0 , we easily get that

(2.4)

Ẽε(β;Tε) = ε2
[1

2

(
ψ1(|β̃Tεe1|) + ψ1(|β̃Tεν|) + ψ1(|β̃Tεη|)

)
+ 3ψ2(det β̃Tε)

]
=

√
3

4
ε2W (β̃Tε) =

ˆ
Tε

W (β̃Tε) dx ,

where β̃Tε is the matrix defined in (2.1) and W is given by

(2.5) W (M) :=
4√
3

[1

2

(
ψ1(|Me1|) + ψ1(|Mν|) + ψ1(|Mη|)

)
+ 3ψ2(detM)

]
.

The assumptions on ψ1, ψ2 easily yield that the map W : R2×2 → R satisfies the assumptions
(i)-(v). Setting α1 := ψ′′1 (1) and α2 := ψ′′2 (1) , the corresponding tensor C in (1.3) is given by

(2.6) Cδ : δ :=
4√
3

[1

2
α1

(
|e∗1δe1|2 + |ν∗δν|2 + |η∗δη|2

)
+ 3α2|tr δ|2

]
, for every δ ∈ R2×2 .

A straightforward computation shows that

Cδ : δ =
4√
3

[1

2
α1

(3

8
|tr δ|2 +

3

4
|δsym|2

)
+ 3α2|tr δ|2

]
=
(√3

4
α1 + 4

√
3α2

)
|tr δ|2 +

√
3

2
α1|δsym|2.

In particular, C is isotropic with Lamé moduli λ =
√

3
4 α1 + 4

√
3α2 and µ =

√
3

4 α1 . In such a case,

the function ψC defined in (1.14) is given (see for instance [9]) by

ψC(b) =
1

4π

µ(λ+ µ)

λ+ 2µ
|b|2 =: C(α1, α2)|b|2 ,

and hence, recalling the definition of ϕC in (1.18), we have

(2.7) ϕC(b) = C(α1, α2) min

{ 3∑
i=1

|zi| : z1, z2, z3 ∈ Z , b = z1e1 + z2ν + z3η

}
.

By (2.4), (2.2) and (2.3), for each µ ∈ Xγ,discr
ε (Ω) and β ∈ Sdiscr

ε (Ω) with µ[β] = µ, and for
every open set A ⊂⊂ Ω , for ε sufficiently small it holds

(2.8) Eε(β) ≥
ˆ
Aε(µ)

W (β̃Tε) dx .

By a reflection argument (see, for instance, [4, Lemma 4.3]), one can prove the following result.

Lemma 2.2. Let ε > 0 , µ ∈ Xγ,discr
ε (Ω) and β ∈ ASγ,discr

ε (µ) and let β̃Tε be the map defined in

(2.2). Then, there exists a field β̂Tε ∈ L2(Ω;R2×2) such that

(i) β̂Tε = β̃Tε in ΩTε ;

(ii) Curl β̂Tε = 0 in Ωε(µ) (in the sense of distributions);

(iii)
´

Ωε(µ)
W (β̂Tε) dx ≤ CEε(β) , for some constant C independent of ε .

2.2. The main result for the discrete energy. We are now in a position to state and prove
our Γ-convergence result for the functionals Eγε as ε→ 0 in the | log ε| regime.

Theorem 2.3. Let C be the elasticity tensor defined by (2.6) and let ϕC be the function defined
in (2.7). The following Γ-convergence result holds true.

(i) Let {(µε;βε)}ε , with µε ∈M(R2;R2) and βε ∈ Sdiscr
ε (Ω) (for every ε > 0), satisfy

(2.9) sup
ε>0
Eγε (µε, βε) ≤ Cε2| log ε| ,

for some constant C > 0 . Then, there exist a sequence of rotations {Rε}ε ⊂ SO(2) , a

rotation R ∈ SO(2) , a measure µ ∈ XR
(Ω) , and a field βcf ∈ L2(Ω;R2×2) with Curl βcf =

0 , such that, up to a subsequence, (µε; β̃
Tε
ε ;Rε) → (µ;βcf ;R) as ε → 0 in the sense of

Definition 1.2.
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(ii) (Γ-liminf inequality) Let R ∈ SO(2) , µ =
∑K
k=1 ξ

kδxk ∈ X
R

(Ω) , βcf ∈ L2(Ω;R2×2) with
Curl βcf = 0 . For every {(µε;βε;Rε)}ε , with µε ∈ Xγ,discr

ε (Ω) , βε ∈ Sdiscr
ε (Ω) and

Rε ∈ SO(2) (for every ε > 0), satisfying (µε; β̃
Tε
ε ;Rε)→ (µ;βcf ;R) as ε→ 0 , it holds

(2.10)

K∑
k=1

ϕC(RTξk) +

ˆ
Ω

1

2
CRTβcf : RTβcf dx ≤ lim inf

ε→0

1

ε2| log ε|
Eγε (µε, βε) .

(iii) (Γ-limsup inequality) Let R ∈ SO(2) , µ =
∑K
k=1 ξ

kδxk ∈ X
R

(Ω) and βcf ∈ L2(Ω;R2×2)
with Curl βcf = 0 . Then, there exists {(µε;βε;Rε)}ε , with µε ∈ Xγ,discr

ε (Ω) , βε ∈
Sdiscr
ε (Ω) and Rε ∈ SO(2) (for every ε > 0), such that (µε; β̃

Tε
ε ;Rε)→ (µ;βcf ;R) as ε→ 0

and

(2.11)

K∑
k=1

ϕC(RTξk) +

ˆ
Ω

1

2
CRTβcf : RTβcf dx ≥ lim sup

ε→0

1

ε2| log ε|
Eγε (µε, βε) .

Proof. We start by proving the compactness property (i). In view of (2.9), the maps β̂Tεε provided
by Lemma 2.2 belong to ASγε (µε) and satisfy

Fγε (µε, β̂
Tε
ε ) ≤ Cε2| log ε| ,

where the functional Fγε is defined in (1.4) for the choice of W in (2.5). Therefore, the conclusion
follows by Theorem 1.1 and Lemma 2.2(i), once noticed that ‖Rε‖L2(Ω\ΩTε ) ≤ Cε .

Now we pass to the proof of (ii). Without loss of generality we may assume that (2.9) is satisfied.
In view of (1) we have that |µεε |(Ω) ≤ C for some C independent of ε , so that, up to passing

to a subsequence, |µεε |
∗
⇀ µ̄ for some measure µ̄ ∈ M(R2;R2) with finite support contained in

Ω . Let A ⊂⊂ Ω be an open set with Lipschitz continuous boundary such that supp µ̄ ⊂ A . By
construction, for sufficiently small ε > 0 we have that µε A ∈ Xγ

ε (A) and β̃Tεε A ∈ ASγε (A) .
Then (2.10) follows by (2.8), Theorem 1.7(i) applied with Ω = A , and by the arbitrariness of A .

Finally, we prove (iii). By standard density arguments in Γ-convergence we can assume that
ϕC(RTξk) = ψC(RTξk) for every k = 1, . . . ,K and that βcf ∈ W 1,∞(Ω;R2×2) . Let furthermore

uβ
cf ∈W 2,∞(Ω;R2) be such that βcf = ∇uβcf

.
For every k = 1, . . . ,K let

xk,ε ∈ argmin{|xk − xTε | : Tε ∈ Tε(Ω)}

and set µε := ε
∑K
k=1 ξ

kδxk,ε . Then, for ε small enough, µε ∈ Xγ,discr
ε (Ω) . Moreover, we set

Rε ≡ R . In order to construct βε , we proceed as in the proof of Theorem 1.7(ii). We first
construct uε as in (1.45), replacing xk with xk,ε and suitably modifying the radii of the annuli.

More precisely, for every k = 1, . . . ,K we define the map uR,kε ∈ C∞(R2 \ Ck,ε;R2) as

uR,kε (x) := uR,R
Tξk(x− xk,ε) +

√
| log ε|uβ

cf

(xk,ε) ,

with Ck,ε := xk,ε + C (with C := {(x1; 0) : x1 ≥ 0}) and uR,ζ satisfying (1.41). Therefore,

∇uR,kε (·) = RβR
Tξk,C

R2 (· − xk,ε) and [uR,kε ] = ξk on Ck,ε (locally in the sense of traces).

We define the map ufar
ε : Ωε(µε)→ R2 as

ufar
ε (x) :=

K∑
k=1

uR,R
Tξk(x− xk,ε) +

√
| log ε|uβ

cf

(x) .

Let φ ∈ C1([0, 3]; [0, 1]) be such that φ ≡ 1 in [0, 1] and φ ≡ 0 in [2, 3]. We define the function
uε : Ω ε

2
(µε)→ R2 as

uε(x) :=


uR,kε (x) if x ∈ A ε

2 ,ε
γ+ε(x

k,ε) for some k ,

φ
( |x−xk,ε|

εγ+ε

)
uR,kε (x) +

(
1− φ

( |x−xk,ε|
εγ+ε

))
ufar
ε (x) if x ∈ Aεγ+ε,2(εγ+ε)(x

k,ε) for some k ,

ufar
ε (x) if x ∈ Ω2(εγ+ε)(µ) .
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Furthermore, for every k = 1, . . . ,K we define the slip variable σk,ε : Ω1
ε → εT as

σk,ε(i, j) :=

 −ξ
k if Ck,ε ∩ [i, j] 6= ∅ and 〈i− xk,ε, e2〉 < 0

+ξk if Ck,ε ∩ [i, j] 6= ∅ and 〈i− xk,ε, e2〉 > 0
0 elsewhere,

and we set σε :=
∑K
k=1 σ

k,ε . Finally, we define the map βε ∈ Sdiscr
ε (Ω) as

βε(i, j) := R(j − i) + ε(uε(j)− uε(i)− σε(i, j)) .
We claim that {(µε;βε;Rε)}ε is a recovery sequence. By construction, µε = µ[βε] and, by Remark

1.6 (in particular, by (1.13)), we have also that βε ∈ ASγ,discr
ε (µε) for every ε > 0 . Moreover,

properties (0) and (1) are trivially satisfied. We show that this is the case also for (2). By the

very definition of βζ,CR2 in (1.11), there exists a universal constant C > 0 such that for every ζ ∈ T

(2.12) |βζ,CR2 (ρ, θ)| ≤ C

ρ
|ζ|2 , |∇βζ,CR2 (ρ, θ)| ≤ C

ρ2
|ζ|2 .

Therefore, recalling that βcf ∈W 1,∞(Ω;R2×2) , for every Tε ∈ Tε(Ω) with Tε ⊂
⋃K
k=1A ε

2 ,ε
γ+ε(x

k,ε)∪
Ω2(εγ+ε)(µε) and for every x ∈ Tε it holds

(2.13)

∣∣∣ β̃Tεε −Rε
ε

−∇uε(x)
∣∣∣2 ≤Cε2‖∇2uε‖2L∞(Tε;R2×2)

≤Cε2
( K∑
k=1

‖∇βR
Tξk,C

R2 ‖2L∞(Tε;R2×2) + | log ε|‖∇βcf‖2L∞(Tε;R2×2)

)
≤Cε2

( K∑
k=1

1

|x− xk,ε|4
+ | log ε|

)
,

for some constant C > 0 independent of ε . Furthermore, by arguing verbatim as in the proof of
(1.48), we have that, for every k = 1, . . . ,K ,

(2.14) ‖∇uε‖
L∞
(
A εγ

2
,3εγ

(xk,ε);R2×2
) +

∥∥∥ β̃Tεε −Rε
ε

∥∥∥
L∞
(
A εγ

2
,3εγ

(xk,ε);R2×2
) ≤ C

εγ
.

Therefore, by (2.13)-(2.14) and the fact that |Ω \ ΩTε | ≤ Cε , we readily see that

(2.15)
1

| log ε|

∥∥∥ β̃Tεε −Rε
ε

−∇uεχΩε(µε)

∥∥∥2

L2(Ω;R2×2)
→ 0 as ε→ 0.

Moreover, by arguing verbatim as in (1.47), (1.49) and (1.50), we have

(2.16)
∇uεχΩε(µε)√
| log ε|

⇀ βcf in L2(Ω;R2×2) .

Therefore, by (2.15) and (2.16), we deduce that (µε; β̃
Tε
ε ;Rε)→ (µ;βcf ;R) .

Next we show that also (2.11) holds true. By construction we have

(2.17) Ẽε(βε;Tε) ≤ Cε2 for every Tε ∈ Tε(Ω) with min
k=1,...,K

dist(xk,ε, Tε) ≤ ε ,

and that for every (i, j) ∈ Ω1
ε with i, j ∈ ∂ΩTε

(2.18) ε2ψ
( |βε(i, j)|2

ε2

)
≤ Cε2 .

Moreover, by (2.14) and (1.52), for every k = 1, . . . ,K , we have

(2.19)
1

ε2| log ε|

ˆ
A εγ

2
,3εγ

(xk,ε)

W (β̃Tεε ) dx ≤ 1

| log ε|

∥∥∥ β̃Tεε −Rε
ε

∥∥∥2

L2
(
A εγ

2
,3εγ

(xk,ε);R2×2
) ≤ C

| log ε|
.

Let α ∈ (γ, 1). By arguing as in the proof of (1.51) and (1.53), one can show that

(2.20) lim sup
ε→0

1

ε2| log ε|

ˆ
Aε,εα (xk,ε)

W (β̃Tεε ) dx = C(1− α) ,
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for each k = 1, . . . ,K. Moreover, since ‖β̃Tεε − Rε‖L∞ ≤ Cε1−α in Aεα,εγ (xk,ε) , by (ii), writing
the Taylor expansion of W around the identity, we find

(2.21)

lim sup
ε→0

1

ε2| log ε|

ˆ
Aεα,εγ (xk,ε)

W (β̃Tεε ) dx

≤ lim sup
ε→0

1

| log ε|

ˆ
Aεα,εγ (xk,ε)

1

2
C
(
RT β̃

Tε
ε −R
ε

)
:
(
RT β̃

Tε
ε −R
ε

)
dx

+ lim sup
ε→0

1

| log ε|

ˆ
Aεα,εγ (xk,ε)

σ(β̃Tεε −R)

|β̃Tεε −R|2
∣∣∣ β̃Tεε −R

ε

∣∣∣2 dx ,

with lim|M |→0
σ(M)
|M |2 = 0 . By (2.13) and (2.12), we have that

∣∣∣ β̃Tεε −Rε

∣∣∣ ≤ C
|x−xk,ε| for every x ∈

Aεα,εγ (xk,ε) , whence we deduce that the last lim sup in (2.21) is equal to zero. Therefore, by
(2.21), using again (2.13), we get

(2.22)

lim sup
1

ε2| log ε|

ˆ
Aεα,εγ (xk,ε)

W (β̃Tεε ) dx

≤ lim sup
ε→0

1

| log ε|

ˆ
Aεα,εγ (xk,ε)

1

2
C
(
RT∇uε

)
:
(
RT∇uε

)
+ Cε2

( 1

|x− xk,ε|4
+ | log ε|

)
dx

= lim sup
ε→0

1

| log ε|

ˆ
Aεα,εγ (0)

1

2
CβR

Tξk,C
R2 : βR

Tξk,C
R2 dx

= (α− γ)ψC(RTξk) ,

where the last equality follows by (1.14). Furthermore, similar arguments yield

(2.23) lim sup
ε→0

1

ε2| log ε|

ˆ
Ω2εγ (µε)

W (β̃Tεε ) dx ≤ γ
K∑
k=1

ψC(RTξk) +
1

2

ˆ
Ω

CRTβcf : RTβcf dx .

Finally, combining (2.3), (2.17)-(2.20), (2.22)-(2.23), and sending α→ 1 , we obtain (2.11). �
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