GENERALIZED BOUNDED DEFORMATION
IN NON-EUCLIDEAN SETTINGS

STEFANO ALMI AND EMANUELE TASSO

ABSTRACT. We introduce a new space of generalized functions of bounded deforma-
tion GBDr, made of functions u whose one-dimensional slices u(+y) - 4 have bounded
variation in a generalized sense for all curves  solution of the second order ODE
4 = F(v,%) for a fixed field F. For u € GBDF we study the structure of the jump
set in connection with its slices and prove the existence of a curvilinear approximate
symmetric gradient. With a particular choice of F' in terms of the Christoffel symbols
of a Riemannian manifold M, we are able to define and recover similar properties for
a space of 1-forms on M which have generalized bounded deformation in a suitable
sense.

1. INTRODUCTION

In the last decades the study of Free Discontinuity functionals has lead to the de-
velopment of different notions of functions with bounded variation. We recall here the

original BV and BD spaces [7, 8, 11] and the unifying approach [9, 39] of functions of
bounded A-variation BV4. In a more applied framework, the spaces GBV and GBD
have been introduced in [, 20] to supply to the lack of integrability of the field w

and of the jump [u] with respect to the (n — 1)-dimensional Hausdorff measure H"~!
restricted to the jump set J,. The spaces GBD and GSBD, in particular, have found
applications in the study of functionals of the form

[l s+ 1), (L.1)

where e(u) denotes the approximate symmetric gradient of u. In this respect, we
mention results on compactness and lower semicontinuity [5, 12, 16, 15, 27, 30, 43],

Ambrosio-Tortorelli approximations [11, 13, 14, 23, 33], dimension reduction, homoge-
nization, atomistic derivation, and nonlocal approximations [1, 3, 6, 10, 26, 28, 31, 38,
, 41, 42], linearization in elasticity [2, 24, 25], and modeling of fracture, epitaxially

strained films, and stress-driven rearragnement instabilities [19, 22, 29, 34].

The common feature of the above mentioned works is that the underlying ambient
space is of euclidean type. Nevertheless, there are number of interesting applications in
which the reference configuration is represented by a Riemannian manifold (M, g). For
instance, when deriving model of brittle fractures on linearly elastic shells embedded
in R3 via dimension reduction, the limiting energy and function spaces have to take
into account the geometry of the shell. This was noticed, e.g., in [I, 36] where the
limit displacements are expressed in curvilinear coordinates, hinging on the fact that
one still has a control of the full gradient displacements. However, in the linear elastic
case, the lack of a control on the full gradient requires the definition of an intrinsic
BD-like space which is sensible of the geometry of the reference manifold. Indeed,
the classical approach to study the structure of BD-functions in R™ relies on slicing
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techniques, where the vector fields are restricted to and projected onto lines, which
are the geodesics of R™. The equivalent procedure on M consists in replacing lines
with the geodesics given by the metric g. Furthermore, following the approach in [17],
differently from the euclidean case in which displacements are modelled as vector fields,
it is more convenient to use the representation as one-forms w on M. This leads us
to a local description of w in terms of a vector field u in R™ whose entries are its
contravariant components. If w is smooth, its symmetric gradient writes in curvilinear
coordinates as the matrix [17, Section 1.2]

1 = .
(E(u))ij = 5 (Oru; + Ojui) - S Thue  dj=1,....n, (1.2)
/=1

where 0; denotes the derivative with respect to x; and Ffj are the Christoffel symbols.
Moreover if v is a geodesic of M expressed in coordinates, for ¢ € R it holds true

L ()4 = VbR A0~ TG00 (1.3)
0,i,5=1

= Eu(y()3(t) - 7(),

where the first equality follows from the geodesics equation 4y = — szzl Ffj(y)ﬁmj.

Motivated by (1.3) and [20], we consider a space of functions whose one-dimensional
slices t — u(7y(t)) - 4(t) have bounded variation when computed on solutions ~ of suit-
able second order ODEs. More precisely, we fix a smooth field F': R" x R” — R"™ which
is a quadratic form in the second variable (cf. (F.1)) and a class of curvilinear projec-
tions (Pe)¢egn—1 from €2 to &L satisfying the transversality condition of Definition 2.9
(see also [32, Definition 2.4]) and whose level sets Pgl(y) are the images of the map
t — pe(y + t&) solution of ¥ = F(v,). Moreover, for E C Q, u: Q — R", £ € S~ 1,
and y € £+ we define the slices

Ey:={t€R: pe(y+1t) € B},
@5(t) = u(pe(y + 1)) - pely +t&)  for t € Q. (1.4)

Then, we say that a measurable function u: 2 — R"™ belongs to GBDp () if there
exists a positive bounded Radon measure A on € such that for every ¢ € S"~!, for
H" lae. y € &€& we have that 115 € BV}OC(QZS,) and

/EL ID(r(a5))[(25) dH" " (y) < [l¢elloo Lin(Pe)" T A(9), (1.5)

whenever 7 € C1(R) is such that —% <7< % and 0 < 7/ < 1. We refer to Section 4
for the precise definition. We remark that if /' = 0 and the family (Pe)¢cgn-1 is the
family of orthogonal projections m¢: R — ¢+, the space GBDp() coincides with the
space GBD() introduced in [20].

By means of the space GBDp()), with the choice

n
Fy(z,¢) = — Z Ffj(x)g}g‘j for{=1,...,n,z€Q, and ( € R", (1.6)
ij=1

it is possible to define an intrinsic space of measurable one-forms on M having gener-
alised bounded deformation, which we denote by GBD(M). We refer for all details to

Sections 3 and 4.4.
In this paper we mainly focus on the structure of the jump set in relation with one
dimensional slices (1.4) and on the existence of an approximate symmetric gradient.
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In this regard we make use of the recent result [21] ensuring that the jump set of any
measurable function is countably (n — 1)-rectifiable. However, it is of fundamental
importance to establish a precise relation between the slices of the jump set and the
jump sets of the slices. In this regard, the non-linear nature of our setting leads to
a crucial point, which is the lack of symmetry required to exploit the parallelogram
law [7] (see also [20, Formula 7.1] and [9, Proposition 4.4]) and the possibility to
perform codimension-one slicing on which the BD and BV theories hinge. In order
to overcome this difficulty we have to make a stronger assumption on the field F.
Namely, we suppose F' to satisfy a condition which we call Rigid Interpolation (RI).
Such a condition requires a (local) control on the L*°-norm of the curvilinear symmetric
gradient, seen as an operator acting on smooth vector fields, in terms of a discrete semi-
norm defined on the vertices of n-dimensional simplexes of R™ (see (4.3)). Appealing to
the general slicing criterion developed in [1] we combine Lemma 6.8 to guarantee that,
given a family of curvilinear projections (P¢)¢egn-1, the jump set of u € GBDp(Q2)

can be sliced by means of the jump sets of the one dimensional restrictions ﬁg (see

Theorem 6.6). In addition, since the choice of the field F' dictated by (1.6) does satisfy
the Rigid Interpolation property, the above mentioned result obtained in the GBDg-
context can be easily transferred to the Riemannian case GBD(M) (see Theorem 6.16).

Eventually, we prove in Theorem 6.9 that every u € GBDp(2) admits a.e. in 2
an approximate symmetric gradient é(u) € Mg, where M . denotes the space of
symmetric matrices of order n. In this setting, we notice that é(u) is not integrable
in . Nevertheless, we may define a “curvilinear” approximate symmetric gradient
e(u): Q - M2 as

sym

e(u)(z)¢- ¢ :=é(u)(z)¢ - ¢ —ulx) - F(z,() for a.e. z € Q and every ¢ € R".
Then, it turns out that e(u) € LI(Q;I\\/JI?ym)7 which is consistent with (1.2). Fur-
thermore, e(u) can be reconstructed by means of the approximate gradients of the
one-dimensional slices: for H" !-a.e. £ € S"~! it holds

Vﬁg(t) = (e(u))g Pe(y +t8) - pe(y + t) for H" L-a.e. y e &L, for ae. t € Qg

In regards to the Riemmanian case, the existence of a curvilinear approximate sym-
metric gradient in the GBDpg-context can be used to prove that every one form
w € GBD(M) admits an approximate symmetric gradient e(w)(p) in the sense of (2.3)
for a.e. p € M. We refer to Theorem 6.17 for the relevant properties of e(w).

Outlook. In this paper we have introduced a new notion of functions with generalized
bounded deformation by working on one-dimensional slices that are solutions of a
second order ODE driven by a smooth field F. In particular, we have shown that,
with a suitable choice of F', this leads to the definition of a space of functions with
generalized bounded deformation on a Riemannian manifold M. Possible applications
of such space may be found in the modeling of brittle fracture in Riemannian setting
(see, e.g., [1, 17, 35]). For instance, Griffith’s energy (1.1) on M is well defined in terms
of the space GBD(M) and writes in the following form

/ le(w)[2 dH™ + H (L),
M

where J,, denotes the jump set of w (see Definition 2.5).

In the setting of dimension reduction problems for thin structures, such as the
shallow shell [18, 37] S, := {(z/, pf(2")) : 2’ € U} for p > 0, U C R? open bounded set
with Lipschitz boundary, and 6 € C°°(U), one is led to study the I-limit as p — 0 of
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the energy functional
/ Cpep(u) - ep(u) dz + / Gp(v) dH L. (1.7)
Ux(-1,1) Ju

In (1.7), C, is a suitably rescaled elasticity tensor, ¢, is a positive definite quadratic
form smoothly dependent on p and 6, and e, is of the form

1
€app(t) = 5(801“6 + Ogua) — UpFZB(P) :

1/1 "
casp (1) = (5 @stta + 0utz) ~ o TGa(p))

1
es3,p(u) = —03us,
p
where the (rescaled) Christoffel symbols Ffj (p) behave as

25(p) = O(p*),
2
9240

3 (p) = a8’

sl =7 + P2|VOP
IZs(p) = O(p*).

As p — 0 we obtain the formal limit

/ Ce(w)-E(u)de+ [ o) dH™
Ux(-1,1) Ju

O(p)

where C and ¢ are limit of C, and of ¢, respectively, while the displacement u belongs
to the space GSBDp(U x (—1,1)) for the choice

Fi(z,0) = Fy(x,() =0,  F3(x,{)=-V?0(-¢ forazcUx(—1,1) and ¢ € R>.

Problems such as compactness and lower-semicontinuity in GBD(M) and in GBDg(),
the rigorous computation of the I'-limit of (1.7), as well as the applications to more
general reduction problems for brittle linearly elastic shells will be the subjects of
future investigations.

Plan of the paper. In Sections 3 and 4 we give the main assumptions of the paper
and present the notions of the space GBD(M) of functions of generalized bounded de-
formation on a Riemannian manifold M and of GBDg(2), respectively. In particular,
we show in Section 4.4 that the two spaces are equivalent on every chart (U, ) of M.
Section 5 contains a number of technical results that will be used in Section 6 in the
study of the structure of GBDp(2) and of GBD(M).

2. PRELIMINARIES AND NOTATION

2.1. Basic notation. For n,k € N, we denote by £" and by H* the Lebesgue and
the k-dimensional Hausdorff measure in R", respectively. The symbol M"™*" stands
for the space of square matrices of order n with real coefficients, while M=% denotes
its subspace of symmetric matrices. The set {e;}!_; denotes the canonical basis of R”
and | - | is the Euclidean norm on R”. For every £ € R", the map m¢: R — R" is
the orthogonal projection over the hyperplane orthogonal to £, which will be indicated
by &L, For z € R™ and p > 0, B,(x) stands for the open ball of radius p and center x

in R™. For every A C R" x S ! every ¢ € S”"!, and every z € R" we will denote
Ae ={(z €R": (z,6) € A} A, :={€eS" (2,8 € A}.
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We report the definitions of countably rectifiable set in R™.

Definition 2.1 (Countably rectifiable set). We say that a set R C  is countably
(n—1)-rectifiable if and only if R equals a countable union of images of Lipschitz maps
(fi)i from some bounded sets E; C R"~! to €.

Given Uj a sequence of open subsets of R”, Q2 open subset of R”, and f; € C*°(Uy; R¥),
we say that f; — fin Ci2(Q;RF)if f € C®°(Q;RF), U; 7 Q, and f; — fin O (W;RF)
for every W & ). We recall the definition of jump set of a measurable function.

Definition 2.2. Let 2 be an open subset of R™ and let u: 2 — R™ be measurable.
We say that = € Q belongs to J, if and only if there exists (u™(z),u™(z),v(z)) €
R™ x R™ x S*~! such that

ap-lim  u(z) = v (z).
Z—T
+(z—z)v(z)>0

We further recall the definition of approximate symmetric gradient of a measurable
function.

Definition 2.3 (Approximate symmetric gradient). A measurable function u: 2 — R"”
admits an approzimate symmetric gradient at x € Q if there exists é(u)(x) € Mg P
such that
oot [0C) 1) () @G )l )
z—T |Z - .T‘

Notice that the approximate symmetric gradient, if it exists, is unique by for-
mula (2.1).

Given a metric space (X, dx), My(X) (resp. M; (X)) is the space of bounded Radon
measures on X (resp. bounded and positive Radon measures on X). Given (Y, dy)
another metric space, a Borel map f: X — Y, and a measure u € My(X), the push-
forward measure of u through f is denoted by fi(u) € My(Y'). The set of all Borel
subset of X is indicated by B(X). For a Lipschitz function f: X — Y, we denote by
Lip(f; X) the least Lipschitz constant of f on X, defined as

We will drop the dependence on the set whenever it is clear from the context.
We recall the definition of (n — 1)-rectifiable measure in R™.

Definition 2.4 (Rectifiable measure). Let @ C R™ and let pu be a measure on .
We say that p is (n — 1)-rectifiable if there exist an (n — 1)-rectifiable set R and a
real-valued measurable function 6 such that

p=0H"TLR.

For U € B(R"), for every p € [1,+00] the symbol LP(U;RF) stands for the space
of p-summable functions from U with values in R¥. The usual LP-norm is denoted
by || - [|zr@y- We will drop the set U in the notation of the norm when there is no
chance of misunderstanding.

Given (M, g) an n-dimensional Riemannian manifold, we denote by exp, the ex-
ponential map centered at p € M. For ¢ € M, we further denote by dexpp[q] the
differential of the exponential map exp,, in the point ¢, which maps T;,M in T,;M. The
symbol (-, ), stands for the usual duality pairing between T;M and T,M, while (-,-),
indicates the Riemannian scalar product in T,M. The norm of a vector v € T,M is
denoted by |v|, = \/(v,v),. We will indicate by inj, > 0 the injectivity radius of exp,,
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that is, the smallest 7 > 0 such that exp, is injective on the set {v € T,M: |v], < p}
for every p € (0,7). For every p € M and every quadratic form @ € T,M ® T,M we

define
Qv
1@l memon = sup 2
veTpM ’v|p

2.2. Jump set of one-forms. Let (M, g) be an n-dimensional Riemannian manifold.
We define the jump set of a measurable one-form w € D*(M) as follows.

Definition 2.5. Let w € D'(M) measurable. We say that a point p € M belongs to the
jump set J,, of w if and only if there exists v, € T,M with |v,|, = 1 and w®(p) € T,M
with wt(p) # w™(p) such that
ap-lim (w(q), dexp,[q](v))q = (W*(p),v)y for every v € T,M, (2.2)
q—p

q€H*(p)

where H*(p) NB,(p) = exp,({v € T,M : |o|, < r and = (v,1,(p)), > 0}) for every
0 <r <inj,.

2.3. Approximate symmetric gradient of one-forms. Assume that (M, g) is an
n-dimensional Riemannian manifold and consider a measurable one-form w € D(M).
We want to define the approximate symmetric gradient of w at a point p € M as
a quadratic form acting on the tangent space T,M, and satisfying a suitable first
order expansion in a measure theoretical sense. Inspired by the euclidean notion of
approximate symmetric gradient for measurable vector fields [20], we give the following
definition.

Definition 2.6 (Approximate symmetric gradient of one-forms). Let w € D(M) be
measurable. Then we say that w admits an approximate symmetric gradient at p € M
if there exists a quadratic form e(w)(p) € T,M ® T,M such that

i |00): 4P, a](80)) — ((0). )y — () ()

—0, 2.3
q—p dM(qap)Q ( )

where v, € T, M is the unique vector satisfying exp,(vy) = ¢, namely, v, = exp, L(q).

Remark 2.7. The approximate limit in (2.3) is well defined since exp,, Lis a well defined
map for every q € B,.(p) for every 0 < r < inj,,.

Remark 2.8 (Uniqueness of approximate symmetric gradient). The approximate sym-
metric gradient e(w)(p) of a measurable one-form w at p is unique whenever it exists.
This can be easily checked by a contradiction argument. Indeed, assuming the ex-
istence of two different approximate symmetric gradients e!(w)(p) and e?(w)(p) we
obtain the validity of

o @) B)(@) = () 2) ()

= 0. 2.4
a—p dm(q, p)? @4

The approximate limit in (2.4) can be rewritten as

L @) — @ EE] | e @) E)©) — w)E))

v—0 di(exp,(v), p)? v—0 |v|2

=0,

which clearly implies e!(w)(p) = €2(w)(p) as element of T,M ® T,M.
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2.4. A rectifiability criterion for a class of integralgeometric measures. The
notion of transversal family of maps will play a fundamental role along this section.
The following definition is an adaptation of [32, Definition 2.4] (see also [/, Defini-
tion 2.3]).

Definition 2.9 (Transversality). Let @ C R™ be open and let S; := {£ € S*71 .

|€-ei| >1/y/n} fori=1,...,n. We say that a family of Lipschitz maps P¢: Q — ¢+

for € € S*! is a transversal family of maps on  if for every i = 1,...,n the maps
Pg(x) 1= Te,; 0 Pe(x) for € S, €,

 Pi(a) - Pi(@)

T (&) = for £ € S, z,2' € Q with z # o

|z — ']
satisfy the following properties:
(H.1) For every x € ) the map £ — Pg(:n) belongs to C2?(S; R"~!) and
sup |D§P§(:p)| < o0, forj=1,2;
(f,x)ESiXQ

(H.2) There exists a constant C’ > 0 such that for every £ € S; and x,2’ €  with
x # 2
T:.. ()] <C  implies |J¢Ty,/(€)] > C;
(H.3) There exists a constant C”" > 0 such that

IDITE (&) < C", for j=1,2

for £ € S; and x,2' € Q with z # 2/

3. THE SPACE GBD ON A RIEMANNIAN MANIFOLD

In this section we define the space of generalized functions of bounded deformation
on a Riemannian manifold (M, g) of dimension n. To this aim, we first introduce the
notions of parametrized maps and curvilinear projections on M, following the ideas
of [1] in the Euclidean setting (see also Section 5).

Definition 3.1 (Parametrized maps on M). Let V C M open and ¢ € S*~1. We say
that a map P: V — ¢+ is a parametrized map on V if there exist p,7 > 0 and a
smooth Lipschitz map ¢: {y +t€ : (y,t) € € N B,(0)] x (—7,7)} — M such that the
following conditions hold:

(1) V CIm(p);

(2) ¢~ 'LV is a bi-Lipschitz diffeomorphism with its image;

(3) P(p(y + t&)) = y for every (y,t) € [€- NB,(0)] x (—7,7) such that y + t£ €

1 (V).

Remark 3.2. Conditions (2) and (3) of parametrized map imply

(4) 9(P(p) + (¢~ (p) - §)€) = p for every p € V.

We will more compactly denote by tfg the real number o1 (p) - € for every p € V and
every £ € S"~!. Whenever ¢ is fixed and there is no chance of misunderstanding, we
drop the index £ and write ¢, instead of tf).

Remark 3.3. Let (M, g) be a Riemannian manifold of dimension n, let V. C M open,
and let P: V — ¢- be a parametrized map on V with parametrization : {y + t£ :
(y,t) € [€- N B,(0)] x (—7,7)} — M. Then, for every chart (U,4) on M with U C V
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we have that P := P o~ l: ¢(U) — &+ is a parametrized map on ¢(U) C R with
parametrization

Pi=top: {y+t&: (y,t) €[ NB,(0)] x (—7,7)} = R™.

Definition 3.4 (Velocity field on M). Let V' C M open, £ € S"7 1 let P: V — &+ be
a parametrized map on V with parametrizationi ¢: {y +t£ : (y,t) € [¢- N B,(0)] x
(=7,7)} = M. For (y,t) € [£-NB,(0)] x (=7, 7), we denote by ¢(y + t£) € Ty p1e)M
the velocity field of the curve t — (y + t§).

Definition 3.5 (Curvilinear projections on M). Let V C M open and ¢ € S*~!. We

say that a map P: V — £ is a curvilinear projection on V' if the following conditions
hold:

(1) P is parametrized on V with parametrization ¢: {y+t¢ : (y,t) € [€-NB,(0)] x
(_7—7 T)} — M7

(2) the parametrization ¢ is such that for every y € [+ N B,(0)] the curve ¢
o(y +t€) is a geodesic on M.

Remark 3.6. For P: V — &+ and ¢: {y +t£: (y,t) € (- NB,(0)] x (—7,7)} = M as
in Definition 3.5, we define

1Pll Low p i= sup 6@y + 1€)lp(y+t¢) -
(Y1) €[§HNB, (0)] % (=7,7)
Notice that in the notation of ||¢||r~ v we will never drop the index M.

Given V C M open, a parametrized map P: V — ¢4, and w € D' (V) measurable,
we define the slices of u w.r.t. P.

Definition 3.7 (Slices on M). Let (M, g) be a Riemannian manifold of dimension n,
let VC M open, € € S !, and let P: V — ¢ be a curvilinear projection on V with
parametrization p: {y +t£ : (y,t) € [ N B,(0)] x (—7,7)}. For every B € B(V) we
define

Bg ={te(—7,7): oy +t§) € B} for y € €= N B,(0)].

For every w € DY(V) we define

B5(1) 1= (wlp(y + 1), $y + 1) yyurey  Tor t € V.

In addition for every u € I'(V') we define

@5 (t) == (u(p(y +t8)), p(y + t&))pyrte)  for t € V.

Definition 3.8. Let (M, g) be a Riemannian manifold of dimension n. We say that
u € DY(M) has generalized bounded deformation on M, and we write w € GBD(M), if
there exists \ € M;r(l\/_[) such that for every V' C M open, every ¢ € "', and every
curvilinear projection P: V — &+ on V, the following facts hold:

(1) for H* l-ae. y € €+ the map djg belongs to BVZOC(Vyg);

(2) for every B € B(M) we have that

L (IDE§IB5\ TLg) 4 HO(BE 0. TL0)) 4H10) < 6l Lin(P5 V)" A(B).
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Remark 3.9. Since in Definition 3.8 the map ¢ — ¢(y + t&) is a geodesic on M. Thus,
for y € €2 NB,(0)] the speed modulus |4(y + t&)|p(y+te) 1s constant as a function of ¢.
Hence, the L*-norm in item (2) of the definition is computed as a supremum w.r.t. y.

In order to study the structure of the space GBD(M), we show in the next section
that, locally on charts of M, it is equivalent to the space GBDp () for a suitable open
subset 2 of R™ and field F': 2 x R" — R"™.

4. THE SPACE GBDp(Q)

We start by recalling the definition of GBDp(2) for an open set @ C R" and
a field FF € C®(R"™ x R";R™). First, we list the assumptions on F (see also [,
Sections 3.1 and 6.1]).

4.1. Assumptions on the field F. We will always assume that F' € C*°(R"xR"; R")
fulfills

(F.1) F is a quadratic form in the second variable, that is, for every z € R™ and
every vi,vy € R”

F(x,v1 +v2) + F(z,v1 —va) = 2F (z,v1) + 2F (x,v9) . (4.1)

In Section 6.1 we will require an additional property on F, namely the so-called
Rigid Interpolation property (cf. [1, Section 6.1])), which needs some further notation.
Let {e1,...,e,} be the canonical basis of R". Thanks to (4.1) we associate to ' a map
F%: R" — Lin(R" ® R" ® R™; R) as follows:

v
Fi(z) (v ® vy @ v3) := 53 (F(x,v1 +v2) — F(z,v1) — F(x,v2)) vy, U2, v3 € R™.

It is worth noting that, under our hypothesis (F.1), for every vy € R™ the map
(v1,v2) = F1(x) (v ®ve ®v3) is symmetric and hence can be represented as an element

of M?yx,g . For this reason we can write

Fi(z)(v1 @ va ®v3) = (vg - F(x))vy - v2 for vy, v9,v3 € R™,

for a suitable (v3- F(x)) € Mg " depending on v3. Given r > 0 and a point z € R" we
define F,,: R" x R™ — R" as F, ;(z,v) := rF(z + rz,v) and analogously F;: R" —
Lin(R" @ R" @ R R) as Fry(z) := rFi(x + rz).
For z € B1(0), we set Sp» := {2z + ep,...,2 + ey}, where eg := 0. For r > 0 and

0 <i<j<n wedefine t — £,,;;(t) as the curve y(-) (whenever it is well defined)
satisfying

J(t) = Fro(y(8),4(1)), t € [0, 5], for some t; >0

¥(0) =z + e, y(tij) =2+ ¢

[7(0)] = 1.

Remark 4.1. Notice that, as shown in [/, Lemma 3.13 and Remark 6.1], for » > 0
sufficiently small the curve ¢ +— £, ,.;;(t) is well-defined for every z € B;(0) and every
0<i<j<n.

We denote by S;.1, the 1-dimensional geodesic skeleton of Sy ., i.e.,
Siiz={heR": h=1{,,,;(t) for some t € [0,t;;] and i # j}.
For 0 < i < j < n we further set
&1,ij(2) = L2,1,4;(0) and &rji(2) = Lpij(tig) -
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We consider the semi-norm E,.,: R**1 x R" — [0, +00) defined as

By (w) = Z |wj & ji(2) — w' - fm'j(z)| for w € R(”H)X”,

0<i<j<n

where w’ denotes the i-th column of the matrix w. Eventually, we denote by Sp,. the
convex hull of Sp .. Observing that every z belonging to {z € B1(0) : z-¢; <0, i =
1,...,n} satisfies S, . C B1(0) and that

Wn,

27 )

we infer the existence of a dimensional constant 0 < p(n) < 1 such that 2"+ £"(Q(n)) >
wy, whenever

L'{z€Bi(0): z-€,<0,i=1,...,n}) =

Q(n) := {z € B1(0) : B,(n)(0) C Sp2 € Sy € B1(0)}.
With the above notation at hand, the Rigid Interpolation property reads as follows:

(RI) Given x € R"™ there exists a radius r, > 0 such that for every z € Q(n), every
w € ROTUXn and every 0 < r < r,, we find a smooth map ay: B1(0) —» R
such that

ar(h) = w' for every h € Sp ., (4.2)
[é(ar) — ar - Fvg,a:HLoo(snyz;ngXg) <c(n)Er.(w),

where ¢(n) > 0 is a dimensional constant and where é(a,) denotes the sym-
metric gradient of a,.

4.2. Curvilinear projections on 2. In this section we recall the definitions of (fami-
lies of ) curvilinear projections on 2 w.r.t. a field F' € C*°(R"™ x R"; R") satisfying (F.1).
(cf. Definitions 4.5 and 4.6 and [, Section 3.1]). We refer to Section 5 for some tech-
nical properties of a specific family of curvilinear projections, which will be used in
Section 6.2.

Definition 4.2 (Velocity field). Let Q be a bounded open subset of R", ¢ € S*1,
and let P: Q — £+ be a map parametrized by ¢ on Q. For every = € Q we define the
velocity field

§o() 1= G(P(x) + ta28).

Definition 4.3 (Curvilinear projections on €2 w.r.t. F' ([4, Definition 3.5])). Let  be
an open subset of R” and & € S"~!. We say that a smooth Lipschitz map P: Q — ¢+
is a curvilinear projection (with respect to F') on € if the following holds:
(1) P is parametrized on Q by ¢: {y +t£: (y,t) € [(L N B,(0)] x (—7,7)} = R™;
(2) For every (y,t) € [¢- N B,(0)] x (—7,7) we have

Gy +t&) = Fo(y +t8), o(y + t€)) .

Remark 4.4. Let (M, g) be a Riemannian manifold of dimension n, let V' C M open,
and let P: V — &+ be a curvilinear projection on V with parametrization o: {y + £ :
(y,t) € €+ N B,(0)] x (=7,7)} — M. Similar to Remark 3.3, we notice for every
chart (U,+) on M with U C V we have that, setting P := Po¢~! and 3 := 1) o ¢, the

map P is a curvilinear projection on ¥ (U) with respect to the field F'

F(z,v) := —( Z F}j(:v)vivj, ce Z F%(l‘)’[)ﬂ)j) (x,v) e p(U) xR", (4.4)

i,j=1 ,j=1
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where Ffj denote the Christoffel symbols on M induced by the chart (U,1). Indeed,
for every y € [¢- N B,(0)] the curve t — @(y + t£) solves the ODE § = F(,9), since
t— p(y + &) is a geodesic on M.

We notice that the viceversa is also true: for every open subset Q of ¥(U) and
every curvilinear projection P: Q — &+ on Q with respect to the field F' and with
parametrization @, we have that P := Po: ¢~ 1(Q) — &+ is a curvilinear projection
on ¢~ () € M with parametrization ¢ := ¢~ o 3.

Definition 4.5 (Parametrized family on © ([, Definition 3.6])). Let © be an open
subset of R". We say that a family P¢: 0 — ¢t for € € S* 1 is parametrized on Q if
and only if there exist p, 7 > 0, an open subset A of R x S*~!, and a smooth Lipschitz
map ¢: A — R” such that

(1) for every & € S"~! we have A¢ = {y +t£ : (y,t) € [N BL(0)] x (—7,7)};

(2) forevery & € S""!, P is parametrized on Q by the map ¢ := ¢(-,£): A¢ — R™.

We also give the definition of family of curvilinear projections.

Definition 4.6 (Family of curvilinear projections on €2 ([, Definition 3.7])). Let
be an open subset of R". We say that a family of maps P¢: 2 — thforé eSS lisa
family of curvilinear projections on €2 if the following conditions hold:
(1) the family (Pg)ecsn—1 is parametrized by p: A — R™;
(2) for every & € S"71, P is a curvilinear projection on 2 with parametrization
e = (-, €);
(3) (Pe)eesn—1 is a transversal family of maps on §;
(4) for every z € €, the map & — &,(2)/|¢,(2)| is a diffeomorphism from S"~!
onto itself.

We conclude by recalling the definition of slices of a measurable function w: 2 — R"
w.r.t. a curvilinear projection P: Q — ¢+ on Q.

Definition 4.7 (Slices). Let  be an open subset of R”, ¢ € S*~! and let P: Q — &+
be a curvilinear projection on © parametrized by ¢: {y +t£ : (y,t) € [+ N B,(0)] x
(=7,7)} = R". For every measurable function u: Q — R™, we define u¢: 2 — R by

&

u§(x) = af:(m) (tz) = up(g;)(Soil(x) &),
and we notice the following identity
ug(p(y +16)) = a5(t)  for £ €S" " and (y.1) € (€7 NB,(0)] x (—7,7).  (4.5)

For a measurable function v: @ — R™ we also set vg(t) = v(p(y +t§)) for t € Qg
Eventually, in order to simplify the notation, if ¢ is the identity we use the notation

Eg::{tER: y+t& € B},

W) = uly+t€) € forte Q.

4.3. Definition of GBDp(2). We recall here the definition of the space GBDp ()
introduced in [1, Definition 6.4].

Definition 4.8 (The space GBDp(f2)). Let 2 be an open subset of R". We say that a
measurable function u: € — R™ belongs to GBDp(2) if there exists A € M, (Q) such
that for every U C , every & € S*™ !, and every curvilinear projection P: U — &+
on U the following facts hold:

(1) aj;j € BVlOC(UyS) for H* l-ae. y € £-;
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(2) for every Borel subset B € B(U)
/§ (IDa§IBS\ L) + HOBEN L)) M) < Ilgel Lin(Pes U)" ' A(B).

Remark 4.9. Notice that the integral in (2) is justified by [/, Proposition 6.3].

We recall here a general fact about measurable functions that was proven in [20,
Theorem 3.5]. To this end, we introduce the following notation.

Definition 4.10. We denote by 7T the family of all functions 7 € C'(R) such that
—1<r<fand0<7 <L

As usual, for a function v € L} (U) and for £ € S"! we denote by D¢v the

loc
distributional derivative of v in direction &.

Theorem 4.11. Let v: U — R be measurable, £ € S" 1, and 6 € M;(U). Then, the
following facts are equivalent:

(i) for every T € T, D¢(7(v)) belongs to My(U) and
|De(7(v))|(B) < 0(B) for every B € B(U);
(i) for H" '-a.e. y € &+ the function 55 belongs to BV;OC(ﬁg) and

/fL (IDT5I(B5 \ J%) +HOBSN J%))d?—[n_l(y) < 6(B)

for every B € B(U).

As a consequence of Theorem 4.11 we can show the equivalent property in our
parametrized setting.

Corollary 4.12. Let 2 be an open subset of R™ and u: Q — R™ measurable. Then,
u € GBDp(Q) if and only if there exists A € M:(Q) such that for every U C ), every

€ € SL, every curvilinear projection P: on U, every 7 € T, and every B € B(U) it
holds

(9e)s| De (T((u- &) 0 96))|(B) < [l Lin(Pe; U)" ' A(B).
Proof. We may apply Theorem 4.11 to the function v = (u - &,) o @e¢: cpgl(U) —
R and 0 = ||¢5||%ooLip(P§;U)”_1(<pgl)ﬁ)\ and use the fact that ¢¢ is a bi-Lipschitz
diffeomorphism with its image. Indeed, it is enough to notice that for every C €
B(gogl(U)), we have B := ¢¢(C) € B(U) and B§ = C~’§ for y € &+, Moreover,
T5(t) = a5(t) for ae. t € Bg. O

Similar to [20, Definition 3.7], we now define the measures ug and ,ui.

Definition 4.13. Let Q be an open subset of R”, U C Q open, ¢ € S* 1, let Pe: U —
&1 be a curvilinear projection on U, and v € GBDp(Q)). For H" t-a.e. y € £ we
define the measure 11 € M;(Uyg) as

15(B) = D] (B \ Tae) +H By T)
for B € B(Uyg). We also define 4 € M (U) as
ps(B) = | (IDSIBS\ k) + HO(BE N L) ) aH" ! (y)
el Uy Uy

for every B € B(U).
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Remark 4.14. We notice that the measures ug and ,ug depend on the choice of the
curvilinear projection P:. For simplicity, we have decided to not explicitly indicate
such dependence in our notation.

In the following proposition we state the lower semicontinuity of ug(U ) wr.t. € €
Sn—1. It is worth noting that such a lower semicontinuity will be only used to extend
some structure properties holding for a.e. £ to the entire of S”~!. Even if this fact can
be deduced from [20], for convenience of the reader we present here its proof.

Proposition 4.15. Let Q be an open subset of R", U C Q open, let (Pe)ecgn—1 be a

family of curvilinear projections on U, let w € GBDr(Q2), and let (M%)gegn—l be the
family of measures introduced in Definition J.13. Then, for every &;,& € S*™1 such
that £ — § we have that

1E(U) < liminf 15 (U) . (4.6)

j—00

Proof. We prove that given U C Q open the value ,ug(U ) can be obtained as

k
o (U) = sup sup » [ De(i((u - &) 0 9e))| (0 (Uh)
€ i=1
where the second supremum is taken over all the families 7,...7, € 7 and all the
families of pairwise disjoint open subsets Uy,... Uy of U. To this purpose, let ¢¢ be
the parametrization of P over U, as given in Definition 4.6. Denoting v := (u-§,) 0 p¢,
by [20, Theorem 3.8] we have that for every open set V' C gogl(U ) it holds

k
/& (IDTI(VE\ ) + HOWVE Ik J A= (y) = sup sup Y, | De(ri(v))|(V0),
i=1

where the second supremum is taken over all the families 7,...7 € 7 and all the
families of pairwise disjoint open subsets Vi,...V} of V. Using the fact that ¢¢ is a
bi-Lipschitz diffeomorphism with its image, we have that for V = gogl(U) with U C Q
open it holds ‘7; = U§ for every £ € S*! and every y € £-. Moreover, '175(15) = ﬂg(t)
for a.e. t € ny.

Now we observe that for every 1) € C(}(gagl(U )) and for j € N large enough we have
that ¢ € C’g(gagjl(U)). Thus, for every 7 € T we have

[ w6 Vi(e) - €dz = lim (- &) (e, (DVIE() - & de
e (U)

J=roo sog].l(U )
This, together with Definition 4.6 of curvilinear projection, implies (4.6). O

4.4. Equivalence of GBD(M) and GBDp(2). Let (M, g) be a Riemannian manifold
of dimension n. We now show that, when restricted to a chart (U, ) on M with U € M,
the spaces GBD(U) and GBDp(y(U)) are equivalent, with the field F' defined in (4.4).
We recall that properties (F.1) and (RI) for such F' have been proven in [, Section 6.4].
The above equivalence implies that the structure of the space GBD(M) can be deduced
from the structure of GBDp(2), that will be discussed in the next sections. Using the
classical notation for manifolds we write w € D!(M) in coordinates on a chart (U, )
as

w(p) = Zwi(p)gi(p) for pe U,
i=1



14 S. ALMI AND E. TASSO

where w;: U — R is measurable and for every i = 1,...,n and every f € C>°(M) we
have ¢g; € I'(TM)

o1
() = 22

and g° € D' (M) is such that (¢'(p), g;(p)) = dij. We also define the function u: (U) —
R"™ as

(¥(p))  forpel,

) = sz-(w*l(a:))ei for z € P(U), (4.7)

where {e;} ; denotes the canonical basis of R".

Proposition 4.16. Let (M, g) be a Riemannian manifold of dimension n, let w €
GBD(M), and let (U,%) be a chart on M with U € M. Then, the function u: (U) —
R™ defined in (4.7) belongs to GBDp(¢Y(U)) for F as in (4.4). In particular, if X €
M (M) can be used in (2) of Definition 5.8 for w, then

= [Lip(v~ " 9(U)*Lip(4: U)"Hgd € My (4(U)) (4.8)
can be used in (2) of Definition /.8 for u.
Proof. Let w € DY(M), let V. C M open, let P: V — &+ be a curvilinear projection
on V with parametrization ¢: {y + t£ : (t,€) € [€X N B,(0)] x (—7,7)} — M, and
let (U,%) be a chart on M with U € V. We set P := Pot~! and 3 := 1 o . Thanks

to Remark 4.4, P is a curvilinear projection on 1 (U) with respect to F' defined in (4.4)
with parametrization . We write ¢ in coordinates as

su-+19) =30 | I o+ ) (49)

=1
- Z [W o } 9il(y +1€)) = D_Bily +1€)gi(ply + 1€))
% =1

Hence, for (y,t) € [€ N B,(0)] x (—7,7) we have that

@y(t) = (w(p(y +8), (Y +€)) piy e

Yy
sz (y+1) ' ((y + ££)) Z (y + ) gi( (y+t£))>

—~

/\

P(y+tg)

I
M:

wi(ply + 1€))P;(y + &) = Zu (y + 1) (y + t€) = a5(t) .
1

This implies that for every B € B(y(U)) it holds true

-.
Il

/5 (DSBS k) + OB 0 L)) i ) (4.10)

= [ (Dl @\ 2k + wow B n Tl ) )
< [l¢l1 700 v Lip(P; U)" A (1 (B)) -
By definition of P we have that
Lip(P; U) < Lip(y; U) Lip(P; ¢(U)) . (4.11)
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Since M is a Riemannian manifold and U € V, by (4.9) we have that for p € U

=3 [3(?/)030( (p) + tf))(p)][ (Yo @(Pp) +1t6))

ot ot (t)
9i(p(P(p) +1p€)) - gi(@(P(p) + 1p€))

Z Bi(P(p) + 1,€)P;(P(p) + tp€)gi((P(p) + 1)) - g ((P(p) + 1p€)) ,

i,j=1

where we have denoted by t, the unique ¢ € (—7,7) such that p = @(P(p) + £p§).
Hence, we deduce that

i,j=1 J

9]l oo < Lip( ™5 9(U))? 8l oo pw)) - (4.12)
Setting X as in (4.8), we deduce from (4.10)—(4.12) that for every B € B((U)) it holds
/ (\ IDaS|(BS\ JLe) + HO(BS N JL)) AR (y) (4.13)

el 4 Y Uy Y Uy

< @13 0 LD (P (0 X(B)
By the first equality in (4.10) and by Remark 4.4 we can show that (4.13) actually

holds for every curvilinear projection P:Q— ¢ on some open subset Q of 1 (U) with
respect to the field F' in (4.4). This implies that w € GBDp(U). O

Remark 4.17. For later use, we notice that for every ¢ > 0 we may further assume, up
to rescaling ¢ and taking U € V small enough (depending on €)), that
Lip(y;U) <1+4e€,  Lip(y 59(U)) <1+e,
which in turn implies that A < (14 €)" ™4\, with the notation used in (4.8).
5. A PARTICULAR FAMILY OF CURVILINEAR PROJECTIONS AND ITS PROPERTIES

We recall here the construction of a local family of curvilinear projections discussed
n [5, Section 3.3].

Definition 5.1. Let 29 € R™ and pg > 0. For every £ € B2(0) and every y € £2NB,, (0)
we consider the solution ¢ — ug¢ 4(t) to the ODE system

i(t) = Fu(t),u(t)) teR,
()_y+x0)
u(0) = ¢,

which is well-defined for ¢t € (—7, 7), for a suitable 7 > 0 depending only on xg and py,
but not on ¢ and y. Then, we define ¢ ,,: R™ — R™ as follows: for every x € R", if
z=y+t withy € £ N B, (0) and t € (—7,7), we set g 4 (T) = ug y(t).

We further define ¢z : R" x S"1 — R™ as ¢ (2,€) 1= ¢¢q(2) for z € R and
Ees i

n [4, Corollary 3.21] it has been shown that for every xo €  there exists R, > 0
such that for every £ € Bs(0) the map 4,0;3160 |BR,, (o) is a diffeomorphism with its
image. This justifies the following definition.

Definition 5.2. Let g € Q, £ € B3(0) and R,, > 0 be as above. We define the map
Pt 2ot Br,, (20) — &t as

-1
Pezo 7= e 0 ¢ g
where m¢: R — &1 denotes the orthogonal projection onto the orthogonal to &.
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In [1, Theorem 3.25] the following result has been proven.

Theorem 5.3. Let F' € C®(R™ x R™;R"™) satisfy condition (F.1). Then, for every
xo € Q there exists Rg > 0 such that the family of maps {P¢ z,: Br,(20) — ¢t e
S"=1} is a family of curvilinear projections on Bg,(zo).

We further recall the definitions of ¢¢ 4, of Pt 4., and of the exponential map
in R™ induced by F' (see also [1, Definitions 3.11, 3.19, and 3.22)).

Definition 5.4. Let zg € R” and Ry > 0 be as in Theorem 5.3, and let » > 0. For
every & € By(0) we define

Panr @) =1 (Perg(re) —20)  forz € By (0),
Pe yor =m0 gog;w, .
In [4, Lemmas 3.20 and 3.24] we have proven the following.
Lemma 5.5. Let xg € R" and let ¢ 4 and Pe g, be as in Definition 5.4. Then,
Pe zor — id in Cp(R™;R™),
Pt por — e in Cp (R™;R™),
and the convergences are uniform w.r.t. £ € S*71,
Definition 5.6. Let F' € C°(R" x R"; R") satisfy (F.1). For every zy € R™ we define,

where it exists, the exponential map exp, : R"™ — R" as exp, (§) := v¢z,(1), where
t = Vg g, (t) solves

0, (5.1)

Remark 5.7. Points on a manifold M are always denoted by p and ¢, while points in R™
will be denoted by x or xg. Hence, there is no confusion in the definition of the two
exponential maps exp,: T,M — M and exp, : R" — R™.

In the next definition we introduce the concept of injectivity radius.

Definition 5.8. For every xo € R™ we define the injectivity radius inj,, € [0, 4+00) as
the supremum of all 7 > 0 for which exp,, L B#(0) is well defined and exp,! L B(o) is
a diffeomorphism with its image.

The well-posedness of exp,, in a small ball B,.(0) has been justified in [, Lemma 3.13].
We recall here the statement, together with the asymptotic behavior of the exponential
map.

Lemma 5.9. Let F € C®(R" x R";R") satisfy (F.1). For every xzo € Q we have
inj,, > 0. Moreover, for x € B1(0) and r > 0 we have
expyy (zo + 1) x

Tal — m = o(r|z|), (5.2)

exp-L(z +rx
piol( 0+ ra) =T 4 olrlz]). (5.3)
lexpzg (20 +rx)|  |Z]
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Proof. By the 2-homogeneity of F(z,-) we get that
Vsg o (1) = Vg 2 (51) for s,t € [0, +00), £ € R™. (5.4)

Hence, by the local well-posedness of ODEs we have that there exists r > 0 such
that exp,, is well-defined on B,.(0).
For every i € {1,...,n} we have that

Vte; a0 (1) — U 1 Ve, 0 (t) — Ve, (0
Dexpxo (0)6,‘ = tl_i>%l+ tel,xo( )t 0,;180( ) _ tl_igi ez,xo( ) - el,:co( ) — i}ei,mo (0) =e;.
Thus, the differential of exp,  at 0 is the identity. Applying the implicit function
theorem, we find a sufficiently small 7 > 0 such that exp ! L B#(z) is a diffeomorphism
with its image. We conclude by setting 7 := min{r, 7}.
Since exp,,, is C*°-regular and its differential at 0 is the identity, we get (5.2). As a
consequence, for every x € B1(0) and r > 0

—1
expy, (zo + rx) T z T
L ( n o<r|x>><1 Tofrlal)) - = = ofrlz]),
lexpay (zo +rz)| |7 || ||
which is exactly (5.3). O

We introduce an auxiliary map ¢, for zg € €.

Definition 5.10. Let F' € C*°(R" x R";R") satisfy (F.1), let xg € §, let (P z,)eesn—1
be the family introduced in Definition 5.2, and let Ry be as in Theorem 5.3. Thanks
to Lemma 5.9 we may define for 0 < 7 < inj,,, the map ¢4, : Br(zo) \ {zo} — S* ! as

_ ewrl®
]

The following proposition holds.

for every x € Br(zo) \ {zo}. (5.5)

Proposition 5.11. Let F' € C*°(R"xR";R") satisfy (F.1), let zg € Q, let (P z,)¢esn—1
be the family be the family introduced in Definition 5.2 parametrized by @z, and let Ry
be as in Theorem 5.5. For 0 < T < inj,,, the function ¢z, € C*'(Br(wo) \ {z0};S™™ 1)
satisfies

Pe(x) = Pe(xo) if and only if & = ¢q () for every o € Br(xo) \ {zo}. (5.6)

v < (3 (a)] < — 20 for every @ € Be(zo) \ {20}, (5.7)

|z — 2|71 |z — zo|n—1

for some constant Cy,, Cl, > 0.

Proof. The result is a byproduct of [, Proposition 3.15] and of Lemma 5.5. O

We conclude by introducing the maps xz,, and d(-, zg) for zg € 2 and by collecting
their convergence properties.

Definition 5.12. Let ' € C*°(R" x R";R") satisfy (F.1), let 2o € Q, let (Pt z,)eesn-1
be the family introduced in Definition 5.2, and let Ry be as in Theorem 5.3. Given
0 < T < inj,, we define the vectorfield xa,: Br(zo) \ {zo} — S"! by

Xao () = &o(x) with & = @y, (). (5.8)
Moreover, we define the function d(-, xz¢): B#(z9) — R by

d(z, ) = |expy) (z)]. (5.9)
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Proposition 5.13. Let xg € (2, let (Pt zy)eesn—1 be the family of curvilinear projections
defined in Definition 5.2, and let Ry > 0 be given by Theorem 5.3. Then, the following
convergences hold:

Puo(T0 +78) — & in Coo(Sn_1§ Sn_l)a as r \(0, (5.10)

T|5;‘2 ~ Xazo (i(’);|L rz) -0 uniformly in B1(0) \ {0}, asr \, 0, (5.11)

d

LTI 1 uniformly i Ba(0)\ {0}, a5 T \0. (512)
|z

Proof. Since xg is fixed, we drop the index z( in the functions ¢,, and x,,. Defini-
tion 5.6 of the map exp,, , the uniqueness property of ODEs, and the fact that F'(x, -) is
2-homogeneous imply that the solution u of (5.1) with initial datum £ := x/|x| satisfies
u(|x|) = exp,, (z). From Definition 5.1 we deduce that ¢, ;| 2, (¥) = u(|z|) = exp,, ().
Thus, we deduce from [/, Lemma 3.20] that
exp, (r-) —x
XPao(T) Z0 iy i 05 (R {01 R™), as 1N\, 0. (5.13)
,
The convergence in (5.13) allows us to pass to the inverse maps, and thus write

exp;o1 (xo+7-)
T
By definition of ¢ in (5.5), (5.14) gives exactly (5.10).
In order to show (5.11), let us recall the notation £, (x) = Y¢ wo (P 2o () + <905_21:0 (x)-
€)¢) and let us suppose for a moment that we already know that
Eo(x) =&+ o]z — x0|) for every € € S"7L. (5.15)
Then, we can write for every z € B;(0) \ {0}
x X(zo + 1) x d(xo + 1) + o(r|z|)

—id  in C (R"\ {0};R"), as r \, 0. (5.14)

rle2 ol rfaf? 7|zl
oz expy, (w0 +ra) o(r|xl)
rlz2 |z exprg (2o + )| rlz

and from (5.3) we immediately deduce (5.11).
It remains to prove (5.15). In view of Lemma 5.5 we have that for £ € S*~1

P¢ o (Ty + th) — 20

" — Y+t in C2 (61 x R;R™) as r \, 0. (5.16)

In particular, the convergence in (5.16) is uniform w.r.t. ¢ € S®~!. The convergence
in (5.16) implies that

Peao(ry +7t€) = &€ in Lo (S"1 x ¢ x R;R™), (5.17)
00 0 e ao(ry + 7€) = 0 in Lig(S" ! x &8 x R;R™), (5.18)
where y; := y -n; and {n1,...,n,_1} is an orthonormal basis of £+ and «a, 8 are any

positive integers. Again, the convergences in (5.17)-(5.18) are uniform w.r.t. £ € S"~1.
We can thus fix £ € S*~! and write a Taylor expansion of the form

P oo (1Y + 7tE) = & + Oppe o (ry + rt&)rt (5.19)

n—1

+ D Oyupean (ry + rt)ry; + og(rl(y, 1)),
i=1
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where we used also ¢¢ 5, (0) = £. Notice that og(r|(y, t)|) can be taken independent of
¢ € S*! because of the uniform convergences (5.17)—(5.18).
We recall that for every o € B1(0) and ¢ € S*1

Peay(@0+72) = rPegyr(a) and gl (20 + 1) = rgpl ().

Replacing in (5.19) y,t with Pz »(2), Lpgio () - &, respectively, and using conver-
gence (5.18) we obtain

Eo(o+ 1) — & = o(7|(Pe o r (), (p;;oﬂ‘(x) -€)|)  for every (z,€) € B1(0) x S" L,

(5.20)
By Lemma 5.5 we have that
Pe zor — e, QO;;OJ — id in C.(R™;R"™),
as v\, 0 uniformly w.r.t. £ € S*~!. Hence, we can rewrite (5.20) as
Eo(xo+rx) — & = o(r|z|) for ¢ € S"71,
which implies (5.15) and completes the proof of (5.11).
Finally, (5.12) follows directly from (5.2). O

6. STRUCTURE PROPERTIES OF GBDp(§2) AND GBD(M)

In this section we study the structure of functions in GBD(M) and in GBDp(2). In
particular, in Sections 6.1-6.2 we show that under the assumptions (F.1) and (RI) on F'
the jump set of a function u € GBDp(Q2) can be sliced into the 0-dimensional jump
set of suitable one dimensional slices of u (see Theorem 6.6). In Theorem 6.9 we show
that if F' satisfies (F.1), a function v € GBDp(Q2) admits an approximate symmetric
gradient. Relying on such results, we show in Sections 6.3-6.4 that w € GBD(M)
satisfies the same properties on the Riemannian manifold (M, g).

6.1. Rectifiability of the jump and its one dimensional slices in GBDp({2).
Throughout this section we assume that €2 is an open subset of R" and we fix ' €

C*®(R™ x R™; R™) fulfilling (F.1) and (RI). Furthermore, we rely on the notation
introduced in Section 5. Here we present a fundamental property of the jump set

(cf. [21]).

Theorem 6.1. Let u: Q — R™ be measurable. Then, J,, is countably (n—1)-rectifiable.
We define the directional jump set of a measurable function.

Definition 6.2. Let (P¢)¢ecsn—1 be a family of curvilinear projections on Q and let
u: Q — R™. Given ¢ € S"! we define the directional jump set as Jae = {zx € Q:

t5 € Jec  }. We further define Ay := {(z,6) € @ x S"': z € Jg, }.
YPg ()

We now introduce a family of Borel regular measures {7¢}¢cgn—1 depending on a
direction ¢ and on the jump set of ﬂg defined w.r.t. a family of curvilinear projec-
tion {Pg}éegn—L
Definition 6.3. Let u € GBDp(f2), let (P¢)eesn—1 be a family of curvilinear projec-

tions on an open subset U of Q, and let p € [1, +oc]. For every & € S*~! consider the
Borel regular measure 7 of R" given by

ne(B) == / S (@A) BeB®RY,  (6.1)

1
tE(BﬁJ%)g
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ne(E) :=inf{ne(B): ECB, BeB(Q)}. (6.2)
We recall that the integral in (6.1) is well defined thanks to [/, Lemma 4.5]. For

B € B(Q) and ¢ € S"71, we further set fp(£) := ne(B) and (,(B) = 1 fBllLe(sn-1)-
Via the classical Carathéodory’s construction we define the measure

Fup(E) = sup inf Z ¢p(B) for £ C Q,
6>0 G5 pog
8
where Gs is the family of all countable Borel coverings of E made of sets having
diameter less than or equal to J.

Definition 6.4. In the same setting of Definiton 6.3, we define
C(A) == / ne(Ag) dH™1(€) for every A € B(Q x S"71),
Sn—1

2,(D) := sup inf CAB for DC QxS 1,
(D)= sup it 32 B

where GY is the family of all countable Borel coverings of F' made of sets having
diameter less than or equal to J.

In particular, we have the following representation for .#,, and S (see also [4,
Proposition 2.9]).

Proposition 6.5. In the setting of Definitions 6.5 and 6./, the measures %, 1 and 7,
satisfy

SualB) = it [ (BTN for cvery EC L,
ped@)” S

Su(D) = }«lrclix / ne(Ag) dH" (&) for every D C Q x S
- n—1
AEB(QxS™1) S
We now show that the jump set of a vector field u € GBDp(f2) can be sliced into the
0-dimensional jump set of suitable one dimensional slices of u. More precisely, we prove
the following refined version of [1, Theorem 1.1 and Corollary 1.2] for a GBD g-vector
field.

Theorem 6.6 (Slicing of the jump set). Let F' € C*°(R"™ x R™;R") satisfy (F.1)—~(RI),
let 2 be an open subset of R", let u € GBDp(Q2), and let (Pe)eesn— be a family of
curvilinear projections on an open subset U of Q). Then, it holds true

Jﬂg = (Jug)f/ for every € € S"7L, for H" l-a.e. y € €1, (6.3)

Je = (Ju)g for H" t-ace. £€S™Y, for H" t-ace. y € &L, (6.4)
Y

Jﬂg - (Ju)f/ for every € € S"7L, for H" L-a.e. y € €L (6.5)

Moreover, the following relation between traces holds true for every & € S™ ', for
H" L -a.e. y € &, and for every t € (Jug)g
ap-lim  ug(z) = ap-lim ﬁg(s) , (6.6)
:i:(z—auijjum5 (z)>0 st (@)
whenever x = pe(y +t&) € U and Vie t Jue — S*1 is a Borel measurable orientation
(Jue is countably (n — 1)-rectifiable thanks to Theorem 6.1).
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Before proving Theorem 6.6, we state the equivalent of [1, Corollary 1.2] for u €
GBDr(Q).

Theorem 6.7. Let F € C°(R"™ x R™;R") satisfy (F.1)~(RI), let  be an open subset
of R", let u € GBDFR(Q), let U C 2 open, and let (Pe)ecsn—1 be a family of curvilinear
projections on U. Then, it holds that

(Jﬂg)g = (Jug)g for H" Loa.e. £ € SV, for H Lace. y € €1 (6.7)
Proof. The thesis follows from [1, Corollary 1.2] with the choice g(x,z) = z for
(z,z) € 2 x R™. Indeed, we notice that [1, Condition (G.2)] is automatically satisfied,

while [4, Corollary 1.2, item (3)] is automatically satisfied in view of Definition 4.8 and
Corollary 4.12. O

We now prove an intermediate lemma which allows us to pass from an a.e. condition
on £ to the entire S"~1 in (6.7).

Lemma 6.8. Let F' € C™®(R" x R™";R") satisfy (F.1)~(RI), let Q be an open subset
of R", let u € GBDp(R2), let U C Q open, and let (P¢)ecgn—1 be a family of curvilinear
projections on U. If B € B(U) satisfies #,1(B) =0, then we have

H (Pg(Ja5 NB))=0 for every € € S"7L. (6.8)

Proof. In order to simplify the notation we assume that U = Q). From the definition
of #,1 we have that condition .#,(B) = 0 implies that there exists N C sn—1
with H"~1(N) = 0 such that for every ¢ € S"~1\ N it holds

H" ! (Pe(Ja, N B)) =0.

If we define the measure p,, as

k
pu(B') = sup sup > usi(B) (6.9)
€ i=1

for every B’ € B(Q2), where the second supremum is taken over all the families
£1,...& € S\ N and all the families of pairwise disjoint Borel subset By, ..., By

of B’, we have u,(B) = 0. Since for every £ ¢ N we have by construction ,ui < by,
Proposition 4.15 implies that for every open set U C 2 and every £ € S*~!

w5 (U) < pu(U). (6.10)

Both measures appearing in (6.10) are Radon, hence the outer regularity of Radon
measures implies that for every B’ € B(Q) and for every ¢ € S*1

15 (B) < pu(B') .

The previous inequality computed in B implies that ,ug(B) = 0 for every £ € S"~1,
Denoting by v a Borel representative of u, we write

0= BN = | IDESI(B 1 ()§ \ Tig) + HO(B5 0 () 1 T fg) 4 )

= / m(y) dH" " (y),
Pe(Jo,NB)

where m(y) > 0 for H" l-ae. y € Pe(Jy. N B). We deduce H" ! (P¢(Js, N B)) = 0
from which (6.8) follows. O

We are now in a position to prove Theorem 6.6.
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Proof of Theorem 6.6. In order to simplify the notation we assume that U = Q. For-
mula (6.6) holds by [4, Proposition 4.10], since J,, is countably (n — 1)-rectifiable

and De¢(ug o p¢) € /\/lb(cpf_l(Q)) (see Corollary 4.12). Theorem 6.7 yields (6.3)—(6.5),

respectively, but for H" !-a.e. £ € S"!. In order to pass from H" '-a.e. ¢ to the
entire S*~!, we notice that the inclusion

J.e C (Ju)i for H" tae. £ €SP for H' lae. y e &F
Yy

leads to .#, 1 (2\J,,) = 0. This last information allows us to make use of Lemma 6.8 and
infer H" 1 (Pe(Ja, N (Q\ Jy))) = 0 for every £ € S"~1. Using the identity (Jﬁg)g = Jaf,
we immediately infer the validity of (6.5). In order to prove (6.3) we argue as above
with J, replaced by J,, and infer that

Jﬁ;j - (Ju§)§ for every £ € S"7L, for H" t-ae. y € &L,

The opposite inclusion is a direct consequence of (6.6). O

6.2. The approximate symmetric gradient in GBDp(2). In the next theorem we
show that every function u € GBDp({2) admits an approximate symmetric gradient
at a.e. z € 2. We recall the definition of approximate symmetric gradient.

Theorem 6.9 (Existence of the approximate symmetric gradient). Let F' € C*°(R" x
R™ R"™) satisfy (F.1), let Q be an open subset of R", and let w € GBDp(Y). Then,
there exists e(u) € L'(Q; MEX") such that, setting

é(u)(z)¢ - ¢ :=e(u)(x)¢ - ¢+ u(z) - F(x,() forz € Q and € R", (6.11)
é(u)(x) is the approzimate symmetric gradient of u at x for a.e. x € Q and
/ le(u)| dx < A(B), for every B C Q Borel. (6.12)
B
Moreover, if (Pe)eesn—1 s a family of curvilinear projections on an open set U C (2,
then for H" '-a.e. £ € S"~ it holds true
Vﬁg(t) = (e(u))g Qe (Y+tE) - @e(y+t&)  for H" t-a.e. y € &X, for ae. t € sz. (6.13)

Remark 6.10. We notice that formula (6.11) together with the uniqueness of the sym-
metric approximate gradient tell us that e(u) does not depend on the chosen family of
curvilinear projections.

Before proving Theorem 6.9 we need two intermediate results.

Lemma 6.11. Let u: Q2 — R™ be measurable and with compact support in 2. Suppose
that there exists ¢: 2 X R™ — R which is 2-homogeneous in the second variable and
satisfies for a.e. x € Q)

ap- lim |(u(z) — u(x)) |Z(Z_—x]{;) — Gz, z — z)|

=0. (6.14)

Then there exists a measurable map S(u): Q — M{Z® such that for a.e. x € Q

S(u)(x)¢ - ¢ = q4(z,Q) for a.e. ¢ € R™. (6.15)
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Proof. We claim that there exists § C R™ x R” with £2"(R” x R\ S) = 0 and such
that for every ((1,(2) € S the parallelogram law
q(z, G+ ) +d(z, G — ) =24(x, 1) +2¢(x,G2), (C1,¢2) €5, (6.16)

holds for a.e. z € Q (depending on ({1,(2)). Indeed an application of the dominated
convergence theorem together with (6.14) and the 2-homogeneity of ¢(z,-) allows us

to write for every A > 0
(u(z +71A2) —u()) - 5
i < 0 ’>‘A1d$)dz (6.17)

lim )\”/ (/
N IORNY rAl2]

- ot <]£7(x) R T P

™0 |z — |2

where wy, 1= L£"(B1(0)). Let us fix Ay, N\, 0. It follows from (6.17) and a diagonal
argument that there exists a sequence 1y \, 0 such that for every m € N it holds

(u(x 4+ 1¢2) —u(z)) - ﬁ
7ol 2]

lim
{—o0 QO

_q< Z)'/\ldx:() for a.e. ZGB%(O)' (6.18)

i

The arbitrariness of m € N in (6.18) yields

(u(x +1e2) —u(z)) - &
lim Eig q| =, Z ) Aldz=0 forae. zeR"™ (6.19)
(=00 o re|z] |z
Let us set

K :={z€R": (6.19) does not hold in z},
S = {(Cl,CQ) eR" x R": (1 (o,2¢1, 20 ¢ K}
As L"(K) = 0, by Fubini’s theorem we have that £2"(R" x R"\ S) = 0. Let us fix

(¢1,¢2) € S. We make use of the parallelogram identity to write for every z € {2 and
for rp such that © + ry(; € Q for i = 1,2

12¢(x, G+ C2) +2q(x, 1 — (o) — 4G(x, ¢1) — 4q(x, ()| A 1 (6.20)
(u(@ +7eG1) = ulz — i) - 25 G+ ¢
9 Citel - 1+ G
= <‘Cl e G+ Gl (‘” 3 +<2|> D M
(w(@ +reCe) — u(@ —reCr)) - 2L G+ ¢
2 G+l - 1162
" (KHF@ 7|1 + G2 <x’ \C1+C2!> ) M
. <|<1 o (w(@ +reC1) — u(@ +7eCa)) - 2=, q~< ¢ — G > ) o
re|¢1 — G2 "¢ = ¢
(u( — rC1) — ulz — 14(2)) - 222 G —¢
2 [Gi—C| - 1 2
" <|41 G e q<x, \<1—<2|> ) Al
u(x +1eG1) — u(z —reC1)) - @ G
" <4K1 27| ¢1 | N q<x’ |C1|> D M
(u(@ + reCa) —ulz —riCa)) - 1 ¢
2 |G| - L2
" (4'@ 210l q<x’ r<2|> D M

In particular, we notice that since u has compact support, the restriction on r, can be
made independent of x € Q. As ((1,{2) € S, by integrating (6.20) w.r.t. z € Q and
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using (6.19) on each term on the right-hand side of (6.20) we deduce that

/Q 12G(x, C1 + G2) +24(x, G — G2) — 4G(x, C1) — 4q(x, ¢2)[ Aldz =0,

which in turn implies (6.16). We notice that the set of admissible pairs ({1, (2) in (6.16)
is independent of = € €.

We now claim that there exists a vector subspace X over Q which is countable and
dense in R", fulfills X \ {0} € R™\ K, and such that the following hold: for every
(1,(o € X and for a.e. x € Q)

q(z, ¢+ G) +d(z, G — G2) = 24(z, C1) +24(z, G2) - (6.21)
To this regard we construct recursively a basis of X. Let us define U; := {v € R"\ K :
qu e R"\ K, ¢ € Q\ {0}}. Then, it holds

= (] ¢ ®R"\K). (6.22)
q€Q\{0}

Indeed, if v € Uy, then for every ¢ € Q\ {0} we have v/q € R™ \ K, which implies
that v belongs to the intersection on the right-hand side of (6.22). Conversely, if v
belongs to the intersection in the right-hand side of (6.22), then for every ¢ € Q\ {0}
there exists w € R™ \ K such that v = qw. Hence, v/q € R"\ K for every ¢ € Q\ {0}
and v € U;. Since L"(K) = 0, (6.22) yields L"(R™\ U;) = 0 and we fix v; € U;. Let
Jj < n and suppose we have already defined Uy, ...,U;_1 and vy,...,v;—1. Then, we
set

Ui={veR"\K qv+quvi+...+¢q-1vj-1 € R"\ K,

We can write

Uj = m q- (Rn \ K) —q1v1 — ... —{4j-1V5-1 - (623)
(@,q15-5q5—1)EQY,
q#0

Indeed, if v € Uj, then given any jth-uplet (¢,q1,...,qj—1) € @ with ¢ # 0 we
have v/q + qiv1/q... + ¢j—1vj—1/q € R™\ K. Thus, v belongs to the intersection
on the right-hand side of (6.23). Conversely, if v belongs to the intersection on the
right-hand side of (6.23), then for every jth-uplet (q,q1,...,qj—1) € @ and ¢ # 0
there exists w € R" \ K such that v = w/q — qiv1/q — ... — gj—1vj—1/q. Hence,
qutqiui+...+qj—1vj—1 € R"\ K and v € U;. Since L"(K) = 0, we have L"(R"\U;) =
0 and we can find v; € U;.

Let us set X := {qiv1 + ...+ quvn : (¢1,--.,qn) € Q"}. We check that X \ {0} C
R™\ K. For every n-tuple (q1,...,q,) € Q"\{0} let j < n be the largest positive integer
less than or equal to n for which ¢; # 0. Then, we have that ¢iv1 +...4+¢jv; € R"\ K
by definition of U;. Hence, X \ {0} C R" \ K and X is a vector space over Q which is
at most countable and dense in R”.

Since (1, (2 € X implies (¢1,¢2) € S and X is at most countable, we deduce (6.21).
Let us denote by Ny C € such an exceptional set. Arguing as in the proof of [20,
Theorem 9.1], for every x € 2\ Ny we deduce the existence of a symmetric Q-bilinear
form B, : X x X — R such that

B.(¢,¢) = q(z,¢)  for every ¢ € X.
This implies that for every x € Q \ Ny there exists S(u)(x) € M2%" such that

sym

S(u)(z)¢ - ¢ = q(x, Q) for every ¢ € X. (6.24)
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In order to pass from (6.24) to (6.15) let us fix an arbitrary ¢ € R™ and let us
denote by X, the vector space over Q generated by X U {¢}. Notice that the set of
¢ € R"\ K for which X¢\ {0} € R"\ K has full measure. We choose ( € R" \ K
such that X\ {0} € R™\ K. Using the same argument above with X replaced
by X¢, we deduce the existence of a negligible set Ny D Ny such that (6.21) holds true
with € @\ Ny and (1,2 € X¢. Therefore, we find for every z € Q\ Ny a matrix
S'(u)(x) € M4 such that (6.24) holds true for ¢ € X¢. In addition, being X C X¢,
for every z € '\ N, it holds true S(u)(z)¢ - ¢ = " (u)(z)C - { for every { € X. As X
dense in R", S(u)(z) = S'(u)(x).

In order to concludes the proof it remains to prove the measurability of the map
S(u)(z): Q@ — MgiP. For this purpose we fix an orthonormal basis {w1, ..., wy,} of R”
such that w; € R" \ K and |wi| = ... = |wy| =: a > 0. We notice that if we denote
by é(u)(x)! the (i, ) entry of the symmetric matrix é(u)(z) represented with respect
to the orthonormal basis {w;/a, ..., w,/a}, we have

2028 (u) ()} = S(u) (@) (w; +wy) - (1w, +w0;) — S(u) (@) - w; — S(u) (@)w; - w;. (6.25)
By formula (6.14) we have that x + §(z,&) is £L"-measurable for every ¢ € S*~1,
Equalities (6.15) and (6.25) imply that z — S(u)(z) is a L™-measurable map with
values in M7 . O
Lemma 6.12. Let F € C®°(R™ x R™; R"™) satisfy (F.1), let Q be an open subset of R,

let w € GBDFp(Q2) be Borel measurable, and let {Pe}ecgn—1 be a family of curvilinear
projections on Q w.r.t. F' parametrized by p. Then, the set

A= {(z,£) € Qx S*1: 8 is a Lebesgue point of ﬁ%g(x (6.26)

3
Pe(x)

)7
U 1s approximatively differentiable at tfc} ,

is Borel measurable. Moreover, there exist two Borel measurable mapsv,0: QxS*~1 —
R™ such that for every & € S*~1 0(-, &) is Borel measurable and

ﬁ%(z)(t) —v(x,§)

ap- lim z —6(z,8)| =0 for a.e. x€Q, (6.27)
5 t—tz
~ n—1 €L

Vug(t) = («9(,5))5@) for H" “-a.e. y € &, for ae te Qg (6.28)

Proof. We set
ut(x,€) := ap-limsup ﬂ%g(z)(s) ,
s%ti

_ P
u (x,€) ;= ap Slj;lnf upg(x)(s),

¢ +
Up, () —u™(z,§)
0T (x,€) := ap-limsup Fe(@) z ,
s%ti s — tiv
¢ _
Up, (y(8) —u(2,8)
0~ (z,§) := ap-lim inf Fe(®) z
s—>t§3 s—1z

Arguing as in [4, Proposition 4.15] we can prove that (x,&) — u®(z, &) and (z, &) —
6F(x,€) are Borel measurable functions. Since

A={(z,6) e QxS ut(z,6) =u (x,€) and 67 (x,&) =07 (x,8)},
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we deduce that A is Borel. For (z,&) € A, let us denote v(z, &) := u™(z,€) = u™ (x,§)
and 0(z,&) := 0 (z,&) = 0 (z,9).

By definition of GBDr(Q) we know that given ¢ € S"~!, for H" l-ae. y € &
it holds ﬁg € BVlOC(Qg). Thanks to a well known property of BV functions in one
variable, this implies that for fixed ¢ € S"7!, for H" l-a.e. y € &+, for ae. t € Qg
we have that ¢ is a Lebesgue point and a point of approximate differentiability of
s ﬂg(s) In particular, this implies (6.27) and (6.28). O

We now prove Theorem 6.9.

Proof of Theorem 6.9. In view of Remark 4.9, we can consider a cover of ¢} made of at
most countably many open sets U; C 2 and associated family of curvilinear projections
(Pg) ¢esn—1 on U;. In addition, thanks to Remark 6.10, we can limit ourselves to prove
that for every ¢ = 1,2,... the first part of the theorem is satisfied on U;. Without
loss of generality we may thus ease the notation by assuming that U; = U = € and
(Pg)eesn—1 are curvilinear projections on 2. Since statements (2.1) and (6.13) do not
depend on the representative in the Lebesgue class, we may as well assume u to be
Borel and to coincide with its Lebesgue representative out of a Borel negligible set.
Moreover, since the problem is local, we may assume without loss of generality that u
has compact support in . Let us define

A= {(2,6) €@ x 8" : £ is a Lebesgue point of @, (),
11’;6 (@) is approximatively differentiable at tfc} ,
Ac=f{aeU: (@ €A} Aj={€eS: (2,6 € A}

Then, by Lemma 6.12 we deduce that A is Borel. Moreover, there exists v,0: £ x
Sn=! — R™ Borel measurable such that (6.27) and (6.28) hold. In particular, from (6.28)
and condition (2) in Definition 4.8 we deduce that

/ . ( /ﬂE (R NHOI dt) dH" ! (y) < |[pellFTip(Pe)"~  A(9) (6.29)

which implies (after a change of variables) (-, &) € L'(€).
Since for every £ € S"! we have L"(A¢) = L(f2), applying Fubini’s theorem to
the Borel set A C Q x S* ! we obtain

HPL(STY L) = L(Ag)dH" () = / H L (A,) dx.
Sn—1 Q
This implies that for £"-a.e. # € Q we have H" }(A4,) = H* 1(S"1). Hence, by
definition of A we infer that there exists N C Q with £"(N) = 0 and such that for
every z € Q\ N

ap-lim yags o) —v(@ & =0 for H" -ae. £ €S (6.30)
t—ts
€
ap- lim Pe() —0(z,8)| =0 for H" l-ae. £ € S"TL (6.31)
3
t—t5 t—1z

Up to consider a larger negligible set, still denoted by N, we may suppose that u
is approximately continuous at every z € Q\ N. Thus, by denoting, with abuse of
notation, by u(x) the approximate continuous representative of v at z € Q\ NV, (6.30)
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and (6.31) may be rewritten as

ap- ligm \ﬂ%g(m) (t) — u(z) - &u(2)| =0 for H" '-ae £ €S™ 1, (6.32)
5

ﬂ%(x) (t) —u(z) - & (@)

; P —0(z,6)| =0 for H" tae &S L (6.33)
t—ty - lz

Moreover, since Pk is a curvilinear projection and condition (2) of Definition 4.3 holds,
for every x € Q\ N, for every £ € S""! the curve ¢ — exp,(t&,(x)) (see Definition
5.6) coincides for ¢ small enough with the curve t — ¢ (Pe(z) + (t + t£)€) (remember
that £, (z) = pe(Pe(x) + t5€)). Thanks to property (3) of Definition 4.6 of curvilinear
projections, the map & — &,(x)/|€,(x)]| is a diffeomorphism between S*~! and itself.
Therefore, (6.32) and (6.33) can be reformulated for every x € Q\ N and for H" !-
a.e. £ € S" ! as

ap- lim u(exp, (16,(x)) - 5D, (16 (2)) — u(z) - £,(x)| = 0. (6.34)
ol u<exp$<tg¢<x>>>.exprt@(x))_u<x>.g¢,<x> @) =0, (635)
t—0

Now for every (z, &) € 2xS"! for which (6.34) and (6.35) hold, we set g(x, &,(z)) =
0(x, &), and we define ¢(x, &, ()) := 0 otherwise. Then, we consider ¢: Q2 xR™ — R the
positively 2-homogeneous extension of ¢(x,{,(x)) in the second variable. This means
that, exploiting the fact that & — &,(x)/|€,(z)| is a diffeomorphism of S*~! and itself,
we have

__I¢

whenever ¢ satisfies {,(x)/[&,(2)| = ¢/[C]-

For x € Q\ N, let ¢: B.(z) \ {z} — S"! be given by Proposition 5.11, and let
x: Br(z)\ {z} — R" and d(-,z): B,(xz) — R be given by Definition 5.12 (notice that,
for simplicity of notation, we have dropped the index x). We now show that

- |u(z) - x(2) —u(z) - 4(2)
i d(z, )
By (5.12), there exists ¢ > 0 such that H*({¢71(£) N B,(z)}) < cp for every £ € S*1

and for every p € (0,7). Thanks to (5.7) we can make use of Coarea formula with
map ¢ to write for p € (0,7)

z q(z,&o(2)) for (z,() € Q x R", (6.36)

—q(z,9(2))| =0. (6.37)

(o) MELXE SO (o) | 1

- c/s (]ép S exfz(tn) —UDI g, 77)‘ A1 m dt> dH" " ()
=< /sm <]£p HeAL ekfx<tn) e q(z, n)‘ A1 exp,(tn) — ="~ dt> dH" ()
= /Snl (]écp el e}.{?(tn) —u(z)n q(z, n)’ A1t dt> dH™ ().

By (6.35)—(6.36) and dominated convergence we infer (6.37). Setting
quw(z,¢) :=w - F(x,() for every w,( € R",
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by using the definition of exponential map, it can be directly shown that if we replace u
with a constant map w € R™ in (6.37) it holds

w- (x(2) = ¢(2))

ag;lim A(2.7) — quw(z,9(2))| =0. (6.38)
We introduce
(j(l’, C) = Q(xv C) - QU(I)('xa C) z € \ N and ¢ € R"™. (639)
We now show that for every x € Q\ N it holds
ap i () M- =) e, .10
To simplify the notation we set e(z) := (z — z)/|z — x|. Making use of the maps ¢
and x defined for x € Q\ N, we first estimate by triangle inequality
(u(z) ‘—zu_(:cx)’) -e(2) ~ e, e(z))’ < (u(z) — U(QT?_ (;‘(Z) —x(2)) ’ (6.41)
e )
u) () —ule) 6
" - (0, 0(2)
u(z) - (¢(z) —x(2) ||, _ d(z,z)
+ d(z,z) Hl |z — z|
u(z) - x(2) —u(z) - o(2)||, _ d(z )
+ d(z,x) ‘1 |z — x|

+ |Qu(ac)(x7 @(Z)) - qu(x)(xv B(Z))|
+ la(z, ¢(2)) — q(z, e(2))] -

Now we examine the limit as r — 0" of each term appearing in the right-hand side
of (6.41). By (5.11) and by the approximate continuity of u at x we have that

S R O ETG I HECENC TP 6.2
™\0 (z) |Z - :L“
: le(z) — X(Z)|> }
1 —_— - dz=0.
< 11:1\s(t)1p [(zer(lg))\{x} 2] V1 ]{Br(m) lu(z) —u(z)|A1dz =0
By definition of g, (,) we have
o | a0 902)) — o €(2))] 1 16 (6.3
Slimsup][ lu(z) - [F(z,¢(2)) — F(x,e(2))]| Aldz.
™0 JBr(z)

We show that the limsup on the right-hand side of inequality (6.43) goes to zero. To
this purpose we write

lim Sup][ lu(z) - [F(x,¢(z)) — F(z,e(z))]| A1dz
r™N\O0 JB,(z)

1
. n—1
< () v 1) limsp /0 ( /883(0)IF($,¢($+T77))—F(xo,e(éer?“n))ldH <n>)ds
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1
= (|lu(x imsu g1 z,0(x +1rs€)) — Fx n—1 s.
= (uGa) v timsp [ (71 [ G ol rs6) = Pl 6))a

Convergence (5.10) implies that

P(x +rsé) — & in C®(S" 18" 1) as r N\, 0, uniformly in s € (0,1). (6.44)
As F(x,-): S 1 — R" is an H" !-measurable function, for € > 0 there exists ¢ €
CO(S"~ 1 R") with fS"71 |F(z,&) — (&) dH™1(€) < e. Denoting by qﬁ;}w(f) the
inverse of the map of & — ¢(x + rs), we can continue with

lim sup][ lu(z) - [F(x,d(z)) — F(z,e(z))]| A1dz (6.45)
™0 JBr(z)

< ut) v (s [ (7 [ 1P oo+ 7o) — oo+ rse| a9 )

rimsup [ (570 [ ot rse) - vi@lan i )

rimsuy [ (7 [P0 - s@lan o )as)

< ut v (s [ (7 [P0 - v@ ko (01010 )

1
. n—1 _ n—1
+11r;1§51p/0 (S /Sn_l |F(2,8) — (§)|dH (5))(15)
: ! 1 1 1
5e<|u<x>|v1>(hg$p [ ez oy ).

By (6.44) we have that [|J¢¢y L || foo(sn—1) — 1 uniformly in s € (0,1) as r \, 0. This
also means that for every but sufficiently small 7 > 0, ||J¢é, éTH Loo(sn-1) is bounded
uniformly with respect to s € (0,1). Applying the dominated convergence theorem
to (6.45) we infer that

fmsup £ Jula) [P 6(2) — Flase(o]| a1z < 2D
Br(z)

™N\0 n
Thanks to the arbitrariness of € > 0 we conclude that
lim lu(z) - [F(x,p(z)) — F(z,e(z))]| AN 1dz =0, (6.46)
\,0 B, (z)
which in turn implies that
lim Sup][ |qu(m) ('Ty d)(z)) — Qu(x) (:Ua 6(2))| ANldz=0. (647)
™0 JB,(z)

From (6.35) it follows that q(x,-): S""! — R is an H" !-measurable function for
every x € 0\ N. Therefore, we may argue as in (6.43)—(6.46) to deduce that

lim b0 lq(z,¢(2)) — q(z,e(2))| A1dz = 0. (6.48)

By triangle inequality, by (5.12), by (6.38) with w = u(z), and by dominated con-
vergence we get that

lim sup ][ (
™0 JB,(z)

u(z) - (6(2) - x(2) ‘ ‘1 _d(za)

d(z,z) |z — 2

) Aldz (6.49)
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) . - d(z,z)
< limsu ][ ( u@) - (x(z) = é(2)) _ x, p(z '1 - — ) Aldz
r™N\0 P By (z) d('z7 l‘) qu(w)( d)( )) |Z - ZL‘|
_ d(z,x)
+ lim sup ’qu(w)(xa qb(Z))‘ 1 - Aldz
™\ 0 B, (x) ‘Z - 33‘|
. d(z +rz,x)
= limsup |Gu(z) (T, d(x +72))||1 = ——F——| | A1ldz =0.
™0 JB1(0) |rz|
In the very same way we also deduce that
lim < u(z) - x(z) —ulz) - x(2) ‘1 _dze) ) ANldz=0. (6.50)
™0./B, (z) d(z,z) |z — x|

Combining (6.37), (6.38), and (6.41)—(6.50) we infer (6.40) for every z € '\ N.
We are in position to apply Lemma 6.11 and infer the existence of a symmetric
bi-linear form é(u)(z): R™ x R™ — R such that

é(u)(z)C- ¢ =q(x,Q) for every ¢ € R" (6.51)

holds true. This, together with (6.40), implies (2.1).

By Lemma 6.11  — &(u)(x) is an L"-measurable map with values in Mg/ ». Thus,
the map (z,¢) — é(u)(z)¢ - ¢ is (L™ x L")-measurable. Therefore, thanks to Fu-
bini’s theorem and the 2-homogeneity of G(x, -), relation (6.51) can be turned into the
following one: for H" l-a.e. £ € S*1

é(u)(x)€-&=q(x,§) for a.e. x € Q. (6.52)
Setting for a.e. z € Q
e(u)(z)¢ - ¢ :=ew)(z)¢ - C+ulx) - Fz,()  for (€R", (6.53)

we infer from (6.28), from (6.39), and from the equality 0(x,&) = q(z,&,(x)) that for
Hrlae £ e SPL

Vﬁg(t) = (e(u))g Ge(y+18) - pe(y +1€) for H" l-ae. y € €+, for ae. t € Qg (6.54)
Finally, by (6.29) we have that

1 -
flew@ias< [ (g [ emwee i) (6.:55)
: /s <Cc<<g>) / . (/U (e(w)); el + 1) - ¢y + ) d’f) dH”‘%y))dm—l(g)
= i((g)) S, [ Pel| 700 () LAP(Pe)™ ()
where
c(Q) = ingf2 mirI}Xn/ |A§o($)'§¢(x)|d7-["_1(§) and ¢(Q) = sup |JP§(.’L‘)|_1,
xre A|ej41\|41;ylm §n—1 gisenggl

It remains to show that e(u) € L'(Q; M2, ) and inequality (6.12). To this end, given
€ > 0, for every x € Q we fix r(z) € (0, +00) such that the family of maps (P ;)ecgn—1
given in Definition 5.2 is a family of curvilinear projections on B,(,)(x) and for every

0<r<r(z)

SUP || 9¢ 2l Loo (B, (z)) < 1+ €, sup Lip(Pez;Br(z)) <1+, (6.56)
gesn—1 gesn—1
1
< ¢(Br(2)), d(Br(z)) <1+e. (6.57)

1+e
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Notice that such r(z) exists in view of Theorem 5.3 and of Lemma 5.5. Hence, in view
of Remark 6.10 the same estimate (6.55)—(6.57) holds true if we replace (Pg)gegn 1
and Q with (P ;)eesn—1 and B,.(z) (0 <7 < 7(z)), respectively. This implies that for
every x € {2 it holds true

/B " le(u)(2)|dz < (14 )" A(B,(z)) for 0 < r < r(x). (6.58)

We can apply Vitali covering theorem (see, e.g., [, Theorem 2.19]), to find sequences
ri > 0 and z; €  such that the family {B, (x;) : i € N} is pairwise disjoint and
LM(Q\ U,; Br,(z;)) = 0. Therefore, we infer from (6.58) and the arbitrariness of € > 0
that

/ le(u)] dz < A(Q) < +o0c. (6.59)

In particular e(u) € L'(; M ;7). To conclude we notice that the same argument
yields (6.59) with Q replaced by any open subsets U C Q. Thus, relation (6.12) follows
from the approximation property by means of open sets of Radon measure and the

proof is concluded. O

Remark 6.13. We notice that, differently from the classical Euclidean case [20, Theo-
rem 9.1], equality (6.13) does not hold for every ¢ € S*~!. For this reason, we show in
the next proposition that Va5 can always be controlled in terms of (e(u))5 Pe(y +1t) -

Pely + t€).
Proposition 6.14. Let Q) be an open subset of R", w € GBDp(R)), and let e(u) €
LY (; M2X™Y be the map determined in Theorem 6.9. Then, for every family (Pg)eesn—1

sym
of curvilinear projections on some open set U C Q, and every & € S"~! we have

Vi ()] < |(e(w))y gely + 16) - @ely + )| for H''-a.e.y € €5, for et efégéo)

Proof. In order to simplify the notation we assume U = 2. We denote by v,0: 2 x
S"~! — R™ the maps constructed in Lemma 6.12 by means of the family (P) gesn—1-
In particular, we have that for every & € S*—!

Vil (t) = (0(-,€)5()  for H" Tae. ye &, forae t € Q. (6.61)

We claim that for every ¢ € S"~! and for every B € B(Q2) Borel we have

L/ 050 a)a ) (6.62)
<[.(/, e el 18) ety 1040 ) 0071 ),

Let us set N := {£ € S*! : (6.13) is satisfied in £} and let us fix £ € S*~L
Since H"~1(S""1\ N) = 0, there exists a sequence &; € N such that £; — £ as j — oo.
We define the measure fi,  as in (6.9) with & is restricted to the family (&;);>5. By

construction it holds that ug < fiy for every j > k. Therefore, Proposition 4.15 and
Theorem 6.9 imply that for every open set V' C €2

L (o ensmra)am =) < §00) < uatv) - torevery k. (669



32 S. ALMI AND E. TASSO

The measures appearing in inequality (6.63) are Radon. Hence, we deduce that for
every B € B(Q2) we have

/fL (/Bg ‘9(75))5(”’ dt) dH" ! (y) < ME(B) < fu(B) for every k. (6.64)

We infer from (6.13) that for every j the absolutely continuous part (,uu) of p
w.r.t. the Lebesgue measure is given by

W)= [ ([ e oo 56) o wrg)at)arrte) o BeB@)

Therefore, for every k the absolutely continuous part fil . of fi, 1 w.r.t. the Lebesgue
measure is given by

ﬂZk( = supz §j “(B, -
- supZ:/l </ e(u))y ¢5J(y+tfﬂ‘)'¢£j(y+t£j)dt>d7¢n1(y)

—supz / e(u) (2)6 ¢ (2) - £.0 ()| T Pe, ()| dz

for every B C () Borel, where the supremum is taken among all subsets of indices in
{7 : 7 > k} and among all finite families of pairwise disjoint Borel sets B; contained
in B. Notice that in view of condition (4) in Definition 4.6 we can estimate

/ (le(w) (@)&50(2) - €50 ()] [T Pe, ()] — le() (@) () - £ ()| Pe())
<c/| D)1€0(x) — £5(2)||T P, (x |dw+/r )[(|7Pe, ()] — [T Pe(a)])

for a positive constant C' independent of j. Therefore, exploiting the fact that &; ,(v) —
&o(x) and |JPe, ()] — |J Pe(z)| uniformly in Q as j — oo and that e(u) € L' (€; M%)
we get from (6.65) that

oaB) = [ ([ (et ety +10)- dety+ 16 ar)ar= ) + 0. (Gio)

Combining (6.64) and (6.66) we conclude (6.62).
Inequality (6.62) can be extended to all measurable sets, and in particular holds for
B={z€Q: 0(z,8) > e(u)(x)&,(x) - & (z)}. This implies that for every & € S*~!

[(0C,))5(D] < [(e(w))f ey + t€) - pely +16))| (6.67)
for H" L-a.c. y € &1, for ae. t € Q5. Finally, (6.60) follows from (6.61) and (6.67). O

6.3. Slicing the jump set in GBD(M). Let (M, g) be a Riemannian manifold of
dimension n. In this subsection we recover the slicing properties of the jump set of
w € GBD(M). In order to state the result, we need the notion of family of curvilinear
projections on the manifold M, which follows from Definition 4.6 of family of curvilinear
projections on 2 C R™.

Definition 6.15 (Family of curvilinear projections on M). Let V' C M open. We say
that a family of maps P:: V — ¢t for € € S*1 is a family of curvilinear projections
on V if for every chart (U, ) we have that the {P¢ = P 0 ¢ }¢cgn1 is a family of
curvilinear projections on (U NV).



GENERALIZED BOUNDED DEFORMATION IN NON-EUCLIDEAN SETTINGS 33

Given w € DY(M), V C M open, {Pe¢}eesn—1 a family of curvilinear projections on V/,
for every chart (U, 1)) and every £ € S"~! we set

we(p) == u(¥(p)) - &x(¥(p))

where {P¢ = P o d}_l}gegn—l is a family of curvilinear projections on Y»(UNV), g is a
parametrization of the family { P} ¢esn—1 according to Definition 4.5, &5 is the velocity
field defined in Definition 4.2, and w is as in (4.7).

Theorem 6.16. Let (M, g) be an n-dimensional Riemannian manifold and let w €
GBD(M). Then J,, is countably (n — 1)-rectifiable. Moreover, if (U,v) is a chart and
(Pg)eesn—1 is a family of curvilinear projections on U, then it holds true

Jwg = (Jwg)i for every £ € Snfl, for H q.e. Y € §l, (6.68)
Jwg = (Jw)g for H" t-a.e. €€ S, for H  Lege. y € &L, (6.69)
Jwg C (Jw)g for every € € S, for H" l-a.e. y € €L (6.70)

In addition, the following relation between traces holds true for every & € S*™1, for
H" 1 -a.e. y € &5, and for every t € (Jwg)g

ap-lim we(q) = ap-lim djg(s) , (6.71)
q—p s—tEo(p)
q€H*(p)

whenever p = p¢(y+1t§) € U and v, € T(U) is a Borel measurable orientation of J, .

Proof. Since rectifiability is a local property we reduce ourselves to work on a chart
(U,). Notice that

(w(q), d exp,[g](v))q = u(v(q)) - B(¢(q)),

where u: ¥(U) — R" is defined as in (4.7) and v: ¢)(U) — R™ are the components of
dexp,[g](v) w.r.t. the basis (gi(¢));. From the continuity of g;(-) and g(-) together with
the facts that lim, ., (¢ (¢)) = v(¢)(p)) and the map v — v(1)(p)) is an isomorphism
between the vector spaces T,M and R" (for every p), a standard geometric argument
leads to

W(JwNU) = Ju N (U).
The countably (n — 1)-rectifiability of J, follows thus from Theorem 6.1.
Now we consider the family of curvilinear projections (P¢)¢cgn—1 on 9(U) defined as

P¢ := P oyp~!. Since by Proposition 4.16 we have u € GBDp (1 (U)), the remaining
part of theorem follows by a direct application of Theorem 6.6. O

6.4. Approximate symmetric gradient in GBD(M). In this subsection we show
that w € GBD(M) admits an approximate symmetric gradient.

Theorem 6.17 (Existence of the approximate symmetric gradient). Let (M, g) be an
n-dimensional Riemannian manifold and let w € GBD(M). Then for H"-a.e. p € M
there exists the approzimate symmetric gradient e(w)(p) and moreover

[ @) nemandH () < A0 (6.72)

In addition, if (Pe)¢esn—1 is a family of curvilinear projections on an open set U C M,
then for H" '-a.e. £ € S"~! it holds true

Vd)f/(t) = (e(w))g(g@g(y +t€))  for H" t-a.e. y € &t forae te U§. (6.73)
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Proof. Let (U,v) be a chart of M. By Proposition 4.16, the function w: ¢(U) —
R™ defined in (4.13) belongs to GBDp(y(U)) with F given by (4.4). Moreover, if
A € M (M) is the measure appearing in Definition 3.8 of GBD(M), defining A as
in (4.8) we have that for every V C ¢(U) open, every £+ € S*~!, and every curvilinear
projection P: V — &+

L (IDIBS\ Tig) + 4035 1 7)) () < e Lin(P: V) X(B).

for every B € B(V). By Remark 4.17, for € > 0 fixed we may further assume that
SO+eA,  LipiU)<l+e, Liphe@)<l+e. (674

For z¢ € (U) consider ¢z, () and x4, () the vector fields defined in (5.5) and (5.8),
respectively, and let d(-,zg) be the function defined in (5.9). Notice that, because of
the identity dm(q, p) = |vg]p we can rewrite (2.3) as

(w(q), dexPp[Q] (ﬁq»q - <w(p)76q>p

ap-limm @) =0, (6.75)
q—p |vglp
where Ty 1= vy/|vq4|p. In addition we have
T = — = 3w ((0): (1)
cp(q) -
dexp, () = = 3 X (¥(@)iala)
p q) =1

where we used that the renormalization constant ¢,(g) is the same because of the fact
that the Riemannian norm of the velocity field of geodesics are constant in time. We
therefore infer that

1

(w(p),Dg)p = w((p)) - Dy (¥(q))
Cp Q)

(

_ 1

(w(q), dexp,[q](Tq))q = mu(w(q» “Xo(p) (P())-
P

In addition the definition of d(zg,-) gives d(¢(p),¥(q)) = |wg| where w, € R™ is

such that expyy(wq) = ¥(g). Therefore, the geodesic which starts at p with initial

velocity >, (wq)i gi(p) € TpM reaches at time ¢t = 1 the point ¢. This means that
Vg = E?:1(wq)i gi(p). We also have Dy(p) (1(q)) = wq/|wq|. Therefore

Yq

1
;¢¢ 9))i9i(p) = e (@)]wg] (wq)i 9i(p) =

pa cp(q)|wg|

Hence, we get that

In particular,

(w(q), dexp,q)(Tg))g — (WP), Tg)p  u(¥(9)) - Xu(p)(¥(q) — w((p)) - Dy(p) (¥(a))

gl - cp(a)*d(¥(p), 9 (q))
We already know from (6.37),(6.39), and (6.53) that the following holds true

ap- lim w(¥(9)) - Xpp) (¥(9) = w(®¥(p)) - dyp) (¥(9))
a—p cp(9)?d(¥(p), ¥(q))

(6.76)
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_ e@@E)Suw (@) - bu (0| _

cp(q)?
as soon as we provide a strictly positive lower bound for the function ¢,(-) in a neigh-
borhood of p. But this follows from the fact that

cp(q) = |Uq’P > S” ) Z &&(gi(p (p)) >0,

|w,] _Ee

since (g; - g5)i; is a positive definite matrix.
Defining e(w)(p) € TyM ® T,M as
e(w)(p)(v) = e(u)(¢(p))Lp(v) - Lp(v) for every v € T,M, (6.77)
where L,: T,M — R™ is the linear map defined as L,(v) := Y"1 {g'(p), v)e;, we verify
that
Y(p))¢ :
)P0 = o ) eV
= [wgl?e(u) (¥ () D) (¥ (@) - D) (¥(a)))
= e(u)(Y(p))wq - wg = e(u) (Y (p)) Lp(vg) - Lp(vg)-
By combining the above equalities with (6.76) we finally obtain the validity of (6.75).
In order to prove that ||e(w)|lt,MeT,M € L* (M) we infer from (6.77)

le(w)(®) I, mem,a = Sup ““Jf(p)“‘: sup '6<“><‘”<p”|L|g<“>‘LP<”>' (6.78)
veT,M v veT,M v

<N LpllZr, M le() (4(2))]
In view of (6.74), we further have that for p € U we have that

n
I Lpll £ prmmy < sup Lyl < (L4 ), | D [oif?> < (1+€)? (6.79)

velyp
[vlp<1

by definition of g%, g;, and of g(p)(v) = Z?j 1 iv;gi(p) - g5(p)-
By (6.12) of Theorem 6.9 and by (6.74) we have that

/ () (4(p)) | dH™ (p) = /w o @I @) da (6.80)

< Lip(wl;w(U))"/ le(u)(2)| dz < Lip(y ™59 (U))" AW (U))
Y(U)

< (146" A (w(U) = (1 + " AU) .

Repeating the covering argument of (6.58)—(6.59) on M, we infer from (6.78)—(6.80)
and from the arbitrariness of € > 0 the validity of (6.72). This concludes the proof of
the theorem. O
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