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Abstract. In this paper we study the lower semicontinuous envelope of a class of functionals with linear growth defined
on mappings from the n-dimensional ball into RN that are constrained to take values into a smooth submanifold Y
of RY.

Let B™ be the unit ball in R™ and ) a smooth oriented Riemannian manifold of dimension M > 1,
isometrically embedded in RY for some N > 2. We shall assume that ) is compact, connected, without
boundary. In addition, we assume that the integral 1-homology group H;()) := H;(Y;Z) has no torsion.

In this paper we shall be concerned with manifold constrained energy relaxation problems, and we
consider variational functionals F : L'(B",)) — [0, +00c] of the type

Flu) = - f(z,u,Du)dz if weCYB™)Y) 0.1)

+00 otherwise

for a suitable class of integrands f : B" x RY x M(N,n) — [0, 4+oc), where M(N,n) is the class of real
(N x n)-matrices and, for X = C*t, Lt, BV, Wh1,

X(B™,Y):={uec X(B",RY) |u(x) €Y for L -a.ec. € B"}.
We introduce the relaxed functional F : L'(B",Y) — [0, +oc] defined for every function v € L*(B™,Y) by
F(u) == inf{likminff(uk) | {ux} Cc CY(B™, ),

(0.2)
ur — u strongly in Ll(B",]RN)} .

We restrict our analysis to the class of integrands f given by
f(x,u, Du) == f(z,u, (|Dut],...,|DuM]))
for some function f: B" x RY x RY — Ry, where Ry := [0, 400), satisfying the following properties:
(a) z— ]?(x, u,z) is convex and lower semicontinuous in RY for every (z,u) € B" x RY;

(b) C1lz] < f(m,u,z) < Co(1+ |z|) for every (z,u,z) € B" x RY x RY and some absolute constants
C; > 0;

c fOI every u c HKN tlleIe e:(lbtﬁ a COIltlIluOub fuIlCt’IOIl Wy - Hg ]Ig bat’lsf.s lIlg Wy t O lf t 07
+ +
and dependlng C()Il( lnu()usly on u &€ RN, SuCh that

|[f(z,u,2) — flao,u,2)|] <wy(x—x0) - (14 |2]) vz eRY.

Assuming that the first homotopy group w1 ()) is commutative, we will prove that

F(u) < 400 <<= we€ BV(B",)).



Moreover, we will show that
F(u) =inf{&(T) | T € T,})'y  Yue BV(B™,Y). (0.3)

In this formula, 71! denotes the class of Cartesian currents T in cart''!(B™ x Y) such that the
underlying BV -function ur is equal to u, according to (0.5), and &£f(T) a suitable f-energy on T.

To be more precise, see Sec. 3, we recall from [12] [13] that the class cart(B™ x )) agrees with the
currents that arise as weak limits of sequences {G,, } of currents carried by the graphs of smooth maps
u € CY(B™,Y) with equibounded total variation energies,

sup/ |Dug| dr < o0 . (0.4)
k n

The weak convergence G, — T, with the energy bound (0.4), yields the weak convergence uy — ug in the
BV-sense to some function up € BV (B™,)), i.e., ux — ur in L'(B",RY) and Duj — Dur weakly as
vector-valued measures. This clearly yields that for every T € cart!!(B" x )

T(¢p(z,y)da' A---Nda™) = | ¢(z,up(x))de  VéeCF(B"xY). (0.5)
Bn
We will define for every current 7' in cart’!(B™ x ) a suitable f-energy £;(T) that is lower semi-
continuous and satisfies a density property, see Sec. 4 and Sec. 5, that is, if Ty, T' € cart™*(B™ x ))) and
T, — T, then we have
5f(T) § hkmlnfé'f(Tk),

and for every T € cart!"!(B™ x ))) we can find a sequence of smooth maps {uz} C C*(B",Y) such that
Gy, — T, up — ur weakly in the BV-sense, and

lim flz, ug, Dug) de = E¢(T) .

k—oo Bn

These properties yield that the f-energy agrees with the relaxzed energy of currents, i.e., for every T €
carth1(B" x )

Er(T) = inf{liminf f(x,ug, Duy)dz | {up} € CY(B™,Y), Gy, — T} ,

k—oo Bn

the weak convergence to be precised in Sec. 1. As a consequence, in Sec. 6 we will then show that the relaxed
energy F(u) is finite if and only if w € BV(B",)), and that (0.3) holds true.
The f-energy of a current T € cart’'!(B™ x ) is defined in Sec. 3 by

Cu
E(T) = f(x,uT(x),VuT(m))der/nfoo <x,u¥(x),dDT(x)) d\DCuT|

+ fr(x) dH™ ! (z),
Je(T)

where f : B" x RN x M(N,n) — [0, +occ] denotes the recession function of f,

o] . : f(x,u,tG)—f(x,u,O)
f (‘T7U7G) T t—lgﬁ-noo t

Y (x,u,G) € B" x RN x M(N,n).

In the last term of the previous formula, J.(T) is the countably H"~!-rectifiable set given by the points
of jump-concentration of T. Roughly speaking, it is the union of the Jump set J,, of ur and of the
(n — 1)-rectifiable set where the "homological vertical part” of T lives. Moreover, fr(xz) denotes for any
x € J.(T) the minimal "length” of Lipschitz curves ~ : [0,1] — Y with end points given by the one sided
approximate limits u% () and with image current vx[ (0,1)] equal to the "vertical part” of T over z, the
length being given for any such v = (y1,...,4") by

1 ~
Lra(r) = / P (8, (5O Y ) .



Note that in the model case f(z,u,G) = |G|, or f(z,u,G) = /1+|G|?, we have [f°(z,u,G) = |G| and
hence Ly, (y) agrees with the standard length of v, compare [12] and [13].
As a consequence, by (0.3) we will obtain that for every map uw € BV (B",)))

CU
Fw) = [ fau@), V(@) ds+ / N <x,u+(x), ;fg%(x)) d| D]

Bn

+ inf / fr(@)dH" Y (z) | T e T} 3 .
Je(T)
We also remark that if the target manifold ) is simply-connected, i.e., if m1()) = 0, for every u €
BV (B™,)) we have

“u
flz,u(z), Vu(x)) de + / i £ (x, ut(z), (ZID)CM(JUO d| D

Do) dH" (),

u

Fu) =

n

+

S—

where
Dy () = inf{Ls.(y) | v € Lip([0,1],Y), ¥(0) = u™(x), v(1) = u*(2)}.

Therefore, in the model case f(z,u,G) = |G|, or f(z,u,G) = /1+|G|?, Py .(x) agrees with the geodesic
distance between u~(z) and ut(z), compare [2].

Moreover, we will show that the commutativity hypothesis on 71()) cannot be dropped. Namely, if
71(Y) is not an Abelian group we can find BV -functions u € BV (B?,)), smooth outside the origin, for
which property (0.3) fails to hold; more precisely:

F(u) > f(z,u, Du)dx = inf{E;(T) | T € T,}'}.
B2

We finally mention that in the case ) = S!, the unit sphere of R2, these results have been obtained in
[8], and that the main references for this paper are [12] and the books [9] [13].

1 Preliminary results

In this section we collect a few known facts that are relevant for the sequel.

VECTOR VALUED BV-FUNCTIONS. Let © C R™ be an open set and u : Q — RY be a function in
BV(Q,RYN), ie., u = (u',...u") with all components v/ € BV (Q). The Jump set of u is the countably
H"~L-rectifiable set J, in © given by the union of the complements of the Lebesgue sets of the u/’s. Let
v = v,(z) be a unit vector in R™ orthogonal to J, at H" l-a.e. point = € J,. Let u®(z) denote the
one-sided approximate limits of u on J,, so that for H" '-a.e. point = € J,

lim p‘"/ lu(x) — ut(x)|dx =0,
B} (x)

p—0F

where B (z) :={y € B,(x) : £(y — z,v(x)) > 0}. Note that a change of sign of v induces a permutation of
ut and u~ and that only for scalar functions there is a canonical choice of the sign of v which ensures that
ut(z) > u~ (x). The distributional derivative of u is the sum of a ”gradient” measure, which is absolutely
continuous with respect to the Lebesgue measure, of a ”jump” measure, concentrated on a set that is o-finite
with respect to the H"~!-measure, and of a ”Cantor-type” measure. More precisely,

Du = D% + D’u+ D%u,

where
D%y =Vu-dz, D7u= (uT(z) —u () @ v(z)H" 'L J,,



Vu = (Viu,...,V,u) being the approximate gradient of u, compare e.g. [3] or [9, Vol. I]. We also recall
that {uy} is said to converge to u weakly in the BV -sense, uy — u, if u, — u strongly in L'(B", RY)
and Duy — Du weakly in the sense of (vector-valued) measures.

ONE-DIMENSIONAL RESTRICTIONS OF BV-FUNCTIONS. Given v € S""! we denote by , the
hyperplane in R™ orthogonal to v and by €2, the orthogonal projection of € on m,. For any y € Q, we
let

Qy={teR|y+tveQ}
denote the (non-empty) section of 2 corresponding to y. Accordingly, for any function u : B C Q — RY

and any y € B, the function uy : By — RY is defined by

uy (t) == u(y +tv).

Proposition 1.1 Let u € LY (2, RY). Then u € BV (Q,RY) if and only if there exist n linearly independent
unit vectors v; such that uy’ € BV(QZi,RN) for Ln 1 a.e. yeQ,, and

Vi

Q) dLr ' (y) < oo Vi=1,...,n.

Theorem 1.2 If u € BV(Q,RY) and v € S"~!, then

(Du,v) = L' Q, ® Du, (Du,v) = L' LQ, @ D ul,
(D u,v) = L1 LQ, @ D'ul, (D%,v) = L' Q, @ DUl

In addition, for L '-a.e. y € Q, the precise representative u* has classical directional derivatives along
v Ll-a.e. in Qy, the function (u*)Y is a good representative in the equivalence class of u¥, its Jump set is

y v’

(Ju)y and
ou*
ov

Finally, o(t) :== (v,vu(y +tv)) #0 for L* -a.e. y € Q, and L'-a.e. t € QY and

(y +tv) = (Vu(y + tv),v) for L'-a.e. t € Q.

h?tlu*(ersu):u*(ertl/), li?tlu*(ersy):u*(quty) if o(t)>0
1ifrtlu*(y+su):u*(y+t1/), li%rtlu*(y—i—su):u*(y—i—tz/) if o(t) <0.

'Dn’l—CURRENTS. Let B™ be the unit ball in RY and, we recall,
BV(B™Y) :={u € BV(B",R") |u(z) €Y for L™a.e. € B"}.

To every BV-map u € BV(B",)) we associate a suitable family of currents in the class D,, 1(B" x )), i.e.,
of linear functionals acting on D™1(B™ x )). Here, DP*}(B™ x )) denotes the class of smooth compactly
supported p-forms in B™ x ) with at most one differential in the vertical Y-direction. Therefore, every
w € D™L(B" x V) splits as

w=w® 4 M

according to the number of y-differentials, where
w® = ¢(x,y)dx, de :=dz' A+ ANda™, (1.1)
for some ¢ € C°(B™ x Y), and
N n ) -
Wl =3 0> (1" () da’ A dy’ (12)
j=1i=1
for some ¢/ := ( {, s, ¢h) € C3(B™ x Y, R™), where

drt = dzt A Adr= A detUA A da?



Definition 1.3 A current G € Dy, 1(B™ x Y) is said to be in BV —graph(B™ x )) if it decomposes into
its absolutely continuous, Cantor, and Jump parts

G:=G"+G°+¢’
and the following holds:
i) there exists a function u = u(G) € BV(B™Y), say u = (u',...,u"), such that if w®) satisfies (1.1),

we have G€(w®) = G7 (W) =0 and
G W) = G (@(w,y) do) = | d(w,u()) da;
B”'L

i) if w=w satisfies (1.2), we have

G (W) = Z/H<Vuj7¢j(x,u(sc))>dx

GC(wM) = Z ¢ (z,u(z)) dDu?
B”L
G (W) = ZZ/ ( ¢l (x.y dy)uz-dH“(:c),
Jj=11i=1

where vy, is a 1-dimensional integral chain in Y satisfying 0vz = dy+(s) — Ou—(x) and 0, denotes the
unit Dirac mass at the point p € RN .

The previous definition clearly depends on the choice of the 7, ’s connecting the one-sided approximate limits
u®(z) at x € J,. Moreover, if u is smooth, at least u € W11(B™ ), it turns out that G = G® and hence
G agrees with the current G,, carried by the rectifiable graph of u, where, we recall, G, € D, 1(B™ x )) is
defined in an approximate sense by

Gy = (Idrau)x[B"], (1.3)
i.e., by letting G, (w) = (Id > u)#(w) for every w € D™ (B™ x Y), where (Id = u)(z) := (z,u(x)).

Remark 1.4 If n > 2 in general the current G has a non-zero boundary in B™ x ), even if u €
Whl(B",Y). Taking for example n =2, ) =S! C R?, and u(z) = z/|z|, we have

OGL B? xSt = -5y x [S'],
where dp is the unit Dirac mass at the origin, see [9, Vol. I, Sec. 3.2.2].

WEAK LIMITS OF SMOOTH GRAPHS. A first step in the study of our relaxation results is the analysis
of the weak limits of sequences {G,,} of currents carried by the graphs of smooth maps u; € C*(B™,))
with equibounded W'l-energies, supy, ||Dug||;1 < 0o, compare [12] [13]. Possibly passing to a subsequence,
we infer that G, — T weakly in D, 1 to some current T' € D, ;(B™ x )), i.e

Jim G, (w) =T(w)  Vwe DY B" x ),

and up — wur weakly in the BV-sense to some function ur € BV(B™,Y). This yields that if w €
D™1(B™ x Y) is completely horizontal, see (1.1), we clearly obtain (0.5).
Since by Stokes theorem the G, ’s have no boundary in B™ x Y, by the weak convergence we also infer

OT =0 on Z" “YB"xY), (1.4)

where, we recall, 9T (w) := T(dw). Here, ZP:}(B™ x )) denotes the class of p-forms w in D} (B" x ))
for which the ”vertical” d,-differential of the component w of w with exactly one vertical differential
vanishes,

ZPYB" x V) == {w € DP(B" x V) | dyw =0} .



We may and do associate to the weak limit current T a current Gr € BV —graph(B™ x )), see
Definition 1.3, where the function u = u(Gr) € BV(B™,Y) is given by ur and the 7,’s in the definition of
the jump part G% are e.g. the indecomposable 1-dimensional integral chains obtained as in Definition 3.2
below. Setting then

STIZT—GT,

by (0.5) we clearly have St(¢(x,y)dx) =0 for every ¢ € C°(B™ x ). In general dGrL B" x Y # 0, see
Remark 1.4. However, on account of (1.4) we proved in [12]:

Proposition 1.5 Sr(w) =0 for every form w = w™) such that w = dy& for some @ € D"~H0(B" x Y).

HOMOLOGICAL FACTS. Since H;()) has no torsion, there are generators [y1],...,[ys], i.e. integral
1-cycles in Z1(}), such that

Hl(y) = {Zns [’Ys} ‘ns € Z} )

see e.g. [9], Vol. I, Sec. 5.4.1. By de Rham’s theorem the first real homology group is in duality with the
first cohomology group H ;R(y), the duality being given by the natural pairing

(O ) = () = / v, HEHMR), [WeHnD).

We will then denote by [w'],..., [w®] a dual basis in H}(Y) so that vs(w”) = ds, where &, denotes the
Kronecker symbols. Finally, in the sequel 7 : R**™Y — R™ and 7 : R®* — RY shall denote the projections
onto the first n and the last N coordinates, respectively.

By Proposition 1.5, similarly to [9], Vol. I, Sec. 5.4.3, we infer that the weak limit current T is given by

s
T=Gr+Sr, where Sp=Y Li(T)xv on Z"(B"xY),
s=1

Ls(T) € Dy—1(B™) being defined by

Ls(T) := (=1)" 17#(Sp L 7% W), s=1,...,38,
so that

Ly(T)(9) = Sr(x#o A7#wr)  Wo e D I(Br).

By the equiboundedness of the W!!-energies of the uy’s, and by the lower semicontinuity of the &; -
norm in D, 1, we finally infer that the weak limit current 7" has finite & 1-norm, ||T'||g, , < +o00, where,
for we D"Y(B" xY) and T € D,, 1(B" x Y),

wile ‘= maxysup ——————, sup |w T,y dx y
el +=maax {sup D] up o)

ITller, = sup{T<w> e DB X V), fuller, < 1}

Remark 1.6 Setting

K
ST,sing =T — C;(T - ZLS(T) X Vs s
s=1

it turns out that St ¢ng is nonzero only possibly on forms w with non-zero vertical component, w® #0,
and such that dyw(l) # 0. Therefore, St sing =0 on forms in Z™(B" x Y), hence S 5ing does not carry
homology. However, even if T is the weak limit of a sequence of smooth graphs with equibounded Dirichlet
energies, in principle St ng may be any measure.



VERTICAL HOMOLOGY CLASSES. Finally, it is convenient to consider vertical homology equivalence
classes of currents satisfying the same structure properties as weak limits of graphs of smooth maps wuy :
B"™ — Y with equibounded total variation, supy, |[Dug|/r: < oo. More precisely, we say that

T~T < Tw) =T(w) Vwe Z"Y(B"xY). (1.6)
Moreover, we will say that Ty, — T weakly in Z,1(B" x Y) if Ti(w) — T(w) for every w € Z™1(B™ x ).

Definition 1.7 We denote by £ 1 —graph(B™ x )) the set of equivalence classes, in the sense of (1.6), of
currents T in Dy, 1(B™ x V) which have no interior boundary,

oT =0 on 2" “(B"x)),

finite &1 1-norm, i.e.
ITller, = sup{m) lwe 2 (B x V), fuller, < 1} < o0,

and decompose as
T=Gr+Sr, Sr=)Y L(T)xv on Z"'(B"xY), (1.7)
s=1

where G € BV —graph(B™ x Y), see Definition 1.3, and Ls(T) is an i.m. rectifiable current in R,_1(B")
for every s.

Remark 1.8 If T ~ T, in general G5 # Gr. However, the corresponding BV-functions coincide, i.e.,
u(Gr) = u(Gg), see Definition 1.3. This yields that we may refer to the underlying functions ur €
BV (B",)) associated to currents T' in &; ;1 —graph(B™ x V).

2 Parametric variational integrals on currents

In this section we shall consider integrands f : B® x RN x M(N,n) — R,, where M(N,n) is the class of
real (N x n)-matrices and R, := [0, +00), satisfying the following properties:

(a) G+ f(z,u,G) is convex and lower semicontinuous in M(N,n) for every (z,u) € B"™ x RY;

(b) C1 |G| < f(z,u,G) < Co (14 |G|) for every (z,u,G) € B® x RN x M(N,n) and for some absolute
constants C; > 0;

(c) for every (wg,up) € B® x RY and e > 0 there exists § > 0 such that
f(xvqu)Z(l_E)f(xmumG) VGEM(N7TL)
for every (z,u) € B® x RV such that |z —z¢| < § and |u — ug| < 6.

We shall discuss the parametric polyconvez l.s.c. extension of f for mappings from B" into RM that
are constrained to take values into a smooth submanifold ) ¢ RY, and the related parametric variational
integral for currents in & ; —graph(B™ x ).

THE RECESSION FUNCTION. Property (a) allows us to give the

Definition 2.1 The recession function f> : B™ x RN x M(N,n) — R, :=[0,+0cc] of f is defined by

[ (z,u,G) == lim fou(tG) = fo,u(0)

t——+o00 t

V(z,u,G) € B" x RN x M(N,n).



It turns out that for every (z,u) the function G +— f25,(G) := f*(x,u,G) is positively homogeneous

of degree one, convex and lower semicontinuous. Moreover, property (b) yields that G +— ;ou(G) =
f°°(z,u, @) is actually real valued and hence continuous for every (z,u).

NOTATION ON MULTIVECTORS. Let A,R"tN denote the space of n-vectors in RV, For 0 < k <
min(n, N), we let
Vn,k =A,_R"® AkRN

and denote by &) € V,, . the "component” of an n-vector £ € A, RN with k ”vertical” components. For
example, denoting by (ey,...,e,) and (e1,...,ex) the canonical basis in R"® and R, respectively,

5(0)156061/\"'/\671,

560 € R being the first component of ¢ € A, RV . Moreover, we have

N n
f(l)ZZZ€gé\iA€j, é\i::el/\~--/\ei_1/\ei+1/\-~-/\en,
j=1i=1

for some &/ € R. We set

A= {E€ARMN [0 =1)
Ay = {€e AR [ €90 > 0}
Ao = {€eAR™N |00 =}

We also denote by ¥ the class of simple n-vectors in A,R"*V and

o= {€exn | =1}
Y, = {€ex |00},

If G € M(N,n), the vectors e; + Ge; € R"™N i = 1,...,n, yield a basis of the tangent n-plane to the
graph of G in R"™¥ that agrees with the graph of G. Letting

M(G) := (e1 + Ger) A--- A (en + Geyp) € AR,

we find that the unit simple n-vector
M(G)
§a = ;
|M(G)|

called the tangent n-vector to the graph of G, identifies the plane graph of G, and in fact orients such an
n-plane. We also see that the map M : M(N,n) — A,R"*Y given by G +— M(G) is injective. Moreover,
if My : M(N,n) — Vi, is the map given by G +— M, (G), it turns out that M) yields an isometry of
linear spaces. Notice that M) (G) =e; A--- Ae, and

N n
Muy(@) =) > (-)""Glane,  G=(GhiL,.
j=1i=1

Therefore, to every £ € AL we can associate the matrix G¢ € M(N,n) defined by

_1( &0
Ge == M) 1(500 '

Note that for every £ € A, we have
Ge =0 ifand onlyif &4y =0

and
G)\§:G§ VA>0.



Most importantly, Ge¢ = M~1(€) if £ € Iy, i.e.

{ GM(G) =G VGEM(N,’I’L)
§=M(Geg) <= €€

and finally

£ e Ay issimple if and only if

THE PARAMETRIC POLYCONVEX L.S.C. ENVELOPE. Consider the map
FrOxRY x 2 - Ry

defined, according to (2.1), by
f(@,u,8) = f(x,u,Ge).

Taking z,u as parameters, we consider the parametric polyconvex lLs.c. envelope of the integrand G —
J2u(G) := f(x,u,G), given by the convex Ls.c. envelope of — f,  (£),

Fr,u() = Fcfz,u() )

where

? (6) ._ gﬁoi(xvuﬁf/gao) = gﬁofI,U<G§) if E € ZJr
wUBSST ] 40 otherwise .

Since in principle (z,u,&) — Fy ,(£) is not Ls.c., we set

Definition 2.2 The parametric polyconvex Ls.c. envelope of a function f: B™ x RN x M(N,n) — R, is
the function F : B™ x RN x A, RN — R, defined by

F(z,u,&) := sup{g(z,u,&)|g:B" xRN x A, RN R, |
g is ls.c., g(y,v,-) is convez for any y,v,
9(y,v,m) < f,,(n) for any (y,v,n)}.

We emphasize that F' (z,u,&) is Ls.c. in all variables and convex in ¢ for any x,u. Notice that in general
F(z,u,§) <TCf,,(§). However, the equality

holds if and only if (x,u,§) — FC?I7U(£) is l.s.c., and we actually have that property (c) yields (2.2).
Moreover, for every (z,u) € B" x RY we have

Fe,u,€) = sup{9(€) | 6 : AR - K, 6 lincar, 23
¢(M(G)) < f(z,u,G) VG e M(N,n)} '
for every ¢ € A,R"™V. Arguing as in [9, Vol. II], we then obtain:

Proposition 2.3 If the integrand f satisfies the properties (a), (b), (c), its parametric polyconvex l.s.c.
envelope is given for every (x,u) € B" x RN by

€% f(x, u, Gy) if €ex,
1€l s = Fla,u, &) = § (2,0, My (§n))) i €€ (Ap UAg) \ 2y (2.4)
400 otherwise.

PROOF: On account of (2.3), we decompose every linear map ¢ : A,R"*N — Ry as ¢ = > 1 ¢x, where
n :=min(n, N) and the ¢;’s are linear maps on V,, . The condition ¢(M(G)) < f(z,u,G) < C2(1 + |G])
for all G € M(N,n) yields by homogeneity that ¢, =0 for k=2,...,n and

¢0(?)+¢1(M(1)(G)) Sf(I,U,G) VGEM(N,TL),



where € :=ej; A--- Aey, so that for any € € A; we have

1€l £, = sup{a + ¢1(§(1)) laeR, ¢1: V1 — R, linear,
a+¢1(M1)(G)) < f(z,u,G) VG e M(N,n)}

and hence |[|¢]7, . = F(z,u, M(Ge)), see (2.3), if we take into account that &gy = M)(G¢) = € and
§1) = M1y(Ge). On the other hand the maps G — a + ¢1(M1)(G)) are affine and G +— f i
convex. Then, the maximum of a + ¢1(M(1)(G)) under the constraint a + ¢1(M1y(G)) < f(z,u, G) is
taken for a and ¢; such that

a+ ¢1(M(1)(G)) = f>(z,u,G).

Therefore,
1€l ... = F(z,u, M(G¢)) = f=(z,u,G)

and the claim is proved for §£ € A;. By homogeneity we obtain ||{||s, , = f> (m,u,M(_l)l(f(l))) for every

¢ € A,. The continuity of & — f> (x,u, M(I)l(f(l))) yields the result also for & € Ag. O

Remark 2.4 In the model case f(z,u,G):=|G|, or f(x,u,G) = /14 |G|?, we clearly have

0f(z,u,Ge) if €Dy
1€l fer = 1€ if €€ (ApUA)\ Dy

+00 otherwise.

We deal with mappings that are constrained to take values into a smooth manifold ) isometrically
embedded in RY. To this purpose, we replace the integrand f in Definition 2.2 with the integrand f :
B" x RN x A,R"*N R, defined by

n _ flz,u,G) if uel and GeS,
flau, G) = { +0o0 otherwise ,

where

Su:={GeM(N,n)| GeTV}, uey,
T, Y being the tangent space to Y at u. We denote by F(z,u,§) : B" xRN x A, R"N — R, the parametric
polyconvex L.s.c. extension of the integrand f, i.e., for mappings from B™ into RN that are constrained to
take values into the given submanifold Y C R™. The n-vector M(G) corresponding to matrices G € S,

belongs to the subspace A, (RY x T,)). This yields to the following property, compare [9, Vol. II, Sec. 1.2.4]
or [13, Sec. 4.8].

I On 2’5 [[ (& hll’Ue.
l 5 = T,u ?, u e y é & /\n gn X Tuy

400 otherwise ,

where |||y, ., is given by (2.4) and T, is the tangent space to Y at u.

PARAMETRIC VARIATIONAL INTEGRAL. If T € D, 1(B" x ) is such that ||T|g, , < oo, we denote

N
T = ||T||gl,1 LT

the Radon-Nikodym decomposition of T with respect to the & j-norm, see (1.5). Here T is identified with
the R!*N"_valued linear functional

T:= (T (T9)gnn), i=1,...n, j=1,...N.

The parametric variational integral associated to the integrand f is defined for every Borel set B C B"

FHT, B x V) = /BXny(w(z),%(z),?(z)) dIT e, (2) (2.6)
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where Fy(x,u,§) is given by (2.5), and we let
Fi(T):=Fs(T,B" x)).

Since [|T||g,, < oo, by property (b) we infer that (1) < oco. Moreover, the following lower semicontinuity
property trivially holds.

Proposition 2.6 Let {Ty} C D, 1(B" xY) be such that supy, [|Tk|le,, < co and Ty, — T weakly in Dy ;.
Then
ff(T) S hkmlnf}"f(Tk) .

AN EXPLICIT FORMULA. If T = G € BV —graph(B™ x ))) for some BV-function u = u(G) €
BV(B™,Y) with no jump-part, |D7u|(B™) = 0, see Definition 1.3, it is readily checked that

“u
Fi(T,Bx))= /Bf(x,u(x),Vu(x)) dx + /B £ (x,u"’(m), le)Cm(xO d|Dul. (2.7)

If T € &1 —graph(B™ x )) and the singular part St sng vanishes, i.e., if (1.7) holds on the whole of
D™1(B™ x )), then an explicit formula can be obtained. For example, let ) = S! C R?, the unit sphere,
and G = G% = (Id =<1 u) [ B"] for some u € WH1(B™,Y), ie., GE = G’ = 0. In this case

T=G,+Lx[S']

for some i.m. rectifiable current L € R, _1(B"), say L = T(E,G,Z). If f is isotropic, ie., f(z,u,G) =
f(z,u,|G), where f:B" x RN x Ry — R, we readily obtain

~

2m

Fi(T) = f(z,u,|Du|) dx +/ 9(3:)( f°(z, (cosf,sinh), 1) dt) dH™ 1.
Bn c 0

GAP PHENOMENON. As noticed in [8], see Sec. 5 below, in the simple case ) = S!, the unit circle in

R?, and in any dimension n, for any current 7 € & ; —graph(B™ x S) such that F;(T') < co we can find

a sequence of smooth maps {uy} C C1(B",S!) such that G,, weakly converges to T in D,,(B™ x S') and

the f-energies the uy’s converge to the parametric variational integral of T, i.e.,

klim Fi(Gu,) = klim f(x, u, Dug) de = F¢(T),
— 00 — 00 Bn
see [8] and [9, Vol. II, Sec. 6.2.2]. However, in case of general target manifolds, even in the model case

f(z,u,G) := |G| and in dimension n = 1, a gap phenomenon occurs, see [12]. More precisely, in general for
every smooth sequence {u} C C'(B",Y) such that G,, — T weakly in D,, 1(B" x ) we have that

1ikminf f(x,u, Dug) dx > F¢(T) + C

— 00 B

for some absolute constant C' > 0. This means that in general F;(T") does not agree with the relazed energy
functional of T:

ff(T) > inf{liminf f(zyug, Dug) dx | {ur} C Cl(B",y),

k—oo Jpn

Gy, =T weakly in Z, 1(B"™ x y)} )

Remark 2.7 This gap phenomenon is typical of integrands with linear growth of the gradient. Take for
example n =1 and T = G, + 6y x C, where u = P € ) is a constant map and C is a integral 1-cycle in
Y. The images of smooth approximating sequences may have to ”connect” the point P to the cycle C, this
way paying a cost in term of the distance of P to C, see (3.4) and (3.5) below. For this reason, such a gap
phenomenon does not occur if the target manifold ) is the unit sphere S!.
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3 Cartesian currents with finite energy

The gap phenomenon previously outlined leads us to introduce a suitable energy functional on the class
of currents & 1 —graph(B™ x Y). In order to recover lower semicontinuity and density properties, we shall

restrict the class of integrands. More precisely, in the sequel we shall consider functions f : B® x RY x Rf —
R, satisfying the following properties:

(a) z— f(x,u,2) is convex and lower semicontinuous in RY for every (z,u) € B" x RY;

(b) Cilz| < f(z,u,2) < Co(1+ |2]) for every (z,u,z) € B" x RY x RY and some absolute constants
C; > 0;
c) for every u € RV there exists a continuous function w, : Ry — R, satisfying w,(t) — 0 if ¢t — 0,
+ +

and depending continuously on u € RY, such that

|f(z,u, z) = f(zo,u, 2)| < wy(z—20)- (1+]2]) vz eRY.

For any matrix G = (Gi);vzil € M(N,n), we denote by G’ := (GJ,...,GJ) € R the n-vector corre-
sponding to the j*"-row. The corresponding integrand f : B® x RNV x M(N,n) — R, is defined by

flz,u,G) = f(z,u, (G, ...,|GN]), (z,u,G) € B x RN x M(N,n), (3.1)

the isotropic case corresponding to f(a:, u,z) = f(a:, u, |z|) for some f:B" xRN x R, — R,. Therefore, the
related variational functional F(u), see (0.1), is such that for any smooth map u = (u',...,u") € C*(B",))

F(u) = -/n f(x,u(x), (\Dul(x)|, R |Du1(x)|)) dx .

Remark 3.1 Since f(z,u,G) is convex and lower semicontinuous in G for every (z,u) € B™ x RV it
satisfies the properties (a), (b), (c) stated at the beginning of the previous section. We notice that the
continuity hypothesis (c¢) is used in the proof of the density theorem 5.1.

We now collect the following facts from [12], see also [13].

JUMP-CONCENTRATION SET. Let T € &1 —graph(B™ x )), see Definition 1.7. If £(T) denotes the
(n — 1)-rectifiable set given by the union of the sets of positive multiplicity of the Ls(7")’s, we infer that the
union

Jo(T) := Ju, U L(T)

does not depend on the choice of the representative in 7. The countably H" !-rectifiable set J.(T) is said
to be the set of points of jump-concentration of T.

RESTRICTION OVER POINTS OF JUMP-CONCENTRATION. If n = 1, since T has finite mass,
n — T(xB,(z) A1), where © € B! and 0 < r < 1 — |z[, defines a current in D;(Y). The 1-dimensional
restriction of T owver the point x

T4(TL{z} x ) € D1(Y)
is well-defined on closed 1-forms in Z'()’) by the limit

Fe(Ti{a} x V)(n) = lim T(xp.@ An),  n€Z'().
Moreover, for every = € J.(T) there exists a 1-dimensional integral chain I'; on Y such that

8Fx = 5u;(m) — 5u;(z) and %#(TL {a:} X y) =I,.
Therefore, by applying Federer’s decomposition theorem [6], we find an indecomposable 1-dimensional inte-
gral chain 7, on )Y, satisfying 07y, = (5@(@ — 5u; (@) and an integral 1-cycle C; in ), satisfying 0C, = 0,
such that

Iy =9 +C, and M(T;) = M(vy,) + M(C,) . (3.2)
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If n>2, welet v : J.(T) — S"~! denote an extension to J.(T') of the unit normal v, to the Jump set
Jup. Forany k=1,...,n—1,let P be an oriented k-dimensional subspace in R” and Py := P+ ' lk iV
the family of oriented k-planes parallel to P, where A := (\1,...,A,_x) € R"7* span(vy,...,v,_x) being
the orthogonal space to P. Since T has finite & ;-norm, similarly to the case of normal currents, for £7~*-
a.e. A such that Py N B™ # (), the slice T L7~ !(Py) of T over 7—1(Py) is a well defined k-dimensional

current in & 1 —graph((B™ N Py) x V) with finite & 1-norm. Moreover, for any such A we have
J(TLn Y(Py)) = J.(T) N Py in the H*1-a.e. sense,

whereas the BV -function associated to T 7~ (Py) is equal to the restriction ug|p, of ur to Pyx. Therefore,
in the particular case k = 1, the 1-dimensional restriction

Tu(TLa ' (Py))L{z} x V) € D1(Y) (3.3)

of the 1-dimensional current T'L w~!(Py) over any point x € J.(T) N Py such that v7(x) does not belong
to P is well defined. In this case, from the slicing properties of BV -functions, if © € (J.(T)\ Ju,) N Py we
have up|p, (¥) = ur(z). Moreover, if x € J,, N Py, the one-sided approximate limits of ur are equal to
the one-sided limits of the restriction ug|p,, i.e.

u%PA (z) = uk(z) and U p, (x) = up(z),

provided that (v, vy, (z)) > 0, where v is an orienting unit vector to P, compare Theorem 1.2. We finally
infer that for H" !-a.e. point z € J.(T) the 1-dimensional restriction (3.3), up to the orientation, does not
depend on the choice of the oriented 1-space P and on A\ € R™™! provided that x € Py and vz(x) does
not belong to P. As a consequence we may and do give the following

Definition 3.2 For H" '-a.e. point z € J.(T), the 1-dimensional restriction T (T L {z} x V) is well-
defined by (3.3) for any oriented 1-space P and A € R"™! such that © € Py and (v,vr(z)) > 0, where v
s the orienting unit vector to P.

VERTICAL MINIMAL CONNECTION. For every current 7 € & 1 —graph(B™ x )) and every point
x € J(T) we will denote by

7(0) = up (@), (1) =wup (),

Pr(z) := {y € Lip([0,1], ) |
M) =TT {z} xV)(n) ¥Vne Z'(V)}

[0, 1)]

the family of all smooth curves  in Y, with end points w3 (z), such that their image current v4[(0,1)
agrees with the 1-dimensional restriction 7x(T'L {z} xY) on closed 1-forms in Z'(Y). On account of (2.6),
to every v € I'p(x), say v = (v%,...,7"), we associate the parametric integrand

e / (20, (3O 5 (1)) . (3.4)
It turns out that Lf,(y) does not depend on the parameterization of . Moreover, we denote by

fr(x) :=nf{Ls.(y) [y eTr(x)},  zeJ(T), (3.5)

the minimal ”length” of curves ~ connecting the ”vertical part” of T' over = to the graph of up. For future
use, we remark that the infimum in (3.5) is attained, i.e.,

Ve e J(T), Fyelplx) : L) =fr(z). (3.6)

Remark 3.3 In the model case f(x,u,G) := |G|, or f(z,u,G) := /14 |G|?, we have f*(z,u,G) = |G|
and hence L () agrees with the standard length L(7) of the curve «. Therefore, in this case we have

fr(z) = Lr(z) :=inf{L(y) | vy € Tr(z)}, xz € J.(T). (3.7)
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THE ENERGY. To any current 7' € & ; —graph(B™ x )) we associate its f-energy given for every Borel
set B C B™ by

dD¢
E(T,Bx)Y) = / f(:c,uT(:U)7VuT(m))dw+/ f (:C,uJTr(gc), CuT(x)> d| D€ urp|
B B d|D UT| (3.8)
+ fr(x)dH" (z).
J.(T)NB
We also let
EH(T) == E(T,B" x V).
Moreover, if u: B® — ) is a smooth W' !-function, we set
Er(u) == f(z,u, Du) dzx = f(x,u, |Dutl,...,|DuN|) dz.

Bn Bn

Remark 3.4 The first two terms in (3.8), corresponding to the ”"diffuse” part Vurdx + Dur of Dur,
agree with the corresponding terms of the parametric variational energy F;(T'), see (2.7). Moreover, in the
case )V =SS!, the unit sphere, it can be readily checked that

Sf(T) = ff(T) VT € 51,1 —graph(B" X Sl) s

and if ) = S' no gap phenomenon occurs for F +(T'), see Remark 2.7. However, for more general target
manifolds Y, the presence of the last term in (3.8) yields that £¢(T") is not a ”local” energy, i.e., it cannot

=

be written as an integral functional depending on the components 7' and |T|g,, of the decomposition
—

T=|T|e,,LT,asin (2.6).

Due to (3.1), the volume term in the definition of £;(T, B x )) is
/Bf(x,uT, Vur) dr = /Bf(x, wr, (b, [V ))) de.
Therefore, if T = G, for some smooth function u € W (B",Y), we have
Er(Gu) = Ef(u).
As to the Cantor-type term, since f>(z,u,G) = f>(z,u, (|G*],...,|GN])), it turns out that

dDCur ~ dDCu} dDCul
oo + -~ =4 dDC :/ 00 + T T dDC .
1 (oo ey ) a0 urt = [ 7 (ot (ot - ey ) ) 40 o

~

Moreover, in the isotropic case f(z,u,G) = f(z,u,|G]), we clearly have

/f(x,uT,VuT)dx:/f(x,uT,|VuT|)dm
B B

and c
dD% ur ~
<z ut, ———— ) d|D%u :/ ®(z,ut,1)d|Dur|.

Remark 3.5 As to the last term in (3.8), the so called ”jump-concentration” part, it turns out that in
general the ”jump” part cannot be separated from the ”"homological” part. For instance, in the decomposition
(1.7) of T we may define the jump part G of Gr by choosing 7, as the l-current integration over an
oriented geodesic arc in Y connecting ur(z) and uf(z), see Definition 1.3. However, even in dimension
n =1 and in the particular case ) = S!, in general it may happen that the jump-concentration part of the
energy of T cannot be recovered by the sum of the energies of its components G3. and Sr, see [12].
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THE CASE OF SIMPLY-CONNECTED MANIFOLDS. If the first homotopy group m1(Y) is trivial, we
have H1(Y) = 0 and hence every current T € & 1 —graph(B™ x )) has no homological vertical part, i.e.,
St =0 on Z™(B" x )), see (1.7). Therefore, T' reduces to the vertical equivalence class of the elements
G € BV —graph(B™ x YY) with corresponding BV -function u(G) equal to ur, see Definition 1.3. Moreover,
for every such current G, the action of the jump part G7, on forms in Z™1(B" x )), does not depend on
the choice of the integral 1-chain -y,, but only on the one-sided approximate limits u%(x)

Remark 3.6 The above facts yield that if m()) = 0, for every T € &1 —graph(B™ x )) the jump-
concentration set J.(T) agrees with the jump set J,, of ur and for every z € J,, the 1-dimensional
restriction Ty (T L {z}x)), see Definition 3.2, agrees on closed 1-forms in Z'()) with the current integration
over any integral 1-chain 7, in ) satisfying 0v, = 6@(@ = 0,2 () S€€ (3.2).

CARTESIAN CURRENTS. In the model case f(z,u,G) = |G|, clearly £;(T) agrees with
£11(T) ;:/ \VuT\dx+|DCuT|(B”)+/ Lo(e)dH (), (3.9)
B Je(T)

the BV -energy of T, see [12]. Notice that by property (b) we infer that for any T € & 1 —graph(B™ x )
Er(T) <00 = &.1(T) <. (3.10)

Definition 3.7 We denote by cart™(B™ x V) the class of currents T in € 1 —graph(B™ x Y) such that
5111(T) < 0.

For example, if u € W11(B",)) the current G, carried by the graph of u, see (1.3), belongs to cart!!(B" x
V) if and only if
G, (W) =0 YwezZ"HY(B"xY). (3.11)

The previous definitions are motivated by the following lower semicontinuity property, compare [12].
Theorem 3.8 Let n > 1 and T € cart! ' (B" x V). For every sequence of smooth maps {ux} C C1(B",))
such that G, — T weakly in Z,1(B™ x)), we have
1iminf51,1(uk) Z 5171(T) s 5171(1%) = / |Duk\ dl‘
k—oo Bn
In addition, if we assume that the first homotopy group m1()) is commutative, the following density
result holds true, see [12].

Theorem 3.9 Let T € cart''!(B™ x Y). There exists a sequence of smooth maps {uy} C C*(B"™,Y) such
that Gy, — T weakly in Z,1(B™ xY) and E11(uk) — E11(T) as k — 0.

PROPERTIES. As a consequence, we also obtain:

i) the functional T + & 1(T) is lower semicontinuous on cart’»!(B™ x Y) with respect to the weak
Z,,1-convergence;

ii) the class of Cartesian currents cartl’l(B" x Y) is closed under the weak Z,, j-convergence with equi-
bounded energies;

iii) &£1,1-bounded sequences in cart'!(B™ x Y) are relatively compact in the Z, 1-topology.

4 Lower semicontinuity of the energy
In this section we consider integrands f(z,u, G) of the type (3.1) for some function ]7: B" xRN x Rf — Ry

satisfying the properties (a), (b), (c) of the previous section. We shall prove that the energy functional
T — &;(T) defined by (3.8) is lower semicontinuous in cart!*(B™ x )) along smooth sequences.
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Theorem 4.1 Let T € cart™!(B™ x ). For every sequence of smooth maps {uy} C C1(B",Y) such that
Gy, — T weakly in Z, 1(B™ xY), we have

likminfé'f(uk) Z Ef(T) .

The proof follows the lines of the one given in [12] in the case f(z,u,G) = |G|, see Theorem 3.8. More
precisely, we shall first prove Theorem 4.1 in the case of dimension n = 1. Secondly, applying arguments as
for instance in [7], we shall deal with the case of higher dimension n > 2.

Remark 4.2 Theorem 4.1 continues to hold if we weaken the continuity assumption (c¢) by requiring an
upper semicontinuity property similar to the one in property (c) from Sec. 2.

PROOF OF THEOREM 4.1 (THE CASE n = 1): We follow line by line the proof given in [12], taking into
account the following facts and modifications:

i

ii)

iii)

iv)

We have T = Gt + S7, where Gt € BV —graph(B! x ) and

I
Sr =Y 6., xCi on ZY(B'xY),

=1

{x;:i=1,...,I} being a finite disjoint set of points in B!, possibly intersecting the Jump set J,,.,
and C; is a homologically non-trivial integral 1-cycle in Y.

If {z;};~7 C B! is the at most countable set of discontinuity points in J,,. \ {z; : i =1,...,1}, by
the properties of ) we have

Lr(z;) < C-uf(z;) —ug(zi)]  Vi>1,
where C'= C()) > 0 is an absolute constant, see (3.7). Now, property (b) yields

Cy O] < P2 (2,70, (3 @), BN 0) < C2 ()]

and hence
C1L(Y) < Lia(y) < C2L(y) (4.1)

for every v € I'p(z) and x € J.(T'). Therefore, for every € > 0 we find again () > I such that

> fr(wi) <e. (4.2)

i=l(e)+1

If {¥i}r is a sequence of Lipschitz arcs 7; : [0,1] — Y uniformly converging to a Lipschitz arc
vt € I'p(x;), by lower semicontinuity of the functional w.r.t. the uniform convergence, we have

‘Cfﬂii (az) S hkm inf Lfﬂvi (;%zc) :
By (3.5) we thus conclude again that

fr(x;) <liminf Lf .. (Vi) Vi=1,...,l(e),

k—o0
where v,i :[0,1] — Y is the Lipschitz reparametrization with constant velocity of Uk|[ai bi]-
By lower semicontinuity, due to the weak BV -convergence of u; — upr we have

el u+,& d| D ur| <liminf/ f(z,ug, Dug) dx .
T d|DCurp| T k—oo Jpg1 ’

f(z,ur, Vur) dz + /

B Bt
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We finally obtain
Er(T) — e < liminf f(z,ug, Dug) dz

k—oo Jp1

and hence the assertion, by letting ¢ \ 0. (|
To prove Theorem 4.1 in the higher dimension n > 2, we shall need the following property.

ONE-DIMENSIONAL RESTRICTIONS OF CARTESIAN CURRENTS. If T € cart®!(B",Y), for any
v € S*! the 1-dimensional slice
Ty :=TL(B")yxY

defines a Cartesian current T, € cart™!'((B")¥ x ) for L" '-a.e. y € (B"),. By Theorem 1.2 and by the
definition (3.8), on account of (3.1) we infer that the f-energy of T} is given for £" '-a.e. y € (B"), by

Er(Ty, Ay xY) = /A Fla,ur(y +tv), ((Vuk(y +tv),0)],. .., [(Vud (y + tv),v)))) dt
(L (ADCGRY,  ADCE\Y e,
+ /;f (ZL'7UTa <d|DC(UT)Z|"“’dDC(uT)§|>)dD (uT)y| (4.3)
+ Z fr(y+tv)
te(Je(T)NA)Y,

for any open set A C B".

PROOF OF THEOREM 4.1 (THE CASE n > 2): We modify the proof given in [12] in the case f(x,u,G) = |G|,
where we followed [3, Thm. 5.4]. Since {ux} C C1(B",Y) is such that G,, — T weakly in Z,1(B" x )),
for £ l-a.e. y € (B™), we infer that

(Gup)y =Ty weakly in 21 1((B"), x V),

where
(Gur)y = Gy » (ur)y (t) := up(y + tv) € C1((B")y, V).

Therefore, by the case n =1 we infer that
(T, Ay xY) < likrgior;fgf((uk)Z,AZ)
for any open set A C B™, where

Er((ur)y, Ay) = Ef(G(Uk)Z’AZ xY) = flz,up(y + tv), (Vug(y + tv),v)) dt.
Ay

Denote by v an extension to the countably H"~!-rectifiable set J.(T) of the outward unit normal to
the Jump set J,,.. We now define, for every open set A C B" and v € S~ 1,

EfT, AxY,v):=EHT, Ax Y, v) + EF (T, Ax YV, v) + EJ(T,Ax Y,v),

where
ENT,Ax V1) = / Flao,ur, ((Vak ), (V1)) d
A
c . ~ n d(DCu%p, v) d(Dcug, V) c
gf (T7A><yay) i /Af <$7uT7<d|<DCUT,V>|,”.’d|<DCUT,V> d|<D UT’Z/>|
EF(TAXY,v) = (v (@), v)| fr(z) dH" ().
J(T)NA

By the coarea formula we have

graxyn=[ (5 purm)iro).

v Me(J(T)NA)Y
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Moreover, Theorem 1.2 gives

E?(T,Axy,y)—/m</A

and

51?(T,A><y,y):/m</A

By (4.3) we thus obtain the identity

Flasur(y + ), ((Vab(y + 00), ). [(Vu (g + ), )]) dt) £ y)

v
Yy

P (v, (ol D Y e ) e ).

v d|D(ur)y|”" " d|D(ur)y

ENT, AxY,v) = / Ep(Ty, Ay x V) dL" (y). (4.4)

Similarly, setting for every k
&5l Aw) = [ Fa ((Tubo)lo. (V0 ) do

we obtain
5f(uk,A,y):/ E5((ur)?, AV) AL (y) (4.5)

The rest of the proof follows exactly the one in [12] for the case f(z,u,G) = |G|, but taking this time
&r instead of & 1. In particular, we set A := L™ + fr(-) H" 1L J.(T) + |Dur|, choose an L"-negligible
set £ C B™\ J.(T) on which |D%ur| is concentrated, and define

f@,ur, ((Vug, vi)l, .., KVl vi)])) if zeB"\(EUJ(T))
o) = { Wr@WIEE), sy D

Foo Up, V; Uu 3V’i :

f (z,u}',< d\DCZﬂ sy d|DCq1;T| )> if xekF

for a countable dense sequence {r;} C S"~'. The assertion follows, as [, sup;cy @i dX = E¢(T, B" x ¥).00

5 Density results for the energy

In this section we shall assume that the first homotopy group m()) is commutative and prove the following
density result for the energy &;(T") corresponding to integrands f as in Sec. 3, see Theorem 3.9 for the
model case f(z,u,G) = |G, i.e., for the total variation integrand.

Theorem 5.1 Let T € cart!!(B™ x V). There exists a sequence of smooth maps {uy} C C*(B",Y) such
that Gy, — T weakly in Z, 1(B™ xY) and Ef(ugx) — E;(T) as k — oo.

Remark 5.2 Asnoticed in [9], in the simple case of J = S!, the unit sphere, since the f-energy E¢(T') agrees
with the parametric variational integral F(T'), see Remark 3.4, the continuity theorem by Reshetnyak, see
Proposition 5.8 and Theorem 5.9 below, yields at once Theorem 5.1 as consequence of the corresponding
theorem in [8] relative to the total variation integrand.

RELAXED FUNCTIONAL. As a consequence of Theorems 4.1 and 5.1, setting
:‘,'\;(T) = inf{liminf f(z,ug, Dug)dz | {ur} € CH(B™,)),

oo Jpn (5.1)
Gy, =T weakly in Z, 1(B™ x y)} ,

we conclude that .
Ex(T)=E4T) VT ecart"(B" x ).
PROPERTIES. By Theorems 4.1 and 5.1 we also infer the following lower semicontinuity property.
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Proposition 5.3 Let {T}} C cart"!(B" x ) converge weakly in Z,1(B" x Y), Ty — T, to some T €
cartV1(B™ x V). Then

On account of property (b) and of the sequential closure of cart!(B™ x )) under the weak convergence
with equibounded &; ;-energies, we also obtain:

Proposition 5.4 Let {T}.} C cart’!(B"xY) converge weakly in Z,1(B™xY) to some T € D, 1(B"xY),
and supy, E¢(Ty,) < co. Then T € cart™(B™ x ).

By the relative compactness of €1 1-bounded sequences in cart’*(B" x Y) in the Z, 1-topology, we finally
infer:

Proposition 5.5 Let {T}} C cart"!(B" x ) be such that sup,, E¢(T)) < co. Then, possibly passing to a
subsequence, Ty — T weakly in Z,1(B" x Y) to some T € cart’(B™ x Y).

PROOF OF THEOREM 5.1 (THE CASE n = 1): Arguing as in the proof of the lower semicontinuity result,
Theorem 4.1, we will adapt our proof from the analogous one of [12], mentioning only the necessary changes.
In fact, due to the hypotheses (a), (b), (c), see Sec. 3, arguing e.g. as in Proposition 5.8 below, we may and
do apply a mollification procedure to the function uj§, defining this way a smooth map 5 : B' — RY such
that [Jv§ —u§l|p1(p1y <6 and

dDS £
feg D)< [ o, v ar+ [ (o) 20 Y aipngl,
Bl B1 Bl d|D U6|

where D%u§ := D% + D7u§. Since ur is continuous outside the Jump set J,, and (4.2) holds true, for
every o > 0 we find again n =n(c,d,¢) > 0 such that, in the a.e. sense,

Yo,y € B, |z—yl<n = |u§(z)—uS(y)| <o+e.
As a consequence, we may and do define v§ in such a way that in particular
dist(v§(x),Y) < ¢ Vz e B,
as required. 0O

PROOF OF THEOREM 5.1 (THE CASE n > 2): Following the proof of Theorem 3.9 for the model case
f(z,u,G) = |G|, compare [12], we will first prove:

Theorem 5.6 Let T € cart®!(B" x ). We can find a sequence of currents {T}} C cart®!(B"™ x Y) such
that
T, =T weakly in Z,1(B" x)), Er(Ty) — E¢(T)

and the corresponding functions uy := ug, in BV(B",Y) have no Cantor part, i.e, |D%ui|(B™) =0 for
every k. Moreover, uj weakly converges to up in the BV -sense and

Jim [ Dug|(B") = [Dur|(B").

Secondly, we will prove:

Theorem 5.7 Let T € cartb(B" x ) be such that the corresponding BV -function ur € BV (B™,)) has
no Cantor part, i.e., |Dur| = 0. There exists a sequence of smooth maps {ux} C C*(B",Y) such that
Gu, =T weakly in Z, 1(B"™ x)) and the energy E¢(ur) — E¢(T) as k — oo.

By a diagonal argument we then clearly obtain Theorem 5.1.

We shall recover Theorem 5.6 from the analogous result proved in [12] for the model case f(z,u,G) = |G].
To this purpose, we shall make use of the following continuity property from [9, Vol. II].
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A CONTINUITY PROPERTY. Denote by F11(T) the parametric variational integral associated to the
total variation integral f(z,u,G) := |G|, see Sec. 2. According to Remark 2.4 and to (2.5), we have

Fial)= [ Fov(n(), 7). T) diTle, 2,

compare (2.6), where for every (z,u) € B" x RY

_lwl i wed E€ A (R XT,Y) and £ >0
FTV(xauag) = { +00 otherwise in Aan-l—N

Proposition 5.8 Let {T;} C &1 —graph(B™ x Y) be such that T, — T weakly in Z, 1(B" xY) to some
T € &1 —graph(B™ x V). If Fi1(Tx) — Fi1(T), then Fy(Ty) — F;(T) for every continuous integrand f
satisfying the properties (a), (b), (c¢) of Sec. 2.

This relies on the following continuity theorem due to Reshetnyak [14], compare Thm. 1 in Sec. 1.3.4 of
[9, Vol. II]. Here, for any R™-valued Radon measure p defined on an open set U C R"*V we will denote
by 7 its Radon Nikodym derivative with respect to the total variation |u|, and by ux — p the weak
convergence in the sense of the measures.

Theorem 5.9 (Reshetnyak). Let G(z,p) be a non-negative continuous function defined in U x R™
satisfying the following properties:

1) G(z,-) is positively homogeneous of degree one for every z;
ii) G(-,p) is uniformly bounded as p € S™1;
iii) G(z,-) is essentially convex for every z, i.e.,
G(z,p+4q) <G(zp)+G(z9)  VYpgeR™,
where the equality holds if and only if ¢ = Ap for some A > 0.

Let F(z,p) be a non-negative continuous function that is homogeneous of degree one in p for every z and
that satisfies
0< F(z,p) <c1G(z,p) +c2 V(z,p) €U xR™

for some absolute constants c¢; > 0. Then we have

dm [ T A = [ PR

provided that pg, p are R™-valued Radon measures on U satisfying
o= [ GETE dnl — [ GETE o k-,

PROOF OF PROPOSITION 5.8: We set U = B" x RN, z = (x,u), and m = 1 +nN. As before, we identify
vertical homology equivalence classes of currents 7 € D, 1(B" x )), see (1.6), with measures j 7y, and

take the & 1-norm of T instead of the total variation of fir, so that () = T if |Tle,, < oo and
—
T =|T|e ,T. Set now

G(Z7p) = FTV(ZL',’U/,p), F(Zap) = Ff(.’L’,’U,,p)

if w € ) and p is identified with the components &) + §(1) of an n-vector satisfying § € A,(R™ x T,,))
and £9 > 0. By suitably extending G and F, it is readily checked that we may and do apply Theorem 5.9.
Since the convergence 7,y — () reduces to the weak convergence Ty — T' in Z, 1, whereas

/G%ﬁm®ﬂwm:ﬂﬂﬂ, /F@ﬁmmmwm:ﬂ@m
U U
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the proof is complete. O

PROOF OF THEOREM b5.6: We recall from [12] the main steps of the proof of Theorem 5.6 for the model
case f(x,u,G) = |G|. In this case we have L¢(z) = Lr(z) for = € J.(T), see (3.7).
For every m € N we find a closed subset J,,, C J.(T') such that

1
Jmn CJmy1 and / Lr(zx)dH" ' (z) < —  VYm. (5.2)
Te(T)\Jm

m

We also find an open subset Q,, C B™\ J,,, and a BV-function w,, € BV (B™,)) such that the following
facts hold:

i) Up =ur on B™\ Qp;

T =Gy, LQyy xY+TL(B"\ Q) x)Y,
then T, € cart"!(B" x Y) and T, — T weakly in Z, 1(B" x Y);
vi) E11(Ton, Qm x V) — | D%z |(B™) + |Dur|(B™) by iv), so that by (5.2) we obtain
lim &.1(Tpn, B" x V) = &.1(T, B" x V).

From the above properties we also infer that
lim Fi 1 (T, B" xY)=F11(T,B" x Y).
m—00
Therefore, by Proposition 5.8 we obtain
lim Fy(Tm, B" x ¥) = F¢(T,B" x V),

m— 00

where F; is the parametric variational integral associated to the integrand f, see (2.6). Now, the first two
terms in £;(T), corresponding to the "diffuse” part Vur dz+ Dur of Dur, agree with the corresponding
terms of F;(T), see Remark 3.4. Moreover, since Q,,, C B™ \ J,,, property (4.1) yields that

/ Fr(@) dH™ () < / Fr(x) dH™(z) < Cy / Lo () dH™(z)
JC(T)QO, Jc(T)\Jm, Jc(T)\Jm,

By (5.2) we readily conclude that £¢(T},) — £7(T'), as required. O

PROOF OF THEOREM 5.7: For any T € cart’}(B" x V) we set
bt B) = [ g @), 6:3)
J(T)NB

We also denote by F(T) the flat norm

F(T) :==sup{T(¢) | p € 2" 1(B" x ¥), F(¢) <1},
where

P(o) = max{_swp [0l sup o))}

z€B" XY z€EB™ X

and recall that the flat convergence F(T} —T) — 0 yields the weak convergence T, — T in Z, 1(B" x }),
compare [15]. Arguing as in [12], we reduce to prove:
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Proposition 5.10 Let T € cart':!(B™ xY) be such that the Cantor part |DCur|(B™) = 0. Let € € (0,1/2)
and k € N. We can find a current T € cartV!(B™ x ) such that
E(T,B" x Y) < EHT,B" x Y) + ¥, |Dug|(B") =0,

. T 5.4
pye7(B") < B pryer(BY) and F(T —T) <&, (5.4)

where pyer is given by (5.3) and F is the flat norm.

In fact, by a diagonal argument, we find a sequence {T}} C cart®*(B"™ x ))) that weakly converges to T
with £¢(Ti) — £¢(T) as k — oo and such that, if uy := ug, is the BV-function corresponding to T}, we
have |D%ux|(B™) = 0 and pjer, (B") = 0, so that ux € WHY(B",Y) for every k. Therefore, T}, agrees
with the current G,, given by the integration of forms in Z™(B™ x )) over the rectifiable graph of uy,
see (1.3), so that &¢(Tk) = Ef(ug).

By means of Bethuel’s density theorem [4], for every k we find a smooth sequence {uglk)}h c CYB™,Y)
that strongly converges to u;, in the Wll-sense as h — oo. In fact, even if the first homotopy group m())
is non-trivial, being commutative it is homeomorphic to the first homology group H;()). Therefore, the
null-boundary condition (3.11) for uy allows to remove the (n—2)-dimensional singularities, compare [5] and

g. [10]. Lower dimensional singularities are removed as in [4]. Now, by the dominated convergence theorem

and by property (b), we infer that the strong convergence yields G ) — Gy, with &f (ugk)) — E¢(ug). The
h

assertion then follows by means of a diagonal argument. |

Remark 5.11 This is the exact point where the commutativity hypothesis on the first homotopy group
m1(Y) is used, in addition to (3.11), see the counterexample in Section 6 below.

PROOF OF PROPOSITION 5.10: We follow the lines of the proof of the corresponding proposition from [12]
for the model case f(z,u,G) = |G|, but this time replacing the BV-energy & 1(T") with the energy £¢(T),
taking Ly(z) instead of Lr(z), see (3.5), and setting pp := pig,r + pje,r, where

pa,r(B) = / f(zyur, Vur(z)) de
B
and pjer is given by (5.3), so that by (3.8) for every Borel set B C B™ we have
E(T, B xY) = pr(B) = par(B) + pyer(B),
as |D%ur|(B™) = 0. The proof from [12] continues to hold, taking into account the following modifications:
Step 1: Blow-up argument. We use the estimate Ci|Dur|(B) < pur(B) to obtain the analogous conclusions.
In addition, due to the continuity hypothesis on f, property (c) in Sec. 3, and to the compactness of ) in

RY, we may and do define the family of balls B; := B(p;,r;) with radii r; sufficiently small that for every
x € B; we have

‘f(xaqu)_f(pjvqu”§0(1+|GD Vuel, VGGM(N,TL) (55)
We also remark that, since fr(p;) is the (n — 1)-dimensional density of pj.r at p;, we have

\wrer(B) = fr(py) - wno1 " <o -wpar™ T (5.6)
Step 2: Approzimation on the balls B;. We have:
i) Since for every v € BV(B™,Y)

C’l/ \Vv|d;v§/f(x,v,Vv)dngg/(1+\VU|)dm,
B B B
we conclude again that

/ _ flz,wf, V) dx

Qs\ Qs

is small if § and o are small.
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ii) The current fj” € cart™ ((BR \ Q) x V) satisfies the boundary condition

OTy = 9T LOBjp x Y —[0D, x {0}] x I
—+ [[aQ(sﬂB:'_]]XdZT—[[anﬁBr_]]X(Szf

for a suitable integral chain I'; € D1(Y) satisfying

Tp(TL{p;} x¥)=T;  on Z"(B" x ),
where zji

following energy estimate holds:

E(T7, (B \ Q) x V) < f@,uf, Vug) da
Bn
+ cornl +copgery (Br).

iii) To extend f;’ to a current in cart™!(int(B;) x V), we take v; € I'r(p;) satisfying (3.6).

construction ~; belongs to I're (p;) and satisfies

Lyp,(vi) = fre(p;) = frp;)

and ;%[ (0,1)] = T;. Defining again v7 : Qs — Y by

1 Ty - -
@) =5+ =), FED., p<psly(@)/2,
! N2 ps(y(@))
1 n ~ ..
and changing variable ¢ := - + % for every T, we observe that by Fubini theorem
Ps Yz

. f(pj, v (x), Dvf () dx =

ws(y(@))/2 _
= [a @ [ Fo . (esw@) (5O [ O))) da
D, *lsaé(y(z))ﬂ

= / dﬁ"’l('f)/ F (2575 ); (25@) (B O -, AN (OD)) w5 (y(@)) dt
D,. 0

the last term converging as 6 — 07 to

[ a@ / (03 @) (5] )] 13N () db = L7 (Dr) - L, (1),

r

are the one-sided approximate limits of ur at pj;, so that dI'y = J,+ — 0,-. Moreover, the
J J

(5.7)

By the

(5.8)

by definition of recession function, and hence, definitely, to £"~1(D,.) - fTJq (p;). On the other hand,

by (5.5), (5.6), (4.1), and (5.8) we obtain

[ @i [ s, <

§J~/~ (1+|va(:r)|)dx§cr(|ﬂg|+£" L / 9, (t |dt>
/s

< o (1] + L"7HDy) Ca fr(ps)) < o (1] + ¢ ™ (pger(By) + 1)),
where ¢ > 0 is an absolute constant.

iv) As a consequence, the function v{ satisfies the energy estimate

2 f(amvj , Dvy )dz < cor™ 4+ CO'/L]C’TJU(BJ') + E"_I(Dr) . ijc' (p;)
Qs
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if § > 0 is small. Therefore, on account of (5.7), the current ij(”) = fj‘? + Gyz belongs to
cart’! (int(B;) x V) and satisfies

E((T}7 int(By) x V) < E(Tf.BpxY)
+ CUTn_1+CUMJC7TJ§(BR).

Step 3: Flat distance. Unchanged.

Step 4: Approximation on the whole domain. This time we obtain
5f(Tj(g),int(Bj) x)) < / f(@,ur, Vur)dz + (1 + co) pjer(Bj) + cor," "
B

and hence

ET7,B" xY) < f(z,ur, Vur) dr + (14 co) py, r(B™) + coH"1(J),
B'n.

so that if o =o(e, k,J, pjer) > 0 is small, we conclude with
Ei(T°,B" x V) < E(T,B" x V) + ",

as required. 0

6 The relaxed energy of functions

In this section we analyze the lower semicontinuous envelope (0.2) of the variational functional (0.1) corre-
sponding to integrands f defined as in Sec. 3. Of course, it may equivalently be defined for every function
u € LY(B™,Y) by

E;(u) = inf{liminf f(z,ug, Dug)dz | {u} € CH(B™,Y),

k—oo Bn

ug — u  strongly in Ll(B”,RN)} .

For any u € BV(B",Y) we denote by
T = {T € cart" (B" x )) | ur = u} (6.1)

the class of Cartesian currents 7' in cart’!(B™ x Y) with underlying BV-function ur equal to u.
In the sequel we shall assume that the first homotopy group w1 (Y) is commutative. We first prove

Proposition 6.1 Let u € L'(B",Y). The following facts are equivalent:

i) we BV (B™Y);

ii) the class T,b* is non-empty;

iii) €5 (u) < oo.
PROOF: The implication i) = ii) was proved in [12]. To prove that ii) = iii) we observe that, if T € 7,1,
by Theorem 5.1 we find a sequence {ux} C C*(B™,Y) such that G,, — T weakly in Z, 1(B" x Y) and
Er(ug) — E5(T) as k — oo; this yields also that ur — up weakly in the BV -sense, where up = u, and hence
Ef(u) < oo. To show that iii) = i), we observe that if uy — u with [, f(x,ug, Duy)de — Ef(u) < oo,
by property (b) we have limsup,_, an | Dug| dz < oo whence, possibly passing to a subsequence, u; — u
weakly in the BV-sense and finally v € BV(B",)). O

From the results of the previous sections we also obtain the following representation formula.
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Theorem 6.2 For every u € BV(B™,Y) we have
E(u) = inf{E,(T) | T € T} (6.2)

PROOF: Let {u} C C*(B™,Y) be a sequence of smooth maps with equibounded energies, sup; E(uy) < oo,
weakly converging to u in the BV-sense, see Proposition 6.1. Since sup, ||Dug|/z1 < oo, see property (b),
by compactness, possibly passing to a subsequence we find that G,, — T weakly in Z,1(B™ x )) to
some T € cart’!(B™ x ))) satisfying ur = u, i.e. T € T,M!, see (6.1). Since by lower semicontinuity,
Proposition 5.3,

gf(T) < lim

inf 5]0 (uk) ;
k—o0

we readily conclude that .
inf{&;(T) | T € T, '} < & (u).

To prove the opposite inequality, by applying Theorem 5.1, for every T € T,1'! we find a sequence {uy} C
CY(B™Y) such that G,, — T weakly in 2, 1(B" xY) and E;(uy) — E7(T) as k — oo. Since the weak
convergence G,, — T yields the convergence up — ur weakly in the BV-sense, hence strongly in L', and
ur = u, we find that g}(u) < Ef(T). O

As a consequence, by the definition (3.8) of f-energy we readily obtain
Corollary 6.3 For every u € BV(B™,Y) we have
i 00 + dD% C
Ew = [ flu@),Vu@)de+ [ (a0t @), o2 (@) dDCu)
Bn n d|DCU| (6 3)

+ inf fﬂ@mw*@HTeﬁﬂ}
Jo(T)

THE CASE OF SIMPLY-CONNECTED MANIFOLDS. If the first homotopy group w1 () is trivial, e.g.,
if Y =SP for some p > 2, on account of Remark 3.6 we readily infer:

Corollary 6.4 Assume that w1 ()) =0. Then for every uw € BV (B™,Y) we have

— “u
Er(u) = . f(z,u(z), Vu(x)) dz +/n o <x,u+(x), dc|ilD)Cu|(x)) d|D |
+ /J Do) d’H"_l(ac) ,

where
Pru(@) :=inf{Ls(7) | v € Tul2)},
Ly () is given by (3.4), and
Lu(z) == {y € Lip([0,1],Y) | 7(0) =u"(z), ~(1) =u"(2)}
is the family of all smooth curves vy in Y with end points u*(z).

Remark 6.5 In the model cases f(z,u,G) = |G|, or f(z,u,G) = /14 |G|?, we have L;.(y) = L(7),
the standard length of ~. Therefore, if m()) = 0, we infer that ®,(x) agrees with the geodesic distance
between u~(z) and uT(x).

PROPERTIES. Set now for every function u € L'(B",)) and open set A C B", say A € A(B"),
F(u, A) = inf{likminfgf(uk,A) | {ux} C CH(B™, ),
up — u strongly in Ll(B”,RN)} ,

where

&wA%=AfMuDMW, veCHBMY), Ac AB".

From the above results we readily infer the following locality property:
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Corollary 6.6 For every u,v € BV(B",Y) such that w=v a.e. on B™ we have
F(u, A) = F(v, A) VAeAB").

However, a part from the case m1()) = 0, see Corollary 6.4, from Theorem 6.2 we infer that in general,
for a given u € BV (B™,Y), the set function A — F(u, A) is not a measure.

A COUNTEREXAMPLE. If the first homotopy group m;()) is non-commutative, the density theorem 5.1
fails to hold, even in dimension n = 2 and with T = G, for some Sobolev map u € Wh1(B", ), see
(1.3). For example, take as ) a 2-surface of genus two in R3, e.g.., the standard torus with two "holes”,
and let ¢ : S! — ) be a Lipschitz function that is not homotopic to a constant map in Y but satisfies
0x[S'] = 0, hence ¢ is homologically trivial. The map ¢ can be obtained by describing a continuous
loop that belongs to the nontrivial homotopy class given by the sequence of letters ABA~'B~!, where A, B
are suitable generators of m1(Y). Setting u(z) := ¢(x/|z]), since G, = —dy x px[S'], see [9, Vol. I,
Sec. 3.2.2], the current G, satisfies (3.11) and hence belongs to cart''!(B™ x )). Taking e.g. the area
integrand f(z,u,G) = /1 + |G|2, we cannot find a sequence of smooth maps u; : B2 — ) such that
Gy, — G, weakly in Z51(B? x Y) and Ef(ug) — E¢(u). In fact, as noticed in [1], as a consequence of
Theorem 5.9, one obtains that the conditions

up —u in L', Duy — Du weakly* in L', / \/1—|—|Duk\2d$—>/ V1+|Dul?dx
B2 B2

yield that up — u strongly in W11, Therefore, by B. White’s results [16], for a.e. radius 0 < 7 < 1 the
restriction ujppz of u to the boundary of the 2-ball of radius 7 should have the same homotopy type of
ur|apz, a contradiction, as ujgpz ~ ¢ but ugapz ~ 0. On the other hand, since G,, € T.)'' we clearly have

E{E;(T) | T € TN} = &5 (u) = / I+ Dup dz,
BZ

but we have seen that Tc”;(u) > Er(u), hence (6.2) fails to hold.

Acknowledgement. The second author thanks the Research Center Ennio De Giorgi of the Scuola Normale
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