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ABSTRACT. We establish local regularity theory for parabolic systems of Uhlenbeck type
with ¢-growth. In particular, we prove local boundedness of weak solutions and their
gradient, and then local Holder continuity of the gradients, providing suitable assump-
tions on the growth function ¢. Our approach, being independent of the degeneracy of
the system, allows for a unified treatment of both the degenerate and the singular case.

1. INTRODUCTION

We study local regularity theory for the following parabolic p-Laplace system

/
(1.1) u, — div (Mpu> =0 in Qp=0Qx(0,T),
| Dul

where 2 C R™ (n > 2) is open, ¢ is an Orlicz function verifying suitable growth conditions
(see Section 2), u = (u',...,u") is a vector-valued function of (z,t) € Q x (0,T), u, is
the derivative of u for time variable ¢, and Du = D, u is the gradient of u for the spatial
variable x. In particular, we prove the local boundedness of u and Du and the local
Holder continuity of Du.

A special case of ¢ in (1.1) is the p-power function, i.e., p(t) = %tp with 1 < p < oc.
In this case, we have the elliptic and parabolic p-Laplace systems

div (|[Dulf?Du) =0 in @ and  u;—div(|Duf’?Du) =0 in Q.
For the elliptic p-Laplace system, Uhlenbeck [38] proved the local Holder continuity of
Du when p > 2. In [38], Uhlenbeck considered the system
(1.2) div (o(|Dul*)Du) =0

and assumed that o satisfies a p-growth condition. Note that by setting ¢(s) := [ 7o(7%) dr
(ie., o(s*) = ¢/(s)/s) the previous system is changed to

(13) v (el o) =

which is the elliptic counterpart of (1.1) and the Euler-Lagrange system corresponding
to the following autonomous and isotropic energy functional

| #A1ul)da.

From this fact, we sometimes say that the system (1.3) or (1.1) has the Uhlenbeck struc-
ture. It is worth to point out that the radial structure, meaning the dependence through
the modulus of the gradient, is the only one that prevent the formation of singularities
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(even boundedness of minimizers) and allows to prove everywhere regularity results in
the vectorial case, see counterexamples in [34, 36] and also [33, Section 3].

Examples of (t) satisfying the conditions in the paper are ¥, t? log(1+t), max{t?, 17},
min{#, 7}, and so on. A more complicate example, which can fit experimental data,
can be found in [2, Section 2.3]. Moreover, the system (1.2) is strongly concerned with
stationary, irrotational flows of compressible fluids. Precisely, when N = 1 hence u = u,
if o is the density of an irrotational flow, then the gradient Du of a solution to (1.2)
represents the velocity of the flow hence the solution w is called the velocity potential of
the flow. At this stage, for an ideal flow (e.g. a polytropic flow) the density function p
depends on |Dul?. We refer to [3, 18] for applications of the above system to stationary,
irrotational flow of compressible fluids.

After the pioneering work of Uhlenbeck, Tolksdorf [37] obtained C'*-regularity results
for more general elliptic systems with p-growth when 1 < p < oco. We also refer to
[19, 1, 21] for everywhere C'*-regularity results for elliptic systems with p-growth. For the
parabolic p-Laplace system, DiBenedetto and Friedman [11, 12] (see also the monograph
[10]) proved Holder continuity of Du when nz—j:g < p < oo and we refer to [5, 39, 6, 8, 9, 4]
for further related results for parabolic p-Laplace systems.

For a general function ¢, Lieberman studied regularity theory for elliptic equations
(i.e., N = 1) with p-growth, and around the same time Marcellini [30, 31] had considered
elliptic equations with general (p, q)-growth. Full Ct*-regularity for the elliptic ¢-Laplace
system (1.3) was established by Marcellini and Papi [32] and by Diening, Stroffolini
and Verde [17]. Marcellini and Papi proved Lipschitz regularity for local minimizers of
functionals with growth conditions general enough to embrace linear and exponential
ones. The conclusion then follows using the C'-regularity of the operator, with the
help of classical results. The second result, instead, is reminiscent of the Uhlenbeck
proof: a nonlinear quantity (| Dul) is shown to be a subsolution of an elliptic equation.
In addition, the authors were able to prove an excess decay estimate for V,(Du) (see
Section 2 for the definition of V,) which implies the Holder continuity of V,(Du) and
hence of Du.

On the other hand, CY-regularity for the parabolic p-Laplace system (1.1) has re-
mained an open problem. There have been partial developments in this direction. Lieber-
man [27] proved that if Du is bounded, then Du is Holder continuous. Hence the local
boundedness of Du is missing. Diening, Scharle and Schwarzacher [15] obtained the local
boundedness of Du for (1.1) under an additional integrability condition on Du which is
unnatural in the singular case, that is, p < 2 in (2.6). Moreover, Isernia [26] obtained the
local boundedness of u for (1.1).

We note that in [27] the approximation of the parabolic system (1.1) with nondegen-
erate systems is omitted and the weak solution is assumed to be twice differentiable with
respect to the x variable. In fact, one has to consider approximate nondegenerate para-
bolic systems (e.g. (4.1)), and obtain uniform regularity estimates by differentiating these
systems. At this stage, the twice differentiability of weak solutions of these systems with
respect to the x variable is needed. However, the proof of the twice differentiability for
parabolic system with ¢-growth is unclear and not an easy generalization of the one for
the parabolic p-Laplace system. Even in the elliptic case, a more delicate analysis is re-
quired, see [13, Section 4]. In addition, Baroni and Lindfors [2] obtained the Holder and
Lipschitz continuity of solutions to Cauchy-Dirichlet problems for parabolic equations
(N = 1) with p-growth, see also [29] for similar results for parabolic obstacle problems
with ¢-growth. For more regularity results for the parabolic system with p-growth we
refer to [7, 16, 23, 24, 25, 35].



In this paper, we establish full C'*-regularity for the parabolic ¢-Laplace system (1.1)
by filling all the gaps in previous results. Let us state the main result.

1.1. Setting of the problem and main result. Suppose the function ¢ : [0,00) —
[0,00) is an N-function satisfying Assumption 2.1. A function u = (u!,u?,...,u") €
Cloc (0, T; L2 (Q,RN)) N LY (0, T; W,h# (€2, RY)) is said to be a (local) weak solution to

loc

(1.1) if it satisfies the following Weak form of (1.1):

/

Du

_/ H'Ctdz"'/ MDU D(dz=0 forall ¢ € C®Qp,RY),
O or |Dul

where “” and “” are the Euclidean inner products in RY and R¥", respectively. By
the density of smooth functions in Orlicz-Sobolev spaces and a standard approximation
argument (see e.g. the proof of Theorem 1 in [26]), one can see that the weak solution u
to (1.1) also satisfies for every 0 < t; <ty < T,

(1.4) /,u C(z,t)d // { w-cot ZUPY b el ards = o

| Dul

for all ¢ € WlZ(tl,tQ,Lz(Q/ ]RN) N LP(ty, ty; Wy ? (Y, RY)) and Q' € Q. We note that
weak solution u is not weakly differentiable with respect to . Therefore, we cannot take
a test function ¢ involving the weak solution directly. This technical obstacle can be
overcome by using approximation via Steklov average, see [10, 1. 3-(i) and II. Proposition
3.1], which is by now a standard approximation argument. Hence we will assume that u
is differentiable, and consider test functions involving the weak solution without specific
comment.

We state C1%regularity, which is the maximal regularity, for the weak solution u of
the system (1.1). This result follows directly by combining Corollary 5.3 and Theorem
6.1.

Theorem 1.1. Suppose p € C*(]0,00)) N C?((0,00)) satisfies Assumption 2.3 with

2n
1.5 >
(1.5) b=y

and let u be a weak solution to the parabolic system (1.1). Then Du is locally Holder
continuous. Moreover, there exist a € (0,1) and ¢ > 0 depending on n, N,p,q, 71, c such
that for every Qar(z0) € Qr and every 0 <r < R,

osc Du < c)\(ma { (N2, ”)\’%}Ly
Qr(20) XQD()QO() R

(=yrer)
Aim (][ gp(|Du|)dz+1) |
Q2r(20)

We remark that the condition (1.5) is essential in the regularity theory even for the
parabolic p-Laplace system, without any additional integrability condition on the solution
u, see [12, 8] and also [10].

We shall introduce the strategy of our paper. We prove sequentially local L*°-regularity
of the weak solution u to (1.1), the local L>®-regularity and C'“-regularity of Du, by pro-
viding essentially sharp conditions on . As for the local boundedness of u (Theorem 3.1),
we apply the Moser iteration to a suitable test function. Next, using the parabolic em-

bedding result in Lemma 2.9, we reach the conclusion. Once the L*°-regularity result is
3
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achieved, we prove twice differentiability of weak solutions to approximate nondegener-
ate systems in Lemma 4.1 by using the difference quotients and a Giaquinta-Modica type
covering argument. Note that the boundedness of u plays an important role in the proof
of Lemma 4.1 since the constant p in (2.6) can be less than 2. Then by differentiating the
approximate nondegenerate system and applying Moser iteration again, we obtain L
estimate for Du in Theorem 5.2 and Corollary 5.3. Finally, we revisit the results with
the proofs in [27], and prove Theorem 1.1.

2. PRELIMINARIES

2.1. Notation. We write u = (u®) = (u!,...,u") € RY and Q = (Q%) € RV = RM»
where 1< i <nand 1 < a < N. For z = (z,t) € R" x R, we introduce the parabolic
cylinder

(2.1) Qr(2) :== By(z) x (t — 12,1,

where B, (z) denotes the open ball in R™ with center = and radius r. The symbol 0,Q, ()
denotes the usual parabolic boundary of @,.(z).

Let f: E — [0,00) with ' C R. f is called almost increasing (resp. almost decreasing)
if there is L > 1 such that f(s) < Lf(t) for all s,t € E with s < ¢ (resp. ¢t < s). In
particular, if we can choose L = 1, then f is simply called increasing (resp. decreasing).

By x* we denote the Sobolev conjugate exponent of y; i.e., x* := % for x < n, while
we agree that y* := 2y if x > n.

The notation f ~ g means that there exists constant ¢ > 1 such that % f<g<cf. We
will use the Einstein summation convention, that is, we will omit the summation symbol
for indexes that appear twice, see e.g. (2.18) and the next inequality.

2.2. Orlicz functions. In this paper, ¢ : [0,00) — [0, 00) is always an N-function, that
is, ¢(0) = 0, there exists a right continuous derivative ¢’ of ¢, ¢’ is increasing with
¢'(0) =0 and ¢'(t) > 0 when ¢ > 0. For simplicity, we shall assume that

e(1)=1.

Note that if we do not assume the above condition, then constants ¢ may depend on ¢(1).
Moreover, we assume that ¢ satisfies the following growth conditions:

Assumption 2.1. ¢ : [0,00) — [0,00) is an N-function, and there are 1 < p < q such

et)

~ s almost decreasing for t € (0,00) with constant

that % s almost increasing and

L>1.

The almost decreasing and increasing conditions in Assumption 2.1 are equivalent to
the Ay and Vs, conditions for ¢, respectively. Compared with the Ay type conditions,
the benefit of the almost increasing/decreasing condition is that we can directly see the
lower and upper bounds of an exponent factor of . In particular, we will prove the
boundedness of the weak solution to (1.1) under the above assumption where the lower
bound p will play a crucial role. We also remark that Assumption 2.1 with L = 1 is
equivalent to the following inequality

(2.2) 1<p< <q, t>0.

For any ¢ > 0 and 0 < ¢ < 1 < C there holds
(2.3) () < plet) < Pp(t) and CPo(t) < o(Ct) < Cp(1).
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The conjugate function of ¢ is defined as

©"(t) == sup (st — p(s)).

s=0

From the definition, the following Young’s inequality
(2.4) st < o(t)+¢*(s), s,t=0,

holds true. Since the exact value of p* is not always explicitly computable, the estimate

(25) w(ﬂ9)~www»~mw

t

will often be useful in computations (see [22, Theorem 2.4.10]). In fact, the above relation
holds true since Assumption 2.1 guarantees the As condition for both ¢ and ¢*, and
relevant constants depends on p, ¢ and L.

For higher order regularity results we will consider stronger assumptions.

Assumption 2.2. ¢ : [0,00) — [0,00) is an N-function and satisfies
(1) ¢ € C*([0,00)) N C2((0, 00))
(2) There exist 1 < p < q such that

te" (1)
' (t)
Note that Assumption 2.2 implies Assumption 2.1 with the same p and ¢ and with the
constant L = 1, hence we have (2.2).
We notice that in the above two assumptions we can replace p and ¢ by min{p,2 — ¢}
and max{q,2+¢} for € > 0, respectively. Therefore, without loss of generality, we always
assume that p and ¢ satisfy

(2.6) 0<p—1< <g—1, t>0.

(2.7) l<p<2<yq.

The next assumption is adding an Holder type continuity on the Hessian of ¢(|Q]) for
Q € R"", denoted by D¢ (|Q]).

Assumption 2.3. ¢ : [0,00) — [0,00) is an N-function and satisfies Assumption (2.2).
Furthermore, there exist positive constants 1 and c;, such that for every Q,P € RN™ with

Q- P|<3[Q],

2.8) U%M@WJ%WWM<%(@25

- )%mm»

Note that if ¢(¢) = t? with 1 < p < oo, then it satisfies Assumption 2.3. Similar
assumptions were used for proving the C**-regularity for minimizers of functionals with
general growth in [17].

If ¢ satisfies Assumption 2.1, we define the Orlicz space L?(2, RY) as the set of all
measurable functions f : Q — RY such that

[gwwmm<m

and the Orlicz-Sobolev space Wh#(Q, RY) as the set of all f € L?(Q, RY)NWH(Q RY)
such that

LwWﬁ@de<w-

LP(Q,RY) and W2 (Q, RY) are endowed with the usual Luxembourg type norms. Then

they are reflexive Banach spaces. Moreover, the parabolic space L?(t1,ty; W1#(Q,RY))
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denotes the set of all functions f € L'(t1, to; WH1(2,RY)) such that f(-,t) € WH#(Q,RY)
for a.e. t € (0,7") and

/: /Q e(|Df(z,t)]) dzdt < oo.

2.3. Shifted N-functions and related operators. The following definitions and re-
sults about shifted N-functions can be found in [13, 17].
For an N-function ¢ and for a > 0, we define the shifted N-function ¢, by

ou(t) = /Ot%ds <i.e., gog(t):@,((za—_i::ﬂt).

We note that if ¢ satisfies Assumption 2.1 or 2.2 or 2.3, then ¢, also satisfies Assump-
tion 2.1 or 2.2 or 2.3 uniformly in a > 0 with the same p and q. We then recall useful
inequalities for shifted N-function ¢, in [13] and [17].

Lemma 2.4. [17] Let ¢ satisfy Assumption 2.2. Then we have

29) ault) ~ (D)1
(2.10) o)~ ¢ ) ~ A EOE D
211 pla+ )~ [.(0) + o(a)].

which hold uniformly with respect to a > 0.

Lemma 2.5. [13, Lemma 32| Let ¢ satisfy Assumption 2.1. Then for all 6 > 0 there
exists cs > 0 depending only on p, q, L and 6, such that for all t,u,a >0

tu < op(t) + csp*(u)

b’ (u) +ug (1) < dp(t) + csp(u),

tu < Spa(t) + csn(u) ,

tepl (u) 4+ ugl () < 0alt) + cspa(u) -

Lemma 2.6. [13, Lemmas 24 and 29]. Let ¢ satisfy Assumption 2.2.
(1) Uniformly in s,t € R™ with |s| + [t| > 0

(2.12)

(2.13) ¢ (Is] + )]s — t] ~ @ (|s — 1)),
(2) There exists ¢ = ¢(p,q) > 0 such that for all sy, s9,t € R"
(2.14) Plog (I51 = 821) S @y (Is1 —2]) + @y (Is2 — 21)

where the hidden constants above depend only on p and q.

The following lemma (see [14, Corollary 26]) deals with the change of shift for N-
functions.

Lemma 2.7 (change of shift). Let ¢ be an N-function with As(p), Aa(p*) < co. Then
for any n > 0 there exists ¢, > 0, depending only on n and Ay(p), such that for all
a,beR" andt >0

(2.15) Plal(t) < copppl (t) + e (la = 0]) -
We next define vector valued functions A,V : R¥® — RN» by
a@ = S a=Dpalplial] md V@)= F P a

6



In particular, for 1 < p < 00, we denote by V,(Q) the function V associated to ¢(t) = ]lgtp;
ie., V,(Q) := \Q\ Q With shifted N-function ¢,, we define accordingly

va(1Q]) va(1Q])
Q| Q|
We further suppose that ¢ satisfies Assumption 2.2. Denote
0AQ)] _ £(Q)) (w”(IQI)IQI ) Qe
2.17 AP(Q) = i _ 5008 4 (LURDIQE ) Wity L
A0 A= e = T 1 Ui QP

where 1 <i,j <nand 1 < a,3 < N. Here, 6% and 4;; are the Kronecker symbols. Note
that Dge(|Ql) = (AZ’B(Q)) Then we see that

(2.16) A“(Q):= Q, VY(Q):= Q and V4(Q):=(a+Q)F Q

C'1QD, 2 yas < ¢'(1Q)
2.18 min{p — 1,1 < AT < ma —1,1
219 mingp— 1.2 < 4P @uid < maxty - 1.1 R oy
for all Q,w € R™Y. Moreover, since

AP)-AQ = [ ZACPH1-DQldr = [ ATEP0-nQE- Q) dr

using the above results and [13, Lemma 20|, we have that

(A(P) - AQ): (P~ Q) >+ ( / AP+ (1= 7)Q)) dT) P QP

TP + (1 — 7)Q|

1o'(|P[+1]QJ) 9

> 12 UET R0 e qp,

Z el A
and
(2.19)

ae) - a@)<e( [ FEEE M ) ip o< 2 Rp - q

Moreover, we have that

(2.20) (A(P) - A(Q): (P - Q) ~¢p(|P — Q) ~ [V(P) - V(Q)
and

(2.21) |A(P) = A(Q)[ ~ ¢ip| (P — Q).

(see [15, Lemma 3.1]). We note that the estimates in above still hold for ¢, and the
related operators A® and V.
From [15, Lemma 3.3], it follows that

|AY(Q) — A(Q)] < ¥iq(a).

Applying the same argument to the N-function @|q defined by @TQ\@) = cpl’Q‘(t)t, we
obtain
(2.22) V4Q) - V(Q)I* < cl@q(a)* ~ piqi(a) -

Note that all constants concerned with the relation ~ and ¢ in above depend only on
p and q.
7



2.4. Embedding. We recall a Gagliardo-Nirenberg type inequality for Orlicz functions
in [23, Lemma 2.13]. A function ¢ : [0,00) — [0,00) is said to be a weak ®-function if
it is increasing with ¢(0) = 0, limy o+ ¢(t) = 0, lim;—, 1o ©(t) = +00 and such that the

map t — @ is almost increasing. Note that every N-function is a weak ®-function.

Lemma 2.8. Assume that 1) : [0,00) — [0,00) is a weak ®-function and such that
t s Y9 s almost decreasing with constant L > 1 for some ¢ > 1. For p € [1,n) and

ta1

g2 > 0 we have

(£ vty as) <e( £ wiomrs vy as) w((f 117a) )

for some ¢ = c(n, L, q1,q2) > 0, provided that 6 € (0,1) and v satisfies
1 > 9 + m )

v 2
Applying the above lemma we can obtain a parabolic embedding result for an Orlicz
function .

Lemma 2.9. Let m > 0. Suppose that ¢ satisfies Assumption 2.1 with

max{l, 2>} < p < q.

’ n+m
There exists 0 = 0(n,m,p,q) € (0,1) and ¢ = c¢(n,m,p,q, L) > 0 such that for every
f € Loo(tl, tQ, Lm(B,n)) N L(P(tl, tz, WLQP(BT>>
we have

6(n+m)

n

]{Byx[tm] o(|12) " dz < c(][ [o(DF1) + o (|2])] dx)

1 (1—0)(n+m)
Xgp((esssup][ |£|mdx) )
tE[tlth} [

Proof. Without loss of generality, we can assume that p < n. If p > n, it is enough to

mn
n+m

®-function, and the function 5% is decreasing. Therefore, applying Lemma 2.8 with

n+m

1/1 = 90% and (7,]7, q17Q2> = (p n » P Z%7m)7 we have that for a.e. ¢ € [t17t2]7

consider any p € ( ,n) instead of p. Note that by (2.2) the function 90% is a weak

0(n+m)

][T o(|22]) " d < c<][ (D@ + (| 22])] dx)

1 (A=6)(ntm)

()

where f(t) = f(x,t) and 0 satisfies
ZQ(n—p)+(1—9)q 0_ _
n—+m n m (n 4+ m)(nm — ng —mp)
Note that 6 € (0,1) by the assumption
that w € (0, 1]. Finally integrating for ¢ in [t1, t5] and using Holder’s inequality when

p <q (ie., w < 1), we obtain the desired estimate. O

8

n(nm — ng — mq)

o < p < ¢, which yields np o on o 4oapd

n n—+m



Remark 2.10. In the above definition, if m = 2 , we see that
P(If)He € LY(B, x [t ta]).
Note that this implies
fGL (B X [tl,tQ])

(n+2

where 2 >2ifp > =&

3. LOCAL BOUNDEDNESS

We first prove that any weak solution u to (1.1) is locally bounded by using the Moser
iteration technique (for similar arguments, cfr. [9, Theorem 2], and [26], where the
superquadratic case is addressed). The key points in our approach are the introduction
of the function v in (3.2) and use of the embedding result Lemma 2.9 for Orlicz functions
in the parabolic setting, that measures the superquadratic or subquadratic character of
the function .

Theorem 3.1. Let ¢ satisfy Assumption 2.1 with (1. o) and let u be a weak solution to
(1.1). Then u € L (Q7, RY). Moreover, there exists ¢ > 1 depending onn, N, p, q and
L such that for any Qo € Qr,

(3.1) (12 < (£ vi2neU2yedz)” e
where
(3.2) Y(s) := max{s? p(s)}, s>0,

and xo > 0 is determined in (3.12) below.

Proof. We divide the proof into three steps.

Step 1. (Caccioppoli type inequality) Let 0 < r < 1, zg = (xo,tp) € R™ x R and
Q2-(z0) € Qr be defined as in (2.1). Let p; = s17 and py = sor with 1 < s1 < s9 < 2,
¢ € C3°(B,,(z0)) be such that

2

(s2— s1)r

(3.3) 0<E<1, £€=1 in B,(x) and |DE| <

Y

and let n € C*°(R) be such that
(34) 0<n<1, =0 in(-o00,—ps], n=1 in [—p},00), 0<n <

With fixed x > 0 to be determined later, we take
¢ = (|2 n*¢"

as a test function in (1.4) and integrate by parts. Then for every 7 € (—p?,0] we have

0—/ / u; - up(| 2] da dt
*Pz Bpg (z0)

i

v~

,11
¢'(|[Dul) 2
————=Du: Dup(|2[)Xn°¢!| dz dt .
/vp2 /;,JQ (zo) |D11|

J/

=:1s
9



Now, we estimate both the terms I, and I; separately. For what concerns I, setting

2

(3.5) B(5)i= [ plVa) s < pls), 520

we obtain

h—r/ / [L0,(®, (|12 1)7) — @y (|2)m] €0 dar dt
—Pz By, Z0)

u(z, 2 u
>0 [ eeerean- o2 [ a0
Qpq (20)

By, (x0) S5 — 571

(3.6)

Integrating by parts and taking into account (2.2),

2

B,(5) = () = x | ooV (W) e > s~ D)
hence
(.7 S s < B(s) < ol

As for I, we have

(1Du) u s 202D (DI
= / [ El (1pupeay ey S P ) et asar
Pz By, (w0) | | ||

(|ID
/ /B : |1|) 1|1| [Du = (D€ @ w)] (| ])¥n*q*" du dt
—p3 02 (Zo
(1D u\x
1 / /B ( Apuye 2 + 22 HTM‘LT’L) DR et

[ [ omeny s coosion] aras

> 5 / [ (ctouatizy et Z U i

- p(lE) dz,
(82 - 81) /QPQ (20)

where in the first inequality we have applied Young’s inequality to the second integral,
while in the last one we used the inequality |D¢| < ey and (2.3).

Combining the above estimates (3.6) and (3.8), we have that for every T € (—p?, 0]

o AR NI
BPQ(xO
QD 22D
o /B (Duezy R DR ) i
=p3 J By, (w0 r

C

< P <|%1>dz+—/ P15 dz
53—51 /szczw * (82 = 51)7 0, (z0)
10




Therefore, taking into account (3.7), neglecting a non-negative term in the left hand side
and recalling (3.5), we have

2 u(xT X ¢4 20
sup /%(xo) lu(z, 7)[*e(| =522 ])XE dx+/ o(|Dul)(|2)) ¥ dz

—p2<T<0 Qp (20)

C<1—|—X) u u C(1+X) u
< —/ 2p(|u e dz 4 SLEX) (1) dz.
Qpy (20) ( Qpy (20)

h (52 —s1)? Sg — 81)1

(3.9)

Step 2. (Sobolev inequality) Set

2n
n+2

G(2) = r@(|2]) ¥ ymgs, where @(s) = p(s) and po =

Then
2 g _
DG = (1+x)p(|2)*& (|2 I)‘jﬁ’fnm&poﬂ" G2 g DE,

Now we apply Young’s inequality (2.4) to the N-function ¢, with t = |Du| and s =
@'(|%]), together with (2.5) to get

DG| < (1+ )31 2% (12| Dulyo €5 + erd(| %) D]

< o1+ )B(|E)B(| Dl e + (1 oyt

)@(I%I)X“-

S2 — 81

Therefore, combining with (3.9) and recalling the definition of ¢, we have

s [ )P perae s [ pGpas
By, (w0) Qp (20)

—p3<T<0
(14 y)? 1+ y)pott
B10) <[ pepgguran SR [ s
<S2 - 51) Qp4 (20) (82 o Sl) Qpy (20)
C(l +X)p0+1 u u u
S oot Jo oy (FF T 2(2D) 22 e

Now, applying Holder’s inequality, the Sobolev inequality to the function G € T/VO1 P(B,)
and using (3.10), we can write

2pg XPQ dz
/Q IR
p1\20
' PO n—po

1 ° VTN PP cERr n
<= [ ([ wlegeyac) ([ papRTa) o
r =i \J By, (z0) By (o)

1 ( / 2 (|ule.r) ’ Sae )"
<——( sup [, 7)Pp(|ME2 )X da (G dar ) dt
r(n+2)(l+7o) By, (z0) —p% By (0)

—p3<T<0
/ DG dz
sz (ZO)
Po

C
<—< o | Iu(fv,f)l%(l“(ﬁ’”l>xdx)
T(n+2)(1+p70) Bpl(x())
1+20
(1+X>p0+l u|2 u ul\x dz !
cq " (1212 +o(12) e (12D = :
Qp2(20) r

38

38

—p%<7’<0
(82— 1)1

11



2pg

Then, since s? < cp(s)s » = c<p(s)3n+2 for s > 1 by p > =% recalling (3.2), we have

et

u u roy dz u XPo |, 2P0 dz
/ B(Ep( e / (e e 42
Qpl(ZO) |Q2T| Qpl(ZO) |Q2T|

Po

(14 x)m*! . a |
C{ (89 — 51)1 /sz(zo) DR + 1) |Q2r|} '

Step 3. (Iteration) We first notice that by applying the Gagliardo-Nirenberg type
interpolation inequality to ¢ with p > -=t provided by Lemma 2.9 and Remark 2.10, we
have

(3.11)

U(ul)e([u])*® dz < oo

Q2'r
where
2 1 2
(3.12) Yo = min{(M—Z) —,—} > 0.
n qg'n
Form=0,1,2,..., set x,n = xof™ and
dz
Im ::/ [L(12)e(]2])xm +1] Ou] where «9;:1#% and 7, :==r(14+27").
Then, we can iterate (3.11) and write
Ty < 29 (1 4 o Yot g0 <emg? o om=1,2,...,

for some ¢y > 1 depending on n, N, p, ¢ and L. Hence, for m > 2,
m— k=1 _,m
T < ()" < I < R g g

for some large ¢; > 1 depending on n, N, p, ¢ and L. Consequently, setting

d
dpu(z) = @w(%)@,

we have

m—00

o\
D=0 < (2D imean = tim ([ ol12D" au)

< limsup ()7 < (erJg)%.

m—o0

This implies the estimate (3.1) and the proof is concluded. U

4. APPROXIMATING PROBLEMS AND SECOND ORDER DIFFERENTIABILITY

Let u be a weak solution to (1.1). Then for Qg € Qr and a sufficiently small ¢ €
(0,1) we consider the following non-degenerate parabolic system with Cauchy-Dirichlet
boundary condition:

_ (| Duc .
(4.1) (), — div (%Dug) =0 in Qg,
u. =u on OpQr.
12



where ¢, is the shifted N-function with a = ¢. We will show that the system (1.1) can
be approximated by (4.1), in the sense that if u. is the weak solution to (4.1), then Du,
converges to Du in LP(Qr) (see Lemma 4.3).

We first prove second differentiability in the spatial variable = for each weak solution
to the following non-degenerated problem without boundary condition:

(D
(4.2) w, — div (%Dﬂ =0 in Q.

In order to do that, we fix some notation. For a (vector-valued) function f, we introduce
the notation

Ak,sf<x7t) = f (ZI’J + Selmt) - f([lf,t),

where s € R and ¢, with k£ € {1,2,...,n} is a standard unit vector in R™. Moreover, we
define T}, : R"* — R*! by

(4.3) Tys(x,t) == (v + sey, t), (z,t) € R"

Then we have the following result (cfr. [8, Theorem 6] where analogous estimates are
devised for parabolic systems with p-growth, and [13, Theorem 11|, [17, Lemma 5.7] for
analogous arguments for elliptic systems with p-growth).

Lemma 4.1. Let ¢ satisfy Assumption 2.2 with (1.5) and (2.7), and let u. be a weak
solution to (4.2) with € > 0. Then

( ) VE(DU‘FJ) < L100<O T VVJ)S(Q RN”))
( ) Du€ < L{)OC(O T I/I/vloc (Q RN”)) N Li)(?c(o T LIQOC(Q RN”))
(i53) if, in addition, Du. € L (Qp;RN™), then Du. € L2 (0, T; W.-?(Q; RN™)) and

oo D) € L2,(0,T; WhE()).

loc

Proof. In order to enlighten the notation, we will denote u. by w. Note that in view of
Theorem 3.1, w € L2 (Qr). Fix any Qa5 = Qa5 (To,to) € Qr with r € (0,1), and set
A = supg, wW. Let s,h € R be such that 0 < s <h < r/2 or —r/2 < h < s < 0. Then
w satisfies

(4.4) (Ag,sw), — div (Ays(A°(Dw))) = 0 in Q3,2

in the weak sense, where A°¢ is defined as in (2.16) with a = €.
Let ( € C*™ (Qgr/g) be such that 0 < ¢ <1, ( =0 in Q2 \ @32, ¢ = 1 in @, and

_1\DCH— ID%¢| + [¢] < 92, Then, testing (4. 4) with the function (Ag w)(?, for every
to € (—r2,0] we obtain

to
_ / / (Apsw), - (Apsw)C? do dt
—472 J By,

to
n / / Apo(AZ(DW)) 1 (CID[Agsw] + q¢* Apsw ® DC) dz dt.
—4r2 J Bo,.

Note that an integration by parts with respect to the time variable gives

to 1
/ (ApsW)t - (A sw)C?dadt = —/ |Ag sw(x, t0)|2Cq dz
47”2 BQT 2 BQr

to
—g/ / |Akjsw|2Cq_1Ctdxdt.
—4r2 J Bo,

13



Hence, for every to € [—72,0] we have that

|Ak,sw<x» tO) |2 dz
Br

1 / U A(ATDW) (A (DW)CT + ¢t A w © DC) dardi

—472 J By,

to
<of [ 1anweriGded
—472 J By,

We first observe that by (2.20),
Ak’s(AE<DW)) : Ak’sDW
= [A*(Dw(z + sey, t)) — A*(Dw(z,t))] : [Dw(z + sey,t) — Dw(z,1)]
1
> LA vE(Dw)
c

Now, by (2.19) and (2.13),
|Ag sA°(Dw)| = |A°(Dw(z + sey, t)) — A*(Dw(x,t))]
oe(|Dw(z + sep, t)] + |[Dw(z,1)])
|Dw (z + se, t)| + |Dw(z, t)|
< C¢;+\Dw|(|Ak75DW(I7 t)|) )

|Ag sDw(z,t)|

whence

Ak (A5 (DW)) : Ay ow ® DCCI

<cf w1 Dw])lsl|Dwie + e 1)]DE] dr-
O N TV

=J

Note that we shall write fos = % fos even if s € R is negative. Recalling (4.3), we have
w(z + Teg,t) = Ty, o w(z,t).

Now, from (2.14), Young’s inequality in (2.12) and (2.21), recalling h € R fixed above,
for any sufficiently small 6 > 0 we have that

J<c (90,5+|D[Tk770wﬂ(‘Ak,S*TD[Tk,T owl]|) + 90;+|D[T,€,Tow]\(\Ak:DWD> |8[| D[Tk,- o w]|| D

s|\ 71
<0 (%) {@e+|D[Tk,Tow]|(|Ak,s—7D[Tk,T ow]|) + 906+|D[Tk’row]|(|Ak7TDw|)}

+ C5Pe+| DTy, - ow]]| (|h||D[Tk,T © W]HDCD
s h?
< 5% (\Ak,HVE(D[Tk,T ow|)|’ + A,V (Dw)[*) + C5 e (|D[Tkr o W]|) ,
where we have used the facts that 0 < [s| < |h] <7/2, [D(| < ¢ < ry and for & > 0 and
s € (0,1]
pa(st) < s, (1)
and

@/(5+t+5t) (St)2 ~ 8290/(5+t)t2 2 (t)

~ S
e+t+ st e+t e
14

Pert(st) ~ s €10,1].



Note that applying Fubini’s Theorem and the change of variables y = = + 7e; and
T=8—7T, we get

/ ][ |Aks—7 VE(D[T}.r o w])|* d7 dz
Q3r )2

= ][ / |VE(Dw(z + Tep + (5 — T)eg, t)) — VE(DwW(z + e, t))|* de dr
Q3r /2

< f / VD e 1) = VE(DwI D) dy 7

Therefore, we have
(4.5)

sup / [Apsw (7,10)]* dz + AL VE(Dw)[*dz

t()e[ T2 O] T Q'r

h? c
|h|][/ ’AkTVE(DW)‘2dxdT+C<5)T / @6(\Dw\)dz+ﬁ/ |Ak7sw‘2<q71dz.
27 2r QQT

Further, we estimate the final term in the right hand side of the inequality above using
the integration by parts:

/ |Akvsw|2('q_1 dz = / w,, (T + Tek, t) - Amwgq—l dzdr
QZT 0 Q2r
- / / W(a + e t) - (DpaWn (7 + (g — 1)AgwCT2,, ) dz dr
0 2r
< |s|)\/ |Ag sDW| + |Ag sw||D¢| dz
QBT/Q

< |3|)\/ (e + |Dw(x + sep, t)| + |Dw(z, t)|) 7 = 7| A Dw|dz
QJT/Q

cAs?
+ / ’SilA]aSW‘dZ.
r Q3r /2

15



Now applying Young’s inequality and using facts that tf,L_t% is increasing and t* < ¢(p(t) +

1), we have that for any 5 e (0, 1), in order to reabsorb some terms to the left-hand side,

~ 2
/ |Ap,w]2cr 1 dz < 52 ”T

/ (e + |Dw(x + sey, t)| + |Dw(z, 1)) 2| A Dw|? dz
Q3T/2

b1
T N 8 2/ (e + |Dw(x + sex, t)] + |Dw(z,1)])* P dz
r §0< ) Q3r/2

cAs?

|Dw|dz
QQT‘

~ ! D t D t
57“2/ ¥ (5 + ’ W(:E + S€, )’ + ’ W(l’, )D |A/§75DW|2 dZ
Q3r/2

N

e+ |Dw(z + sex, t)| + |[Dw(z, 1)

\s? [ ep1 1

< 57"2/ |A.VE(Dw)|* dz
2r

+ c‘% <j(_;>/\ + 1> /QT[QO(|DW|) +1]dz

Finally we have that for every Qs € Qg, 6,0 € (0,1) and s,h e Rwith0 < s < h <r/2
or —r/2 < h<s <0,

|AVE(DwW)[*dz < C(S‘|h’|][ / |A,VE(DW)|? dz dT
Qr 2r

I |Ak,sV€(Dw)|2dz+FC’(&,S,&,)\)/ o(|Dwl|) + 1] dz
Q2r 2r

(4.6)

Now, we re-absorb the first two terms on the right hand side. To do this, we first
integrate both the sides of (4.6) with respect to s from 0 to h and apply Fubini’s Theorem,
so that

h
][/|Ak7SVE(DW)’2dZdS

h s N
2r 0 o

—|— C’((S 0, )\)/ [o(|Dw]) + 1] d=

2r

~ 2 ~
c(0 + 5)][ / 1A, VE(Dw)|*do ds + %0(5, J,¢, )\)/ [o(|Dw|) + 1] d=.
0 Q2r Q2'r

Therefore, applying the Giaquinta-Modica type covering argument in [13, Lemma 13] we
have that

h h2
][ AL VE(Dw)[*dzds < cﬁC’(e,)\)/ [o(|]Dw]) + 1] dz
0 Qr 57
16



for every @5, € Qr and h € R with 0 < h < {5 or —55 < h < 0. Inserting this into (4.6)
with s = h, we have

h? _ -

AV DW)Pdz < [ AV (DW)Pdz + e o C (G2, ) / lo(|Dwl) + 1] d=
QT QQT r 5r

Again applying the same covering argument, we have that for every Qo5 € Qg and h € R

with 0 < |h| < &5,

1

(4.7) = | AR VI(DW)[Pdz < T—iC(e, )\)/ [o(|Dw|) + 1] dz.
QT 257

h

Letting h — 0 in (4.7), we then obtain (7).
The results in (i7) and (i7i) are direct consequences of (4.7). Let Qa5 € Qr and h € R
with 0 < |h| < 5. By Young’s inequality we have that

| nrsuDw s < eh® [ e+ [Dwla + hew)| + [ Dw()]P 2 B D oz
+ c/ (e 4+ |Dw(x + heg)| + | Dw(z)|)P dz

-2
< ch

A, Dwl|?d
¥'(e) e+ |Dw(z + hey)| + | Dw(z))| | A Dw|* dz

+C/ [o(|Dw]) + 1] dz

€ / /(e + |Dw(x + hey)| + [Dw(x)])
Q

< 506N [ lelDw) + 1d,
Q251

and, passing to the limit as h — 0, this implies the first half of (i4). Moreover, by estimate
(4.5), passing to the limit as h — 0, we get the second half of (7).

Finally we prove (iii). Set M := || Dw|| = ||Duc|poc(Qys, ,rNn). Then, from (4.7), we
have
2]\/[ D h D t
ApDw]dz < 5+ / ¢'(e + |Dw(z + hey, t)| + |Dw(z, >D|Ak,hDW|2dZ
Qr e+ |Dw(z + hey, )| + | Dw(z,1)]
2]\/[
< *— | 18 VE(Dw) Pz
¢'(€) Jao.
€+ 2M h? /
c————Cle, A o(|Dw|) 4+ 1] dz
S meEn [ leupwh +1)
This implies that Dw € L2 (—R?,0; W.?(Bg; RN™)). Moreover, since (p.(|Dw|))., =
Dw: Dw,ck
ee(|Dw |)W,
| 1PLeDw s < el | Dt e
Qr
From this we get ¢.(|Dw|) € L} .(—R?,0; W,"*(Bg)), and the proof concludes. O

Combining (ii) of the above lemma with the parabolic Sobolev inequality, see [10, I,
Proposition 3.1], we obtain the following result:

Lemma 4.2. Let ¢ satisfy Assumption 2.2 with (1.5), and let u. be a weak solution to

(4.2). Then ]Du£|€LIOC (QT)
17



We end this section with the convergence results of Du. to Du.

Lemma 4.3. Let u be a weak solution to (1.1) and u. be the weak solution to (4.1) with
Qr € Q. Then Du. converges to Du in L¥(QR).

Proof. By virtue of (2.20), it suffices to show that

(4.8) lim |V(Du.) — V(Du)|*dz = 0.

e—0+ Qr

By following the proof of [15, Theorem 3.5], one has
(4.9) lim IVE(Du.) — V(Du)*dz = 0.

e—0+ Qn

Moreover, together with (2.11), this implies that
| etpuddz<e [ [epul) + o) d:
Qr Qr -

< C/QR VAP + o(e)] dz

<c - V(Du 2+<p +1|dz
<c Dul) +1] dz
< /QR (] ) +1]

for any sufficiently small ¢ > 0. Applying (2.22), the change of shift formula (2.15),
va(a) < cp(a) and the preceding inequality we have that for any § € (0, 1),

/ 'VE(Du,) — V(Du.)|?dz < c/ ©|pu.|(€) dz

R R

<o / oia(1DW]) dz + cs0(e) | Qrl
<o / (D) dz + csp(e)|Qrl
Qr

<ei | [¢(|Du|)+1} dz + c50(2)|Qrl

hence

lim sup / VE(Duy) — V(Du.) 2 < ¢6
Qr

e—0t

o [gp(|Du|) + 1} dz.

Therefore, since 6 € (0, 1) is arbitrary, we have
lim |[Ve(Du,) — V(Du,)|*dz = 0.
R

e—0+ Q

This and (4.9) yield (4.8). O

18



5. LOCAL BOUNDEDNESS OF THE GRADIENT

Now, we address the problem of obtaining an L*>*-bound for Du, by deriving uniform
estimates in ¢ for weak solutions to the non-degenerate systems (4.1). We follow some
ideas underlying the Moser iteration for the Lipschitz regularity for parabolic p-Laplace
systems, which can be found in [8, Theorem 4], [9, Theorem 4] and [6, Proposition 3.1].

Note that Du, is weakly differentiable with respect to the spatial variable z by Lemma 4.1(7).
Hence differentiating (4.2) with respect to xj we find

(5.1)
(| Du.|) P(|Du.))  gl(IDu]) (we)z, ()7,
I5) - — rei— mely 2% € _ Ye J j E a.
t(u )a:k \Du€| (l,l )xzxk + \Dus\ ’DU.E|2 \Du5| (u )xz
: (Aaﬂ(uE)gjxk) Y a: 1727"'7N7
where
A= (Q)?
A = (a0 (Duy = 22
0Q;
Q=Du.

We start with obtaining a Caccioppoli type inequality for the system (5.1).

Lemma 5.1. Let ¢ satisfy Assumption 2.2 with (1.5) and (2.7), and let u. be a weak
solution to (4.2). Suppose f € C* 1([O oo)) is positive, increasing and satisfying f'(s) > 0
for a.e. s with f(s) >0, and set F(s) := [ 7f(7)dr. For every Q := B, x [ty,t5] € Qr,
e CyF(B,) with0< <1 andnEC“’( ) wzth0<77< 1 and n; > 0, we have

/ F(|Du.(z, m) )€ dz — / F(IDu. (e, 7)) da
B, B,

(1D . (1D .
52+ [ e supuiot - L b ] s

<o [ cipupHiEbingaa « [ Fou e,

Moreover, the term ¢L(|Du,|) f,|Du5|)D in the above estimate can be replaced by p(|Du.|) f(|Duel).

Proof. For simplicity, we shall write ¢ = ¢, and w = (w®) = u..
We test (5.1) with wg, f(|Dw|)&*n to obtain that

/ / ® Y f(|Dw)ek dadt + / APu? | [0l f(|Dw])En,, dz = 0.
B

_/ 7
~\~ ~~

=11 :112

We estimate I; and I, separately. We have

e / N [ (PUDwW)) — FUDw)n € do

:/Bp

As for I, we first observe that, with (2.17), (2.18),

F(|Dw(w, 7)€% dz — /

By

F(|Dw(x,rl)|)§2ndx—/QF(\DW|)§277tdz.

=/
aﬁ I _ G (IDW|)| o 1o
19



108 ,8
A l’ mkwmkwxlw:pl:vl

_ B " s
¢'(|Dwl) 3 ¢"(|Dw|)|Dw]| wgwy |

= 61“5(1 -1 J
|Dw| o &' (|Dwl) |Dw |? wmﬂkwrkwmzwxm

F(IDw) [ IDIDWPE (@ (DwhIDw|  \ S, (D - D(Dw])?
|Dw|{ T (T ) A[Dw? }
Z(IDw)) | D(Dw)
|Dw| 4 ’

> (p—1)

and

2(|Dw) &"(|Dw|)| Dw| wgwy,
Aozﬁ B a | §0(| 51'.5(16 -1 i Zj B «
A tal = e | T g 0DwD Dwf? [ Mot

20m)

[D(IDwP)]-

Inserting these inequalities into Iy, we have

o f'(|Dw
IQZ/QA B £$k|: xkx (’DWD—{—kawxlwxlczzzw fzﬁdz
+ [ 2208wt f(DwI)EG
Q

1 @/(|DWD 2,12 f/<|DW|> N2 | 2
> E/QW [f<|Dw|>|D i+ LD i pwp) } ez

(5.3)

2(1Dw])
—c /Q |D—\D Dw[?)|f(|Dw])¢|DE | =

for some constant ¢; > 0. Applying Young’s inequality to the last integrand, we obtain

1 [ @(Dw)) F(1Dw))
B> o /Q e [f(|DW|)|D2W|2 T quwﬁﬂ & d

_ fFADWD? o

or

=/
o L[ 2DwD
a1 Jg |Dw |

f"(|1Dwl)

Aot 4 S0

rDquW] €2 dz

o /Q AUDW), 1| D%l £(| Dw)el De

| Dw|
L [ &(Dw]) f'(|Dw))
| Dw|

~ 20, o |Dw]|
~c [ eDw) £(1Dw]) D dz.
Q

[f(IDW|)|D2WI2 T |D<|Dw|2>|2} ez

Therefore, combining the above estimates, we get (5.2). O

Theorem 5.2. Let ¢ satisfy Assumption 2.2 with (1.5) and (2.7), and u. with ¢ € (0,1)

be a weak solution to (4.2). Then Du. € L (Qp, RN™). Moreover, we have that for every
20



QQT(ZO> S QT;

2
(n+2)p—2n
(54) HDuEHLm(Qr(Zo),RN") <c (f 905(|Du5]) dz + 1)
Q

2r(20)
for some ¢ > 1 depending on n, N, p and q, and independent of €.

Proof. Step 1. (Setting and Caccioppoli type estimate) To enlighten the notation, we will
write ¢ 1= . and w 1= u.. Let Q2. = Qo(20) € Qr. Without loss of generality, we
assume that zy = (z9,%) = (0,0). Let p; = s17 and py = sor with 1 < s1 < s9 < 2,
£ € C§°(B,,) and n € C*(R) be as in (3.3) and (3.4), respectively.

Then applying Lemma 5.1 with f(t) = tX where x > 0, p = py, 71 = —p3 and
T € (—p3,0), we have

P (IDw()

D] DD w ez

sup / |DW($,T)|2+X§2dx+/
B

—p2<7<0 02 Qpy

%/@ [|DW[2 + a(|Dwl])] [Dwl|* d= .

(5.5)
<

Step 2. (Improving inequality) We set

N

(5.6) F(z) == [p(|Dw(z, 1)) | Dw(z, t)[X]2n(t)€(x) .

Note that, in order to enlighten the notation, we will often omit the dependence of F,
u, n and £ on the respective arguments. Differentiating (5.6) with respect to z; we then
have

« «

17~ X173 [~ X x—1 Yo, Va0
Fr = 3 [p(Dw )| Dw )™ [ Dw Dwl -+ x| Dw (| Dwl)| e

+ [@(|Dw]) [ Dw[X]* s, .
whence, recalling the upper bound (3.3) for |DE|, we obtain

7'(|Dw])

@' _
IDF? < e(x +1)? Dwl | Dw|X| D?*w|*n¢ + (| Dw|)|[Dw|X.

(Pz - Pl)

Therefore, combining with (5.5) we have

sup / |DW(:E,T)|2+X§2d:E+/ |DF|?dz
B

—p2<7<0 po Qpy

%/Q [IDW[* + @(|Dw])] [Dw]* dz.

(5.7)
<

Now, applying Holder’s inequality, the Sobolev inequality to function F' € VVO1 ’Q(BT) and

using (5.7), we can write
21



/Q | Dw| = XGH (| Dwl) dz
P1

2 n—2
0 n n
</ </ \DW\“de) (/ [@(!DWDIDWIX]&M) dt
—p By, By,
(5.8) << sup /
—p%<7’<0 B
2
< | sup / |Dw(z, 7)* ™ dz / |DF|?dz
—p2<7<0J By, Qpq (20)
3,.2
<e (1+x) r2/
(P2—P1) Qp

By Lemma 4.2, we have that |Dw| € LP("*2/7(Q,,). Note that by under the assumption
(1.5) on p, p(n + 2)/n > 2. Therefore, it holds that

2
*

0 2
/ ( / |F|* dm) dt
pi By,

S

P1

|Dw(z, 7) > dm)

1+2
(IDwP + @(| Dwl) |Dw|><dz) .

2

(5.9) / [|Dw|* + (| Dw|)] dz < co.
Since 2 < % + p again by (1.5), setting

4
(5.10) X1 ZIE—HU—?;

we may improve estimate (5.8) as

/(|DW|2+@(|DWI))|DW|X1+X(1+2)ﬁ
@ ’Q2r|
(5.11) y

Step 3. (Iteration) Let sq, sy such that 1 < 57 < s9 < 2 be fixed. For m =0,1,2,...,
we set
2

Xo:=0 and xm:=x1+0xm1 (m>=1), where 0:=1+ —,
n

and

Iy = / [(IDW|* + ¢(|Dw])) | Dw [ + 1] where 1, 1= (s1+27"(s9 — s1))r.

dz
Qe @l

Note that x,, = (™ — 1)%5*. Then we have from (5.11) that

c 40m 036’m

9 o' 0 o
Jm < mjm_l < me_l, m = 1,2, e
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where ¢y > 1 depends on n, N, p and ¢. Hence, for m > 2,

-1 0
Cm Cm
0 0 0
I < JO
m (32—51)29 20 “m—2

—-1)6
me(m=1)

SRy (me ket ) om
< & Y [ R
T (52— §1)2Xkm 0070 ((52 — 5p)f0 "

for some large ¢y, co, By > 1 depending on n, N, p and ¢q. Consequently, setting

B dz
du(z) = [|Dw(2)[* + (| Dw(2)])] Ol
we have
1DW (L (., mmy S ([DW (|20 (@4, iy = 1im (/ | Dw [Xr du) < limsup Jx"
m—00 - m—00
6t )
<limsup ( ———J < ——J,
m—>oop ((82 — s1)% O) (s —s1)% 0
where we used also the fact that x,,, = (6" — 1)X5*. Therefore, we have
_2
c _ i
(5.12) | DW|| Lo (., mN7) < 757 ][ [[Dw]* + ¢(|Dwl)] dz + 1 :
(s2 = s1)" \ o,

By virtue of (5.9), this shows that Dw € L (Qp; RN™).

loc

Step 4. (Interpolation) Now we get rid of the term |Dw]|? in the integrand in (5.12)
by using an interpolation argument. Since Dw € L (Qg; RN™) and 2(5—;119) <1 by (1.5),

loc
using Young’s inequality we have that for every 1 < s1 < s9 < 2,

c[|[Dwl|, 2 N a1
> (Qsqyr,,RN™)
D o0 ny < . DwPd
1Dl @) < (52— s1)™ ]ésw Dl dz

2(2—p) 2

2

c nx1
+ — >(|Dwl)dz + 1
(52— 51)% (éw AADw) )

c nx1—2(2-p)
< HIDW ] (g vy + ]é DwlPdz
SQT‘

So — 31) nx1-2(2-p)

2

c nx1
+ — >(|Dwl)dz + 1
(52— 51)% (ésy AAlDw) )

2

c 2

< | Dw|| oo Nn—i——(][ o(|Dw —|—1dz)

QH Iz (Qsyr,RN™) (52— 51)% N o(| )

Therefore, we can remove the first term on the right hand side (cfr. [20, Lemma 6.1]).

Finally, recalling (5.10), we obtain (5.4). O
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From the previous theorem and Lemma 4.3, we obtain the boundedness of the gradient
of a weak solution to (1.1).

Corollary 5.3. Let ¢ satisfy Assumption 2.2 with (1.5), and u be a weak solution to
(1.1). Then Du € L2 (7, RN™). Moreover, we have that for every Qs € Qr,

loc

2
(n+2)p—2n
(5.13) Dull~ e <e(f, epudz+1)
Q

for some ¢ = ¢(n, N,p,q) > 1.

QT(ZO)

Remark 5.4. When ¢(t) = t? with 2% < p < 2, the estimate (5.13) is exactly the same
as [10, eq. (5.10)].

6. HOLDER CONTINUITY OF Du REVISITED

We prove local Hélder continuity for the gradient of weak solution to (1.1), where ¢
satisfies Assumption 2.3. We remark that the result was already obtained by Lieberman
in [27] by assuming the local boundedness of Du. In this section, we take advantage of
the results of Section 5 and revisit his C1®-regularity’s proof, according to the setting of
our paper. We also note that Lieberman’s proof parallels the one given by Di Benedetto
and Friedman [11, 12], using a measure theoretic approach. In addition, we are adapting
the geometry of the cylinders accordingly, due to the growth conditions of the operator.

We define the intrinsic parabolic cylinder associated with an N-function ¢ as

Q?(zg, to) = BT(IQ) X (t() — 7‘2/(,0//(>\), t[)].
where A\, > 0, and oscillation of a function f : U — R™ by

osc f = sup /() — f(u)].

z,yelU

Now, we state the main result of this section.

Theorem 6.1. Let ¢ : [0,00) — [0,00) satisfy Assumption 2.3, and let u be a weak
solution to the parabolic system (1.1). and Qgr(20) € Qr. If Du € LX.(Qr(2); RY"),

loc

then Du € CO’Q(QR(ZO);]RN") for some a € (0,1) depending on n,N,p,q,v1 and c.

loc

Moreover, any Qr(z0) € Qr, 7 € (0, R) and A = [|Dul| oo (@ (z0)rNn), we have

os¢c Du < cA (max{ (N %, e\ —%}i>a
R RN OV

for some ¢ = ¢(n, N,p,q,7v1,cn) > 0.

This result can be obtained by approximation via Lemma 4.3, once we obtain the
analog of Theorem 6.1 for the gradients Du. of weak solutions u. to the approximating
nondegenerate parabolic system (4.2), where ¢ € (0,1]. This will be a consequence of
the following two propositions (cfr. [27, Propositions 1.3 and 1.4]) for u.. Note that all
estimates in this section are independent of € € (0, 1]. Thus, for simplicity, we shall write
u=1u. and p = ..

The first proposition provides an estimate on the oscillation of Du on subcylinders
when |Dul is small on a small portion of the main cylinder.

Proposition 6.2. Let ¢ : [0,00) — [0,00) satisfy Assumption 2.3, and let u be a weak
solution to (4.2). Suppose that for some A\, R > 0, Qx(20) € Qr and

(6.1) Dul <A in Qhlx).
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There exist o € (0,2~ and C > 1 depending on n, N,p,q,v1 and cy. such that if

(6.2) [{|Du] < (1—0)A} N Qx(20)| < o]Qn(20)]
then
3
T\ i
6.3 osc Du<(C|(— osc Du
(6:3) Q2 (20) <R> Q}(20)

for allr € (0, R).
If (6.2) fails, the following proposition gives an estimate of how |Du| decreases.

Proposition 6.3. Let ¢ : [0,00) — [0,00) satisfy Assumption 2.3, and let u be a weak
solution to (4.2). Suppose that for some \, R > 0, QN(20) € Qr and (6.1) holds. For
any o € (0, %), there exists v € (0,1) depending on n, N, p,q and o such that if

(6.4) {|Du] < (1= 0)A} N Qx(20)| > o]Qr(20)].
then
(6.5) |Du| < v\ in QéR/Q(ZO).

Proposition 6.2 and Proposition 6.3 will be proved in Subsection 6.1 and Subsection 6.2,
respectively. In the remaining subsections, we always assume that ¢ : [0,00) — [0, 00)
satisfies Assumption 2.3, u is a weak solution to (4.2), and (6.1) holds for some Q%(zy) €
Qr with A\, R > 0. In addition, without loss of generality, we further assume that assume
(2.7) and 29 = (z0,t9) = (0,0) = 0, and write Q? = Q}(0) for all r € (0, R].

6.1. Proof of Proposition 6.2. Before starting the proof, we recall the following weighted
version of Poincaré’s inequality, which is quite elementary and can be deduced, for in-
stance, from [13, Theorem 7].
Lemma 6.4. Suppose f € WYP(Bg;R™) and ¢ € L'(Bg) is nonnegative and satisfies
1€l (Br) = 1. Then we have

f={fe

for some ¢ = c(n,m,p) > 0, where (f)e = [ f€du.

P
d:cgc/ |DfP dx
Br

We first derive a higher integrability result for Du (cfr. [27, Lemma 4.2]).

Lemma 6.5. Let P € RMN" satisfying % < |P| < A. There exist v,¢ > 0 depending on
n, N,p and q such that

(£

Proof. Fix any Q3,.(z1) C Qp with 2, = (xl,t1)2€ Q) and r < ry < 1y < 2r. We further
set rg = ME2 py = 02 and ¢y = ¢ — w;—f/\). Note that r; < r3 < ry < 79. We
consider two cut-off functions. Let & € C§°(B,,(x1)) satisfying 0 < & < 1, § = 1 in

B,,(x1) and |D&| < 8/(rg — 1), and set £ = ||§0||211(Br2)§0' Note that |B,| < |B,,| <
||§0||L1(BT2) < |B,,| < 2"|B,| and ||§||L1(BT2) = 1. Next, let { € C'OO(Q;\Q(zl)) such that

D¢ + |D*¢] <

1

T+~
|Du—P|2(1+7)dz> <c][ |Du — P|?dz.
Q

A A
R/2 R

cp”(N)

c
—— and 0<G << —.
(7"2 —7’1)2 Ct (7’2 —7"1)2
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Finally, define

w(z):=u(z) =Pz —x1), W(t) ::/B ( )W(x,t)ﬁ(z) dz,

(M) "
and W :=w—wy with wg:="—; / wldz = ][ W(t)dt.
r Q2 (21) ta
2

We take (Xw with x > 2 as a test function in the weak form of (1.1) to get, for every
T E [7?\2 (tl),

/ / (wy - W)X da dt + / / (A(Du) — A(P)) : D(CW) da dt =0,
to BTQ (21) t2 Brg (21)
which yields

'(|Dul + [P
sup / |vv|2g><da:+/ (| Dul + | |)|DW|2§Xdz
BTQ(CCI)

ren} (t) Q) [Dul+ [P
/ D P " )\
< c / 90<| u’"i_’ D|DW||W|§X_1dZ+C ¥ ( ) 2/ |W|2§X_1d2.
T2 = T1 Q) (=1) |Dul + [P| (ry —71) Q2 (21)

Here we used (2.19). Set
Sy == sup / [W[*¢Xdx .
7'612‘2(151) BTQ(xl)

Applying Young’s inequality to the integrand of the first integral on the right hand side
and using the facts that x > 2, |Du| < A and % < |P| < A, we have

" )\
SX + 90//()\)/ |DW|2<X dz < CLE/ |V~v|2<x—2 dz
Q3 (1) (r2 = 71)% Jga, (20)

Then, when x = 4 and y = 2, we have

S"LH 1 ==
(6.6) / \Dw|?dz < 02—2/ / oo t)2de | dt,
Q3 (1) (r2=71)* Ji, \UBry(a)

and

" )\ Z )\
S, < C%/ P de < e 2N / [[w = W)+ [wo ~ WD) dz.
(r2 = 71)* Jop o) (r2 = 71)% Jop (1)

By Poincaré’s inequality with the weight & (Lemma 6.4) we see that for every t € I} (t1)

/..

Moreover, by testing (4.2) with ( = (§,--- ,&) and using |D¢| < - and (2.19) with

r(ro—ry)

|Du| < A < 2|P| < 2)\, we see that for every to < 7 < 7/ < ty,

\w(z,t) — W(t)]*dr < CT2/ |Dw(z,t)*dz.

B,

(W(7) = W(T')| =

/ /Bwn (A(Du) — A(P)) : D¢ dadt

< c—][ |Dw|dz,
(r2 = 71) Joy (o1)
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hence for every t € (tg,t1),

7"2

67) Iwo—WH|< sup  [W(r) - W) <ol ][ \Dwldz
Qp,(21)

to<T<T!<t1 (7“2 - 7‘1)

Therefore, combining the above estimates together with Holder’s inequality, we have
(6.8)

" 4 /" 4
Sy < c 2 ( i 5 —1—7’2) / |Dw|*dz < cﬂ/ |Dw|*dz.
( ) Q, (1) ( Q) (1)

(7“2—7’1)2 o —T 7"2—7“1)4

Moreover, by (6.7), a weighted Sobolev-Poincaré type inequality and Holder’s inequality,
we also see that for every t € (to, ;)

/ Wo(o, )2 dz < c/ Wz, £) — W) de + e[ W(E) — wol’
Brz(xl) Brz(xl)
(6.9) nt2 n+2

_2n_ " Tn+4 2n "
Sc |Dw(z,t)|m+ d to—s |Dw|7+2 dz .
B, (z1) (r2 —71) Q) (21)

Therefore, inserting (6.8) and (6.9) into (6.6) and using Young’s inequality, we have that
for every 0 < ry <ry <71,

2

/ ’DW’Q dz g C . 90//()\>7’44/ |DW‘2dZ n+2
Q) (1) (ra =r1)? \ (r2 = 71" Jou o)
2n
i .
X ( r > / |Dw|7127+2 dz
r2 —T1 Q,(21)
4(n+3) %H
|DW|2dZ> / |Dw|n%b2 dz
(21) Q3,(21)
n+2

2
ni2 1 o)
< C< : ) z ()\2) - (/
To —T1 T Q
1 2(n+3) s\ % " o
< - ( ! > / |Dw|2dz+c((’0n<+2)) / |Dw|n2T2 dz
2 \rg—m1 Q, (21) r Q3,.(21)

Then we can remove the first term on the right hand side, and have

A
T2

n+2

][ |Dw|*dz < ¢ ][ |Dw w2 dz ,
Q(z1) Q3,(21)

for every Q) (1) C Q%. Finally, applying Gehring’s Lemma (cfr. [20, Theorem 6.6]), we
obtain the conclusion. O

Next we obtain an L2-comparison estimate between Du and the gradient of a weak
solution to a corresponding linear system with constant coefficients (cfr. [27, Lemma 4.3]).
We recall (2.8) and the definition of Af‘jﬁ in (2.17), so that

- P\ 1
010 Y @ -ayei<a (258 van ore-ri< il
,5,0,8
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Lemma 6.6. Let P = (P?) € RV satisfying 3 < |P| < X, and v = (v) be the weak
solution to

(6.11) { () — (A (Pl ), =0 in QY p, a=1,2,...,N,

v=u on 8pQ)}‘2/2.

Then for every eq € (0, %),

][ |Du — Dv|*dz < c
Q

A
R/2

Y
e ey INTY ][ |Du — P|*dz ][ |Du —P|*dz,
Q% Qx

for some ¢ = ¢(n, N, p,q,v,cn) > 0, where v > 0 is from Lemma 6.5

Proof. Observe the u satisfies

() = (APl ), = = (AT (P)(wl, = P)) + [AP)] — [A(DW]) = —(HP),,
for every a = 1,2,..., N. By taking u® — v as a test function in the weak form of the
above two equations, we have

1
—/ lu(x,0) — v(z,0)]*dz —I—/ A%B(P)(uf — vf)(ug‘l — vy ) dz
2 Br)2 QQ/Q ! !

Ty

Qs
and

" 2 ¢ 2
©"(|P])|Du— Dv|*dz < —][ H|*dz,
]éA " (IP]) Jo

A
R/2 R/2

where H = (H¢). We note that
HE = AP (P)(ul, — PP+ AP -

(2

= A (P)(uf - P]) - (/01 A (rDu+ (1-1)P) dT> (u, —P).

If | Du — P| < £|P|, by (6.10)

! Du - P)|1™
o< ([ |TER ar) e ipbipu - Pl < e pDiDu - P
0
If |[Du — P| > &|P|, then by (2.18) and (6.1)
H| < e’ (|P])| Du = P| < gy " (IP)[P| 77| Du — P,
where 7 is from Lemma 6.5. Combining the above results we have

f,

R/2

[A(Du)]}

|Du—Dv|*dz < ¢ (5(2)71][ |Du—P|2dz+cea27)\_27][ |Du — P20+ dz) :
Q2 Qry/

Therefore, applying Lemma 6.5, we obtain the desired estimate. U

Set v(z,t) == v (Rm, 70 >, where v is a weak solution to (6.11) with P € RM»

satisfying % < Pl <A Then v is a weak solution to

AP (P
—ta_( Z]( )17/6)) =0 in Q1/27 @:1,2,...,N.

(N
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_ aB _ _
Since L™ wl|? < A(;i,((/\l:)w?wf < Lw|? for all w = (w¥) € R¥ and some L > 1, by

regularity theory for linear parabolic systems with constant coefficients (see, for instance,
20, XI. Theorem 6.6] with its proof), we have that for every p € (0, 1),

/ |DV — (D¥)g,|*dz < cp? / |DV = (DV)q, ,|*dz,
o Q12

which implies the following estimate for v: for every p € (0, %),
n+4
(6.12) / IDv — (Dv)ou|?dz < ¢ (ﬁ) / IDv — (Dv)oy |*dz.
@) ' R Jay, e

The estimate (6.12) is a key ingredient to obtain the following result, which provides an
estimate for the decay of the mean oscillation of Du on each scale (cfr. [27, Lemma 4.4]).

Lemma 6.7. Suppose
1
[(Du)gn | = 5)\ and ]{y |Du — (Du)%]2 dz < eN?
R
for some € € (0,1). Then for every 0, € (0,3), we have

J

for some c; > 1, where v > 0 is from Lemma 6.5.

Proof. By Lemma 6.6 with P = (Du)le{ and (6.12), we have that for every § € (0, 1),

/Q 2

|Du — (Du)Q3R|2 dz < (e 45 21 + 0 / |Du — (Du)QIA%|2 dz
Qx

A
OR
|Du — (Du)QQRFdz < 2/

QR
el +e,27e7] / |Du — (Du)gy [” dz + 0™ / |Dv — (Du)g [ dz .
Q
This concludes the proof. O

|Du—DV|2dz—|—2/ |Dv — (DV)Q9R|2dz

A A
OR QOR

R Q%2
The counterpart of [27, Lemma 4.5] is the following result.
Lemma 6.8. There exist small constants 0,¢ € (0,1) such if
3
[(Du)ga | =2 4_1)\ and ]{y |Du — (Du)%]de < el
R
then for every m € N,

1 1
[(Du)gy | = (5 + W) A,  where R, :=0"R,

and

N

]{y |Du — (Du)Q§m|2dz <6

Rm,

]é Du - (Du)g, Pd

A —1

Rm—1

<< O ]ék |Du — (Du)Q£|2dz.
R

In particular, we have that for every r € (0, R],

3
][ |Du — (Du)gs[?dz < 073 (%) ’ ][ |Du — (Du)gy [* d=.
(o7} 2 Qx



Proof. Choose 6, £ and gy small so that
0n+7/2
401

where the constant ¢; > 1 is from the preceding lemma. We prove the lemma by induction.
We first obtain the desired estimates when m = 1. By the preceding lemma, we have

2 3/2 2
][QQR |Du — (Du)gy |"dz < ¢ / ]ég [Du — (Du)qa [ dz,
which is the desired second estimate when m = 1. Moreover,

m
0 < min {(de) 7%, 277}, 50<< ) ;e <min{eg[6"72/(4er)]7, 270620 ),

[(Du)gy, — (Du)gy| <0772 ]é |Du— (Du)gy [dz < 072N < éA,
R
hence
1 1 1
(Dulgy,) > [(Dulgyl - 3> (5+ 55 ) A
This is the first estimate when m = 1.
Next, we suppose the estimates hold for all m < mg. Then from the first and the

second inequalities when m = mg we see that

1 1 1
|(Du)o» |><—+ ))\>§/\and

3
Rimg 9 " 92+mg |Du—(Du)Q}2m0 2dz < ef2™0N? < e,

A
QRmO

Therefore, applying the preceding lemma with R replaced by R,,, and the second in-
equality when m = mg, we see that

Du— (Du)y, [Pdz< 93/2][
Q)\ Rm0+1 by

Rmg+1 Rmg

3

|Du — (Du)gy [Pdz < f2(moth )2,
mo

This is the second estimate when m = mgy + 1. Moreover, by the first estimate when
m = mgy and the upper bounds of 6 and ¢,

1 gimoss 1
](Du)ngOH - (Du)Qﬁmol < gn+2 ]iﬁ |Du— (Du)Qﬁmo [dz < gn+2 AS 93+mo
RmO
Therefore we have
D D 1 > 1 1
(Dwlay,,,. |2 Py, = ggemsh > {5+ g5ems ) 2
This is the first estimate when m = mg + 1, and the proof is concluded. U

We conclude the list of the auxiliary results needed to prove Proposition 6.2 with the
following one, which corresponds to [27, Lemma 4.6]. For a ¢ > 0 small enough such that
(6.2) holds, we have that the average of Du is comparable with A and that Du remains
close to its average.

Lemma 6.9. Fore > 0, there exists 0 = o(c) € (0,272 such that if o satisfies (6.2),
then .
A< (Du)gy | < A

and

Du— (D 2 < el
]f??am | “ ( u)QE\Q/Z‘ S €
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Proof. Let f(s) := (s — (1 —20)\)+ with 6 € (0,1/4) to be determined and F(s) :=
Jo 7f(7) d7. Note that we have that
(i) when f(|Dul) > 0, 2) < (1-260)A < |Du| < A (hence 27%(\) < ¢(|Dul) < ¢(N))
and f'(| Dul) = 1;
(i) 0 < f(|Du]) < 20X and 0 < F(|Dul) < 462)3.
Let £ € C§°(Bgr) and n € C*(R) be cut-off functions such that § = 1 in Bg/s, |DE| <
n=0in (—oo, —(ﬁ—i\)), n=1in (—%, 00) and 0 < 8“7 N Then, the Cacmoppoh

estimate (5.2) with p = R, 71 = —(j—é\) and 7 = 4@,,(/\ ylelds

"(|D
A((1=0)A,R/2) Q)2 | Dul
_ Dul)®
<CR2/ [’Du L+ "(|Du)F(|Du
o ¢'(] |>f’(]Du]) ¢"(|Dul) F(|Dul)
< cR7Z|{|Dul > (1 —20)A} N Qp|0°Ap(N)

{z € Q) : |Du(z)| > k}. Note that in the second inequality, we used
) < 2972¢"(|Du|) when F(|Du|) > 0. Hence we have

f(IDu])|D*ul* dz

where A(k,r) =
the fact that ¢” (A

(6.13) / |D*ul?dz < cORZN[{|Du| > (1 —20)A} N Q%]
A((1=6)X\,R/2)

Let hg € C*(R) be increasing such that ho(t) = 0 for ¢ < 3\/4, ho(t) =1 for t > T\/8,
and hj < 16\, and set h(z) = ho(|Du(z)|)Du(z). Then we have |Dh|? < c¢|D?*ul?.
Let § € C§°(Bgry2) be a cut-off function such that 0 < & < 1 with § =1 in Bg/4 and
|D2€0| + |D§0|2 < C/RQ, andf ||§0||L1 BR/2)§O ~ 50 . Set

W(t) := Du(z,t)é(x)dx, Wy(t) ::/ h(x,t)¢(z)de
Bgr Br
and
90”()\) 0 0
W, — / Du(z, )¢ (x) dz df — ][ W(t)dt.
R? | _m2 Br __R%
oY) " (N)
Note that by Lemma 6.4 with f =h(-,¢) and p = +1, we have
// h(z,t) — W,(1)]> dz dt < c)\n+1// W, ()| 751 dar di
Q 2 Q 2
(6.14) o o
< (|BalNTH / DRI dz
Q%2
Set

Yo :=ABN4, R/2)\ A(1 — o)\, R/2) and X :=A((1—-0))\ R/2).
Since |Dh| = 0 on Q?%/2 \ A(BA\/4, R/2), we have

/ IDh|##1 dz = [ |Dh|## dz + / |Dh|#+1 dz .

?{/2 2o )

By Holder’s inequality, (6.2) and (6.13) with 6 = 1, the first term on the right hand side
can be estimated as

T

|Dh|#1 dz < [So| 7 (/ th\de) < comF AT R |Q).
o (3\/4,R/2)
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Moreover, by (6.13) with § = o

n

n+1
< Q) ( / |Dh|2dz)
A((1=0)\R/2)

< comFINHT R T|Q)

Therefore, we have

/ |Dh|##7 dz < comti A\ntT R™ 41| Q)
QR/Q

hence, inserting this into (6.14),

(6.15) //A W, ()2 dz dt < ca%ﬂ)@‘@g] .

R/2

Note that
|Du— wol* < c(|Du—h|*+ |h = W, > + W), - W]* + |[W — wy|*) .
First, by (6.2) with the definition of h, we have

(6.16) /Q

Moreover, by Hoélder’s inequality and the definition of (, we also have

/ (W, — W|*dz = |BR/2|/
Q) R2/(4¢""(\))

R/2

(6.17) < \BR/2|/ [/ (Du(q:,t)—h(a:,t))2dx] [ §2dx] dt
—R?/(4¢"(N)) |/ Bry2 Br)2

< c/ |Du — h|?dz < coN?|Q}].
Q)

R/2

Du—hfdz = /Q (= h(IDuDFIDu az € oX(QH.
R/2

R/2

2

dt

/ (Du(z, ) — h(z, £))(x) dz
Brj2

Second, since u = u. is a weak solution to (4.2), by testlng (4.2) with ¢ = (&,,...,&,) €
Cs°(Bg,RY), i =1,2,...,n, we have that for every — ( p<T <7 <0,

/ (w8 (2, 7) — u® (7)€ () di = / /B (A(DW)* — [A(W(1)]%)) - DE,, dz.

a=1,2,...,N, hence, using (2.19) and the facts that |Du| < X in Q% and ¢(¢)/tP~1 is
increasing,

IW() = W(T)| < C/QA |A(Du) — A(W(1))||D*¢| dz
R/2

c [ ¢UDul+ W) D W
< | Sipae a0l WD Du - WP

(6.18) @' (N
_ry/’ — WPt
S NP1 Rnt2 /Q/\ [Du [ dz

R/2
<eNr? (7[
Q)\

R/2

p—1

2

|Du — W|? dz)
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Applying the estimates (6.15), (6.16) and (6.17), we obtain for every — <7T<71 <0,

( )
p—1

(W (r') = W(r)| < eX*? <aﬁ)\2>T < coTm A,
which also implies

(6.19) /Q W wolPd < QY sup W) — W) < coii 2|0}

;\%/2 ,,(QA) <T<1'<0
Therefore, combining the results in (6.15)—(6.19), we have

][ |Du — (Du)Qg/2|2dz < ][ |Du — wy|*dz < conTi N2,
Q Q2

A
R/2 R/2

This implies the second desired estimate by choosing o sufficiently small. Moreover, since
|Du| < |Du — (Du)QIAm| + |(Du)Q1A2/2| and by the assumption of the lemma

{IDu] > (1 = o)A} N Qppal > (1= 0)|Qppal > (1= 27"2)| Qo

we have
%
2
|(Du)QIAm| > fo |Du|dz — (]2A |Du — (Du)Q}Am| dz)
R/2 R/2
> (1= 0)(1 = 27049) — coxtin | \
Finally, by choosing ¢ sufficiently small we obtain the first desired estimate. U

We are now in position to prove Proposition 6.2.

Proof of Proposition 6.2. As we mentioned above, we assume 2y = 0. Let ¢ > 0 be given
from Proposition 6.8. With this €, we determine o as in Lemma 6.9 with § in place of ¢,
and suppose that Q% = Q%(0) satisfies (6.2). Therefore, we have

7
DA< I(Du)gy, | <A
and
][ [Du— (Du)gy [ d < <.
o0 2

R/2

Choose z; = (z1,t1) € Q% such that max{|z|, \/¢"(N)|t1]} < 'R, where ¢’ € (0,1/2) is
a small constant to be determined. Then QR/Q(zl) C Q7 and \QR/z(zl) \ QR/2] Q% B2 \

» /2(zl)| ce'|Qp] for some ¢ > 0 depending n if €’ is sufficiently small. Therefore, by
(6.1) and the preceding two inequalities, we have

]é Du— (Du)gy (., dz

;\%/2('21)
1

Q%o Jay ,e0\ai,,
< <c5 + ))\2 < e)?

2 2
|Du — (Du)lem\ dz —i-]é |Du — (DU)QE\{/J dz

A
R/2
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and
((Du)gy onl = [(Du)gy [ = [(Du)gy = (Du)gy o)l

R/2

1
A — |Du|dz

7
87 1@l J@3n\@h U@ 2\@ a1
7 3
= g)\—CE/)\ = 4_1)\
provided that ¢ is sufficiently small. Therefore, by Lemma 6.8 with Q7 /2(21) in place of

Q?%, we obtain that for every z; € Q;‘%/Q and every 0 < r < % we have

2 r\3/2 2
(6.20) 722@1) |Du — (Du)gaay)| dzéc(Tz) ]é%(m Du— (Du)gy 2 dz.

Consequently, the desired oscillation decay estimate (6.3) follows from (6.20) by the
standard embedding argument by Campanato in the parabolic setting (see for instance
28, Lemma 4.3]). O

6.2. Proof of Proposition 6.3. We start with a density result from (6.4) (cfr. [27,
Lemma 6.2]).

Lemma 6.10. Suppose (6.4) holds for some o € (0,3). There exists m; € N depending

2
on o such that
_1
sup  [{|Due, 0] > (1= 27"0)\} N Bonl < 5|Bosl . where & := (1 - f) "

2
-3 ”(A) <t<0

Proof. Step 1. We first prove that there exists ¢; € (—(p,}%), 2“,,R(/\ ) such that

(6.21) {z € Br: |Du(z,t:)| > (1 — o)A} < (1 - 5) Bg| .
Set, ,
I:= {z € Bgr : |Du(z,t)| > (1 — o)A} dt.
R2

- //()\)
Then by (6.4),
2

——|Bg| .

oo
On the other hand, by the mean value theorem for integrals, there exists t; € (— 90’22/\) , — Qg,,R(QA)
such that

I<H|Dul > (1-a)A}NQx < (1-0)

o\ R?
I= |{93 € By : |Du(w,t;)| > (1 — 0)A\}] (1 - 5) o
$ yields (6.21).
Step 2. Let
o
U(s) =1 <s <A,
() := Iny (1 —s/)\+21m0) o OsesA
where g, (s) := max{g(s),0} and m € N with m > 2, and set
2W ()W’
f(s):zw, 0<s<A.

Then we have the following straightforward properties for ¥ and f:

i) 0<¥(s) < (m—1)In2and ¥(s) =0 if and only if 0 < s < (1 — 0 +217"0) ),
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(ii) for (1 — o +2""m0)A < s < \, ¥'(s) m and U’ (s) = ¥'(s)?;

(iii) for (1— 0 +21""0)A < s < A, f/(s) = 2LV _ J6) o,

(iv) F(s) =[5 7f(r)dr = U(s).
Choose any t € [—QZTR(Q/\), O} and let t; be that given from (6.21). Then from the proof of
Lemma 5.1 (applying (5.3) to I) with p = R, 7, = t;, 75 = t and n = 1, we deduce that

/ F(|Duz, )€ da

(6.22) / /BR |l|)D'|1| (f(yDuy)|D2u|2+ f/fl’)DTD |D(|au’ ) )52dxdt

(1D
/BR F(|Du(z, 1)) d:z:+c// \l|? ‘|‘| |D(|Duf?)| f(| Du|)¢| DE| dadt,

where £ € C§°(Bg) is a cut-off function satisfying that £ = 1 on Bzr and |D¢| < ﬁ.

For what concerns the left hand side, applying (iii) and (iv), we have

(LHS of (6.22)) >/ (| Du(z, )22 da

¢'(|Dul) (¥(|Dul) + 1)¥'(|Du))* |D(|Duf?)?
//BR Dl Dul? 5 €2 dadt.

On the other hand, as for the right hand side, Young’s inequality with the definition of
f and (iv) yields.

(|D
of (6.22)) < w( ) )22 da + ¢ »
RHS of D )2¢2d ¢'(|Du) u\ (1Du))|DeP ded
BR Br |D |
¢'(|Dul) ¥ |Du|)\If’(\Du| ,
/tl /BR | Du |Dul? |D(|Duf? ’ £ dadt .

Therefore, we have
/ (| Du(z, D)) dz
Bsr

Du|
< V(| Du(x,t 2dx—|— / / | (|Dul|) dzdt .
/. woute ) o A ARy LI

For the left hand side, we see that

(6.23)

((m —2)n2)*|{|Du(=,#)| > (1 —27")A} N Bsrl.
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(LHS of (6.23)) = ¥((1 —2""a)A\)*|{|Du(z,t)| > (1 —27™0)A\} N Bsg|
2



On the other hand, to estimate the right hand side, we apply Step 1 and (i) to get

(RHS of (6.23)) < ((m —1)In2)*|{z € B : |Du(z,t;)| > (1 — o +2'"™0)\}|

c(m—1)In2
-1 —ap "
< {((m —1)In2)? (16_"%) + c(m6n— 1)} | Bs Rl

< {((m —1)In2)%? + M} | Bsr| .-

5—n
Therefore, combining the above results, we have

m—1

[{|Du(z,#)| > (1 — 27™0)A} N Bsgl < { (—> 5%+ —:21))2} By

m— 2

Finally, by choosing m € N sufficiently large so that

and

m—1 2<1+a— m—1 _5"*(1-9)
26 (m—2)2 2¢, ’

m— 2

we obtain the conclusion. O
We note that ¢ > ¢ since o € (0, %) Now, we are ready for proving Proposition 6.3.

Proof of Proposition 6.3. We remark that constants ¢ in the proof depend also on o.
Step 1. Let

(t— (1 —v))Y"
t )

f(t) = X =2,

where v, € (0,3) is a sufficiently small constant to be determined, and set F(t) :=
fg sf(s)ds = %(t — (I —v1)N)X. Note that, since f'(t) = (t*(17”1)’\)X%ngﬁ)t“l*”)’\) if
t > (1 — 1)\, we have

f’(t) > (t - (1 — 1/1);)§_2<1 — Vl) > (t _ (1 ;)\Vl))\)z,(_Q

for 0 <t <A,

and

0O N (2 W70 D) L S (A € 728 DY L SN (2 § B ) DY
PO -t A S d-wh S0 A -

Let & € C§°(Bsr) be a cut-off function with 0 < & < 1, § = 1 on Bzp/e and

|D&| < and 79 € C®°(R) with 0 < 79 < 1, 70 = 0 in (—oo,—%], n = 1 in

4
oR’
oR? 8" (M) e (n+2)x—n o (E
[_W’ oo) and 0 < (o) < ~S57>. Set £ = ¢, .1 =1 . Then applying (5.2)
with p=0R, 7 =t;and 7, =1’ € (—QZTR(Q/\),O), and using the fact that $A < |[Du| < A
36




when |Du| > (1 — 1)\, we have

1 D(|Dul?)|?
_/ (J,’ t)X<<$ 75/)(n+2)x nd(L’—i—gO / / wX™ 2| (| u| >| g%]dl’dt
Bsr Bsr

| Du?
1
// { Nw¥| D2 + wxgnt} dzdt
Bsr X

<ox / / [go"mwxwDfo|2<<"+2>><*"*2+w><<no>t<<”+2>xfnﬂ o
o'R

n+2 )x—n—2 + g(n+2)x—n—1) dZEdt,

UR
where we denote

(‘DU| (1 — l/1>)\)+ and C = 50770

2 D(|Dul?)

Moreover, since D(w %5) = Xw Bl PUPuT) ¢ L 2 DE and 0 < ¢ < 1

Y

sup / wX ¢ qa o (A / , / D(w? Q(HZ)X )| dadt
oR

(6.24) ~ 35y <t<0” Bor 2
//
< 390 / i / n+2)x n— dedt
557y 7 B
Setting
W= wcn+2

by Hélder’s inequality and Sobolev’s inequality we have

/ , / X W2 dedt
oR

2677 (%)
2 on n=2
< / i (/ wX¢™ d$) </ (w%c%")“ da:) dt
_2511/?)\) B&R B&R
2 0
<e  sup (/ WX dx) / ] |D(w> ¢ dadt
II(A) <t<0 B&R _#R()‘) B&R
1+2
2 —n—2
< ” <R2/ o R2 / wXC dl’dt) .
2677 (N)
We further set Q := Bsp x (— 5 ,,(/\) ,0]. Then we have
1+2
f wx(l+%)<—n—2 dz < CX3(1+%) (f wxc—n—Q dz) o> 9
Q Q
We now apply Moser’s iteration. For m = 0,1,2,..., we set

2
Xm = 20™,  where 0:=1+ —,
n

and

Ty = f @Xm (2
Q
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Then we have that for m =2,3,...,

m 39 (o™ !-1) m_
T <t g0 < 1030, 304307 10 99_*119971( 9—1 1) 6 l)J
m S CXm—19m-1 € Xm—2 m—2 ~ 0
<

which together with @w = w("*? yields

Jllmigy = I8¢y = lim A" (]é w%—”—de) <(]é w2dz) |

and by the definitions of w and Q = Bjsg X (=52, 0] D QUR/w

3
D8]~ (1~ )Nl < € (]é w? dz)

{(|Du| = (1 =v)N); >0} N Q| *
14

Step 2. Now, we show that the ratio of measures on the right hand side of (6.25) is

sufficiently small if v, is small. We follow the argument in [11, Lemma 6.4]. We start

recalling the following well-known Poincaré-type inequality, see for instance [11, Lemma
6.3]: for v € WY%(B,) and k < [,

Bl
N

(6.25)

(6.26) (I —k)|{v> 1} nB,|* < Dol dz .

|B {U >k} /k<v<l}ﬁBr

Let mq be a positive number determined later, which is larger than the constant m,
determined in Lemma 6.10, and j € {my,m; +1,...,mg — 1}. Putting [ = (1 — 55%7)A,

k= (1-%)\ v=|Du(,t)| and r = 6R, and applying Lemma 6.10 we have that for
tel- f,@),m
D] > (1 - A} 0 By
v ID{IDua, o))
c Du(x,t)|||dz
|Bsr \ {|Du(z,t)| > (1 — ))‘}| {k<|Du|(z,t)<I}NBsr

| Dl|Du(z, t)[]| dz

<c i /
Sl (L =Y e bugen)<inBan

< CR/ |D[|Du(z,t)|]| dz.
{k<|Du(z,t)|[<}NBsr

In addtion, by Holder’s inequality,

| D[ Du(z, )] dz

D (|Du(x,t)| - (1 - %) A)+

38

/{k<|Du(w,t)<l}ﬁB{;R

<\
{k<|Du(z,t)|<I}NBsr

1
2 2
dx) [{k < |Du(z,t)| <1} N Bsg|?



Therefore inserting this into the above estimate, integrating both the sides for ¢ from
2@,,( 7 to 0 and using Hélder’s inequality, we have

T Dl > (1~ SMNQ

2J+1

< cR /
{k<|Du|<I}NQ

Moreover, using almost the same analysis as the one employed to derive (6.24), we also

obtain
[ < [ | (ipul - (1-5)),
< W/R <|Du\ . (1—2—]))\>2 dz .

D <|Du| - (1 - %) /\>+‘2 dz) {k < |Du| <1} N Q5.

2
dz

| (1pul = (1-5)2),

Combining the above results with the facts that [Du| < X in Q3 and |Qy| < cn)
have

, we

~ 2 ~
{Ipul> 1= 5500 0@\ [{1- < Ipul< (- 5004
— <c = )
Q Q

Then summing over 5 from m; to my — 1,

o (lDul > -
(2 1)( Q|

zemm@)?

which implies

{[Du| > (1 —v)A} N Q| _ [{|Du] > (1—2T2)/\}0Q| ¢
Q) Q| my —my’
where we choose
o
V= oma .

Step 3. We insert the previous estimate into (6.25) to get

Co1A
[(|Du] — (1 - V1M)+HL0«>(Q3R/2) < (s — my)/t

for some ¢, > 0 depending on n, N, p,q and o. At this stage we determine mo depending

on n, N,p,q and o such that W < %, hence v) = 575 is also determined. Then we
obtain
D 1 <2
I0Du] = (X = )X+l 1@ ) S FA
which implies (6.5) with v := 1 — % since QﬁR/Q c Q. O
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6.3. Proof of Theorem 6.1. We are now in position to prove the main result, The-
orem 6.1. Arguing as in [27, Corollary 1.2], it will be a consequence of the following
claim.

Claim. Suppose that |Du| < X in some Q% = Qn(20) € Qp and X > 0. Then, for
every r € (0, R) it holds that

T [e%
(6.27) Qg?;) Du<c <R> A
for some a € (0,1).

We assume that zg = (0, 0) for simplicity. Fix o € (0,27!) in Proposition 6.2. With
this o, choose v € (0, 1) as in Proposition 6.3. If the assumption (6.2) holds, then (6.27)
follows from Proposition 6.2. Hence, we assume that (6.2) does not hold, which means
that (6.4) holds.

Choose 0 € (0, 1) sufficiently small so that

11 1
JV2 g% and 9<<—)3,
where C' > 1 is from Proposition 6.2 and for m € Ny := NU {0}, set R, := ™R and
Am := v™\. Then one has Q""" C Qi’ﬁm /o for every j. This implies {Q)‘m“ b ds

Rm+1 Rm+ 1
shrinking. Define

N :={m € Ny : (6.2) holds with R,, and \,, in place of R and \},

0 <

and

00 if N=90.

Then mg > 1. If 1 < m < myg, then by Proposition 6.4 with R,,_; and \,,_; in place of
R and A, we have [Du| < A, = ™\ in Q3" and

{min./\/ if N#£70
mo =

osc (Du) < 2HDuHLw(Q?{n rvny S 207A
(6.28) { @rm "
forall m=0,1,2,...,mg when mg< oo, or m €Ny when mg= 0.

Furthermore, if mg < oo, by Proposition 6.2 with R,,, and A, in place of R and A, the
second condition of # in above and (6.28) with m = my, we have

(6.29) osc (Du) < CHM M3/ ose (Du) < 20\ for all m > my when mg < 0o,

! i
Fix any r € (0, R/2]. Let t; € (—4¢+2(/\),0]. Note that Qg/z(O,tl) C Qyand ™ R/2 <

r < 0™R/2 for some m € Ny. Then applying (6.28) and (6.29) for Q}\%/Q(O,tl) instead of

A, we see that

(6.30) \Du(, 1) — Du(0, )] < 20\ < ¢ (}%)al A
where a; = log, v, for all (z,t,) € Q2.
Let & € C3°(B,) with 0 < & < 1, 7 = 1 on B,y and |D*| + |[DEP* < &, & =

HfOHZ}(BT)gOa and
W(t) := Du(z,t){(z) dz .

B,
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Then by testing (4.2) with ¢ = (&,,...,&,) € C°(B,,RY),i=1,2,...,n and applying
the analysis in (6.18) along with the inequality |D*¢| < 57, we have

r

W) - WO < 55 ]| 1DuGs) Wi s ve (-]

Moreover, by (6.30) it follows that

|Du(z, t) — W (1)] </ |Du(z, t) — Du(y, t)|€(y) dy < c(}%)“A for every (z,t) € Q.

Therefore, from the preceding two estimates we have that for every (z,t) € Q)
|Du(z,t) — Du(0,0)] < |Du(z,t) = W(t)[ + [Du(0,0) = W(0)[ + [W(t) — W(0)|

r\o(p—1)
< — A
C(R)

This implies (6.27).
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