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Introduction

We study the minimization of a linear elastic deformation energy coupled
with damage energy under various boundary conditions and/or unilateral con-
straint. The damage is due to cracks at mesoscopic scale. The presence/absence
and shape of cracks is not “a priori” prescribed but it is free and depends on a
variational principle.

In this paper we prove existence of equilibrium for an elastic body which may
undergo damage provided compatibility and safe load conditions are fulfilled.
The functional space in which we set our problems is the space SBD of vector
fields with special bounded deformations ([1],[6]), which is a suitable subspace
of BD ([22],[24]): the choice is entailed by the structure of the energies under
consideration. Our setting allows discontinuous deformations: the region of
fracture is the set where v is discontinuous.

More precisely we assume that the stored energy for an elastic body with free
cracks undergoing small deformations is described by the following functional
(see [17],[18],[19]):

F) = [ (We@P+ JTremP ) ax

+ aH"Y(Jy) + 7/ I[v] ® vy| dH™ !
Jv

(0.1)

where 2 C R™, n = 2,3 is the reference configuration of the body, a and ~ are
strictly positive real constants, the constants A and u are the Lamé coefficients
of the material, > 0, 2u+nA > 0, v: Q C R"™ — R" is a displacement vector
field with special bounded deformation, say v € SBD(2), £(v) is the absolutely
continuous part of the linear strain tensor, £(v) = %
H"~! denotes the (n — 1) dimensional Hausdorff measure, J, is the jump set

e(v), e(v) =symDv,

of v (the set of points x where v has two different one sided Lebesgue limits

vt

, v— with respect to a suitable direction vy = 14 (x) ), while [v] = vt — v~
and ® denotes the symmetric tensor product.

In (0.1) the first term (the volume integral) represents the elastic energy
in undamaged regions; the second one is a surface energy (area of material
surfaces where damage occurs); the third one describes a weak resistance of

the material to compression or crack opening (after crack process has started),



is related to Barenblatt model of damage ([4],[5],[8]) and allows the analysis of
the model in presence of nontrivial load, even without artificial confinement of
the body. For the study of functional (0.1) with v = 0 we refer to [14], [15], [6].
We study variational problems for the (non convex) stored energy (0.1) when
the body is subject to prescribed volume dead load f € LP(Q, R™), with p > n
under Dirichlet or Neumann boundary conditions and/or unilateral constraint
on the deformations. Necessary conditions and sufficient conditions are shown
under mechanical compatibility of the load (balance and vanishing moments),
smallness assumptions on loads (safe load conditions) and geometric compat-
ibility between loads and obstacles. The precise conditions are given by The-
orems 2.1, 3.1, 4.1. The proofs use tools from geometric measure theory ([2])
and theory of recession functional for noncoercive problems ([3],[9]).

The result for the obstacle problem (Theorem 4.1) is new. Some particular
cases (respectively cantilever and beam with homogeneous Neumann boundary
condition) of the boundary value problems considered in Theorems 2.1, 3.1 were
studied in [18] and [19]: these cases proved useful in deriving models of elastic-
plastic plate and beam, as variational limit of functional of type (0.1) when each
term is suitably weighted with respect to the thickness of the approximating
3d body ([10],[11],[12],[18],[19],][20]).

1. Functional framework and preliminary results

The space of vector fields with bounded deformation BD is the natural
framework for the study of functionals with linear growth in the symmetrized
gradient. Obstacle problems often lead to a lack of coerciveness. In this section
we recall the basic definitions and results, about the space BD and some tools
of the theory of recession functionals ([3]).

For a given set U C R"™ we denote respectively by U, OU, and coU the
topological closure, the topological boundary and the convex hull of U; we
denote by H"~}(U) its (n — 1) dimensional Hausdorff measure and by £"(U)
(or shortly |Ul|) its Lebesgue outer measure. B,(x) is the open ball {y €
R"; |y — x| < p}, and B, = B,(0). If Q ,Q" are open subsets in R", by
Q cC € we mean that Q is compact and Q C €.



ot

Assume 2 C R", n = 2,3, is a Lipschitz open set. If Y is a finite dimen-
sional space, we denote by LP(2;Y") the space of p integrable functions with
respect to the Lebesgue measure with value in Y. Let M(,Y") be the space
of the bounded measures on  with values in Y (M() when ¥ = R) and let

| - |7() be the total variation of a measure in M(Q,Y), i.e.

|M\T(Q):/Q|N|ZSUP{/QZ¢¢dej : ¢iy € Co(9), Zéf’?jﬁla in Q}
i i

If A C Qis an open set then ||z (4) is defined in the same way with ¢;; € CJ(A)

and we define a Borel measure |u|, by setting for every Borel set B C 2

|ul(B) = |ulr(p) = inf {|ulra): B C A, Aopen }.

For v € L'(©2,R") the set of Lebesgue points ), is the set of x € Q s.t.
there is v(x) € R™ with lim, o, fBg(x) v(y) — v(y)ldy /| B,| = 0.
The Lebesgue discontinuity set Sy is the complement of Lebesgue points:
Sy = Q\ Qy. We say that v has one-sided limits vt (x),v™(x) at x € Q with
respect to a suitable direction vy (x) € {x € R": |x| = 1} if
tiw " [ v(y) = v (x)ldy =0,
P07t {YEB,(x); (y—x)-v>0}

[v(y) — v (x)|dy = 0.

lim p™" /
p—07% {Y€B,(x); (y—x)-v<0}
The jump set J,, of v is the subset of points x in S, where v has one-sided
limits vt (x), vt (x) with respect to vy (x) and v*t(x) # vT(x).
In the framework of linearized elasticity ) represents the unstressed ref-
erence configuration of an elastic body, we denote by v, e(v), and £(v), re-
spectively, the displacement vector field, the linearized strain tensor and its

absolutely continuous part:
v:Q — R",
1 T
e(v) = 5(Dv + (Dv)"),

e‘(v)=&wv)dL”, divv=Tré(v)=V-v,



here Dv = {Djv;}, (i =1,...,k, j = 1,...,m) denotes the distributional deriva-
dDv
dLmn

tives of v; Vv = denotes its absolutely continuous part and [v] © vy, =
sym(v ® vy).

The space of functions with bounded deformation. We say that a vector
field v : Q — R"™ has bounded deformation if v belongs to L'(€2, R") and its

symmetrized distributional gradient e(v) is a Radon measure:
(1.1) BD(Q) = {v e LY(QR") : e(v) e M(Q,M,m)}.

The space BD is endowed with the norm

Il 3o = IVl 2 umm + /Q e(v)]-

We list the main properties of functions with bounded deformation.

The linear strain tensor e(v) has the following decomposition
(1.2) e(v) =e"(v) +e’(v) = e"(v) + &’ (v) + e°(v),

where e*(v) = £(v)dx and e°(v) are, respectively, the absolutely continuous
and the singular part of e(v) with respect to £", while €’(v) and e‘(v) are
respectively the restriction of e*(v) to J, and to its complement; e/(v) and
e®(v) are called the jump part and the Cantor part of e*(v).

The jump set Jy is £™ negligible, countably (H"~! n — 1) rectifiable, and

(1.3) e(v) = (vi(z) —v (z) O, H" L J, H" ta.e. in Jy .

We denote by R the set of rigid body motions: v(x) belongs to R iff v = Ax+b
with A skew-symmetric matrix.

If ¢ is a continuous seminorm on BD(£2) which is a norm on R, then

(1.4) P(v) + le(v)lr@

is a norm on BD(Q) equivalent to ||v|| zp(q)-

For every connected Lipschitz open set €2, and every continuous linear map
R : BD(2) — R which leaves fixed the elements of R, there is a constant
c1 = ¢1(f2, R) such that ([22])

(1.5) v — R(V)HLn/(n_l)(Q) <ca(R)e(v)|rq), VveBDEWQ).



We make one choice of the “projection” R and we leave it unchanged along all
the paper.
For every connected Lipschitz open set §2 there is a constant co, dependent only

on Q s.t. ([22]) a Korn-Poincaré inequality holds:
(1.6) [VIln/m-n() < c2le(v)lrag, Vv € BD(R"): sptv C Q.

Embedding. BD(2) C L*(Q) for all s € [1,n/(n — 1)]. The embedding is
compact if s € [1,n/(n — 1)).
The space BD(Q) is dual of a separable Banach space ([24]), hence there is a

weak™ topology on BD((), such that closed balls are sequentially compact in
the w* BD() topology.

Remark 1.1 - A sequence vy w"BD(S) v iff

(1.7) vy — v in L'(Q)" and

(1.8) e(vi) —e(v) w* in M(Q,R").

Trace at the boundary. For any Lipschitz open set  there is a linear, contin-
uous and surjective operator I' : BD(Q) — L1 (0Q,R") s.t. I'(v) = v|aq for all
v in BD(2) N C(2)™ and there is c3 = c3(£) such that

(1.9) IT(V)] L1 00,rm) < e3l|V]Bp)-

The trace operator I is continuous in the norm topology, but it is not continuous
in the weak™® topology of BD(f).

Vector fields with special bounded deformation. SBD(f) is the subspace of
BD(9) where the Cantor part of e(v) is zero, i.e.:

(1.10) SBD(Q) = {v € BD(Q), st. e°(v)=0}.

Now we list some tools from the theory of recession functionals developed
in [3], [9]. For a different, but related perspective, we refer to [7].



Definition 1.2. (/3] Remark 3.17) Given a topological vector space (X, o) and
a functional

G : X — (—o00,+00], the sequential recession functional G (x) of G is

1
(1.11)  Geo(x) = inf {liminf )\—G(a:o + Apxp); A — 00, T — X In a} ,

k—oo Apg
where ., z9 € X and { A}k, {xk}r are sequences.

The definition was introduced in [3] with the more detailed notation G357, ()
to distinguish it from the topological recession functional G » (). Both G5¢%,
and G, are extensions of the classic recession functional G*°(z) of convex
analysis. Here we use only the sequential recession functional (and denote it
by G) in a non convex context with the choice o =weak *BD(f2) topology.

Definition 1.3. For any convex o closed subset K of a topological vector space
(X, 0) we define the recession cone K> of K as the o closed convex cone

K>* = -1 K — 0
)\QO)\ ( K )
where ko is an element of K.

Definition 1.4. For any subset K of a topological vector space (X,0) we
define the set K, of sequentially unbounded directions in K:

Kooz{x € X :3\ €R, xp € X with A\, — +00, a:kimc, To + A\pxi € KVk}
where x is an element of K.
Lemma 1.5. If K C (X,0), then (Lemma 2.11, Remark 2.17 of [3])
(XK )oo = XK »
K, =K% VK convex, sequentially o closed .

Theorem 1.6. ([3] Proposition 3.1, Remark 3.7) If G : (X,0) — (—o00,+00]

is a proper functional, then the inequality
(1.12) Goo(z) >0
is a necessary condition for

(1.13) inf {G(z): z€ X} > —o0.



An enforcement of the above necessary condition leads to the existence of

minimum for non coercive problems as stated below.

Theorem 1.7. ([3] Proposition 3.9) Assume X is the dual of a separable
Banach space, o denotes the weak* topology in X and G : X —] — oo, +00] is
a proper functional verifying:
(i) semicontinuity: G is sequentially o -l.s.c. and proper;
(ii) compactness: for all sequences A\, — +oo and all sequences xy, L, a
uniform bound G(Apzy) < C < oo entails xy, — x strongly;
(iii) compatibility: G..(z) >0, Vo € X (necessary condition) and

Vz € ker G there exists y > 0 such that G(z — pz) < G(x), Vre X.
Then G achieves a finite minimum on X.

Eventually we recall the following theorem of compactness and lower semi-
continuity which will be used to verify the hypotheses in Theorem 1.7.

Theorem 1.8. (Theorems 2.1, 2.2 [18], Lemma 2.3 [19]) Assume 2 C R"™ is
a connected Lipschitz open set, n > 2, () a positive definite quadratic form

on M, , (symmetric square matrices), a > 0, b > 0 and {z;}x a sequence in
SBD(?) such that

(114) sup { [ Q(E(m))dx+ /] (a+ bl —7) © v ) dH" 1} < o,

kEN Ta,

(1.15) R(zx) =0 Vk.

Then there is a function z € SBD(Q2) with R(z) = 0 and a subsequence such
that, without relabelling,

(1.16) z, — z, strongly in L'(Q,R"),
(1.17) E(zy) — E(z), weakly in L*(Q, M, ),
(1.18) e’(zi) — e’(z), weakly* in M(Q, M, ,),

(1.19) H (T, < limn inf H 1 (Ty,),
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(1.20) /QQ(E(Z)) dx < limkinf/QQ(E(zk))dx,

(1.21) (z" —27) O uy|dH" ! < limkinf (2} —2;) ® vg, |dH" .

|
Jz Jzk

The hypothesis (1.15) can be dropped by replacing (1.14) with
sup {/Q(E(Zk)) dx +/ (a + b|(z;r —2;) © vy, dH™ 1+
@ J

(1.22) kN =K
+/ |zk\d'H"_1} < 0.
o0

In the case n = 3 the relation R(z;) = 0, Vk can be replaced by

(1.23) / z, dx = / zi X (x—P)dx =0, for a fixed P independent of k.
Q Q

2. Neumann problem in linear elasticity with free cracks
Let us consider an elastic body whose reference configuration is €2 s.t.
(2.1) QCR"™ n=2,3, non empty connected Lipschitz open set.

The body may undergo small deformation and damage: say the deformations
may be discontinuous. We assume that the stored energy due to a displacement
field v in SBD() is given by

F) = [ (WP + e ix

(2.2)
F ) 4y [ o ulane
Ty
where £(v) = S4e(v), e(v) =symDv, and A, p are the Lamé constants of

the material, with
(2.3) w>0, 214+ nA > 0, a >0, v > 0.
The body is loaded by a dead force field L, with volume density f such that

(2.4) feLP(Q,R"), p>n,
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then the load energy associated to the displacement v is expressed by
(2.5) L(v)= / f-vdx.
Q
The total energy GV associated to the displacement field v is
(2.6) GN(v) = F(v)—L(v) Vv e&SBD(Q).
We want to minimize energy GV over v in SBD().

Theorem 2.1. Assume (2.1)-(2.6) and
(2.7) L(z) =0 Vz € R (compatibility)

v

(2.8) Iflr@) < ——=—
@ 01|Q|%_%

(safe load)
where ¢ = ¢1(Q, R) is defined in (1.5) and R denotes the rigid body motions.
Then the functional GV (v) achieves a finite minimum over v in SBD(2).

The compatibility condition (2.7) is a necessary condition for finiteness of
infimum of GY over SBD(Q2) .

PROOF — Theorem 1.6 entails that property (2.7) is a necessary condition
since

GN(z) = — L(z) vz e R .

We show that functional (2.6) achieves a finite minimum under assumptions
(2.1)-(2.8). By Holder inequality and (1.5) we get

L) = [L(v =Rv)| < [[fllze IV = RVl Lo (@)

(2.9) Ry
< Nfllee [ e1(Q,R) [e(V)|rq)-
By setting
A
(2.10) Q(A) = plAP + S(TrAP,

inequality (2.3) entails

(2.11)  Q(A) > q|A]* where ¢ = g, (\,p) = min(u,u—!—g)\) >0, n=2,3.
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Then, by Schwarz inequality and t? > st — 62s2/4 for t,s € R, § > 0, by
choosing s = ], we get

- /Q QE(v)) dx

%

o [lecpax = aor ([ |5(V)|dx>2

2

Q
5q/ E(v)dx — 29
Q 4

by summarizing, with any choice § > ~v/q,

v

GN(v) >
erp 200 [ EWlax oy [ Menlant - L) -
2 gy

1_1
> (v = el o) e lrey = T

|
Jv

hence, by (2.8), GV is bounded from below and, if {vj}reN is a minimizing
sequence and u; = v — Rvy, then GV (v;) = GV(w), |ukllsp@) < C.
Thanks to Theorem 1.8 with (1.14),(1.15) we get, up to subsequences,

w, “2” ue SBDQ),

2

E(ur) "X E(u),

u, — u strongly L5(Q) Vse[l,n/(n—1)),

uy, — u weakly in L/ (=1 (Q),

I(ug) — D(u) weak™ in M(Q),

L(w,) — L(w),

limkinf /QQ(E(uk)dx > /QQ(E(u)dX.

Then we get
—00 < GN(u) < limkinf GN (uy,)

so that u minimize GV . O

Remark 2.2 - Any minimizer v of the functional GV over the whole space
SBD(Q), with regular jump set J, is a variational (weak) solution of the Neu-
mann problem for the system of linear elasticity with free cracks:
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—pAv — (A +p)D(divv) = f Q\ Jy
Adivv)y + 2pe(v)y = 0 oNu Jy,

where v denotes the outward normal on 92 and v, on Jy.

3. Dirichlet problem in linear elasticity with free cracks

Let us consider an elastic body, with reference configuration €2, which un-

dergoes a prescribed displacement w at the boundary 92, with
(3.1) Q cC Bgr(x) C R", n=2,3, non empty connected Lipschitz open set.

As usual in problems with linear growth, we prescribe the non homogeneous
Dirichlet boundary condition by imposing the coincidence of the admissible
. . def . .
displacements (defined in the whole set A ='B r(x)) with the datum outside

Q. We assume that the Dirichlet datum w verifies
(3.2) w € SBD(A)

and we restrict the admissible deformations in € to the ones having an SBD(A)
extension coincident with w in A\ Q.

The body may undergo small deformation and damage: say the deformations
may be discontinuous. We assume that the stored energy due to a displacement
v in SBD(9) is given by

Eav) = [ (W@ + STremP) ax+

b aH (T NG 4y / V] @ | dH !
JvNQ

(3.3)

where £(v) = fke(v), e(v) =symDv, and A, p are the Lamé constants of
the material, with

(3.4) >0, 2+ nA >0, a >0, v > 0.
The body is loaded by a dead force field f such that

(3.5) feI’(QR"), p>n,
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then the load energy associated to the displacement v is
(3.6) L:/f~vdx.
Q
The total energy associated to the displacement field v € SBD() is
(3.7) Eg(v) — L(v).

By setting, for any v € SBD(A):

Eatv) = [ (We@P+3TremP ) axs

(3.8)
+ aH" M (Jy) + V] © | dH" ",
Jv
(3.9) L,4(V):/?-vdx7 where f=fin Q, f=0in A\ Q,
A
(3.10) GP(v) = Ex(v)—La(v) Vv e SBD(Q),

we are led to the problem
(3.11) minimize GP(v) among v € SBD(A) : v=win A\ Q.
Theorem 3.1. Assume (3.1)-(3.10) and

(3.12) IfllLe ) < % (safe load)

|

where c2 = ¢2(Q) is the constant in the Korn-Poincaré inequality (1.6).
Then the functional
GP(v) = Es(v) — La(v)

achieves a finite minimum over
W = {veSBD(A): spt(v—w) C Q}.

PrROOF — We set
G(v) =GP (v) + xw(v)



where xw(v) = 0if v € W and xw(v) = 400 if v & W. We apply the
sequential recession functionals theory (see Definitions 1.2, 1.3, 1.4), and test
the assumptions of Theorem 1.7 on the functional GP.

We show that G is nonnegative and its kernel is trivial, that is:
Gw(v) >0, ker(Go) = {0}.

Once established these properties, the compatibility (iii) of Theorem 1.7 follows.
More precisely, by adding and subtracting w, using (1.6) and Holder inequality,
we get

IL(v)| < [L(v —w)|+ |L(w)] <

< WEllzri@) (Iv = Wl () + Wl ) <

(3.13) SR
<[l ze @[ e2 [e(v = W)y + IEll e @) Wl o) <

<12 Fea (1) Ly e (w) L) HIEl oyl Wl -
As like as in (2.11),(2.12) with the notation (2.10) we get
(3.14) / QEMW)dx > bq /A () dx —
By summarizing, with any choice § > /¢, we obtain
GP(v) >
sq [ leldx + 7/, V] ® mldH "™ — L(v) —
(7 = collFF ILus ) lelrn +

v° |A] 1
< 1q + Il o) Wl Lo () +62|Q| p||f||LP|6(W)T(A)> :

Y

(3.15)

Y

To evaluate exactly the sequential recession functional in the homogeneous
case, we make a choice of the norm: it is not restrictive to assume that sptw C
C A, since the minimization takes into account only the behavior of w near
0). In such case an equivalent norm in BD(A) is given by the seminorm
le(v)|r(a)- This does not affect the constant cp in (1.6). With the choice
IVllBD(02) = |€(V)|r(a), by comparison of the recession functionals of the right
and left hand-side in the inequality (3.15) and taking into account (3.12), we
get
GPo(v) > v — Q" Fe|fle >0 YveW\R
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The Dirichlet condition makes W an affine space and W is convex and sequen-
tially w* BD closed. Then, by Lemma 1.5, we obtain (Xw)oo = Xw., = Xwe
and

We NR = {0},

Goo(z) = +00 VzeR\{0}

and
Go(V) > v — Q" Pca|/fllr > 0 Vv e W\ {0}

hence, by summarizing,
ker(Go) = {0}, Go(v) >0 VYwveW

Then GP satisfies the compatibility (iii).

Since R is finite dimensional, the compactness (ii) of Theorem 1.7 is fulfilled.
By arguing as for GV in Section 2 and applying Theorem 1.8 with (1.22), G”
is w* BD(A) seq. lLs.c.. Hence , taking into account that W is seq. w* closed
convex subset of BD(Q), both functionals xyw and GP are seq. ls.c. with
respect to the w* BD topology, say assumption (i) is fulfilled too. O

Remark 3.2 - We underline that the main difference about assumptions in The-
orems 2.1 and 3.1 (the absence of a condition similar to (2.7) which was a nec-
essary condition in the Neumann problem), relies on the fact that W, contains

no nontrivial rigid body motion.

Remark 3.3 - The minimization (3.11) solves the non homogeneous Dirichlet
problem for the system of linear elasticity with free cracks in the sense that
the boundary condition is either assumed or penalized: if a minimizer u has
a non empty intersection Jy N 9€, then the stored energy E will include the
following amount for crack appearing at the boundary 052

aH" N (T, NoQ) + v / |fw — (1)) ® vu|dH" .
JuNox
Any minimizer u verifies:

—pAu — (A + p)D(diva) = £ Q\ Ju
u=w 0N\ Ju.
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4. Obstacle problem in linear elasticity with free cracks
Let us consider an elastic body whose reference configuration is 2 s.t.
(4.1) Q c R3, non empty connected Lipschitz open set.

The body is free at the boundary. The admissible deformations are constrained
to stay in a given rigid box; the contact with the obstacle (boundary of the
box) is assumed frictionless. For simplicity we assume that the reference con-
figuration is contained in the upper half-space:

(4.2) Qc{xeR?: x3>0},
and that the unilateral constraint is expressed by
(4.3) x5+ v3(x) >0 a.e. x € Q,

i.e. the body is simply supported by the rigid plane x3 = 0.

In (4.2),(4.3) and in the following of this section we set x = (x1,X2,X3),
Uy, uy, usz denote the canonical basis of R3, and the indexes denote the com-
ponents of a vector (not the label of a sequence).

The body may undergo small deformation and damage (say the deformations
may be discontinuous): we assume that the stored energy due to a displacement
v in SBD(9Q) is given by

Fv) = [ (uleP + SiTr e ) ax+

(4.4)
+MWWL)+W/IM®WMWH
Jv

where £(v) = Jke(v), e(v) =sym Dv, and A, u are the Lamé constants of
the material, with

(4.5) w >0, 214 3XA >0, a >0, v > 0.
The body is loaded by a dead force field with density f such that

(4.6) f e LP(Q,R?), p>3,
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then the load energy associated to the displacement v is expressed by
(4.7) L(v) = / f vdx.
Q
The total energy GV associated to the displacement field v is
(4.8) GN(v) = F(v)—L(v) Vv e&SBD(Q).
To take into account the “box constraint” we set
(4.9) K = {veSBD(Q): x+v(x) € {xeR’: x5 >0} aexecQ}.
We look for minimizers of the functional
(4.10) GS(v) = F(v) - L(v)+xx(v) = GN(v)+xk(v) Vv e SBD(Q),
where xg(v) =0if v € K and xx(v) =+ if v € K.
Theorem 4.1. Assume (4.1)-(4.10),

(4.11) Ifllzr) < (safe load)

gl
|

Qlz

=

Cl‘

where ¢; = ¢1(Q) is given by (1.5),

(4.12) /ﬂ fidx = /Q fodx =0, /Q f3dx < 0, (resultant compatibility),
and there is P in co€) such that

(4.13) /Q fxx-P)dx =0 (torque compatibility).

Then the functional GN (v) achieves a finite minimum over v in K.

PROOF — We apply the theory of recession functionals by verifying that
G® = GN + xx fulfills the assumptions of Theorem 1.7. We endow SBD(Q)

with the equivalent norm (see (1.4))

(4.14) ‘e(V)|T(Q) + HR(V)HLﬁ(Q) :

This choice does not affect the constant ¢y in (1.5).
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Then we choose o = w* topology of BD(2).
The functional GV is seq. w* ls.c. by Theorem 1.8 with (1.14),(1.23). The
set K is closed convex and seq. w* closed. Then yg, G and G° are seq. w*

l.s.c. and K is seq. w* closed convex cone. Lemma 1.5 gives

(4.15) K # K% = Koo = {v: v3(x)>0ae Q},

(4.16) XKoo = XK -

We show that G° . (v) > 0 for any v € SBD(Q). We emphasize that now G,
has a non trivial kernel. By the same computations made in (2.9)-(2.13), we

get
(4.17) L) < alQP 5 e le(W)lr@) Vv € SBD(Q)
N i_1 ’Y2|Q\
(118) GN(v) 2 (7= et F Elvce) le(W)lre — g = v € SBD(Q).

By taking into account the choice (4.14) of the norm, we find
(419)  GNo(v) > 7 —cl|Q F |flley > 0 Vv e SBD(Q)\R.

Since R is finite dimensional, (4.19) entails the compactness (ii) of Theorem 1.7.
Since G > GV o + xk.. we have to test the compatibility (iii) of Theorem
1.7 only in the set RNK .

Though RNK o= RN{v:vy > 0}, then RNK is a seq. w* closed convex cone.
Then (4.12),(4.13) entail G¥(v) > 0 for any v € SBD(f2) and

(4.20) ker(G°,) = RNkerLNKo = R N kerL N{v:vs>0}.

So the compatibility (iii) will follow if we show that ker (G*° ) is a linear space.
We know that v € ker(G® ) entails v3(x) > 0, a.e x € €, and, hence, also
v3(x) >0, a.e x € cofd.

Any v € ker(GSOO) is a rigid body motion v, so it has the representation
v(x) = a x (x — P) + b, for suitable vectors a,b € R3.

Then (4.12),(4.13) and v € ker(G® ) imply bz = 0.
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Otherwise: bs < 0 contradicts the facts: P € coQ and v3(x) > 0 for a.e x in
coQ); while by > 0 together with (4.12) contradicts v € ker L.

Since P belongs to the open set co (2, there is ¢ > 0 s.t. B,(P) C co.
Let v € ker (G° ), then v(x) = ax (x —P) +b for some a,b € R?*, v(B,(P))
is a 2d flat disk of radius |a| ¢, centered at b, orthogonal to a and

(4.21) v(B,(P)) C {x3 > 0}.

All the above requirements on v(B,(P)) impose bg > 0, but v € ker L together
with (4.12) exclude bz > 0.
Then bs = 0, and (4.21) entail a = tug for some ¢ € R. So that

V(X) = (bl,bQ,O) +tU3 X (X— P)

—~veERNker LN {v:vy>0} = ker(G°).

O

Remark 4.2 - The physical meaning of assumptions (4.12),(4.13) is that the
load has a non vanishing resultant pointing downward, the torque with respect
to the central axis is null and the central axis crosses the interior of the convex
hull of Q.

Remark 4.3 - In [6] the case of a bounded box was studied with v = 0. The
Signorini problem in Hencky plasticity was studied in [21],[23]. In [13] second

order functional with free gradient discontinuity are studied.

Remark 4.4 - Any minimizer (with regular jump set .J,) of the functional G
is a weak solution of the Signorini problem for the system of linear elasticity
with free cracks ([16]).

Remark 4.5 - The method of the proof for Theorem 4.1 can be extended to
the case of deformations forced to stay in any convex or non convex box X.
More precisely: given any ¥ C R3 s.t. Q C X, impose the constraint v € K =
{v:x+v(x) e ae x€Q} Then Theorem 4.1 holds true with (4.12)
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substituted by

/f~bdx <0, VbeTy
(4.22) ¢

{beXs, L(b)=0} = q+theX VqeX, VteR.

where Y, is the set of sequentially unbounded directions of ¥ with respect to
the euclidian topology of R3.

Remark 4.6 - As it is clear from the proofs, the Theorems 2.1, 3.1 and 4.1 hold
true if the quadratic form @ (defined in (2.11) and to be evaluated in £(v))
is substituted by any quadratic form which is positive definite on symmetric

matrices.
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