On the area of the graph of a singular map from the plane to the
plane taking three values
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Abstract

We improve an estimate given by Acerbi and Dal Maso in 1994, concerning the area of the
graph of a singular map from the disk of R? into R2, taking only three values, and jumping on
three half-lines meeting at the origin in a triple junction.

1 Introduction and statement of the result

Given a bounded open set  C R? let us define the area functional A : L!(€2;R?) — [0, +o0] as

Ov1 Ova 81}1 0vg .
L+ Vo 2+ Voo 2+ | — fo= 1(Q;R?
/Q\/ Vorl? + Ve (83: oy Oy 8:U> dedy if v =(v1,v2) € CL(ERY),

+o0 if v e LY(Q;R?)\ CL(R?),

where Vv; = (%1;', %“yi) and |Vu;|? = (%7;;)2 + (%’;)2, for i = 1,2. For a function v € C}(Q;R?) the
value A(v, Q) is the area of the graph of v on €, which is a two-codimensional surface embedded in
R*. As it happens in codimension one, also in codimension two it may be of interest to extend the
functional A to nonsmooth functions. We refer to [4] for such an extension to the BV setting in
codimension one, and for applications to minimal surfaces. As discussed for instance by Acerbi and
Dal Maso in [3], one rather natural way to extend A(-, Q) to nonsmooth functions is to consider the
L' (€2; R?)-lower semicontinuous envelope of A(-, ), defined as

A(v, ) := inf {hm%lfA(’UE,Q) {v°} € CH(;R?),v° — v in LI(Q;]R2)} (1.1)

(for simplicity from now on we shorthand ¢ = 1/h for h € N). Once one accepts (1.1) as the
definition of area of the graph for a nonsmooth function, it is natural to try to describe the domain
{v e LY R?) : A(v, Q) < +o0} of A(+,Q), and to compute the value A(v,2) for functions v in this
domain. The study of this problem was initiated in [2] in the more general case when Q C R", the
functions v take values in R*, and A(v, Q) fﬂ f(Vv) dx is the n-dimensional area in R"** of the
graph of v € C*(;RF), n,k > 1. Here f(Vv) is the euclidean norm of the vector M(Vv) whose
components are the determinants of all minors of the Jacobian matrix Vv, including the 0 x 0 minor
whose determinant is conventionally equal to 1. Then the following properties hold [2]:
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- Av, Q) = = [o f(Vv) dx for any v € C* (€ RF)NL (Q; R), namely A(-, Q) is L (; R¥)-
lower semlcontlnuous on CI(Q RF) N L(Q; R*), and moreover A(v, ) = [, f(Vv) dx for any
v € WHP(Q;R¥), p > min{n, k};

- {v e LYOQ;RY) : A(v,Q) < +oo} € BV(S;RF), and
A(v,Q) > /Qf(Vv) dx + |D*v| (), v € BV(Q;RF), (1.2)

where Dv = Vv + D*®v is the decomposition of the measure Dv into its absolutely continuous
and singular parts with respect to the Lebesgue measure, and |D®v|(Q) is the total variation
in Q of the (matrix-valued) measure D*v [1];

- if k > 2 there exists u € BVjo.(R";R¥) such that the function Q — A(u, ) is not subadditive
(see (1.7) below). In particular, A(-,) cannot be written as an integral on the whole of
BV (§; RF).

The last property distinguishes the case k = 2 from the case k = 1 where, instead, the functional
A(-,Q) can be written in integral form on BV (Q2). The example of u exhibited in [2] and suggested
in [3], concerns the case n = k = 2, and is the following. Take three open non-overlapping angular
regions A, B, C of the plane R? as in Figure 1 (a); the origin is a so-called triple junction, with the
three radii meeting at 120 degrees. Let moreover «, 3,7 be the vertices of an equilateral triangle in
the target space R? having center at the origin of the coordinates. Then u : R? — {a, 3,7} is the
discontinuous BW,.(R?; R?) function defined as

a if (z,y) € A,
u(z,y) =6 if (v,y) € B, (1.3)
v if (z,y) € C.

In [2] the following properties are proven: denoting by |E| the Lebesgue measure of the measurable
set £ C R?, by B,(0) = B, C R? the open disk of radius r > 0 centered at the origin, and by B, the
closure of B,

- for any r > 0, p > 0 with p € (0,7) we have
Al BAB) = 1B\ Byl +3(r — ). (14)

where ¢ := |8 — af is the side of the triangle having vertices «, 3,7 (see Figure 1 (b)). Since
|D%u|(B, \ B,) = 3(r — p)¢, formula (1.4) shows that, if we exclude a disk around the triple
point, we get equality in the lower bound (1.2);

- for any r > 0
A(u, Br) < |By| + 4rt; (1.5)

- for any r > 0 we have
A(u, By) > |By| + 3r¢, (1.6)

and moreover there exist p > 0 and s > 0 with 0 < p < r < s such that

A(u, B,) > A(u, B,) + A(u, B; \ B, 2). (1.7)



f

Figure 1: (a): A={Ab+puc: \pu>0}, B={Ac+pa:Apu>0} C={ra+pb: A p> 0} The triple
junction inside the disk of radius 7, in the source space R?, has the three angles at 120 degrees. (b): the three

vectors a, 3, are the vertices of an equilateral triangle of side £, in the target space R?. The unit vectors &

and 7 (see step 6 in the proof of Theorem 1.1). The bold segments (of length %) form the Steiner graph, i.e.,

the shortest graph connecting «, 3, and .

graph of ¢

120 degrees

Neumann condition

Figure 2: The rectangle R = {(s,t) : s € [0,£],t € [0,7]} is the domain of the minimizer m. The Dirichlet
datum ¢ is assigned on dpR, which consists of the sides of R but the frontal one; ¢ is zero on {0} x [0,7] and
{f} x [0,7]; on the side [0,¢] x {0} the graph of ¢ is depicted in the figure. The triangle 7 corresponds to the
triangle with vertices «, 0, 8 in Figure 1 (b).

Inequality (1.5) is an estimate of the area of the graph of u restricted to the disk B,, which implies
that
lim A(u, B;) =0, (1.8)

r—0t

while (1.7) implies the asserted nonsubadditivity of A(u, -).
The aim of this paper is to prove a more refined estimate from above of A(u, B;) with respect to (1.5),
see inequality (1.11) below. Such an estimate requires a better understanding of what we could call
the singular part of A, defined in general on an open set  C R? and for a function v € BV (£2;R?)
as A(v,Q) — [, f(Vv) dx. Our estimate is based on a suitable area-minimizing function m defined
on the rectangle

R :=1[0,4] x [0,7],

where the minimization is taken among all functions having a Dirichlet condition on three of the four
sides of R (see Figure 2, and Figure 3 for a schematic picture of the graph of m).
More precisely, the result is the following. Set

8NR = [O,f] X {7“}, 8DR :=0R \ (9NR.
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Figure 3: The graph of m, which is a minimal surface satisfying the Neumann condition on the frontal side
OnR =[0,4] x {r} of R and Dirichlet conditions on the remaining three sides.

Let us define the function ¢ : R? — R as

1
23
The function ¢ is Lipschitz, piecewise affine, it is independent of ¢, it is nonnegative on R and vanishes
on the two parallel sides {0} x [0,r], {¢} x [0,r] of OpR, and its graph on the last side [0,¢] x {r}
of dpR consists of the two bold segments of the triangle 7 having vertices «, 0, 3 in Figure 1. The

graph of ¢ on R is depicted in Figure 4.
Let m be the solution of the Dirichlet-Neumann minimum problem

min{/ V14 |VF2dsdt: fe WH(R), f=pon 8DR}. (1.10)
R

(s, t) = (L—12s—1¢)), (s,t) € R2. (1.9)

It is well known that m is analytic in the interior of R. However, m is not Lipschitz, because its
gradient blows up around the point p = (¢/2,0); this fact is source of some technical difficulties in
the proof of Theorem 1.1.

Define

Wpnin ::/ V1+ |[Vm? dsdt.
R

Note that 2, depends nonlinearly on r, and

22
Rl=rl <Upin < |R|+|T| =1¢ + ——.
R RI+ (T =rt+ o2

Our result is the following.

Theorem 1.1. Let u € BV (B,;{«, 3,7}) be the function defined in (1.3). Then

Alu, B,) < |By| + 3%min. (1.11)

Remark 1.2. Observe that 2, < 2—%, since 2—% is the area of the “roof surface” composed of two

rectangles having sides r and % in Figure 4, hence

32Amin < 2V3rl < 4rd. (1.12)

Inequalities (1.11) and (1.12) improve the estimate (1.5) given in [2]. Note also that 32y, > 37/,
consistently with (1.6).
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Figure 4: This surface represents the graph of ¢ on R, and its area is 2—%7 and it is larger than A,.

Remark 1.3. We believe (1.11) to be an equality, but we miss the proof of this assertion.

The proof of (1.11) consists in exhibiting a sequence {v°} C C!(B,;R?) converging to u in L!(2;R?)
and such that

lin(lJ A(®, B,) = |B,| + 3%min-

e—

Note that, if equality holds in (1.11), then the sequence {v°} is optimal. Note also that if the equality
holds in (1.11), the nonlocality nature of A(u,-) proved in [2], becomes transparent.

We conclude this introduction with the following observation. As shown by inequality (1.8), there
is no concentration of two-dimensional area on the triple junction; from the explicit construction
given in the proof of Theorem 1.1, it turns out that what concentrates on the triple junction is the
Steiner graph depicted in bold in Figure 1 (b), which is one-dimensional and does not contribute to
the computation of A(u, B;).

2 Proof of Theorem 1.1

Let us preliminarly show that (1.10) has a unique solution. Given an open set £ C R? and a function
f € WHY(E), recall that the integral

/ VI+ VS dsdt
E

is the area of the graph of f on E, and it is L!(E)-lower semicontinuous. Moreover, its L!(E)-lower
semicontinuous envelope is naturally defined on the whole of BV (F), and can be expressed using a
distributional formulation [1], [4]; for a function f € BV(E) it is denoted by

/E\/l—HDfQ.

Define the doubled rectangle R as

~

R :=10,¢] x [0,2r],

and observe that ¢ : R — [0, +00) is symmetric with respect to the line {¢ = r}. From [4, Theorem
15.9] the minimum problem with Dirichlet condition

min{/A VI+|VfPRdsdt: feWY'(R), f=¢on aﬁ} (2.1)
R
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has a solution, that we denote by . Moreover, 7 is unique, and is analytic in the interior of R [4].
Let us denote by m the restriction of m to R. Then m is the unique solution of the Dirichlet-Neumann
minimum problem (1.10). Observe that

0<m<[l@llze@r)  onR. (22)

In what follows we indicate by D C R? an open disk containing the closure of R.

Remark 2.1. From [4, Theorem 15.9] it follows that m solves the following minimum problem in
BV (D):
min{/A 1+]Df]2+/A]f—g0|dH1: fEBV(D),f:cponD\f{}, (2.3)
R oR
where H! is the one-dimensional Hausdorff measure, and the boundary integral in (2.3) involves the

trace of f on 8f{, which is well defined H!-almost everywhere.

Let us now begin the proof of Theorem 1.1.

Step 1: reduction to a sequence of Lipschitz maps. We claim that, in order to prove (1.11), it is
sufficient to construct a sequence {u¢} C Lip(B,;R?) converging to u in L'(B,;R?) such that

lim A(u®, By) = By | + 3%min, (2.4)

where we recall (see the Introduction) that, on a Lipschitz map v = (vi,ve) € Lip(Q; R?), the relaxed
functional A(v, ) defined in (1.1) has still the usual expression

A(UQ)—/ L4 Vol + [Vof? 4 (222902 _ v O " dud (2.5)
g ! 2 or 0y Oy Ox v '

To prove the claim it is enough to show that for any v € L!(Q;R?) we have
A(v,Q) = inf {hm inf A(v%, Q) : {v°} C Lip(:R?), 0" — v in Ll(Q;R2)} . (2.6)
£—

To prove (2.6) let {v°} C Lip(Q;R?) be such that lim. o A(v¢, ) equals the right hand side of (2.6).
Take a standard convolution kernel ps : R? — [0, +00) supported in the disk of radius § > 0 centered
at the origin, and define v. 5 := v° % ps € C1(Q; R?). Then the dominated convergent theorem implies
that lims g+ A(ve 5, Q) = A(v®, Q). Therefore a diagonal argument implies that A(v,(2) is smaller
than or equal to the right hand side of (2.6); on the other hand the converse inequality is immediate.

We now pass to define the sequence {u°}: to do this, we need to specify various subsets of B,.. Define
SY as

b._ B. - <& > _°
st { @ e Boslel < 5wz 1)

and let S¢ (resp. S2) be the counterclockwise rotation of S? of 27/3 (resp. of 47/3), see Figure 6 (a).
Denote by T the open equilateral triangle of side € having the baricenter at the origin as in Figure
6 (b). Let

A, ::A\(SSUTEUSEC), B.:=B\(S?UT.US), C. ::C\(SguTEUSﬁ).
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Step 2: definition of u® on A. U B, U C.. We set

a in A.,
U’E = /8 iIl BE; (28)
v in C..

Note that A(u®, (A: UB. UC:) N B,) = |A. N By| + |B- N By| + |Cz N B[, hence

lim A(uf, (A. UB.UC.)NB,) = |B,|. (2.9)

e—0t

Before passing to the next step a comment is in order. The construction of the sequence {u®} on the
three cygar-shaped sets S2, S¢, S¢ makes use of a rescaled version of the minimizer m (where the
rescaling has also a correction which takes into account that m is defined on a rectangle): however, m
is not Lipschitz, and therefore the resulting sequence would not be in Lip(B,;R?), and step 1 would
be inapplicable. We need therefore a further smoothing argument with a new positive parameter o,
which we now describe, and which shows that m can be approximated by a Lipschitz function that
will be denoted by my ,, with the property that

‘/ V14 |Vm|? dsdt —/ /14 |Vme,|? dsdt‘
R R

becomes as small as we want, provided o tends to zero (see step 5 below).

We begin by smoothing the function ¢ in a neighbourhood of the points where it is not differentiable.
Given o € (0,£/4) let ¢, : R? — R be a function with the following properties:

- 9o € C3(R?), and ¢, is symmetric with respect to the line {t = r};

- Yy = p on f{\ (Bs(p) U Bs(p)), where B,(p) (resp. B,(p)) is the disk of radius o centered at
b= (6/2a0> (resp. at p = (6/2727”))’ and @, < @;
- HQO - SDU”Ll(ﬁ) = O(U)

The graph of ¢, over the segment [0, £] x {0} coincides with the graph of ¢ out of an interval centered
at p with length 20 and it is, roughly speaking, smoothed by a sort of arc of circle around the edge.

We now smoothen the rectangle R. Denote by f{g C R the C? convex set, symmetric with respect to
the point (¢/2,r), the boundary of which is obtained by smoothing the four vertices of OR in a disk
of radius o centered at each vertex, and with OR, = JR out of the four disks.

Step 3: definition of fs . Let ]?U be the solution of
wr{ [ VIFIOIR dsdt: f € Lip(Ro), = o on 0R, ). (2.10)
Ro

The existence of the Lipschitz function fa is guaranteed by [4, Theorem 12.10], since PA{U is convex of
class C? and ¢, is of class C2.



graph of ¢0

c /\)/MI :

Figure 5: The smoothed sets R, C R, and (in bold) the graph of the smoothed boundary datum ¢, on OR,
but the frontal side. We also depict the graph of the Lipschitz minimizer f, on R,.

t

We now use the fact that m solves (2.3), by comparing the area of the graph of m with the area of
the competitor function f, , defined as follows:

~ ﬁ, in ﬁg,
fa,ap = . N
¢ in D\R,.

Observe that ]?JW € BV/(D) is discontinuous in a neighbourhood of the points p and p. Since m
solves (2.3), it follows that

/A V14 |Vm|? dsdt < /A v/ 1+ |Vﬁ\77¢|2 dsdt + /A ’J?U,so — | dH?.
R R OR
We have

/Jfo,@—@ dH! =/A Fow — o dH' = O(0).
oR ORN(Bs (p)UBs (D))

/A\/1+|vm12 dsdtg/A\/lJr\VﬁW\? dsdt + O(o). (2.11)
R R

We now look for a converse inequality. From [4, Theorem 15.9] it follows that ﬁ, solves the following
minimum problem in BV (D):

Hence

min{/A 1—{—|Df|2—|—/A |f —¢o| dH' : f € BV(D), f:@aonD\ﬁg}. (2.12)
Re ORo
We compare the area of the graph of J?J with the area of the competitor function defined as

m in ﬁg, (2.13)
Yo in D\ ﬁa. .

Observe that the function inA(Q.lii) is discontinuous in a neighbourhood of the points p and p, and
along the four arcs dR, \ (OR N IR, ).



Since f, solves the minimum problem (2.12), it follows that

/A 1+ [V, 2 dsdtS/A 1+ [Vinf? dsdt+/A [ — o] dH'
Rg RO‘ 8R0’

(2.14)
g/A V14 |Vm|? dsdt + /A 1M — o] dH.
R ORs
We have
| il = [ Aol d [ i ] k)
oRe 8RoN(Bo (p)UBs (7)) 8Ro\(ORNIR.)
(2.15)
“0@)+ [ i ] a < 000),
ORo\(ORNIR,)
where the last inequality is a consequence of (2.2). Hence from (2.14) it follows that
/A J1+ VT2 dsdt < /A JIE VAR dsdt +O(c). (2.16)
Ro R

Observe now that

/ﬁ\/1+ IV foo|? dsdt:/ﬁ V1+ Va2 dsdt+/ﬁ\ﬁ V1+ V|2 dsdt
g/ﬁ V14 VA2 dsdt + O(0)y/ 1+ (lip(e))? (2.17)
_/ﬁ 1+ |V, [2 dsdt + O(o).
Therefore, using (2.16), from (2.17) we deduce

/A\/l—i—\VﬁWP dsdtg/A\/lJrWﬁz? dsdt + O(c). (2.18)
R R

From (2.11) and (2.18) it follows that

‘/A V14 [V sgl? dsdt—/A\/l—F NRE dsdt‘ < 0(o),
R R

hence by symmetry

/ /14 |V fopl? dsdt — / V14 |Vm|? dsdt‘ < O(o), (2.19)
R R
where N
fo in Ry,
fo,ap = .
¢ inR\R,.



Step 4: definition of my ,. We define the function mgs , : R — R as follows:

(t—o)r .
g ) f 7t R7 t Z b
foe (3 o if (s,t) € o
Map(8, 1) 1= (2.20)
t
g%(s,t) + (1 - U) o(s,t) if (s,6) €R, t < 0.

Observe that m, , € Lip(R).

Step 5. We have
/ V14 |Vm|? dsdt —/ 1+ |Vme |2 dsdt‘ < O(o). (2.21)
R R

We define N, := {(s,t) € R: ¢ < o}, and we split

/,/1+|vmg,¢|2 dsdt:/ 1+ [Vimg |2 dsdt+/ 1+ [Vmg |2 dsdt. (2.22)
R R\Ny N,

Let us first estimate the second integral on the right hand side of (2.22). Note that || %mm@ Lo (w,) =

O(1) since ¢ and ¢, are Lipschitz on R. Moreover ”%mg7¢||Loo(No_) =0(1)+ %O(ng—gpaﬂLoo(NU)) =

O(1). It follows that
/ \/ 1+ |Vmg,|? dsdt = O(0), (2.23)
since |N,| = O(o).

On the other hand it is not difficult to prove that there exist two positive constants C{, C§ such that
7 <Cg,0f =1+0(0),C§ =1+ 0O(0), and

Cf/ V1 |V fr]? dsdtg/ V14 [Vimg |2 dsdtgcg/ 1+ [V frgl? dsdt.  (2.24)
R R\N, R

Then (2.21) follows from (2.23), (2.24) and (2.19).
Step 6: definition of u®? on Sﬁ:’ USEU SZ. We set

€:(£17€2) ::B;a €S17 77:(7717772) = gj_’

where + denotes the counterclockwise rotation of /2.
Let 9. : {2%/5,7’} — [0,7] be the unique increasing affine function mapping {ﬁ,r] into [0,r]. Note

£

that for any y € {2—\/5, r] we have

wl(y) = =! Ke, lim k. = 1. (2.25)

Recalling the definition of mg , in (2.20) we set

lx

1 ¢
u™(2,y) = o+ (2 + :) &+ mg <2 +— %(y)) 7, (z,y) € SL. (2.26)

10



T, T,

Figure 6: (a): the “cygar-shaped” set S? defined in (2.7), and its rotated S¢, S%. The central triangle
T. of side ¢, further subdivided into four triangles T, T2, T¢, T?, is depicted also in (b) on a larger
scale.

Observe that u®% = (uj?,u3?) € C®°(S%;R?), us° = a on {(z,y) € S°: z = —¢/2}, and u®° = 3 on
{(z,y) € S : 2 = £/2}. Write for simplicity

m = M.
We have

14 m - 14 m -

Vui"’ — <£1 + s 6771 , Ty Ke ,,71> , vug,ﬂ — <£2 + s 6772 , Ty Ke 772> ’
€ € € €

where mg, m; denote the partial derivatives of m with respect to s and t respectively, and are evaluated

at (£ + 2, y.(y)). Hence

€,0 €,0 1 ~ \2 ~ ~ \2
VU7 + [V = 2 {52\§|2 + (ms) “C(nl? + 2mel? (E1m + 52772)} + (M) k2 nf® 227
1 ~ 2 2 .
=5 {62 + () 22} + () K2,
where we have used [¢| = |n| =1 and & + &ame = 0.
Moreover
8Ui’a aué’a 8'11,?0— 8U§7U 2 1 - 2 1 - 2
— == — =— ¢ 2.28
< 9r  dy oy oz ) p (e ke (§1m2 — §2m)) = (bmy Ke)”, (2.28)

where again mg, m; are evaluated at (%’" + %,ws(y)), and we have used &7 — &1 = 1. Therefore

11



0 |

Figure 7: The set P. is bounded by the bold contour.

from (2.27) and (2.28) we obtain

O Ou’ s’ ous’ 2
L+ VS 4 [Vs? P + <8;3 O 8;)

() 4 ﬁz <1+ (7s)” + (@)%ﬁ) - 1+ﬁz (1 + () + () k2 <1+ ;))

As a consequence

, \/1 e (5 + )| [ (§+ Eovew)] w2 (142) + 06 doay

1 s (5,02 + [y (s,0)]* & f €?) ds
‘na/R\pa\/”[ O [ (s, 2 (14 5 )+ O(e2) s,

A(uf, S =

where the last equality follows by making the change of variables (229
O (s,t) €ER — B(s,t) = (Z <s—§> ,zpsl(t)> = (z,y) € [ = 5} [2[ 7’] 5 St
and P. := R\ ®71(S%) (see Figure 7). Hence, recalling also the second equality in (2.25),
lim A(u™7, 57) = / \/1 (7s)? + () dsdt. (2.30)
We recall that from (2.21) it follows that
/R V14 (76) + (n)? dsdt = i + O(0). (2.31)

Hence, employing the same construction used in step 6 in the strips S¢ and S¢, and using (2.31) we
obtain
lim A(u™, SPUSEU SY) = 3UAmin + O(0). (2.32)

Step 7: definition of u® on T.. We divide T} into four closed equilateral triangles T, Té’ , T¢ and T?
as in Figure 6 (b). We set the value of u® on T2 as the baricenter of a, 3, v, namely

uf =0  inTP. (2.33)
We define u® on T? so that:

12



(i) the value of uf on the bottom vertex of T? is 3;
(ii) the value of u on the top side of T? is the baricenter of «, 3, v (the zero vector);
(iii) w® is affine.
Note that u® does not depend on z. We make the similar constructions on T and on 77. We compute
As, To) = A(uf, T2) + A(uf, TY) + A, TP) + A(u®, TS) = O(e%) + O(e),
since on T? the integrand is 1, and on T. \ T the integrand is O(¢~1). Hence

lim A(u®, T¢) = 0. (2.34)

Finally, let us define v as in (2.8) on A. U B. U ., as in step 7 on T, and on Sg USEU S let

€ .__ ,,€0¢
U =u s

where {o.} C (0,+00) is a sequence such that

lim 0. = 0. (2.35)

e—0t

From (2.8), (2.26), (2.33), and (i)-(iii) it follows that

{vf} C Lip(B,;R?), 21_1)1(1) : |u® — u| dedy = 0. (2.36)

Moreover
A, B,) = A(uf, (A. U B. UC.) N B,) + A(uf, S°) + A(uf, S¢) + A(uf, S%) + A(u®,T.).  (2.37)
Then (1.11) follows from (2.36), step 1, (2.37), (2.9), (2.32), (2.35) and (2.34). O

Remark 2.2. Theorem 1.1 is still valid with a similar statement, and easy modifications in the
proof, under less restrictive hypotheses on u (however always under the assumption n = k = 2). In
the following two specific cases (of increasing generality):

- u:R? — {a, 3,7} is a function jumping only along three different radii of B, meeting at the
origin with arbitrary angles;

- u: R? — {a, 3,7} is a function jumping only along three curves of class C! meeting only at
the origin, each curve being without self-intersections and connecting the origin with 0B,., and
provided the three curves have equal length,

we expect the theorem to be true and, in addition, the corresponding sequence {u°} to be optimal,
namely the value lim,_ o+ A(u®, B,) to be equal to the L!(B,;R?)-lower semicontinuous envelope of
A(-, B,) evaluated at u.
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