LOCAL UNIQUENESS OF BLOW-UP SOLUTIONS FOR CRITICAL HARTREE
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ABSTRACT. In this paper we are interested in the following critical Hartree equation
o
uH *_
—Au = (/ 9 dﬁ)uQﬂ ! +eu, inQ,
Q lz =g~
u =0, on 012,

where N >4, 0 < u < 4, € > 0 is a small parameter, Q is a bounded domain in R, and 2], = 21]::2“ is the
critical exponent in the sense of the Hardy-Littlewood-Sobolev inequality. By establishing various versions
of local Pohozaev identities and applying blow-up analysis, we first investigate the location of the blow-up
points for single bubbling solutions to above the Hartree equation. Next we prove the local uniqueness of the

blow-up solutions that concentrates at the non-degenerate critical point of the Robin function for ¢ small.
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1. INTRODUCTION AND MAIN RESULTS

In a celebrated paper [5], Brezis and Nirenberg introduced the following Sobolev critical problem

(1.1) —Au = [ul Pu + eu, in €,
u =0, on 01},
where 2% = 2% with N > 3, ¢ > 0 is a real positive parameter,  is a smooth bounded domain in RY. The

N—2
existence of a positive solution u. to (1.1), i.e., a solution which achieves the infimum
Vul|? — eu?)dx
S = 1inf fQ(‘ | ;
uEHO(Q)\{O} (fQ ‘u Q*dx) oF

has been proved by Brezis and Nirenberg in [5] provided & € (0, A1) in dimension N > 4 and when € € (A, A1)
in dimension N = 3, where \; is the first eigenvalue of —A with Dirichlet boundary condition and A, € (0, A1)
depends on the domain . On the other hand, when ¢ = 0, problem (1.1) becomes much more delicate.
Pohozaev first proved in [32] that (1.1) does not have any solutions in the case where 2 is a star-shaped
domain. Bahri and Coron [3] proved that (1.1) has a solution when 2 has a nontrivial topology and ¢ = 0.
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As e — 0, Rey [33] proved that if a solution u. of (1.1) satisfies

(1.2) \Vu.|? = 876, ase—0,

where 0, denotes the Dirac mass at « and S the best Sobolev constant defined by

o ”vu”L2 . 1,2/mpN
S._mf{Hu”Lg* ‘u € DVA(R )\{0}}.

Then zo € Q is a critical point of Robin function R(z) (see (1.4)). Conversely, if N > 5 and z( is a
nondegenerate critical point of R(z), then for & sufficiently small (1.1) has a family of solutions w,. satisfying
(1.2). Let ©Q is a smooth bounded domain in RY and N > 4, Rey [34] (independently by Han [27]) considered

Au= N(N - 2)u~= in Q)
(1.3) {— u=N(N-2)u + eu, in Q,

u =0, on 0%},
and studied the localtion of blow-up point for solutions to (1.3) and blowing up rate, namely,

. 2(1\7;4) N —2 3CUN
limelju.|| %% = %
e—0 2pN

lim e1n ||ue||pee = dwsaR (o) if N=4;
e—0

R(zo) if N>35;

where wy is a measure of the unit sphere of R, py = fooo %dr and
(1.4) R(zx) := H(x,x)

is called the Robin function of © at point . The Green’s function of the Dirichlet problem for the Laplacian
is then defined by

1

(15) G(xay) = (N*Q)WN‘]J*I’VV*Q —H(m,y),
and it satisfies
7AG($, ~) = 6:8 in Q,
G(z,-)=0 on Of).

Musso and Pistoia in [30] and Bahri, Li and Rey in [4] studied existence of solutions which blow-up at k > 1
different points of 2.

To investigate the uniqueness of the blow-up solutions, Grossi in [24] proved the uniqueness of the solutions
to (1.1) under suitable assumptions on the the domain 2, see also [25]. If N > 5 and for € small enough,
Cerqueti in [13] proved that if the domain € is symmetric with respect to the coordinate hyperplanes z; = 0
and convex in the zy-directions, there exists a unique solution wu. of (1.3) with the property that

2
e—=0 (fQ ‘U5|2*d1’) ¥

and this solution is nondegenerate. Later inspired by Li in [29], Cerqueti and Grossi in [7] follow closely
the line of [29] for the blow-up analysis which be used to prove the uniqueness result for the solutions of
(1.3), and they proved that all solutions of (1.3) satisfy the property (1.6) under the same hypothesis on the
domain Q. In [22], Glangetas considered the problem (1.3) and it is shown that if N > 5, the uniqueness of
solutions u. of (1.3) with the property that (1.2) for ¢ small enough, where z( is a nondegenerate critical
point of Robin function R(x). Recently, considering the uniqueness result of Glangetas in [22], Cao, Luo and
Peng [10] proved that if € is small, problem (1.1) has a unique solution provided the domain {2 is convex and
N > 6. For other related results, we refer the readers to [8,9,11,17,26] and their references for the existence
and uniqueness of solutions for nonlinear elliptic equations.

There is wide literature about the study of the asymptotic behavior of the solutions for the almost critical
problem

(1.7)

—Au =u? "1, in €,
u =0, on 0f),
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Atkinson and Peletier [1] studied the asymptotic behavior of subcritical solutions u. to (1.7). Brezis and
Peletier [6] used the method of PDE to obtain the same results as that in [1] for the spherical domains. Wei
in [37] further locate the blow-up point 2y and to give a precise asymptotic expansion of the least energy
solutions for problem (1.7). Rey in [35] and Musso and Pistoia in [31] proved, for € > 0 small enough, a
positive solutions with two positive blow-up points provided the domain € have a small hole. For ¢ < 0, Del
Pino, Felmer and Musso in [15] established a positive solutions which blows-up at two positive points when the
domain 2 have a hole and for & small enough. Del Pino, Felmer and Musso in [16] found solutions with three
or more positive blow-up points under suitable assumptions on the domain 2. Towers of positive bubbles for
problem (1.7) were constructed by Del Pino, Dolbeault and Musso in [14] under suitable assumptions on the
nondegeneracy of Robin’s function R(x) and Green’s function.
In this paper we are interested in the following critical Hartree equation

WHE) N o
—Au= dé )u?e~! in Q
U (/le_ﬂu §>u +eu, in 2,
u =0, on 0f),

(1.8)

where N >4, 0 < u < 4, € > 0 is a small parameter, Q is a smooth and bounded domain in RY and the
exponent 2y := 2]]\7__2“ is critical in the sense of the Hardy-Littlewood-Sobolev inequality. To under the critical
growth of the nonlocal problem, we need to recall the famous Hardy-Littlewood-Sobolev inequality.

Proposition 1.1. /28] Let 6,r > 1 and 0 < p < N with 5+t =2— 4. Let f € L°(RY) and g € L"(RY),
there exists a sharp constant C(0,r, u, N) independent of f7 g, such that

(19) L, L 2 dede < 0. Ml ol

Ifo=r= 2N o then

There is equality in (1.9) if and only if f = (const.)g and

g(x) =AY + |z —al*)”
for some A€ C,0#~€R and a € RY.

According to Proposition 1.1, the functional

P
[ [ it
gy Jry [T — |“

is well defined in H*(RN) x HY(RV) if 284 < p < 2=k Here, it is quite natural to call 282 the lower

Hardy-Littlewood-Sobolev critical exponent and 2}, := N —& Littlewood-Sobolev critical
exponent. In the following, we use Sy 1, to denote best constant defined by

Vu de
(1.10) Sy.p = inf Jps [Vl

we€D1.2(RN)\{0} (f f \u(m)l u\u(é)l dmdﬁ) N

In this way, we know that (1.13) is closely related to the nonlocal Euler-Lagrange equation

o
(111) —AU, = (AN ‘z i(g)u d§> 'U,Q:—l’ in RN

For the critical nonlocal equation (1.11), Du and Yang in [18] and Guo, Hu, Peng and Shuai in [23] studied
equation (1.11) i

classified the uniqueness of the positive solutions and concluded that every positive solution of (1.11) must
assume the form (see [18,20])

(N—p)(2— TR—T5Y N2

U, () _ g C2<N SuT [IN(N =2)] * U. (=),

N,u
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where (see [36]),

)\N272
(14 X2z — 22) %5
is the unique family of positive solutions of

1.12 —Au=N(N - 2?1 in RV.
(1.12) ,

U. () := reRY, zeRYN, XAeRT,

In a recent paper [20], Gao and Yang considered the Hartree type Brezis-Nirenberg problem (1.13). They
proved a Brezis-Nirenberg type result saying that: if N > 4, (1.13) has a nontrivial solution for € > 05 if
N = 3, then there exists A, such that (1.8) has a nontrivial solution for € > A,, where € is not an eigenvalue
of —A with homogeneous Dirichlet boundary data; if N > 3 and ¢ < 0, (1.8) admits no solutions when € is
star-shaped. More recently, Yang and Zhao in [39] proved that the solution u. of (1.8) blows up exactly at a
critical point of the Robin function that cannot be on the boundary of €2 via the Lyapunov-Schmit reduction
method. Existence of bubbling solutions for equation (1.8) were constructed by Yang, Ye and Zhao in [40]
under suitable assumptions on the nondegeneracy of Robin’s function R(x).

Naturally, one would like to know whether the local uniqueness results of the blow-up solutions hold true
for the Hartree equation and if it is possible to prove the location of blow-up point for the critical problem via
local Pohozaev identities. For N > 4 and ¢ > 0 is small, one of the main purposes of this paper is to locate
the blow-up point of single bubbling solutions for the following critical Hartree equation by local Pohozaev
identities and blow-up analysis,

P (€) :

—Au = dé)u ! 4 eu, in Q,
( olz =& €>

u =0, on 0},

(1.13)

and study the local uniqueness of the blow-up solutions for problem (1.13) provided N > 6 and e small
enough.
Before stating the main results, it is useful to introduce some notations. We denote by
N—p+2

-N
(1.14) Ay = [N(N-2)] 5 CyLsy7
We know that U, »(z) is the solution of

*

2
U5 () 21 .y
_AUZ’A:AH’L(‘/]RN Wdé-)Uz’)‘ , in R*.

We denote by PU, , the projection of a function U, , onto H{(£2), namely,
(1.15) APU,,=AU.,, inQ, PU.,=0, ondQ.
Let us set
wz,)\ = Uz,)\ - PUz,/\~
We remark that 1, » is a harmonic function such that
Yor=U,x, on 0.
A first result that we obtain is the following.
Theorem 1.1. Assume that N > 4 and u. is a sequence of solutions of H}(Q) satisfying
(1.16) lluellpe = +00 as € =0 and |uc(z)] < CU,, x. (),
N—2
with its mazimum at xe and Ae > = maxgeq ue () = uc(z:). Then there exists zg € Q such that as e — 0,
e — Xo, and xg s a critical point of Robin function R, i.e., VR(zq) = 0.

Remark 1.1. The above results have been be proved by Yang and Zhao [39] by using reduction arguments
under different conditions, in this paper we will prove this theorem via the local Pohozaev identity (2.2).

In [40], authors constructed the existence of single bubbling solutions for (1.13) via the Lyapunov-Schmit
reduction method. Along with this interesting results, we will obtain a type of local uniqueness results of
these. More precisely, we can prove the following result.
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Theorem 1.2. Let N > 6 and p € (0,4). Suppose that N, u satisfy the assumptions:
{u € (0,4), pu is sufficiently close to 0 , if N > 6,

(%) w € (0,4), pis sufficiently close to 0 or 4, if N =6.

Suppose that {ugj)}(j =1,2) are two families of functions of H} () such that u s a solution of (1.13) and
satisfies condition (1.16). If xg € Q is an isolated non-degenerate critical point of the Robin function R(x),
then there exists e > 0 such that for any e € (0,gp], such type of solutions

uf) = PU o)\ +wl,  j=1,2,

are unique, that is, ugl) = uff), xgl) = xg), )\gl) = /\g) and wgl) = w?).

Remark 1.2. We remark that there are some restriction on the dimension N and parameter p, since some
estimates do not work well in applying the local Pohozaev identities and applying blow-up analysis. For
example, we note that in the case that N = 6 and u = 4, it is difficult to prove that ¢g = 0 in Lemma 3.9 by
(4.25) and (4.26) (see proof of Lemma 3.9 below). Moreover, for N = 5, if x( is a nondegerate critical point of
Robin function R, from Lemma 3.2, we have

1
(1.17) |ze — x0] :O()\—).
However, by (1.17), we can not derive the estimates of (3.23) and (3.24) in Lemma 3.23.

The proof of the main results is mainly inspired by [17,26], let ugl) and ug) be two different positive

solutions of (1.1). Set
ugl)(x) — ug) (x)
ne(@) = @ ’
l[ue " (z) = ue™ (x)]| =

then for any fixed 6 € (0,1) and small e, we want to prove |n.(x)| < @ for all x € Q, which is incompatible with
the fact ||ne||L = 1. Compared with the local Brezis-Nirenberg problem, the appearance of nonlocal critical
term in problem (1.13) brings new difficulties. For example, the corresponding local Pohozaev identities will
have various new terms involving volume integral, which causes new difficulties in estimates of the order
of each terms in the local Pohozaev identities precisely. To apply the blow-up analysis, we need to use
some nondegeneracy results, for which little is known. In a recent preprint, Yang and Zhao [39] prove the
nondegeneracy results for some special N and p.

Lemma 1.1. Assume that N >3 and U, be the corresponding family of unique family of positive solutions
of (1.11). Suppose that N, satisfy the assumptions:

we (0,N), pwis sufficiently close to0 or N, if N =3 or 4,

we€ (0,4), wis sufficiently close toO, if N >5 but N # 6,

w € (0,4], pis sufficiently close to0, 4or =4, if N =6.
Then the linearized operator of (1.11) at U, defined by

Lo =~ =2 (o (025 0) U5 = @5 = ) (5 + U5) 025
only admits solutions in DV2(RYN) of the form
¢ =aD\U.»+b-VU.,

where a € R, b € RV,

Notation. In what follows we let
lullg = ([ 19uPd)?, fulles = ( [ fultaz) .

as the standard norm in the Sobolev space H{ () and L9(Q)-standard norm for any g € [1, +00), respectively.
Moreover, A = o(@) means A/a — 0 as ¢ — 0 and A = O(@) means that |A/a|] < C.

This paper is organized as follows: in section 2, we first construct the local Pohozaev type identities for
critical Hartree equation and give the proof of Theorem 1.1. In section 3, we give the proofs of some crucial
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estimates for blow-up solutions and Green’s function, and completed the proof of Theorem 1.2. The proof of
Theorem 1.2 requires some technical computations which are given in section 5 and Appendixs A-D.
2. LOCAL POHOZAEV IDENTITIES AND BLOW-UP POINTS

The first goal of this section is to establish the local Pohozaev type identities for the critical Hartree
equation. As an application of the local Pohozaev type identities, we are able to locate the blow-up points in
Theorem 1.1.

2.1. Local Pohozaev type identities.

Lemma 2.1. Suppose that u. be a solution of the equation (1.13). Then, for any bounded domain Q' C €2,
one has the following identity holds:

ou 1 N -2 ou
_/89’ 3; <a:—x5,VuE>ds—|—§/{; |Vu5|2<x—mg, >d$— —5 o a;uads
2%, 2%

ul €
—l—— e (@)uc” — déds + = 2y — ds — 2d
/89// |x_§|u <9: LEE,Z/> Eds 2/(99/u5<x x,;.,y> s gs/lu6 z,

and
due due , 1 Jue (@) 25 |ue () e 2
— ds + 7/ |Vue|?vids = / / v;déds + 7/ uzvids

(2.2) o Ox; Ov 2 Joor o Jar |33—§|“ ’ 2 Jor 7

’ 27, 27 2%

7/ / [ue (@ (©F d&ds+—/ / ‘“E( ) |“€£2)| déde,
o Janar \x - §|“ rJoner |z — &~

forj=1,--- N, where v =v(z) denotes the unit outward normal to the boundary oY .

Proof. By elliptic regularity theory, we know that the solution u. of (1.13) is of C?. Without loss of generality,
we may suppose that x. = 0. Since u, satisfies

*

(2.3) —Au, = ( |x2(§)u d{) “ly EU..

Then we multiply the equation (2.3) by (x, Vu.) and integrating on €', we obtain

*

" (€)

|z — €|

(2.4) /o Aug(z, Vu)dr = /,<x,VuE>(/§;

Notice that

d§) l(x)dx+6/l<x,Vu5>uE(x)dx.

*

[ vt [ 1 Gae)o o

* *

w2 2 .
= // <:1:,Vu5(x)>(/9/ z (§£|)“d€) ( )d:l:—&—// <:C,Vu5(x)>(/g\ﬂl Za(gl)#df)uiul(x)dm.

We calculate the first term on the right-hand side to obtain

*

2, (z, Vu.(z)) ui“(f)udg uif‘_l(x)dw
Jyemun (], p=gp)
N////uewx—w baate v [ [ o= %E”dfd

us us &)
/dQ' // |:17 — &Jm <33, V>d§d8-
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Similarly, we can deduce

2 / (&, Vu-() /Q ) dx)u§3‘1<5>ds

/Ix—ﬁ\“

*

2
- e’ R O
N/,// |m—§|u dxdf-i-u/ )| gt u" (&) dxdé

/aQ//, Ua‘x_g‘# (€, v)dxds.

Thus we can prove that

*

<96,Vug(x)></9l |Z§i(§|)ud§>uz:1(x)dx
E 2N/f//ug|x—s|u " d“*/m/,ua\x—gw (. v)deds

For the second term, integration by parts, we have

(2.5)

*

2M .
2 / (o, Vue()) ( /Q e |Z€_(§|)u a¢ )ul " (a)dx
2%
2.6 us _ “7(5) L i
(2.6) N///Q\Q/ |a:ff|/‘ d{dw—f—,u///g\gl (x e “(z)dé

/zm/ /Q\Q, u5|w — v )<937V>d§ds.

On the other hand, we have

(2.7) f/ Au(z, Vue )dz = ﬂ/ |Vu5|2dx+1/ <x,1/>\Vus|2dxf/ Oue ——(x, Vuc)ds
U 2 QI 2 aQI

GIek au

and

(2.8) / (z, Vue )u.dr = 1/ u§<x,v>d5 N uldz.
’ 2 60/ 2

Q/

In view of Green’s formulas, we have
0
/ |Vu|* = —/ U Ausdr + e vieds
Q/ a0 81/

/ /“ ) g d§+5/ u?der/ e as.
’ |.’L'— ’ o9/ 81/

Hence by (2.4), (2.5), (2.6), (2.7), (2.8) and (2.9) imply that (2.1).
To prove (2.2), We multiply (2.3) by ng and integrating on ', we have

Oue , Oue lug (€)%
(2.10) Au. == dx_/g 7< [ue§)I™

o Oz y 0z \ Jo |z — &

(2.9)

o Oue
de ) |ug () |?ntda + uadac
§) ue(=)| %

Similar to the above argument, we have
Oue |ue (§ )‘ 2" —1 / due / |ue (€ | 2" —1
—=—d c v Thde =—(27 —1 —==—d c T
5] e uewitas =~z - 1) [ S (| Ao
Iue )\2 o |ue ()] / e ()25 |ue (€) P
+ dédzx + v;déds.
'u//// —&|pnt2 ¢ o Jar |z — &~ i
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Then, we can deduce

/ngg(/ Mdf)ws( )2 de

‘Ue ‘Ua ”2 Aiéijlgl . |Ue( ”2 |ua( )|;
2N ﬂ/ag/// |:Ef§|# vidéds + 2N — 1 ////(333 &) o — ¢[et? dédzr.

Similarly, we also have

ot ( /Q, e dw)w o g

|ue (€ |u6 )|2Z / / |u5 )‘2 #lue (€ )|2;
dxd dxd€.
2N H/asz//' |a:—£|# vidrds T 2N w Jor Jor PRGN

Hence we can get

ou |ug (€)% . ue (2) ]2 |ue (€)] 2
2.12 £ / (! o ldy = / / < - v;déds.
( ) A/@Ij( Q/ |CC*§|'U’ §)| ( ) 2N 12 a0/ ’ |$7§|'u’ J 5

Now similar to the calculations of (2.11), we know

(2.13)
Oue Juc ()12
/Q, 9z, (/Q\Q Wdf) |ue ()

e ()2 e (€) 2 p(N —2) Jus (€)1 Jue (x)
deds + S——=2 -3 d¢dz.
2N N/QQ’/Q\Q’ \$—5| videds + 2N —p /’/Q\Q’(xj &) |z — §|n+2 s

So, by (2.10), (2.12) and (2.13), we can prove (2.2). This finishes the proof. O

(2.11)

*
Q‘L_ldl'

2.2. Location of the blow-up point. We first prove the following lemma.

Lemma 2.2. Assume that N > 4 and u. is a sequence of solutions of problem (1.13) satisfying the assumptions
of Theorem 1.1. Then there holds A.d. — 400 for € small enough.

N-—-2
Proof. Assume that A\.d. — é < +00 as ¢ — 0 and wu, is a solution of (1.13) with A, > = maé(ue(x) =
Te
N-2

ue(re) = +ooase — 0. Set v. = A\ 2 u.(AZ'z + x.). Then v.(z) satisfies

*

27 )
—Av.(z) = (/( ve"(€) df)vg“_l(x) + %ve in Q. := {33 —&—xs €Q},

) |z —¢Jr
ve(x) =0 on 0f),

v:(0) = Lrvré%xvs( x)=1.

As e — 0, by the elliptic regularity, we have v. — v in Cfoc(Rf ) and v satisfies
o
—Av(z) = (/RN |Z i(;)udﬁ)v%l(x), v>0, in RY:={zeR":zy>0},
v(0) = max v(x ) =1, veHjRY).
m€R+

It follows from the Pohozaev identity that v = 0, which contradicts with v(0) = 1. O

We are ready to give the estimate of u. away from x..

Lemma 2.3. Assume that N > 4 and u. is a sequence of solutions of problem (1.13) satisfying the assumptions
of Theorem 1.1 and x € '\ BR)\E—l(JIE) for R > 0 is any fized large constant. Then

Gz, z.e € 1 1 .
(214)  ua(e) = SDT) )AN,HLO( ) in 9\ Bpyai(e)
AT AT N-2 AT AN AZaN-1




CRITICAL HARTREE EQUATION

and
VG(x, . € 1 1 .
(2.15) vug(x):%ﬂm,wo( sty —) i 9\ Bpyi(e).
A AT ANl AT gN+L o AFaN

2% 2% —1

Here d = |z, — x| andAN,M:/ / Mdfdm.
By, (0) /By, (0) |z — &l

Proof. By the potential theory and (1.13), we have

*

(2.16) e () = /Q Gl )(( /Q ue" (€) €)™ () 4 eue(2) ) dz.

|2 =&l

First we remark that, as a consequence of the moving sphere method, the Talenti bubbles satisfy

-

U." (&) N(N —2)_ 22"
2.1 XS e :
( 7) /]RN |33‘—§|” 5 AH7L UxE,AE )

(see [21][Proof Theorem 1.2] for example). Combining (1.16), (2.17) and G(z, z) = O(W), we know

2" 2% 1 2* 251
» " G v, UM\ (2)G(z, 2
/ /u (©ue"" (IG@2) e / i O (2)G( )dzdg
O\B 4 (22) |z — &~ O\B 4 (22) |z —&|»
1 1
=0 72/ dz
.19 (A:J (03 o)\t 2 = P25 — 92
1
dz
)\ (Q\Bd(zs))ﬂBgd (@) 12 — 2N 2|z — x| N+2 )
(A =)
where d = |z. — z|. Similar to the above estimates, we can also obtain
(62 (2)Gla, 2) U (U3 ()G, 2)
/ / L dédz < C’/ / 20 =0 dédz
By(a.) J0\By (a2) |z —&[ By (we) JRY |z — &~

7
N+2 1
(2.19) ( / = dz)
By (ze) |z — 2| N72(1 4+ A2|z — x|?) 2

2 )
A2 dN-1
E
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Furthermore, we have

Z—l 27 2% -1
/ / (2)G(z, Z)dgdz = G(I,xe)/ / Mdfdz
By(@e) JBy(ae) |"” —& By IBy@ o= gl
N / u?i (E)ui:—l(z) (G(z,2) — G(z,z.)) ded-
Bd(is) Bd(xs) |z — &[n
271
G(x ﬂﬁa 115 Ev* (2)
—dgdz
(2.20) BdAE ~/deg (0) |£L‘ - £|M
N Nl_2 / / vgﬂ 3] U?Z—l(z)(G(az, Mz 4 x) - Gz, 2.)) dd-
A Bax. (0) /Bax. (0) |z — &~
=T
G - 1
Sy (L)
Ae 2 AE dN-1

where since

2 2 1
1 v (§ve" () 7]
()\¥ Bay. (0) /By, (0) \x—f\“ dN-1A, )
U z
Co( gl [ [ O,
2dN L Bay, (0) JrY |x—§|l‘

|yl
—_ — __dz
()\2dN 1 /dea © (1+z]? )N+2 )

1
O(——)
A2 dN-1
On the other hand, by (1.16), G(z,y) = O(W) and the definition of U,_ »,, we can deduce
(2.22)

e 1 1 1 1
Gz, z)ue( dz—O[f(/ dz—|—/ dz)}
/ o =5 By () |z —2|N=2 [z — 2 [N 2 \By (v:) |z — |N=2 [z — x| V-2

Tt follows from (2.16)-(2.21) that the inequality (2.14).
To prove (2.15), we know

(2.21)

|
Q

Vus(:c):/QVmG(x,z)«/Q Zgi(é)ud{)ug;_l(z)+5u5(z)>dz.

Similar to estimate of u.(x), we can also obtain the inequality (2.15). Hence we finish the proof of Lemma 2.3.
O

We are going to prove Theorem 1.1 by applying Lemmas 2.2, 2.3 and the local Pohozaev identity (2.1).
Proof of Theorem 1.1. We will prove the theorem by excluding the case x¢ € 0. In fact, takeing
d, = %d(me, 09Q), and by Lemma 2.2, we have

Aed: — 400, as ¢ — 0.

Then, by repeating the similar calculations of (A.3) in Lemma A.5, we know

N(N -2 .
(2.23) AN, = ¥/ Usy 'dx +o(1).
AH,L RN ’
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By the Hardy-Littlewood-Sobolev inequality, we have

Jue ()% |ue ()%
(x5 — &) dxd§
/Bds(xs)~/Q\BdE(m5) T |z — [pnt2

1 1 1
294 = O N\N—n / / - —dxd€
(2.24) ( : Ba, (00) J0\Bu, w0) (14 AeJ€ — 2 )N H le =€ (14 M fw — 2 )N
1
—O<W)-

Also, we have

2 2# 2;
9Bs(z.) |fU - §|“ 0Bs(z) JRN |$ - f|“

= 0(7/ U2 Avjds.
AL JoBs(a)

In view of Lemma 2.3, we know the estimates (2.14) and (2.15) hold on 9By, (z.). By(2.24) and (2.25), taking
Y = By_(z.) in the local Pohozaev identity (2.2) in Lemma 2.1, we have

0G(z,x.) OG(z, x.) 1/ 9 B € 1
/Bdg(za) Ox; v B3 9Bu, (x2) VG (@ ze)[v;ds = O<dév_1 * Asdé\’)'

Since we have the identity (see [12])

1> £ 1 H b €
/ 9G(x, xc) 0G(x x)ds — 7/ IVG(z,.)|*v;ds = OH(z,xc) )lm,m .
oBs(z.)  0Tj ov 2 JoBs(x0) Ox; =

(2.25)

(2.26)

then we know
OH (z,x.)
8xj

However, recall the following estimate established in [12,33]

(2.27)

1
—O( —) i—1,...,N,
v—a a1 Ny )

€

2 1 - 1
— 0+ O0(——
wy (2d)N-1 7 4. + (dé\’_2)’
where Z € 9Q is the unique point, satisfying d(z.,9Q) = |z. — Z|. The estimates in (2.27) and (2.28), lead to
a contradiction as € — 0 immediatelly.

From the above arguments, we know there must hold xy € 2. We have the following estimate, the proof is
postponed to Lemma A.5 in the Appendix,

N(N -2) 2 1
2.29 AN, = U, dx O( )
( ) N,p ApL /]RN 0,1 + )\2
By Lemma 2.3 and (2.29), we get by taking ' = Bs(x.) in the local Pohozaev identity (2.2) in Lemma 2.1,

(2.28) VR(z.) = as d. — 0,

(2.30)  LHS of (2.2) = /BBE(%) aGéZ’ij) ang’””E)ds - ;/835(%) IVG(z,22)[v;ds + O(a + Ai)
On the other hand, by Hardy-Littlewood-Sobolev inequality, we can also find
27 27, 27,
/B(; zg)/Q\B,s (22) §J)|us(|x) g|u4(rz)| drdS = O /35 o /9\35 " el x_gu;(rl)' dxdf)
1
- O<A2N “ /Bs(ms /Q\Bs(:rs (14 Afe - a:5|)2N e — \““ (14 Acfz — )™ s

It follows from (2.2) and (4.14) that

0G(x, ) OG(x, x¢) 1 9 1
2.31 / ds—f/ VG (x,x:)|“vids = Ole + — ).
(2:31) oBs(z.) 0% v 2 JoBs(a.) V&)l ( >\s)
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Hence (2.31) and (2.26) imply that

OH (x,x.) 1 )
2.32 N :O( —), —1,...,N.
( ) 89cj T=x. et )\s J
This means that VR (zg) = 0 as € — 0. Thus the conclusion follows. a

3. LOCAL UNIQUENESS OF THE BLOW-UP SOLUTIONS

3.1. Estimates for blow-up solutions and Green’s function. Before we prove that local uniqueness of
such type of solutions, we need some preparations. The following lemma plays a crucial role.

Lemma 3.1. Assume that N > 6, u € (0,4] and u. is a sequence of solutions of problem (1.13) in H}(Q).
Then we have

G(x, x. In Ao .
(1) ue(e) = “5td Ay, 0(B25) n Q\ B, ()
e 2 Ae?
and
NeltR In A
(32) V(@) = VAT 4y po(BA) in @\ B, (),
Ae 2 Ae 2

where Ay, from Lemma 2.3 and d = |z, — z|.

Proof. We know that the solution of (1.13) can be rewritten as:

(3.3) (x) = / / UE e Z)G(x’z)dfdz Jre/ ue (2)G(z, z)dz.
|$ — |~ Q
From the estimate in (2.18), we know
2 eyt
By (2.) /By (22) |z — ¢J# v
and
25 251
(3.5) / / v @ue ()62 2) ey, =o( 1}+2 ).
Bz (x.) JO\Bz (2.) |z — &~ A2
Since

G(z,2) = G(z,z.) + (VG(z,2.),2 — 2.) + O]z — z.|?),

then we know
1

—1 2”
/ / (2)G(2:2) 4o, — = Gz, z.) / ue(Que" (2) ey,
% CUE % IE) |‘r - ‘M Bz (ZEE % Ig) |x - |M

+/ / “g“ (E)ugz_1(2)<VG(x’xe)’Z _ x6>d§dz
By (v2) J By (22) |z — €|~

(3.6) P —1141
2
r(xg) Br (x€ |Z _g‘u
G c 1 )\
= (‘?\I‘,EQ)AN#—’_O( nN+2)v

Ae 2 Ac?
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where

L (OPUE G, 32), 2 — e
/ E)/RN A|9£_)<§u DI x>d§dz)

U 2( Sw ’z—x |
+O / / Usc . (e : dgdz)
5 () JRY |ﬂ?—§|“
N( N(N -2 -
= 0(7)/ 5 SHVG(z,20), 2 — 2)dz + ¥/ U? RQwE‘z—xgldz)
A Jpgeo N Amr Jpg@) T
TA
* 1 2 N1 N42
_ U2 -2 _ _o(L v
=0( [, Ve —add) =0 (| o) Fladin)

( 2
05 lluelng ).
)=

G(zc,x). Similarly, we can calculate that

U “ U - 2z — z|?
wa) RN “/I"_ ‘M
2)/ 2% —1 2
=0 ——+= U 2|z — x.|?dz
(MJBWMM” 2dz)

of12%)

since G(x, x.

Finally, similar to the calculation of (2.22), from A, ~ e~ 7 from [40, subsection 2.2], we obtain

1
3.7 5/Gsc,zuszdz:072.
(3.7) | Gl 2)uez) Qﬁ)
Then (3.3), (3.4), (3.5), (3.6) and (3. 7) 1mp1y that (3.1). we Finally, we get (3.2) from the fact that
(3.8) Vue(x // us ' (2)VaGlz, Z)dﬁders/ e (2)V,G(x, 2)dz
o —&|" Q
Hence the proof is finished. O

Lemma 3.2. Assume that N > 6, p € (0,4] and u. is a solution of (1.13). Then we have

(3.9) VR(z.) = o(h;gf)
and
(3.10) e= ﬁ (40 + %)

where Ag is a strictly positive constant.

Proof. Similar to the arguments of (2.32), applying the Pohozaev identity in Lemma 2.1 and Lemma 3.1, we
can obtain (3.9) by taking Q' = B, (x.) . Next we shall prove (3.10). By Lemma 2.3, we find

e 1
(3.11) ue(z) = MANM+O< +—ﬂ),er\BT(x5)
A NPy
and
e 1
(3.12) Vue(z) = MAM+0( +j), z € Q\ B, (z.),
Ae ® )\5 = A&
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By (3.11) and (3.12), taking ' = B, (z.) in the local Pohozaev identity (2.1), we obtain

2N—pu

2,
uE ’LLE (f) / o* 2N / o* 2N
—————>dédx < C U; dx uZ (x)dx
/B(;E)/Q\B (z¢) |$—€| S < ( B (z.) () ) ( O\ B, (z.) (@) )

:0(;5).

Similarly, we can also calculate that

2" 27 , .
/aBTm) /sz W<x ~ T v )dids = O(,\%V)’/BT(%) /Q\BT@E) - (- §)usx(f)£ui+(§)d€dx - 0(/\%)7

(3
2w —2e,v)ds = O —=5 ).
/afraf(acg)ug@j 7e,v)ds (A?“Q)

Inserting (3.11) and (3.12) into the Pohozaev identity (2.1), we know

A2
]\][V:L; [/ M(Jc*ms,VG‘(z,xs))der}/ IVG(z,2.)*(z — e, v)ds
Ae OB, (xe) 2 0B (z<)

ov
N -2 0G(x, zc)
(3.13) — 7/ — 2 G, 2k }
2 B, () v ( )
1
= —¢ u?azdm+0 LJF—.
/BT(zE) (@) (/\év_2 )\?7)

Applying the following identity (see [10])
Gz, . .
_/ %<x—xa,VG’($7x8)>d$+§/ VG(z, ) * (2 — o, v)ds
OB (335) 8BT($5)
N2 0G(ra) | N—2
a T /‘937(12) G(‘an)Tds = - 2 'R,(.’I,‘E)7

we obtain from (3.13) that

N — 2)H(z,, x.)A>
(3.14) A N’”:E/ u§+o(i+i).
B(we)

222 V=2 AN

On one hand, by Lemma A.5, we know

_N(N-2) 2" 1 1
(315) AN’M — /h—I,L/]RN UO,]. +O<F)

On the other hand, by PU,, x. < U,_ ., we have
5/ u?(z)dx = 5{/ (PU,. x.(x))%dz + O(/ PU,_ . we + ”ws”?qg)}
B (wa) B (IE) B (ws)
(3.16) _— U dz+0( 5= ) +O(( U2 dr)?|we o + [lwe 2 )
: 2 0,1 AN-2 B.(z.) T, e ellHg ellgl

= %/RN Ug,lda:—i—O(%).

Therefore, together with (3.14), (3.15) and (3.16), we can deduce

N2(N — 2R (z.) . 132 ¢ ) 1 e 1
(3.17) - (/RN Uoa d:c—|—O(F)) = )\g(/RN Ugrd + O(p)) + O(W + E)a

24 A2 c

which implies that (3.10) is true.
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3.2. The local uniqueness result. The purpose of this subsection is devoted to complete the proof of

Theorem 1.2. There are some prelimilaries to be done before we go into the proof. First of all, we let uél) and

u§2) be two different solutions of (1.1). We will use mgj ) and ,\éj ) to denote the center and the height of the

bubbles appearing in uéj)(j = 1,2), respectively.
Let
Wy (2)
(3.18) 775(1') — Ue (l‘) Ue (.’13)

) (@) = (@)
then 7. (x) satisfies ||n.| p~=1 and

(3.19) —An.(z) = f(z,ul”, ul),
where
. (u” (€)™ ([ D©n(8)
f(x7u§1>7ugz)) = (2# - 1)(/9 Wdé)@(w)ne(w) + 2#( o Wdf) (u?) (x)) + ENe
with

1 ) 2% -2 1 ) 2% -1
20 )= [ (@) + (1= 0P @) "t D@ = [ (O + (1= 0u(@)” .
0 0
Lemma 3.3. For N > 6, u € (0,4], it holds
(1) (1)
1 1
(3.21) o) — 2@ = 0( LAY and PO A= 0( ).
(A7) (A)?
Proof. First we remark that
R(z:) = R(zg) + <VR(J:0), Te — a:o> + O(V2R(xo)|x8 — x0|2).

Combining (3.9) and z( is a nondegerate critical point of Robin function R, we see that for N > 6

In A
(3.22) 2. — 20| = O )
(52
A direct computations, we get (3.21) from (3.10) and (3.22). O
Lemma 3.4. For N > 6, u € (0,4), it holds
2% -2 In ALY 22 & ()12 —2
329 Celw) = U fo s + O(S )i oo + O (1w 57%)
e j=1
and
25 -1 In )\gl) 2% -1 2 ()21
(3.24) D.(x) = ngl) AW + O(W)UA“,AS) + O(Z [we | )
14 ]:1

Proof. In view of Lemma 3.3, we first remark that
(3.25)

|Ua(51>1>\21>(x) - Uzgz),)\(f) ()] = O<|x£1) — ng)l . (VIUL)\(EI) (l‘)|m:mg1)) + ‘)\gl) — )\22)| . (VxUI(;)’)\(x)h:)\gl)))

)

= O(U (1) (1) ()\S”f&l) — xg)\ +
xe A )\S;l)

In /\9)
=0 (7)\9) )Uwél)7)\§1) (m),

which implies that

ALY S
(3.26) ugl) — ug) = O(W)Ugjgn))\gn (x) + O( E |w£]) |)
e j=1

Then (3.26) can deduce that (3.23) and (3.24). O
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From [38], we have the following estimate:

Lemma 3.5. For any constant 0 < 0 < N — 2, there is a constant C > 0 such that

C 3 —
/ 1 1 dr < W ’Lf o< N 2,
RN |y — x‘N—Q (1+ |z])?te - (1+|y| Inly|, if c=N-2.

Lemma 3.6. For any constant 0 > N —2 — 5 and p € (0,4], there is a constant C > 0 such that

%, Zf02N727% and O<H<4,
! 1 do < 3 (+ly) 2N
aNEre) 0T S c _ u _
RN \y—x| e (1—|—|x|) oN— — %y lyl, if o=N-2-45 and p=4.

(I+lyl) 2N=n

Proof. We just need to obtain the estimate for |y| > 2, the other is similar. Let d = %|y\ Then we have

1 1 C 1
(N— (2+0) dx — 2N(N—2) 2N (2+0) €L
‘y — m| RS2 n (1 + |x|) e m d 28— JB4(0) (1 + ‘x|)72N—;L

C 1 C
= T2N(N-2) N(4+20-—2N+p) — N(2o+tp) *
d 2N~ (1 + d) 2N—#n d2N—u

for any 0 > N —2 — £. And we have

1 1 C 1
2N(N—2) 2N (2+0) dx < 2N (2+0) 2N (N—2) dx
Ba(y) |y _ (E| 2N —1 (1 + ‘$|) 2N — 1 d2N—©n Ba(y) |y _ :K‘ SN—p

C N(4—p) C
S 7d 2N —

2N(2+a) = N(20‘+}L)
— N—n

Assume that z € RV \ (B4(0) U By(y)). Then we know

1 1
|z —y| > 5\’U|7 |z| > §|y\

Hence by direct computation, we have

1 1 1 1
2N (N—2) 2N (2+0) dx < (N—2 2N (2+0) dx
RN\ (Ba(0)UBa(v)) |y — x| 285 (1 + |z|) 2V -n R\ (Ba(0)UBa(v) |z 2= (1 + |z]) “2von
C 1
< oy —— e 0
d == JRN\(Ba(0UB4(v)) (1 + |z|) 2=
_ v
Rl
for any 0 > N — 2 — £. This finishes the proof.
O
Lemma 3.7. For n.(x) defined by (3.18), we have
In A mAY N
(3:27) /Qﬂe(fﬂ)dx = W and 1. (z) = W? in 0\ Bs(zg),

where § > 0 is a any small fived constant.

Proof. By the potential theory, we know

(2, = Dne1 (@) + 2;me 2(7) + e/QG(J:, 2)ne(2)dz,

3
™
—
8
N
Il

Me1(2) = QG(9€72)(/QWdf)cg(z)ns(x)dz, Ne,2 (2 /G /Q |I(€) g|§>d§)( @) ()2 14z,
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First, we can deduce

(AW Nopt2
(1 + )\gl)|z — $§1)|)47”

Combining |n.| < 1, (1.16), (2.17) and Lemma 3.5, then we get

i (U0 500 (€) ™
na <€ | s ([ ) ey

M)

3.28 C. <C
(328  |C.(2)] TESaTCn

and |D.(&)| <C

N—p+2°

1 1
< C/ dx
Q|z— )\gl)z|N—2 (1 + ]z — )\gl)mgl)|2)2
3.29 1 1
. e NG 1d2
oA (x—a’)—2IN2 (14 |2])
1

(1+ A0z — x§1)|)2.

Next repeating the above process, we know

1
Ne,1 = O<(1 N )\él)|$ _ x£1)|)4>.

Then we can proceed as in the above argument for finite number of times to prove

(3.30) 0( I\ )
. n 1= — .
B (1+)\§1)|m_x£1)|)1v 3
Next, we find
In A\,
(3.31) |Uzg1)7>\§1)(x) — U:c(f).)f) (:c)| = O((/\(l))2>Uzg1)7Agl)(x).
1

Hence by Lemma 3.6 and Hardy-Littlewood-Sobolev inequality, we can calculate that for d(Q2) := diam/(2)

D.(§) 2 -1
N2 < C /Q ( /Q T wd&) (U, \@ ()" Gelw, 2)dz
C N(N—p+2) 2N —pu

< (/d(m rNt dr) S e (/ 1 ()\gl)) N dz) N
M) Mo o Q |z — | N(N—ut2)

14+ 7‘2) w (1 + (/\21))2|Z _ m§1)|2) s
1 1 25
S C(/ (1) (1) 2N (N —-2) IN(N—_p12) dx)
? D @ —al) o T (1 fal)
C

< .
1+ 20|z — 2N
Finally, we have
5/ Ge(z,2)n:(2)dz = O(e).
Q
Therefore, together with the estimates of 7., and 7.2, we can deduce

( ALY
(1 4+ Az — 22
Hence (3.27) can be deduced by (3.32). O

(3.32) ()| = O ) +0().

According to the above nondegeneracy result in Lemma 1.1, we have the following crucial lemma.
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Lemma 3.8. Suppose that the exponents N, u satisfy the assumptions (xx) in Theorem 1.2. Let fj.(x) =

T]E(Azl) + xél)). Then we have that
al 1

(3.33) e (x) — ch@c(x)‘ = O(W)7 uniformly in C*(Bgr(0) for any R > 0,
k=0 €

where ¢, k=1,--- ,N are some constants and

~ 0Up»

oU,
do = _ 9Uoa

- E—=1.---
152 ‘A:l’ k oz’ B

N.

Proof. Since |7c| < 1, by the regularity theorem [19], we know that
ile € C*(B(0))  and ||7c|lcre s, 0y < C,

for any fixed large R and a € (0,1). Hence we may assume that 7. — 7o in C*(B3(0)) for any large R>0.
Now by a direct calculation, we have

1 T
A7 - __ - = (1)
An€($) = ()\S))QA%()\S) +z; )

= Eoyii(z) + Beo(z) + ()\(61)77 (),

where

2 — 1 (D () g+ 2)) (1)1 1 o)
Egﬁl(.r) = ()\21;)1\77#4*2 (/g; |£L' _ é“u, d&) CE (()\81 ) 11' +$51 )7

2 D. ()~ + 2t )i (v) 21
_ @ ((AD) g 4 z0))
Bea(w) = (/\gl))zsfwz (/Q |z — ¢Jm df) (uEQ (D)o + o )) '

Then for any ¢(x) € C°(RY) with supp p(x) C de(a:é”) for a small fixed ¢, we have
(3.34)

Vil (@) Vpla)do = [ (Beaie@) + Beolee@te + o [ etain
/\(51)5 Te

1 (1) (1)y2
B, () B, (@) (A7)

In view of the elementary inequality (A.2) in Appendix A, we know

| B
B)\‘S;I)(S(w(s))

1 1 2* z 1
2t — 1 (W (S + 25 (5 + 28 ()
(3.35) - (1)*7 : : dxde
O A NN PENTNCER o — €]
* * * * * 2 *
21 2% (28 — 1) - 2% (25 — 1) [ L]-‘
(W\N— ! WyN— 2 M\N_ 3 O\~ 4)
(Ae )N =pt2 (Ae )N =pt2 (2N )N=nt+2 (Ae )N =pt2
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where

(PU (1) )\(1>()\(1) +$(1))) C (A(l) —|—m(1))n8(x)<p(m)
A :/ / darde,
B ) (ze’) /B (1) (ze’)

|z — €|»

(Pme /\<1>( © + (1))) wgl)( NG +x(1))0 (W +x§1))775(x)g0(x)
f2 _ / / e s\e m € dxdé"
NORCEOER-NCGNCEY |$—f|

S / / (PU0 \o (5 + D)) (wél)(jl) +z))2e. (5t + M i (@) ()
L=
B ) (zg’) /B (1) (ze’)

|z — €[»

dzde,

dzde.
|z —¢&|m

By the definition of U,o yo, Lemma 3.4 and Lemma A.5, we have

(0l (55 + o) (58 + 2l (@) ()
A
B 1) () )B ) (@)

(3.36)

I Y AR e AL A R s U
1 =
B ), @) /B ) (=) \x—ﬁ\”

) Usk (U (@)1 () () 1
(1) 0,1 0,
oo )] o o)

And we have the following rest other estimates for which the proof is left in Lemma A.6 in Appendix A:
1 1

1 1 1 1
83 G =G G =G G = ()

Now similar to the calculations of (3.35), by inequality (A.2), we can deduce

/ E. 2p(x)dx
Bkgl)s(agl))

(3 38) _ 2; / / D ()\(1) +Igl)) (5)( gz)()\(l) + (1))) 90(1:)
B<1) (ze) ()(la )

o (Agl))N—u-&-Z |z — &~

: Uah(©)7-(€)Us ()¢ (@)
_9 /RN/RN 0.1 |x7°€|1# ! dmdf—l—o(/\(l)

€

dzd¢

On the other hand, from ||7.|| = 1, we have

g

1
(3.39) g / . () (@)de = o —=-).
A2 T ) @) (AS))

Consequently, in view of (3.34)-(3.39), we obtain

) Uek (€U (2)i1e ()p(x)
A d — * _ k) 9 d d
/Bmusn Vie(@)Velo)de = (2, - 1) / / o — € v

. Uo1 )71 (y Uo “Ha)p(x) 1
49 /RN/RN P dmdf—é—o(@).

Taking € — 0 in (3.40), we find that 7jo satisfies

UQTL . UZZ"*l A .
(341)  —Ady = (25 - 1)( /R 0i(®) ae)Usi (@)iio(w) + 25 /R . Mdf)@i‘i i RY,

N |z —gfr |z — ¢

(3.40)
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N
From the non-degeneracy results (see Lemma 1.1), which gives 7o = Y cx¢i. Hence the conclusion (3.33)

k=0
follows by (3.40) and (3.41). O

The proof of the following lemma is postponed to Section 4.
Lemma 3.9. Suppose that the exponents N, p satisfy the assumptions (xx) in Theorem 1.2, there holds
c, =0, for k=0,---,N,
where c¢j, are the constants in Lemma 3.8.

We are going to prove Theorem 1.2 by using Lemma 3.8 and Lemma 3.9.

Proof of Theorem 1.2. From (3.32), we find that

1
e (z)| = (RN 5) +0(e), for xe Q\BR(,\Q)—l(IS))v
which means that for any fixed 6 € (0,1) and small €, there exists R > 0 such that

Ine(z)| <6, for xEQ\BR(Am) ().

Also for above fixed R, in view of Lemma 3.9, we know
(3.42) [ne(z)| =0(1), for z€ BR(A21>),1(35§1>).

Then for any fixed 6 € (0,1) and small e, we can deduce that |n.(z)| < 6 for all € Q. This is a contradiction

to ||ne|r= = 1. So ugl) = u§2) for small . This finishes the proof of Theorem 1.2. O

4. PROOF OF LEMMA 3.9

This section is devoted to the proof of Lemma 3.9.

Lemma 4.1. For N > 6 and p € (0,4], let n.(x) be the function defined by (3.18). Then we have the following
estimate:

ne(z) = ((2; —1)AD + 2;A§2>)G(xgl), z)

(41) N (1) (2) lIl )\gl) 1 1
where 6 > 0 is any small fized constant, OxG(z,x) = Géz’;) ;
(4.2) AWM :/ / (©)? “C( )e (2 )dzdg,
c Bs(xe l)) Bs(xe 1)) |Z - €|H

(43) 4B — / / AU

' B,;(a:(l) B{;(x(l) |Z - £|M ’

(D) (eyy20
m e I B e a3
) Bs (e J By (a) ) ‘Z — §|#

(2) 25 -1
(4.5) B® :/ / (24 — xil,l)DE(E)na(f)(“s (2)) dzdt.
’ Bs(2M) J Bs(2{M) ’ |z — &~
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Proof. By the potential theory and (3.19), we have

(4.6)

1 () /G(z 2)g(2, A\ (2), AP (2))dz

= (251 /G /Q |1)(f)) d{)Cs(z)ng(z)dz+2;/QG(Z’CU)( Mch)(uf)(z))?i—ldz

= o T
+€/ G(z,x)ne(2)dz.
Q

According to Lemma 3.7, for any z € '\ 325(a§1)), we obtain the estimate of the third term in (4.6) as

Glevana(e)dz = [

G(z,z)n:(2)dz + / G(z,z)n:(2)dz
Bs(zM)

Q\B; (zt")
In AL In ALY
= nazdz—l—O/Gz,xidz =0(———=)-
/;5(121)) ( ) ( Q ( )()\gl))N—Q ) (()\gl))N 2)

Decomposing the first term of (4.6) by

| et /Q|z)_(i:)|)id£) ()a(z)dz:/B(I(l))G(zw)(/B(x(l))(|;1)_(§§)|)# £)C.om (o
ugl) 2%
+2/Q\BB(Z£1>)G(z,m)(/Ba(wgl)) (|Z_(£)|)Hd£)06(z)77€(z)dz

(ul” (€)%
e d d
+/Q\B(s(ﬂiél)) G(Z’x)(/Q\BS(wS)) |Z—£‘“ 5) ( ) (Z) z
=Gy +2G2 + Gg,

(4.7) ?

We are going to estimate G1, G5 and G35, respectively.
By using Hardy-Littlewood-Sobolev inequality, Lemma 3.7 and (3.28), then we have

G, = AWG W, 2) + /
Ba(ﬂﬁm)

(6(z0) — GG ) ( / O 1), 2y, (3

By |2 =&
)
= A0¢qg (1 (1 ey (ue (g)) MCE(Z)nE(Z)
= A G(x ZakG (wg /Bé o) /B (I(l) e k) Iz — & dzd¢
e L (€)%
+O<|x_$§1>N /Bmé“) |z — 2V (/Bmm) P 4€) Cul2)ne(2)d=)

Z—.’L'
— ADG W, +ZakG M, 2)BY) +0 / / | o
' 33 — 2! |N Bs(zM) JBs (V)

e (1) ( 1 / WPy d)
- +ZakG #Bes+ 0 |z — 2|V B(s(a:£1>)|z ze| Uwé”,xé”(x)ns(z) ?

(1) )\(1)(§>C€<Z)ne(z)
|Z =&

dzdg)

W
— ADG(EW z (@, 2)BY) In A 1
= ADG(a +§jak ! Bsk+o((kél))N| IN)’
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where A% and Béllz are defined in (4.2) and (4.4). Moreover, we can also find

.
Uxéll) Ne (§)G(z,2)Cc(2)n:(2)
Ga<C / / X0 dzde
0\ Bs (") J Bs (1) |z — "

In ALY 1 1 1 1
< 07(/ dz +/ dz)
AN N o\ By (2O Bas (@) 12 = 2N 72 2 — P N Bs (@) Bas (@) 17 = V72 |z — D

In A 1 In A 1
7(1?/\5 / — dz—l—C'i?l) / T d*
AMYNEN=2 Jo\ By 2y |2 — 2lM|? AYNG2 I ys(a) |2 —

(1)

In A\:

_O(()\gl))N)'

Analogously, we also have

In ALY

Gg_o(w).

For the second term in (4.6), we decompose it by

/G (& 2) / B §|u )(“5:2)(2))2;_1612
o 0 B0
+2/;5(z§1)) GE(Z’x)(/Q\Bs(Igl)) de)( ( ))2:—1dz

D.(©)n-(§) @) 1
+/sz\Ba(x£”>G(z’x)(/g\35<xgl>> e dg) (W (2))%\dz
= Ll + L2 + Lg.

Similar to the estimate for G, by Hardy-Littlewood- Sobolev inequality and the fact |n.(z)| <1, (3.28) and
(3.31), a direct calculation shows that

De(&)ne (&) (u” ()%~
Li=A 2)G oGzl x / / 2 — V) dzd
Z k ) Bg(m(l)) Bs (1))( k e,ky) |Z o §|“ g
112 D(€)n= (&) (ul (2))% !
+O )|N / 20 / =) -t ’ |z — &|» dZdE)
= APG(M 2) + Zakc: ,)BY)
)\(1) N— u+2 1 Iz — x€1)|2
+ O( (1)‘N / ) /B(S (1>) Y 1)|§ DN—/H-Q 2 —&m (1 N /\§I)|z _ x§1)|)N—u+2 dzd¢

= ADGW, +ZakG 1), 3(2

1 1 | 2|2
( (1) )N ( ) N/ / N—p+2 |z —¢€m N—/L-‘,-QdZdé-
AN [z =z [N JBs(0) /s (0) (1 4+ [€]) (1+[2])

_ 72 1 (2) 1 1 1
—ADGED Z:B )5,.Gla D, )+O((A§1))N|x_zg”N)’
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where A% and Bézlz are defined in (4.3)and (4.5). By Lemma 3.7, we can calculate that

2* —1 2* —1
Ut o @ne@U ) | o) (2)G(z2)
L2 é C / £ 3\ £ \e dzdg
O\ B; () J Bs (=) |z —&|»

Cln AV 2N ()1 S 1 21 N
< 7(}\(1))]\[72 (/Q\B o) U_,ﬁgf)%gf) (§)d§> (/B (=) ’ 2 — x|N—2Um§1),,\gl>(Z)’ dZ)
£ 5§\ Ze s(xe

N(N—p+2)

(4.8)

2N—pu

< Cln)‘sl) 1 (/ ()\g ) 2N—p dz) 2N
T ANz A2 N ) (1+ 2]z — Zgl)|2)N(2NN;f:2)

)
- O((@;EN_L;)'

And similar to the estimate of (4.8), we can also find

2% —1 2* —1
UTﬁ) >\(1)(§)776(£)UT(‘3) A(l)(z)G(zﬂr)
Ly < C/ / Te e Be e dzdé
o\B; (2") Ja\Bs (=) |z —&»
1 (1) 2N (25, -1) 2N—p 1 . 21\1;& 2N—pu
< 011)1#(/ U (12)N7(}1L) (§)d£> - (/ ‘WU2 (1) 1(1)( ) - dz) -
ANYN=2\ Jo\ gy @A By (V) ||z — 2 Ae
Cn A 1 ( / 1 (A =2 o dz) 2
T )N )T M (@) Bt 12 = 21V (14 (a2 - g0 2) TS
cmA) 1 / 1 (WD) =2 %dz) 2
AT O Jams@)nmas 12 = 21772 (4 0Oy, g0 T
< cnmé” 1 K/ 1 dz) Ay +/ 1 dz) ZIJN“}
T N2 AN B o) |, 0 TR Bas(o) |5 — g| R

= 0(—o ) + O )
(A)2N—p (AM)2N -4

where we using %’jﬂ) > N and %NHQ) < N. Combining (4.6)-(4.7) and estimates of G1, G2, G35, L1,
Lo, L3, then we get

WE

ne(@) = (24 = DAL +2,42) G0 2) + Y (2 - DBY + 2,82 Gl 2)

n-e,k
k=1
N (m/\g” N cln AV P A N In AL )
()\gl))N ()\gl))]vfz (Agl))N ()\gl))2N—4 (Agl))2N7u
N 1 2 11’1)\(1)
= (@ - DAY + 242)G @D, 0) + > (2, - VB + 2,88 )G, )+o((A ))N),
k=1 £

for z € Q\ Bas(zV),

in the last step we have used € = O(W) = O(@)
On the other hand, from (4.6), we obtain

one(x) ., (ut (€))*
e :(Quq)/DmG(z,x) /Ql—flﬂdf) e(2)ne(2)d>

+2*/DZIG / D|27§|u dg)( @ (2))% _ldz—i—a/ D,.G(z,x)n.(2)dz.
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Similar to the above estimates of 7).(x), we know for N > 6,

AL
ooy

By Hardy-Littlewood-Sobolev inequality and the fact that |n.(z)| < 1, Lemma 3.7, (3.28) and (3.31), then we
can get

5/ D, G(z,x)n.(z)dz = O(
Q

N (1)
(ut (€)% ) In AL
D A —AMp (1) D.. (1) B(
/ WG| L) e () = AV, Glalh ) + 3 0., 0660 DB+ 0( 50).
D.(§)n-(€) - @) o A
€ @ ()2 1gy = A@ (1) _ (1) e
/ DaGlza)( | = =S ) (u)(2))% s = AP D, G(al ,x>+; BE)D., (9:G(a,2))+0( ()\gl))N)
Therefore, we deduce
8776(1’.) _ 1 A(l) 2 A (2) D G (1) = 1 B(l) 2*3(2) .G (1) 0 ln)‘(l)
o, _(( —1) + ) +Z< - sk+ H sk) Dy, (0kG(zc, x)) + (()\ ))N)’
¢ k=1 €
for z € Q\ Bys(zM),
According to the above argument of 7.(z) and 9ne (j”) Then we can finish the proof of Lemma 4.1. O

Lemma 4.2. Assume that N > 6, u € (0,4] and ul with Jj =1,2 be the solutions of (1.1). Then we have

G(xél),a?) ( In )\21) )

(4.9) ugj)(x) = W

in C1 (Q\ng( <1>))

where Ay, is from Lemma 2.3.
Proof. First, in view of Lemma 3.1, we know that (4.9) holds for j = 1 and

G(xg), x) In )\21)

@) (p) = e 07 —
(410) @) = v + O )

€

in ¢! (Q \ Bzé(xg%)).

By a direct calculate shows that

G ) _ Gt & —al? A -2
(ve”,2) _ Glae’,2) O(Ix x I) o(' : I)_
(>\§2))N22 (Agl))N22 (AS))Nsz ()\21))1\722
Since Bg(:zrgl)) C ng(xgl)) for small €, we deduce that (4.9) for j = 2 from Lemma 3.3 and (4.10). O

Lemma 4.3. For n.(x) defined by (3.18), we have the following pohozaev identities:
(4.11)

ouV an ou? o 1
— £ € _ 3 € - (1) (2) ,
/Q.Q/ 837] aV ds /aQ’ al/ a{,Cj dS + 2 /89’ <v(u8 + ua ); vn6>l/j dS

[l ()2 Ce (). (2) D.(&)n(&)[ul" ()%,
déds déd
T2 /3/ z — ¢ : /6/ o — € Lds

[ul (€)% C. (2)n. (2)v D.(€)n-(&)[ul” ()%,
déds déd
2* /aQ' / Sds+ 5. 2y /BQ’ Q Sds

|z —&|» |z — &|»

) O Cela ez D& () @)%
///Q\Q/ 5 — &) |z — £[nt2 dd§+2*///9\9/ zj — &) o — Epte dxdg

Ny,
2 aQ/
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and
(4.12)

an ou?
I I

1 2-N ) dul
- (1) (2) — W) A Nl (1) €
+ 2 /{)Q’ <v(u€ + U€ ),V175><:E l’ >d5 + 2 o0 |: 6V U’E + a 778:| d

(2) )| . u) ()|
[ [ A g [ [ DAOMOM P

|z —&Jm |z — &
e '”(2)(&'2”2“32"5 igios [ [ o D5<s>|r§<_§>ﬁ>2<x>|% seis]
/aw /2\9/ i |ir—€|(“ e )< — o V>d€d8+/aw /z\sz/ Ix —Mzw - Z<x_“j(1 v)déds
+2/m/// ju” |ficg|(u) e (@ )< Wy d§d8+2/89’/’ " _|z|su( 2% (z — 2D v)deds

+§/ (@ + u®)n(z — 2, >ds_g/ (ul” + u@®)neda,
o0 '

where Q' C Q is a smooth domain, v = v(x) denotes the unit outward normal to the boundary 0¥ and

Cula) = / (tu () + (1 — u® () 'dt,  D.(€) = / (D (€) + (1 — Hu® () ar.

Proof. In view of Lemma 2.1, taking u. = ud with j=1,2in (2.2), and then making a difference between

those respectively. By direct calculations, we can obtain (4.11). Similarly, taking u. = ugj ) with j=1,21in

(2.1), and then making a difference between those respectively, we can also derive that (4.12). O

Now we are ready to prove Lemma 3.9 by using the Local Pohozaev identities.
Proof of Lemma 3.9. We divide the argument into two steps:
Step 1. We prove that ¢, =0,k =1,--- ,N.
We define the following quadratic form

du 9n Ou On /
I e o—ds Vi, Vu)vyds.
B. (20 0z Ov s /63 ON v O + 0B, (z) < n “>VJ S

For N > 6, taking () = BT(xg)) in (4.11), by (4.1) and (4.9), we know

PO .7) = Pl Brla) = - [

An (25 = DAL+ 2,4D)P (G, ), Gl ) 7)
()\(1))u
+iANu<<2:—1>BSB +2,80)P (66" 0,06, ),7) +0( e
()\(1 )N 2 (A(1)>3N2—2

2

LHS of (4.11) =
(4.13)

We next estimate AS) and Aff), respectively. In fact,

o
U(Hl) (1)(§)C€(JL‘)’I75(LE) 1
o[ [ a0 g o L)
B, (") J B, (z(") |z — €|~ (AN -2

since

1)
dr =0 ———— ———dr)| =0 ———),
/B,(zé”) (1+ )\gl)b: il zél)\)NH (()\g))N2 0 (1+r)N+2 ) (()\(1))1\/2)
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Also, we have

*

D ()n(§)(U, 2 yeo ()
= dud
./BT(ES)) /BT(zS>) |z — €|~ ! 5)

o
2N (2}, —1) IN_u

(
=0(([, o PO ([ 0 i) )
(

/ 1 )2NN—M
dxr )

N(N— )

N=2 B ) ) (L4 |2f2) " e

since %ﬁ > N. On the other hand, from [12], we know

OR(ztM)

(414) P(G(.’Eél)71’)7G(£Egl),x),T> = O

Hence it follow from (3.9) that

((2; — 1)A§1) + 2;A§2))P(G(ﬂcgl),x), G(xél), ),7') ( In AW )
(415) N—-2 = §N72
(A) " (A) 5=
Next we are going to estimate each term of the right hand side of (4.11) with Q' = B, (z (1)) We define
2# i 1 D (&)ne M h;
Pl / / |U | O ) ( )V] dfds, P2 — 7*/ / 77 ( )‘ vj dgds,
aB. (z(V) |$ - €|" 23, 8BT(z 1>) |$ - €|"
2“ D, e s %
oB. (z(V) JB, (a:g”) |z — §|” |z — §|“

(2) ey 128 A
_ u/ / |ue™ (§)°+ Ce(2)ne _6/ M) 4 @
=L z;—&; dzd¢, Ps = - ug’ +u” )nev;ds,
25, JB, (2 Q\BT(xé”)( 1= &) |z — |mt? P2 aBT(wS))( et

(W20
- ﬁ*/ / (zj — fj)DE(g)nE(g)luiQ(ﬁ) " dwde.
20 o) S ) [z~ &

Firstly, we can deduce

(1)
Cuw) < C Ae)

N—2;4,+2 (A(l))N p+2
N—_p+2 and Ds(g) S C N—p+t2 *
(1+ (A2l — alVp2) (1+ A)2lg — aMp2)

Then we have

1

1

(G ) )

(4.16) Co(z) =0 ) and D, (€) :o(

Together with (2.17), (3.25) and (3.27), we obtain

U o ,a MC‘ Ne(x)v;
/ /| (>/\<> () ()]d€d3>
8B, (=) Ja |$—§|"

O(/ (Agl ) & n (m)u»ds)
8B, (zV) (1 + ,\,2” |z — x§1)|)N+2 !

(1)
(5oy=)

0
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and

P,

; e e 2N—p
o(([ . W wn) ™) 57 ([ D)7 ) )
OB (xzs’) e e o

NN —p+2) 2N —p

(1)) NN N
=0Gate) Uy o ™)

14+ AD) |z — D))~ 2
1
=(Gme=)

Similar to the above estimates, we can also prove

Because of oddness, we can find

U ) (€)% e
[ ) e - L de=o,
B, (z)

|z — ¢[P P2 0B, () (14 |6 — 2N H

This means that Py = Ps = 0. Moreover, note that ¢ = O(W) = O(ﬁ) if N > 6, so we have

P5:O((>\§1);31\,22>.

Hence we know that

In )él) )

3N-—2

RHS of (4.11) = O(()\(l)) .

Then it follows from (4.13) that

3 An((2; - 1)BY +2;35})?((:@9%x),ala(mg“,x),T) ( ) )
N-—2 =0 3N—-4 N
= ()% ()
Using the estimate (see [12])
(4.17) P(G(.Cc(l) x) alG(x(l) x) 7') = _M
€ ’ £ ’ 81:18951

and zg is a nondegenerate critical point of Robin function R(z), we see that

e _ ) L orp® _ #)
(418) (2u 1)B€,l +2P‘B5,l O((}\&U)Nl ’

On the other hand, we consider that the estimates of Bgl) and Bgl) in (4.4)-(4.5). Using the elementary
inequality (A.2) in Appendix A, then we know that

M) e))20
e T I O e e R e
’ B, (z) /B, (=) ’ |z —&[n
1

2% (28 —1
G1+2,G + Mg?) + O(Q4)),

(4.19)

()\21))21\/7;&1 ( 2
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where
(4.20)

(PUmS),/\(E”( ™ +ﬂ7a )) “C (/\(1> +:c(1)) < (2)
G1 :/ / 1 dzdg,
B 1y _(0) /B )

ERSls

G / / (PUmg)’/\gn (ﬁ + xél))) wél)(% + xél))CE(/\fl) +2M)ii(2)
2= !
EROEOES-N

|z —¢l*
2" 2 2 . _
g / / (PUmS),A(E”(ﬁ J“Cél))) : (wél)(MEl) +$§1))) Ce(5 + 2 (2)
3
B 1) (0)/B ) |z = &|»

o[ | Wy + o FCr i)
= Zl z .
s W (0B ) |z — &~

Then by Lemmas B.1, B.2 and B.3 in Appendix B, we get

om_ __a NN-2) 1 3 1 _
(421) B [ Ua ()= + 0(()\(1))N1>, for I = 1,2,

3

el — 2% _ 1 AH,L (Agl))N_l

Noting that

o De(©ne(6) ()%
(4.22) “‘/Bmsn/man eed) - dads

=Hi+ (2}, — DHa + O(Hs),

where
27 —1
De(&)ne(§)(PU 2 2 (2)) ™"
— _ (1) € T A
_/ (1))/ IR P dzdE,
(4.23) _ ) Dc(&)n=(€) (PUzg)’)\g) (z))2r‘72w§2)(2)d .
Ho = /Bé (1))/ . (=1 *Ig,z) ¢ zdE,
25 —1
Hs = (2 —x<1>)Ds(£)"5(5) (w§2)(z)) ’ dzd§
T ) a1 el = .
Bs (") J Bs (M) |z — ¢
Then by Lemma C.1 in Appendix C, we get
@ _, (1
(4.24) B — O<(/\§1))N—1)'

Thus by (4.18), (4.21) and (4.24) imply ¢, =0, k=1,2,--- | N.
Step 2. We prove that ¢y = 0.
First we define the following quadratic form

Q) == [ (V) - o), Tu)ds
B, (=)

+ 1/ (Vn, Vu)(z — z(V, v)ds + ﬂ/ (Vn,v)uds.
2 JoB, =) 2 Jos,

Taking ' = BT(xgl)) in (4.12), from (4.1) and (4.9), we have
24n,u((2; = DAY + 2542 0(G, 2), G 2),7)
()= '

LHS of (4.12) =

,N.
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Since we have the estimate (see [12])

which implies that
Anp (2 = 1)AD 422 42) (N - 2)R(2))

LHS of (4.12) = — O

Note that by (3.15), we know

U2
AN = AHL /]RN 2)dz+o(1).

On the other hand, from Lemma D.1 in Appendix D, we can find

1) 2%
Btg(m(1> Bs (x(l) |Z - £|M

N(N —2) B 1
()\gl)) -2 Anr /]RN Uo’l (Z)COQSOdZ_FO(()\gl))Nz)'

A direct calculation, we can also find

N -2 .
(2" — 1)/]R Us, 1’2¢0dz =5 /RN Usa L(2)dz.

Therefore, together with the above estimates, we can deduce

2 4 (1) 2
LHS of (412) = V= 2T (N —p+ IR@D) 1 </sz U&?”(Z)dZ) co+ o((A(l)l)

2(An.0)*(N +2) (D)=

From Lemma D.2 in Appendix D, we know

2e 1
RHS Of (412) = ﬁ / U&l(z)dz Co +o0 T N3 |-
()\( )) & ( RN ) ((}\él))2>
As a result,
NN —2*(N —p+2R@=) 1 2
U, (z)dz) Co
2(Ap 1)2(N +2 (1)N72(/ 0,1
(4.25) (Am2)*( ) (A7) RN

2e (/ 2
=—— U, (z)dz)co +o(1).
()\5-1))2 RN 0,1 ( )
Noting that, from the proof of Lemma 3.9 in section 3, we can find the basic estimate

(4.26)

N2(N = 2)*R(al” oy N
2(Ar1)? / dz+0((/\(1))2)> = ( » U1 (2)dz + O(—=—

1
51))2

€ 1
* O((AQ)N_Q O

Then (4.25) and (4.26) imply that ¢ = 0. This finishes the proof of Lemma.

APPENDIX A. ESTIMATES OF Ay, AND Fy, F3, F4 IN (3.35)

In this section, we give that have been used in the previous sections. Let recall that
A N2
x)=U,x—PU,, U.,n\(x)=(—F—"—7
¢z,/\( ) EN Z,\ z7>\( ) (1 + )\2|x _ Z|2)

Some basic estimates as follow:

)

29
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Lemma A.1.
oU \(x) N2 Tj — 2

=(N=-2)A"> ~ = O(A\U.»),
92 (1+ Nz —22)®
U, \(z) N-—-2 n~v-a 1-Nz—z U,
J = A 2 ~ =0 =),
1
I¥ella = O S s

where where d = dist(x,0) is the distance between x and the boundary of €.

Proof. This follows from the definition of U, x, PU., x, ¥, x and direct computations. See also [33].

Lemma A.2. It holds

B, A O(le), in CYQ) and PU,_ . :o(ﬁ), in CY(Q\ Bs(x.)),

e) 7z (Ae) 2

where § > 0 is any small fized constant.

Proof. For a proof of this lemma, we refer to [33].

Lemma A.3. It holds

0] N s+ —~=—= |, ifN<6—,u,
Al L
nA)ToH | e(lnhn) 6ok .
(A1) HwE”H(} = O<(l );4) T )\iﬁ ), if N=6—pu,
O<NW+ “> if N>6—p.
A

Proof. See Lemma 4.1 in [39].

Lemma A.4. For any a >0, b > 0, one has

(a+b)" = aTJrrar*lerO(br), if 1<r<2,

(A.2) B
(a4+b)" =a" +ra" 1o+ ya“%? +0(b"), if r>2.

Proof. This follows from a direct calculation.

Lemma A.5. For N >4, p € (0,4], it holds

N(N —2) 21
A3 Ay ,= ———= U, "dx+0O( =
(A3) =g [ v o(5g).

where Ay, and Ag,r, from (1.14) and Lemma 2.3, respectively.

Proof. We have
2 25 —1

Ay — v (Ove" () b
(A.4) Ak /TAE(O)/T)\E(O) |z —&" S

—AT (31 — 2B, — BS)

uek (€)u ! (2) u (u ! (x)
B —= — _ ~ ~déd B —= — _ ~ “d&d
1= // |a:—s|ﬂ <dr, By = /RN/RN\B S P T

2% 2% —1

Bg:/ / u (Qus @)y
RN\ B, (z:) JRN\ B, (z.) |z — &~

where
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Combining (A.2) and a direct calculation shows that

N(N-2) 1 / . 1
. By = - U, dr + O —= ),
(A.5) 1 AnL e 0,1 ()\ T )

€

where the estimate of (A.5) follows by the following some computations. First we remark that

(PUs. (€))% (PUs . ()% NN-2) 1 / 21 1
£rN\e erN\e d d — . U d O
/RN /]RN | — &|» Ldz Afr )\:;*2 RN 01 4T (A:ém )’

since

. Ux‘u (@), A N(N —2) o 1
“déde = ——— 22 [ U e dr = O —— ),
/]RN /RN |x — & Sdu Amfr /]RN IE’AE(x)w A AT ()\EN; )
2% -1

/ / Ae (f)wzg,)\a 157 E( )’(/}51757/\5 dfd / / ibg e xev)\s Um:)\e (!L‘) dgdl’ — O( 1 )
RN JRN |z — &|» RN JRN |»’U —yl~ /\:% ’

and

2* 2
m“ x A x ( )1/&5)\5 1
67 £ Ey/\e £ E d d — .
/RN/I;N |.T—€|“ 5 v O()\:;g)
Second, we have
PU, 2 PU, T 2;_2105
RN JRN |z — ¢

Moreover, we deduce

(PUs. 2 (€)% we(PU, . (2)) % S Al e
/RN /RN |.Z‘ _2'“ dédx = O( Nfz( o ( N(N—pt2) dr) = HU’EHH(})

A 2 L+72) 2v=n
1
= O(@)’
and
PU, (5))2:_17118(13[]90 A (I))zz_Qwa
A9 (PUse». déde = O ||we %1 ).
(A.9) L] o o = O(|lueliy )

Similar to the calculation of (A.7), (A.8) and (A.9), we find

P S e AN S e N S PR L
RN JRN |z —&|» |z — &|»

W (PU,. 5 (z))2! w2 (PU,. s (2))% 2w, 1
— ded — dédr = O —oz
Lo L gt e [ [ — € s (A;Vz“>’
—1

2* * 2* —1
(PU,. x.(£))? w2k (PUg. . (€)%t we” 1
A E d dl‘ +/ / e d d.’l? = O 7~z |
L FIEITRC B A & tdr = 0(—z)

2. 2 2,1
/RN/RN (PUs. 1. |£§|ﬂs(€>ws dgdg;+/RN/RN welgkg'# dgdx_ (A]Vl+)

Combining (A.6) and (A.7)-(A.9), the estimate (A.5) is reached.
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Using |u:(z)| < CU,_ »., we compute
271

oHu *, (x .
BQ<C/ / QU )dfdx:O(/ U2 dex)
RN JRN\B. (z.) |z — &~ RN\B,(zc)

—O(“ /RN\B md@"):O(Agl;)

And similar to the estimate of (A.10), we can also obtain
1
Ae ?
Then (A.4), (A.5) and (A.10)-(A.11) imply that (A.3). O

(A.10)

Lemma A.6. For any fized small 6 > 0, it holds

1 1 1 1 1 1
()\gl))N—wz}-2 - 0(@)’ ()\gl))N—,u-i-Q]:?) - 0(@)’ ()\gl))N—,u+2 Fa = O(W)
Proof. Noting that
. 2" 2% -2
(PU. )% = U2+ 0(U25 "0 0)).

Let us write Fy = Fa1 + Fa,2. Now by Lemma 3.4 and (A.1), we can calculate that

(A.12)
_
o
27 -1 1 g r2n—2 = Dy~
/ / U oGl +atyul! )()\(1) + 2t ))ngh o G +al ))ne(x)w(x)d "
= Ae MAe »
B 1) (z) B()((l)) |z — &1
25 -1 1 o
n O<1n /\gl))/ / U +(0 )\(1)()\(1) + xg ))wé )(A(gm + $£ ))U W )\(1) (A(l) +-73(1))77 (x)w(x)d de
—_— x
AY s 4 @) B ) @0) |z — |~
21 1 )y & V12—~
Ut o Gl + el G +at) 3wl P2 (2) (@)

+0(/ / - — = dxdg)

B, @SBy (@) o — ¢

()
=o(—).
A
Next, similar to the calculations of (A.12), by Lemma A.2, we can also get
1 1
(A )N —pt2 Fa2 = O<E>'
Hence we prove that me = 0()\(11) ) Analogously, we have
1 1 1 1
S S T S
(AN =tz AT ANz AL
This finishes the proof. O
APPENDIX B. ESTIMATES OF Gi, Ga, G35 AND G4 IN (4.20)

Lemma B.1. For any N > 6 and p € (0,4), it holds
(B.1)

1 ¢ NWN-2) 1 N2 1 B

()\gl))2N—u+1 G = C2x ] An,r ()\gl))Nfl /RN Vo™ (2)dz + O(()\S))N—l)’ for 1=1,2,---, N.



Proof. In view of PU, y = U,
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— 1 x, we know

(PU. )% = U = 2,025 wen+ O(UZ5 02,

Then G; can be written as follows:

(B.2)

where

611 | /

B NOR (0) /B NOR (0)
Gia= / /

B NOR (0) /B NOR (0)
Gi3= / /

B NCON (0) /B NCO (0)

G1=G11—2,Gi2+0(G13),

P 1), ~
<1> ,\u)(/\m +at! ))Cs(/\m +29)ije (2)
: dzde,

EREIl

2% 1 1 1)y~
(1) )\u)(/\(n ‘HUE W m )\(1)(/\(1) ‘HC( ))Ce( & +x§ ))775(2)

1)\\2 pe 1)\ ~
U (1) /\(1)(>\(1) +$8 )<¢ [ )\(U( §1) +x§ ))) CE(/\<€1) +33§ ))775(2)

A
Eale

|z = £J#

Combining (2.17), (3.33), (3.23) and oddness of the function, we can prove that as € — 0

1
(1) 2N7u+1g
(A7)

1,1 —

(B.3) N (N

4—p N
U01 U()Nlﬁ(z)( Z Ck¢)k(z))
k=0
- I/RN /RN e

N3 aUO,l(Z) dz

21U,
AH,L (/\él))N 1CZ/R 0,1 02

N(N-2) 1

* _ ] AH,L ()\él))Nfl

N+2
/ Uohffz (z)dz, for 1=1,2,--- N.

Together with (3.23), (A.1), Lemma A.1, oddness of the function, Hardy-Littlewood-Sobolev inequality, Holder
inequality and Sobolev embedding theorem, we can prove

(B.4)
2n o1, o A N 9Uoa
1 [, o llzee i (©)Una (Z)(kx—:l T )
EUEET e = AR A ERE o
e (A7) B, (0B, (0)
=:G1,2,1
27 -1 ;‘(11“2 N 9Uo 1
45,00 50 1 1 A Uoi (00 (2)( & x5 )
( SRS )/ / o — dzde
(A) 2 B, (0) /B, ) (0) Iz = ¢l
=:G1,2,2
2*—1

+O(

(!

[ A<1>||L°<> / /
B NCO (0) NOB (0)

=:G1,2,3

NG

1 In AL (In A=
B O((Agl))zzvg) + O((Agl))2N2) + ((Agl))zNglJr(N;Z}"”;‘;“) )’
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because
1 AT N1 o ATy N1 ot
Gir21 = O(W (/ 2N(N—p+2) dT) (/ 2N(N—p+4) T)
(Ae) 0 (147) 25n 0 (1+7) 5n
1
Ol )
()\5_1))21\/—3
where we have used W > N and w > N + 2]‘\1/\]#
In AL DT V-1 on AT Lo N-1 o=t
Gra2 = O( iy sw=s (/ i ) (/ et dr)
()\g ) 0 (1 Jr?n) IN—& 0 (1 + 7«) 2N—g
B O( In )\gl) )
o (/\gl))zN—z ’
and
> ]|wg>|| 1 2y 2| %22 2za
G2 = 0 =) me ) T, o)
()\a ) 5 B}\gl)T(O) (1+ ‘Z|) 2N—p B)\gl)T(O) (1+ |Z|) N—2
—of (IlnAY) )
A
And analogously, from 0 < 1&1(61)’)\21) < Umgl)’)\(sl), we have
1 1
®9 S N
()\él))zN—uH ()\gl))N—l
since %ﬁ’fa > N and W >N+ 2 - Then (B.2), (B.3), (B.4) and (B.5) imply (B.1).
O
Lemma B.2. For any N > 6 and p € (0,4), it holds
1 1
(B-6) ()\gl))QN—lH-l G2 = O( ()\gl))N—l )
Proof. First, Gy can be written as follows:
(B.7) Ga = G21+ 0(Ga,2),
where
-1 1 1 1
. / / U2t o G + at Nl (s + 2 Ce + 2 )
2,1 = 2ag,
B, B, |z —¢|»
-2
<1> ,\u)(,\(n +ad )1/) W ,\<1>(/\<1) +$gl))w§1)(/\<€1) +at)C. (,\(n + a2y ()
Goo = dzdg.
o /B / |z — €l
NON B (
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Now by (3.23), and Lemma A.1, we have

(B.8)
27 —1 1), 7% N au
X X Ui (©uweUg (2)( 3 ex )
M NG w_z/ / & T dzdg
()\a )2N—M+l ()\g )) 2 Bxgl)q—(o) Bxgl)r(o) |Z—f‘
=:G2.1,1
27 1 = N o
I A U (f)wél)Uol,vl (X e D2r )
o272 k=1 dzde
0y -1 g o =g
(A7) 2 B, (0) /B, ) (0)
=:G2,1,2
9% 1 N, 2 - N
) Ut (O (X2 [ul 7)1 %)
Jj= c—
oGm0, o0 BT et
(A7) 2 27 B0y (0B o) (0
=:G2.1,3
(o)
= 0 y
(/\gl))N—l
because
(1) an
We | ) N—p+2 P 2N —u
Ga.1. =0(H(1)lNHi)( [ uged) ([ A ds)
()\5 ) 2 B)\gl)T(()) B)\gl)T(()) (1+ |Z‘> 2N—p
1
_O<(Agl)>N—1)’
1
92,1,2 = O(T)v
(AWYN-1
and
||7'U‘£1)||H1 * % 8U0 1(2) N N];z 2 N~
Gaua=0(— gt ) ([ wgode) T ([ (TR ) (3 el
()\5 )2 2 B)\g_l)T(O) BAS)T(O) ! j=1
=o( )
()\gl))N—l '
Next similar to the calculations of As 1, by 0 <t 1y .y < U_1) ,a), we know
’ T A ze A
1 1
B.9 —————Goo =0 ———— .
(B.9) ()\él))ZN—u-&-l 2.2 (()\gl))N—l)
Then (B.7), (B.8) and (B.9) imply (B.6). O

Similar to the proof of Lemmas B.1 and B.2, we can find following two estimates.

Lemma B.3. For any N > 6 and p € (0,4), it holds
1 1 1
()\gl))2N—u+1 G = (()\él))N—l)7 ()\gl))2N—u+1 Ga = O((}\gl))z\/—l)'

APPENDIX C. ESTIMATES OF H;, Ho AND Hj IN (4.23)

Lemma C.1. For any N > 6 and p € (0,4), it holds

1

(C.1) H :0(()\21)1)Nl>7 H?ZO((A@)Nl)’ H?’:O(()\S)I)NJ'
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Proof. First, let us write By H1 = Hi1 + O(’Hm), where

"o / / . x(ll))DE('f)na(g)Uj;%iw (z)dde’
B I ERZ
Hyo = / / (2 SZ))Ds(f)T}s(f)Uz(*z) i(z)( )Y@ @ dede.
T JBe®) B ) |z —¢m
Now, let us write
Hig = O(; / / 2 UQ:U /\(”(,\‘1) + ¢! ))ﬁs(x)U & 1(1)(,\@ + x(l))dzdﬁ
, ()\(1))2N ptl o 0 /B N © Iz — ¢
—Haa
co(- Xy, Ui G + O o i+
(A‘(gl))QN—/L-FQ B 1 (0B ) (0) |z —&m
(C.2) e
1 (5 W) g+ o)
' O((/\gl))QN—f“rl) /B/\(EI)T(O) /Bxgmw) o |z — &~ dzdg
—Hias

o)

Because of oddness, we have

251 1
aU ¢ A<1>(/\<1) +at)
/ ——lde=o,
. (0) |z = ¢
which imply
(C.3) Hia1 =Hi12=0.
On the other hand, we divide our argument into three cases:
(1). For 0 < p < 2, and 2N(21]\\/[ ‘:L+2) > 21%7Nu + N,
2N—p

2% 1 2N _
( / [Efens (z)|2Nwdz) <.
Bxél)T(O)

Using Hardy-Littlewood Sobolev, Holder inequality and (A.1), then we have

G e
2 =l RN
H1,1,3:O(W< “Z|U0,1 (Z)| dz) )
(C4) (A7) B, (0)
1
:0( )
O

2N (N—p+2
(2). For p =2, and (QNZ )—21%,JXM+N,

2N —p

(f, S @) 7 = o(ma),
A -
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Using the definition of H; 1,3 and (A.1), we can also obtain

(C.5) Mg = O(()\(l)l)N1)

(3). For 2 < pu < 4, and 2N(2]JVV_7’L+2) < QJ%JX# + N,

2% —
([ s
BA(;)T(O)

Using the definition of H; 1 3 and (A.1), we can also get

(C.6) Hips = O(M)

2N —p

(z)y%dz) T —o(w)=).

1

Thus, from (C.4), (C.5) and (C.6) imply H11 = o . Similarly, we can also prove

1
()\él))N—l)

Hio = 0(()\21)1)]\,1).

Similar to the above argument of H1, we can also get

(C.7) Ho = o((A(l)l)N_l) Hy = o((A(l)l)N_l)

Then the conclusion follows by the above estimates. 0

ApPPENDIX D. EstivaTes oF A% anp A% (4.2)-(4.3) AND RHS oF (4.12) WHEN () = BT(a:él))
Lemma D.1. For any N > 6 and p € (0,4), it holds

1 N(N-2 4 1

D.1 AD 4+ AP = / U2 (2)coppodz + o ————).

(D.1) A = ST gy U 0 (=)

Proof. The proof is similar to that of Lemmas B.1, B.2 and B.3. Then we can estimate (D.1) by (2.17), (3.23),
(3.24), (3.31), (3.27), (3.33), (4.2), (4.3) and (A.3). 0
Lemma D.2. For any N > 6 and p € (0,4), it holds

2e 9 1
RHS Of (412) = W(/RN Uo)l(Z)dZ>CO + O(()\E:UNQZ)

Proof. Taking Q' = BT(IEE;l)) in (4.12), RHS of (4.12) can be written as follows:
RHS of (4.12) = 1 + T2 + T3+ Ts + Ts + Ts + E7 + Tz + T,

where

" Wl ()P Cela)n.(x) | De()ne(€)|ul? (z)|>
=—= dzd
St e 2 -/BT($§1)) /sz\BT(zé”) [ |z — &|» ’ |z — &|» ] vt

|u£2)(£) 2;é€(x)n5(x) De(f)'ﬂs(g)mgl)(l’) 2
Tt :_ILL/BT(QJS))/Q\BT(IS)) [x'(xig) |z —¢[e+2 to @)= T }dxdg’

[ul? (&) 2 C. (). (x) ; D (&)ne(&)ul" () > .
j+j::/ / xfazg),u + I*l’g),u d€ds,
oee 8B, (") Jo\ B, (z{") [ |z —&Jm < ) |z — &[n < >]
[uf (€)% Ce (e () @ ., De©ne(©ul (@)% W
=2 — _
Jr + T /33,(zgl>) /B,(zil)) g (x—atMv)+ & (x — ,I/>} déds,
Jo = < / (ugl) + u§2))ng<x — §£1), 1/>d5 — 5/ (ugl) + ug))ng(aﬁ)dac.
2 JoB, =) B, («")
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Using Lemmas 3.27, 3.8, 4.1, (3.31) and Hardy-Littlewood-Sobolev inequality, we can calculate that

N— 2M+2 1 1 Us(x)
Ji=0((AM)* / / _ —_dwde
( B (V) Jo\B, () (14 AW 1€ — x§1)|)2N e = glm (1+ AW |z — $§1)|)N o
AW 1 1 1
_of A’ / / . —dwdg
(( 1) =/ NON (0) VO\B NON (0) (1+ |£D2N “le - |M( + |z |)N h

)
~olhe=)

and analogously

ln)\gl)
Jo=Ts =T ZO((/\Q))szvze)'

Using Hardy-Littlewood-Sobolev inequality, we obtain

T zo(wn)”*#)/ / 1 1 n@)e o))
e o8, ) JovB, ) (1_’_)\1)|£ D2N Blo — yl# (1+)\(1)|w gl)\)N_FH_Q

In A 1 1 1
=0|———— / / — —(x,v)d€ds
((AS))SNQ 0) 08,y 0 /B ) (©) (1+ [¢])*" " o = &1 (14 [a)) V2

_of o A
~o(Gmy=)
Similarly, we can also obtain
I AL )
)\,E-l)) 3N2—4 .
Moreover, we know

[ Voa@onerdz = [ U2,
RN
Combining (3.33), then we get

Jy = _(A(j)sNu(/RN Uo,i(2)eododz + 0(1))'

= ()\S?;N;z(/RN Ug,l(z)dz)co —|—0<()\§1)1)N22).

The conclusion can be reached by the above estimates J1, J2, J3, J1, J5, Js, J7, Js, and Jy.
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