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1 Introduction

In these notes we discuss some recent progress on the problem of the existence, uniqueness and
stability of the flow associated to a weakly differentiable (Sobolev or BV regularity with respect
to the spatial variables) time-dependent vector field b(t, z) = bs(x) in R?. Vector fields with this
“low” regularity show up, for instance, in several PDE’s describing the motion of fluids, and in
the theory of conservation laws.



We are therefore interested to the well posedness of the system of ordinary differential equations
(ODE)

In some situations one might hope for a “generic” uniqueness of the solutions of (ODE), i.e.
for “almost every” initial datum z. But, as a matter of fact, no such uniqueness theorem is
presently known in the case when b(t, -) has a Sobolev or BV regularity (this issue is discussed
in §9).
An even weaker requirement is the research of a “canonical selection principle”, i.e. a strategy
to select for #?-almost every x a solution X (-,z) in such a way that this selection is stable
w.r.t. smooth approximations of b.
In other words, we would like to know that, whenever we approximate b by smooth vector fields
b, the classical trajectories X" associated to b" satisfy

hh—{go XM x) = X(-,x) in C([0,T];R?), for Z%a.e. x.
The following simple example, borrowed from [8], provides an illustration of the kind of phe-
nomena that can occur.

Example 1 Let us consider the autonomous ODE

V() = V()]
7(0) = 2o
Then, solutions of the ODE are not unique for zo = —c?> < 0. Indeed, they reach the origin in

time 2c, where they can stay for an arbitrary time 7', then continuing as z(t) = 1(t — T — 2¢)2.
Let us consider for instance the Lipschitz approximation (that could easily be made smooth) of

b(v) = /|| by
ik if —0o0 <7< —€

be(7) :=1 € if —e2<y< A —¢€

(VY — A +2e2 if A — €2 <y < +0o0,

with A — €2 > 0. Then, solutions of the approximating ODE’s starting from —c
—¢2 in time t. = 2(c — €) and then they continue with constant speed € until they reach A\, — ¢
in time T, = A\./e. Then, they continue as A\, — 2¢? + %(t —te —T.)2.

Choosing A = €T, with T' > 0, by this approximation we select the solutions that don’t move,
when at the origin, exactly for a time T

Other approximations, as for instance b.(y) = y/€ + |7|, select the solutions that move imme-
diately away from the singularity at v = 0. Among all possibilities, this family of solutions

2 reach the value
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z(t, o) is singled out by the property that z(t,-) 4% is absolutely continuous with respect to
21 50 no concentration of trajectories occurs at the origin. To see this fact, notice that we can
integrate in time the identity

0=a(t, )2 ({0}) = 2" ({zo : (t,x0) = 0})

and use Fubini’s theorem to obtain
0= /Zl({t : z(t,x0) = 0}) dxo.

Hence, for #!-a.e. xg, z(-, z9) does not stay at 0 for a strictly positive set of times.

The theme of existence, uniqueness and stability has been trated in detail in the lectures notes
[7], and more recently in [8] (where also the applications to systems of conservation laws [11],
[9] and to the semi-geostrophic equation [53] are described), so some overlap with the content of
these notes is unavoidable. Because of this fact, we decided to put here more emphasis on even
more recent results [73], [15], [17], [48], relative to the differentiability properties of X (¢, z) with
respect to x. This is not a casual choice, as the key idea of the paper [15] was found during the
Bologna school.

2 The continuity equation

An important tool, in studying existence, uniqueness ad stability of (ODE), is the well-posedness
of the Cauchy problem for the homogeneous conservative continuity equation

d
(PDE) Jihet Do (b)) =0 (t2) €1 x R4

and for the transport equation

d
awt +b V’U)t = Ct.

We will see that there is a close link between (PDE) and (ODE), first investigated in a nonsmooth
setting by DiPerna and Lions in [61].

Let us now make some basic technical remarks on the continuity equation and the transport
equation:

Remark 2 (Regularity in space of b, and y;) (1) Since the continuity equation (PDE) is
in divergence form, it makes sense without any regularity requirement on b; and/or i, provided

/I/A|bt|d|ut\dt<—|—oo VA cc R4 (1)

However, when we consider possibly singular measures p;, we must take care of the fact that
the product by is sensitive to modifications of by in .Z%negligible sets. In the Sobolev or BV
case we will consider only measures p; = w;,. 2%, so everything is well stated.



(2) On the other hand, due to the fact that the distribution b; - Vw is defined by

(by - Vw, @) := — //wbt - Vdzdt — /(Dz - by, wypy) dt Vo € C°(I x Rd)
I I

(a definition consistent with the case when w; is smooth) the transport equation makes sense
only if we assume that D, - by = divb;.Z? for Z1-a.e. t € I. See also [28], [29] for recent results
on the transport equation when b satisfies a one-sided Lipschitz condition.

Next, we consider the problem of the time continuity of ¢ +— pu; and t — w;.

Remark 3 (Regularity in time of y;) For any test function p € C°(R%), condition (1) gives

d

g @dut:/ b, - Vodu, € L'(I)
t R4 Rd

and therefore the map ¢ — (uy, ), for given ¢, has a unique uniformly continuous representative
in I. By a simple density argument we can find a unique representative ji; independent of ¢,
such that ¢ ~— (fiz, p) is uniformly continuous in I for any ¢ € C°(R?). We will always work
with this representative, so that p; will be well defined for all t and even at the endpoints of I.
An analogous remark applies for solutions of the transport equation.

There are some other important links between the two equations:

(1) The transport equation reduces to the continuity equation in the case when ¢; = —wdiv by.
(2) Formally, one can estabilish a duality between the two equations via the (formal) identity

L s = [ Lt [ 4
dt weapt = dtwt e dtﬂtwt

= /(—bt-th+ct)dut+/bt-thdut:/ctd,ut.

This duality method is a classical tool to prove uniqueness in a sufficiently smooth setting (but
see also [28], [29]).
(3) Finally, if we denote by Y (¢, s, z) the solution of the ODE at time ¢, starting from = at the
initial time s, i.e.

d
@Y(t’ s,x) = b (Y(t,s,x)), Y (s,s,x) ==,

then Y (¢,-,-) are themselves solutions of the transport equation: to see this, it suffices to
differentiate the semigroup identity

Y(t,s,Y(s,l,2) =Y(t1,x)

w.r.t. s to obtain, after the change of variables y = Y (s, [, x), the equation

d
%Y(t Say) + bs(y) ’ VY(t7 S, y) =0.

This property is used in a essential way in [61] to characterize the flow Y and to prove its
stability properties. The approach developed here, based on [6], is based on a careful analysis of
the measures transported by the flow, and ultimately on the homogeneous continuity equation
only.



3 The continuity equation within the Cauchy-Lipschitz framework

In this section we recall the classical representation formulas for solutions of the continuity or
transport equation in the case when

be Ll ([O,T]; Wl’OO(Rd;]Rd)> .

Under this assumption it is well known that solutions X (¢, -) of the ODE are unique and stable.
A quantitative information can be obtained by differentiation:

%!X(tvw) - X(ty)P 2(by(X (L, 7)) — be(X (L, y)), X (¢, 2) — X (L,y))

< 9Lip (by)| X (t,2) — X (t,y)[?

(here Lip (f) denotes the least Lipschitz constant of f), so that Gronwall lemma immediately
gives

Lip (X (1,-)) < exp < /0 Lip (b,) ds) . (2)

Turning to the continuity equation, uniqueness of measure-valued solutions can be proved by
the duality method. Or, following the techniques developed in these lectures, it can be proved
in a more general setting for positive measure-valued solutions (via the superposition principle)
and for signed solutions p; = w;.Z? (via the theory of renormalized solutions). So in this section
we focus only on the existence and the representation issues.

The representation formula is indeed very simple:

Proposition 4 For any initial datum [ the solution of the continuity equation is given by

pim X(ui ie [ pdu= [ (X)) dule) Vo€ CRY, 3)

Proof. Notice first that we need only to check the distributional identity % e + Dy - (b)) =0
on test functions of the form (t)¢(x), so that

/¢ e dt+/¢ /bt,wmutdt_o

This means that we have to check that t — (uy, @) belongs to WH(0,T) for any ¢ € C®(R%)
and that its distributional derivative is fRd<bt, V) du.

We show first that this map is absolutely continuous, and in particular W'(0,T); then one
needs only to compute the pointwise derivative. For every choice of finitely many, say n, pairwise
disjoint intervals (a;, b;) C [0,7T] we have

ZKO bhx QO(X(ai’x)”

IN

IV lloe / X (t,2)) dt
U; ai,b-)

IN

IV lloe / sup [b] dt
Ui (as,b;



and therefore an integration with respect to i gives
Zr o ) S REViloe [ sup el
Ui(as,b;)

The absolute continuity of the integral shows that the right hand side can be made small when
S (b; — ;) is small. This proves the absolute continuity. For any z the identity X (t,z) =
by (X (t,2)) is fulfilled for #1-a.e. t € [0,T]. Then, by Fubini’s theorem, we know also that for
ZLl-ae. t €[0,T] the previous identity holds for fi-a.e. x, and therefore

d d

qee) = g | e(X () du)

= /Rd<Vg0(X(t,x)),bt(X(tal")»dﬂ(ﬂf)
= (b, Vo)

for #Lt-a.e. t €10,7). O

In the case when i = p.#? we can say something more, proving that the measures j; = X (t, Dl
are absolutely continuous w.r.t. 2% and computing explicitely their density. Let us start by
recalling the classical area formula: if f: R — R? is a (locally) Lipschitz map, then

/glJfldw—/ Z g(w)dy

zeAnf—1

for any Borel set A C R? and any integrable function g : A — R, where Jf = det V f (recall that,
by Rademacher theorem, Lipschitz functions are differentiable .#%-a.e.). Assuming in addition
that f is one to one and onto and that [Jf| > 0 Z%a.e. on A we can set A = f~1(B) and

g = p/|J f] to obtain
pdw/ o f~ldy.
/1(3) 5 1Jf|

In other words, we have got a formula for the push-forward:

dy __ P o f—1 cpd
f#(P«iﬂ)*W flg- (4)

In our case f(x) = X(t,z) is surely one to one, onto and Lipschitz. It remains to show that
|JX (t,-)| does not vanish: in fact, one can show that JX > 0 and

exp [— /Ot II[div bs] ™ ||eo ds| < JX (t,x) < exp [/Ot H[divbs]+||oods} (5)

for #%-a.e. x, thanks to the following fact, whose proof is left as an exercise.



Exercise 5 If b is smooth, we have

%JX(t, 2) = divby (X (£, 2)) T X (£, 2).

Hint: use the ODE 4VX = Vb,(X)VX.
The previous exercise gives that, in the smooth case, JX (-, z) solves a linear ODE with the

initial condition JX(0,z) = 1, whence the estimates on JX follow. In the general case the

upper estimate on JX still holds by a smoothing argument, thanks to the lower semicontinuity
of
|Jv||loe  if Jv >0 L%ae.

O(v) :=

+o00 otherwise

with respect to the w*-topology of W12 (R%; R%). This is indeed the supremum of the family of
<I>;,1,/ P where ®,, are the polyconver (and therefore lower semicontinuous) functionals

B,0) = [ (o) da.

Here x(t), equal to oo on (—o0,0) and equal to ¢ on [0,+00), is L.s.c. and convex. The lower
estimate can be obtained by applying the upper one in a time reversed situation.
Now we turn to the representation of solutions of the transport equation:

Proposition 6 Ifw e L} ([O,T] X Rd) solves

loc

d
T +b-Vw, =c€ Lj, ([O,T] X ]Rd)

then, for £L*-a.e. x, we have

w (X (¢, z)) = wo(x) —i—/o cs(X(s,z))ds vt € [0,T].

The (formal) proof is based on the simple observation that

d d d

P X(t,z) = %wt(X(t,:r)) + aX(t,x) -Vw (X (t,x))
= %wt(X(t, x)) + b (X (t,x)) - V(X (t,x))
= ct(X(t,x)).

In particular, as X (¢,z) = Y (¢,0,2) = [Y (0,t,-)]~!(x), we get

wi(y) = wo(Y (0,t,y)) +/0 cs(Y (s,t,y)) ds.

We conclude this presentation of the classical theory pointing out two simple local variants of
the assumption b € L! ([(), T); Whee(RY; Rd)) made throughout this section.

7



Remark 7 (First local variant) The theory outlined above still works under the assumptions

o0 b o0
be L' ([0, 7] W= (RERY), 1L|’x| e r* ([0, 71 L=(RY)).

Indeed, due to the growth condition on b, we still have pointwise uniqueness of the ODE and
a uniform local control on the growth of | X (¢, z)|, therefore we need only to consider a local
Lipschitz condition w.r.t. x, integrable w.r.t. t.

The next variant will be used in the proof of the superposition principle.

Remark 8 (Second local variant) Still keeping the Ll(I/Vlicoo) assumption, and assuming
e > 0, the second growth condition on |b| can be replaced by a global, but more intrinsic,

condition:
/T/ L dpy dt < +00 (6)
o Jral+z] T '

Under this assumption one can show that for ji-a.e. x the mazimal solution X (-, z) of the ODE
starting from x is defined up to t = 7" and still the representation p; = X(¢,-)xn holds for
t€10,7T].

4 (ODE) uniqueness versus (PDE) uniqueness

In this section we illustrate some quite general principles, whose application may depend on
specific assumptions on b, relating the uniqueness for the ODE to the uniqueness for the PDE.
The viewpoint adopted in this section is very close in spirit to Young’s theory [95] of generalized
surfaces and controls (a theory with remarkable applications also to non-linear PDE’s [60, 88]
and to Calculus of Variations [19]) and has also some connection with Brenier’s weak solutions
of incompressible Euler equations [30], with Kantorovich’s viewpoint in the theory of optimal
transportation [63, 85] and with Mather’s theory [80, 81, 20]: in order to study existence,
uniqueness and stability with respect to perturbations of the data of solutions to the ODE;,
we consider suitable measures in the space of continuous maps, allowing for superposition of
trajectories. Then, in some special situations we are able to show that this superposition actually
does not occur, but still this “probabilistic” interpretation is very useful to understand the
underlying techniques and to give an intrinsic characterization of the flow.

The first very general criterion is the following.

Theorem 9 Let A C R? be a Borel set. The following two properties are equivalent:
(a) Solutions of the ODE are unique for any x € A.

(b) Nonnegative measure-valued solutions of the PDE are unique for any i concentrated in A,
i.e. such that i(R?\ A) = 0.



Proof. It is clear that (b) implies (a), just choosing i = ¢, and noticing that two different
solutions X (t), X (t) of the ODE induce two different solutions of the PDE, namely & x(+) and
) X()-
The converse implication is less obvious and requires the superposition principle that we are
going to describe below, and that provides the representation

/Rd‘Pth = /Rd (/FT @(v(t))dnx(7)> duo(z) Vo € Cy(RY),

with n,, probability measures concentrated on the absolutely continuous integral solutions of the
ODE starting from z. Therefore, when these are unique, the measures n,, are unique (and are
Dirac masses), so that the solutions of the PDE are unique. O

We will use the shorter notation I' for the space C ([0, T};Rd) and denote by e; : I'r — R? the
evaluation maps v — (t), t € [0,T].

Definition 10 (Superposition solutions) Let € .#,(R% x I't) be a measure concentrated
on the set of pairs (x,v) such that v is an absolutely continuous integral solution of the ODE
with v(0) = z. We define

(Wl o) = / oles(y) dn(z,y) Vi € Cy(RY).
RaXT'p

By a standard approximation argument the identity defining p;’ holds for any Borel function ¢
such that v — ¢(e()) is n-integrable (or equivalently for any yu;'-integrable function ¢).
Under the (local) integrability condition

T
/ / xBg(et)|bi(er)|dndt < +oo VR >0 (7)
0 RdXFT

it is not hard to see that p;' solves the PDE with the initial condition ji := (7ga)4n: indeed, let
us check first that ¢ — (u;', ) is absolutely continuous for any ¢ € C°(R?). For every choice
of finitely many pairwise disjoint intervals (a;, b;) C [0,7] we have

Z\w p(y(a))] < Lip () / X (e ()Dbeler (1)) dt

Ui (as,bq)

for n-a.e. (z,7v), with R such that suppy C Bg. Therefore an integration with respect to i
gives

Z’ lu’b ) P Mal790>‘ < Llp / / XBR(et)]bt(et)| d’l’] dt.
i(aib;) JREXD

The absolute continuity of the integral shows that the right hand side can be made small when
> ;(bi — a;) is small. This proves the absolute continuity.



It remains to evaluate the time derivative of ¢ — (!, »): we know that for m-a.e. (z,7) the
identity §(t) = by(y(t)) is fulfilled for #!-a.e. t € [0,7]. Then, by Fubini’s theorem, we know
also that for #!-a.e. t € [0, T)] the previous identity holds for n-a.e. (z,7), and therefore

d d

& — d

g e ) 0t Juor. plec(y)) dn

= [, (Velab) b)) dn = (b, e) e n [0.7)

Remark 11 Actually the formula defining p;' does not contain z, and so it involves only the
projection of i on I'r. Therefore one could also consider measures o in ', concentrated on the
set of solutions of the ODE (for an arbitrary initial point ). These two viewpoints are basically
equivalent: given n one can build o just by projection on I'r, and given o one can consider the
conditional probability measures n, concentrated on the solutions of the ODE starting from z
induced by the random variable v — ~(0) in 'y, the law  (i.e. the push forward) of the same
random variable and recover n as follows:

/]RdxFT o(z,y)dn(x,v) = /Rd </FT o(z,7) dnx(7)> dji(x). (8)

Our viewpoint has been chosen just for technical convenience, to avoid the use, wherever this is
possible, of the conditional probability theorem.

By restricting 7 to suitable subsets of R xT'p, several manipulations with superposition solutions
of the continuity equation are possible and useful, and these are not immediate to see just at
the level of general solutions of the continuity equation. This is why the following result is
interesting.

Theorem 12 (Superposition principle) Let iy € .#,(R%) be a solution of (PDE) and as-

sume that e
b

d dt < .

/ /Rd 1+ |z i oo

Then g is a superposition solution, i.e. there exists n € My (R x T'r) such that py = g for
any t € [0,T].

In the proof we use the narrow convergence of positive measures, i.e. the convergence with
respect to the duality with continuous and bounded functions, and the easy implication in
Prokhorov compactness theorem: any tight and bounded family .% in ., (X) is (sequentially)
relatively compact w.r.t. the narrow convergence. Remember that tightness means:

for any € > 0 there exists K C X compact s.t. u(X \ K) < e Vu € F#

A necessary and sufficient condition for tightness is the existence of a coercive functional W :
X — [0,00] such that [Wdu <1 for any p € .F

10



Proof. Step 1. (Smoothing) The smoothing argument which follows has been inspired by
[65]. We mollify p; w.r.t. the space variable with a kernel p having finite first moment M
and support equal to the whole of R? (a Gaussian, for instance), obtaining smooth and strictly
positive functions p§. We also choose a function ¢ : R¢ — [0, 400) such that ¢ (z) — +oo as
|z| — 400 and

/]Rd W(x)po * pe(z) de <1 Ve € (0,1)

and a convex nondecreasing function © : Rt — R having a more than linear growth at infinity

such that
O(|b|(x))
edt < 400
/ /R RN | .

(the existence of © is ensured by Dunford-Pettis theorem). Defining

b *p
/,L; = Mt * Pe, b; = ( t,ut)e 67
K

it is immediate that

d

€ € d
gptte T Do (Vjpy) = —opte % pe+ Do - (bype) * pe = 0

and that b¢ € L! ([0, TY; Wl > (RY; Rd)). Therefore Remark 8 can be applied and the represen-

loc

tation puf = X(t,-)xpuf still holds. Then, we define

776 = ([Ba XE(NT:))# /'[/67

so that

|pan = [ PO (9)
=[x e diste) = | o
Step 2. (Tightness) We will be using the inequality
(L Jz])e) * pe < (1 + |z])e * pe + ecx pe (10)
for ¢ nonnegative measure and p(y) = |y|p(y), and
O} (2)Dui () < (O(|be))r) * pe()- (11)
The proof of the first one is elementary, while the proof of the second one follows by applying

Jensen’s inequality with the convex ls.c. function (z,t) — O(|z|/t)t (set equal to +o00 if t < 0,
ort =0and z # 0, and equal to 0 if 2 =t = 0) and with the measure p(z — -).Z°.

11



Let us introduce the functional

T o)
1L+ |y

() = () + /O

set equal to +o0o on I'r \ AC([0, T]; R%).
Using Ascoli-Arzeld theorem, it is not hard to show that W is coercive (it suffices to show that
max || is bounded on the sublevels {¥ < ¢}). Since

/ /' )t dnye /L/ ) s at
RAXTp 1+|7| Re 1+|

(10),(11) |bt
re 14| |

/ Bla) dn(z,7) = / () dyy < 1
RdXFT R4

we obtain that [ ¥ dn€ is uniformly bounded for € € (0, 1), and therefore Prokhorov compactness
theorem tells us that the family 1 is narrowly sequentially relatively compact as € | 0. If 1 is
any limit point we can pass to the limit in (9) to obtain that u; = py’.

Step 3. (n is concentrated on solutions of the ODE) It suffices to show that

and

(1) = = Jy bu(y(s)) ds|
/ dn =20 (12)
RixTp 1 +I[g%ﬁ<\7|

for any ¢t € [0,7T]. The technical difficulty is that this test function, due to the lack of regularity
of b, is not continuous. To this aim, we prove first that

(1) =2 = Jy e
/ O / / =l dpas (13)
Rix Dy 1+ tax Iv\ re 1+ [z]

)

for any continuous function ¢ with compact support. Then, choosing a sequence (™) converging

to b in L'(v;R?), with
/ (s,z)dv(s,z):= / / (z)ds
rd 1+ |~T|
and noticing that

T lbs(v(s)) — ez (o
i dsd / / d sds — 0,
/Rder/ 1 + 1v(s)] = ra 1+ |96! :

we can pass to the limit in (13) with ¢ = ¢" to obtain (12).

12



It remains to show (13). This is a limiting argument based on the fact that (12) holds for b,

€

ne:

() = f3 eslv(s)) ds|
i
RixT'y 1+ r[g%;x v

’X t, ) focs s, )ds‘
.

1 + max |X€(,x)\
T

)

X (0.0)) — (X)) s bl
- /Rd L+ max| X (., ) //Rd RIS
t |be e Cs|
< | dpucds + dpsd
- //Rd 1+|3:| Hs //Rd 1+|$’ Hat?
< // 1Bs = | 4 ds +// et —esl dpsds.
Rd1+|| Rd1+|xy

In the last inequalities we added and subtracted c§ := (cyput) * pe/ps. Since ¢ — ¢; uniformly
as € | 0 thanks to the uniform continuity of ¢, passing to the limit in the chain of inequalities
above we obtain (13). O

dpp(x)

The applicability of Theorem 9 is strongly limited by the fact that, on one hand, pointwise
uniqueness properties for the ODE are known only in very special situations, for instance when
there is a Lipschitz or a one-sided Lipschitz (or log-Lipschitz, Osgood...) condition on b. On
the other hand, also uniqueness for general measure-valued solutions is known only in special
situations. It turns out that in many cases uniqueness of the PDE can only be proved in smaller
classes .Z of solutions, and it is natural to think that this should reflect into a weaker uniqueness
condition at the level of the ODE.

We will see indeed that there is uniqueness in the “selection sense”. In order to illustrate this
concept, in the following we consider a convex class %, of measure-valued solutions y; € . (R%)
of the continuity equation relative to b, satifying the following monotonicity property:

0< iy <m€y = e € 2 (14)

whenever p; still solves the continuity equation relative to b, and satisfies the integrability

condition
dt < +o0.
/ /Rd 1+ |33| )

The typical application will be with absolutely continuous measures p; = w;.Z¢, whose densities
satisfy some quantitative and possibly time-depending bound (e.g. L% (L) N L>(L>)).

Definition 13 (.Z,-lagrangian flows) Given the class £, we say that X (t,x) is a £, -La-
grangian flow starting from fi € M, (R?) (at time 0) if the following two properties hold:

13



(a) X (-,x) is absolutely continuous in [0,T] and satisfies
t
X(t,x) ::1:+/ bs(X (s,r))ds vt € [0,T]
0

for -a.e. x;
() o= X1, )i € .

Heuristically .Z}-Lagrangian flows can be thought as suitable selections of the (possibly non
unique) solutions of the ODE, made in such a way to produce a density in .Z;. See Example 1
for an illustration of this concept.

We will show that the .Z}-Lagrangian flow starting from g is unique, modulo fi-negligible sets,
whenever uniqueness! for the PDE holds in the class .%,, i.e.

po=py = pr=p VtE€[0,T]

whenever y; and p; belong to Z.
Before stating and proving the uniqueness theorem for .Z,-Lagrangian flows, we state two ele-
mentary but useful results. The first one is a simple exercise:

Exercise 14 Let 0 € 4 (I'r) and let D C [0,T] be a dense set. Show that o is a Dirac mass
in I'r iff its projections (e(t))xo, t € D, are Dirac masses in RY.

The second one is concerned with a family of measures 7,

Lemma 15 Let 1, be a measurable family of positive finite measures in I'r with the following
property: for any t € [0,T] and any pair of disjoint Borel sets E, E' C R* we have

(v v € Bm, ({v: A7) € EY) =0 fi-ae. in RY, (15)
Then mn, s a Dirac mass for p-a.e. x.

Proof.  Taking into account Exercise 14, for a fixed ¢t € (0,7 it suffices to check that the
measures \; = y(t)xn, are Dirac masses for fi-a.e. . Then (15) gives Ay (E)A\(E') =0 fi-a.e.
for any pair of disjoint Borel sets E, E' € R%. Let § > 0 and let us consider a partition of R¢ in
countably many Borel sets R; having a diameter less then §. Then, as A\;(R;)\;(R;) = 0 f-a.e.
whenever i # j, we have a corresponding decomposition of fi-almost all of R? in Borel sets A;
such that supp \, C R; for any z € A; (just take {\;(R;) > 0} and subtract from it all other
sets {Az(R;) > 0}, j # i). Since 0 is arbitrary the statement is proved. O

Theorem 16 (Uniqueness of % -Lagrangian flows) Assume that the PDE has the unique-
ness property in £,. Then the £, -Lagrangian flow starting from [i is unique, i.e. two different

!We thank A. Figalli and F. Flandoli for pointing out that the argument works with minor variants when only
uniqueness is imposed at the level of the PDE, and not necessarily the comparison principle
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selections X 1(t,z) and Xo(t,z) of solutions of the ODE inducing solutions of the the continuity
equation in £, satisfy

Xi(,2) = Xo(-, 2) in Iy, for f-a.e. x.

More generally, if n', n* € .4, (R% x T'7) are concentrated on the pairs (x,7) with v absolutely
1 2 .

continuous solution of the ODE, and if ! = p;’ € %,, then n* =n? and ' are concentrated

on the graph of a map x — X (-, x) which is the unique £y-Lagrangian flow.

Proof. If the first statement were false we could produce a measure 17 not concentrated on a
graph inducing a solution g’ € %, of the PDE. This is not possible, thanks to the next result
(Theorem 18). The measure 7 can be built as follows:

(2, X1, )t + (2, Xa (-, 2)) 4] -

DN | =

1
ni=5m +n’) =

2
Since %, is convex we still have ;! = %(,u?l +py' ) € %4,. In a similar way, one can use
Theorem 18 first to show that 1’ are concentrated on graphs, and then the previous combination
argument to show that n' = n?. O

Remark 17 In the same vein, one can also show that
X1(-,x) = Xo(, x) in T'p for i1 A fig-a.e. x
whenever X |, X are .Z,-Lagrangian flows starting respectively from fi; and fis.

We used the following basic result, having some analogy with Kantorovich’s and Mather’s theo-
ries.

Theorem 18 Assume that the PDE has the uniqueness property in Z,. Letn € My (R x Tp)
be concentrated on the pairs (x,7) with v absolutely continuous solution of the ODE starting
from x, and assume that p;' € %,. Then m is concentrated on a graph, i.e. there exists a
function x — X (-,x) € T'r such that

n= (va(¢$))#ﬁa with i 2= (WRd)#n = ,Ug

Proof. We use the representation (8) of 1, given by the disintegration theorem, the criterion
stated in Lemma 15 and argue by contradiction. If the thesis is false then 7, is not a Dirac
mass in a set of i positive measure and we can find ¢ € (0,7, disjoint Borel sets FE, E' C R?
and a Borel set C with (C) > 0 such that

n.({v: 7(t) € EY)n,({r: 7(t) eE'}) >0 Vzel.

Possibly passing to a smaller set having still strictly positive ;@ measure we can assume that
0<m({7: 4(t) € BY) < Mn,({y: v(t) € B'}) VaeC (16)
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for some constant M. We define measures n', n? whose disintegrations n}, n2 are given by

my = xc@n,{y: v(t) € E},  ni:=Mxc(z)n,L{y: v(t) € E'}

and denote by s, s € [0,1], the (superposition) solutions of the continuity equation induced by
1n'. Then

po=m({v: v@t) € EHELC,  p§=Mn,({y: v(t) € E'})aLC,

so that (16) yields py < p2. On the other hand, u} is orthogonal to u2: precisely, denoting by
1., the image of 1, under the map v +— ~(t), we have

utlz/cnml—Edu(w)LM/me'—E’du(fC)ZMf-

In order to conclude, let f: R? — [0, 1] be the density of pd with respect to p2 and set

75 = M f(z)xc(x)n, L{y: y(t) € E'}.

We define the measure f? whose disintegration is given by $2 and denote by ji2, s € [0,], the
(superposition) solution of the continuity equation induced by 7.

Notice also that u! < ps and so the monotonicity assumption (14) on .%, gives ui € %, and
since 72 < 1% we obtain that j2 e 2, as well. By construction pd = i3, while u} is orthogonal
to u?, a measure larger than ji?. We have thus built two different solutions of the PDE with the
same initial condition. O

Now we come to the ezistence of £} -Lagrangian flows.

Theorem 19 (Existence of £} -Lagrangian flows) Assume that the PDE has the unique-
ness property in £, and that for some ji € My (R) there exists a solution py € 2, with pg = fi.
Then there exists a (unique) £, -Lagrangian flow starting from fi.

Proof. By the superposition principle we can represent p; as (e;)xn for some n € My (R x
I'r) concentrated on pairs (x,) solutions of the ODE. Then, Theorem 18 tells us that n is
concentrated on a graph, i.e. there exists a function z — X (-, z) € I'r such that

(a;, X(-, :c))#ﬂ =n.

Pushing both sides via e; we obtain

X(t,)pit = (e))pm = u € L,

and therefore X is a .Z}-Lagrangian flow. U
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5 The flow associated to Sobolev or BV vector fields

Here we discuss the well-posedness of the continuity or transport equations assuming that by(+)
has a Sobolev regularity, following [61]. Then, the general theory previously developed provides
existence and uniqueness of the .#-Lagrangian flow, with .% := L°° (L) N L°°(L>°). We denote
by I C R an open interval.

Definition 20 (Renormalized solutions) Let b € Ll . (I; L (R4 RY)) be such that Db, =
div b, L% for L -a.e. t € I, with

divb, € LL, (I; Llloc(Rd)> .

Let w € L2 (I; LS. (RY)) and assume that

loc loc

d
ci=Sw+b-Vwe L (I x RY). (17)

Then, we say that w is a renormalized solution of (17) if

%ﬁ(w) +b-VBw) =B (w) VB ECHR).

Equivalently, recalling the definition of the distribution b - Vw, the definition could be given in
a conservative form, writing

9 B(w) + D (b5(w)) = e (1) +dliv by (w).

Notice also that the concept makes sense, choosing properly the class of “test” functions (3,
also for w not satisfying (17), or not even locally integrable. This is particularly relevant in
connection with DiPerna-Lions’s existence theorem for Boltzmann equation [62], or with the
case when w is the characteristic of an unbounded vector field b.

This concept is also reminiscent of Kruzkhov’s concept of entropy solution for a scalar conser-
vation law

Gt De (Fu) =0 u (0,400) xR~ R

In this case only a distributional one-sided inequality is required:

d
211w + D - (q(u)) <0
for any convex entropy-entropy flux pair (1, q) (i.e. 7 is convex and ' f' = ¢’).

Remark 21 (Time continuity) Using the fact that both ¢ — w; and ¢t — B(w;) have uni-
formly continuous representatives (w.r.t. the w* — LS. topology) w;, oy, we obtain that ¢t — w,
is continuous with respect to the strong LllOC topology for Z'-a.e. t, and precisely for any t such

that oy = B(w;). The proof follows by a classical weak-strong convergence argument:
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provided S is strictly convex. In the case of scalar conservation laws there are analogous and
more precise results [92], [82]. We remark the fact that, in general, a renormalized solution does
not need to have a representative which is strongly continuous for every t. This can be seen using
a variation of an example given by Depauw [59] (see Remark 2.7 of [26]). Depauw’s example
provides a divergence free vector field a € L°°([0,1] x R?;R?), with a(t,-) € BViec(R?;R?) for
ZLlae. t€0,1] (but @ ¢ L*([0,1]; BViec)) such that the Cauchy problem

ou+a-Vu=0
u(0,-) =0

has a nontrivial solution, with |u| = 1 #3-a.e. in [0, 1] x R? and with the property that u(¢,-) — 0
as t | 0, but this convergence is not strong. Now consider a vector field b on [—1, 1] x R? defined
as Depauw’s vector field for ¢ > 0, and set b(t,z) = —a(—t,x) for t <0. It is simple to check (as
only affine functions (t) = a + bt need to be checked, because for any (3 there exists an affine
[ such that 5(£1) = f(£1)) that the function

_ Joat,z) ift>0

w(t,z) = { a(—t,z) ift<0
is a renormalized solution of dyw + b - Vw = 0, but this solution is not strongly continuous at
t=0.

Remark 22 A new insight in the theory of renormalized solutions has been obtained in the
recent paper [26]. In particular, it is proved that for a vector field b € L*([0,T] x R%;RY)
with zero divergence (and without any regularity assumption) the following two conditions are
equivalent (the L? framework has been considered just for simplicity):

(i) b has the uniqueness property for weak solutions in C([0,T];w — L?(R%)) for both the
forward and the backward Cauchy problems starting respectively from 0 and T, i.e. the
only solutions in C([0,T];w — L?(R%)) to the problems

Owup +b-Vup =0 and ougp+b-Vug =0
UF<O7) =0 U,B(T,'> =0
are up =0 and ug = 0;

(ii) every weak solution in C([0,T];w — L?(R9)) of dyu + b - Vu = 0 is strongly continuous
(i.e. lies in C([0,T]; s — L2(R%))) and is a renormalized solution.

The proof of this equivalence is obtained through the study of the approximation properties of
the solution of the transport equation, with respect to the norm of the graph of the transport
operator (see Theorem 2.1 of [26] for the details).

Using the concept of renormalized solution we can prove a comparison principle in the following
natural class .Z:

7 = {w € L ([o,T];Ll(Rd)) nL® ([O,T];L"O(Rd)> : (18)

weC ([o,T];w* - LOO(]Rd)> }
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Theorem 23 (Comparison principle) Assume that

; f’:m' e L! ([O,T];LOO(Rd)) + I ([O,T]; Ll(Rd)) , (19)

that D - by = div by.Z? for £1-a.e. t €[0,T), and that
divb,]~ € L. ([O,T) x Rd> . (20)

Setting by = 0 for t < 0, assume in addition that any solution of (17) in (—oo,T) x R? is
renormalized. Then the comparison principle for the continuity equation holds in the class £ .

Proof. By the linearity of the equation, it suffices to show that w € £ and wy < 0 implies
wy < 0for any t € [0,7]. We extend first the PDE to negative times, setting w; = wp. Then, fix a
cut-off function p € C°(R?) with supp ¢ C B2(0) and ¢ = 1 on B;(0), and the renormalization
functions
Be(t) == /2 + (t1)2 — e € C'(R).

Notice that

Be(t) 1tT asel 0,  tBL(t) — Be(t) €[0,€l. (21)
We know that

Se) + D (b8, w1)) = v bu(. () — i ()

in the sense of distributions in (—oo,T) x R%. Plugging ¢r(-) := ¢(-/R), with R > 1, into the
PDE we obtain

d

— | orB(wy) dx Z/ Be(wy)(by, Vr) dx +/ @rAiv by (Be(wi) — wi B (wy)) dex.
dt R4 R4 R4

Splitting b as by + by, with

|b1|
1+ |z|

e} ([O,T];LOO(Rd)) and 1|f2||33| er! ([o,T];Ll(Rd))

and using the inequality
3
- <2
R XR<le|<2R} = 771 ‘x|X{Rs\wl}
we can estimate the first integral in the right hand side with
b
1+ |z

b1y
fwr] iz + 3]V ool / dz.
. /{|x>R} t U ez ry 1+ Ia]

The second integral can be estimated with

31Vl H

e/ pgr[div by dx.
R4
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Passing to the limit first as € | 0 and then as R — 400 and using the integrability assumptions
on b and w we get

d

— w; dr <0

dt R4
in the distribution sense in R. Since the function vanishes for negative times, this suffices to
conclude using Gronwall lemma. g

DiPerna and Lions proved that all distributional solutions are renormalized when there is a
Sobolev regularity with respect to the spatial variables.

loc loc loc

Theorem 24 Letb € L] (I; wh(RY, Rd)> and let w € L2 (IxR?) be a distributional solution

of (17). Then w is a renormalized solution.

Proof. We mollify with respect to the spatial variables and we set

r“:=(b-Vw)*p. —b- (V(w*pc)), we = w * pe

to obtain p
&wﬁ—i—b-VwE =c*pe—r°.
By the smoothness of w® w.r.t. x, the PDE above tells us that %wte € Li ., therefore we €

WI’I(I x RY) and we can apply the standard chain rule in Sobolev spaces, getting

loc
%5(1115) +b- V(W) = f'(w)e  pe — ' (w)re.

When we let € | 0, the convergence in the distribution sense of all terms in the identity above is
trivial, with the exception of the last one. To ensure its convergence to zero, it seems necessary
to show that r¢ — 0 strongly in Llloc, or at least that r¢ are equi-integrable (as this would imply
their weak L' convergence to 0; remember also that '(w€) is locally equibounded w.r.t. ).
This is indeed the case, and it is exactly here that the Sobolev regularity plays a role. g

Proposition 25 (Strong convergence of commutators) If w € L (I x RY) and
be L (I; Wli’cl (Rd;Rd)> we have

loc
Liye-lim (b V1) pe = b+ (V(w  p)) = 0.

Proof. Playing with the definitions of b - Vw and of the convolution product of a distribution
and a smooth function, one proves first the identity

(bi(z — ey) — bi(z)) - Vp(y)

re(t,x) = /Rd w(t,x — ey) dy — (wdiv by) * pe(x). (22)

Introducing the commutators in the (easier) conservative form

R := (D, - (bw)) * pc — D, - (bw")
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(here we set again w* := w * p) it suffices to show that R = L — wdiv b;, where

Lt 3) = /R w(t, ) (ba(x) — bil2)) - Vel — ) dz.

Indeed, for any test function ¢, we have that (R€, ) is given by

—//wb-VpE *gpdydt—//gab-VpE*wdmdt— //wggodivbtdxdt
I I I

. /I [ [ o) Vouty — 0)(w) dedyat

_ /I / / bi(2)V pe (1 — y)we(y) () dydadt — /1 / W pdiv by dadt

= //Ucpdxdt—//wegodivbtda:dt
I I

(in the last equality we used the fact that Vp is odd).
Then, one uses the strong convergence of translations in L? and the strong convergence of the
difference quotients (a property that characterizes functions in Sobolev spaces)

u(z + ez) —u(x)

— Vu(x)z strongly in L, for u € W'

loc

to obtain that r¢ strongly converge in L. (I x R%) to

—w(t, x) /Rd(Vbt(x)y, Vp(y)) dy — w(t, z)div b(z).

dp
/Rd ylaiyj dy - _5’Lj

then shows that the limit is 0 (this can also be derived by the fact that, in any case, the limit
of ¢ in the distribution sense should be 0). g

The elementary identity

In this context, given i = p.Z? with p € L' N L™, the .Z-Lagrangian flow starting from fi (at
time 0) is defined by the following two properties:

(a) X (-, x) is absolutely continuous in [0, 7] and satisfies
t
X(t,2) = x—i—/ by(X(s,2))ds Vi€ [0,T]
0

for fi-a.e. x;
(b) X (t,)pfi < CZ4 for all t € [0,T], with C independent of ¢.

Summing up what we obtained so far, the general theory provides us with the following existence
and uniqueness result.
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Theorem 26 (Existence and uniqueness of Z-Lagrangian flows) Let
belL! ([OvT]; Wl’l(Rd;Rd)> be satisfying

loc

|b]
1+ |z

(i) e 2 (0,7 LY RY) + L' (0,7]; L(RY) )

(i) [divby]~ € L' ([0, T]; L>°(R?)).
Then the £ -Lagrangian flow relative to b exists and is unique.

Proof. By the previous results, the comparison principle holds for the continuity equation rela-
tive to b. Therefore the general theory previously developed applies, and Theorem 16 provides
uniqueness of the Z-Lagrangian flow.

As for the existence, still the general theory (Theorem 19) tells us that it can be achieved
provided we are able to solve, within %, the continuity equation

d
Lw+D, - (bw) = 2
dtw (bw) =0 (23)

for any nonnegative initial datum wo € L' N L. The existence of these solutions can be
immediately achieved by a smoothing argument: we approximate b in LllOC by smooth b" with

a uniform bound in L'(L*) for [div b}]~. This bound, in turn, provides a uniform lower bound

on JX" and finally a uniform upper bound on w} = (wg/JX") o (X1)~1, solving

d
%wh + D, - (b"w") = 0.

Therefore, any weak limit of w” solves (23). 0

Notice also that, choosing for instance a Gaussian, we obtain that the .Z-Lagrangian flow is
well defined up to .#?-negligible sets (and independent of fi < Z¢, thanks to Remark 17).

It is interesting to compare our characterization of Lagrangian flows with the one given in [61].
Heuristically, while the DiPerna-Lions characterization is based on the semigroup of transfor-
mations x — X (¢, ), our characterization is based on the properties of the map x — X (-, x).

Remark 27 The definition of the flow in [61] is based on the following three properties:
Y . . : d
(a) E(t, s,x) =b(t,Y(t,s,z)) and Y (s,s,x) = x in the distribution sense in (0,7") x R%;
(b) the image \; of 2% under Y (t, s, -) satisfies
1
afd << X% for some constant C' > 0;
(c) for all s, s',t € [0,T] we have

Y (t, s, Y (s, s’,:c)) =Y(t,5, ) for Z%-ae. x.
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Then, Y (t, s, x) corresponds, in our notation, to the flow X*(¢, z) starting at time s (well defined
even for t < s if one has two-sided L> bounds on the divergence).

In our setting condition (c) can be recovered as a consequence of the following argument: assume
to fix the ideas that s’ < s < T and define

X* (¢, z) if t € [¢,s];
X(t,x):=
). & (t,XS/(s,x)> if t € [s,T].

It is immediate to check that X (-,z) is an integral solution of the ODE in [¢/,T] for Z%a.e.
x and that X (t,-)xfi is bounded by C2.2¢. Then, Theorem 26 (with s’ as initial time) gives
X(-,z)=X(-,§,z) in [s',T] for L%a.e. , whence (c) follows.

Let us now discuss the stability properties of .Z-Lagrangian flows, in the special case when %
is defined as in (18). We need the following lemma.

Lemma 28 Assume that by, : [0,T] x RY — R satisfy

- ‘x’ e L ([O,T];Ll(Rd;Rd)) s ([O,T];LOO(Rd;Rd)) (24)

and that we can write by, = b}, + by, with

bl
. Lh"x‘ bounded and equi-integrable in L' ([O,T] X Rd>, (25)
!b2 )] H
L0,1), (26)
\x!
b, — b, bh —b 2 ge in(0,T) x R (27)
Then, setting b= b' + b, we have

g |br, — b
li ———F—— dxdt = 0. 28
pim [ ] gt 29

Proof. Without loss of generality we can assume that b' = b = 0, hence b = 0. The

convergence to 0 of
dxdt
/ /R 1+ I:clf’l+2

follows by the standard dominated convergence theorem. The convergence to 0 of

// ddt
Rd1+|$‘

(and a fortiori of the integrals with the factor 1 + |z|%*2) follows by the Vitali dominated
convergence theorem. O
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Theorem 29 Let X be £-Lagrangian flows relative to vector fields by, starting from p =
p L% and satisfying:

(a) Xp(t,)pfi < CZL4, with C independent of h and t € [0,T];
(b) by, = b} + b3 with b}, satisfying (25), (26) and (27).

Assume that the continuity equation with b = b* + b® as vector field satisfies the uniqueness
property in £ . Then there exists a unique £ -Lagrangian flow X relative to b and x — Xh(-, x)
converge to x — X (-,x) in fi-measure, i.e.

lim 1 Amax | X"(t,2) — X (t,x)| dii(z) = 0.
h—oo JRrd [0,T]

Remark 30 (Stability with weak convergence in time) We remark the fact that the hy-
pothesis of strong convergence in both time and space of the vector fields in the stability theorem
is not natural in view of the applications to the theory of fluid mechanics (see Theorem I1.7 in
[61] and [75], in particular Theorem 2.5), and it is in contrast with the general philosophy that
time regularity is less important than spatial regolarity (only summability with respect to time
is necessary for the renormalization property to hold). For instance, this form of the stability
theorem does not include the case of weakly converging vector fields which depend only on the
time variable, while it is clear that in this case the convergence of the flows holds. However, as
a consequence of the quantitative estimates presented in Section 8, it is possible to show that,
under uniform bounds in L*([0,T7; VVlif ) for some p > 1 (and for simplicity under uniform
bounds in L), the following form of weak convergence with respect to the time is sufficient to
get the thesis:

T T
/ by (t,x)n(t) dt — / b(t,x)n(t) dt in Li (RY) for every n € C°(0,T).
0 0

Indeed, fix a parameter € > 0 and regularize with respect to the spatial variables only using a
standard convolution kernel p.. We can rewrite the difference X, (¢t,z) — X (t,x) as

Xp(t,z) — X(t,z) = (Xh(t, ) — X5 (t, x)) + (X;(t, ) — X<(t, m)) + (XE(t, ) — X (1, :c)) ,

where X¢ and X7, are the flows relative to the spatial regularizations b° and bj, respectively.
Now, it is simple to check that

e the last term goes to zero with ¢, by the stability theorem stated above;

e the first term goes to zero with e, uniformly with respect to h: this is due to the fact that
the difference b5, — by, goes to zero in Li ([0, 7] x RY) uniformly with respect to h (thanks
to the uniform control in WP of the vector fields by, ), hence we can apply the quantitative

version of the stability theorem (see Theorem 53), and we get the desired convergence;
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e the second term goes to zero for h — oo when € is kept fixed, because we are dealing
with flows relative to vector fields which are smooth with respect to the space variable,
uniformly in time, and weak convergence with respect to the time is enough to get the
stability.

Then, in order to conclude, it is enough to let first h — oo, to eliminate the second term, and
then ¢ — 0.

It is not clear to us whether this result extends to the Wh! or the BV case: the quantitative
estimates are available only for WP vector fields, where p is strictly greater than 1, hence the
strategy described before does not extend to that case.

Proof. (of Theorem 29) We define m,, as the push forward of i under the map z +— (z, X"(-, z))
and argue as in the proof of Theorem 12.

Step 1. (Tightness of n;,) We claim that the family n,, is tight: indeed, by the remarks made
after the statement of Theorem 12, it suffices to find a coercive functional ¥ : R? x I'r — [0, 00)
whose integrals w.r.t. all measures 7n;, are uniformly bounded. Since p has finite mass we can
find a function ¢ : R? — [0, 00) such that ¢ € L'(ji) and ¢(z) — oo as || — oo. Analogously,
we can find a function 1 : RY — [0, 00) such that

/ dxdt < oo
Rd 1 + ]a}\

and ¥ (x) — oo as |x| — oo. Then, we define

Tp(9) gt
o 1+

U(z,7) == p(z) + (7(0)) +

and notice that the coercivity of ¥ follows immediately from Lemma 31 below. Then, using
assumption (a), we obtain:

_ T )
/Rder U(z,v)dny, = /Rd <2s0(9:)+ o T+ X (o) dt) dpi(x)

_ P(b"(t, X"(t, 7))

B 2/Rd90du+/ R 14+ | X"(t, )| dp(x)dt
i p(b")

= Q/Rrﬁpdﬁo/o R 1+!y\dydt'

Therefore the integrals of ¥ are uniformly bounded.

Step 2. (The limit flow belongs to .£) Let now 1 be a narrow limit point of n; along some
subsequence that, for notational simplicity, will not be relabelled. Let us show first that p,' =
(et)4m is representable as w;£¢ with w; belonging to .. Indeed, assumption (a) gives

pi = XMt ) i = w2 with uf]le < C. (29)
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Therefore, as y; is the narrow limit of ,u:'h, the same property is preserved in the limit for some
w € L. Moreover, the narrow continuity of ¢ — g immediately yields the w*-continuity of
t — w; and this proves that wy € Z.

Step 3. (m is concentrated on solutions of the ODE) Next we show that 7) is concentrated on the
class of solutions of the ODE. Let ¢ € [0, 7], x € C°(R?) with 0 < x <1, ¢ € L' ([0, #]; L= (R?)),
with ¢(t, ) continuous in R? for #!-a.e. t € [0,1], and define

_ (t) —x— fo ds‘
P! = ’ .
o(,7) = x(x) T sup |’Y|d+2
[0,2]

It is immediate to check that ®% € Cy(R? x '), so that

/ dL.dn = lim OL dny,
RexTp h—oo JRdxT
‘fo by (s, X" (s,z)) — c(s, X"(s, x))ds’
= i dp
A fou X 1+ sup | X"(., z)[d+2 )
[0,2]
by ( — X"(s,
< limsup/ / ‘ (s (s, ml ols, X (s :E))’ dsdp(z)
h—oo JRd l—i-\X (s,x)|d+2
by (
< C’limsup/ / [ba(s,y) — els, )‘dsdy
Rd

1+ |y’d+2

_ Y|
B C//]Rd 1+\y!d+2 dsdy.

Now, as (by lower semicontinuity)

h—oo

- f'm e £* ([0, 71 L' (%) + L= (10, 7); LR ),

we can find a sequence of vector fields ¢, (¢, x) continuous with respect to = and satisfying the
assumptions of Lemma 28. Indeed, writing b = by + by = (f + f2)(1 + |z|), with

Fle ' (0. THENRY),  [fal € L' ([0, T L=(RY)
we define ¢ = (ep)1 + (cp)2, with
(cn)i = ((L+[z))f;) % pe,  i=1,2
with €, | 0. It is not hard to show that

[(en)il <20+ [z[)(1f3] * pe,) i =1,2
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if the support of the convolution kernel p is contained in the unit ball. Therefore

|1(j_h|);|| is bounded and equi-integrable in L ([0, T] x Rd), (30)
sup |(C’Z|H e L'(0,T). (31)
h 1+ |z]

In the previous estimate we can now choose ¢ = ¢, and use Lemma 28 again to obtain

. () =2 = [y en(s,v(s)) ds
lim X(x

h—co Jrdxry 1+ S[»(l)l%) |y|d+2
,t

dn = 0. (32)

Now, using the upper bound (29) and Lemma 28 once more we get

T // Jy len(s:7(s) = bls, 7(s)lds - (33)
h—>oop RAXTp 1+Sup|7|d+2
[0,2]
. len(s,v(s)) — e(s,7(s))]
< 1 dnd
= %ﬁﬂ/ﬂgm 1+MH“2 ne
<

Cliﬁsip/ /]Rd 1+‘$|d+2 dxds =0

Hence, from (32) and (33) and Fatou’s lemma we infer that for yn-a.e. (z,7) there is a subse-
quence €y such that

lim
l—o0

90 =2 = [ B0 ds]+ [ OGs.() = bl (9] ds =0

so that :
v®=m+Ab@W@M&

Choosing a sequence of cut-off functions x g and letting ¢ vary in QN [0, 7] we obtain that (z,~)
solve the ODE in [0,T] for n-a.e. (x,7).

Step 4. (Conclusion) As we are assuming that the uniqueness property holds in £ for the
continuity equation relative to b, we are now in the position of applying Theorem 18, which says
that under these conditions necessarily

n = (z, X(, m))# I

for a suitable map x — X (-, z). Clearly, by the concentration property of i, X (-, z) has to be
a solution of the ODE for ji-a.e. x. This proves that X is the Z-Lagrangian flow relative to
b. The convergence in measure of X, to X follows by a general principle, stated in Lemma 32
below. O
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Lemma 31 (A coercive functional in I't) Let ¢, 1 : R? — R and let

T p(9) gt
o 1+

() == ¢(7(0)) +

be defined on the subspace of I't made by absolutely continuous maps, and set equal to +oo
outside. If p(x), P(x) — 400 as |x| — oo then all sublevel sets {® < c}, c € R, are compact in
Tr.

Proof. Let -, be such that ®(,) is bounded and notice that necessarily |7, (0)| is bounded,
by the assumption on ¢. By integration of the ODE

a, IR
g T POD = por T )

one obtains that also supjy 71 |»| is uniformly bounded. As a consequence the factor 1/(1+|v,)
inside the integral part of ® can be uniformly estimated from below, and therefore (due to the
more than linear growth at infinity of ¢) the sequence |4, | is equi-integrable in L' ((0,7);R?).
As a consequence the sequence (7,,) is relatively compact in I'p. ]

Lemma 32 (Narrow convergence and convergence in measure) Let vp, v : X — Y be
Borel maps and let i € M+ (X). Then vy, — v in fi-measure iff

(x,vp(x))pfi converges to (x,v(x))xf narrowly in Ay (X xXY).

Proof. If v, — v in ji-measure then ¢(z,v,(z)) converges in L!'(f1) to p(x,v(z)), and we
immediately obtain the convergence of the push-forward measures. Conversely, let § > 0 and,
for any € > 0, let w € Cy(X;Y) be such that a({v # w}) < e. We define

dY(ya w<$))

5 S Cb(X X Y)

p(z,y) == 1A

and notice that

A # w)) + / o d(z, vn(x)) gt > A{dy (v, vn) > 6}),

XxY

| edlwv@)pn < a(w £ o).
XxY
Taking into account the narrow convergence of the push-forward we obtain that

lim sup p({dy (v, vn) > 0}) < 2a({w # v}) < 2¢;

h—oo

since € is arbitrary the proof is achieved. (]
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The renormalization Theorem 24 has been extended in [6] to the case of a BV dependence w.r.t.
the spatial variables, but still assuming that

D-by< 2%  for Ltae. te(0,T). (34)

Theorem 33 Let b € L _((0,T); BVioc(R%:R?)) be satisfying (34). Then any distributional

loc

solution w € LS, ((0,T) x RY) of

loc

d _ 1 d
%w—i-Dx-(bw)—ceLloc((O,T)XR)

1s a renormalized solution.

A self contained proof of this result, slightly simpler than the one given in the original paper [6],
is given in [7] and [8]. The original argument in [6] was indeed based on deep result of G. Alberti
[2], saying that for a BVj,. function u : R* — R™ the matrix M (z) in the polar decomposition
Du = M|Du| has rank 1 for |Dul-a.e. , i.e. there exist unit vectors £(x) € R? and n(z) € R™
such that M(z)z = n(x)(z,&(x)). However, we observe that in the application of this result
to the Keyfitz—Kranzer system [11], [9] the vector field b is of the form f(p) with p scalar and
f € C! vectorial, so the rank-one structure of the distributional derivative (as a whole) is easy
to check. Analogously, in the case of the semi-geostrophic system considered in [53], the vector
field is a monotone map, and for this class of BV functions a much simpler proof of the rank-one
property is available [3].

As in the Sobolev case we can now obtain from the general theory given in Section 3 ewi-
stence and uniqueness of £-Lagrangian flows, with . = L>®(L') N L*°(L>®): we just re-

place in the statement of Theorem 26 the assumption b € L' ([O,T]; Wl’l(Rd;Rd)) with b €

loc
L' ([0,T]; BVioe(R%; R?)), assuming as usual that D - b, < £ for L1-ae. t €[0,T].
Analogously, by applying Theorem 29 we obtain stability of £ -Lagrangian flows when b is as in
Theorem 33.

06 Measure-theoretic differentials

In this section we introduce some weak differentiability notions, based on measure-theoretic
limits of difference quotients, and we compare them (all results of this section are taken from
[17]). An important remark is that none of these concepts gives additional informations on
the derivative in the sense of distributions. Conversely, whenever the derivative in the sense
of distributions is a measure with locally finite variation, the map is .Z%-a.e. approximately
differentiable.

We recall that a sequence of measurable maps (fi) defined on an open set Q C R? is said to
converge locally in measure to a measurable map f if

klijgofd({w € K: |fr(z) = f(@)] >€}) =0

for any compact set K C A and any € > 0.
The following simple lemma will be used in many occasions.

29



Lemma 34 Let fi, f: Q x RY = R be measurable functions. Suppose that, for each y € RY,
fr(y) — () locally in measure in Q as k — oo. Then f,, — f locally in measure in Q x R?
as k — 0.

Proof. Let K C () be a a compact set. We fix v > 0 and set

a(y) =L {z e K+ |fu(z,y) — f(z,y)]| = 7}).

Then from the dominated convergence theorem we infer that
gr — 0 in Li (RY).

In particular, Fubini’s theorem gives that D%Qd((K x B)NA{|fx — f| > 'y}) — 0 for any ball
B c R%. O

As a consequence of the Lusin theorem, it is easy to check that for any measurable function
f Q2 — R the functions f(z 4+ h) converge to f locally in measure as h — 0. Therefore it
is natural to study the behaviour, still with respect to local convergence in measure, of the
difference quotients. This leads to the following definition.

Definition 35 (Fréchet and Gateaux derivative in measure) Let f : @ C R — R be a
measurable function. We say that g : Q — R? is the (Fréchet) derivative in measure of f if

Sl h) (@)~ g(a) b
h—0 |h’

=0 locally in measure in €.

Analogously, g is called Gateaux derivative in measure if the difference quotients above tend to
0 locally in measure in €} along all lines passing through the origin.

Another differentiability condition, that we call directional differentiability in measure, involves
an averaging procedure also on the direction. It appeared first in [73] in connection with the
differentiability properties of the flow associated to Sobolev vector fields (see the next section)
and it can be stated as follows.

Definition 36 (Directional differentiability in measure) We say that f : Q — R is direc-
tionally differentiable in measure if there exists W : Q x R* — R such that

flet+ry) = fl@) —rW(z,y)

r

0 locally in measure in Q x R? as h — 0.

The following result surprisingly shows that these three concepts are equivalent.

Theorem 37 Let f:Q C R? = R be a measurable function. Then the following assertions are
equivalent:

(i) [ is (Fréchet) differentiable in measure in Q;

(ii) f is Gateaux differentiable in measure in Q;
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(iii) f is directionally differentiable in measure in ).

Moreover, the derivative in measure g is linked to the directional derivative in measure W by

g(x) -y =W(z,y) for L% -q.e. (z,y) € Q xR,

Proof. We start with some preliminary remarks. It is obvious that if ¢ is the derivative in
measure of f then g is also the Gateaux derivative in measure of f, and that these derivatives
in measure are unique, up to .Z%-negligible sets.

Moreover, Gateaux differentiability in measure implies directional differentiability in measure,
with W (x,y) = g(x)y: this fact is an immediate consequence of Lemma 34.

The harder implication is the one from directional differentiability in measure to Fréchet dif-
ferentiability in measure. We need the following lemma (see [71], [56]): let f : R — R be a
measurable function such that

fly+2) = fly) + f(2) for L*-a.e. (y,z) € R x R

Then there exists a € R? such that f(y) = a -y for £%a.e. y € RY.
Step 1. Using the above mentioned lemma, we show the “a.e. linearity” of W (z,-). We define

f(z+dy) — f(z) — W (x,y)

Fé(x7y7z): 5 )
x+0y+6z) — f(x+dy) — W (x + dy, 2
Gd(%y’z):f( y+62) = f( : y) (@ +0y,2)
—flx+doy+92)+ f(x) + W (x,y + 2
Hy(,y, 2) = f(@ + by + 62) g() (z,y +2)
Then
Fs—0 asd—0, (35)
Gs—0 asd—0, (36)
Hs —0 asd—0 (37)

locally in measure with respect to (x,y,z). Indeed, (35) and (37) are easy applications of
Lemma 34. To verify (36) we need also the following shift argument. Let Q" cC Q' cC Q. For
small § we obtain

"%Sd({@”y’z) €' Gs(z,y,2)) 2 7}>
= $3d({(x,y, 2) € V' | f(w+6y+02)— f(2+5y)— W (x+3y, 2)| > 75})

< 2({(@,y,2) € Vs [f(@+62) = [(a) = SW (@', 2)| = 76} ) — 0

where we used the change of variables 2/ = x + §y. This proves (36). From Lemma 34 we infer
that
W(x+dy,z) —W(x,z) -0 asd— 0.
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Adding the three identities we obtain that
Wz, y+2) —W(z,y) —W(z,2) =0 for L3ae. (r,y,2) € QxR xR

Therefore, for Z%a.e. z, W (x,-) is representable as a linear function. This concludes Step 1.
Step 2. Let ay be the measure of the unit ball in R%. We fix a set ' CC Q and €, v > 0. We
find 6; > 0 such that

B(z,261) C Q, re.

Consider the sets

As(z) ={y € B(0,2): |f(z + 0y) — f(x) — dg(x) - y| > 70},
0<éd<d, zeq.

Since (z,y) — g(x) - y is a directional derivative of f in measure, by the Fubini theorem,

L (As(x)) de — 0 as d — 0.
Q/

Therefore there exists do > 0 such that for 0 < § < d9 we have
d / d (&%)
: > — <e.
8% ({zeQ L As(@) = 5 }) <e

By Lusin theorem, there exists a compact set K C 2 such that Z%(Q\ K) < € and g is
continuous. By the uniform continuity, there exists d3 > 0 such that for 0 < § < d3 we have

v, 7 €K, |[v—2|<d = |g(x)—g(2)| <n.
Let h € RY, |h| =r < $min{6y, 02, d3}. Consider the sets
E:={xeQ: LA
E ={zecQ: Z2YA,
F:=0\K,
Fli={zeQ: z2+h¢K}.

x)) > %ad
x+h)) >

1,
(z + 10,

Then
|[EUE UFUF'| <4e.

Let z € Q\ (EUE' UFUF’). Then both z and x + h belong to K and

Z4(B(0,1) N A, (z)) < §
L ({yeB(0,1): y—1eA(z+h)}) < iau

Thus there exists y € B(0,1) \ A4,(z) such that ¢/ :==y — 2 ¢ A,(x + h). Since |y/| < 2, the fact
that v’ ¢ A,(x + h) means that x + h + ry’ € Q and

[f(@+h+ry)— fle+h) —rglz+h) -y <r
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Since h + ry’ = ry, we have

| f(z+h)—f(z)—g(x) - hl

| f(x+h)—f(x+h+ry’)+rg(z+h) - |
+|f(z4ry)—f(x)—rg(x) - y| + |r(g9(x) — g(z + h)) - |
< Ar+ar 4 rly’| < 4hly.

IN

This shows that
flz+h)— f(z) —g(z)-h
A

in measure w.r.t. £ as h — 0. ]

— 0

Now we introduce another more classical weak differentiability property (extensively studied,
for instance, in [68]). It has still a measure-theoretic character, but unlike differentiability in
measure it has a pointwise meaning.

Definition 38 (Approximate differentiability) Let f : @ — R be a measurable function
and let x € Q. We say that a € R? is an approzimate derivative of f at = if
b |f(x+h)— f(x) —a-h . has zero Lebesque density at 0 for
' |h| any € > 0.
As we are concerned here with convergence in measure, it is worth mentioning that approximate
differentiability at x is equivalent to the convergence
oy) — —da -
LS by) — f@) = dary
6—0 1)

0 locally in measure w.r.t. y € R%.

The following proposition shows that functions which are approximately differentiable on a
measurable set A essentially coincide with functions that can be approximated, in the Lusin
sense, by Lipschitz maps.

Theorem 39 (Lusin theorem for approximately differentiable maps) Let f : Q@ — R.
Assume that there erists a sequence of measurable sets A, C Q such that L% (Q\ U,A,) = 0
and f|a, is Lipschitz for any n. Then f is approzimately differentiable at £ -a.e. x € Q.
Conversely, if f is approzimately differentiable at all points of Q' C Q, we can write Q' as
a countable union of sets A, such that f|a, is Lipschitz for any n (up to a redefinition in a
L negligible set).

Proof. With no loss of generality we can assume that the sets A,, are pairwise disjoint. By
Mc Shane Lipschitz extension theorem we can find Lipschitz functions g, : R — R extending
fla,. By Lebesgue differentiation theorem and Rademacher theorem, #%-a.e. x € A, is both
a point of density 1 of A, and a differentiability point of g,. We claim that at any of these
points = the function f is approximately differentiable, with approximate differentiable equal to
Vgn(x). Indeed, it suffices to notice that the difference quotients of f and of g, may differ only
on Q\ A,, that has zero density at .

Clearly, as Z%a.e. x € Q has this property for some n, so this proves the .Z%a.e. approximate
differentiability of f.

The converse statement is proved in Theorem 3.1.16 of [68]. O
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The following theorem shows that, among all the differentiability properties considered in this
section, Z%-a.e. approximate differentiability is the stronger one. Even on the real line, an
example built in [17] shows that differentiability in measure does not imply .#!-a.e. approximate
differentiability (in fact, the function built in [17] is nowhere approximately differentiable).

Theorem 40 Suppose that f : Q — R is approzimately differentiable £*-a.e. in Q. Then f is
differentiable in measure.

Proof. Let g be the approximate derivative of f. By the previous result there exist Lipschitz
functions f; and pairwise disjoint measurable sets A; C € such that

f]' :f on Aj,
Vfj=gon Aj,

$d<Q\UAj> = 0.
J
We fix @' cC Q and v > 0 and find § > 0 such that B(z,d) C € for each = € . We set
E(h) ={z € Q' [f(x+h) = f(x) — g(x)h| = v|h[}, h e B(0,9).
Then
E(h) € N UJ(B;(h) U F;(R),
J
where .Z4(N) = 0 and

Ej(h)={z e Y NA;: z+h¢ A}
Fi(h) ={z € Q' NA;: |fj(x+h) = f;(z) = Vfi(2)h| = vIhl}.
Then
ZYEj(h)) -0 ash—0
by the L continuity of translations. Using the differentiability of fj on A;, we obtain that also

loc
LU F;(h)) — 0 ash — 0.

Choose € > 0. Since Ej(h) U Fj(h) C Aj and ), LA < LUN) < oo, we can find an index
m independent of h such that

S 2N E () UF(h) < e
j=m+1
Then -
limsup Z4(E(h)) <) limsup 2% (E;(h) UF;(h)) + e =€
h—0 : h—0
7j=1
It follows that .Z¢(E(h)) — 0 as required. O
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7 Differentiability of the flow in the W'! case

In this section we discuss the differentiability properties of the .Z-Lagrangian flow associated to
Wh! vector fields, briefly describing the results obtained in [73]. Notice that no differentiability
property is presently known in the BV case; on the other hand, in the WP case, with p > 1,
much stronger results are available [48], and we will present them in the next section.

The main theorem in [73] is the following:

Theorem 41 Letb e L' <[O,T]; Wl’l(]Rd;Rd)) be satisfying

loc

|b]
1+ |z

(i) [divby] € L' ([0,T]; L=(RY));

(i) er! ([O,T];Ll(Rd)) e ([o,T]; LOO(RC’)),-

and let X (t,x) be the corresponding £ -Lagrangian flow, given by Theorem 26. Then for all
t € [0,T] there exists a measurable function Wy : R x R? — R such that

X(t,x+ey) — X(t,z) — eW(z,y)

— 0 locally in measure in RY x RZ
€

as €] 0.

The result actually stated in [73] is slightly stronger, as the convergence above is also shown to
be uniform with respect to time. Having in mind the terminology and the results of the previous
section, the result can also be rephrased as follows: for all ¢ € [0, T there exists a matrix-valued
measurable function G : R* — M9*? (i.e. the derivative in measure) such that

X(tz+h) — X(t,7) — Gy(z)h
A

— 0 locally in measure in R? as h — 0.

The link between Gy and Wy is given by Gy¢(x)(y) = Wy(x,y) for £?®-a.e. (x,y). So, G} can
be interpreted as the derivative of the flow map X (¢,-).

The strategy of the proof in [73] is to look at the behaviour of the 2d-dimensional flows Y*
arising from the difference quotients of X:

X(t,x+ey) — X(t,z)
; :

Ye(t,2,y) =

It is immediate to check (see also [15]) that Y are Z-Lagrangian flows relative to the vector
fields B¢ defined by

B'(t,a,y) = <b<t,x>, b(t z + ey) — b(t,:z:)) |

€

Therefore, it is natural to expect that their limit Y (if any) should be a flow relative to the limit
vector field
B(ta Zz, y) = (b(ta 1'), Vzb(tv x)y) .
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Notice that div By(x,y) = 2div by(z), and therefore
div B, € L' <[0,T]; L°°(R2d)) .

On the other hand, the last d components of B have no regularity with respect to the z-variable.
However, in this special case, an anisotropic smoothing argument (by a regularization in the x
variable much faster than the one in the y variable), based on the special structure of this vector
field (see also [25], [74]), still guarantees that bounded solutions to the continuity equation with
velocity field B are renormalizable. Moreover, using the renormalization property, a variant of
the argument used in Theorem 23 shows that the continuity equation with B as vector field
satisfies the comparison principle in the class

2% =2 0 L= ([0, T); Lis (RS L' (RD) )

where .Z is defined as in (18) (in 2d space dimensions). The reason for this restriction to the
smaller space Z* is the fact that |B|/(1 + |z| + |y|) in general does not belong to

L ([O,T];Ll(Rg X Rg)) s ([O,T];L""(Ri X RZ)) :

because the last d components do not tend to 0 as |y| — oo while z is kept fixed (and their
limit is possibly unbounded as a function of z). If b satisfies condition (ii) above, the last d
components B? of B satisfy instead

| B?|

L+ |yl

€ L' ([0, T]: Lo (RE, L' (RY) + L(RY)) ).

For this reason, a weaker growth condition on B turns into a stronger growth condition on w.
Then, the renormalization property ensures the well posedness of the continuity equation and
therefore (much like as in Theorem 16 and Theorem 23) that the .Z*-Lagrangian flow relative
to B is unique. A smoothing argument (see [73] for details) proves its existence even within the
smaller class .Z*. So, denoting by Y the .£*-Lagrangian flow relative to B, we can represent
it as
Y(t,z,y) = (X(t,2), Wt z,y))

for some map W. Finally, the same argument used for the existence of Y shows that Y is the
limit, with respect to local convergence in measure (uniform w.r.t. time) of Y: this is due to
the fact that B have properties analogous to the ones of B (in particular they have uniformly

bounded divergences) and converge to B.
This leads to the proof of Theorem 41.

8 Differentiability and compactness of the flow in the W!? case

In this section we present some recent results, obtained in [48], relative to the approximate
differentiability and to the Lipschitz properties of regular Lagrangian flows associated to WP
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vector fields, with p > 1. The first results relative to the approximative differentiability of the
flow have been obtained in [15]. An important fact that we want to remark from the beginning
is that the approach of [15] and [48] is completely different from the one of [73] described in
the previous section: these two papers are not based on the theory of renormalized solutions,
but new kind of estimates are introduced. The general idea, which we are going to explain with
all the details in the following, is trying to find estimates for the spatial gradient of the flow in
terms of bounds on the derivative of the vector field.

We start by recalling some basic facts about the the theory of mazimal functions. These tools
will be used throughout all this section. We begin with the definition of the local maximal
function.

Definition 42 (Maximal function) Let u be a (vector-valued) measure with locally finite total
variation. For every X\ > 0, we define the (A-local) maximal function of v as

B
Miple) = W “ZiB, ()

When p = f£7, where f is a function in L. _(R%R™), we will use the notation Myf for Myu.

loc

reR?.

In the following we will use a lot of times the following two lemmas about maximal functions.
Their proof is classical and can be found for example in [87]. The first lemma shows that it is
possible to control the LP norm of a maximal function with the L? norm of the function itself,
in the case p > 1; however, this estimate is false in the case p = 1. The second lemma will be
used to estimate the difference quotiens of the vector field by means of the maximal function of
the spatial derivative of the vector field.

Lemma 43 The local mazimal function of p is finite for £%-a.e. x € R and, for every R > 0,
we have

Myf(y)dy < car + ca / F)log@ + 1)) dy YA> 0.

Br(0) Br+A(0)

For p > 1 we have

/ (Mxf(y))P dy < Cd,p/ |f(y)|? dy YA>0.
Br(0)

Br1(0)
Lemma 44 If u € BV (R% R™) then there exists an £%-negligible set N C R? such that
() = u(y)| < calz — y| (MxDu(z) + MxDu(y))

for x,y € R\ N with |x —y| < \.
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We also recall Chebyshev inequality for a measurable function f: Q ¢ R? — R:

1 7 £
s m st [ e TN g o
{lf1>t}
which immediately implies
2171 > ' < e (33)

t
In all this section we will make the following assumptions on the vector field b : [0, T] x RY — R¢:
(A) be L'([0,T); WhP(RY; RY)) for some p > 1;
(B) be L>([0,T] x R%;RY);
(C) [divab]~ € L'([0,T); L=(RY)).
We remark that condition (B) could be relaxed to

|b(t, )|
1+ |z

e L'([0, T} L' (R?)) + L*([0, T]; L®(R7)),

getting some slightly weaker results (due to the possible unboundedness of the velocity field),
but in this introductory presentation we prefer to avoid these technicalities and focus on the
case of a uniformly bounded vector field. We also notice that, under this assumption, the global
WP hypothesis is not essential: thanks to the finite speed of propagation, we could truncate our
vector field out of a ball, then getting the same results with just a I/Vlif hypothesis. However,
we prefer to assume this global condition, mainly in order to simplify typographically some
estimates. We refer to [48] for these more general hypotheses, the main modification being an
estimate of the superlevels of the flow.

We recall that in this context the results of Section 5 read as follow. For every vector field b
satisfying assumptions (A), (B) and (C) there exist a unique regular Lagrangian flow X, that
is a measurable map X : [0,7T] x R? — R? which satisfies the following two properties:

(i) for Z%a.e. x € R? the map t — X (¢, ) is an absolutely continuous solution of 4(t) =
b(t,~v(t)) with v(0) = = (the ODE if fulfilled in the integral sense or, equivalently, in the
a.e. sense);

(ii) there exists a constant C independent of ¢ such that X (¢,-)x %% < CZ? for every t €
[0,77.

For every vector field satisfying assumption (C), the quantity
T
C =exp </0 [[divab(t, )]~ || oo (ra) dt>

satisfies the inequality in the second property of the regular Lagrangian flow. However, we
remark the fact that all our estimates will depend on the compressibility constant L of X,
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i.e. the best constant C for which (ii) holds, rather than on the L!'(L>) norm of [div,b]~. This
is an important remark in the context of the compactness theorem (see Theorem 48): some
compactness results under bounds on the divergence were already available in [61], while one of
the merits of this new approach is this weaker requirement.

The starting point of the estimates given in [48] is already present in [15] (and, at least in a
formal way, in [61]): in a smooth context, we can control the time derivative % log (|[VX|) with
|[Vb|(X). The strategy of [15] allows to make this remark rigorous: it is possible to consider
some integral quantities which contain a discretization of the space gradient of the flow and
to prove some estimates along the flow. Then, the application of Egorov theorem allows the
passage from integral estimates to pointwise estimates on big sets, and from this it is possible to
recover Lipschitz regularity on big sets. However, the application of Egorov theorem implies a
loss of quantitative informations: this strategy does not allow a control of the Lipschitz constant
in terms of the size of the “neglected” set.

Starting from this results, the main point of [48] is a modification of the estimates in such a
way that quantitative informations are not lost. We define (for p > 1 and R > 0) the following
integral quantity:

p 1/p
Ay(R, X) := / sup  sup ][ log (|X(t’ 7) = Xy)l + 1) dy | dz . (39)
Br(0) \0<t<T 0<r<2R JB,(z) r

Heuristically, one can view | X (t,z)— X (t,y)|/r as a “discrete gradient” of the flow X. Then the
quantity A,(R, X) is constructed averaging this discrete gradient over balls of radius r, asking
some uniformity with respect to ¢ and r and finally integrating on a bounded set with respect
to the second variable. We are now going to give some quantitative estimates of the quantity
Ap(R, X) in the case when the map X is the regular Lagrangian flow associated to a vector field
b satisfying assumptions (A), (B) and (C). The estimate will depend only on the L!(LP) norm
of the derivative of b and on the compressibility constant L. In all the following computations
we will denote by ¢, .. 4, universal constants which depends only on the parameters q1,...,qp
and which can change from line to line. To simplify the notation we will also denote by LP and
L(LP) the global spaces LP(R?) and L!([0,T]; L?(R%)) respectively. Out of the smooth setting,
all the computations are easily justified by condition (i) in the definition of regular Lagrangian
flow; however, the reader could check the estimates in the smooth case, and then obtain the
general case simply by an approximation procedure (based on Theorem 29).

Proposition 45 Let b be a vector field satisfying assumptions (A), (B) and (C). Denote by X
its reqular Lagrangian flow and let L be the compressibility constant of the flow. Then we have

AP(R7X> < C (R7L7 HD$bHL1(LP)) .
Proof. For 0<t¢t<T,0<r<2R and x € Br(0) define

Qt,z,r) = ]{Br(x) log <|X(t’x) —X@l 1) dy .

r
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With some easy computations we get

dQ [ |dX ax
g < hinint _

|b(t, X (t,x)) — b(t, X (t,y))]
]{Br(ﬂﬁ) | X (t,z) — X (t,y)| +7 d (40)

()| (1X (t2) = X (ty)l +r) 7" dy

We now set R = 4R + 27T'||b||o. Since we clearly have | X (t,z) — X (t,y)| < R, applying Lemma
44 we can estimate
dq

Ltz < e ]{3 (VDb X (1,2)) + MDb(t, X 19)

| X (t, ) — X(t,y)| y
| X (t,z) — X (t,y)| +r

< caMyDb(t, X (t,2)) + cq ][ | MADH(X () dy.
Br(x

Integrating with respect to the time, we estimate

T T
sup Q(t,z,r) < c+ cd/ MpDb(t, X (t,x)) dt + cd/ MpgDb(t, X (t,y)) dydt . (41)

0<t<T 0 0 JB.(x)

Passing to the supremum for 0 < r < 2R we obtain
sup sup Q(t,z,7)
0<t<T 0<r<2R
T T
< c+ cd/ MpgDb(t, X (t,r))dt + Cd/ sup MpgDb(t, X (t,y)) dydt .
0 0 0<r<2R JB,(x)

Taking the LP norm over Br(0) we get

X(t,x)— X (¢t
AR, X) = sup  sup ][ log <‘ (t,) ¢ )| +1> dy
0<t<T 0<r<2R JB,(z) r LE(BRr(0))
T
< Guntea| [ MpDb(E X (8 0)de
0 LY (BR(0))
T
+cq / sup MRDb(tvx(tvy)) dydt
0 0<r<2R JB.(z) LE(Br(0))

Recalling Lemma 43 and the definition of the compressibility constant L, the first integral can
be estimated with

T T
ca / |MzDb(t, X (t,2))| dt < cgL'? / |MzDb(t, 2
0 0

L2(BR(0) ez Brrpon o) %

IN

Rt+RAT|b]l o0 (0)

T
capL'? /0 1Db(t,2) 12
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The second integral can be estimated in a similar way with

T
0

T
0

0<r<2R

— [ Mo [(M4zDY) o (1, X (2, )] (o)

LE(B3r(0))

T
<y /0 |[(MpDb) o (1, X (1, )] ()]

T
= cap /0 |(M7Db) o (t, X (t,2))|| 1o, -0y G

IN

T
g7 [ IMRDD0.2) 2251,y 01

3R+T|\bHoo+R(0))

T
< cqpL? / 1Db(t, )|
0

Then we obtain the desired estimate for A,(R, X).

sup ]{3 L1y e (X)) Wy

Lz (Br(0))

dt

dt

Lz (Br(0))

0

This estimate implies in an easy way a Lusin-type approximation of the flow with Lipschitz
maps. As we observed before the proof of the proposition, the main point is that the estimate
is now quantitative, and this will imply a precise control of the Lipschitz constant, in terms of
the measure of the set we are “neglecting” (this explicit control was one of the open problems
stated in [15]). This will be the key point in the proof of the compactness theorem.

Theorem 46 (Lipschitz estimates) Let b be a vector field satisfying assumptions (A), (B)
and (C) and denote by X its reqular Lagrangian flow. Then, for every e, R > 0, we can find a

set K C Br(0) such that
o LUBR0)\K) < ¢;

o for any 0 <t <T we have

Lip (X (t,")|x) < exp 1/

with Ap(R, X)) satisfying the estimate of Proposition 45.

CdAp(Ra X)

)

Proof. Fix e > 0 and R > 0. We apply Proposition 45 and equation (38) to obtain a constant

M = M(e,p, Ap(R. X)) = 57

and a set K C Bg(0) with Z4(Bg(0) \ K) < ¢ and

sup sup ][ log <‘X(ta l’) — X(t?y)‘ + 1> dy <M
By ()

0<t<T 0<r<2R r

41

Ay(R,X)

Ve e K.



This clearly means that

X(t,z) — X(t
][ 10g<| (t,2) (,y)|+1) dy<M  forevery z € K, te[0,T] and r €]0,2R].
By ()

r

Now fix z,y € K. Clearly |z —y| < 2R. Set r = |x — y| and compute

g (PR X0 ) [ (Xt =Xl )

r T
By (z)NBr(y) r r
By (z) r B (y) "
< cabt = W X)

This implies that

A X
| X (t,z) — X (t,y)| < exp <Cdp§i’)> |z — | for every z,y € K.
€

Therefore
CdAp(Rv X)

el/p

Lip(X(t,")|x) < exp
O

Recalling Theorem 39, the following corollary is an immediate consequence of the Lipschitz
estimates.

Corollary 47 (Approximate differentiability of the flow) Let b be a vector field satisfy-
ing assumptions (A), (B) and (C) and denote by X its reqular Lagrangian flow. Then X(t,-)
is approzimately differentiable £%-a.e. in R?, for every t € [0,T).

Now we are going to present some new compactness results. The strategy of the proof is quite
elementary: thanks to the Lipschitz estimates, the flows will be equi-continuous on large sets
and this, together with the equi-boundedness in L*°, will allow the use of Ascoli-Arzela theorem
“on big sets”. From this, the compactness in LllOC easily follows.

The following theorem gives a partial answer to a conjecture raised by Alberto Bressan in [34]:
in fact, Bressan’s conjecture is the L' version of the LP result that we are going to present.
Presently this conjecture is still unsolved.

Theorem 48 (Compactness of the flow) Let b, be a sequence of smooth vector fields. De-
note by X,, their reqular Lagrangian flows and let L,, be the compressibility constant of the flow
X .. Suppose that

e |b,| are equi-bounded in L>°([0,T] x RY),
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e |D,b,| are equi-bounded in L*(LP) for some p > 1,
o {Ly}y is a bounded sequence (in R).

Then the sequence { X}y is relatively compact in Li ([0, T] x R™).

Proof.  Fix R > 0 and notice that, since the vector fields {b,}, are uniformly bounded in
L*>, the flows { X}, are uniformly bounded in L*°([0,7] x Br(0)); denote by Cr a common
bound in L* for the flows. Applying Proposition 45 we obtain that the quantities A,(R, X,)
are uniformly bounded with respect to n. Now, fix j € N and apply Theorem 46 with e = 1/j
to obtain, for every n € N, a set K,, C Br(0) with £¢(Bg(0) \ K,) < 1/j such that

Lip(X,(t,*)|k,) is uniformly bounded w.r.t. n uniformly in ¢.

Since 4 X, (t,x) = by(t, X,(t, 7)), thanks to the equi-boundedness in L of the vector fields
we also get that
Lip(Xnljo,1xK,) is uniformly bounded w.r.t. n.

Now, by applying some classical results on the extension of Lipschitz maps, we can extend every
Xnljo,1xK, to amap X, ; defined on [0,7] x Bg(0) in such a way that

Lip(X oy jl0,71x Br(0)) < calip(Xnljo,mxk,) (42)

and .
1 X il oo (0,17x Br0)) < 11X nllLeo(0,77x Br(0)) - (43)

Applying Ascoli-Arzela theorem and a standard diagonal argument we can find a subsequence
(not relabeled) such that for each j the sequence {X, ;}, converges uniformly (and hence
strongly in L'([0, 7] x Bg(0))) to a map X -

Notice that

2

X nj = Xnllzr(o,1)x Br(0)) < Ede(Bp(O))CR-
Next, for any given € > 0 select j such that

2

~T2%Br(0))Cr < €/3,

J
and then N > 0 such that

||Xi,j — Xk,j”Ll([O,T]XBR(O)) < 6/3 for all i,k > N .

Hence for every i,k > N we get

1Xs = Xl qorxsroy < 1% = Xiglloqorxsao) + 1Xii = Xiilloqorxsro)
+| Xk — Xk,j||L1([0,T]xBR(0)) < €.

Hence {X,}, is a Cauchy sequence in L'([0,T] x Bg(0)). A second diagonal argument yields
a subsequence, not relabeled, which is a Cauchy sequence in L!([0, T] x B;(0)) for every I € N.
O
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Remark 49 (Existence of the regular Lagrangian flow) As a corollary we obtain a new
proof of the existence of a regular Lagrangian flow associated to a bounded vector field b sat-
isfying assumptions (A), (B) and (C). Indeed, approximating b by convolution with a positive
convolution kernel, we get a sequence which satisfies the assumptions of the previous theorem,
hence in the limit we get a flow associated to b, thanks to the compactness in the strong topology.
An analogous remark applies to Theorem 52.

With similar techniques it is also possible to show compactness in the W' case, under the
assumption that the maximal functions of the derivatives of the vector fields b,, are uniformly
bounded in L!'(L'). The strategy is slightly different, since we are not able to show Lipschitz
estimates under this weaker assumption (notice that the proof of Proposition 45 requires a
control of M[M Db]). We start defining an integral quantity similar to the previous one, but
without the supremum with respect to the radius r. For R > 0 and 0 < r < R/2 fixed we set

a(r,R,X) = / sup ][ log (|X(t’ ) = X(ty)l + 1) dydzx .
Bgr(0) 0<t<T JB,(z) r

We first give a quantitative estimate for the quantity a(r, R, X), similar to the previous one for
Ay(R, X).
y% Y

Proposition 50 Let b be a vector field satisfying the assumptions (A) and (C) and such that
M\Db e L' (L") for every A > 0.

Denote by X its reqular Lagrangian flow and let L be the compressibility constant of the flow.
Then we have

a(r,R,X) < C (R, L,|MzDgb| 11 (11)
where R = 3R/2 4 27T|b||so -

Proof.  We start as in the proof of Proposition 45, obtaining inequality (41) (but this time it is
sufficient to set R = 3R/2 4 2T'||b||~). Integrating with respect to x over Bgr(0), we obtain

CL(T, R,X) — / sup ][ log <|X(t, IL‘) - X(t, y)| + 1> dydl’
B By ()

r(0) 0<¢<T r

IN

T
cR + ca / / MDb(t, X (¢, 2)) didz
Br(0) Jo

T
+cq / / MgDb(t, X (t,y)) dydtdaz .
Bgr(0) J0O Byr(x)
As in the previous computations, the first integral can be estimated with

call | MEDW| s o .11 (.o (01)
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but this time we cannot bound the norm of the maximal function with the norm of the derivative.
To estimate the last integral we compute

T
y / / M:Db(t, X (1, y)) dydtdz
Br(0 B )

T
S / / MDb(t, X (t, 2 + 2)) dedtda
BR B'r )

< ¢ ][ / MgDb(t, X (t,x + z)) dzdtdz
7 BR(O
< ¢ ][ / / M »Db(t, w) dwdtdx
r( Bsr/2+Tblloo
= CdLHMRDbHLl (0THL! (o270 (0)))
This concludes the proof of the estimate for a(r, R, X). O

We recall the following classical criterion for strong compactness in LP, since it will be used in
the proof of the compactness theorem. For the proof of the lemma we refer for example to [35].

Lemma 51 (Riesz-Fréchet-Kolmogorov compactness criterion) Let.Z be a bounded sub-
set of LP(RY) for some 1 < p < co. Suppose that

Vllllm |f(-=h)— fllLr =0 uniformly in f € F.

. . . N
Then F is relatively compact in L}, (R™Y).

Theorem 52 Let b, be a sequence of smooth vector fields. Denote by X, their reqular La-
grangian flows and let L,, be the compressibility constant of the flow X,,. Suppose that

e |b,| are equi-bounded in L>=(]0,T] x RY),
e M\D,b, are equi-bounded in L'(L') for every A > 0,
e {L,}n is a bounded sequence (in R).

Then the sequence { X}y is relatively compact in Li ([0, T] x RY).

Proof. We apply Proposition 50 to obtain that, under the assumptions of the Theorem, the
quantities a(r, R, X ) are uniformly bounded with respect to n. Now observe that, for 0 < z < R
(with R = 3R/2 4 2T||b||« as in Proposition 50), thanks to the concavity of the logarithm we
have

R
I (z+1)>log<7"“>
& T o R =
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Since | X, (t,z) — X ,(t,y)| < R this implies that

/ sup f Xt ) — Xult,y)| dyde
Br(0) 0<t<T JB,(2)

R
log (§ + 1)

where the function g(r) does not depend on n and satisfies g(r) | 0 for » | 0. Changing the
integration order this implies

C (R, Ly, |MzDybyl| 11 11y) < g(r),

][ / X n(t,2) — Xt @ + 2)| dedz < g(r),
~(0) J Bgr(0)

uniformly with respect to ¢ and n.

Now notice the following elementary fact. There exists a dimensional constant ag > 0 with
the following property: if A C B1(0) is a measurable set with .Z4(B1(0) \ A) < ag, then
A+ A D Byy(0). Then fix ag as above and apply Chebyshev inequality for every n to obtain,
for every 0 < 7 < R/2, a measurable set K,, C B,(0) with Z%(B,(0) \ K,,) < aq.Z2%(B,(0))
and

/ | X n(t,z+2) — X (t,z)|de < 9r) for every z € K, .
Br(0) Qd

For such a set K, ,, thanks to the previous remark, we have that K, , + K, , D BT/Q(O). Now
let v € B,./5(0) be arbitrary. For every n we can write v = 21, + 22n With 215, 20, € Ky . We
can estimate the increment in the spatial directions as follows:

/ | Xn(t,z+v) — X, (t,z)| dx

Bpry2(0)

= / | Xtz + 210+ 220) — Xp(t, )| do
Br/2(0)

< / | X (t,z + Z1;n + ZQ,n) - Xy (t, o+ Zl,n)| + [ Xn(t,z + Zl,n) — Xn(t,z)| dz
Br2(0)

2
< [ Xaltt ) - Xaltaldyt [ Xt ) - Xl o)l de < 9(r).
Br(0) Br(0) Qd

Now notice that, by definition of regular Lagrangian flow, we have

dX
—"(t,z) = by(t, Xn(t,z)).

dt
Then we can estimate the increment in the time direction in the following way

X,
dt

h h
|Xn(t—|—h,x)—Xn(t,x)]§/ (t+ s,x) ds:/ |b, (t+ s, X (t+s,2))|ds < h||by||co -
0 0
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Combining these two informations, for (to,t1) CC [0,T], R > 0, v € B, /5(0) and h > 0 sufficently
small we can estimate

t1
// Xp(t+h,z+v) — X,(t,x)| dedt
to J/Bpra(0
t1
< // Xt 4 b4 0) — X (b4 )|+ | X (4 ) — Xon(t, )| dadt
to BR/2(0)
<

/ / th oo dxdt < T ( )+ JTR%h||b,|| .
to /Bpg/2(0

The thesis follows applying the Riesz-Fréchet-Kolmogorov compactness criterion, recalling that
b,, are uniformly bounded in L. ]

We conclude this section showing another result obtained in [48] with techniques which are very
similar to the ones described so far. It is a result of quantitative stability for regular Lagrangian
flows: it improves the stability result given in Theorem 29 in the sense that it gives a rate of
convergence of the flows in terms of convergence of the vector fields.

Theorem 53 (Quantitative stablllty) Let b and b be vector fields satisfying assumptions
(A), (B) and (C). Denote by X and X the respective reqular Lagrangian flows and let L and L
be the compressibility constants of the two flows. Then, for every time T € [0,T], we have

~ ~ -1
1X(7,) = X7, )l < C log (16 = Blliorwaion)| -

where R = 1 4 T||blloc and the constant C' only depends on T, r, ||bllcc, |blloes L, L, and
Dbl 11 (1p)-

Proof. Set § :=||b— 5||L1([07T}XBR(O)) and consider the function

g(t) = / o log (]X(t,x)gX(t,:v)] + 1) dz .

Clearly ¢g(0) = 0 and after some standard computations we get
dX (t,z) dX(t,z)

/
g(t) < / -
) Baoy| dt dt

/ |b(t,X(t,1:))—Nl;(t,X(t,x))]dx
B.(0) |X(tz)—X(t,z)[+0

(|X(t, z) — X (t,2)| + 5)71 dz

1
8 JB,(0)

b(t, X (t,z)) — b(t, X (t,z))]
+/BT(0) X(o) - X(o)+s

IN

Ib(t, X (t,x)) — b(t, X (t,z))| dx

(44)
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We set R = 2r 4+ T(||b|loc + ||blloc) and we apply Lemma 44 to estimate the last integral as
follows:

b(t, X (t,x)) — b(t, X (t,z))| ) ~ .
/r(o) X(to)— X(ta) +o 0= BT(O)MRDb(taX(t,x))+MRDb(t,X(t, ) dz .

Inserting this estimate in (44), setting 7 = r 4+ T max{||b|so, ||b||oc }, changing variables in the
integrals and using Lemma 43 we get

L - -
Jgit) < = / b(t,y) — b(t,y)|dy + (L + L) MpDb(t,y) dy
B0 (O) B5#(0)
I: 7 ~n—n T
< L / b(t,y) — b(t, )| dy + a7 (L + L) | MpDb(t, )| 1
B, 700 (0)
I~/ T ~n—n T
<5/ bt 5) = Blt, ) dy + cap™ " (L + L) ID(L 2
Briris)oe (©)

For any 7 € [0, T], integrating the last inequality between 0 and T we get

_ X (r,2) - X(r,2)|
g(t) = /r(o) 10g< 5 —|—1) dr < Oy, (45)

where the constant Cy depends on T, 7, ||bl/so; ||blloo, L, L, and [ Dbl 11 (zp)-
Next we fix a second parameter 17 > 0 to be chosen later. Using Chebyshev inequality we find a
measurable set K C B,.(0) such that .Z2%(B,(0) \ K) < n and

log (|X<n 2) - X(n.2)

+1>§Cl forz € K.
n

Therefore we can estimate

IN

1 (1% Mzoe(z, o) + 1K (7, lzmis,0 / X(r.2) ~ X (r.2)] da
< 102+ cqrd (exp(Cr/n)) < 03(77+5€XP(C'1/77 (46)

with Oy, Cy and C3 which depend only on T, 7, ||b||o, ||b]leo, L, L, and | Dbl £1(zpy- Without
loss of generality we can assume § < 1. Setting n = 2C1|logé|~! = 201(—1logd)~!, we have
exp(C1/n) = 6~/2. Thus we conclude

[ X~ X(ra)lde < Gy (201 0gd] " +517) < Clloga L, (an)
B;-(0)

where C' depends only on T, 7, ||b|so, ||bllss, L, L, and | Dzb| 11 (zpy. This completes the proof.
U
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Remark 54 (Uniqueness of the regular Lagrangian flow) We observe that the previous
theorem also gives a new proof of the uniqueness of the regular Lagrangian flow associated to a
vector field b which satisfies assumptions (A), (B) and (C).

9 Bibliographical notes and open problems

Section 3. The material contained in this section is classical. Good references are [64], Chapter
8 of [14], [27] and [61]. For the proof of the area formula, see for instance [13], [67], [68]. The
proof of the second local variant, under the stronger assumption fOT fRd |by| dpedt < o0, is given
in Proposition 8.1.8 of [14]. The same proof works under the weaker assumption (6).

Section 4. Many ideas of this section, and in particular the idea of looking at measures in the
space of continuous maps to characterize the flow and prove its stability, are borrowed from [6],
dealing with BV vector fields. Later on, the arguments have been put in a more general form,
independent of the specific class of vector fields under consideration, in [7]. Here we present the
same version of [8].

The idea of a probabilistic representation is of course classical, and appears in many contexts
(particularly for equations of diffusion type); to our knowledge the first reference in the context
of conservation laws and fluid mechanics is [30], where a similar approach is proposed for building
generalized geodesics in the space G of measure-preserving diffeomorphisms; this is related to
Arnold’s interpretation of the incompressible Euler equation as a geodesic in G (see also [31],
[32], [33]): in this case the compact (but neither metrizable, nor separable) space X7 with
X C R? compact, has been considered.

This approach is by now a familiar one also in optimal transport theory, where transport maps
and transference plans can be thought in a natural way as measures in the space of minimizing
geodesics [85], and in the so called irrigation problems, a nice variant of the optimal transport
problem [23]. See also [20] for a similar approach within Mather’s theory. The lecture notes [94]
(see also the Appendix of [78]) contain, among several other things, a comprehensive treatment
of the topic of measures in the space of action-minimizing curves, including at the same time
the optimal transport and the dynamical systems case (this unified treatment was inspired by
[22]). Another related reference is [58].

The superposition principle is proved, under the weaker assumption fOT fRd |b¢|P dpdt < +o00 for
some p > 1, in Theorem 8.2.1 of [14], see also [79] for the extension to the case p =1 and to the
non-homogeneous continuity equation. Very closely related results, relative to the representation
of a vector field as the superposition of “elementary” vector fields associated to curves, appear
in [86], [20].

Section 5. The definition of renormalized solution and the strong convergence of commutators
are entirely borrowed from [61]. See also [62] for the relevance of this concept in connection
with the existence theory for Boltzmann equation. The proof of the comparison principle as-
suming only an L'(L{ ) bound (instead of an L'(L) one, as in [61], [6]) on the divergence was
suggested to us by G.Savaré. See also [40] for a proof, using radial convolution kernels, of the
renormalization property for vector fields satisfying D;b’ + Djbi e Ll

loc*
No general existence result for Sobolev (or even BV') vector fields seems to be known in the
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infinite-dimensional case: the only reference we are aware of is [24], dealing with vector-fields
having an exponentially integrable derivative, extending previous results in [49], [50], [51]. Also
the investigation of non-Euclidean geometries, e.g. Carnot groups and horizontal vector fields,
could provide interesting results.

Finally, notice that the theory has a natural invariance, namely if X is a flow relative to b,
then X is a flow relative to b whenever {b # b} is £ +%-negligible in (0,T) x R?. So a natural
question is whether the uniqueness “in the selection sense” might be enforced by choosing a
canonical representative b in the equivalence class of b: in other words we may think that, for
a suitable choice of b, the ODE #(t) = by(v(t)) has a unique absolutely continuous solution
starting from x for Z%a.e. .

Concerning the case of BV vector fields, the main idea of the proof of Theorem 33, i.e. the
adaptation of the convolution kernel to the local behaviour of the vector field, has been used at
various level of generality in [25], [77], [45] (see also [41], [42] for related results independent of
this technique), until the general result obtained in [6].

The optimal regularity condition on b ensuring the renormalization property, and therefore the
validity of the comparison principle in %}, is still not known. New results, both in the Sobolev
and in the BV framework, are presented in [10], [73], [74].

In [12] we investigate in particular the possibility to prove the renormalization property for
nearly incompressible BV, N L™ fields b: they are defined by the property that there exists a
positive function p, with In p € L, such that the space-time field (p, pb) is divergence free. As
in the case of the Keyfitz-Kranzer system, the existence a function p with this property seems
to be a natural replacement of the condition D, - b € L*> (and is actually implied by it); as
explained in [9], a proof of the renormalization property in this context would lead to a proof
of a conjecture, due to Bressan, on the compactness of flows associated to a sequence of vector
fields bounded in BV} ,.

Section 6. The material of this section is entirely taken from [17]. See Chapter 3 of [68]
for a deep study of approximate differentiability and calculus with the class of approximately
differentiable maps.

Section 7. Here we have presented the main result in [73].

Section 8. The first progress in the direction of proving approximate differentiability of the
flow X (¢,z) with respect to x has been achieved in [15]. Later on, these results have been
substantially improved in [47], and for this reason we have chosen to present only the latter
results and proofs in this section.
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