CVGMT Preprint Server - http://cvgmt.sns.it/papers/ambfuspal96/

Higher regularity of solutions of free discontinuity problems

Luigi Ambrosio

Dipartimento di Matematica “F. Casorati”, Via Abbiategrasso 205 27100 Pavia, Italy

Nicola Fusco

Dipartimento di Matematica “U. Dini”, Viale Morgagni 67/A 50134 Firenze, Italy

Diego Pallara

Dip. di Matematica Università di Lecce C.P. 193, 73100 Lecce, Italy

March 31, 1996

Abstract

In this paper we continue the analysis, started in [6], [7] of the regularity of solutions of free discontinuity problems. We choose as a model problem the minimization of the Mumford-Shah functional. Assuming that in some region the optimal discontinuity set Γ is the graph of a C^{1,ρ} function, we look for conditions ensuring the higher regularity of Γ. Our results are optimal in the two dimensional case.

As an application, we prove that in the case of the Mumford-Shah functional and in similar problems the Lavrentiev phenomenon does not occur.

Contents

1 Introduction 2 2 Regularity of Neumann problems in C^{1,ρ} domains 3 3 Regularity of solutions of the mean curvature equation 11 4 Higher regularity of the discontinuity set 14 5 Density of functions with regular jump set 17

1 Introduction

Free discontinuity problems are variational problems where the functional to be minimized depends on a pair (u, K), where K is a hypersurface, or more generally a closed set, and u is usually smooth outside K. The model problem is the Mumford-Shah functional, proposed in [26] as a variational model of image segmentation: F (u, K) = ∫ Ω\K [|∇u|^2 + α|u − g|^2] dx + βH^{n−1}(Ω ∩ K); (1.1)

here, Ω ⊂ R^n is an open set, α, β > 0, g ∈ L^∞(Ω) ∩ L^2(Ω) and H^{n−1} is the (n − 1)-dimensional Hausdorff measure. We refer to [26], [25] for a comprehensive discussion of this model.

The existence of a minimizing pair (u, K), with K closed and u ∈ C^1(Ω\ K), has been proved by De Giorgi, Carriero and Leaci in [20] (see also [16]) using the theory of SBV functions introduced in [19]. But, while the smoothness of the function u in Ω \ K can be easily investigated using classical arguments based on first variation and elliptic equations techniques, as regards the regularity of K the existence theory ensures only that K is rectifiable – a very mild regularity property.

Recently, we faced the problem of the partial regularity of the discontinuity set K: our main results are presented in [6], [7] (see also [8] for a brief survey) and are based on a double blow-up technique, suitable to exploit the interaction between the volume term and the surface term in functionals like F in (1.1). Our results, which hold for a class of free discontinuity problems including the Mumford-Shah functional, can be briefly summarized by stating that if (u, K) is a minimizing pair then K is locally a C^{1,ρ} hypersurface up to a H^{n−1} negligible singular set S. Some other results, valid only for the Mumford-Shah functional in two space dimensions, have been obtained with different methods in [17], [11].

The aim of this paper is to improve the regularity results on the discontinuity set K: in particular, we focus our attention on the Mumford-Shah functional and show the following result, which is an immediate consequence of Theorem 4.1:

Theorem 1.1 Let (u, K) be a minimizer of (1.1); then, up to a H^{n−1}- negligible singular set S, the minimizing set K is (locally) the graph of a C^{1,1} function if the space dimension is 2, and of a H^2 function ϕ with gradient in C^{0,ρ} for any ρ < 1 if n > 2.

Moreover (see Theorem 4.2), if the datum g is assumed to belong to C^{k,ρ} with k ≥ 1 and ρ ∈ (0, 1], then (for any n ≥ 2) ϕ ∈ C^{k+2,s} for some s ∈ (0, 1]. The basic idea can be explained as follows: given a minimizing pair (u, K), by the first variation formula, see [14], [26], it is known that the function u solves the equation Δu = u − g in Ω \ K with homogeneous Neumann boundary conditions on K, and moreover, under regularity assumptions, the mean curvature of K equals the jump of |∇u|^2 across it. It follows that ϕ is a weak solution of a mean curvature equation, and this can be exploited to get further regularity. The first step is the proof of the regularity of ∇u up to (both sides of) K: this amounts to prove a boundary regularity result for elliptic problems in C^{1,ρ} domains which seems to be interesting by itself. This is achieved in §2, proving that ∇u has Hölder continuous traces on both sides of K. In §3 we prove a regularity result for weak solutions of mean curvature equations which will be used in §4 to prove the announced regularity theorem on the discontinuity set K. Finally, extending to any dimension the results of [21], in §5 we use our regularity results to prove that in Mumford-Shah problem (and even in more general situations, see Remark 5.5 below) the so called Lavrentiev phenomenon does not occur, i.e. the minimum of F among all the pairs (u, K) with K closed and u ∈ C^1(Ω \ K) agrees with the infimum of F among all the pairs (u, K) with K piecewise smooth and u ∈ C^∞(Ω \ K). This will easily follow by a general approximation result concerning SBV functions.

Finally, we remark that all the results of this paper are independent of [6], [7], and of the existence of minimizers; we simply assume that a minimizing pair (u, K) exists and that, in some region A, K is the graph of a C^{1,ρ} function. It has been proved in [6], [7] that H^{n−1} -all points of a minimizer K have a neighbourhood A where this property holds. This paper, except for the last section, is independent also of the theory of SBV functions, whose main properties will be recalled at the beginning of the last section.

2 Regularity of Neumann problems in C^{1;æ} domains

Let us recall the definition of the Morrey and Campanato spaces in a regular domain Ω ⊂ R^n. For more information we refer to [22]. The space L^{2,λ}(Ω), with 0 ≤ λ ≤ n, is the Morrey space of the L^2(Ω) functions u satisfying sup x∈Ω, ϱ>0 ϱ^{−λ} ∫ Bϱ(x)∩Ω |u|^2 dy < +∞; for 0 ≤ λ ≤ n + 2, L^{2,λ}(Ω) denotes the Campanato space of the L^2(Ω) functions satisfying sup x∈Ω, ϱ>0 ϱ^{−λ} ∫ Bϱ(x)∩Ω |u − u_{x,ϱ}|^2 dy < +∞, where u_{x,ϱ} is the mean value of u in B_ϱ(x) ∩ Ω. Finally, notice that for λ > n, L^{2,λ}(Ω) is isomorphic to C^{0,γ}(Ω) for γ = (λ − n)/2.

Let u ∈ H^1(Ω) be satisfying, in the distribution sense

− Δu = f in Ω, ∂u ∂n = 0 on Γ

(2.1)

where Γ ⊂ ∂Ω is a C^{1,ρ} hypersurface, relatively open in ∂Ω and f ∈ L^∞(Ω).

In this section we investigate on the regularity of ∇u near Γ. In the two dimensional case the regularity of ∇u can be easily achieved using conformal mappings and Shwartz’s reflection principle:

Theorem 2.1 Assume n = 2. Then ∇u has an extension to Ω ∪ Γ which is locally C^{0,s} for any s < ρ.

Proof. It is not restrictive to assume ρ < 1. For any x_0 ∈ Γ and for ϱ > 0 sufficiently small there is a C^{1,ρ} conformal mapping Φ between B_ϱ(x_0) ∩ Ω and a half ball B^+ such that B_ϱ(x_0) ∩ ∂Ω = B_ϱ(x_0) ∩ Γ is mapped onto the flat part H of ∂B^+. Setting

v(y) = u(Φ^{−1}(y)), g(y) = f(Φ^{−1}(y))|detJΦ^{−1}(y)|

the function v solves Δv = g in B^+ with homogeneous Neumann boundary conditions on H. By the boundary regularity of conformal mappings between C^{1,ρ} domains (see for instance [27], Theorem 3.6) g is bounded near H. By an easy reflection argument the functions v and g can be extended to the whole ball B in such a way that Δv = g in B. In particular, v ∈ C^{1,s}_{loc}(B) for any s < 1. Since u = v ∘ Φ, again the C^{1,ρ} regularity of Φ implies our statement.

In higher dimensions, we still use a change of domain and a reflection argument. However, the change of variables changes the equation hence the proof is much more technical and our result is not sharp as in dimension 2.

Theorem 2.2 Under the assumptions above, the function ∇u has a locally Hölder continuous extension to Ω ∪ Γ.

Equations (2.1) are equivalent to ∫ Ω ⟨∇u(x), ∇φ(x)⟩ dx = ∫ Ω f(x)φ(x) dx (2.2)

for any φ ∈ C^1_0 (R^n) with φ = 0 on ∂Ω\Γ. We know that for any x_0 ∈ Γ there is a C^{1,ρ} diffeomorphism Φ of a neighbourhood U of x_0 and the unit cube Q mapping U ∩ Ω into Q^+ = Q ∩ {x_n > 0} and U ∩ ∂Ω into H = Q ∩ {x_n = 0}. Then, assuming that U is sufficiently small to have the inclusion U ∩∂Ω ⊂ Γ, condition (2.2) implies ∫ Q^+ A_{ij} ∂v ∂y_i ∂ϕ ∂y_j dy = ∫ Q^+ g(y)ϕ(y) dy (2.3)

for any ϕ ∈ C^1_0 (R^n) with ϕ = 0 on ∂Q^+ \ H, and with v(y) = u(Φ^{−1}(y)), g(y) = f(Φ^{−1}(y))|det JΦ^{−1}(y)| and A_{ij}(y) = n∑ k=1 ∂Φ^i ∂x_k (Φ^{−1}(y)) ∂Φ^j ∂x_k (Φ^{−1}(y))|det JΦ^{−1}(y)|.

(2.4)

The fuctions A_{ij} are Hölder continuous and g is bounded. Moreover, choosing U sufficiently small and Φ sufficiently close in C^1 norm to a rotation we can assume that the matrix A is uniformly elliptic, i.e., A_{ij}(y)ξ_iξ_j ≥ θ|ξ|^2 ∀ξ ∈ R^n, ∀y ∈ Q (2.5)

for some constant θ > 0. Then, since x_0 ∈ Γ is arbitrary, Theorem 2.2 is a straightforward consequence of the following result:

Theorem 2.3 Let v ∈ H^1(Q^+) be satisfying (2.3) with the matrix A ρ- Hölder continuous, uniformly elliptic in Q^+ and g ∈ L^∞(Q^+). Then, ∇v has a locally Hölder continuous extension to Q^+ ∪ H.

The proof of Theorem 2.3 will be achieved by a reflection argument. For any x = (x^′, x_n) ∈ Q^− we define v(x) = v(x^′, −x_n), g(x) = g(x^′, −x_n) and

A_{ij}(x^′, x_n) =

A_{ij} (x^′, −x_n) if either 1 ≤ i, j < n or i = j = n;

−A_{ij} (x^′, −x_n) otherwise.

In this way the coefficients A_{in}(x), A_{ni}(x) are (for i < n) odd with respect to x_n, while v, g and all the other coefficients are even with respect to the same variable. We point out that

(a) A ∈ C^{0,ρ}(Q^+) ∩ C^{0,ρ}(Q^−); (b) A is uniformly elliptic.

This extension of v, g and A to Q is motivated by the equation ∫ Q A_{ij} ∂v ∂y_i ∂ϕ ∂y_j dy = ∫ Ω g(y)ϕ(y) dy ∀ϕ ∈ C^1_0 (Q) (2.6)

that immediately follows by (2.3). Then, Theorem 2.3 is a direct consequence of the following interior regularity result:

Theorem 2.4 Let v ∈ H^1(Q) be satisfying (2.6) and assume that A fulfils (a), (b). Let D_τ v = (∇_1v, . . ., ∇_{n−1}v), Dcv = n∑ i=1 A_{in}∇_iv. Then, D_τ v and Dcv are locally Hölder continuous in Q.

Proof. In the following, c stands for a generic (computable) constant depending only on n, ρ, the ellipticity constant θ, the Hölder norm of A in Q^+ and in Q^− and the L^∞ norm of g in Q.

Let B_R(x_0) be a ball contained in Q. We denote by A^+ and A^− the averages of A on B_R(x_0)∩Q^+ and B_R(x_0)∩Q^− respectively, for x ∈ B_R(x_0) we set Ā(x) = { A^+ if x_n > 0; A^− if x_n < 0 and we denote by w ∈ H^1(B_R) the solution of the problem

− div(Ā(x − x_0)∇w(x)) = 0, w(x) = v(x + x_0) on ∂B_R.

(2.7)

The Hölder continuity of A implies

|A(x) − Ā(x)| ≤ cR^ρ ∀x ∈ B_R(x_0). (2.8) Setting

D̄cw(x) =^n ∑ i=1 Ā_{in}(x)∇_iw(x) the plan of the proof is the following: in the first step we estimate D_τ w; in the second step we estimate D̄cw; in the last ones we get a L^{2,λ} estimate on ∇v and eventually L^{2,μ} estimates which lead to the Hölder continuity of D_τ w and Dcw.

Step 1. Using the fact that Ā is constant in the tangencial directions, a standard application of Nirenberg’s difference quotient method gives that D_τ w ∈ H^1_{loc}(B_R) and the Caccioppoli estimate ∫ Bϱ |∇(D_τw)|^2 dx ≤ cϱ^{−2} ∫ B_{2ϱ} |D_τ w − (D_τ w)_{2ϱ}|^2 dx

(2.9)

for 0 < ϱ ≤ R/2, where as usual (h)_ϱ denotes the average of the function h in B_ϱ. Moreover, D_τ w satisfies ∫ B_R Ā_{ij} ∂D^τ w ∂x_i ∂ϕ ∂x_j dx = 0 ∀ϕ ∈ C^1_0 (B_R).

The regularity theory for solutions u of elliptic equations with measurable coefficients (see for instance [22], page 80 and page 82) yields the estimates

ϱ^n max_{Bϱ} |u|^2 ≤ c ∫ B_{2ϱ} |u^2(x)| dx 0 < ϱ ≤ R/2 ∫ Bϱ |∇u|^2 dx ≤ c ( ϱ R )n_{−2+2}γ R^{−2} ∫ B_R |u − (u)_R|^2 dx 0 < ϱ ≤ R. Applying these estimates to u = D_τ w we infer

ϱ^n sup_{Bϱ} |D_τ w|^2 ≤ c ∫ B_{2ϱ} |D_τ w|^2 dx 0 < ϱ ≤ R/2 (2.10) ∫ Bϱ |D_τ w − (D_τ w)_ϱ|^2 dx ≤ c ( ϱ R )n_{+2}γ ∫ B_R |D_τ w − (D_τ w)_R|^2 dx 0 < ϱ ≤ R (2.11) for some γ > 0 depending only on n, the ellipticity constant θ and the L^∞ norm of A.

Step 2. Since D_τ (D̄cw) = D̄c(D_τ w), we have that D̄cw has tangencial distributional derivatives in L^2_{loc}(B_R). To estimate the normal derivative of D̄cw we use equation (2.7). Indeed, the equality

∇_n(D̄cw) = − n−1∑ i=1 n∑ j=1 Ā_{ij}∇^2_{ij}w implies that also ∇_n(D̄cw) belongs to L^2_{loc}(B_R). Moreover, we have the estimate |∇(D̄cw)| ≤ c|∇(D_τw)|. (2.12) Using Poincaré inequality, (2.12) and (2.9) we get ∫ Bϱ |D̄cw − (D̄cw)_ϱ|^2 dx ≤ cϱ^2 ∫ Bϱ |∇(D̄cw)|^2 dx ≤ cϱ^2 ∫ Bϱ |∇(D_τw)|^2 dx ≤ c ∫ B_{2ϱ} |D_τw − (D_τ w)_{2ϱ}|^2 dx, hence (2.11) yields ∫ Bϱ |D̄cw − (D̄cw)_ϱ|^2 dx ≤ c ( ϱ R )n_{+2}γ ∫ B_R |D_τ w − (D_τ w)_R|^2 dx. (2.13) The same estimates are valid in balls not centered at the origin, hence the isomorphism between the Campanato space L^{2,n+2γ} and C^{0,γ} yields ‖D̄cw‖_C0,γ_{(BR/2)} ≤ cR^{−n−2γ} ∫ B_R |∇w|^2 dx. Since the integral of D̄cw on B_{R/2} can be estimated with the integral of ∇w on B_{R/2} we infer R^n sup_B R/2 |D̄cw|^2 ≤ c ∫ B_R |∇w|^2 dx. (2.14)

Step 3. Let v̂(x) = w(x − x_0). By (2.6) and (2.7) we infer ∫ B_R(x_0) Ā_{ij}(x) ( ∂v ∂x_i − ∂v̂ ∂x_i ) ∂ϕ ∂x_j dx = ∫ B_R(x_0) [¯ A_{ij}(x) − A_{ij} (x) ] ∂v ∂x_i ∂ϕ ∂x_j dx + ∫ B_R(x_0) g(x)ϕ(x) dx for any ϕ ∈ H^1_0 (B_R(x_0)). Choosing ϕ = v − v̂, the ellipticity of Ā, (2.8) and Poincaré inequality yield ∫ B_R(x_0) |∇v − ∇v̂|^2 dx ≤ cR^{2ρ} ∫ B_R(x_0) |∇v|^2 dx + cR^{n+2}. (2.15)

To estimate the Dirichlet integral we notice that (we use (2.10), (2.14) and (2.15)) for 0 < ϱ ≤ R/2 we have ∫ Bϱ(x_0) |∇v|^2 dx ≤ 2 ∫ Bϱ(x_0) |∇v̂|^2 dx + 2 ∫ Bϱ(x_0) |∇v − ∇v̂|^2 dx ≤ cϱ^n sup_B R/2(x0) |∇v̂|^2 + cR^{2ρ} ∫ B_R(x_0) |∇v|^2 dx + cR^{n+2} ≤ c ( ϱ R )n ∫ B_R(x_0) |∇v̂|^2 dx + cR^{2ρ} ∫ B_R(x_0) |∇v|^2 dx + cR^{n+2} ≤ c ( ϱ R )n ∫ B_R(x_0) |∇v|^2 dx + cR^{2ρ} ∫ B_R(x_0) |∇v|^2 dx + cR^{n+2} hence, by applying Lemma 2.5 below, with α = n, β < n, to f(ϱ) = ∫ Bϱ(x_0) |∇v|^2 dx we infer |∇v| ∈ L^{2,λ}_{loc} (Q) ∀λ < n. (2.16)

In the following we will use (2.16) with λ sufficiently close to n, such that n − λ < ρ.

Step 4. Let Q^′ be a cube strictly contained in Q and assume that 2R < δ, δ being the distance of Q^′ from ∂Q. For x_0 ∈ Q^′, 0 < ϱ ≤ R and d ∈ R, using (2.8), (2.15), (2.16) we have ∫ Bϱ(x_0) |Dcv − d|^2 dx ≤ 2 ∫ Bϱ(x_0) |D̄cv − d|^2 dx + cϱ^{2ρ} ∫ Bϱ(x_0) |∇v|^2 dx ≤ c ∫ Bϱ |D̄cw − d|^2 dx + cR^{n+ρ}. Using d = (D̄cw)_ϱ in the inequality above and also (2.13) we get ∫ Bϱ(x_0) |Dcv − (Dcv)_{x0,ϱ}|^2 dx ≤ c ( ϱ R )n_{+2}γ ∫ B_R(x_0) |D_τv − (D_τ v)_{x0,R}|^2 dx + cR^{n+ρ}. (2.17)

By a similar argument, based on (2.11), we get ∫ Bϱ(x_0) |D_τ v − (D_τ v)_{x0,ϱ}|^2 dx ≤ c ( ϱ R )n_{+2}γ ∫ B_R(x_0) |D_τv − (D_τ v)_{x0,R}|^2 dx + cR^{n+ρ}. (2.18)

Inequalities (2.17), (2.18) together with Lemma 2.5, where we take α=n+2γ, β < min{n + ρ, α} imply that Dcv and D_τ v belong to the Campanato space L^{2,n+σ}(Q^′), with any σ < min{ρ, 2γ}, hence they are Hölder continuous in Q^′.

Lemma 2.5 Let f : (0, R_0] → [0, +∞) be a nondecreasing function and assume that

f(ϱ) ≤ A [( ϱ R )α + R^ρ ] f(R) + BR^β 0 < ϱ ≤ R/2 < R ≤ R_0 for some constants A, B ≥ 0 < β < α, ρ > 0. Then, the supremum of f(ϱ)/ϱ^β in (0, R_0] is bounded by a constant depending only on A, B, α, β, ρ, R_0 and f(R_0).

Proof. Let us fix β < γ < α and 0 < τ ≤ 1/2 such that 2Aτ^α ≤ τ^γ. If we choose R_1 ≤ R_0 such that R^ρ_1 ≤ τ^α from the assumption we get for any i = 1, 2, . . . f(τ^{i+1}R_1) ≤ τ^γf(τ^iR_1) + Bτ^{iβ} R^β_1 .

Therefore, iterating this estimate, we obtain for any positive integer k

f(τ^{k+1}R_1) ≤ τ^{γk}f(τR_1) + Bτ^{kβ} R^β_1 k−1∑ i=1 τ^{i(γ−β)} ≤ cτ^{kβ} [f(R_1) + BR_1] .

If ϱ ≤ R_1/2, choosing k such that τ^{k+1}R_1 < ϱ ≤ τ^kR_1, we then get f(ϱ) ϱ^β ≤ c [ f(R_1) R^β_1 + B ] ≤ c [f(R_0) + B]

and from this inequality the result immediately follows.

3 Regularity of solutions of the mean curvature equation

In this section we prove an interior regularity result for solutions ϕ ∈ C^1(D) of the prescribed mean curvature equation

− div ( ∇ϕ √ 1 + |∇ϕ|^2 ) = H in D. (3.1)

Here D ⊂ R^m is an open set; coupling the results of this section (with m = (n − 1)) with the results of the previous one, the higher regularity of the discontinuity set will be achieved in the forthcoming section.

Our result is the following:

Theorem 3.1 Assume that (3.1) holds with H ∈ L^∞(D) and ϕ ∈ C^1(D). Then, ϕ ∈ C^{1,1}_{loc} (D) if m = 1 and ϕ ∈ H^2_{loc}(D), ∇ϕ ∈ C^{0,ρ}_{loc} (D; R^m) for any ρ < 1 if if m > 1.

Proof. In the case m = 1, the equation trivially implies that ϕ^′/ √ 1 + |ϕ^′|^2 is locally Lipschitz continuous in D, hence ϕ is locally C^{1,1} in D. In the case m > 1, we notice that ϕ satisfies an equation of the form

− div(F (∇ϕ)) = H ∈ L^∞(D)

(3.2) with F (z) = z/(1 + |z|^2). Being F the gradient of √ 1 + |z|^2, F is locally strictly monotone. Then, the H^2 regularity of ϕ follows by Poposition 3.2 below; the Hölder continuity of ∇ϕ follows by writing the equation in non divergence form_m ∑ i, j=1 A_{ij}(x) ∂^2ϕ ∂x_i∂x_j (x) = −H(x) with A_{ij}(x) = δ_{ij} − ν_i(x)ν_j(x) (1 + |∇ϕ(x)|^2)^{1/2}

, ν_i(x) = ∂ϕ ∂x_i (x) (1 + |∇ϕ(x)|^2)^{1/2}

and applying the regularity theory for equations in non-divergence form with continuous coefficients (see for instance [23], Theorem 9.15).

Proposition 3.2 Let ϕ ∈ C^1(D) be a solution, in the distribution sense, of equation (3.2), where F ∈ C^1(R^m) is a locally strictly monotone function, i.e., for any compact set K ⊂ R^m we have (F (z) − F (z^′), z − z^′) ≥ c_K|z − z^′|^2 ∀z, z^′ ∈ K (3.3)

for a suitable constant c_K > 0. Then, ϕ ∈ H^2_{loc}(D).

Proof. Possibly reducing D we can assume that the gradient of ϕ is bounded by a constant M on D. We also assume, to simplify some integral estimates, that D is a ball of radius less than 1. We denote by c the constant in (3.3) corresponding to the compact set K = B_M (0) and by L the Lipschitz constant of F on K.

Given an integer s in [1, m], let Δ_hv(x) = [v(x + he_s) − v(x)]/h be the difference quotient of a generic function v in the direction e_s. We will use the following inequality ∫ R^{m ψ2(x)|Δ−hv(x)| dx ≤} ∫ R^{m χh(x)|∇sv(x)| dx} (3.4)

with χ_h(x) =

∫_1 0 ψ^2(x + the_s) dt, which is true provided ψ is continuous with compact support, and v is C^1 in the h-neigbourhood of the support of ψ. The proof is standard, being based on the integration of

Δ_{−h}v(x) =

∫_1 0 ∇_sv(x − the_s) dt and Fubini’s theorem, so we omit it.

Let η ∈ C^1_0 (D); applying (3.2) (for h sufficiently small, depending on the support of η) with test functions η(x) and η(x − he_s) and subtracting both sides we get 1 h ∫ D [F_i(∇ϕ(x + he_s)) − F_i(∇ϕ(x))]∇_iη(x) dx = − ∫ D H(x)Δ_{−h}η(x) dx. (3.5)

Now we choose ψ ∈ C^1_0 (D) such that 0 ≤ ψ ≤ 1 and apply (3.5) with η = ψ^2Δ_hϕ; the integral containing H is equal to ∫ D HΔ_{−h}ψ^2Δ_{−h}ϕ dx + ∫ D Hψ^2Δ_{−h}Δ_hϕ dx and can be estimated from above, using (3.4) with v = Δ_hϕ, by ‖H‖_∞[2M‖∇ψ‖_∞ + ∫ D χ_h|Δ_h∇_sϕ| dx]. Adding and subtracting ψ^2, and using ‖χ_h − ψ^2‖_∞ ≤ 2h‖∇ψ‖_∞, this term can be estimated from below by ‖H‖_∞[6M‖∇ψ‖_∞ + ∫ D ψ^2|Δ_h∇_sϕ| dx]. Now we estimate from below the first term in (3.5). Since ∇η = ∇ψ^2Δ_hϕ + ψ^2Δ_h∇ϕ, using (3.3) we obtain the estimate c ∫ D ψ^2|Δ_h∇ϕ|^2 dx − 2LM‖∇ψ‖_∞ ∫ D ψ|Δ_h∇ϕ| dx. Taking into account these estimates, we obtain that ∫ D ψ^2|Δ_h∇ϕ|^2 dx is bounded as h → 0. Hence, ∇_sϕ ∈ H^1 in the interior of the support of ψ. Since ψ is arbitrary, the statement follows.

4 Higher regularity of the discontinuity set

Let A ⊂ R^n be an open set, g ∈ L^∞(A), and let (u, Γ) be an admissible pair for the Mumford-Shah functional F , minimizing F with respect to relatively compact perturbations in A of u and Γ. In this section we assume that Γ∩A is a C^{1,ρ} hypersurface, we assume for simplicity α = β = 1 in (1.1) and we investigate the higher regularity of Γ.

There is no loss of generality if we assume that A = D × (−1, 1) for some open set D ⊂ R^{n−1} and that Γ ∩ A is the graph of a C^{1,ρ} function ϕ defined on D such that ‖ϕ‖_∞ = ϱ < 1. We denote by A^+ ⊂ A and A^− ⊂ A respectively the epigraph and the hypograph of ϕ.

By the regularity results of the preceding sections (see Theorem 2.2 or, in the case n = 2, Theorem 2.1) applied with Ω = A^±, we can also assume that u and ∇u are Hölder continuous up to Γ. We will denote by (z, y) the generic point in A, with z ∈ D and y ∈ (−1, 1). We first see what can be said without extra regularity assumptions on g:

Theorem 4.1 Under the assumptions above, ϕ is a solution in the distribution sense of the prescribed mean curvature equation (3.1) for some H ∈ L^∞(D). In particular, by Theorem 3.1, ϕ ∈ C^{1,1}_{loc} (D) if n = 2 and ϕ ∈ H^2_{loc}(D), ∇ϕ ∈ C^{0,ρ}_{loc} (D; R^{n−1}) for any ρ < 1 if n > 2.

Proof. We will first show a minimality condition satisfied by ϕ; then, a suitable choice of the comparison function will allow to conclude.

Step 1. Let us prove, by a deformation argument, that ϕ satisfies the following minimality condition: ∫ D √ 1 + |∇ϕ|^2 dz ≤ ∫ D √ 1 + |∇(ϕ + ψ)|^2 dz + λ ∫ D |ψ(z)| dz (4.1)

for any function ψ ∈ C^1_0 (D) such that Λ‖ψ‖_C1 ≤ 1. The constants λ, Λ depend only on ϕ but not on ψ.

Indeed, let Γ^′ be the graph of ϕ + ψ and assume that Λ is so large that Λ‖ψ‖_C1 ≤ 1 implies ‖ϕ‖_∞ + 2‖ψ‖_∞ ≤ 1 and ‖∇ψ‖_∞ ≤ 1. Let x = (z, y) and let Φ : A → A be the map defined by Φ(z, y) = (z, L_z(y)) where L_z(y) : [−1, 1] → [−1, 1] is a piecewise linear bijection, 1/2 ≤ L^′_z ≤ 3/2, and for any z ∈ D satisfies the properties L_z(ϕ(z)) = ϕ(z) + ψ(z), L_z(y) = y if |y − ϕ(z)| ≥ 2|ψ(z)|. It is easy to check that the restriction of Φ to ∂A is the identity map, and that Φ is invertible. Moreover, since the coefficients of L_z(y) are linear functions of ϕ(z), ψ(z), the Lipschitz constant of Φ^{−1} can be estimated with the Lipschitz constants of ϕ, ϕ + ψ. In addition, L^n({x ∈ A : Φ(x) ≠ x}) ≤ 4 ∫ D |ψ(z)| dz. (4.2)

The function v = u ∘ Φ^{−1} has the same trace of u on ∂A and its discontinuity set is contained in Γ^′. Taking into account the boundedness of u and ∇u, comparing the energy of (u, Γ) with the energy of (v, Γ^′) and taking into account L^n({x ∈ A : u(x) ≠ v(x)}) ≤ 4 ∫ D |ψ(z)| dz. we obtain H^{n−1}(Γ) ≤ H^{n−1}(Γ^′) + 4λ ∫ D |ψ(z)| dz for λ large enough (depending on the bounds on ∇u and on ∇Φ^{−1}), as claimed.

Step 2. Let φ ∈ C^1_0 (D) and ε > 0. Taking ψ = εφ in the minimality condition (4.1), differentiation in ε gives − ∫ D ⟨∇ϕ, ∇φ⟩ √ 1 + |∇ϕ|^2 dz ≤ 4λ‖φ‖_1. Since φ is arbitrary, equation (3.1) is satisfied in the distribution sense for some function H whose L^∞ norm does not exceed 4λ.

Now we make additional regularity assumptions on g. We need at least C^1 regularity to start the bootstrap argument.

Theorem 4.2 If g ∈ C^{k,ρ}_{loc} (A) for some integer k ≥ 1 and some ρ ∈ (0, 1], then there exists s ∈ (0, 1] depending on n, ρ such that ϕ belongs to C^{k+2,s}_{loc} (D).

In particular, the smoothness of g implies the smoothness of the free discontinuity set Γ.

Proof. For simplicity’s sake, let be α = β = 1. We first assume k = 1. We know that u satisfies the equation

Δu = (u − g) in A^±, ∂u ∂ν = 0 in Γ.

(4.3)

We recall that, by Theorem 2.2, u and ∇u are Hölder continuous up to Γ, on both sides. Orienting with the inner normal to A^+ ν = (−∇ϕ, 1) √ 1 + |∇ϕ|^2 we will prove by a deformation argument that the scalar mean curvature of Γ at x is given by the Hölder continuous function

H(x) = [|∇u|^2 + (u − g)^2](x),

(4.4)

where [ · ] denotes the jump across Γ. Indeed, if η ∈ C^∞_0 (A) is given, setting for ε small τ_ε(x) = x + εη(x) and u_ε(τ_ε(x)) = u(x), computing the first variation along u_ε leads to the following equation: ∫ A [(|∇u|^2 + (u − g)^2)divη − 2(u − g)⟨∇g, η⟩ − 2⟨∇u, ∇u∇η⟩]dx = − ∫ Γ δ_iη_idH^{n−1} (4.5)

where δ stands for the tangencial differential operator. Fix a cut-off function χ ∈ C^1_0 (−1, 1) such that χ ≡ 1 in [−ϱ, ϱ] (recall that ϱ = ‖ϕ‖_∞) and define η_i(x) = 0 for i < n and η_n(x_1, . . ., x_n) = φ(x_1, . . ., x_{n−1})χ(x_n) with φ ∈ C^1_0 (D). An easy computation shows that ∫ Γ δ_iη_idH^{n−1} = ∫ D ⟨∇ϕ, ∇φ⟩ √ 1 + |∇ϕ|^2 dz. (4.6)

Integrating by parts on A^+ and using the equation Δu = (u − g) and the homogeneous Neumann boundary conditions we obtain ∫ A^+

[(|∇u|^2 + (u − g)^2)divη] dx − 2 ∫ A^+ ⟨∇u, ∇u∇η⟩ dx = − ∫ Γ [|∇u|^2 + (u − g)^2]^+⟨η, ν⟩ dH^{n−1} − ∫ A^+ ⟨η, ∇(|∇u|^2 + (u − g)^2)⟩ dx +2 ∫ A^+ Δu⟨η, ∇u⟩ + ⟨η, ∇u∇^2u⟩ dx = − ∫ Γ [|∇u|^2 + (u − g)^2]^+⟨η, ν⟩ dH^{n−1} + 2 ∫ A^+ (u − g)⟨η, ∇g⟩ dx.

By a similar argument on A^− we get ∫ A�[(|∇u|^2 + (u − g)^2)divη] dx − 2 ∫ A�⟨∇u, ∇u∇η⟩ dx (4.7) = ∫ Γ [|∇u|^2 + (u − g)^2]^−⟨η, ν⟩ dH^{n−1} + 2 ∫ A�(u − g)⟨η, ∇g⟩ dx. The above argument works if u is of class H^2 up to Γ. However, in our case u is only H^2_{loc} in A^±. This difficulty can be overcome by lifting up or pulling down the graph of ϕ, so getting integration by parts formulas similar to the ones above, with extra terms which disappear in the limit because of the (classical) Neumann boundary condition satisfied by u.

Hence, (4.4) follows by (4.5), (4.6), (4.7). By Theorem 3.1, ϕ ∈ H^2_{loc}(D); expanding the divergence in (3.1) we can use the Schauder estimates for equations in non-divergence form (see for instance [22], Theorem 3.6) to conclude that ϕ ∈ C^{2,s}_{loc} (D) for some s ∈ (0, 1).

At this point, since ϕ ∈ C^{2,s}_{loc} (D), the classical Schauder estimates for the Neumann problem imply that u has the same regularity up to Γ. Coming back to (3.1), (4.4) we get the C^{3,s}_{loc} regularity of ϕ.

If k > 1, the higher regularity of u up to Γ and of ϕ follows by the usual bootstrap argument, based on (4.3), (3.1) and (4.4).

5 Density of functions with regular jump set

In this section we show that in Mumford-Shah problem the Lavrentiev phenomenon does not occur, i.e., that the infimum of the functional F among all pairs (Γ, u) with Γ piecewise smooth (according to Definition 5.1) and u ∈ C^∞(Ω\Γ) coincides with the minimum of the weak form of F . This property is particularly useful in connection with the numerical minimization of the Mumford-Shah functional (see for instance [12], [9]).

Our strategy is to prove a more general approximation theorem of SBV functions by smooth functions with discontinuities contained in piecewise smooth sets. A byproduct of this theorem is the absence of the Lavrentiev phenomenon for general classes of functionals, including the Mumford- Shah functional (see Remark 5.5). The proof of the approximation property is achieved in two steps: first, using the partial regularity results of [6], [7] and section 4, we prove in Proposition 5.3 that the approximation property holds for minimizers of the Mumford- Shah functional. Successively we see that a more general class of SBV functions can be approximated by minimizers.

Let us start by recalling the definition and the main properties of the SBV functions; for more details we refer to [19], [3], [5], [2]. A function u ∈ L^1(Ω) is said to be in SBV (Ω) if its distributional gradient Du is a Radon vector measure with finite total variation (i.e. u ∈ BV (Ω)) and moreover Du = ∇u dx + Ju, where Ju is the restriction of Du to the complement S_u of the Lebesgue set of u and Ju is absolutely continuous with respect to H^{n−1} S_u. By ∇u we denote the density of Du with respect to the Lebesgue measure; it can be interpreted as an approximate differential of u. The weak form of the Mumford-Shah functional in SBV (Ω) can then be formulated as follows: G(u) = ∫ Ω [|∇u|^2 + α|u − g|^2] dx + βH^{n−1}(S_u) and it can be proved that a minimizer u ∈ SBV (Ω) exists (see [2]).

Let us now define the class of piecewise smooth manifolds that will be considered.

Definition 5.1 Let K ⊂ R^n be compact. We say that K is piecewise smooth if there exist finitely many C^∞ hypersurfaces Γ_1, . . ., Γ_N with C^∞ boun-

daries ∂Γ_1, ..., ∂Γ_N such that K =^N ⋃ i=1 Γ_i and

(Γ_i \ ∂Γ_i) ∩ (Γ_j \ ∂Γ_j) = ∅

whenever i ≠ j. We denote by K the class of these sets.

The main result of this section is the following theorem, which is an immediate consequence of Theorem 5.4.

Theorem 5.2 Let Ω ⊂ R^n be a bounded open set with Lipschitz boundary, α, β positive and g ∈ L^∞(Ω); then inf{F (u, K) : K ∈ K, u ∈ C^∞(Ω \ K) } = min{G(u) : u ∈ SBV (Ω) } , where F is defined in (1.1).

Proposition 5.3 Let Ω, A ⊂ R^n be bounded open sets with Ω ⊂⊂ A, let w ∈ C^∞(A) and let (v, Γ) be a minimizer of the Mumford-Shah functional (v, Γ) → ∫ A [|∇v|^2 + α|v − w|^2]dx + βH^{n−1}(Γ ∩ A).

Then, for every ε > 0 we can find a compact set K ∈ K and u ∈ C^∞(Ω \ K) such that ∫ Ω [α|v − u|^2 + |∇v − ∇u|^2] dx < ε β|H^{n−1}(K ∩ Ω) − H^{n−1} (Γ ∩ Ω)| < ε. (5.1)

Proof. Let S ⊂ Γ be the singular set of Γ, i.e., the set of points x ∈ Γ such that Γ is not a C^{1,ρ} hypersurface in any neighbourhood of x. We know from Theorem 3.1 and Remark 3.2 of [7] that H^{n−1}(S) = 0; moreover, Theorem 4.2 implies that Γ \ S is locally a C^∞ hypersurface.

For any δ ∈ (0, 1) we can find a finite family of balls B_{ri} (x_i) centered at points x_i ∈ Ω whose union contains S ∩ Ω, such that r_i < δ for any i = 1, . . ., N and_N ∑ i=1 r^{n−1}_i < δ. Let χ ∈ C^∞_0 (A) such that χ ≡ 1 on the δ neighbourhood of Ω. Denoting by U the union of the balls B_{τri} (x_i), we define the function u(x) = { v(x) if x /∈ U 0 if x ∈ U , the compact set K = (Γ \ (U ∪ {1 + χ ≥ τ})) ∪ N⋃ i=1 ∂B_{τri} (x_i) and we check that for a suitable choice of τ ∈ (1, 2) and for δ sufficiently small, (u, K) satisfy all the stated properties. Indeed, since r_i < δ < 1, we have L^n(U) ≤ N∑ i=1 ω_n(2r_i)^n < 2^nω_nδ,

so that ∫ Ω [α|v − u|^2 + |∇v − ∇u|^2] dx = ∫ U |v|^2 + |∇v|^2 dx < ε for δ small enough. Since the measure of the symmetric difference of K and Γ in Ω does not exceed the sum of the perimeter of the balls, also the second condition in (5.1) is fulfilled for δ small enough.

Finally, by Sard’s theorem, the balls B_{τri} (x_i) and the smooth level set {χ = τ − 1} meet transversally Γ for a.e. τ, hence a choice of τ ∈ (1, 2) is possible ensuring that K ∈ K.

Theorem 5.4 Let Ω ⊂ R^n be a bounded open set with Lipschitz boundary. Then, for every u ∈ SBV (Ω) ∩ L^∞(Ω) satisfying ∫ Ω |∇u|^2 dx + H^{n−1}(S_u) < +∞ we can find sets K_h ∈ K and functions u_h ∈ C^∞(Ω \ K_h) such that lim h→+∞ ∫ Ω [|u_h − u|^2 + |∇u_h − ∇u|^2] dx = 0, lim h→+∞ H^{n−1} (K_h ∩ Ω) = H^{n−1}(S_u ∩ Ω).

Proof. As a first step, we consider a bounded open set A ⊂ R^n such that Ω ⊂ A and a function w ∈ SBV (A) such that w = u on Ω, H^{n−1} (S_w ∩∂Ω) = 0 and ∫ A |∇w|^2 dx + H^{n−1}(S_w ∩ A) < +∞. An extension with these properties can be easily obtained if Ω is a rectangle, by a reflection argument. In the general case the extension can be obtained using partitions of unity and a deformation argument.

Let (w_h) ⊂ C^∞(A) be such that h‖w_h − w‖_L2_{(A)} → 0 as h → +∞, and let v_h ∈ SBV (A) be minimizers of the functionals v → F_h(v) = ∫ A [|∇v|^2 + h(v − w_h)^2] dx + H^{n−1} (S_v ∩ A).

Since F_h(v_h) ≤ F_h(w), we obtain

lim sup h→+∞ [ h‖v_h − w_h‖^2_L2_{(A)} + ∫ A |∇v_h|^2 dx + H^{n−1}(S_{vh} ∩ A) ] (5.2) ≤ ∫ A |∇w|^2 dx + H^{n−1}(S_w ∩ A). In particular, ‖v_h − w_h‖_L2_{(A)} → 0, hence v_h converges to w in L^2(A). Moreover, the SBV compactness theorem (see [1], [4]) implies lim inf h→+∞ ∫ A |∇v_h|^2 dx ≥ ∫ A |∇w|^2 dx lim inf h→+∞ H^{n−1} (S_{vh} ∩ A) ≥ H^{n−1}(S_w ∩ A). Then, these inequalities and (5.2) imply lim h→+∞ ∫ A |∇v_h|^2 dx = ∫ A |∇w|^2 dx lim h→+∞ H^{n−1}(S_{vh} ∩ A) = H^{n−1}(S_w ∩ A).

In particular, ∇v_h converges strongly to ∇w as h → +∞ and H^{n−1} (S_{vh} ∩A) converges to H^{n−1} (S_w ∩ A). Again, the SBV compactness theorem gives

lim inf h→+∞ H^{n−1} (S_{vh} ∩ Ω) ≥ H^{n−1} (S_w ∩ Ω)

lim inf h→+∞ H^{n−1} (S_{vh} ∩ (A \ Ω)) ≥ H^{n−1}(S_w ∩ (A \ Ω)).

Since H^{n−1}(S_w ∩ ∂Ω) = 0, these inequalities imply that both liminf above are limits and that equalities hold. In particular, H^{n−1}(S_{vh} ∩ Ω) converges to H^{n−1}(S_u ∩ Ω) and lim h→+∞ H^{n−1} (S_{vh} ∩ ∂Ω) = 0.

(5.3)

Let Γ_h = S_{vh} . By the minimality of v_h and the smoothness of w_h, the functions v_h are C^∞ in A \ Γ_h; moreover, (5.3) and (see [6], Proposition 2.8)

H^{n−1}(A ∩ Γ_h \ S_{vh} ) = 0

imply that H^{n−1} (Γ_h ∩ Ω) converges to H^{n−1} (S_u ∩ Ω).

However, the sets Γ_h do not necessarily belong to K; using Proposition 5.3 we can modify (v_h, Γ_h) to obtain pairs (u_h, K_h) satisfying the statement.

Remark 5.5 As a consequence of the approximation Theorem 5.4, we obtain that the Lavrentiev phenomenon does not occur for minimum problems in SBV of the form min {∫ Ω f(x, u, ∇u) dx + H^{n−1}(S_u) }

where f is any Carathéodory function satisfying quadratic growth conditions. Using Lemma 4.3 in [5], more general surface energy densities can also be considered.

References

[1] L.Ambrosio: A compactness theorem for a new class of functions of bounded variation, Boll. Un. Mat. Ital. 3-B (1989), 857-881.

[2] L.Ambrosio: Existence theory for a new class of variational problems, Arch. Rat. Mech. Anal. 111 (1990), 291-322.

[3] L.Ambrosio: Variational problems in SBV , Acta Applicandae Mathematicae 17 (1989), 1-40.

[4] L.Ambrosio: A new proof of SBV compactness theorem, Calc. Var.

3 (1995), 127-137.

[5] L.Ambrosio: The space SBV (Ω) and free discontinuity problems, in:

Variational and free boundary problems, A. Friedman and J. Spruck eds., IMA volumes in mathematics and its applications, 53, Springer, 1993.

[6] L.Ambrosio-D.Pallara: Partial regularity of free discontinuity sets I, Preprint Dip. di Mat. Pisa, (1994).

[7] L.Ambrosio-N.Fusco-D.Pallara: Partial regularity of free discontinuity sets II, Preprint Dip. di Mat. Napoli, (1995).

[8] L.Ambrosio-D.Pallara: Partial regularity in free discontinuity problems, in: Progress in Partial Differential Equations: The Metz Surveys 4, (M. Chipot and I. Shafrir eds.), Pitman, 1996, in stampa.

[9] G.Bellettini-A.Coscia: Discrete Approximation of a Free Discontinuity Problem, Numer. Funct. Anal. and Optimiz. XV, 201-224, 1994.

[10] A.Blake-A.Zisserman: Visual Reconstruction, M.I.T. Press, 1987.

[11] A.Bonnet: On the regularity of edges in the Mumford-Shah model for image segmentation, to appear.

[12] A.Chambolle: Image segmentation by variational methods: Mumford and Shah functional and the discrete approximations, Siam J. Appl. Math. 55, 827-863, 1995.

[13] M.Carriero-A.Leaci: Existence theorem for a Dirichlet problem with free discontinuity set, Nonlinear Analysis TMA, 15 (1990), 661– 677.

[14] M.Carriero-A.Leaci-D.Pallara-E.Pascali: Euler Conditions for a Minimum Problem with Free Discontinuity Set, Preprint Dip. di Matematica, 8 Lecce, 1988.

[15] M.Carriero-A.Leaci-F.Tomarelli: Plastic free discontinuities and special bounded hessian, C.R. Acad. Sci. Paris. 314 (1992), 595-600.

[16] G.Dal Maso-J.M.Morel-S.Solimini: A variational method in image segmentation: existence and approximation results, Acta Math., 168 (1992), 89–151.

[17] G.David-S.Semmes: On the singular set of minimizers of the Mumford-Shah functional, Journal de Mathématiques pures et Appliquées, to appear.

[18] E. De Giorgi: Free Discontinuity Problems in Calculus of Variations, in: Frontiers in pure and applied Mathematics, a collection of papers dedicated to J.L.Lions on the occasion of his 60^{th} birthday, R. Dautray ed., North Holland, 1991.

[19] E.De Giorgi-L.Ambrosio: Un nuovo tipo di funzionale del Calcolo delle Variazioni, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Nat. (8) 82 (1988), 199-210.

[20] E.De Giorgi-M.Carriero-A.Leaci: Existence theorem for a minimum problem with free discontinuity set, Arch. for Rational Mech. Anal. 108 (1989), 195-218.

[21] F. Dibos-E. Séré: An approximation result for the minimizers of the Mumford-Shah functional, Preprint CEREMADE, Université de Paris- Dauphine, France, 1993.

[22] M. Giaquinta: Introduction to regularity theory for nonlinear elliptic systems. Lecture Notes in Math. ETH Zürich, Birkhäuser, Berlin 1993.

[23] D.Gilbarg-N.S.Trudinger: Elliptic partial differential equations of second order. Second Edition, Springer Verlag, 1983.

[24] E. Giusti: Minimal surfaces and functions with bounded variation, Birkhäuser, 1984.

[25] J.M.Morel-S.Solimini: Variational models in image segmentation, Birkhäuser, 1994.

[26] D.Mumford-J.Shah: Optimal approximation by piecewise smooth functions and associated variational problems, Comm. on Pure and Appl. Math. 17 (1989) 577-685.

[27] C.H. Pommerenke: Boundary behaviour of conformal mappings.

Springer, 1992.

[28] L.Simon: Lectures on Geometric Measure Theory, Proceedings of the Centre for Mathematical Analysis, Australian National University, Canberra 1983.