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ABSTRACT. A natural higher order notion of C***-rectifiability for any 0 < a < 1

is introduced for subsets of Heisenberg groups H™ in terms of covering a set almost

everywhere with a countable union of (C®, H)-regular surfaces. Using this we

prove a geometric characterisation of C'**-rectifiable sets of low-codimension in
Heisenberg groups H" in terms of an almost everywhere existence of suitable
approximate tangent paraboloids.
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1. INTRODUCTION

Rectifiable sets are focal to studies in geometric measure theory and admit vari-
ous applications in several branches of mathematical analysis. Interest in such sets
arises mainly for their geometric, measure-theoretic, and analytic properties which
include a notion of (approximate) tangent spaces defined almost everywhere, a ver-
sion of the area and coarea formulas (see [1] and [20]), and a framework for studying
boundedness of a class of singular integral operators (see, e.g., [(-3]).

In metric spaces, particularly Carnot groups, the definition of rectifiability di-
verges along several, not necessarily equivalent, directions (see, e.g., [2, 14, 16,24]).
The original definition by Federer [11, Section 3.2.14] is in terms of composing a set
with countably many Lipschitz images of subsets of the Euclidean space R™. This
is adopted in [1] and shown to be inappropriate in general metric spaces considering
even the basic setting of the Heisenberg group H'. In [22], Mattila et al. defined
rectifiability in the Heisenberg group H" considering a countable union of C' H-
regular surfaces. This is related to the approach of using notions of regular surfaces
in the sense of Franchi, Serapioni and Serra Cassano (see, e.g., [15,17,18]). Several
results can be found on characterizations and basic properties of rectifiable sets in
Euclidean spaces and general metric spaces (see, e.g., [1,9,11,12,21,22]). A well-
known characterization in the Heisenberg group H"” is in terms of the a.e. existence
of the approximate tangent spaces [22]. This is in the Spirit of the Euclidean ana-
logue which is in terms of an almost everywhere existence of approximate tangent
planes (see, e.g., [21, Corollary 15.16]).

A missing piece in the study of rectifiability in metric spaces is the natural notion
of higher order rectifiability which can be defined in terms of essentially composing a
set with countably many objects of higher order regularity defined in an appropriate
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sense. Motivated by the seminal work of Anzellotti and Serapioni [3] in the Euclidean
setting, our goal in this article is to initiate progress along this line in the metric
setting of Heisenberg groups. We introduce a notion of Ch®-rectifiability for any
0 < a < 1 defined in terms of composing a set with countably many (C}f, H)-regular
surfaces (refer to Definitions 2.8 and 2.11). Using this, we address the problem of
characterisation of Ch®rectifiable sets in a metric setting. An interesting, and
perhaps gratifying, discovery is the fact that analogous geometric criterion of ap-
prozimate tangent paraboloids as in the Euclidean characterisation of C'1“-rectifiable
sets, 0 < a <1 (see [10,25]) applies in the setting of low-codimensional sets of the
Heisenberg groups H"

Throughout the paper we write k and k,, as the dimension and metric dimension
respectively, G(H™, k) is the Grassmannian of k-dimensional subgroups (see Defini-
tion 2.16) and denote by Q. (p, V, A) the a-paraboloid centered at the point p with
base V' and dilation parameter A (see Definition 2.20 for more details). We state the
main results of this paper:

Theorem 1.1. Fiz o € (0,1] and n < k < 2n. Let E C H" be a H*™-measurable
set with H¥m(E) < oo such that for Hkm-a.e. p € E there are V,, € G(H", k) and
A > 0 such that

. 1

lim ——#* (EN B(p,r) \ Qu(p, Vp, A)) = 0. (1)

r—0+ rhm

Assume, in addition, that for HFm-a.e. p € E there holds
eF(E,p) > 0.

Then E is CY®-rectifiable in the sense of Definition 2.11.

Next, we prove that the opposite implication is also true. As above, we are in the
low-codimensional setting so n < k < 2n.

Proposition 1.2. If E C H" is a CY®-rectifiable set with H*™(E) < oo, then for
HFm-a.e. p € E there exist V, € G(H", k) and A = \p, > 0 such that

lim —H (20 B(p. 1)\ Qu(p. Vp ) = 0.
r—0t rm
The proof of Theorem 1.1 draws technique from [10, Lemma 3.5] by first recovering
the Holder regularity of the distribution of subgroups as in Lemma 3.1 using the
density conditions. We remark that, unlike an analogous result in the Euclidean
setting (see [10, Theorem 1.1]) where the positive lower density condition is recovered
from the approximate tangent paraboloid condition, in our setting, this is not so
direct and we thus impose the explicit requirement. This is the same scenario in
the characterisation of k-rectifiable sets of low codimension in H" (see [22, Theorem
3.15]) where the positive lower density condition is required and is asked if such
condition can be removed. The strategy of proof is similar to that of [22] via a
standard decomposition argument using the density conditions and a selection of
horizontal vectorfields corresponding to horizontal complement of the distribution
of vertical subgroups. Further, application of the Holder regularity result and an
inclusion in paraboloids establishes the convergence of the sequence of Whitney
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functions from which the conclusion follows via standard approximation results and
the Whitney extension theorem.

It is interesting to notice that most of the technical points exploited to prove The-
orem 1.1 can be extended to a general Carnot group without much effort. Indeed,
the structure of the Heisenberg group H™ only plays a fundamental role in Proposi-
tion 2.17 and, consequently, in the Holder-continuity result (Lemma 3.2). That said,
in Remark 3.5 we will show that our main result can be extended in codimension
one to any Carnot group G and briefly discuss codimension > 2.

The structure of the paper is the following. In Section 2 we briefly recall the main
properties of the Heisenberg group H", the definition of Hausdorff measure with some
useful density results and Pansu differentiability for general Carnot groups. Next,
in Section 2.1, we exploit them to finally introduce the notion of low codimensional
Cl®_rectifiability that will be used throughout the paper.

In Section 2.3, following [22], the intrinsic Grassmannian is defined and charac-
terized (Proposition 2.17). To conclude the preliminaries, in Section 2.4, we prove
several technical results concerning a-paraboloids and cylinders (Definition 2.20)
that will be used for the proof of the main theorem.

In Section 3 we give a proof to Proposition 1.2 as well as other technical results
(Lemma 3.3) which will be used in the next section to prove Theorem 1.1. Finally,
in Section 3.2 we briefly discuss how our main result can be extended to general
Carnot groups in codimension one.

2. PRELIMINARIES

We shall restrict to essential notions of our space. The interested reader is invited
to the references [1,5] on Carnot groups, and in particular on Heisenberg groups.

The Heisenberg group H" is the simplest Carnot group whose Lie algebra §h™ has
a step two stratification; more precisely, we have

bn = hl > h?v
where by = span {X1,...,X,,,Y1,...,Y,} and h2 = span{T'} with commutators
(X3, Y)] =0T and  [XG, Xj] = [¥3, Y] = 0.
The vector fields X1, ..., X, Y1,...,Y), span a vector subbundle of the tangent vec-
tor bundle TH", the so-called horizontal vector bundle HH™. Via exponential coor-

dinates H" can be identified with R?>"*! and we may express the group law using
the Baker-Campbell-Hausdorff formula as follows:

n
peqi= (p’ +q pani1 + Goni1 — 2D (Pitign — pi—‘,—nQi)) ,
=1

where p’ := (p1,- -+ ,p2n). The inverse of p is given by

p_l = (_p/7 _p2n+1) )

and e = 0 is the identity of H"™. The center of H" is the subgroup
T:= {p - (07 cee 707p2n+1)} .
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For any ¢ € H" and r > 0, we denote by 7, : H* — H" the left translation
p— q-p=:74(p) and by 6, : H" — H" the dilation

p (10, r*pont1) =: &,p.

We denote by || - || the homogeneous (with respect to dilations) norm and by d the
metric given, respectively, by

Ilp|| :== d(p,e) := max{Hp'HRzn ) \p2n+1|1/2} )
where || - ||g2n denotes the standard euclidean norm, and

d(p,q) =d (¢ 'p.e) = ||a"p||

for all p,q € H". We conclude this section by recalling the definition of the Hausdorff
measure in metric spaces and some density results.

Definition 2.1. Let E C H" and k € (0,00). The k-dimensional Hausdorff measure
HE of E is defined by setting
HE(E) = sup HY(E),
6>0
where HE(E) = inf {3, 27 *diam(E;)* : E C |, E;, diam(E;) < 6}
Given a H*-measurable subset E C H" we define the corresponding upper and
lower k-densities of E at p € H" as follows:

HY(E N B(p,r))

HE(E N B(p,r))
: )

0**(E,p) = limsup -

r—0 r

and OF(E,p) = liminf
r—0 r

We now recall the following standard density estimates for Hausdorff measures;
see, for example, [11, 2.10.19].
Lemma 2.2. Let E C H" be H*-measurable with H*(E) < 4+o00. Then
(i) For HF-a.e. p € E, it turns out that 27% < ©*F(E,p) < 5*.
(i) For HF-a.e. p € H" \ E, it turns out that ©*%(E,p) = 0.
Let © be an open subset of H” (identified with R?"*! as explained above) and
m > 0 a nonnegative integer. Following [22, Section 2.2], we denote by C™ () the
space of real-valued functions which are m times continuously differentiable in the

Euclidean sense. We further denote by C™ (2, HH") the set of all C"™-sections of
HH"™ construed in the sense of regularity between smooth manifolds.

Definition 2.3. Let f € CY(Q). We define the horizontal gradient of f as
va = (lea"'aana}/lfa"anf)

or, equivalently, as the section of the horizontal bundle HH™

n

Vaf =Y (X;f)X;+ (Y;f)Y;,

j=1
with canonical coordinates (X1 f,..., Xnf Y1 f, .., Yuf).
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Definition 2.4. LetU C H" and f : U — R a continuous function. We say that
feCLU) if Vuf exists and is continuous in U. Furthermore, if Vi f € C%* for

some 0 < a < 1, then we say that f € C;}O‘(L{).
We write [C}q(b{)]Z as the set of L-tuples f = (f1,..., fe) such that fi € CL(U)

¢
for each 1 <i < {. We define [C;}Q(U)] in the same way.

Remark 2.5. The inclusion C*(U) C CL(U) is strict (see e.g., [15, Remark 5.9]).

We would like to introduce an intrinsic notion of differentiability in Carnot groups
due to P. Pansu [23].

Definition 2.6. Let G, Go be Carnot groups, with homogeneous norms || - |1, || - |2
and dilations 5/1\,5/2\. We say that L : Gy — Go is H-linear, or is a homogeneous
homomorphism, if L is a group homomorphism such that

L (6}\g) =63L(g), forallge€ Gy and X >0

Definition 2.7 (Pansu differentiability). Let (G1,d1) and (Ga,ds) be Carnot groups
and A C Gy. A function f : A — Gg is Pansu differentiable in g € A if there is a
H-linear map Ly : G — G2 such that

doy (f(9)™ - f(d),Lg (97" 9))

di(g,9")

The homogeneous homomorphism Ly is denoted dy fy and is called the Pansu dif-
ferential of f in g.

—0, asdy (g,g/)—>0,g/EA

2.1. Cl@-rectifiability in low codimension. In [22, Proposition 2.20] it was
proved that the metric dimension in H" is given by

km=k+1 ifn+1<k<2n.

This tells us that the notion of rectifiability via Lipschitz maps is only interesting in
low dimension (k < n). Indeed, any Lipschitz function f: A C R¥ — H" satisfies

M (£(A) =0

whenever dimension and metric dimension are different (i.e., the case k > n). There-
fore, we need to find a different notion of rectifiability.

The idea, looking at the Euclidean case, is to first introduce a notion of reqular
surfaces which is more fitting in our setting.

Definition 2.8. Letn+1 <k < 2n. A set S C H" is a k-dimensional (C}}Q,H)-
reqular surface if for any p € S there are U C H"™ open and [ € [C}f(bl)]%“_k
satisfying

(a) dp fq is surjective at all g € U;

(b)) SNU={q€U : f(q) =0}.

The operator dy is the Pansu differential and it is represented by the horizontal
gradient Vg f introduced above. This definition (with C}L}a replaced by C}{) was
already given in [22] so we refer the reader to that paper for more details.
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Definition 2.9. Fizn+1 <k < 2n. Let S be a k-dimensional (C}f,H)—Tegular
surface and let f be as above. The tangent group to S at py € S, denoted as Ty S(po),
s given by
TuS(po) == {p € H : dufp(p) = 0}.
The following characterization of H-regular surfaces is an immediate consequence
of the definition:

Proposition 2.10. A set S is a k-dimensional (C}f‘, H)-regular surface if and only
if S is locally the intersection of (2n + 1 — k) 1-codimensional (C}f,H)—Tegular
surfaces with linearly independent normal vectors.

We recall that, for any open set Q C H", the Taylor’s expansion of a function
fe C’Ilf‘(Q) based at the point xy € €2 is given by (see [13, Theorem 1.42])

f(@) = f(zo) + di fuy (g ) + O (d(20,2)' ) . (2)

To conclude this introductory section, we can give the formal definition of C1:°-
rectifiability for a subset of a homogeneous group.

Definition 2.11. A measurable set E C H" is CY*-rectifiable if there are k-
dimensional (C}f‘, H)-regular surfaces S;, with i € N, such that

Hm <E\ USZ-) =0,

ieN
where kyy =k if 1<k<nandknp=k+1if n+1<k<2n.

2.2. Whitney’s extension theorem. The following Whitney-type extension the-
orem was proved in [20, Theorem 4] for general Carnot groups but here stated for
the Heisenberg groups H".

Theorem 2.12 (Cl-extension). Let F be a closed subset of H", let o € (0,1] and
f:F =R, g: F— HH" satisfying the following property: there exists a positive
constant M such that

(1) |f(z)],|g(x)] < M on every compact subset of F;
(ii) |f(x) = f(y) = (g(x), m(y~"2))| < Md(z,y)'** for every x,y € F;
(i) 9(x) — 9(y)| < Md(z,5)* for every z,y € F;
where (-,-) denotes the inner product in HH" (identified as an Euclidean space).

Then there exists an extension f :H* =R, f € C;}O‘(H”), such that
g(x) =Vyf(z) foralzekF.

2.3. The intrinsic Grassmannian. A subgroup S C H" is a homogeneous sub-
group if §,(S) C S for all > 0, where ¢, is the intrinsic dilation defined by

6+ (p) = (rp1y - ., P20, T2 P20t 1)

A homogeneous subgroup S is either horizontal, i.e. contained in exp(hy), or vertical,
i.e., it contains the center T of H". We introduce the notation

d(p, S) := inf d(p,s) = inf [p~"s|.
ses ses
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Notice also that horizontal subgroups are commutative while vertical subgroups are
non-commutative and normal in H".

Definition 2.13. Two homogeneous subgroups S and T of H™ are complementary
subgroups in H" if SNT = {0} and H" = T - S. If, in addition, T is normal we
say that H" is the semidirect product of S and T and write H® =T x S.

If H” is the semidirect product of homogeneous subgroups S and T, then we can
define unique projections wg : H"* — S and 7 : H* — T such that

idgn = 7mp - g.
Furthermore, if T' is normal in H", then the following algebraic equalities hold:
mr(p™t) =75 (p) -7t (p) - ws(p), ws(pTh) =75 (p),
Tr(0ap) = 0amr(p), ms(ap) = ams(p),
mr(p-q) = nr(p) - ws(p) - 7r(q) - 75  (p),  ws(p-q) = 7ws(p) - ws(a)-

Proposition 2.14. If H® = T x S as above, then the projections wg and mr are
continuous, mg is a h-homomorphism and there is ¢(S,T) := ¢ > 0 such that

cllms(p)ll < d(p, T) < [lws(p)ll;

cllmst(p) - mr(p) - ws(p)| < d(p, S) < llvg' (p) - 7r(p) - 75 ()],
holds for all p € H".

This result was proved in [22] for the Heisenberg group and generalized in [19] to
all homogeneous groups.

Remark 2.15. In [19], we also proved that the constant ¢ does not depend on S
and T if we consider (for 1 < k <n) a k-homogeneous subgroup S and write
H" =St %S,

where S+ is the vertical subgroup defined as follows. If S = (f1,..., f), we take
SJ_ = <f17 R 7fk>J_H1 S <62n+1>a

where L g1 denotes the orthogonal in the horizontal layer of H"” with respect to the
fixed scalar product. In this case, we denote by ¢y the universal constant.

We are now ready to introduce the notion of intrinsic Grassmannian as in [22].

Definition 2.16. A k-homogeneous subgroup S belongs to the k-Grassmannian
G(H", k) if there exists a (2n + 1 — k)-subgroup T such that H* = T - S. More-

over, the union
2n+1

GH") = | J G(H" k)
k=0

s often referred to as the intrinsic Grassmannian of H”.
Proposition 2.17. The trivial subgroups {e} and H" are the unique elements of
G(H™,0) and G(H™,2n + 1) respectively and
(i) forl <k <mn, GH", k) coincides with the set of all horizontal k-homogeneous
subgroups;
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(it) for n +1 < k < 2n, GH", k) coincides with the set of all vertical k-
homogeneous subgroups.

Furthermore, any vertical subgroup T with linear dimension in {1,...,n} is not an
element of the intrinsic Grassmannian of H™.

This result was proved in [22, Proposition 2.17]. Notice that in the Carnot setting
this result is no longer true since the identity

G(G, k) = {vertical k-homogeneous subgroups}

does not hold for any k if we do not put additional assumptions on G or to the
possible values of k.

Remark 2.18. If S is a (C}}Q,H)—regular surface, then TS (po) € G(H").

Remark 2.19. The Grassmannian G(H") is a subset of the Euclidean counterpart
(that is, in R?"*1) and is endowed with the same topology. Moreover, G(H", k) is a
compact metric space with respect to the distance

p(S1,52) == | fi:)(ld(ﬁsl(x),ﬂsz(m)).

||

2.4. Intersection lemma. The main objects we deal with in this paper are «-
paraboloids and cylinders, so we first recall the definitions in this setting.

Definition 2.20. Fiz « € (0,1], \,n > 0 and r > 0. Fix moreover x € H" and
S € G(H"). The a-paraboloid centered at x € H" with base S and parameter X is
defined as
Qu(w,8.0) = {y € H" : d(a~'y,S) < Md(z, )"},
while the cylinder with axis S and parameter n is given by
C(S,n) :=={y e R" : d(y,5) <n}.
Throughout the paper we will mainly consider sets of the form C(S, \r’t®)N B(z,r).

Definition 2.21. Let E C H" be H*"-measurable and o € (0,1]. We say that a
homogeneous subgroup V,,, of dimension k and metric dimension kp,, is an approx-
imate tangent paraboloid to E at p if ©**=(E,p) > 0 and

lim 7~ *mHkn (B0 B(p,r) \ Qa(p, Vp,A)) =0 for all A > 0.

r—0

We write apPar%m (E,p) for the set of all approzimate tangent paraboloids to E at
p and, if there is only one, we denote it by V.

The following result gives the analogous relation between cylinders and paraboloids
as in [10, Lemma 2.3] in the Euclidean setting.

Lemma 2.22. Let S € G(H", k) and ro > 0 be fized. Suppose that for every r < rg
H* (BN B(x,7) \ C(S, \r' ™)) < er”.
Then for all r < ro we have

1 (EN B(x,r)\ Qalz, S, X)) < — ¥,

where N 1= 41T ),
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Proof. A straightforward verification gives that
(B(z,r) \ B(z,%)) \ Qalz,V,X') C B(z,r) \ C(V, Arte)
As a consequence we obtain
B(‘T’ T) \ Qa($7 v, )‘/) = U (B(:E, 2%) \ B(:L“, 21%)) \ Qa(gca v, )‘/)
JEN
r r o\ 1+
c UB e (vaz)™).
JEN
Using the assumption we obtain that

Hk(EﬂB(:r,r)\Qa(x,V,/\’))gZE(r)k: £k, 0

2
jEN

Using the Taylor’s expansion (2), it is not difficult to prove the following (repeating
similar arguments as in [22, Lemma 2.28]).

Lemma 2.23. Fizn < k < 2n. Let S C H" be a k-dimensional H-regular CH*-
surface and x € S. Then there exist A > 0 and ro = ro(S,z) > 0 such that

SN B(x,rg) C Qalx, TuS(z), N). (3)

2n+1-k
Proof. By Definitions 2.8 and 2.9 we have that there are rg > 0 and f € [C}L}a (Z/{)}

such that dg f, : H* — R2"*t1-F ig surjective and
SN B(z,r)={p: f(p) =0}, TuS(z)=ker(dyf.).
For any p € SN B(z, 1), from (2) we have that

Hdfo(x_lp)HRmek =0 (d(xap)1+a) . (4)
By H-linearity of dg f, there is ¢ = ¢(z, f) > 0 such that
Hdfo('I_lp)HRerlfk >cd ($_1paTHS(5B)) . (5)

Indeed, if L : H™ — R?**+1=F ig H-linear, ker(L) is a vertical subgroup and we have by
the intrinsic decomposition that there exists V horizontal such that ker(L)-V = H".
Then L : V — R?"1=F ig injective and hence there exists ¢ > 0 such that

[ L(v)[[R2n+1-+ = cllv]],
for all v € V. Now by (4) and (5) we find A > 0 such that (3) holds. O

We now prove that vertical subgroups in the Grassmannian have horizontal com-
plements that can be chosen in a Lipschitz-continuous way.

Definition 2.24. If v € h; we denote by N(v) the 1-codimensional normal subgroup
orthogonal to v, that is,

N(v):={x e H" : (v,m(z)) =0},
where 7 is the projection of H™ onto the horizontal layer b1 defined by setting

n

m(z) = Z(lel + Tp1iY5).

i=1
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Lemma 2.25. GivenT € G(H", k) withn < k < 2n, we can always find unit vectors
Ul .-y Vont1—k € b1, Lipschitz-continuously depending on T', such that

S :=exp (span{vi, ..., Vopt1—k})

s a horizontal complement of T. Furthermore T = ﬂ?i?lka(yj) and for allp € H"
and all o € (0, 1] the following inclusion holds:

2n+1—k
Qu, TN C (] Qal,N(;),N). (6)
j=1
Proof. Using [17, Lemma 3.26] we obtain a horizontal subgroup S complementary
to T'. Moreover, from the construction in the proof of that lemma it follows that S
depends Lipschitz continuously on T (indeed, as observed in the proof of [22, Lemma
2.32], this is a continuous dependence and, by linearity argument in the construction,
this is equivalent to Lipschitz-continuity). Hence, we can choose vy, ..., Vo, 11 as

an orthonormal basis of S depending on T in a Lipschitz way.

Now denote by t C b the Lie algebra of T and h? := Span {t, 11, ..., Vi1, Vit1, .-, Vani1—k}-
Then we have that N(;) = exp(h?) € G(H",2n) and T = M;N(v;). Now, since
d(p,N(v;)) < d(p,T) we have that Qn(p, T, \) C Qu(p,N(v4),A) foralli =1,...,2n+
1 — k, and hence (6) follows. O

The following is a basic result with proof which closely follows an Euclidean
version that can be found in [10, Lemma 2.1].

Lemma 2.26. Let S,T € G(H", k) with n < k < 2n and set ¥ := p(S,T). Then
there are Z € G(H", k — 1) and ¢ > 0 such that for any positive number n we have

4

Proof. First, we claim that there is e € T with |le| = 1 such that there holds
|mgi(e)|| = €. Indeed, an application of the triangular inequality gives
9> p(S+,T+) — Cr — Cs > sup ||ws.(t)]| — Cr — Cs,

teTt
lltl=1

C(S.m)NC(T,n) CC (z 3’”’)

where
Cr = Hm”ax1 d(mp(z), mpi(z)) and Cg = |frn‘.‘axl d(rs(x), g1 (x)).
It follows that

Y+ Cr+Cg > sup |mgr(t)|| >0

teT+
lIt]|=1

so there must be L1, Ly > 0 such that
L9 > sup ||mgi(t)]| > La9.
teT+
lltll=1
By compactness, we can find e € T+ and £ € [Lo, L1] such that

s (e)]| = &9,
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and this concludes the proof of the claim. Now consider an orthonormal basis
€htl,---»Comp1 of ST and define

Z :=span{e, €gi1, ..., ean}L.
It is easy to verify that dim(Z) = k — 1 and for any = € C(S,n) N C(T,n) we have
{\|m1~ei\| <n fori=k+1,....2n+1,

[ - ell < .
We now set €’ := erz %H and consider the resulting orthonormal basis {€’, ex41, ..., €2n41}
of Z+. Then for x € C(S,n) NC(T,n), using the triangle inequality, we have
1
lz= €'l = lz=" - 7s(e)ll
Ims(e)ll
1 2n+1
=79 z L. <e — Z (et ei)e’i> ‘
i=k+1
1
< E—(Qn—kl—k‘—kl)n.
We finally infer that
2n+1
lmze @) < et el + D a7 el
i=k+1
1 2n—+1
< 5@ l—k+ 1)+ 'Z 2= - el
i=k+1
1 3n
< —(2(2 1)—-2k+1)n < —
and this concludes the proof. O

3. PROOF OF THE MAIN RESULTS

The goal of this section is to prove Theorem 1.1 and Proposition 1.2. For some of
the key results below we adopted techniques similar to the ones used in [10, Section
3] and [22, Section 3] respectively.

Proof of Proposition 1.2. Let E C H" be C'“rectifiable and let {I';};cn be the
family of C1®-regular H-surfaces such that

HE (E\ Ur) = 0.
€N
In particular £ is H*-rectifiable so (see [22, Theorem 3.15]) for H*-a.e. x € E there
exists an approximate tangent subgroup 7, € G(H", k) and ©%(E,z) > 0. For each

i € N denote by E; the set ENT;; by standard density properties (e.g., [22, Lemma
3.6]) for H*-a.e. x € E; we have that

O% (E\ E;,z) = 0. (7)
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By Lemma 2.23, for some A > 0 we have that E; N B(z,7) \ Qa(z, Ty, A) = () for
every x € F; and r small enough. The conclusion follows by the latter and (7). O

For the sake of simplicity, in the next technical result we will use the following
notation for cylinders:
Cr(z) == C(Vy, M1 1),
where A > 0 does not appear in the left-hand side because it is fixed.

Lemma 3.1. Let E C H", take n < k < 2n and let M, A\,0 > 0,0 < a,r <1 be
fized. Suppose that for every z € E and for every s > 0 we have

HFm (ENB(z,s)) < Mskm. (8)
Consider any two points x,y such that d(x,y) < r and V;,V, € GH", k) satisfying

Hrm (E N B(z,r)) > drkm 9
HEm (EN B(y,r)) > orkm o
and
Hem (BN B(x,2r) \ Ch(z)) < erfm (10)
HEm (B0 B(y,2r) \ Ch(y)) < erkm

where £ < g. Then there exists a positive constant C := C(n,d, M, \) such that
p(Va, Vi) < Cre.

Proof. The proof is by a contradiction. Suppose 0 := p(V,,V,) > Cr®, with C =
C(n, 0, M, \) > 0 to be chosen later. First we observe that by the assumptions (9)
and (10) we obtain that

HHENC(z) N B(x,7)) > (6 —e)rk.
Furthermore, using that
ENC(x) N B(x,r) \ Coly) € EN By, 2r) \ Cg(y),
it follows that H*¥(E N C%(x) N B(x,r) \ C~(y)) < erk and hence
(6 —e)rk <HF(ENC(x) N B(x,r) < HY (ENCT(z) N B(x,r) N CL(y)) +erk.

Thus, by the assumption on €, we obtain that

HEm (BN Cr(x) NCL(y) N B(x,r)) > —rFm (11)

N

and, in particular, B(z,r) N C%L(z) N CL(y) # 0.
Now since V,, and V,, are vertical k-subgroups they intersect and hence by Lemma 2.26
we have that there exists a vertical (k — 1)-subgroup Z such that

Cl(z) N CL(y) C C(Z, 4nArtt® [e0) .

where ¢ > 0 is as in Lemma 2.26. We set n := 4nAr'™® /00 and E,, = EN B(z,r) N

C(Z,n). By the supposition on 6 we infer n < r. We claim that
AnChr M\

< A rkm

km

(12)
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where C1 = C1(n, ky,) > 0. Indeed, clearly E; can be covered with h balls of radius
nr and h < Cin~Fm*1 where Cj depends only on n and k,,. Thus by (8) we have,
using that 0 < r < 1 and the assumption on 6,

_AnCi MM _ AnCiMA G
w7 w "

hence the claim (12). Now, using the above estimate together with (11) we obtain
that

HEm (E,) < Oy Muyrk

_ m < m E m

57" < Hm(Ey) < e "

Choosing C = %—?max {C1 M\, A} the contradiction is immediate and the result
follows. O

Thanks to this result, Lemma 2.25 can be improved as in the following.

Lemma 3.2, Letn < k <2n and fit M,\,6 >0,0<a,r<1. Let U C H"” be an
open subset with diam(U) > 2r and E C U as in Lemma 3.1. Consider the mapping

Uspr—V,eG(H, k)

and suppose, for every p,q € E with d(p,q) < r and satisfying (9), that V, and V,
satisfy (10). If we denote by

W, = span (exp{v1(p), ..., Van+1-k(p)})

the horizontal complement for T =V, in Lemma 2.25, then the mappings
p—vi(p), j=1,....2n+1—k

are a-Hélder continuous in some U’ C U.

Proof. By Lemma 3.1 we have that for every p,q € F with d(p,q) < r,

p(Vp, Vg) < Cd(p, q)*

for some C' > 0. On the other hand, in Lemma 2.25 we proved that

Vpr—vi(p), j=1,....2n+1—k

are Lipschitz-continuous maps for p € U , for some open set UcCU , that is, there
exists ¢ > 0 such that

d(vj(p),vi(a)) < ¢p(Vp, Vy)
holds for all p,q € U. Putting the above inequalities together, we get
d(l/](p)7 V](q)) < 6d(p7 Q)a7
for all p,q € UNE, where é := C-¢/. Take U’ = UNE and the conclusion follows. [

The following is a very useful separation result.

Lemma 3.3. Let a € (0,1], A > 0, p,q € H" and V,,,V, € GH", k), n < k < 2n,
vertical subgroups satisfying the assumptions of Lemma 3.1. Then there exists X' > \
such that, if we further assume

q ¢ Qa(p7 ‘/})7 )\1)7
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then the following inclusion holds:
r T
B (4.5) NCi* (@) € B(p,2)\ Qa (, Vi V).

where r := d(p,q). Moreover, for N we can take any value satisfying

S 2%C+(1+ RERED)
- 21+O‘C )

N (13)

where ¢ and C are the positive constants given, respectively, in Proposition 2.1/ and
Lemma 3.1.

Proof. Let z € B(q,r/2)N C’Q/ 2 (¢). Using the triangular inequality we have

3

1+o
p 2 < dlpa) + dla 7 < (5) e

so to prove that z does not belong to the paraboloid Qq (p, Vp, A) we only need to
estimate from below d(p~'z,V}). We start by noticing that

¢ ¢ Qalp,Vp, N') = d(p™'q,Vp) > Nrite, (14)
and, similarly, also that
r) 1+«

e Cila) = dla'2 V) <A (5 (15)

Since V), is a vertical homogeneous subgroups, by Proposition 2.14 we have
-1 _
dp~"2 ) > ey (072

where ¢ is a constant that depends on the dimension of p only. Now, taking into
account that V;DL and Vql are horizontal by definition, we have

e N R P U Bt (e RE R U

> lmy e (7 )l = my (a7 )l = llmy i (a7 e) - my (g t2))-
q

Notice that for the last term we have the inequality

Iy (a2)  my (a2l < p(Vp, Vo)d(a, 2)

r C
S C’I“Oé§ = 5,,,1-{-04,

where C' is the constant given in Lemma 3.1. If we apply Proposition 2.14 to the
first two terms we get the following inequalities:

d(p~'2,Vp) 2 cllmyi (p712)|
> cllmys (0™l — ey (a7 2~ ellmyh (a7 -y (a7'2)]
_ _ C
> Cd(p 1Q7 ‘/p) - d(q lzv V:]) - §Crl+a7'
Using both (14) and (15) yields the inequality

dip™'z, V) > |eN —a271 7 — c% plte
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and, as a consequence, the quantity

1+«
eN — o7 cg] plra ) <3) plte

2
is nonnegative if we take A’ > 0 as in (13), concluding the proof. O
3.1. Proof of Theorem 1.1. Following [22], we first prove uniqueness almost ev-

erywhere of approximate tangent paraboloids.

Proposition 3.4. Let E C H" be H*"-measurable with H*"(E) < oo, and let A
be the set of points of E for which there is an approximate tangent parabolid of
dimension k and metric dimension k,,. Then the following holds:

(a) A is H*m -measurable;
(b) E has an unique approzimate tangent paraboloid V,, at HEm_q.e. pe A;
(¢) the mapping A > p— V, € G(H", k) is measurable.

The proof of this result follows the same strategy of [22, Proposition 3.9] so we
refer the reader to that paper for more details.

We are now ready to prove our main result. We follow closely the strategy in
[22, Theorem 3.15] and point out the main differences in our case.

Proof of Theorem 1.1. First, since H*m(E) < oo, by a standard density estimate
(see Lemma 2.2), ©*%m (E, p) < 5¥m for HFm-a.e. x € E; we can assume

HF(E N B(p,r)) < 7*mr*m for all p € E and r > 0. (16)

Using the positive lower density and condition (1), we have that for HEm_ae. pe E
we can find £(p) > 0,0<r(p) <landV, = apparﬁﬂm (E,p) such that

HEm (B0 B(p,r)) > L(p)rt™  for all 0 < r < r(p), (17)
and, for some A = A, > 0, we also have
P (B0 B(p,r) \ Qa(p, Vi, N)) < er’m
with € < ﬁﬁ(p). Moreover, since B(p,r) N Qa(p, Vp, A) C CL(p), it follows that
P (B0 B(p,r)\ Ch(p)) < er'm. (18)

Consider for any 7 > 1 the set
1
B = {p € E : min{r(p), ((p)} > }

and denote by E* = |J;»; E;. Then clearly H*=(E \ E*) = 0. Hence it suffices to
prove the result for the set E; for each i > 1.

Now recall that, by Lemma 2.25, for any p € E*, we can find 2n+ 1 — k horizontal
unit vectors v, (p) in the horizontal bundle HHJ) transversal to V), such that

T}, := exp (span{l/1 (p)7 ces 7V2n+17k(p)})
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is a horizontal subgroup of H" satisfying H" = V,,-T,,. Moreover, using the Lipschitz
continuity part of Lemma 2.25 and Proposition 3.4, we have

E*=|]JF,
j=1
with H*m (Fj) < 0o and v, | P 18 H¥m-measurable. As a consequence
J
vy B — HH"

is a measurable sections of HH" for each 1 < h <2n +1 — k.
Now, following the strategy proposed in [22], we define for appropriate indices
and for p € E* the function

1% , T -1
Pih,j(P) := sup { i hé](?;’ q)(iaqm 1 q € E;, 0<d(p,q) < j} ;

where 7 : H® — B is the projection onto the first layer given by

n

m(q) =Y (X, + §Y)).
j=1

For any pair of points p, g € E;, applying Lemma 3.1 with » = d(p, ¢) we obtain that
the map p — V), is a-Holder when restricted to Ej, i.e.,

p(Vp, Vg) < Cd(p,q)*  for every p,q € Ej,

where C' := C(n,{(p), \) is the constant as in Lemma 3.1. Notice that here we have
used (16) to verify the assumption (8). We now claim that, up to taking a larger
aperture \’ > )\, we have that

Ei \ Qa(p7 V}h )‘,) =J.

Suppose for a contradiction that this does not hold. Let p,q € F; be such that the
assumptions of Lemma 3.3 hold; then we have the inclusion

B (q, g) N C(’;/Q(q) C B(p,2r) \ Qa(p, Vp, )

assuming that ¢ ¢ Qa(p,Vp, X'), with X satisfying (13). Consequently, using the
estimates (17) and (18), we deduce that

(tp) = 2)(r/2)" <o (Ein B (0, 2) 1 Co/2(a))
< HEm (E N B (p,2r) \ Qa(pv Vb, )‘)) < 2km5km7

which gives a contradiction since ¢ < ﬁﬁ(p). Hence the claim holds and by
Lemma 2.25 it follows that

Ei\ Qu(p,N(vp(p),N) =2 foralll1<h<2n+1-—k. (19)
As a consequence of (19) we have that foralli >1and 1 <h<2n+1—k

lim p; p j(p) = 0.
j—00
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If we now apply Lusin theorem to each v, and Egoroff theorem to the sequence
(pi7h:j)jeN we find that we can write

E; = Ei,OU U Kig |,

B=>1

with E; HFm-negligible, K; 3 compact, vy, ‘K continuous and p; 5 ; going to zero
uniformly in K; g with respect to j. Using Lemma 3.2 we obtain that

Yh ’Kw

is actually a-Holder continuous. By applying the Whitney theorem (see Theorem
2.12) on K; g we obtain the functions

fipn € Cp(H")
with f; 5 wa =0, Vafigh \KZ_B =y, and |V fignl # 0 on K; 3. The set

Sipn:={peH" : fignp) =0, |Vufisnl #0}

is a 1-codimensional (C}f, H)-regular surface containing K; 3 so we can consider the
following intersection:
2n+1-k

Sig:= (] Sign
h=1

By Proposition 2.10 we have that .S; g is a k-codimensional (C}f‘, H)-regular surface
that contains the set K; 3. Moreover, we have

E C Ey U (Ui>1 Ug>1 Si5),
with By = (E\ E*) UUX, E; o and HF(Ey) = 0. Hence E is C1%-rectifiable. [

3.2. Extension to Carnot groups. Let G = H' @ ---@® H* be a Carnot group of
dimension g and homogeneous dimension

L
Q=> j-dim(H).
j=1
In analogy with the Heisenberg case, we say that a homogeneous subgroup 7' C G
of codimension k < dim(H?) is vertical if

T=Ty®H*® - -® H",

where Ty C H! has dimension dim(H?') — k. As a consequence, the definition of the
Grassmannian (Definition 2.16) can be immediately extended, but there is an issue
that we mentioned already in the paper: if S is a vertical subgroup of codimension
at least 2, then there is no guarantee that a horizontal complement exists which,
in turn, means that it may not even belong to the Grassmannian.
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Remark 3.5. The issue discussed above does not apply to the particular case of
codimension one since a horizontal complement always exists and is generated by
a single element. Indeed, if we replace

km with @ — 1 and k with ¢ — 1,

then all technical results can be proved using the same argument, except for Lemma
3.2 which is trivial because the distance between the horizontal complements is given
by the distance between the two generating vectors which can be chosen using the
orthogonality condition.

Acknowledgements. The authors would like to thank Davide Vittone for pointing
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REFERENCES

[1] L. Ambrosio and B. Kirchheim, Rectifiable sets in metric and Banach spaces, Math. Ann. 318
(2000), no. 3, 527-555.

[2] G. Antonelli and E. Le Donne, Pauls rectifiable and purely Pauls unrectifiable smooth hyper-
surfaces, Nonlinear Anal. 200 (2020).

[3] G. Anzellotti and R. Serapioni, C¥-rectifiable sets, J. Reine Angew. Math. 453 (1994), 1-20.

[4] A. Bonfiglioli, E. Lanconelli, and F. Uguzzoni, Stratified Lie groups and potential theory for
their sub-Laplacians, Springer Monographs in Mathematics, Springer, Berlin, 2007.

[5] L. Capogna, D. Danielli, S.D. Pauls, and J.T. Tyson, An introduction to the Heisenberg group
and the sub-Riemannian isoperimetric problem, Progress in Mathematics, vol. 259, Birkh&user
Verlag, Basel, 2007.

[6] V. Chousionis, K. Fissler, and T. Orponen, Boundedness of singular integrals on C™* intrinsic
graphs in the Heisenberg group, Adv. Math. 354 (2019).

[7] G.David and S. Semmes, Singular integrals and rectifiable sets in R": Beyond Lipschitz graphs,
Astérisque 193 (1991).

, Analysis of and on Uniformly Rectifiable Sets, Lectures on Mathematics in the Life

Sciences, American Mathematical Society, 1993.
[9] C. De Lellis, Rectifiable sets, densities and tangent measures, Zurich Lectures in Advanced
Mathematics, European Mathematical Society (EMS), Ziirich, 2008. MR2388959 (2009j:28001)
[10] Giacomo Del Nin and Kennedy Obinna Idu, Geometric criteria for C*®-rectifiability, J. Lond.
Math. Soc. (2) 105 (2022), no. 1, 445-468.
[11] H. Federer, Geometric measure theory, Springer, 1969.

[12] , Colloquium lectures on geometric measure theory, Bull. Amer. Math. Soc. 84 (1978),
no. 3, 291-338.

[13] G.B. Folland and E.M. Stein, Hardy Spaces on Homogeneous Groups, Princeton University
Press, 1982.

[14] B. Franchi and R. Serapioni, Intrinsic Lipschitz graphs within Carnot groups, J. Geom. Anal.
26 (2016), no. 3, 1946-1994.

[15] B. Franchi, R. Serapioni, and F. Serra Cassano, Rectifiability and perimeter in the Heisenberg
group, Math. Ann. 321 (2001), 479-531.

, Regular hypersurfaces, intrinsic perimeter and implicit function theorem in Carnot

groups, Comm. Anal. Geom. 5 (2003), 909-944.

, Regular submanifolds, graphs and area formula in Heisenberg groups, Adv. Math. 211

(2007), no. 1, 152-203.

, Differentiability of Intrinsic Lipschitz Functions within Heisenberg Groups, J. Geom.
Anal. 21 (2011), no. 4, 1044-1084.

[19] K.O. Idu, V. Magnani, and F.P. Maiale, Characterizations of k-rectifiability in homogeneous
groups, J. Math. Anal. Appl. 500 (2021), no. 2.

[16]

[17]

18]



CH_RECTIFIABILITY IN LOW CODIMENSION IN HEISENBERG GROUPS 19

[20] B. Kirchheim, Rectifiable metric spaces: local structure and regularity of the Hausdor{f measure,

Proc. Amer. Math. Soc. 121 (1994), no. 1, 113-123.

[21] P. Mattila, Geometry of sets and measures in Euclidean spaces, Cambridge Studies in Advanced

Mathematics, vol. 44, Cambridge University Press, Cambridge, 1995. Fractals and rectifiability.

[22] P. Mattila, R. Serapioni, and F. Serra Cassano, Characterizations of intrinsic rectifiability in

Heisenberg groups, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 9 (2010), no. 4, 687-723.

[23] P. Pansu, Métriques de Carnot-Carathéodory et quasiisoméltries des espaces symétriques de

rang un, Ann. of Math. (2) 129 (1989), no. 1, 1-60.

[24] S.D. Pauls, A notion of rectifiability modeled on Carnot groups, Indiana Univ. Math. J. 53

[25]

[26]

(2004), 49-81.

Mario Santilli, Rectifiability and approximate differentiability of higher order for sets, Indiana
Univ. Math. J. 68 (2019), no. 3, 1013-1046.

S.K. Vodopyanov and I.M. Pupyshev, Whitney-type theorems on the extension of functions on
Carnot groups, Sibirsk. Mat. Zh. 47 (2006), no. 4, 731-752.

UNIVERSITY OF TORONTO, DEPARTMENT OF MATHEMATICS, TORONTO, ON M5S 2E4, CANADA.
Email address: iduGmath.toronto.edu

ScUuoLA NORMALE SUPERIORE, P1AzzZA DEI CAVALIERI 7, 56126 PisA, ITALY.
Email address: francesco.maiale@sns.it

Web-page: https://sites. google. com/site/ francescopaolomaiale/


mailto:idu@math.toronto.edu
mailto:francesco.maiale@sns.it
https://sites.google.com/site/francescopaolomaiale/

	1. Introduction
	2. Preliminaries
	2.1. C1,-rectifiability in low codimension
	2.2. Whitney's extension theorem
	2.3. The intrinsic Grassmannian
	2.4. Intersection lemma

	3. Proof of the main results
	3.1. Proof of Theorem 1.1
	3.2. Extension to Carnot groups
	Acknowledgements.

	References

