arXiv:math.AP/0702176v1 7 Feb 2007

Determining the anisotropic traction state in a membrane by boundary measurements

G. Alessandrini^∗ E. Cabib^†

1 Introduction

Consider an elastic thin membrane which occupies a planar region represented by a simply connected bounded open set Ω ⊂ R^2 . In the same plane a vector force field T is applied on its boundary ∂Ω, so that the membrane is subject to a distributed pretraction state, expressed by a positive and symmetric tensor σ = {σ_{ij} }, i, j = 1, 2, which satisfies the plane equilibrium equations

div σ = 0 , in Ω , (1.1) σν = T , on ∂Ω , (1.2)

where ν is the outer unit normal to ∂Ω. The transverse displacement u(x) of the membrane will be governed by the equation

− div(σ∇u) = f , in Ω , (1.3) u = φ , on ∂Ω , (1.4)

where f(x) represents the distributed transverse load applied to it, and φ represents the prescribed transverse displacement at the boundary.

In this note we wish to investigate the inverse problem of determining the plane traction state tensor σ from boundary measurements on displacements and on the corresponding forces. As an initial attempt, since the external load f has no influence on the pretraction state σ, and in analogy with many other well-known inverse boundary problems, see for instance [2, 8, 15], it seems natural to treat the case when f = 0 in (1.3), and consider as available data an arbitrary transverse displacement φ on the boundary and the corresponding transverse load on the boundary, namely the reaction of the boundary constraints

Λ_σφ = σ∇u · ν . (1.5)

Hence, fixing any φ ∈ H^{1/2}(∂Ω), if we denote by u ∈ H^1(Ω) the weak solution to the Dirichlet problem

div(σ∇u) = 0 , in Ω , (1.6) u = φ , on ∂Ω , (1.7)

we introduce the Dirichlet-to-Neumann (D-N) map as the bounded linear operator

Λ_σ : H^{12} (∂Ω) → H^{− 12} (∂Ω) , (1.8)

defined, in weak terms, by the formula < Λ_σ φ, v_{|∂Ω} >= ∫ Ω σ∇u · ∇v , for every v ∈ H^1(Ω) , (1.9)

∗Dipartimento di Matematica e Informatica, Via Valerio, 12 - 34127 Trieste, Italy, email:

alessang@univ.trieste.it. Work supported in part by MIUR, PRIN n. 2004011204 and by GNAMPA,

INdAM Progetto Problemi al contorno inversi 2006 .

†Dipartimento di Ingegneria Civile, Via delle Scienze, 208 - 33100 Udine, Italy, email: cabib@uniud.it 1 where v_{|∂Ω} denotes the trace on ∂Ω of v ∈ H^1(Ω).

Thus we examine here the problem of determining σ from the knowledge of Λ_σ. The peculiarity of this problem is that, by its own nature, the tensor σ is anisotropic, and since Tartar’s example, as reported in [11], it is well-known that a general anisotropic tensor σ cannot be uniquely determined by the D-N map Λ_σ . In this case however, we shall see, in the next Section 2 that we can take advantage of the null divergence condition (1.1) and obtain the uniqueness in such restricted class of genuinely anisotropic tensors, see Theorem 2.1.

In Section 3 we also consider the question of stability, that is of the continuous dependence upon the data. And although the present results are very preliminary, they show up interesting phenomena, which are markedly different from those available for the well-known inverse conductivity problem. In fact, on one hand, we prove, Theorem 3.2, a qualitative form of stability, when a very weak topology is assigned on the class of tensors, namely the topology of G-convegence. And, on the other hand, we show that a Lipschitz stability bound holds for the mean value of σ.

2 Uniqueness

For any given K ≥ 1 we consider the class of tensors

M_K = {σ ∈ L^∞(Ω, M^{2×2}) | K^{−1}|ξ|^2 ≤ σξ · ξ ≤ K|ξ|^2 for every ξ ∈ R^2 } , (2.1)

here M^{2×2} denotes the set of 2 × 2 symmetric matrices. Let us also introduce

Σ_K = {σ ∈ M_K | div σ = 0} , (2.2)

where the null divergence condition div σ = 0 is meant in the weak sense ∫ Ω σ∇v = 0 for every v ∈ H^1_0 (Ω) . (2.3)

Let us also introduce M = ∪_{K≥1}M_K , Σ = ∪_{K≥1}Σ_K . (2.4)

Given a W^{1,2} mapping Φ : Ω → D ⊂ R^2 we denote its Jacobian matrix as follows

DΦ(x) = { ∂Φ_i(x) ∂x_j } i, j = 1, 2 . (2.5)

We recall that Φ is said to be quasiconformal if, for some Q ≥ 1 it satisfies

‖DΦ‖^2 ≤ Q det DΦ a.e. in Ω , (2.6)

and it is invertible, see for instance Ahlfors [1]. Here, for any matrix A, we denote ‖A‖^2 = trAA^T and the suffix T denotes transpose.

For any tensor σ ∈ M_K and any quasiconformal mapping Φ, we introduce

T_Φσ(y) = DΦσDΦ^T det DΦ

(Φ^{−1}(y)) , for every y ∈ D . (2.7)

This new tensor defined in D, called the push-forward of σ by Φ, is again symmetric and satisfies the ellipticity condition with some possibly new K ≥ 1. Moreover, one can verify that such operation preserves the bilinear Dirichlet form associated to σ, that is ∫ Ω σ∇u · ∇v = ∫ D T_Φσ∇(u ∘ Φ^{−1}) · ∇(v ∘ Φ^{−1}) for every u, v ∈ H^1(Ω) . (2.8)

Theorem 2.1. Λ_σ uniquely determines σ among all tensors in Σ.

The proof will be a consequence of the following two Lemmas.

Lemma 2.2. Let σ ∈ Σ. Then the tensor

T_Φσ(DΦ^{−1})^T (2.9)

is divergence free in D.

Proof. Condition (2.3) can be rewritten as ∫ Ω σ∇x_j · ∇v = 0 for every v ∈ H^1_0 (Ω) , j = 1, 2 . (2.10)

By (2.8) one computes ∫ D T_Φσ∇((Φ^{−1})_j ) · ∇(v ∘ Φ^{−1}) = 0 for every v ∈ H^1_0 (Ω) , j = 1, 2 , (2.11)

and the thesis follows. □

Lemma 2.3. Let σ ∈ M and suppose that for a given mapping Φ we have div T_Φσ = 0 in D. Then div(σDΦ^T ) = 0 . (2.12)

Proof. The proof follows immediately from Lemma 2.2, just by reversing the roles of Φ , Φ^{−1} and of σ, T_Φσ, respectively. □

We are now in a position to prove our main result.

Proof of Theorem 2.1. By the results of Astala, Päivärinta and Lassas [4, Theorem 1], which have extended to the L^∞ setting those of Sylvester [18] and Nachman [14], we have that Λ_σ determines uniquely the class

E_σ = {σ^′ ∈ M|σ^′ = T_Φσ, with Φ : Ω → Ω quasiconformal and such that Φ_{|∂Ω} = I} . (2.13)

The class E_σ contains at most one divergence free element. In fact, if Φ is a quasiconformal mappings which fixes the boundary, and such that div T_Φσ = 0 then, by Lemma 2.3, we have { div(σDΦ^T ) = 0 in Ω , Φ = I on ∂Ω . (2.14)

Note that this system, is formed by two uncoupled Dirichlet problems for the two components of the mapping Φ. On the other hand we observe that, if σ is divergence free, then the identity mapping I is itself a solution to (2.14) and by uniqueness for the Dirichlet problem, we obtain Φ = I on Ω. □ Remark 2.4. It is worth mentioning, that the crucial fact used in this proof is that all linear functions are solutions to the elliptic equation (1.3), this is a condition on σ which is in fact equivalent to the null divergence condition (2.3). Indeed this property has been used already in a study on optimization of tension structures in the different context of variational problems and G-convergence, see [6], [7] and also Section 3 below.

A further application of this property of linear functions is the possibility to identify the traction T applied on the boundary. For every ξ ∈ R^2 let φ_ξ (x) = ξ · x be the Dirichlet data. Since the corresponding solution is u_ξ(x) = ξ · x all over Ω, we have Λ_σ φ_ξ = σ∇u_ξ · ν = σξ · ν = σν · ξ = T · ξ , (2.15) whose knowledge for every ξ ∈ R^n is equivalent to the knowledge of T .

If the same argument is applied to the particular case of a square network Q = [0, 1] × [0, 1], that is, a portion of fabrics made by two families of parallel elastic strings which cross orthogonally, the identification of σ is immediate. The particular situation leads to define as admissible all the tensors of the form σ(x) = ( σ_1(x_2) 0 0 σ_2(x_1) ) . with K^{−1} ≤ σ_1, σ_2 ≤ K. Consider the Dirichlet data φ(x) = x_1 on ∂Q, so that also u(x) = x_1 on Q, and the corresponding ψ(x_2) = Λ_σφ on the edge x_1 = 1 where ν = (1, 0). Then we have

σ_1(x_2) = σ(1, x_2)∇u · ν = ψ(x_2) ,

likewise, σ_2(x_1) can be identified as well.

3 Stability

This section is devoted to the continuity properties of the inverse of the map

Σ_K ∋ σ → Λ_σ ∈ L (H^{1/2}(Ω), H^{−1/2}(Ω))

when we assign to Σ_K the topology of G-convergence. Let us recall here the basic notions and some important properties of the G-convergence. A wide literature is available on this subject, we refer for example to the classical papers [10, 13, 16, 17] and to the book by Dal Maso [9] where G-convegence is cast in the more general theory of Γ-convegence.

Definition 3.1. A sequence {σ_h} ⊂ M_K is said to G-converge to σ ∈ M_K , and we write σ_h^G→ σ, if for every f ∈ H^{−1}(Ω) the corresponding sequence {u_h} ⊂ H^1_0 (Ω) of solutions to the inhomogeneous problems

− div(σ_h∇u_h) = f in Ω , u_h = 0 on ∂Ω , (3.1)

converges weakly in H^1_0 (Ω) to the solution u ∈ H^1_0 (Ω) of the problem

− div(σ∇u) = f in Ω , u = 0 on ∂Ω . (3.2)

It is well known that G-convergence is induced by a compact metrizable topology on M_K , [17, Remark 4].

It is also worth recalling that the L^1_{loc}-strong convergence implies the G-convergence, [16, Proposition 5], [17, Remark 11].

Theorem 3.2. Given K ≥ 1, the mapping Σ_K ∋ σ → Λ_σ ∈ L (H^{1/2}(Ω), H^{−1/2}(Ω)) has a continuous inverse when Σ_K is endowed with the topology of G-convergence.

Proof. First we recall that [7], by the characterization of Σ_K as the subclass of those σ ∈ M_K for which all linear functions are solutions to (1.6), implies that Σ_K is a closed set in the G-topology and hence it is compact. Let {σ_h} ⊂ Σ_K and σ ∈ Σ_K be such that ‖Λ_{σh} − Λ_σ‖ → 0. By the above mentioned compactness , there exists a subsequence {σ_{rh} } of {σ_h} such that σ_{rh}^G→ σ^′ ∈ Σ_K and we prove σ^′ = σ. For any φ ∈ H^{1/2}(∂Ω), let u_h, u^′ the solutions to (1.6) when σ is replaced with with σ_h, σ^′, respectively. Then, by convergence of the energies [17], we have < Λ_{σrh} φ, φ >= ∫ Ω σ_{rh} ∇u_{rh} · ∇u_{rh} → ∫ Ω σ^′∇u^′ · ∇u^′ =< Λ_σ′ φ, φ > , (3.3) on the other hand, Λ_{σh} → Λ_σ, therefore < Λ_σ′ φ, φ >=< Λ_σφ, φ > for every φ ∈ H^{1/2}(∂Ω). From the uniqueness Theorem 2.1, we get σ^′ = σ. The above argument applies to any subsequence of {σ_h}. Thus we have obtained that for any subsequence of {σ_h} there is a sub-subsequence which G-converges to σ, and hence, the full sequence {σ_h} must G-converge to σ. □

Remark 3.3. It is worthwhile to compare this result with the case of the inverse conductivity problem, that is when the unknown σ ∈ M_K is a-priori known to be isotropic, that is σ = γI where γ ∈ L^∞(Ω) is a scalar function satisfying K^{−1} ≤ γ ≤ K and I denotes the identity matrix. Indeed for the inverse conductivity problem, stability with respect to G-convergence fails, see [12] for related arguments. In fact, as is well-known, Marino and Spagnolo [13] proved that there exist a constant c > 1, depending only on the space dimension n (in our case n = 2), such that any tensor in M_{K/c} can be approximated in the sense of G-convegence by isotropic tensors of M_K . Hence if we had stability with respect to G-convergence for isotropic tensors, that would imply the uniqueness in the class M_{K/c} of anisotropic tensors, which, by the above mentioned example of Tartar cannot hold true. Hence the stability result above, Theorem 3.2, is crucially based on the property of our set of admissible matrices, Σ_K , of being G-closed.

We recall that in [6], and in [7] in a more general context, it was proved that on Σ_K the Gconvergence is equivalent to the L^∞(Ω)-weak* convergence. Therefore, as a consequence of Theorem 3.2, we also obtain that for every ψ ∈ L^1(Ω) and for every i, j = 1, 2 the functional F defined by

F (σ) = ∫ Ω ψσ_{i,j} , σ ∈ Σ_K , (3.4) depends continuously on Λ_σ.

In the very special case when, in (3.4), we choose ψ ≡^1_{|Ω|} a concrete stability estimate can be obtained. In fact, in the next Proposition we show that the average of σ, a quantity which can be interpreted as a global measure of the pretraction field, depends in a Lipschitz continuous fashion on the Dirichlet-to-Neumann map.

Proposition 3.4. For any σ, σ^′ ∈ Σ we have ‖ ‖ ‖ 1 |Ω| ∫ Ω (σ − σ^′) ‖ ‖ ‖ ≤ (1 + (diam Ω)^2)‖Λ^σ − Λ^{σ′} ‖ . (3.5)

Proof. Being linear functions solutions, we can use (1.9), with u = x_i , v = x_j , i, j = 1, 2, both for σ and σ^′. We obtain ∫ Ω (σ − σ^′)_{ij} =< (Λ_σ − Λ_σ′ )x_i, x_j > , (3.6)

and the thesis follows by straightforward computations. □

Remark 3.5. Also in this case it may be interesting to make a comparison with the inverse conductivity problem. In fact it is an open problem whether, for the average^1_{|Ω|} ∫ Ω γ of an isotropic tensor σ = γI, the Lipschitz stability in terms of the corresponding the Dirichlet-to-Neumann map holds true, see [3].

References

[1] L. V. Ahlfors, Lectures on quasiconformal mappings, Van Nostrand Mathematical Studies, 10, Van Nostrand, Toronto, 1966.

[2] G. Alessandrini, Stable determination of conductivity by boundary measurements, Appl. Anal., 27 (1988), no. 1–3, 153–172.

[3] G. Alessandrini, S. Vessella, Lipschitz stability for the inverse conductivity problem, Advances Appl. Math., 35 (2005), 207–241.

[4] K. Astala, L. Päivärinta, M. Lassas, Calderón’s inverse problem for anisotropic conductivity in the plane, Comm. Partial Differential Equations, 30 1–3 (2005), 207–224.

[5] K. Astala, L. Päivärinta, Calderón’s inverse conductivity problem in the plane, Ann. of Math., 2 163 (2006), no. 1, 265–299.

[6] E. Cabib, C. Davini, C.-Q. Ru, A problem in the optimal design of networks under transverse loading, Quart. Appl. Math. 48 2 (1990), 251–263.

[7] E. Cabib, C. Davini, On the variational convergence with a null divergence condition, Boll. Un.

Mat. Ital., (7) 5-B (1991), 171–176.

[8] A. P. Calderón, On an inverse boundary value problem, Seminar on Numerical Analysis and its Applications to Continuum Physics, Rio de Janeiro, 1980, Soc. Brasil. Mat., Rio de Janeiro, 1980, 65–73.

[9] G. Dal Maso, An Introduction to Γ-convergence, Birkhäuser, Boston, 1993.

[10] E. De Giorgi, S. Spagnolo, Sulla convergenza degli integrali dell’energia per operatori ellittici del secondo ordine, Boll. Un. Mat. Ital. (4) 8 (1973), 391–411.

[11] R. Kohn, M. Vogelius, Identification of an unknown conductivity by means of measurements at the boundary Inverse Problems, edited by D. McLaughlin, SIAM-AMS Proceedings, 14 (1984), 113–123.

[12] R. Kohn, M. Vogelius, Relaxation of a variational method for impedance computed tomography, Comm. Pure Appl. Math., 40 (1987), no. 6, 745–777.

[13] A. Marino, S. Spagnolo, Un tipo di approssimazione dell’operatore ∑_n 1 ijD_i(a_{ij} (x)D_j ) con operatori ∑_n 1 jD_j (β(x)D_j ), Ann. Scuola Norm. Sup. Pisa (3) 23 (1969), 657–673.

[14] A. I. Nachman, Global uniqueness for a two-dimensional inverse boundary value problem, Ann.

of Math. (2) 143 (1996), no. 1, 71-96.

[15] G. Nakamura, G. Uhlmann, Global uniqueness for an inverse boundary value problem arising in elasticity, Invent. Math. 118 (1994), no. 3, 457–474.

[16] S. Spagnolo, Sulla convergenza di soluzioni di equazioni paraboliche ed ellittiche, Ann. Scuola Norm. Sup. Pisa 22 (1968), 571-597.

[17] S. Spagnolo, Convergence in energy for elliptic operators, Numerical Solutions of Partial Differential Equations - III (SYNSPADE 1975), vol. 1, College Park (Maryland) 1976, 469–498.

[18] J. Sylvester, An anisotropic inverse boundary value problem, Comm. Pure Appl. Math. 43 (1990), no. 2, 201–232.