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Abstract

In this thesis we discuss variational problems concerning Willmore-type energies of curves
and surfaces. By Willmore-type energy of an immersed manifold we mean a functional depending
on the volume (length or area) of the manifold and on some LP-norm of the mean curvature
of the manifold. The functionals we consider are the p-elastic energy of an immersed curve,
defined as the sum of length and LP-norm of the curvature vector, and the Willmore energy
of an immersed surface, which is the L?-norm of the mean curvature of the surface. We shall
consider problems of a variational nature both in the smooth setting of manifolds and in the
context of geometric measure theoretic objects. The necessary definitions and preliminaries are
collected and discussed in Chapter 1.

We then address the following problems.

e In Chapter 2 we consider a gradient flow of the p-elastic energy of immersed curves into
complete Riemannian manifolds. We investigate the smooth convergence of the flow to
critical points of the functional, proving that suitable hypotheses on the sub-convergence
of the flow imply the existence of the full limit of the evolving solution.

e In Chapter 3 we address the problem of finding a generalized weak definition of p-elastic
energy of subsets of the plane satisfying some meaningful variational requirement. We find
such a definition by characterizing a suitable relaxed functional, of which we then discuss
qualitative properties and applications.

e In Chapter 4 we study the minimization of the Willmore energy of surfaces with boundary
under different boundary conditions and constraints. We focus on the existence theory
for such minimization problems, proving both existence and non-existence theorems, and
some functional inequalities.

The results are obtained by the author partly in collaboration with Matteo Novaga, and
they comprise contributions from the research papers [NP20; Poz20a; Poz20b; Poz20c] as well
as some unpublished results.
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NOTATION AND SYMBOLS

g1X cardinality of a set X
() a given scalar product
(,)vev duality pairing between a Banach space V' and its dual V*
|- a norm induced by a given scalar product
E interior of a set
A* adjoint of a linear map A
B, (x) open ball of center x and radius r in a given metric space
B, (x) closed ball of center  and radius r in a given metric space
B, open ball of center 0 and radius r in R™
Ck(U) real valued C*-functions on an open set U in a manifold
Ck(U,N) C*k-functions on an open set U in a manifold with values in a manifold N
C.(X) continuous functions with compact support on a metric space X
Co(X) closure of C.(X) with respect to the supremum norm
diam(Y") diameter of a set Y in a metric space
dy Hausdorff distance in a given metric space
df differential of a differentiable function f: U C M — N between manifolds at =
dM f, tangential differential of f at a point x along T, M for a rectifiable set M
EAF symmetric difference between two sets E and F
() support of a rectifiable curve -y
H? s-dimensional Hausdorff measure in a given metric space, for any s > 0
id identity /inclusion map between given sets
Lip(f) Lipschitz constant of a function f between metric spaces
LY (w) real valued locally p-integrable functions with respect to the measure p
LP(u) real valued p-integrable functions with respect to the measure p

LY (u,R™)  R™-valued functions whose components belong to L} (u)

LP(u, R™) R™-valued functions whose components belong to LP(u)

L" Lebesgue measure on R™
L™"(E)=|E| Lebesgue measure of a set £ C R"
L(y) length of a rectifiable curve ~
My closed orientable surface of genus g
N(Y) open tubular neighborhood of width ¢ of a subset Y of a metric space
N natural numbers
Q rational numbers
R” Euclidean n-dimensional space
S unit n-dimensional sphere
sptu support of a measure p
T.M tangent space of M at z, or approximate tangent space of a rectifiable set M at x
XE characteristic function of a set
X(M) space of vector fields on a manifold M

VccU the closure of the set V' is compact and it is contained in U
WkP(Q) Sobolev space on an open set  C R", for k € N, k > 1, and p € [1, +o0]
Wkr(Sh) 2m-periodic functions f on R s.t. f|; € W*P(I), for any I C R bounded interval
WkP(Q,R") R"-valued functions whose components belong to W (£2)
WkP(STR") R"-valued functions whose components belong to W*?(St)
Wn, volume of the n-dimensional unit ball in R™
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Introduction

In this thesis we study problems of a variational nature regarding Willmore-type energies of
curves and surfaces. By Willmore-type energies we mean functionals associating to an immersed
manifold a number depending on its volume (length or area) and on some LP-norm of the mean
curvature. All the basic definitions and results needed in the sequel are recalled and discussed
in Chapter 1, and we will give them for granted in this introduction.

The class of functionals we are interested in owes its name to the celebrated Willmore energy,
that is one of the geometric energies we will study in this thesis. If ¢ : ¥ < (M™, g) is a smooth
immersion of a 2-dimensional manifold ¥ in a Riemannian manifold of dimension m > 3, its
Willmore energy is defined by

W(e) = /E H dp,

where H is the mean curvature vector of the immersion, integration is understood with respect
to the induced area measure (see Section 1.1.2), and the integral might diverge. In the last fifty
years a lot of interest has been devoted to such a functional, starting from the work of Thomas
Willmore [Wil65] in 1965, that is the reason why today the functional is named after him.

The functional enjoys several interesting geometric properties. The most important one is
probably its conformal invariance, that is, conformal transformations of the ambient metric do
not change the value of the Willmore energy (see Theorem 4.1.4 and Remark 4.1.5).

In [Wil65], the author initiated the study of minimization problems on W by proving that
round spheres in R3, having energy equal to 4, are the only absolute minimizers of Y} among
closed immersed surfaces in R? (Theorem 4.1.1). The result was then extended to higher codi-
mensions by Chen in [Che7la; Che71b]. Such an existence theorem of global minimizers can be
also proved by using the conformal invariance of the functional [Che74; Whi73; Wei78]. Actually,
the conformal invariance of W in the Euclidean space leads to the celebrated Li—Yau inequality,
which is an estimate that not only identifies the value 47 of the infimum of W among immersions
of closed surfaces, but also implies that closed immersed surfaces in R™ with self-intersections
have energy greater or equal than 87 (Corollary 4.1.12, Corollary 1.3.8). It is then clear that
the Li—Yau inequality has a great importance in the study of variational problems.

Moreover, in [Wil65] the author stated his celebrated conjecture about the minimization of
the Willmore energy among tori (Conjecture 4.1.6). The Willmore conjecture states that the
infimum of W among immersions of tori in R? equals 272 and that it is achieved only by the
torus of revolution given by a circle of radius 1 whose center is located at distance v/2 from
the axis of revolution, up to conformal transformation of the ambient. The conjecture then
motivated the study of the minimization of YW among surfaces of a fixed topology, that is, closed
surfaces of given genus in R™. By the works of Simon [Sim93] and Bauer—-Kuwert [BK03] we
now know that for any genus g € N there is a minimizer of VW among immersed closed surfaces
of genus g in R™, and such a minimizer is actually an embedding with Willmore energy strictly
less than 87 (Theorem 4.1.8). Also, in [Sim93] the author introduced the use of varifolds and,
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more generally, of measure theoretic tools that allow the use of direct methods in Calculus of
Variations in the study of the minimization of WW. We will be particularly interested in such
methods and in measure theoretic objects in the sequel.

The Willmore conjecture has been eventually proved by Marques—Neves in [MN14]. In this
paper, as well as in other very recent works, the authors develop deep variational tools useful for
the study of minimal surfaces in Riemannian manifolds. Their results (see Theorem 4.1.9) are
actually even stronger than the statement of the Willmore conjecture and their methods involve
both techniques from Riemannian Geometry, Topology, and Geometric Measure Theory.

All the above mentioned results, as well as some others related to the existence theory of
minimization problems on the Willmore energy, are recalled more in detail in Section 4.1.

The second class of Willmore-type energies we want to consider are defined on curves. If
v : St — R" is an immersed smooth closed curve, then for p € [1,+00) we define its p-elastic
energy by

&)=L+ [ [KPds,
b Jst

where L(7) is the length of v, k is the curvature vector of 7, and integration is understood
with respect to the induced length measure. The same definition will be also used for curves
immersed in Riemannian manifolds. The presence of the constant 1 in front of the integral is
just the choice of a normalization and it is clearly meaningless from a variational point of view,
and in fact in the literature one can find different choices of constant weights between the length
and the curvature terms. The p-elastic energy can be seen as a natural generalization of the more
common elastic energy, which is just £. A great interest toward the elastic energies has grown
since the seminal papers of Langer—Singer [LS84c; LS84a; LS84b; LS85; LS87]. In these works
the authors studied and classified the critical points of the energy functional [ |k|2, which are
called elastic curves or elasticae, both under constraints of fixed length or not, both in Euclidean
space or Riemannian manifolds of constant sectional curvature. The main motivation stated in
[LS84c| was to investigate closed geodesics in constant sectional curvature Riemannian manifolds
by means of the study of a gradient flow of the energy [ |k|? of curves with fixed constrained
length. In fact, geodesics are absolute minimizers of [ |k|?, as they have zero curvature.

A gradient flow of a geometric energy E defined on curves is an evolution equation of the
form 9;y = —V, E that prescribes the motion of the solution v = (¢, z), for (¢,z) € [0,T) x S,
in such a way that the driving velocity is the opposite of the gradient V,E of the energy
evaluated at ~, defined with respect to some duality or scalar product (see Section 2.1 for a
more detailed introduction). In such a way, the energy E(7(t,-)) decreases in time. Gradient
flows are fundamental in the investigation of geometric functionals, both for the study of their
own properties and for the understanding of variational features of the functionals. A gradient
flow for the functional [ |k|? has been introduced, indeed, in [LS85; L.S87], under the name of
curve straightening flow. The authors proved the convergence of this flow, that is, the existence of
a limit for the evolving curve asymptotically as time increases, by finding remarkable functional
analytic properties on the considered energy, namely the fact that the functional satisfies a
Palais—Smale condition.

Since the works of Langer—Singer, many flows of geometric energies of curves have been
widely investigated. In particular, we will be interested in gradient flows of the p-elastic energy
&p of curves in Riemannian manifolds. The study of the L?-gradient flow of & in R2, that is,
the flow defined with respect to L2-duality, has been firstly studied by Polden in [Pol96] both
for what concerns the short time behavior of the flow, i.e., local existence and uniqueness, and
the long time behavior, proving that the solution exists for all times. The systematic study of
this flow in R” is due to Dziuk-Kuwert—Schétzle [DKS02].
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In the literature authors sometimes refer to the functional & as the Willmore energy of
curves, for the obvious analogy with the Willmore energy of surfaces. However, the similarities
between the elastic energies and the Willmore one should not be sought in the mathematical
properties of these functionals considered independently. Indeed their are geometrically quite
different as, for example, none of the summands defining &, for p > 1 is scaling invariant, and
then not at all conformally invariant. On the other hand, the functionals &£, and W are very often
considered good integral quantities representing the total bending energy of immersed curves or
surfaces respectively. Actually, the use of & for modelling the bending energy of a rod goes back
to Daniel Bernoulli; for a nice survey on the history of elastic and bending energies one can see
[Tru83]. The Willmore energy, or suitable variants involving also the surface area, appears as a
model of the bending energy of biological membranes [Can70; Hel73; GGS10; EFH17].

Even if the elastic energies and the Willmore energy satisfy different geometric properties,
we have to mention a perhaps surprising fact that relates these functionals. Let v : S — H? be
a regular closed curve in the hyperbolic plane represented by the upper half-plane {y > 0} C R?
with the hyperbolic metric, and assume R? = {z = 0} C R3 with the standard choice of
orthonormal axes in R3. Then, if ¥ C R? is the torus of revolution in the Euclidean R? obtained
by the rotation of the support of v about the x-axis, it holds

T
W) = [ ke s

where k and ds here are the curvature and the length measure of v as a curve in H?. This
equality has been proved in [LLS84a, pp. 532-533] and independently in [BG86]. Studying the
elastic energy of a closed curve in H? it is then possible to prove that among tori of revolution
in R? the Willmore energy achieves its minimum as predicted by the Willmore conjecture. This
was at that time a first evidence supporting the conjecture.

As already mentioned, besides the properties of Willmore-type energies as defined on smooth
manifolds, we will be interested in generalizations of those in order to solve minimization prob-
lems by means of direct methods in Calculus of Variations in suitable weak formulations. In
particular, we will exploit the concept of varifold as a geometric measure theoretic generalization
of immersed manifold. We shall recall the basic theory of varifolds in Section 1.2, but for the
time being let us consider a k-dimensional rectifiable set M C R™ with k € {1,2}. For a given
positive function 6 : M — N that is H*-locally integrable on M we will see that the measure

p=0M"LM

identifies a varifold V), belonging to the class of integer rectifiable varifolds. In case there exists
a function H : M — R™ which is u-locally integrable such that for every X € C2°(R"™,R"™) one
has

/ divy X dp = —k‘/(X,H>du+/Xda,
M

where divys X is the tangential divergence of X on M and o is a vector valued Radon measure
o which is singular with respect to u, then H is said to be the generalized mean curvature of 'V,
and oy is the generalized boundary of V,. Hence it is possible to define the Willmore energy of
such a varifold by

W) = [ |HPdn [0, +od]

In the framework of measures, one can then hope to exploit compactness properties to solve
minimization problems.
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The concept of varifold was firstly introduced by Young in [You51], but the modern definition
and theory are due to the seminal works of Almgren (see for example [Alm66]), in which the
author uses the theory of varifolds in order to solve the Plateau’s problem. The word varifold
was, indeed, coined by Almgren as a shortcut for variational manifolds, underlying the role of
varifolds in solving minimization problems. We have to mention also the celebrated works of
Allard [All72; All75], which have been equally fundamental in the development of the theory.

As already anticipated, we can attribute the first application of varifolds to the study of
minimization problems on the Willmore energy to Simon in [Sim93], in which he proved the
existence of a minimizer of YW among smooth immersed tori in R", taking a first step towards
the Willmore conjecture. The method of Simon has then been widely used in the last years
for solving different minimization problems. In his arguments a fundamental role is played by
monotonicity formulas, that is, the existence of some monotone function involving the area and
the Willmore energy of a varifold (see Section 1.3).

In this thesis we shall use the theory of varifolds not only for solving minimization problems,
but also for defining new notions of generalized elastic energies. Our general scope is to deepen
our knowledge of Willmore-type energies in the aspects concerning existence theory of generalized
minimization problems and properties of gradient flows of these functionals.

Now we briefly introduce the content of the thesis and the main results collected in the
sequel. For further details, bibliographical references, and motivations about each problem we
refer the reader to the corresponding chapters.

Elastic flows of curves

Chapter 2 is devoted to the study of the long time behavior of the (LP, LP')-gradient flow of
the p-elastic energy of curves in complete Riemannian manifolds. If v : S' — M is a smooth
immersed curve (with non-vanishing curvature if p > 2) in a complete Riemannian manifold
(M™ g) and p > 2, the first variation of the p-elastic energy at 7 turns out to be

1
5[] = /S <v2|kyp2k + ?|k|pk — k4 R(|k[P~2k, )T, ¢> ds,

for any smooth vector field ¢ along 7, where R is the Riemann tensor of (M, g) and V is the
normal connection along 7 (see Section 1.1 and Proposition 2.3.12). The same formula holds if
7 is an immersion of class W*P (with non-vanishing curvature if p > 2). It follows that we can
define the (L, L?)-gradient flow of &, starting from a smooth immersed curve v : S' — M to
be a smooth solution 7 : [0,T) x S* — M of the evolution equation

{aw __ (v?w—?k + LIkIPk — k + R(|k[P~2k, T)T) on [0,T) x S,
7(0,+) =0() on S’

The concept of gradient flow is discussed more in detail in Section 2.1. The energy &, clearly
decreases along the flow and, in case the maximal time of existence T' = 400, we are interested
in investigating whether there exists the limit limy_, 4o Y(¢, ) in C™ for suitable m € N.
Geometric evolution equations like the one above turn out to be parabolic in the unknown
given by the parametrization «. Therefore, one can hope to apply useful parabolic estimates
implying bounds on the Sobolev norm of the curvature vector of v uniformly in time (up to



reparametrizations). This leads not only to the fact that the maximal time of existence T' equals
—+00, but also, by Sobolev embeddings, to the sub-convergence of the flow. With the term sub-
convergence we mean the existence of a sequence of times t; — +oo such that there exists the
limit lim; y(¢;,-) in C™ for any m € N, up to reparametrization and isometry of the ambient,
and the limit is a critical point of the energy (see Theorem 2.2.8 for example). Isometries
of the ambient manifold (or an analogous family of maps) are a priori necessary, indeed the
above mentioned Sobolev bounds on the curvature cannot imply that the flow remains in a
compact subset of the ambient for any time. As the evolution equation is of fourth order in the
parametrization -, the uniform boundedness cannot be argued by means of a maximum principle
either. Therefore, in order to promote the sub-convergence of a flow to its full convergence, i.e.,
the existence of the limit limy_, o ¥(¢, ), one needs further results.

In Chapter 2 we employ a strategy based on the use of a so-called Lojasiewicz—Simon gradient
inequality. Such a method is inspired by the seminal paper [Sim83a] in which Simon firstly
introduced the use of such inequalities in the study of the long time behavior of parabolic
equations having the form of a gradient flow. This kind of inequalities have been introduced by
Lojasiewicz in [Lo63] in the setting of functions defined on finite dimensional vector spaces, and
the form of such inequalities is as follows. An analytic function f : U — R defined on an open
set U C R™ is said to satisfy a Lojasiewicz—Simon gradient inequality at xg € U if there exist
constants o,C’ > 0 and 6 € (0, 3] such that

|f(z) = f(zo)|'? < CIV ()],

for any x € B,(x¢). Any analytic function f as above actually satisfies such an inequality in
a neighborhood of any point xg. This fact was firstly proved by Lojasiewicz in [Lo63; Lo65].
The inequality is particularly relevant in case V f(xzo) = 0, i.e., g is a critical point, as on the
left hand side we find an exponent 1 — 6 € (0,1). Such an inequality clearly does not hold
in case f is merely smooth. The inequality can be extended to analytic functions on infinite
dimensional Banach spaces [Sim83a] and, as observed also in [Lo84], it can be used to study
the evolution of a gradient flow in a neighborhood of a critical point. As proved by Simon
in [Sim83a], one may hope that, once the solution of a gradient flow of an energy satisfying
a Lojasiewicz—Simon gradient inequality “passes sufficiently close” to a critical point, then it
never leaves some neighborhood of the critical point and eventually converges.

In this thesis we will derive a Lojasiewicz—Simon gradient inequality out of a general result of
Chill [Chi03], which does not even assume the full analyticity of the functional. Then we apply
a strategy inspired by [CFS09] used in the study of the L?-gradient flow of the Willmore energy
of closed surfaces. However, the Lojasiewicz—Simon gradient inequality we derive is stated at a
purely functional analytic level and it can be possibly applied to different geometric flows. Such
an inequality will be stated as a corollary of Chill’s results in Section 2.2.2 as follows.

Corollary 2.2.7 (Abstract Lojasiewicz—Simon gradient inequality). Let V' be a Banach space
and let E : B, (0) C V. — R be an analytic map. Suppose that 0 is a critical point of E.
Let # : U — V* be the Fréchet first derivative and £ : U — L(V;V*) the Fréchet second
derivative. Let L = £(0) € L(V;V*).

Suppose that W = Z* — V* is a Banach space with V- — Z, and that A : B,(0) — W is
W -valued and analytic. Suppose also that L € L(V,W) and L : V. — W is Fredholm of index
zero.

Then there exist C, p > 0 and 0 € (0, 3] such that

|E(v) = E(0)]' < C|la (v)l|w,

for any ¢ € B,(0).
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In the above corollary we remark that a key hypothesis is the Fredholmness assumption on
the energy functional (see Remark 2.2.4 for the basic definitions). As we shall prove, this is
ultimately a consequence of the parabolicity of the gradient flow, that is, the fact that critical
points satisfy an elliptic equation. Therefore, one may hope to apply Corollary 2.2.7 to a huge
family of energy functionals. Also, we believe that the method we will present can be applied to
many high order geometric flows, leading to a unified point of view on the long time behavior
of such a family of flows (see also [MP20]).

By means of the Lojasiewicz—Simon gradient inequality, the main result we will prove in
Chapter 2 is the following theorem, which promotes sub-convergence to full convergence.

Theorem 2.3.33 (Smooth convergence). Suppose that (M,g) is an analytic complete Rie-
mannian manifold endowed with an analytic metric tensor g. Let p > 2 and suppose that
v :[0,400) x St — M is a smooth solution of

{am = - (Vzlklp‘% + o [k[Pk — k + R(|k[P~2k, T)T) on [0, +00) x S,
7(0,-) = 70(") on S,

Suppose that there exist a sequence of isometries I, : M — M, a sequence of times t, / +oo,
and a smooth critical point Yoo : S* — M of €, such that

I oF(tn, ) — Yool-) —— 0 in C™(SY),

n—o0

for any m € N, where F(ty, ) is some reparametrization of vy(t,,-). If p > 2 assume also that
|kyoo ()| # O for any .

Then the flow y(t,-) converges in C™(S') to a critical point as t — +oo, for any m € N and
up to reparametrization.

As stated in Corollary 2.3.34 and Corollary 2.3.35, the above theorem can be applied to the
remarkable case of p = 2 taking (M, g) to be the Euclidean space, the hyperbolic plane, or a
compact manifold.

It remains an open problem to quantify, if possible, the size of the compact set spanned by
a converging gradient flow. In particular, Huisken’s conjecture on the elastic flow of curves in
R? for p = 2 is still unproved: if the initial datum g is contained in a halfplane H, does the
flow «y intersects H for any time?

Elastic energy of planar sets

In Chapter 3 we study a weak definition of p-elastic energy for subsets of R2. If E is a
smooth bounded open set in R?, its boundary OF is the union of finitely many disjoint smooth
embeddings 71,...,y7x of S'. It is then reasonable to define the p-elastic energy of E by
E(E) = Ziv Ep(vi). It is clear that for variational purposes one needs some weak definition
that extends the former one on possibly less regular sets. A classical method for defining such
an extension of a functional is argue by relazation. This consists in defining an initial energy
functional F : X — [0,400] on a metric space (X, d) so that the subset {F < +oo} identifies
the “regular objects”, that is, the elements of X having finite energy even before we generalize
the definition of F. Then one defines the relaxed functional F : X — [0, +00] by setting

o) i g ) o )0}
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This canonical definition yields a new functional F < F that is automatically lower semicon-
tinuous and attributes finite energy to possibly new elements of X. In such a way, the relaxed
functional can be seen as a generalization of the initial energy. It is clear that F strongly de-
pends on the choice of the distance on X and, more importantly, on the definition of F, that is,
on the choice of the set of regular objects {F < 400}.

The p-elastic energy &, can be defined on the metric space of characteristic functions of
essentially bounded sets of finite perimeter endowed with the L!-distance (see Section 1.4).
Choosing smooth bounded open sets as the sets with finite £,-energy yields to the classical
notions of relaxation widely studied in [BDMP93] and also formulated in terms of varifolds in
[BM04; BMO07]. As we shall discuss in Section 3.1, the resulting relaxed functional still assigns
infinite energy to sets whose boundary is given by an immersed curve with transversal self-
intersections. However, curves of this type perfectly support the definition of elastic energy, and
self-intersections of any kind might occur during a gradient flow a priori. In would be significant,
indeed, to study generalized notions of the gradient flow of the p-elastic energy, that is, weak
formulations of the flow. For instance, one could try to define a weak notion of the gradient flow
of £, by means of minimizing movements in the spirit of [ATW93] and [LS95]. But in order
to study such a problem, a good generalized and lower semicontinuous notion of the energy
functional on weaker objects is needed.

Let us also mention that, more generally, it is still absent in the literature a satisfactory
study of the relaxed definition of Willmore-type energies in higher dimension, which can also
be extended to BV functions that not necessarily identify finite perimeter sets (see [MN13a;
MN13b], [BM05], and [BMO15)).

For the above reasons we study the L!-relaxation of the p-elastic energy introducing the fol-
lowing definition of &, from which to start. By the theory of sets of finite perimeter (Section 1.4),
if E C R? is an essentially bounded set of finite perimeter, we can define the associated varifold

Ve =v(FE,1),

where the notation is as in Section 1.2.2 and FFE is the reduced boundary of E. For p > 1 we
then define

EWVe) if Vg =3 c,(7)s(v(Sh 1)), = : S — R? C%-immersion, #I < +oo,

400 otherwise,

€P<E) = {

for any measurable essentially bounded set E C R?, where (v;);(v(S*,1)) denotes the image
varifold defined by 7; (Section 1.2.2) and &, is defined on a varifold V' by

1
E,(V) = / L+ Ik da,

where k is the generalized mean curvature of V' and py is the weight of V' (see Section 1.2.2).
Therefore, sets with finite £,-energy are those whose boundary is “covered” by finitely many
closed curves, which are not necessarily embedded.
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If E C R? is measurable, we further define

A(E) = {V =v(I,0y) = Z(%)ﬁ(v(Sl, 1)) ‘ i+ St — R? W2P-immersion, #I < 400,
i€l
D &) < +oo,
i€l
OECT, Vg <V,
FE C {z € R? |0y () is odd},

H{({z |0y (z) is odd} \ FE) = 0},

which is well defined as if the p-elastic energy of a varifold is finite, then the multiplicity function
Oy can be defined pointwise at any point as the 1-dimensional density of uy (Theorem 1.3.1).
Roughly speaking, an element V' € A(F) is a varifold identified by finitely many closed curves
“passing an odd number of times” exactly on the boundary of F.

The main result of Chapter 3 is the following characterization of &,.
Theorem 3.1.7 (Relaxation). For any measurable set E C R? we have that the following holds.

1. If A(E) # 0 and E is essentially bounded, then the minimum
min {&,(V) | V € A(E)}
exists.

2. It holds that

- +o0 if A(E)=0 or E is ess. unbounded,
5P(E) = { E)

min {&,(V) | V € A(E)}  otherwise.

In Section 3.2 we then study qualitative properties and applications of the relaxed energy
&p, comparing the functional with the classical notions of relaxation above mentioned.

Willmore energy of surfaces with boundary

Chapter 4 contains some results about the Willmore energy of surfaces with boundary or varifolds
with boundary (see Section 1.2). We are interested in the existence theory for minimization
problems on the Willmore energy of such geometric objects. We refer to Section 4.1 for a
collection of some fundamental related results that motivate our study. In particular, as a result
of the works of Simon [Sim93] and Bauer-Kuwert [BKO03], recall that we already have a good
description of the minimization of the Willmore energy among closed surfaces of a given genus.
Indeed, the minimization problem

min {W(¢) | ¢ : My — R* smooth immersion},

where Mj is the orientable closed surface of genus g and g > 0 is a fixed integer, has minimizers,
which are smooth embedded surfaces. The infimum of the problem, that is denoted by 3,
satisfies By € [4m,8m). Moreover W(y) = 4 if and only if ¢ is the embedding of a round sphere.
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The first problem we consider is the direct generalization of the above in the case of surfaces
with boundary. We will refer to such a problem as the Plateau—Douglas problem for the Willmore
energy. The classical Plateau-Douglas problem [DHT10] is formulated as the minimization of the
area functional among immersed surfaces spanning a given boundary and having fixed topology.
The problem for the Willmore energy therefore reads as follows.

Let I'q,...,I'x C R™ be finitely many smooth embedded curves, and n > 3. Fix an integer
g > 0 and let ¥4 be the 2-dimensional closed surface of genus g with k disks removed. The scope
is to characterize existence of minimizers and infimum for the minimization problem

min {W(go) | ¢ : g — R" smooth immersion, ¢|gs, : 033 — U;I['; smooth embedding}.

We started the study of such a problem in R? considering one assigned planar boundary
curve in [Poz20c]. In this special case the problem already appears quite rich. In Section 4.2
we consider the case in which the assigned boundary is a circle of unit radius, and we prove the
following non-existence result.

Theorem 4.2.1 (Non-existence of minimizers). Denote by S' a unit circle in R®. For any genus
g > 1, the minimization problem

min{W(p) | ¢ : By — R? smooth immersion, ¢los, — St smooth embedding},

has no minimizers and the infimum equals 35 — 4.

The analysis of the Plateau—Douglas problem for the Willmore energy, as well as of the
minimization problems already appeared in the literature, is strongly related to the so-called
Li-Yau inequality, as already mentioned. Roughly speaking, recall that the classical Li—Yau
inequality [LY82] states that if a smooth immersion ¢ : 3 — R of a closed surface ¥ is not an
embedding, i.e., self-intersections occur, then W(yp) > 8r. We will prove this inequality even
at the level of varifolds in Corollary 1.3.8. It is clear that an estimate of such a kind can be
very helpful in the study of a minimization problem among immersed surfaces, allowing the
reduction to embedded ones. The next result is a generalization with circle boundary of the
Li—Yau inequality.

Theorem 4.2.6 (Li-Yau-type inequality with circle boundary). Denote by S* a unit circle in
R3 and let g > 0 be a fived integer. If ¢ : By — R> is an immersion such that ¢ : 95, — St is
an embedding and there is pg € R such that = (po) > 2, then W(yp) > 4.

As a consequence of the above theorem, a non-existence result like the one in Theorem 4.2.1
holds also for the problem analogously defined on embedded surfaces (Corollary 4.2.7).

In the second part of Chapter 4 we focus on another family of problems, which are defined at
the level of varifolds. Once again, we formulate minimization problems on W by analogy with
the classical problems on the area functional.

The well known Plateau’s problem aims at finding minimizers of the area functional among
competitors spanning a given boundary. Many weak formulations of such a problem are known,
with the suitable generalizations of the concept of area and spanned boundary (see [Mor09],
[Sim83b]), and existence of minimizers in such generalized setting is today quite understood.

As minimal surfaces have zero Willmore energy, minimization of ¥} among surfaces spanning
a given boundary may recover solutions to the Plateau’s problem with the given boundary.
However, the presence of additional constraints may force the existence of minimizers with
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non-vanishing mean curvature. In particular, we will be interested in finding minimizers of W
spanning a given boundary under the constraint that the support of the minimizers connects
all the boundary components assigned. A motivating example deeply discussed in Section 4.3
is the case in which the assigned boundary consists of two coaxial circles in R3. Indeed in such
a case, if the two circles are located too far, no connected minimal surfaces spanning the two
circles exists (Section 4.3.3).

We can understand the minimization problem we are going to define as a problem which
recovers the optimal connected elastic surface spanning a given boundary. The problems we
will study in this context are of two kinds and they are stated at the level of varifolds, thus the
boundary conditions are imposed on the generalized boundary of the varifolds (see Section 1.2.2),
which, we recall, is a vector valued measure (see Section 1.2.1).

The first general existence theorem we prove is the following result, in which clamped con-
ditions are imposed at the boundary.

Theorem 4.3.8. Let vy = (v} U...U(y?) be a disjoint union of smooth embedded closed curves
in R with o € N>o. Let
oo =muyH'L y

be a vector valued Radon measure, where m : v — N>1 and v : v — (Ty)* are H'-measurable
functions with m € L®¥(H' L) and |vy| = 1 H'-ae. Let P be the minimization problem

P =min{W(V) | V=v(Mby): oy=o0y sptV U~y compact, connected} .
If inf P < 47, then P has minimizers.

The second existence theorem we prove is the following one, which prescribes a bound on
the generalized boundary of competitors, but no conditions on the generalized conormal are
imposed.

Theorem 4.3.9. Let v = (y')U...U (v®) be a disjoint union of smooth embedded closed curves
in R® with o € N>y. Let m : v — N> be H'-measurable with m € L>(H'Lv). Let Q be the
minimization problem

Q =min{W({V) | V=v(Mby): |oy|<mH'Ly, sptV Uy compact, connected} .
If inf Q < 4w, then Q has minimizers.

Both the above theorems are proved by means of a direct method. Hence the main issue is
to prove that the connectedness constraint passes to the limit. This is done by proving that,
in the setting of these problems, convergence in the sense of varifolds implies that the supports
of the varifolds of a sequence converge in Hausdorff distance. This key result is proved in
Theorem 4.3.4.

We remark that the only tool we will employ in the proof of almost every result of Chapter 4 is
a monotonicity formula for varifolds with boundary, which is recalled and proved in Section 1.3.2.
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In this chapter we recall the main definitions and tools we will need. We first present the
concept of extrinsic curvature of submanifolds, and we discuss some notions from Geometric
Measure Theory. In particular we focus on the theory of rectifiable varifolds and the definition
of Willmore energy for such objects. Then we present some results from [Poz20a] and [NP20],
that consider the consequences of monotonicity formulas on varifolds with bounded Willmore-
type energies. Finally we recall a few definitions and facts that we will need about sets of finite
perimeter and in the theory of currents.

1.1 Submanifolds

This section contains basic definitions and results in the theory of submanifolds of Riemannian
manifolds. Even if we will deal with low dimensional objects, namely curves and surfaces, we
recall here definitions and facts in their full generality.



1.1.1 Extrinsic curvature

Throughout this section we adopt the following notation. We assume that
p: M (M",9),

is a smooth immersion of a k-dimensional manifold into a complete Riemannian manifold
(M",g), with 1 < k < n. We endow M with the pull back metric g = ¢*g. We denote by
D and D the corresponding Levi-Civita connections on M and M respectively. We denote by

d(pr : TIM — T¢(I)M

the differential, or push forward, of ¢ at point x € M. For basic Differential and Riemannian
Geometry we refer to [Car92; AT11; Leel3; Pet16].

In the above setting, the map ¢ is an isometric immersion of a manifold (M, g) into an
ambient (M, 7). We are interested in recalling the basic notions that measure how the immersed
manifold (M) is “curved inside” the ambient M. This is why we talk about extrinsic curvature,
that is, a notion of curvature depending on how ¢ “immerses” M into M, as opposed to intrinsic
curvatures, that is, notions of curvature depending only on a chosen metric on a manifold without
any reference to an immersion or an ambient space. However, when a metric is the pull back
metric defined by an isometric immersion, as in our setting, there exist relations between extrinsic
and intrinsic curvatures, but we will come back on this later.

We denote by X(M) the space of vector fields on M and by (TM)* the normal bundle of

M in M, that is,
(TM)* = (dpa(T: M),
zeM

where (-)* denotes orthogonality in Tg,(x)ﬂ with respect to the scalar product g. More pre-
cisely, we have the orthogonal splitting T, ;)M = dpy(To M) @1 (dp, (T, M))*, and (-)* is the
projection onto (di, (T M))*+. Similarly, we will denote by (-)" the projection onto dip, (T M).

Moreover, recall that since ¢ is an immersion, it is locally an embedding. Then for any field
X € X(M) and any point x € M there exists a neighborhood U of x in M such that if X is the
restriction of X to U, then dgo()z ) can be extended to a vector field on M locally defined in a
neighborhood of ¢(x). We will denote such an extension by X.

We can then define the second fundamental form as follows.

Definition 1.1.1. The second fundamental form B : X(M) x X(M) — (T M)+ is the operator
— L
B.(X,Y) = (DyV)" (4(a)),
where XY are local extensions of dp(X),dp(Y) in a neighborhood of () for any = € M.

The following lemma states that the definition of B is well posed and that it is a tensor.

Lemma 1.1.2 ([Car92, Chapter 6, Section 2]). The second fundamental form B satisfies the
following properties.

1. The definition of B is well posed, that is, for any X, Y € X(M) and any point x € M the
vector (ﬁy?)L (p(x)) is independent of the specific extensions X,Y .

2. B is a symmetric tensor with values in the normal bundle of M.

2



We will also need to consider the following operator, which is somehow equivalent to the
notion of second fundamental form.

Definition 1.1.3. Let N : U C¢ M — (TM)* be a locally defined smooth normal vector field
along ¢, that is, N(z) € (dp.(TxM))* for any x € U and U is open. The shape operator
associated to IV is the endomorphism
- T
SN%(U)—):{(U) SN(X):—(DyN) ,
where X is a local extension of dp(X) in a neighborhood of () for any z € U.

If Sy : X(U) — X(U) is a shape operator as in Definition 1.1.3, we remark that Sy is a
vector valued tensor by Lemma 1.1.2. In fact, it holds that

g(B(X,Y),N) = g(X,Sn(Y)) = g(Y, Sy (X)),

on U for any X,Y € X(U), where we are identifying TU with dp(TU) C TM. Indeed g(X, N)
g(Y,N) = 0, and the identity follows by compatibility of D with g, i.e., it holds that 0
Dx(g(Y,N)) =g(B(X,Y),N) +3(Y, DxN).

We can now define the mean curvature vector of an isometric immersion as the following
section of the normal bundle.

Definition 1.1.4. The mean curvature vector of ¢ is the normal vector H : M — (TM)+
defined by

1
H(z) = %trng,
where try denotes trace with respect to the metric g. More explicitly, we have

k
1
H(JU) = % Z Bx(ei, ei),
=1
where {e;}¥_, is a g-orthonormal basis of T, M.
We say that the immersion ¢ is minimal if H identically vanishes. If also M has dimension
2, we say that ¢ : M < M is a minimal surface.

Finally we recall the definition of Riemann curvature tensor, specifying the convention we
employ in this thesis. This is the first intrinsic notion of curvature we encounter.

Definition 1.1.5. Let (M™, g) be a Riemannian manifold of dimension m > 2 with Levi-Civita
connection D. The Riemann tensor R is defined by

R:X(M) x X(M) x X(M) x X(M) - R R(X,Y,Z, W) = g(R(Z,W)Y, X),
where
R(Z, W)Y = DzDWy — Dtzy — D[Z,W]}/v

and [Z, W] denotes the Lie bracket of vector fields. The Riemann tensor is, indeed, a tensor (see
[Car92, Chapter 4, Section 2]).

If e1,es € T,M are two orthonormal tangent vectors and II = span(eq, e2), the sectional
curvature of M on II is given by

K(H) = R(elv €2,¢€1, 62)-

It can be directly checked that the sectional curvature K (IT) does not depend on the choice of
the orthonormal basis of the plane II.

In case the dimension of M is m = 2, then the sectional curvature is always evaluated on the
whole tangent space T, M and the resulting function K : M — R is called Gaussian curvature.
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We recall that the Riemann tensor R of a Riemannian manifold (M, g) satisfies the symme-
tries

R(X,Y,ZW)=-R(Y,X,Z,W)=—-R(X,Y,W,Z)=R(Z,W,X,Y),

for any fields X,Y, Z, W on M (see [Car92, Chapter 4, Proposition 2.5]).
In particular, if (M?2, g) is a 2-dimensional Riemannian manifold, the Gaussian curvature K
completely determines the Riemann tensor R as

R(X,Y)Z =K ({Y,2)X — (X, Z)Y). (1.1)

Indeed letting {e1,ea} be an orthonormal basis of T,M, by the symmetries of R we have that
R(e;,ej,ex,e;) # 0 if and only if ¢ # j and k # [, and then

R(el, 62)62 = Kel, R(el, 62)61 = —Keg,

so that R(e1,e2)Z = K ((e2, Z)e1 — (e1, Z)ea), and (1.1) follows by linearity.

The following fundamental theorem states the above mentioned relation between intrinsic
and extrinsic curvature, when the metric on a manifold is the pull back metric defined by an
isometric immersion.

Theorem 1.1.6 (Gauss equation, [Car92, Chapter 6, Proposition 3.1]). Let ¢ : (M, g) — (M,g)
be an isometric immersion. Denote by B, R, and R the second fundamental form of ¢ and the
Riemann tensor on M and M respectively. Then

for any X, Y, Z, W € X(M), where we identified T, M with de(T, M) C Tw(x)ﬂ.

In Chapter 2 we will deal with immersed curves into manifolds. In this case the notions of
second fundamental form and mean curvature reduce to the concept of curvature vector of a
curve. More precisely, if v : (0,1) — M is an (isometric) smooth immersion of a curve into a
smooth Riemannian manifold (M™, g) of dimension m > 2, we define its tangent vector as

. —1
T’Y = h/’ /7
and its curvature vector as
ky = D;,

if D is the Levi-Civita connection of (M, g). We will usually refer to the curvature vector k.
simply as the curvature of 7. We recall that v is a geodesic if k., identically vanishes.

If v : St — M is a smooth immersion of a closed curve in a Riemannian manifold (M, g) and
p € [1,+00), we define the p-elastic energy of v as

1
E =L(v)+ / |k [P ds,
b Jst

where ds := |7/|dx denotes integration with respect to length measure and L(vy) is the length of
~. The support of a given curve v will be denoted by (7).

By Nash Theorem [Nas56] we will usually assume without loss of generality that a Rieman-
nian manifold (M, g) is isometrically embedded in the Euclidean space R™ for some n sufficiently
big, that is, M < (R", (-,-)). In such a case we shall look at the manifold M as a subset of R",
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and then the metric on M will be simply the restriction of the Euclidean scalar product (-,-)
on the tangent space of M. Moreover, still denoting by D the connection of the ambient, that
in this case is the Euclidean connection, we recall that the connection D on M turns out to be
the projection of D on the tangent space of M, that is

DxY = (DxY)",

for fields X,Y € X(M), where (-)" denotes projection onto T'M.

We finally observe that if M < (R™,(-,-)), a smooth curve v : (0,1) — M can be seen as a
smooth curve in R™ with image contained in M. In such a case the curvature of v as a curve in
R™ is 027, where

85 = ‘7/’718907

denotes the standard arclength derivative, and then the curvature of v as a curve in M is
T
ky = (83 7) -

In this setting the curvature k. is sometimes called geodesic curvature of v along M.
For any curve 7 : (0,1) — R"™ or vector field X : (0,1) — R™ along v, we will denote arclength
derivatives also by ¥ := 0y and X = 9;X in order to simplify the notation.

1.1.2 Surfaces in the Euclidean space and Willmore energy

Let us turn our attention to submanifolds of the Euclidean space. We are now interested in
recalling some definitions and facts about surfaces with boundary in R".
Throughout this section we will always consider a smooth isometric immersion

p X = (R (),

of a 2-dimensional manifold ¥ with boundary in the Euclidean space R™ with n > 3, and the
induced metric on ¥ is g = ¢*(-,-). Without loss of generality, we assume that ¥ is connected.
We denote by 0% C ¥ the boundary of 3, that is diffeomorphic to a disjoint union of copies of
S' or R. By saying that ¢ is an immersion, we are also assuming that the restriction of ¢ on
0% is an immersion of each component of 93.

We define the conormal co, : 03X — R™ at any point x € 9X to be the unique unit vector
co,(x) € R™ that is tangent along ¢ and normal along ¢|gs;, and that points outwards of X.

The second fundamental form and the mean curvature vector of ¢ are pointwise defined on
¥\ 0X. Moreover, we denote by f, the volume measure induced by ¢ on X, that is, the 2-
dimensional Hausdorff measure defined by the geodesic distance on . Recall that on orientable
manifolds, integration with respect to Hausdorff measure is equivalent to the classical integration
on manifolds with respect to the Riemannian volume form (see [Leel3, Chapter 16, Densities]
and [Leel3, Exercise 16.46]).

Therefore we can give the following definition.

Definition 1.1.7. If ¢ : ¥ — R" is a smooth immersion as above and H is the mean curvature
of ¢, we define the Willmore energy of ¢ as

Wig) = /E HP du,,

where the integral defining W is understood in the sense of Lebesgue and it may equal +oo. In
particular, we do not assume orientability of ¥ in this definition.



If X € CYR",R") is a C' compactly supported vector field and S is a k-dimensional
subspace, we recall that the tangential divergence of X on S at z is

k

divg X (z) = Z<dXx(ei)a €i),
i=1

where {e;}¥_, is any orthonormal basis of S. If ¢ : ¥ — R" is an immersed surface as above
and z € ¥\ 0%, we shall denote

divy,s X = (divae, (7,5)X)(p(z)),

in order to simplify the notation.
We can now state the following classical integration by parts formula for the tangential
divergence.

Proposition 1.1.8. Let ¢ : ¥ — R"™ be a smooth isometric proper immersion of a 2-dimensional
manifold ¥ with boundary O%. Let X € CL(R™,R"™). Then

/ divy,» X duy(z) = —2/ (X 0w, H)dpuy, +/ (X 0, cop)dsy,
b s )

where ds, is the length measure induced by ¢ on 0.

Proof. For any x € ¥\ 0¥ we can define

Y(x) = (X(p(x)) " Z(z) = (X (p(2)))",

where ()T and (-)* denote projection onto dy,(T,%) and (dy.(T,X))"* respectively. Since
is proper, it follows that Y defines a C! tangent field on ¥, while Z defines a C} normal field
along .

Fix x € ¥\ 0¥ and let {e1(z), e2(z)} be an orthonormal basis of dp,(T,X). As ¢ is a local
embedding in a neighborhood U of z, we can extend {e;(z),e2(x)} to a local orthonormal basis
of dy,(T,X) for y € U. Denoting p = p(z), as X+ is well defined on ¢(U), by linearity of the
tangential divergence we have

2

divy,s X = divsY (z) + > (e, X ) (p), €i(2)), (1.2)
i=1
where (9, X*)(p) is the partial derivative of X in direction e;(z) evaluated at p, and
divyY (z) is the divergence of Y as a vector field on 3. Hence, since (Z(y),e;i(y)) = 0 on
U, we have

2 2

2
Y O Z(@),ei(x)) = Y —(Z(2),0;ei()) = = Y _((X(p(2)))", (De,es(x))T)

i=1 =1 =1

2
== <X(90(96))7 (3ei6i(w))l> = —2(X(p(x)), H(z)).

=1

Therefore the thesis follows by integrating (1.2) on both sides over X, using that

/divEYdusoz/ (Y, co,) ds,.
2 1)

by the Divergence Theorem on (possibly unorientable) manifolds [Leel3, Theorem 16.48] (see
also [Leel3, Theorem 16.32] for the classical Divergence Theorem). O
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Remark 1.1.9 (First variation of the area). We remark that the surface integral of the tangen-
tial divergence of a vector field is the result of the first variation of the area functional. More
precisely, let ¢ be as in Proposition 1.1.8 and assume that the area Area(y) = fz fy is finite. Let
X € CH(U,R™) be a vector field defined on an open set U C R™. Let ¢ : (—tg,tg) x R — R” be
a map of class C'! such that ¢(t,-) is a diffeomorphism for any |t| < ¢y. Then ¢(t, p(-)) : & — R”
is a C! immersion for any ¢ sufficiently small, and it holds that

d

| Areatott o) = [ divesX dug(a)

For a proof of this fact see for example [Sim83b, Chapter 2, Section 5].

Let us conclude by recalling the classical Gauss-Bonnet Theorem. Recall that if v,0 :
[a,b] — (M,g) are two smooth regular curves in a Riemannian manifold such that ~(b) =
o(a), denoting by 7,(b) = lim, ;- 7y(z) and 7,(a) = lim,_,,+ 7,(x), assuming 7(b), 7,(a) are
linearly independent, given an orientation on the plane II = span(r,(b),7(a)), the oriented
angle £(1y(b),7,(a)) € (—m,7) is the angle between the two vectors, taken with positive (resp.
negative) sign if the oriented couple [7,(b), 75(a)] is a positive (resp. negative) basis of II.

Theorem 1.1.10 (Gauss—Bonnet Theorem, [AT12, Theorem 6.3.9]). Let ¢ : ¥ — R™ be an
isometric immersion of an oriented smooth Riemannian 2-dimensional compact manifold (3, g)
with piecewise smooth boundary, that is, there exists finitely many smooth curves vi,..., YN :
[0,1] — 0% touching only at the endpoints such that ~v;(1) = v;4+1(0) for any i, understanding
N+1=1, and 0% = U;([0,1]). Assume that each ~y; positively orients a piece of the boundary,
that is, for any t € (0,1) the oriented couple [dp., ) (T, (t)) , —co,(7i(t))] is an oriented basis
on X. Assume that 7,,(1),7,,(0) are linearly independent for any i, and denote by a; =

£(7y(1); 7,1, (0) € (=, ).

Then )
/EKduw + Z/o (Epory; s —COp 0 7i) dSpory; + Z a; = 2mx(2),

where K is the Gaussian curvature of ¥, kgoy, is the curvature of ¢ o v, and x(X) is the
Euler characteristic of 3. In particular, the left hand side of the above identity is a topological
mvariant.

Remark 1.1.11. Using Gauss—Bonnet Theorem 1.1.10, we derive an important identity between
the Willmore energy of a surface and the integral of the squared norm of its second fundamental
form.

Let ¢ : ¥ — R" be an isometric immersion of an oriented smooth Riemannian 2-dimensional
compact manifold (X, g) with smooth boundary 0%. Then

AV(p) = /z |BI>dpy, + 4mx(2) + 2/62<k¢|827 Cop) ds.

Indeed, if {e;, e2} is an orthonormal basis of T, X, we have that

2
> Bu(eise)
=1

= |B,|* + 2K (),

2

A|H (z)]* = = | B, |* + 2(By(e1, 1), Bx(ea, €2)) — 2| By (e, e2)|?

where K (z) is the Gaussian curvature at x and we used Gauss equation (Theorem 1.1.6) in
the last equality. Integrating on both sides over 3 and using Theorem 1.1.10 yields the desired
identity.



We observe that the importance of the above identity, at least from a variational perspective,
is the fact that if the topology of ¥ is chosen and f82<k¢‘82,c0¢> ds, is bounded, then a bound
on the Willmore energy W(¢) implies a bound on the L?-norm of the second fundamental form.

1.2 Varifolds

In this section we introduce a measure theoretic object called varifold. We shall think of a
varifold as a generalization of the notion of immersed submanifold.

1.2.1 Basic measure theory and general varifolds

Let us first recall a few definitions in measure theory. We refer to [AFP00] and [Sim83b] for
basic measure theory and the theory of varifolds.

Definition 1.2.1. Let X be a locally compact separable metric space. A o-algebra on X is
a subset Q of the power set of X such that it contains the empty set and it is closed under
complement and countable union. We denote by B(X) the Borel o-algebra of X, that is, the
smallest o-algebra on X containing every open set. A set in B(X) is said to be a Borel set.

In the definition of o-algebra, it is clearly not necessary any assumption on the topology of
X in order to define the concept of o-algebra. However, we will be interested here only in cases
where X is a locally compact separable metric space.

Definition 1.2.2. Let X be a locally compact separable metric space.

1. If Q is a o-algebra on X, a map u: Q@ — [0, +0o0] is a positive measure if () = 0 and p
is o-additive on Q, that is, for any countable family {E,},eny C Q of pairwise disjoint sets

it holds that
+o0o +oo
H (LJ E%) ::ZE:#(Eh)
n=0

n=0

If also p(X) < 400, we say that u is also finite.

2. If Q is a o-algebra on X, a map u : @ — R™ is a measure if u(f)) = 0 and for any countable
family {E, }nen C Q of pairwise disjoint sets it holds that

+o0 +oo
2 (LJ E%) ::ZE:M(E%)
n=0 n=0

In case m = 1, we say that p is a signed measure. In case m > 1, we say that u is a vector
valued measure.

3. If Q is a og-algebra on X and p : @ — R™ is a measure, we define the total variation
il = @ = [0,453] by
“+o0 —+o0
|p|(E) :== sup {Z |u(Ey)| : E, € Q pairwise disjoint, E = U En} .
n=0 n=0

By [AFP00, Theorem 1.6] it follows that |u| is a positive finite measure.
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4. A Borel measure is a positive measure p on X defined on the Borel o-algebra B(X). If it
is finite on compact sets, we say that u is a positive Radon measure.

5. A map pu : {A € B(X) : A relatively compact} — R™ such that for any compact set
K C X the restriction of p to B(K) is a measure, is a (signed or vector valued) Radon
measure. If also p is defined on B(X) and it is a measure on B(X), then we say that p is
a finite (signed or vector valued) Radon measure.

6. A function f: X — Y, where Y is a metric space, is Borel measurable if f~1(A) € B(X)
for any open set A C Y. If u is a Borel or a Radon measure on X, the function f is
p-measurable if for any open set A C Y it holds that f~!(A) € B(X) up to a p-negligible
set.

If f: X — Y is continuous and proper, and g is a Radon measure, we define the push
forward fyp as the map on B(Y') defined by

fin(B) = p(fH(E)).
By [AFP00, Remark 1.71], it follows that fyu is a Radon measure on Y.

7. If u is a measure on a o-algebra Q and F € Q, we define the restriction of u on E as the
measure pL E defined by
uUE (F) = y(ENF),

for any F' € Q. It follows that uL E is a measure on Q as well. If p is a Radon (resp.
Borel, positive, finite) measure, then so is pL E.

We remark here that for any n € N with n > 1 we denote by
ETL
the Lebesgue measure on R™. Also, in a given metric space (X, d), for any s > 0, we denote by
HS

the s-dimensional Hausdorff measure on X. For definition and properties of Lebesgue and
Hausdorff measures we refer to [Sim83b, Chapter 1]. In particular, we recall that Hausdorff
measures are positive Borel measures (see [Sim83b, Chapter 1, Equation (2.6)]).

Whenever p is a Radon measure and u € C.(X) is a continuous compactly supported func-

tion, the integral
/ wdp,
X

is understood in the sense of Lebesgue with respect to p (see [AFP00, Definition 1.14]).
A sequence p, of Radon measures locally (weakly*) converges to a Radon measure p if

lim/ ud,un:/ udp Vue Co(X).
mJXx X

If the measures are also finite, we say that the sequence (weakly*) converges if the above holds
for any u € Cy(X), where Cy(X) is the closure of C.(X) with respect to the supremum norm.
In such cases we shall write p, = u (locally) on X. Recall that a Radon measure u is uniquely
defined by duality with C.(X) functions. On the other hand, by Riesz Theorem (see [AFP0O0,
Theorem 1.54] and [AFP00, Corollary 1.55]), Radon measures identify the dual space of Cy(X),
and that is the reason why we speak about weak™® convergence.
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We recall that by [AFP00, Remark 1.63] if p,, u are positive Radon measures and pu,, locally
converges to u, then

w(K) > limsup p, (K) VK C X compact,
n

u(A) < liminf p,(A) VA C X open.
Also, if py, is a sequence of Radon measures, and

sup |pn|(K) < C(K) < +00 VK C X compact,
n

then there exists a locally converging subsequence. Moreover, if i is the limit measure, it holds
that |u|(A) < liminf,, |u,|(A) for any open set A C X.

In order to define a varifold we need the following definition.

Definition 1.2.3. Let 1 < k < n be integers. We define the Grassmannian of (unoriented) k-
subspaces in R™ the set G(k,n) of the k-dimensional subspaces of R™. This set is equipped with
the following distance p. Considering the canonical basis on R", we can identify an element S €
G(k,n) with the orthogonal projection matrix (S;;) onto the subspace S. The distance p(S, P)
between S € G(k,n) and P € G(k,n) is the Frobenius distance between the two corresponding
projection matrices, that is

p(S,T) = | Y _(Sij — Py)?

]

By identifying elements S € G(k,n) with the corresponding projection matrices, one imme-
diately has that the metric space (G(k,n), p) is sequentially compact, and thus compact, since
it is a metric space. Moreover, let GL™(n) be the connected topological space of n x n-matrices
with strictly positive determinant endowed with the Frobenius distance, and X} , be the sub-
space of n x k-matrices with rank equal to k equipped with the same distance. We can consider
the map

GLT(n) L Xy & Gk, n),

where f is the projection onto the first k& columns, and g associates to A € X}, ,, the subspace
generated by its columns. Since both f and g are continuous and surjective, we deduce that
G(k,n) is also connected.

Definition 1.2.4. Let 1 < k < n be integers and let U C R™ be a (non-empty) set. We define
Gr(U) =U x G(k,n),

and such set is equipped with the product topology. A k-dimensional varifold V' on U is a
positive Radon measure on G (U).

The weight measure of a k-varifold V' on U is the positive Radon measure on U defined by
py = mV, where m : Gi,(U) — U is the projection onto the first entry.

If U is open, we say that a sequence V,, of k-dimensional varifolds on U converges to a
k-dimensional varifold V' on U in the sense of varifolds if V,, locally converges to V on G (U),
that is, locally weakly* on G (U).
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Comparing with the notion of (embedded) submanifold, that is a set with a precise local-
ization in the space and a unique well defined tangent space at any point, we can look at a
varifold as an object describing a possibly diffused distribution of points and “tangent spaces”
of a certain fixed dimension.

However, throughout this thesis we will only need a special type of varifolds, that are intro-
duced in the next section.

1.2.2 Integer rectifiable varifolds

In this thesis we will always encounter a particular class of varifolds, that we present in this
section. We need to start from the concept of rectifiable set in R™.

Definition 1.2.5. Let 1 < k < n be integers. A k-dimensional rectifiable set M is a subset of

R™ such that
+o00

M c Myu | ] Fy(RY),
=0

where Fj : R¥ — R™ is Lipschitz for any j and H*(Mp) = 0.
Some equivalent definitions of rectifiable set are recalled in the next result.

Proposition 1.2.6 (Rectifiable sets, [Sim83b, Chapter 3], [Magl2, Theorem 10.1]). Let 1 <
k < n be integers. Let M C R™ be a k-dimensional rectifiable set. Then the following holds.

1. There exist countably many sets A; C R* and Lipschitz functions Fj: R*F — R™ such that

+o00
M = My U U Fj(Aj),
=0
where H* (M) = 0.

Moreover, for any t > 1 it is possible to find F;, A; as above such that F; is differentiable
at every point of A; with differential dF};, each point of A; is a Lebesgue point for dF},

k )
o AN BO)
™\0 r

and Lip F; <t for any j; also, for any j, any x,y € A;, and any v € R* it holds that

1 1 _
eyl S IE@) -Fy)l <tla—yl, Sl <d(Fa()] <tlo], ¢ b < JF(x) <t

where JF;(x) = /(dF}(z))*dF;(z).

2. There exist countably many embedded k-dimensional manifolds N; C R™ of class C' such

that
“+o0o

M=Mu M,
j=0

where H*(My) = 0 and M; C Nj for any j.
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3. There exist countably many affine k-planes L; in R", sets B; C Lj, vectors v; € R", and
Lipschitz functions G : Bj — R such that v; is normal to L; and

400
M:MOUU{$+Gj($)Uj | :EEBJ'},
=0

where H* (M) = 0.
The following theorem states that rectifiable sets support a weak notion of tangent space.

Theorem 1.2.7 (Approximate tangent spaces, [Sim83b, Chapter 3, Theorem 1.6]). Let 1 <
k < n be integers. Let M C R™ be H*-measurable and such that H*(M N K) < +oo for any
K C R™ compact.

Then M is k-dimensional rectifiable if and only if for H*-ae point © € M there exists a
k-dimensional subspace T, M in R™ such that

i k = x k(x .
ti [ el)ant o) = / | P dH(e), (1.3)

for any ¢ € C.(R™).

Whenever a set M C R"™ satisfies (1.3) at some point x € M for some k-subspace T, M, we
say that T, M is the approximate tangent space of M at x. A smooth embedded k-dimensional
manifold clearly satisfies (1.3), where the approximate tangent space is just the classical one.
Also, observe that a k-subspace T, M is the approximate tangent space of M at x if and only if

M_
HE L < x) K HRLTLM,
9

locally weakly™ as measures on R™.

Next we recall the area formula on rectifiable sets, which generalizes the change of variables
formula on open subsets of the Euclidean space.

Theorem 1.2.8 (Area formula, [AFP00, Theorem 2.91], [Sim83b, Chapter 3, Section 2]). Let
M C R"™ be a k-dimensional rectifiable set, and let f : R™ — R be a Lipschitz map with m > k.
Let ¢ : R™ — [0, 4+00) be HE-measurable.

Then the tangential differential d™ f, : T,M — R™ of f on T,M, that is the differential of
the restricted map flesr,ar @ + TpeM — R™, is well defined H*-almost everywhere on M, and
the area formula holds:

[ ewr@ant@ = [ [ pantant)
M mJfHy)
where )
JM f(z) = (det((d™ f,)* o d™ f2))7

is the tangential Jacobian of f on M, which is defined H*-almost everywhere on M.

Now we turn our attention to the definition and properties of integer rectifiable varifolds.
Many of the following definitions and facts generalize to general varifolds, but we will not need
to treat arbitrary varifolds in the following. From now on, whenever we speak about varifolds,

we assume that we are dealing with integer rectifiable varifolds, that are defined in the next
definition.
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Definition 1.2.9 (Integer rectifiable varifold). Let 1 < k < n be integers and let M C U be a
k-rectifiable set, where U C R™ is open. Let also 6 : R” — N be H*-measurable and such that
H*({6 > 0}AM) = 0. Assume also that § € L} (H*L M), that is, [y, 0 dH" < 400 for any
K C U compact.

An integer rectifiable varifold V is identified by the equivalence class v(M, ), where two
couples (M, 6), (]/\Z, 0) as above are equivalent if and only if "Hk(MAM) — 0 and H*({0 # 0}) =
0, by setting that

| e s)ave.s) = [ o100 00 ai o),

Gr(U) M

for any ¢ € C.(GR(U)), where T, M is the (H*-ae defined) approximate tangent space of M at
x. The (H*-ae defined) function 6 is called multiplicity, or density, of v(M, ).

Whenever an integer rectifiable varifold V' is given by a class v(M, 0), we shall write V' =
v(M,0) and tacitly take arbitrary representatives M, in calculations. If V' is such a varifold,
we notice that its weight is just py = 0H*L M.

It is clear that usual k-dimensional smooth isometrically immersed submanifolds of R™ define
k-dimensional varifolds. More precisely, a smooth proper isometric immersion ¢ : N < R" of a
k-dimensional manifold N induces an image varifold Im ¢ := v(M,0) by taking M = ¢(N) and
0(x) = fio~1(x). We observe that in such a case we have that the k-dimensional Riemannian
volume of =1 (K) equals /‘Imgo(K ) for any compact set K C R".

Also, if ¢ : N — R™ is a Lipschitz proper map defined on a k-rectifiable set N € R” and an
integer rectifiable varifold W = v (N, y) is given, we define the image varifold Im ¢ := v(M, 0y)
by setting M = ¢(N) and Oy (z) = > c,-1(,)0w(y). Observe that we are naming image
varifolds two slightly different constructions, as in the first case IV is an abstract manifold, while
in the second case N is a subset of R". However, we believe that there is no risk of confusion.

In the literature this definition sometimes goes under the name of push forward varifold, but,
as this operation differs from the usual push forward of measures, we prefer to adopt the name
of image varifolds.

Recalling Proposition 1.1.8 and Remark 1.1.9, we give the following definitions.

Definition 1.2.10. Let V = v(M, ) be a k-dimensional integer rectifiable varifold on an open
set U C R™. The first variation of V is the functional §V : C}(U,R") — R defined by

WV (X) = /diVTZMX(:v) duy ().

It is interesting to know that, as in Remark 1.1.9, the expression for the first variation of
a varifold is the result of the first variation of a suitably defined notion of area for varifolds,
called mass, which is just the total mass of the weight uy (see [Sim83b, Chapter 4, Section 2]
and [Sim83b, Chapter 8, Section 2]). Among many important results, let us mention Allard
regularity theorems in [All72; All75], that deeply improved the comprehension of the properties
of the first variation of varifolds.

We remark that if V,, is a sequence of integer rectifiable varifolds converging to a varifold V,
then
lim 6V, (X) = 6V (X), (1.4)

for any field X € C}(U,R"). Indeed

SV(X) = / ox (2,9) Vi (z, S),
Gr(U)
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where ¢x(x,S) = Zfﬂ(dXx(ei),ei) and {e;} is any orthonormal basis of S. Since px €
C.(Gk(U)), Equation (1.4) follows by the definition of convergence of varifolds.

Definition 1.2.11. Let V = v(M, 0) be a k-dimensional integer rectifiable varifold on an open
set U C R™. A function H € L} (uy,R") and a R"-valued Radon measure oy which is singular
with respect to puy are called the generalized mean curvature of V' and the generalized boundary

of V if
/ divg, X () dpy () = —k / (X, HY dyy + / X dov,

for any field X € CH(U,R™). Writing oy = vy|oy| with vy € L}, (loy|,R") in polar decompo-
sition [AFP00, Corollary 1.29], the vector vy is called generalized conormal of V.

It is clear that if V' is the image varifold induced by a proper embedding ¢ : N — R",
generalized mean curvature and conormal coincide with the classical ones.

Remark 1.2.12 (Orthogonality of the generalized mean curvature). If V. = v(M,0) is a k-
dimensional integer rectifiable varifold on an open set U C R™ and it has generalized mean
curvature H, then

H(x) L T,M at py-a.e. x € U,

that is, the vector H(x) is orthogonal to the approximate tangent space at py-a.e. point x € U
such that T, M exists and z is a Lebesgue point of H (w.r.t uy). This fundamental orthogonality
property, which is true by definition in the smooth setting, has been proved in [Bra78, Section
5.8]. It is important to remember that the hypothesis on V' of being integer rectifiable is essential.
More precisely, if V' is just a rectifiable varifold on some U C R", i.e.,

M

/ oz, 9) dV (z, S) = / o, Ty M) 0(x) dH (),
Gy (U)

for any ¢ € C.(Gy(U)), where T, M is the (H*-ae defined) approximate tangent space of a
rectifiable set M C R at x and 6 : U — (0,+00) is in L}, (H*L M), defining generalized mean
curvature and boundary as in Definition 1.2.11, it is false that H is py-a.e. orthogonal to the
approximate tangent space of M. A simple example is given in [Tonl9, pp. 20-21], in which
it is shown a 1-dimensional rectifiable varifold concentrated on a rectifible set I' in R? having
generalized mean curvature that is even tangent to T,.I' at every point of I'. In this thesis we
will, however, only deal with integer rectifiable varifolds.

By analogy with surfaces, given a 2-dimensional varifold V' = v(M, 6) on some open set U,
if there exists its generalized mean curvature H, we define its Willmore energy by

W) = / HPdpy € [0, 400,

and we set W(V) = 400 in case the generalized mean curvature does not exists. We shall see

in Section 1.3.2 the consequences implied by the fact that a varifold has finite Willmore energy.
It is a classical result in the theory the fact that integrability bounds on the generalized

mean curvature imply good structural properties on the varifold, as stated in the next result.

Proposition 1.2.13 ([Sim83b, Chapter 4, Remark 4.10]). Let V = v(M, 0) be a k-dimensional
integer rectifiable varifold on an open set U C R™. Suppose that V has mean curvature H and
oy = 0. Assume that H € LY (uy) for some p > n.

loc

Then the limit ©(x) = lim,\ o %p,ﬁ“” exists at any point x € U, and V = v(sptuy NU, ©).

Wi p
Moreover ©(x) > 1 at every point x € sptuy NU and it is upper semicontinuous on U.
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Observe that Proposition 1.2.13 cannot be applied to 2-dimensional varifolds with bounded
Willmore energy. Nevertheless, we shall derive a similar thesis also in such a case, but this will
require a further study (Section 1.3.2).

We remark that Proposition 1.2.13 allows to represent a varifold satisfying the hypotheses
by means of a canonical couple v(M,#) where M = sptuy N U is relatively closed in U, and 6

is upper semicontinuous and coincide with the density lim,\ o %&E@)

We finally recall the classical compactness theorem of integer rectifiable varifolds.

at any point of M.

Theorem 1.2.14 (Compactness of varifolds, [Sim83b, Chapter 8, Theorem 5.8]). Let V, be a
sequence of integer rectifiable k-dimensional varifolds on an open set U C R™ with 1 < k < n.
Suppose that
sup pv, (W) +sup sup |6V, (X)| < C(W) < +o0,
n " xeck(w)
[ X]loo<1
for any open set W CC U.
Then there exist an integer rectifiable k-varifold V on U and a subsequence ny such that V,,
converges to V in the sense of varifolds.

Let us conclude with some comments on the hypotheses of Theorem 1.2.14. Let V be a
k-dimensional integer rectifiable varifold on an open set U C R™. If

sup  [0V(X)] < C(W) < o0, (1.5)
xect(w)
[Xloo<1

for any open set W CC U, then §V can be naturally extended to a continuous linear functional
on continuous fields X € C.(U,R™). By Riesz Theorem [AFP00, Theorem 1.54, Corollary 1.55],
the functional 6V : C.(U,R™) — R is represented by a vector valued Radon measure on U.
Recalling Definition 1.2.11, by Besicovitch Derivation Theorem [AFP00, Theorem 2.22], we see
that

0V =—-kHpy + oy (1.6)

is just the Radon—Nikodym decomposition of §V with respect to uy. Such a decomposition
exists if and only if (1.5) holds, and in such a case we say that V has locally bounded first
variation.

Therefore we have the following corollary of Theorem 1.2.14, that we will use several times.

Corollary 1.2.15. Let V,, be a sequence of integer rectifiable k-dimensional varifolds on an open
set U C R™ with 1 < k < n. Suppose that V,, has mean curvature H, and generalized boundary
ov,,- If

sup v, (U) + /U (Ho| iy, + o, [(U) < o0,

where |ovy, | is the total variation of oy, , then V,, converges to an integer rectifiable k-varifold V
in the sense of varifolds (up to subsequence).

Moreover, the above observations imply the following consequence on the lower semiconti-
nuity of the Willmore energy with respect to the convergence of varifolds.

Corollary 1.2.16 (Lower semicontinuity of the Willmore energy). Let V,, be a sequence of 2-
dimensional integer rectifiable varifolds on an open set U C R™ with n > 3 converging to an
integer rectifiable varifold V in the sense of varifolds. Suppose that V,, has mean curvature H,
and sup,, W(V,,) < +o00. Then the following holds.
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1. Ifoy, =0 on U for any n, then oy =0 on U and

W(V) < liminf W(V},).

2. Ifsup,, [0V, |(U) < 400, then V' has generalized mean curvature H and generalized bound-
ary oy on U. If also H?(sptoy) = H? (Unsptavn) =0, then

W(V) < liminf W(V},).

Proof. We can assume without loss of generality that sup,, py, (U) < +oo. Indeed, since V,, —
V', there is an increasing sequence of open sets U; C U;y; C U such that U;U; = U and
sup,, 1y, (Up) < +oo for any I. Hence, once the thesis is proved on Uj, passing to the supremum
over [ yields the result.

We now prove the items separately.

1. By (1.6) we have that 6V;,, = —2H,uy,, that is, —2H, = %% in the sense of Radon-

KV,
Nikodym derivatives. Since V,, — V as varifolds, then py, = mV;, R 7V = py locally

weakly* on U. Moreover 6V, = §V by (1.4). Hence we can apply [AFP00, Theorem 2.34]
with f(p) = |p|?, that yields exactly the desired lower semicontinuity result for integral
functionals whose integrand is a convex function of the derivative %. It also follows that

oy =0on U (see also [AFP00, Example 2.36]). "

2. Since |V |(U) < liminf, [6V;,|(U) < 400, the limit varifold has mean curvature H and
generalized boundary oy on U. Let

U=U\ (SptO'V U Unsptavn) ,

which is open. By construction none of the varifolds V. V,, have generalized boundary as
varifolds on U’. Hence by Item 1 we have

/ |H|? dpy < liminf/ |H,,|? dpy, < liminf W(V;,).
U/ n U/ n

By assumption H2(UAU’) = 0, and then puy LU’ = py, and thus the left hand side
coincides with W(V).

O]

We mention that the lower semicontinuity of the Willmore energy has been also studied in
the setting of the convergence of currents (see Section 1.5) in [Sch09].

1.2.3 Curvature varifolds with boundary

In this part we consider a further class of varifolds, introducing also a generalized definition of
second fundamental form and another notion of boundary of a varifold. These concepts have
been introduced by Hutchinson [Hut86]. However, we will refer to the more recent treatise of
Mantegazza [Man96], who also introduced some differences and improvements on the theory
developed in [Hut86].

We restrict the discussion to the case of integer rectifiable varifolds.
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Definition 1.2.17. Let 1 < k < n. Let V = v(M,0) be a k-dimensional integer rectifiable
varifold on an open set U C R". We say that V is a curvature varifold with boundary on U if
there exist functions A;j € L} (V) and a R"-valued Radon measure 9V = (9V4,...,0V},) on
G (U) such that

/G ( )PijaszO(x,P) + Aiji(z, P)Op,, p(z, P)dV (z, P)
W (U

= —/ o(x, P)Ajij(x, P)dV (z, P) +/ o(z, P) doV;(z, P),
Gr(U) Gr(U)

for any i = 1,...,k for any » € C}(Gr(U)). In the above equation summation over repeated
indices is understood and elements of the Grassmannian are identified by projection matrices
represented on the canonical basis of R”. In such a case the measure 9V is called boundary, or
boundary measure, of V.

Notice that a curvature varifold with boundary satisfies an integration by parts formula
at the level of Gi(U). This has to be compared with the integration by parts formula of
Definition 1.2.11, which takes place in U. In fact, the following result implies that the notion of
curvature varifold with boundary is stronger than the existence of generalized mean curvature
and generalized boundary.

Theorem 1.2.18 (Curvature varifolds, [Man96, Section 3]). Let 1 < k < n. Let V = v(M,0)
be a k-dimensional curvature varifold with boundary on U C R™. In the notation of Defini-
tion 1.2.17, understanding summation over repeated indices, the following holds true.

1. Az’jk = Aikj; Aijj = 0, and Aijk = PjrAirk + PrkAijr at V-ae (x,P) € Gk(U)
2. P;oV; = 0V; as measures on G (U).
3. PilAljk = Aijk at V-ae ((L’, P) S Gk(U)

4.V has generalized mean curvature H, and the i-th component H; of H is given by H;(x) =
%Ajij(x,TmM) at py-ae x € U, where T, M is the approximate tangent space of M at x.
Moreover P(x);jHj(x) = 0 at py-ae x € U, where P(x) is the matriz representing the
orthogonal projection on T, M.

5.V has generalized boundary oy = m4(0V'), where 7 : Gy (U) — U is the natural projection.

Definition 1.2.19. Let 1 < k < n. Let V = v(M, 0) be a k-dimensional curvature varifold with
boundary on U C R™. We define the generalized second fundamental form of V' to be a function
B e L}OC(HV,R”3) whose components are given by B} (z) == P(x)jiAiyu(z, Ty M), where P(z)
is the matrix representing the orthogonal projection on T, M.

Using the symmetries stated in Theorem 1.2.18, we have that, if V' is a curvature varifold,
then

Bt = PjAjim = Ajjm — PimAjji = Ajmj — PauAjij = kHp — kP Hy = kHyp,,

and ‘
Aije = Bjj + By,

at py-ae v € U. Therefore, it is important to notice that a bound on the functions A;j is
equivalent to a bound on each component of B.
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As in the case of the generalized mean curvature and of the generalized boundary, one can
check that the generalized second fundamental form and the boundary of a curvature varifold
induced by a smooth immersion can be brought back to classical quantities. In fact, the inte-
gration formula in Definition 1.2.17 is first known to hold in the smooth setting with classical
notions of boundary and second fundamental form, just as in the case of the identity in Proposi-
tion 1.1.8. If ¢ : N — R" is a smooth proper isometric embedding of a k-dimensional manifold
N and V = Imy = v(M,0y) and {E;}' , is the canonical basis of R", identifying T, M with
dp, (T, M) we have that

B’ZL(SO(J:)) = (Bx(EvaEjT)7Em>7

where (-)T denotes projection onto T, M, B is the second fundamental form of ¢, and B is
the generalized second fundamental form of the varifold Im . For what concerns the boundary
of Im ¢, one can similarly derive that it only depends on the tangent space of ¢|sn and the
conormal co, determined by the embedding, and |01m ¢|(Gx(U)) = HE"1(p(ON)). We just
mention that analogous relations can be argued if ¢ is a smooth proper isometric immersion,
but we will not need further details.

We now conclude with the compactness theorem for curvature varifolds.

Theorem 1.2.20 (Compactness of curvature varifolds, [Man96, Theorem 6.1]). Let p > 1 and
Vi a sequence of k-dimensional curvature varifolds with boundary in U C R™, with 1 < k < n.
Denote Ag)k the functions A, of Vi. Suppose that Az(;)k € LP(V) and

Z )
sup wy, (W) + / Ai,
! { (W) Gr(W) | jk'

i7j7k‘
for any W CcC U, where |0V}| is the total variation of OV;. Then:

Tavi+ yavluan(vv))} < O(W) < 400

1. Vi converges (up to subsequence) to a curvature varifold with boundary V in the sense of
varifolds. Moreover Az(é)le B AijiV and 0V, 29V locally weakly* as measures on Gr(U).

2. For every lower semicontinuous function f : R™ [0, +0o0] it holds that

/ F(Aijr) dV < lim inf / F(AD Y av.
Gi(U) N

It follows from the above theorem that the Willmore energy of 2-dimensional curvature
varifolds with boundary is lower semicontinuous with respect to varifold convergence of curvature
varifolds with boundary satisfying the hypotheses of Theorem 1.2.20. Indeed we have that

= 2 duy = A )d
W) /U HP duy /G o f

for any curvature varifold V' = v(M, 8), where f(A;;r) = %Zm (Z] Ajmj)2.

1.3 Monotonicity and Willmore-type energies of varifolds

In the theory of varifolds, as well as in the theory of minimal surfaces, it is very common to speak
about monotonicity formulas. With this term we refer to the existence of integral quantities,
which are usually functions of one variable p > 0, that are monotone in p and involve geometric
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or measure theoretic terms. As we shall see, a monotonicity formula for a measure y may have
important consequences on the structure of y, that is, it can give useful information about the
support and the density of u. For a general introduction to monotonicity formulas see [Sim83b,
Chapter 4, Chapter 8.

1.3.1 A monotonicity formula for 1-dimensional varifolds

As a first case we consider 1-dimensional integer rectifiable varifolds in R™ with n > 2. We will
typically denote such a varifold as V' = v(I',0), where I' is 1-dimensional rectifiable set. As in
the case of Willmore energy of surfaces, we define the p-elastic energy of a varifold V = v(T',0)
in R™ by analogy with the p-elastic energy of curves. Hence we set

1
&V) =y @)+ [1KPduy € [o,oc),
for any p € [1,4+00). In the above definition, we denoted by k the generalized (mean) curvature

of V. In case k does not exist, then we set £,(V) = +oo.

Throughout this part, let us fix xg € R", and let V' = v(I',0) # 0 be an integer 1-dimensional
rectifiable varifold in R™ with curvature k. For 0 < r < 400, we define

(B oo\ 1 o
My (1) i= émwQa >ww>+rém$h o) dy (2).

r |x — x|

For 0 < 0 < p < 400, we consider the vector field

X@%=Qxf%b—;)gx—%x

where ()4 denotes the non-negative part and |-|, := max{|-|,o}. For any set E, let E, == ENB,,
E,=FENB, and E,, = E,\ B,. A direct computation shows that the tangential divergence
of X on the rectifiable set I is

% - % H'-ae on I'y,
. _ 1
div,rX (¢) = § (42200 1 3laeon Ty,
0 H'-ae on I'\ B,(z),

for almost every 0 < o < p < 400, where (-)* denotes projection onto T,I'*.

In this setting we can prove the following monotonicity formula.

Theorem 1.3.1 (Monotonicity formula for 1-dimensional varifolds). Let V = v(T',0) be a 1-
dimensional varifold in R™ with n > 2 and with generalized curvature k. Suppose that oy = 0.

Then L
M‘/,ZL‘O(O-)+/ |($—$‘0) ’

By(zo)\Bo(zo) |Z—Z0[? duy (x) = My, (p), (1.7)
p(Zo o(Zo

for almost every 0 < o < p < +o0o0. In particular r — My 4, (1) is essentially non-decreasing.
Moreover, the following holds.

1. Assuming in addition that [ |k|P duy < +oo for some p € [1,00), then

B, B
lim sup 1 (Bo(wo)) < lim inf v (Bp(0)) + / |k| dpy (). (1.8)
N0 o P,/ 100 P Bp(x0)
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2. Assuming in addition that £,(V) < +oo for some p € [1,4+00), then

1
2 < / Ky < v (R k] Lo,

and we have the following bounds on the density of py :

(1.9)

0D L ] '
1 J lim ——= < - R
p > = ali% 55 <5 |k| duy Vo eR",

1
p=1 = Hlimuv(Ba(@)<2/]k‘\duv

at H'-ae v € R".
o \0 20

3. Assuming in addition that £ (V) < +oo and that T is essentially bounded, i.e., H'(T' \
Bgr(0)) =0 for R large enough, then

. MV(BT(x)) 1 n
< = .
p=1 = Elll\n% 5 <35 |k| dpy VzeR

In cases 2 and 3, the multiplicity function 6(x) equals lims~ o w at H'-ae x € R™.

Proof. We adopt the notation introduced above. Integrating the divergence divy,r X above with
respect to py and using the first variation formula we get

Bo 1 _ 12
/W((:E‘J))+/ (k,x — o) d,uv(a:)+/ Mduv(@
o(20) By(zo)\Bs(z0) | — Zol

o g
(1.10)
B, (x 1 xr—x
v (B,(20)) + / (k,x — o) dpy () —/ <k; 0 >duv($),
p P JB, (o) B, (20)\Bo (o) |z — 2ol

which is exactly (1.7). Now we deal with the different cases separately.

1. Dropping the positive term on the left of (1.10), we obtain

B, 1
wABetzol) 2 [ (= ) dp ()
(o2 g Bo(z0)
pv (Bp(20)) / < T—x9 T - >
< —+ k, — X B, (0)\ By (z0) ) ALV ().
p B (o) b =g e\ ) v ()
Since
1 P 1
[ e adu@) < ([ ) (v Baten)? o,
o D'(xo) Bs (-’EO) =0
and - v
— 40 — 4o . /
|l‘ — l'0| XBj(w0)\Bo (z0) oc—0 |x — »To’ X By (o) in LP (MV)v
letting o \, 0 and then p oo we get the inequality
B, B 1 1
lim sup #v(Bo (o)) < lim inf 1y (By(20)) + / </~€, < — ) (x — x0)> dpy ()
o\0 o P10 P B, (z0) p |z — ol
B _
ghminf“v(ﬂ(:ﬁo))+/ k| M_l dpy (z)
P p By(a0)
B
< liminf 1y (By(20)) + / |k| duy (),
P10 P Bp(Z’O)

that is (1.8).
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2. From (1.8) we get

By
limsupM §/|k|d,uv. (1.11)
o\0 g

Equation (1.11) gives us the desired bounds.

If p > 1 we can apply Proposition 1.2.13 and use (1.11). Suppose then that p = 1. In this
case (by [AFP00, Theorem 2.22]) we clearly have

122% (BU (:L‘O

1
0(z) = lim ) < 5 / |k| dpy for Hl'-ae z € T.

a\,0 20

Therefore, since V' # 0, then 6(z) > 1 at some point x, and we conclude that inequality
(1.9) holds for any p € [1, 00).

3. We need to show that the limit lim,\ g M does exist for any o € R"™. In fact we
have

1
/ (k,z — x0) dpy (z)| — 0 as o — 0,
g BU(J:O)

1
2 e ) o)
p By (z0)

T — X T — o
XBy(20)\Bo (z0) "

R
go/ |k|dpy — 0 as p — oo,
10 BRO(J}()

in Ll (Rna MV)a

| = o |z — o]

where the last limit is for ¢ — 0 and p — +o0o0 and follows by Dominated Convergence.
Therefore there exists finite the limit

. . Tr — X0
lim 1 k, —— d
O'I{‘I%) p}‘rgo < ’ |ZL‘ — 1;0| XBﬂ(mo)\Ba($0)> MV(Q?),

Hence (1.10) implies that

12
T —x
sup / % dpy (z) < 400,
0,0>0J B,(z0)\Bs (z0) |z — o]
thus, by monotonicity, the limit
L2
lim lim |z = o) | dpy ()

N0 p,00 J B, (20)\ By (z0) |96—36013

exists finite. Since lim, oo M — 0, Equation (1.10) implies that
B
I lim 1 (Bo(x0)) < 400  Vxo €R",
o\0 o

which completes the proof.

The last assertion follows from Proposition 1.2.13 if p > 1. While, in case p = 1, it follows as
usual by Derivation Theorem [AFP00, Theorem 2.22]. O

Remark 1.3.2. Theorem 1.3.1 also follows from [Men16, Corollary 4.8] (see also [MS18, Theo-
rem 3.5]), which also includes additional technical details that we will not need in the following.
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Let us add an additional comment about the case p = 2. In such a case, we can identify
another useful monotone quantity.

Remark 1.3.3. Let p = 2, and adopt the above notation. Suppose, as in Theorem 1.3.1, that
oy = 0. For r > 0 let

1 1 1 1
Buao(r) = (2 + 1) j(Bu(ao)) + / (ko) duy (2) + / K2 dpay.
2 r T By (z0) 2 By(xo)

Then

(2 — x0) L2 L, T —x |
( |

|z — o3 2 |z — w0

Buay(o) + | ) dp(x) = Buao(p),  (112)

By(x0)\Bs (w0)
for almost every 0 < o < p < +o00. In particular r — By, (r) is essentially non-decreasing.
Indeed, to prove (1.12), it is enough to insert the identity </~c, ﬁ> = %(‘k + ﬁ’z — |k|? - 1)
in (1.10).
Moreover, if we additionally require that py (R™) < 400, then

1 1 1

(k,x — x0) duy (x) (k,x — x0) duy (x) (k,x — x0) duy (x)

- — + =
R JBg(z0) R /B, (z0) R ) Br(20)\B. (o)

1
<q ) tho-ado ([ k)
Br(z0) Br(20)\Br(zo)

for any r < R. So, letting first R — oo and then r — oo, we get that %IBR@O)G{?,@“ —
zo) duy () — 0 as R — oo. Thus we obtain that

1
2

(11v(Br(x0) \ Br(20)))?

lim By, (r) = 1<Mv(Rn) + 52(V)>,

r—00 2
for any choice of xy € R™.

We conclude by proving the following fundamental estimate concerning curves in R?, that
has to be compared with Equation (1.9) of Theorem 1.3.1.

Lemma 1.3.4. Let v :S' — R? be a regular curve in W2P for some p € [1,00). Then

1
on < [ lds, < ([ teras,) 2o, (1.13)
St St

where L(vy) denotes the length of the curve. Moreover, in the first inequality, equality holds if
and only if v parametrizes the boundary of a convex set and it is injective.

Proof. By approximation it is enough to prove the statement for v € C°°. Then the closed
convex envelop of the support (7) is a C1'-smooth set, and its boundary can be parametrized
by an embedded curve o : S' — R? of class H2. Then [ |k,|ds, < [ |k,|ds,. Hence, if we can
prove that

/ Iky| dsy > 2, (1.14)
Sl

the thesis follows by Holder inequality. By approximation, we can assume without loss of
generality that o : S' — R? is an embedded curve of class C* that positively parametrizes the
boundary of the bounded set it encloses. Moreover, as [ |kq|ds, is scaling invariant, we can

22



assume that ¢ is parametrized by arclength. If 7, is the tangent vector along o, we clearly have
that 7,(S!) = S!, that is, it is surjective. Indeed, o has index equal to 1 (see [AT12, Theorem
2.4.7]), hence the degree of 7, equals 1, and then 7, : S' — S! has to be surjective. Therefore
we estimate

o o —1 1 1/l __
/Sl ko\dsg—/gl |8w70(x)\d:r—/81 b (o) M (v) > HL(S) = 2,

where we used the area formula (Theorem 1.2.8). Letting 7,(z) = (cosf(z),sinf(zx)) for a
smooth angle function 6 : [0, 2] — R, we have that |k,| = |0,0|. Hence the equality case in the
above estimate implies that 0,0 has a sign. As 0,0 = (k, Vs), this means that o is convex. [

Let us conclude with a few comments on Lemma 1.3.4 and Theorem 1.3.1.

Remark 1.3.5. We mention that inequality (1.14) is already present in [DNP18], proved with
a different method in the setting of networks. However, we will need the approach used in the
proof of Lemma 1.3.4 in the following, namely the use of the area formula in relation with the
“angle spanned” by the tangent vector, i.e., its image in S'.

Remark 1.3.6. Let us compare (1.13) with (1.9). It is clear that (1.13) is sharp, as equality
holds on unit circles. Similarly, it would be interesting to understand whether the first inequality
in Equation (1.9) is sharp. However, this is still not known, up to our knowledge.

1.3.2 A monotonicity formula for 2-dimensional varifolds with boundary

In the context of 2-dimensional varifolds the use of a monotonicity formula in the study of the
Willmore energy goes back to [Sim93], in which varifolds without boundary are considered. The
important consequences of such monotonicity formula are collected and revised, for example, in
[KS04]. Here we are interested in extending these results to the case of varifolds with possibly
non-vanishing boundary.

From now on and for the rest of the section let V' = v(M,6y) be a 2-dimensional varifold
on R"™, with n > 3, having mean curvature H and generalized boundary oy. We assume that

W) < 4o0.
For a fixed zg € R™ and 0 < r < 400 we define

B (x 1
Ay g (1) = 'uV(TQ(O)) + 4/B - |H|? dpy + Ry (1),
r\Z0

with

Rrar)= [ I g g [ (- )@ mdev(

By (zo) 2 |$ - $0|2 - 72
Hazx—=x
Br (o) r

In the following, the symbol (-)* will denote projection onto T, M, for any x such that the
approximate tangent space T, M exists.
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Theorem 1.3.7 (Monotonicity formula for 2-dimensional varifolds). Let V' = v(M,0y) be a
2-dimensional integer rectifiable varifold on R™, with n > 3, having mean curvature H and
generalized boundary oy . Suppose that W(V') < +o00. Then

H (z—z)t
2 |z — xo)?

2
d,U/V(x) = AV,:co(p)’ (1‘15)

Ay 5o (o) +/

By (z0)\Bo (0)

for almost every 0 < o < p < +o00. In particular, the map r — Ay g, (1) is essentially non-
decreasing.
Moreover, if S C R™ is compact with H*(S) = 0, sptoy C S, and

B
limsupM < K < +o0,
R—o0 R?
then the limit
o P (Bo(2)
N p?

exists at any point x € R™\ S, the density function av(x) = lim,\ o %ﬂ’f}w” 1S upper semi-

continuous on R" \ S and bounded by a constant C = C(d(x,S),|ov|(S), K, W(V)) depend-
ing only on the distance d(z,S), |ov|(S), K and W(V). Moreover V. = v(M,60y) where
M ={z eR"\ S|0y(z) > 3} US is closed.

Proof. Integrating the tangential divergence of the field X (z) = (m — p%) (p—x0), where
g +

|z — 2|2 = max{o?, |z — x0|?}, with respect to the measure uy and using the integration by
parts formula of the tangential divergence and Remark 1.2.12, one immediately obtains (1.15).
From now on assume that sptoy C S, where S is compact, and that

1y (Br(0))

lim sup 72 < K < +o0.

R—o00

Since S is compact, it follows that |oy|(S) < +00. We have

(H,z — o) . v (Bp(zo)) : 9 ’
/B,)@o) g v S( p? ) (/Bp(ﬂco) - dw) (1.16)

B 2
2 € JB,(wo)

1=

Also, if d(xg, S) > § we have that

1 1
/, - (|:c—xor? - ﬁ)"’”‘“”"v“)
p\Zo

In particular, as |ov|(S N B,(xg)) = 0 for p < §, the monotone function Ay, (p) is bounded
below and there exists finite the limit lim,\ o Ay, (p). Keeping xo ¢ S, Equation (1.15) implies
that

< (2 + ;) oV [(S A B, (o).

pv(Bo (o)) _ v (By(xo)) 1/ 9
< +2 H[? dpy () + Rugp — Rug.o
02 p2 4 Bp(xo) ‘ ’ ( ) 0,0 0

< Mv(fzg(xo)) N iW(V) n <uv(f;;;($0)))2 WV) = Ty (1.17)
# (55 ) lovies n ) + 52250 1 By
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Letting p — oo and ¢ < ¢ in (1.17) we get that Ty, » = 0 and

pv (Bo(0))

2 < C(0, K, |ov|(9),W(V)) < +o0 V0 <o <é. (1.18)

Letting p — 0 in (1.16) and using the first inequality in (1.18) we get that

lim
p—0

Hzxz—x
/ % dpy (p)| = 0. (1.19)
Bﬂ(xo) P

Therefore we see that if zg € R\ S, then

3 §V(x0) = lim M

tim P20 < OG0, fov (). K. W(V)).

Now we prove that Oy is upper semicontinuous on R\ S. Let 29 € R3\ S and consider a
sequence xp — xo. Let p € (0,d(zg,S)/2) and denote py = d(zg,S)/2, then by (1.15) we have
that

B B ~ 1
Lg(l’o)) > limsupL’;(a:k)) > limsup w8y (x) — Ry p — / |H|? duy
p k p k T 4B, ()
p\Lk
~ H 1
> lim sup 70y (z) —/ il dpy — / |H|? dpy
k sz(af)o) P 4 BQp(xO)

1 3
21imsupw5v<wk>—(’“‘v<32§(‘”°”>2 R R o
k 1Y Ba, (o) Bap(z0)

. ~ 1 ?
> timsup rdy (o) —  Cl2lov (5 K W) + ( [ e duv) ,
k Bap (o)

and thus letting p N\ 0 suitably we get
§V(g;0) > lim sup 9~V(wk),
k
i.e., the multiplicity function 5‘/ is upper semicontinuous on R3\ S. Since 6y is integer valued, the
set {z € R3\ S |0y (x) > 1} is closed in R?\ S, and the thesis follows using that #*(S) = 0. O

From Theorem 1.3.7, it follows that whenever an integer rectifiable varifold V' = v(M, y)
has finite Willmore energy and generalized boundary such that sptoy C .S, where S is compact
and H?-negligible, and also

lim sup RVAZR\T)) (Br(0)

72 < K < +o0,
R—o0

then we can always assume that
1
M = {xER”\S | Oy (x) > 2}US,

is closed in R™, and that 6y coincides at any point x € R™\ S with the density lim,\ o %p"z(x)),

which exists and is bounded as stated in Theorem 1.3.7. When the above conditions on a varifold
V = v(M,0y) are satisfied, we shall always assume that M and 0y are as above.

Moreover, the following classical optimal bound holds.
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Corollary 1.3.8 (Li-Yau inequality for varifolds). Let V = v(M,0y) # 0 be a 2-dimensional
integer rectifiable varifold on R™, with n > 3. Suppose that V has mean curvature H and
generalized boundary oy = 0. Assume also that M is essentially bounded, that is, there is R

such that puy (R™\ Bg(0)) = 0. Then

W(V) > 4r lim sup rv
P\O mp

for any x € R™. In particular W(V') > 4.

Proof. The proof immediately follows passing to the limits p — oo and o \ 0 in Equation (1.15),
using (1.19), (1.16), and the fact that py (R™) < +o0. O

The above estimate first appeared in the literature in [LY82] in the context of smooth sur-
faces. Then the inequality has been extended to the setting of varifolds by means of monotonicity
formulas in [Sim93]. It is common to refer to such a result as the Li-Yau inequality. In Chapter 4
we prove some generalizations of this type of inequality in the setting of surfaces with boundary.
We also show that the lower bound of 47 on the Willmore energy of varifolds without boundary
and compact support in R? is only achieved by spheres (Proposition 4.3.16), just as happens in
the context of closed smooth surfaces (Theorem 4.1.1).

Also, we can prove the following consequence, which clearly resembles what one expects in
the smooth realm.

Corollary 1.3.9 (Unbounded varifolds). Let V' = v(M, 0y ) be a 2-dimensional integer rectifi-
able curvature varifold with boundary with W (V') < 400. Denote by oy the generalized boundary
and by S a compact set containing the support sptay such that H2(S) = 0. Then

v (By(0) |

M is ess. unbounded & lim sup 3 > 1,

p—00 Uy
where M essentially unbounded means that for every R > 0 there is B.(x) C R®\ Bg(0) such
that py (Br(z)) > 0.

Moreover, in any of the above cases the limit lim,

%;(0)) exists.
P

w (By(0))

Proof. Suppose that M is essentially unbounded. We can assume that limsup, e <

K < 400. Then
<L (/ [ H ||| dpy (@ )+/ |H|V$|d/~‘V( )>

1
—(H,z)duy
/Bp(o) P2< )
<% / (2 dpy /o (B +,/ L] 2 duy
B,(0)\Bo (0)

for any 0 < o < p < +o0. Passing to the limsup,_,, and then to o — oo, we conclude that

1
/B o ?(H, x) dpy ()

Hence, assuming without loss of generality that 0 ¢ S, the monotone quantity Ay o(p) gives that

B
3 lim Ay(p) = /| 2 doy(x —i—hmsup'u v 5(0)),
P

p—+c0 p—+00

= 0. (1.20)

lim
p—+00




and thus 3 lim, %5(0)) < K < 400. Also, by Theorem 1.3.7, we can assume that M is
closed.

We now prove that M has at least one unbounded connected component. Indeed any compact
connected component N of M defines a varifold v(N, 6y |y) with generalized mean curvature.
If sptoy NN = () then W(N) > 47 by Corollary 1.3.8, and thus there are finitely many compact
connected components without boundary. If instead sptoy NN # 0, Ry is such that S C
Bpg,(0) by compactness, and there is 29 € N \ B,(0) for r > Ry, since N is compact, then the
monotonicity formula applied on v(N, 0y |y) at point z( gives

1lov[(S)

. 1.21
27r— R(] ( )

™ < i Av(noy ), (0) < 10 Av(vy )0 (P) < EW(V(M Ovin)) +
Since M is essentially unbounded, if by contradiction any connected component of M is compact
we would find infinitely many compact connected components N, points py € N, and r arbitrarily
big in (1.21) so that the Willmore energy of any such N is greater than 27, implying that
W(V) = 4o0.

As M has a connected unbounded component, for any p sufficiently large there is z, €
M N 0B3,(0). Applying the monotonicity formula on V' at z, for p sufficiently big so that
S C B,(0) we get that

B 1 1
iy < BB L g L g
By(zp

oc—0 P p(2p)
Bs3,(0 1 B
§9/~‘V(3p2())+/ |H|2d,uv+€L/;(xp))+Ca |H|? dpy,
(3p) 4 Jr3\B,(0) P By(x,)
that implies that
B

lim Hv (B, (0) > u )
P00 02 9+¢

for any € > 0.
Consider now any sequence R, — oo and the sequence of blow-in varifolds given by

M
Vn: 77977, )
()

where 6, (z) = 0y (R,x). Since 0 € S, by (1.15) we have

1 1

1, (Br(0)) = ﬁuv(BRnR(O)) = suv(Brr, (0))R* < K'R?

(RRn)
is bounded for any R > 0. Moreover W(V,,) = W(V) and |ov, |(R?) — 0, thus by Theorem 1.2.14
we get that V}, converges to an integer rectifiable varifold W (up to subsequence). We have that
W #£ 0, indeed 0 € sptW by the fact that

N ¢ P (Br,(0))

pw (B1(0)) > liminf py;, (B1(0)) = limin

>
n R% -

T
5

Since |6V, |(Br) is bounded for any R, the limit varifold W has mean curvature and generalized
boundary in R™. By (1.4) we have that sptoy C {0}, hence we can apply Corollary 1.2.16, and
we get that W is stationary, indeed for any r > 0 we have that

/ |Hy |? dpyy < liminf/ |Hy, |* duy;, = liminf/ |Hy|? duy = 0.
R3\B,(0) " JR\B,(0) " Jr3\Bg,.(0)
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Also we can prove that oy = 0. In fact for any X € CY(R?) the convergence of the first variation
(see (1.4)) reads

1im—2/<HVn,X> d,uvn —I—/XdO'Vn :lim—2/<HVn,X>d,an :/XdO'[/V,

and sptoy C {0}. Taking X = A,,,Y for Y € CY(R3) and

we see that

1
1\2
= lim / (Hy,, AmY') dpv, | < Y [W(V)3 (K) ,
" |JB 1 (0) m

1
m

lim ’ / (Hy,, X)duy,

for any m > 1, and thus [Y dow = 0 for any Y € C2(R?). Finally, the monotonicity formula
applied on W gives

2702 (0)

and the proof is complete. O

2> liminf py,, (B1(0)) 2 pw (B1(0)) = Awyo(1) 2 lim Awo(o) = 7,
n od

We can conclude by stating some further consequences on surfaces with boundary that we
will use in the following.

Lemma 1.3.10. Let ¥ C R? be a compact connected immersed surface with boundary. Then

4limzm'($0)|+4/z l WQ:W(Z)+2/82<H) co>, (1.22)

o\0 o2 2 + |z — zo|? |2 — xo[?’

for any xo € R3. In particular

=N By(zo)] / H (z—x)*]? HL(OD)
v R3\ 9L : 41 ’7 4 — ] < PN 2—————. (1.2
o € R7\ 0 UI{‘I}) o2 + 5|2 + |lx —xol? | — WE) + d(xp,0%) (1.23)
Moreover, writing dy (X, 0%) = d(Tg, 0%) for some Ty € X\ 0%, it holds that
o 0B [ (& —79)" | 1 (0%)
4lim — +4 —+ — ] < b 2——————, 1.24
Ao oz Thg eomr| SO any (1.24)
Proof. It suffices to prove (1.22). Since ¥ is smooth we have that
1 1

- _ 2 1
\x—x0|2 ,02 Owo(‘x x0| )dH (113‘)

1 1
/ <_2 - 2> (x — o, co) dH' ()] < /
By(zo) \|Z — 0> p By (o)

and the right hand side goes to zero as p — 0. The surface X is smooth and immersed, i.e.
there is a smooth immersion ¢ : M? < R3 of a 2-dimensional compact connected manifold with
boundary M with ¥ = ¢(M). Denoting by ¥ also the varifold induced by ¢, by Theorem 1.3.7
we have that

— pi 120 By (20)]|
Az,xo (U) m 02(-170) = ;1{‘% o2 )

while by compactness we get

AZ,zo() /82<|$_x0 >

x — xo|?’

Hence (1.22) follows from (1.15). O
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We mention that (1.23) already appeared in [Riv13].

1.4 Sets of finite perimeter

In this section we introduce basic definitions and results about sets of finite perimeter. For the
complete theory we refer to [AFP00].

Definition 1.4.1. Let © C R™ be an open set. A function v € L'(Q) is a function of bounded
variation if there exists a vector valued Radon measure Du = (Dju, ..., Dyu) on §2 such that

/udide:U:—/XdDu ::—Z/XidDiu,
Q Q i Q

for every vector field X = (X1,..., X™) € C°(Q,R"). In such a case we write u € BV (). We
write that u € BV,.(Q2) if u € BV (A) for any open set A CC Q.

Definition 1.4.2. Let 2 C R"™ be an open set. A Lebesgue-measurable set F C 2 is said
to be of finite perimeter in ) if the characteristic function xg is of bounded variation in Q.
Equivalently, there exists a vector valued Radon measure Dy g such that

/ divX de — — / (X, ) d|Dysl,
FE Q

where Dxg = v|Dxg| is the polar decomposition of Dyg. We define the perimeter P(E, ) of
FE in  as the supremum

P(E,Q) = sup{/ divXde | X € CF(Q,R"), |X]| < 1},
E

which is finite if and only if E is of finite perimeter in €2, and in such a case P(F,Q) = |Dxg|(Q).
If xp € BVj,.(2), we say that E is a set of locally finite perimeter in €.

Roughly speaking, a finite perimeter set verifies the Divergence Theorem in a weak sense.
In the setting of functions of bounded variation we can introduce the following notion of con-
vergence.

Definition 1.4.3. Let @ C R"™ be an open set. A sequence u, € BV(Q) (locally) weak*
converges in. BV (Q) to a function u € BV (Q) if u, — u in L'(Q) and Du, = Du (locally)
weakly* as measures on ). The notion of local weak* convergence is also extended to sequences
Un € BVipe(Q).

We say that a sequence of finite perimeter sets F,, in 2 (locally) weakly* converges to a set
of finite perimeter E in €, if the characteristic functions (locally) weakly™ converge in BV (2).
The notion of local weak* convergence is also extended to sequences of sets of locally finite
perimeter in 2.

The next proposition collects a few facts about the convergence of sets of finite perimeter.

Proposition 1.4.4 (Sets of finite perimeter). Let Q@ C R"™ be an open set. Let E, E, C § be
Lebesgue measurable sets, for n € N. Then the following results hold.

1. Suppose E,, is of finite perimeter for any n. Then the sequence E,, weakly* converges to a
finite perimeter set F if and only if xg, — xr in L'(Q) and sup,, |Dxg,|() < +oo.
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2. Suppose Ey, is of locally finite perimeter for any n, and that xg, — XE in L}OC(Q). Then
liminf, P(E,, A) > P(E,A) for any A CC Q.

3. If sup,, |En| + P(En, A) < C(A) < 400 for any A CC Q, then there exists E of locally
finite perimeter in Q such that E, locally weak® converges to E, up to subsequences.

4. If E is a set of finite perimeter in R™ and n > 2, then there exists a sequence Fj, of smooth
open sets such that xg, — xg in L' and limy P(Fg,R") = P(E,R").

Proof. The proof follows by Proposition 3.6, Proposition 3.13, Theorem 3.23 and Theorem 3.42
in [AFP00]. O
Finally, we recall the basic definitions and structure properties of sets of finite perimeter.

Definition 1.4.5. Let 2 C R™ be an open set and let £ C ) be a set of finite perimeter in 2.
We call generalized inner unit normal of E at x € €2 the vector

vep(z) = lim —DXE(BT(Q:))
™0 [Dxg|(Br(z))

if the above limit exists and has unit norm. We define the reduced boundary FE of E the set
FE ={x € sptDxpNQ | Jvg(x), |ve(z)|=1}.

By Besicovitch Derivation Theorem [AFP00, Theorem 2.22], it follows that Dy is concen-
trated on FE and vg|Dxg| coincides with the polar decomposition of Dxg.

The notion of reduced boundary allows to state the following fundamental structure theorem.

Theorem 1.4.6 (De Giorgi, [AFP00, Theorem 3.59]). Let E C R™ be a set of finite perimeter.
Then FE is (n — 1)-dimensional rectifiable and |Dxg| = H" 'L FE.

If v € FE, then %(E — z) converges in L} (R") as € — 0T to the halfspace orthogonal to
ve(z) and containing vy (x).

If x € FE, then the generalized tangent space T, FFE of FE at x is the subspace of R™
orthogonal to vg(z).

Given a set F, it is sometimes useful to consider the following classes distinguished by the
density of E at those points.

Definition 1.4.7. Let E C R™ be a Lebesgue-measurable set. For ¢ € [0, 1], we denote by
Bt = {:c eR | lim (EOB@]_ t} ,
™0 | B ()]
the set of points with density equal to t. The essential boundary of E is the set
O*E =R"\ (E°UE"),
that is, the set of points with density different from 0 and 1.
We can now conclude with the following structure theorem.

Theorem 1.4.8 (Federer, [AFP00, Theorem 3.61]). Let Q@ C R™ be an open set and let E C §2
be a set of finite perimeter in 2. Then

FENQCE: CO'E, H"'(Q\(E°UFEUE")) =0.

In particular, the set E has density equal to 0, %, or 1 at H" -ae point of Q, and H" '-ae
point of 0" E N Q belongs to FE.
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1.5 Integer rectifiable currents

In this section we recall some very basic definitions in the theory of currents, for which we refer
to [Sim83b, Chapter 6]. We are only interested in the class of integer rectifiable currents, that
we will define later.

First, we need to fix some notation in the context of multilinear algebra. Let U C R" be
an open (non-empty) set, and let k¥ € N. The symbol A¥(U) denotes the space of k-dimensional
differential forms on U, which we canonically write as

w = E wadz®,

OéEI]g’n
for w € AF(U), where
Ik,n = {(il,...,’ik) ‘ 1<y <o <. < < TL},

is the set of increasing multi-indices and dz® := dz' A ... A dx'*.
Similarly, the symbol Ag(U) denotes the space of k-vectors on U, whose elements are canon-

ically written as
U= Z VaCa,

aelk,n

where e, = e;, A ... Ae;,. The duality between A*(U) and Ay (U) is denoted by

(w,v) = Z WaUq -

(XGI]C,”

Both A*(U) and Ax(U) are endowed with the Euclidean scalar product defined by

< Z wWadx®, Z nada:a> = Z WaNas

a€ly p a€ly p, a€lyn

for w,n € A*¥(U), and similarly for k-vectors.

If V is a k-dimensional vector space endowed with a scalar product, the symbol Ag(V)
denotes the space of k-vectors on V', which is 1-dimensional. We recall that, if dimV = k, if
{E;}¥_, is an orthonormal basis of V, the choice of an orientation of V is the choice of an order
on such a basis, which we write [E;]*_,, that corresponds to the choice of either the k-vector
EiA...NEj or —Ej A ... A Eg. Indeed, if now [e;]¥_; is another ordered orthonormal basis, then
e1N...Nex =det(A)E1 A ... A Ey, where A is the determinant of the matrix of change of basis,
and the sign of det(A) distinguishes whether [e;]%_, is oriented like [E;]¥_; or not.

The space of k-vectors on a smooth manifold M is given by the sections of the bundle

If M* c R™ is a smooth embedded complete k-dimensional submanifold of R™, if M is also
orientable, the choice of an orientation on M corresponds to the choice of a continuous section
7 : M — Ap(M) such that 7(x) = £71(z) A ... A 7(2) for any z € M, where {7;(7)}%_; is an
orthonormal basis of T, M. As we shall see, the notion of integer rectifiable current generalizes
the one of oriented submanifold.

Definition 1.5.1 (Currents). Let U C R" be an open (non-empty) set, and let k£ € N.
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. The space D¥(U) is the vector space of k-dimensional smooth differential forms on U with
compact support in U. Such a space is endowed with the following notion of convergence.
We say that wj, € D¥(U) converges to w € D¥(U) if there is a compact set K C U such
that the components wq p, of wp, for a € Iy, converge in C™(K) to the components wq
of w for any m € N.

. The space of k-dimensional currents Dy (U) on U is the space of continuous linear func-
tionals on DF(U), that is, its dual space. The duality between a current T' € Dy (U) and
a form w € D¥(U) is denoted by (T,w). We say that a sequence of currents T}, € Dy (U)
converges to a current 7' € Dy (U) in the sense of currents if (T,,,w) — (T,w) for any
w € DF(U). The mass of a current T € Dy (U) is given by

M(T) = sup (T,w) € [0,+x].
weDk(U)
|w|<1

Ifk>1and T € Dg(U), the boundary of T is the current 9T € Dy_1(U) defined by
(0T, w) = (T, dw),
for any w € D*L(U).

I T € Di(U), V C R™ is an open set, and f : U — V is smooth and proper, we define
the push forward current fyT € Dy (V') by

(fiT,w) = (T, f*w),

for any w € D¥(V), where f*w is the pull-back of w. The operations of boundary and
push forward of currents commute, that is, 0 f;T = f;0T'; indeed, pull-back and exterior
derivative of forms commute.

. A current T' € Dy(U) is said to be integer rectifiable if the following is satisfied. There
exist a k-dimensional rectifiable set M C U, a multiplicity function 6 € L} (H*L M)
which is integer valued, and an orientation function  : M — Ag(R™). At any point
x € M admitting approximate tangent space T, M, it holds that £(z) € {m(z) A ... A
7e(z), —71(x) A ... A Ti(2)}, where {7;(z)}¥_, is an orthonormal basis of T, M, and ¢ is

H*-measurable. The action of T on a form w € D¥(U) is given by

(T,w) = /M<w<x>,5<x>> 0(x)dH ().

In such a case we identify 7" with the triple (M, 6,§). Observe that the mass of such an
integer rectifiable current is M(T) = [,, |0|dHF.

In case M* C R” is a smooth oriented embedded k-dimensional submanifold of R”, we denote

by [|M]] the integer rectifiable k-dimensional current 7(M, 1,&), where ¢ is the given orientation
on M.

Let f : U C R" — R™ be a function. If S C R” is a k-dimensional subspace, we define

d°f, : S — R™ the tangential differential of f along S to be the differential of the restricted
map fly+s:x+ S — R™, if it exists. In such a case, the tangential Jacobian of f on S is given

1
by J°f(x) = (det((dsfx)* o dsfa,)) 2, The function f is said to be tangentially differentiable at
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x along S if d° f, exists. As we wrote in Theorem 1.2.8, we shall denote by d™ f, the tangential
differential of f along the generalized tangent space T, M of a rectifiable set M.

As in the case of vectors, if f: U C R®™ — R™ is differentiable at a point x, we define the
push forward of a k-vector vy A ... A v by df, as the k-vector in R™ given by

dfpz(v1 A oo Aog) = (dfx(v1)) A oo A (dfx(vk))-

Letting S = span(vy, ..., vx ), if f is tangentially differentiable at x along S, we define d° f,(vy A
... ANvg) in the very same way as above.

Using the above definitions, in the case of integer rectifiable currents, we can extend the
notion of push forward of currents as follows.

Definition 1.5.2. Let U C R" be an open set, and let £k € N. Let T'= 7(M, 6,§) € Dy(U) be
an integer rectifiable current. Let f : U — V be a Lipschitz proper map, where V' C R™ is an
open set. We define the push forward current fyT € Dy (V) by

o [/ o @)\
e = [ < w3 e f@(mm> aH"(y)

for any w € D*(V), where My := {z € M | JM f(z) > 0}. Observe that f;T is integer rectifiable.
We remark that the definition is well-posed, as a Lipschitz function is tangentially differentiable
HF-almost everywhere on the k-rectifiable set M [AFP00, Theorem 2.90]. Moreover, we observe
that the equality

<fﬁT7 w> - <T7 f*w>7

now holds as a consequence of the area formula (Theorem 1.2.8) and not as a definition (see
[Sim83b, Chapter 6, Lemma 3.9]). Also, in the above formula, as f is not smooth, we understood
that f*w € D¥(U) is defined at £"-ae x € U by (f*w)e(v1 A ... Avg) == w(dfs(vi A ... Avg)).

We observe that finite perimeter sets can be seen as integer rectifiable currents of dimension
equal to the one of the ambient space. More precisely, let & C U be a finite perimeter set F in
an open set U C R™. We can canonically associate to E the current [|E|] € D, (U) given by

(IE], fdzt A .. A dz™y = / fd.
E

Therefore [|E|] = 7(E, 1,&p) is integer rectifiable, where & is the standard constant orientation
of R™. Moreover, if X € C°(U,R") is a vector field and we let

w = Z(—l)i_lXidaro‘i e D" Y(U),
i=1

where «; == (1,...,i — 1,7+ 1,...,n), we have that
dw = divXdz! A ... A dz™.

Hence

BIE, w) = ([|E]], dw) = /Edidea:: —LE<X, vg) dH"

where we used the definition of boundary current and Theorem 1.4.6. It follows that J[|F|] is
integer rectifiable and
8[|E|] = T(.FE,l,fE),
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with

n

Ep(z) = Z(—l)zufg(x) €a; Vo e FE. (1.25)
i=1

We further observe that if F,, — FE as finite perimeter sets, that is, xg, — xg weakly* in
BV (U), then [|E,|] — [|E|], and then J[|E,|] — 9[|E|], in the sense of currents.

Remark 1.5.3. Observe that if E is a set of finite perimeter in R? and [e1, 5] is the canonical
oriented basis of R?, then £ is just the clockwise rotation of vg of an angle equal to 5. Indeed,
(n — 1)-vectors in R™ = R? are just vectors and (1.25) gives

¢p = —1/}362 + 1/12561.

This fact is quite intuitive recalling that, if F is smooth, then the normal vg points inside the
set F.
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Chapter 2

Smooth convergence of elastic flows
of curves into manifolds
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In this chapter we consider regular curves v : S' — M in complete Riemannian manifolds
(M™, g), where m > 2 is the dimension of M and will be usually omitted, and we are interested
in the gradient flow of the p-elastic energy &,. As we will explain, a gradient flow is an evolution
equation that prescribes the motion of a smooth family of curves v = 7(¢, z) in such a way that
the energy &, decreases along the flow. We will investigate the convergence of the flow, that
is, the possibility that (¢,-) converges in some sense to a critical point of &, as ¢ tends to the
maximal time of existence.

The evolution equations of these gradient flows turn out to be parabolic in the parametriza-
tion . Then, by means of parabolic estimates, it is usually possible to prove sub-convergence of
the flow, that is, convergence to critical points up to reparametrizations and, more importantly,
up to isometry of the ambient. Assuming that the flow sub-converges, we are interested in prov-
ing the smooth convergence of the flow, that is, the existence of the full limit of the evolving
flow.

We first give an overview of the general strategy one can apply for proving such a statement.
The crucial step is the application of a Lojasiewicz—Simon gradient inequality (Section 2.2.2).
Then we apply such strategy to the flow of &, of curves into manifolds, proving the desired
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improvement of sub-convergence to full smooth convergence of the flow to critical points. These
results are contained in [Poz20b]. We also refer the reader to the related results contained in
[MP20], in which we study the gradient flow of & in R™, which simplifies the proof. We also
refer to [MPP20] for a survey on the elastic flow of curves in the plane.

Let us recall here some notation. For fixed p € [2, +00), if a regular curve 7 is of class W?2?,
its p-elastic energy is defined by

1
&)= [ 1+ il ds.

where k is the curvature of v in M and ds = |y/|dz is the length measure. We denote by D
the Levi-Civita connection on M. In case of risk of confusion we will specify that a geometric
quantity refers to a given curve v by adding a subscript, like k or ds..

2.1 Elastic energies and geometric flows

In the last years a considerable interest has been devoted towards the elastic energy of curves.
Here we are interested in studying some variational aspects of &, and in particular we will
investigate some properties of a gradient flow of this energy. In order to present this concept, let
us assume for the moment that M = R™ with the Euclidean metric and everything is smooth.
We define the first variation functional d&, at a given curve 7 to be the operator

d
0[] = o Ep(y + ep),
e=0

where ¢ is a vector field along ~. Explicit calculations may lead to expressions like

where ((-,-)) is some duality defining the action of the vector V() on ¢. Then the ((-,-))-gradient
flow of &, is a function v : [0,7) x S — R™ solving the evolution equation

at’}/(t’ l’) = _V(’V(tv :L'))

Moreover, an initial datum v(0,-) = 7o(-) is given, and we understand that the equation is
satisfied in the classical sense. It is clear that different representations of the first variation 4&,
define different driving velocities 0yy, and thus different gradient flows of &,.

Observe that the formal definition of gradient flow we just stated works for any “geometric”
energy, not necessarily defined on closed curves. In fact, this is the usual way for defining
gradient flows of geometric functionals.

We are interested here in the gradient flow defined by the (L?, L?)-duality ({-,)) = (-,) 1,7 1,-
We shall see in Section 2.3 how to explicitly calculate and define such gradient flows when
(M™, g) is an arbitrary Riemannian manifold. It turns out that the flow of £, with respect to
the (LP, L*')-duality is defined by the evolution equation

= — 2| f|p—2 1P — p—2 1
{atfy (v [k|P=2k + L |k[Pk — k + R(|k| k,r)7'> on [0,T) x S, o)

7(0,-) = (") on S',
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where 70 : S' — M is a given smooth curve, k is the curvature vector of v:[0,7) x S' — M, R
is the Riemann tensor on (M, g), and V is the normal connection along ~, that is

v¢ = D‘rgb - g(DT¢7 T)Ta

for any vector field ¢ : [0,T) x S* — TM such that ¢(¢,z) € Tyte)M. Observe that in case
p=2and M = R™ is the Euclidean space, then the flow reduces to the classical evolution

Oy = — (VQk: + %|k:|2k — k:) on [0,7T) x St,
7(0,) = () on S,

and V is just the composition of the normal projection along v with the arclength derivative:

v¢ = 85¢ - <8S¢a T>T7

for ¢ as above. Without loss of generality, by Nash Theorem [Nas56], we will always assume that
(M, g) is smoothly isometrically embedded in the Euclidean space R"™, for some n sufficiently
large. In this way it is meaningful to say that a sequence of curves {7;};en converges in C* to
a curve 1.

For a given gradient flow, a number of questions can be investigated, starting from the
existence and uniqueness of a solution once an initial datum is given. In the case of geometric
evolution equations, as the energy functional and the velocity of the flow are independent of
the parametrization of the curves, uniqueness is always understood up to reparametrization (see
Remark 2.3.30 for additional comments). Short time existence and uniqueness results have been
studied in the literature, mainly in the case p = 2, starting from [Pol96] (see also [HP99]).
However, these evolution equations can be seen as parabolic evolution equations in the unknown
given by the parametrization of the curve, and thus we will refer to general results like the one
in [MM12] for short time existence and uniqueness results in the context of smooth curves.

Our study concerns the long time behavior of the solution of the gradient flow. One can
hope that the solution v(¢,-) admits a limit, for example in some C*-topology, as t — T,
where T' € (0, +o00] is the maximal time of existence of the solution. In such a case the limit
should be a curve 7, which is a critical point for the energy &,, as the flow “stops” at time 7.
The description of the long time behavior is quite often not an easy task, especially in case of
evolution equations where high order space-derivatives appear. Nevertheless, it is often possible
to prove very strong estimates on the solution that are uniform in time, and this is done by
means of parabolic techniques. Let us say that M = R™ and p = 2, then it is known that
these bounds lead to the conclusion that the flow sub-converges, that is, T' = 400 and there
are a sequence of times t,  +o0o and a sequence of points p, € R™ such that the sequence
Y(tn,-) — p, converges to a critical point curve v, in C* for any k, up to reparametrization.
This has been studied in [Pol96] and then a complete proof is given in [DKS02]; in [DS17] and
[Dal+18] the same conclusion is proved for the flow taking place in the hyperbolic plane H? or
in the unit 2-sphere S? respectively.

However, the sole sub-convergence cannot tell anything about the full limit as ¢ — +o0,
and actually it does not prevent from the possibility that two different sequences ¥(t,, ), ¥(7n, )
with t,,7, — 400 converge to different critical points of &,, always up to reparametrization
and, more importantly, isometry of the ambient. The sub-convergence does not imply that the
flow remains in a compact region for any time either. In fact, in the evolution equations we will
deal with, high order space derivatives appears, and this implies that no maximum principles
hold, and then it is not possible to conclude that the flow always stays in a bounded region of
the space by means of comparison arguments.
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We formalize and apply a method firstly appeared in [CFS09] for promoting the sub-
convergence of a flow to the existence of the full limit as ¢ — 7. In [CFS09] the authors
apply these techniques to the Willmore flow of closed surfaces, that is the L?-gradient flow of
the Willmore energy of surfaces. The key ingredient to run the argument is a Lojasiewicz—Simon
gradient inequality for the energy functional under consideration. Such an inequality estimates
the difference in energy between a chosen critical point and points sufficiently close to it in terms
of some norm of the first variation functional of the energy (Corollary 2.2.7). As the norm of
the first variation functional coincides with the norm of the velocity of the gradient flow, by its
very definition, this furnishes an additional inequality that eventually can imply the full con-
vergence of the flow. This method has been successfully applied in [DPS16] for proving the full
convergence of the elastic flow of open curves subject to clamped boundary conditions; we will
borrow useful notations from [DPS16]. We remark that the functional analytic tool used here
and in those works, namely the Lojasiewicz—Simon-type inequality, is ultimately based on the
important results contained in [Chi03]. Anticipated in [Lo84], the idea of using these inequalities
for proving convergence of solutions to parabolic equations was firstly developed in the seminal
paper of Simon [Sim83al, that contributed to add his name to the inequality.

Let us conclude this introduction by mentioning some related results in this area. Very
recently many contributions have been given to the theory of gradient flows of networks, both
in the context of elastic flows and of the curve shortening flow. Roughly speaking, a network is
given by a suitable union of open immersed curves joined at their endpoints, possibly prescribing
the angles that such curves must define at their junctions. Results about short and long time
behavior of these flows are contained in [DLP19; Dall4; GMP19; GMP20; MNP17; MNP19].
It is an open problem to try to apply the method presented here to unsolved problems in the
context of these flows, as well as for high order flows of higher dimensional manifolds like the
ones in [Man02]. We finally mention that different ideas appeared in the literature for proving
the full convergence of a flow; we recall for example [NO17] and [MS20b], that are based either
on a priori hypotheses on the critical points of the energy functional or on a known classification
of such critical points.

We believe that our methods could be applied for proving convergence of high order flows
out of their sub-convergence from a unified point of view.

2.2 Elastic flow in the Euclidean space: outline of the proof and
functional analysis

This section is devoted to the presentation of the general method for improving the sub-
convergence of a flow to its full convergence. We consider here regular curves v : S! — R”
and the elastic energy with exponent p = 2, that is

1
&a) = [ 1+ 5lhds,
st 2
where v € W22 is a regular curve. If ¢ : S — R" is a differentiable vector field we define

Vo = 050 — (050, T)T,

that is the normal projection of the arclength derivative of . Moreover, we will denote with
the symbol " (resp. 7*) the projection onto the tangent space (resp. normal space) of v, i.e.,

if p: S' — R” is any field, then v ¢(z) == (p(z), 7(x))7(z) (resp. vro(z) == @(z) — v o(x)).
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In the rest of the section we just want to collect the most crucial steps of the method,
focusing on the proof of an abstract Lojasiewicz—Simon inequality (Section 2.2.2). A posteriori,
this part will be a particular case of the theory developed in Section 2.3. As the study of these
gradient flows into Riemannian manifolds (Section 2.3) is more involved, for the convenience
of the reader we preferred to first present the significant steps of the proof here in the case of
curves in R™ and exponent p = 2. In the case of the gradient flow of & in R” the strategy can
actually be simplified and we refer to [MP20] for such a case.

2.2.1 First and second variations

The strategy starts from a careful study of the properties of the first and second variations of
&y. To this aim we need to define precisely the Banach spaces of vector fields ¢ : S' — R™ along
a curve v defining variations of the given curve.

Definition 2.2.1. Let v : S' — R” be a regular curve of class H*. For k € N we define
H(y)bt = {ﬂﬂ e WEA(SLR™) : (1(2),0(z)) =0 ae. x},

where we understand that W%2(St R") = L2(S!,R"). Also we denote H(vy)%* by L?(y)*.

Remark 2.2.2. If £ > 2 and 7 : S! — R" is a regular curve of class H*, there exists p > 0 such
that v + ¢ is still a regular curve for any ¢ € B,(0) C H*(S!,R") and for any ¢ € B,(0) C
H(v)*. In the following we will always assume that p = p(v) is such that variations v + ¢ are
regular curves for any ¢ as before.

Adopting the notation of [DPS16], it is worth to introduce the following functionals.
Definition 2.2.3. Let 7 : S! — R” be a regular curve of class H*. For suitable p > 0 we define
E:B,(0) C HM" =R E(p) = &(v +¢),

E: B,(0) c H*S" R") = R E(p) = E(y + o).

Using E and E we can classically see first and second variations of & as elements of dual
spaces; the reason for distinguishing between normal or arbitrary fields along a curve will also
be clear soon. More precisely, if v is fixed, we have

SE : B,(0) c H*S",R") — (H*(S',R™))* SE(p)[] = d% Ea(y + ¢ + e,
0
and similarly
SE : B,(0) C H(y)"" — (H(y)")* SE(p)[¢] = d% Ea(v + ¢ +ev).
0

We refer to Proposition 2.3.12 and Corollary 2.3.14 for the general computation of the first
variation functionals (see also [MP20]). In the case we are considering, for ¢,1 € B,(0) C
H*(S',R™) one obtains

1
IE(p)[y] = /Sl <v'2y+<pk’y+so + §|k7+tp’2kv+w - k’y+goa¢> dsytp

= <VL2(d8ry+Lp)E(sp)’ ¢>

)

L2(dsy+)
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and the very same formula holds for E and ¢, € H(y)**. In particular we write

1
Vi) B(e) = W + ¢V izs, ) Elp) = W + ¢l <v’2y+<pk’Y+90 + §!kv+¢\2kw+<p - k’vw) 7

and
V120 E(©) = 7V 2040 E(9).

Setting ¢ = 0 we see that V24, )E(0) is normal along v and then

SE(0)[¢] = 0E(0)[y ] = GE(0)[y 4],

that is, the variation of & at v only depends on normal vector fields along . This is ultimately
due to the geometric nature of the functional & and underlines the fact that £ presents a
degeneracy with respect to variations defined by tangential fields along ~. This is the true
reason why one introduces the distinction between normal fields along v and general fields.

As we will be interested in invertibility properties of the variations of &, we will only need
to evaluate the second variation of & along normal fields, ruling out the tangential degeneracy
of the functional. Therefore we define the operator £ = 62F(0) : H(y)*+ — (H(y)»+)* by

d

L) = o

d
—| & (v +np +€y) Yo, € H(y)*.
0dn o

Observe that £ is symmetric, that is £(p)[t)] = L()[p] for any ¢, € H(y)*+.

Remark 2.2.4 (Fredholm operators). We recall here some basic definitions and facts about
Fredholm operators, for which we refer to [Hﬁ?, Section 19.1]. A continuous linear operator
T : Vi3 — V5 between Banach spaces is said to be Fredholm if its kernel ker T" has finite dimension
and its image Im T has finite codimension, i.e., the quotient Vo/ImT is finite dimensional. In
such a case one has that Im T is closed and there exists a finite dimensional subspace coker T' of
V5 such that

Vo =ImT & coker T, (2.2)

and the dimension of cokerT is clearly equal to the codimension of Im T (see [H07, Lemma
19.1.1]). With a little abuse of notation, we will denote by cokerT any finite dimensional
subspace satisfying (2.2).

Now, if T" is Fredholm, we define its index to be the integer number

IndT := dimker T" — dim coker T,

where dim(-) denotes the dimension of a finite dimensional vector space.
We finally recall that if T is Fredholm and K : V; — V5 is a compact operator, then T+ K
is Fredholm and Ind(7 + K) = Ind T (see [H07, Corollary 19.1.8]).

Now the first key observation is the fact that for a fixed regular curve v of class H* and
suitable ¢, the operators §E(p) and SE(y) actually belong to (L2(y)*)* and (L?(S',R™))*
respectively, as they are represented by the L? fields V 12(dx) E () and V24, E(p) respectively.
Moreover, the same holds for the second variation functional £, and more precisely we can state
the following result.
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Lemma 2.2.5. Let v : S' — R” be a smooth reqular curve and ¢ € H(y)**. The operator
L(¢) is an element of (L?(y)1)* represented by the pairing

LW = (V'] (Vi + Q) %) 12(an) Vi e H(y)M,

where Q : H(y)»t — L2(y)* is a compact operator.
Moreover the operator V4 : H(~)b+ — L2(y)* is Fredholm of index zero, and then so is the
operator

LoHE) S 5 (L))

Proof. The calculation of £ for curves in R™ can be easily carried out explicitly, and we refer
to Proposition 2.3.16 for the computation in the general case of curves in manifolds (see also
[MP20] for the case of R™). The complete thesis will follow from Lemma 2.3.23. O

The second classical ingredient needed for obtaining the Lojasiewicz—Simon gradient inequal-
ity is the analiticity of the energy functional and of its first variation. In our case, we have that
for a fixed smooth regular curve v : S' — R” and suitable p > 0 the maps

E: B,(0) - R, SE : B,(0) = (L*(7)1)*,

are analytic. We refer to [DPS16, Lemma 3.4] for a detailed proof of this fact.

2.2.2 An abstract Lojasiewicz—Simon gradient inequality

In this section we prove a general statement collecting some conditions under which a Lojasiewicz—
Simon inequality holds for a given energy functional. This result does not depend on whether we
are considering curves in R™ or in manifolds, actually it is stated at a purely functional analytic
level for an abstract energy functional, thus it can be possibly applied to different evolution
equations.

We need to recall the functional analytic setting of [Chi03]. We assume that V' is a Banach
space, U C V is open, and E : U — R is a map of class C?. We denote by .# : U — V*
the Fréchet first derivative and by & : U — L(V; V™) the Fréchet second derivative. We also
assume that 0 € U. Let us denote

L:=2(0)e L(V;V*), Vo=kerLCV.

We recall that a closed subspace S C V is said to be complemented if there exists a continuous
projection P : V' — V such that In P = S (see [Brell, p. 38]). A continuous projection is
a linear continuous map P : V — V such that P o P = P. In such a case, we denote by
P* . V* = V* the adjoint projection. Recall that any finite dimensional subspace of a Banach
space is complemented (see [Brell, p. 38]).

Proposition 2.2.6 ([Chi03, Corollary 3.11]). In the above notation, assume that E is analytic
and 0 is a critical point of E, i.e., 4 (0) = 0. Assume that Vy is finite dimensional, and therefore
complemented with a projection map P with Im P = V. Moreover there exists a Banach space
W — V* such that:

1. A U — W is W-valued and analytic;

2. P*(W)cCW;
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3. L(V)=ker P*NW.

Then there ezist C,p >0 and 0 € (0,3] such that
[E(v) = E(p)|'™? < Clla (¢)llw,

for any ¢ € B,(y).

Proposition 2.2.6 is exactly [Chi03, Corollary 3.11] with X =V and Y = W therein. Indeed
one can check that the hypotheses of [Chi03, Corollary 3.11], that include Hypotheses 3.2 and
3.4 in [Chi03], reduce to the assumptions considered here in Proposition 2.2.6.

Applying Proposition 2.2.6 we can prove the following Lojasiewicz—Simon gradient inequality.

Corollary 2.2.7 (Abstract Lojasiewicz—Simon gradient inequality). Let E : B, (0) C V — R
be an analytic map, where V is a Banach space and 0 is a critical point of E. Suppose that
W = Z* — V* is a Banach space with V — Z, and that A : B,(0) — W is W-valued and
analytic. Suppose also that L =2 (0) € L(V,W) and L:V — W is Fredholm of index zero.
Then the hypotheses of Proposition 2.2.6 are satisfied. In particular there exist C, p > 0 and
0 € (0, 3] such that
E@) — EQO)* < Cllat )]l

for any ¢ € B,(0).

Proof. By hypothesis Vj := ker L is finite dimensional, and thus it is closed and complemented
with a projection P : V' — V such that Im P = V. Moreover Item 1 of Proposition 2.2.6 is
satisfied by assumption.

We can write that V = V5 & V; where Vi = ker P. If P*: V* — V™ is the adjoint projection,
we have that also V* =V @ V" and

Vo = Im P*, Vi* = ker P*.

Let us introduce the canonical isometric injection Jo : Z — Z**. Let us denote J : V. — (Z)**
the restriction of Jy to V. Hence

J:V = JV)czZ
We claim that £ : V — W satisfies that if
LW s v

is the adjoint of L, then
LYo J=L. (2.3)

Indeed, using that £ is symmetric because it is a second Fréchet derivative, for any ¢, € V
and F = J(¢) € J(V) C Z** we find

(L7 o J)(W)l¢] = LX(F)lg] = F(Ly) = (J())(Lp) = (Lo)[W] = L(¥)[¢]-
As a general consequence of the fact that £ is Fredholm of index zero, we have that
dim ker £ = dim ker £*.
Indeed, index zero means that dimker £ = dim(coker £), where we split W as

W =1Im L @ coker L,
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and coker £ is finite dimensional. Therefore W* = (Im £)* & (coker £)*. And since ker L* =
(Im £)* = (coker £)* (by [Brel1, Corollary 2.18]), we conclude that dim ker £* = dim(coker £)* =
dim(coker £) = dim ker L.
We claim that
J(Im P) =ker L*N J(V). (2.4)

Indeed by (2.3) we see that
ker £ = ker(L* o J) = J !(ker L£*).

Applying J on both sides we get J(Im P) = ker £* N J(V), that is (2.4). Since Im P = ker £
and J is injective, we have dimker £ = dim(J(Im P)) = dim(ker £* N J(V)). Since dimker £ =
dim ker £*, it follows that ker £* N J(V') = ker £*, and then

J(Im P) = ker L£*.
Therefore, recalling that V** — W* and that W — V*, we get

(ker L)Y ={w e W : (fyw)w+w =0 Vf € J(ImP)}
={weW J(),w)yw*w =0 Yv € Im P}
={weW : (w,v)y«y =0 Vv € ImP}
= (ImP): nw.

:
:

Finally, since Im £ is closed, using [Brell, Corollary 2.18], this implies
ImL = (ker £t = (ImP)rNW ={fcV* : (f,Pu)y+y=0VYveV}nW
=ker P*NW,

and then Item 3 of Proposition 2.2.6 is verified.

We are just left with proving Item 2 of Proposition 2.2.6, that is, P*(Z*) C Z*. Observe
that if we check that P*(Z* N V) C Z* N V{, then we are done, indeed we would get

P*(Z2*) = P(Z*NV§ @ Z* N V) = P(Z* N V) C Z*NV§ C 7.
Now if fo € Z* NV, writing any ¢ € V as ¢ = @9 @ 1 € Vo @ Vi, we get
P*(fo)le] = fo(Pe) = foleo) = foleo) + foler) = foly),

indeed fo(p1) = (P*fo)(p1) = fo(Py1) = fo(0) = 0. Hence we proved that P*fy = fy for any
fo € Z* NV, and thus got that P*(Z*NVy) C Z* N V. O

Let us mention that a result equivalent to Corollary 2.2.7 has been proved independently in
the recent [Rup20].

2.2.3 Convergence of the elastic flow in the Euclidean space

If v : S = R is a smooth critical point of &, the analysis on the first and second variations,
together with Lemma 2.2.5, implies that we can apply Corollary 2.2.7 with the spaces V =
H(y)*t and Z = L*(y)* on the energy functional E : B,,(0) C V — R defined by E(yp) =
Ex(y + ). This gives that for some p > 0 it holds the Lojasiewicz—Simon inequality

E2(7 + @) — EaNI"0 < CIISE@)l(12()2 ) < ClIV £2(dn) E(0) | 12 4y
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for any ¢ € B,(0) C H(y)**+. Now, using the geometric nature of &, the above inequality
can be easily generalized to fields in H*(S!,R") with suitably small norm. More precisely, one
has that for some o > 0 for any ¢ € B,(0) C H*(S',R") there is ¢ € B,(0) C H(y)** such
that the curves v + ¢ and v + ¢ coincide up to reparametrization (see Lemma 2.3.27). As
IV 2(a0) E(9)] < |V 20 E(9)| for any ¢ € B,(0) C H(y)"" and both & and V24, ., E(¥)
are invariant under reparametrization, we eventually find that

E2(y + ) = E2()' < CIIV L4 E() | 2 (), (2.5)

for any v € B,(0) C H*(S',R") (see Corollary 2.3.28).

Following the ideas of [Sim83a], [CFS09], and [DPS16], we can now see how to use (2.5) in
order to derive the convergence of the gradient flow of &. Let us recall that by gradient flow of
& we mean here the evolution equation

{aw_ —V2k — LK%k + k, 26)

7(07 ) = 70(')a

for a given smooth curve 7o : S' — R™, where one looks for a smooth solution v : [0, 7) xS! — R™.
In this context, short time existence and sub-convergence of the flow as ¢t — +o0o have been
proved, and more precisely we can state the following.

Theorem 2.2.8 (Existence and sub-convergence, [Pol96], [DKS02, Theorem 3.2]). For a given
smooth curve vo : St — R™, a global solution v : [0,+00) x St — R" to the flow defined in (2.6)
exists and it is unique. Moreover there exist a sequence of times t; — 400 and a sequence of
points pj € R™ such that the immersions

V(55 °) — P
converge in C™ to a critical point Yoo of E2, up to reparametrization, for any m € N.

We can now illustrate the argument that leads to the convergence as t — +oo of the solution
of this gradient flow. Here we sketch the proof we will use for the flow of curves in manifolds
in Section 2.3; however, as already mentioned, in this case where the ambient is the Euclidean
space, the proof can be simplified and we refer the reader to [MP20] for such a proof.

Let vp be fixed, and let v, vs,t;,p; be given by Theorem 2.2.8. Without loss of generality
we assume that 7. is parametrized with constant speed. Fix m > 8 and let £ € (0,1) to be
chosen. By Theorem 2.2.8 there exists pj, such that

”77(th7 ) — Djo — ’700(')”07”(81) <e,

where %(t,-) is the constant speed reparametrization of ~(¢,-). We want to show that if ¢
is sufficiently small, then actually ¥ smoothly converges. We rename yo(-) = ¥(tj,,:). By
short time existence and uniqueness results (Theorem 2.3.29, [Pol96]) there exists a solution
5 : [0, +00) x St — R™ of
0 = —V?ky — 5lk5 ks + k3,

We denote by 7 the constant speed reparametrization of 7. For e sufficiently small we can write
7 as a variation of y.,. More precisely, there is some maximal 7" € (0, +oc] such that for any
t € [0,7") there exists 1; € B,(0) C H*(S',R") such that J(t,-) = Yoo () + ¢¢(+), where o is as
in (2.5).
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Suppose by contradiction that 7" < +oo. Suitable parabolic estimates give that for any
t < T, knowing that the flow 5 remains close in W*? to the fixed voo, the norm ||ks||yy12 is
bounded by a term depending on ||k, ||yy1,2, on I, and on ||k, |ly22 for any | € N. This fact
is technical but rather classical in the theory of parabolic geometric equations and the details
are carried out in Proposition 2.3.31. In particular, as g is close to v, in C™, these parabolic
estimates applied for [ = m — 2 together with Sobolev embeddings eventually imply that

sup [[7(t,-) —v0()lem-3s1) < C(vs0),

[0,77)
and the key fact here is that the constant on the right deos not depend on e. By triangular
inequality we then deduce

sup (5 ) = Yoo ()l em-3(s1) < C(Yoo)- (2.7)

Now we consider the evolution of

H(t) = (82(;7\@7 )) - gQ(VOO))97

where 6 is the Lojasiewicz—Simon exponent of (2.5). Using (2.5) it is immediate to estimate
that

d ~

where 9;-7 is just the projection of the velocity d;7 onto the normal space of 5. Using (2.8) and
the fact that H@f‘ﬁy\HLz(dSQ) = [|9:7/| L2(dss), one can show that the parametrization of 5 does not
degenerate, that is, the speed |0,7(t, z)| is bounded away from zero uniformly in time, and it is
actually close to the speed of 7.

Therefore one shows that

7t ) = Yool L2y < Cl00)e”s

for t € [0,T"). Suitable interpolation inequalities (see Remark 2.3.32) together with (2.7) imply
that

() = Yocllwaz < CIF(E, ) = Yool IF(E ) = Yool 2 (am

< Clvo = vocllgety < €0
for t € [0,7") and some « € (0,1). Hence if ¢ is sufficiently small this implies that ||¢;[|yyse < 30
for any ¢ € [0,7"), contradicting the maximality of 7".

Hence we have that for any ¢ € [0, +00) the flow J(¢,-) can be written as v, + ¢ for some
uniformly bounded fields v; in particular the evolution 7(¢, z) stays in a compact set for any ¢.
Once boundedness in space is achieved, the above estimates eventually imply that 7 smoothly
converges to a translation of 7., and then the same holds for the original flow ~.

As a result of this argument, or as a particular case of Theorem 2.3.33, we can state the
following theorem.

Theorem 2.2.9 (Smooth convergence in R", [MP20]). For a given smooth curve o : St — R,
a global solution v : [0,4+00) x St — R™ to the flow defined in (2.6) exists, it is unique, and it
converges ast — 400 to a critical point Yoo of Eo in C™ for any m € N, up to reparametrization.
In particular, the flow stays in a compact set of R™ for any time.
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The variational approach leading to the above theorem and the abstract tool in Corol-
lary 2.2.7 suggest that we can try to extend the result to the gradient flow of elastic functionals
of curves immersed into Riemannian manifolds. The rest of the chapter is, in fact, devoted to
prove that, under suitable hypotheses, the sub-convergence of the gradient flow of the p-elastic
energy can be improved to full convergence of the flow also on Riemannian manifolds. This will
fill the gaps in the heuristic proof presented above in the case of the flow in the Euclidean space
for p = 2.

2.3 Convergence of p-elastic flows into manifolds

In this section we employ the techniques and the strategy discussed in Section 2.2 for proving
the sub-convergence to convergence improvement for the p-elastic flow of curves in complete
Riemannian manifolds (M, g). Let us start with a few definitions.

In the following (M™, g) will be a fixed complete Riemannian manifold of dimension m >
2. By Nash Theorem [Nas56] we can assume without loss of generality that (M™,g) — R"
isometrically and that a smooth curve into M is a smooth regular curve v : S! — R™ with
~v(x) € M for any x. The exponential map of M will be denoted by exp : TM — M.

Having identified M with a subset of R", we will denote by (-, ) both the Euclidean product
and the metric on M. If V is a vector field in R® and 2 € M, by M "V (z) (resp. MV (x)) we
denote tangent (resp. normal) projection of V' on the tangent space of T, M (resp. the normal
space of T,M*). We denote by 9, a directional derivative in R”, and by D the Levi-Civita
connection on M, so that

(D,X)(@) = MT(8,X)(x),

for tangent fields v, X on M.
The symbol V will denote the normal connection along a curve v in M, that is

(Vo) () = (M7 =71)(0u) () = (M =T MT)(8,0)(x)
= Dyg(z) — (Dyo(2), 7(2))7(2),
for any smooth field ¢ € TM N (T)*. Unless otherwise stated we will always denote
,yJ_ — MT _ FYT

Y

that is, v is the normal projection along v as a submanifold of M. We will also write V := V.,
in analogy with the notation used for curves in R"™.

Remark 2.3.1. If p,9 € C'(S',R") are fields such that ¢, € TM N (T~)* for a given regular
curve v € W4P(St, M), then

/ (Vo) ds = / MY D, )| de = — / (¢, Vi) ds,
St St

that is, integration by parts holds for normal fields with respect to the normal connection V
and the arclength measure ds.

Remark 2.3.2. The curvature k of v into M C R"™ is the geodesic curvature of the curve on
M. In particular we can write that

k=D.7=M"(d1) = M (3%y).
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Let us also define the Sobolev spaces
Whp(St, M) = {fy :S' =R |y € WEP(SYR"), y(x) € M a.e. :z:},

for k € N with £ > 1 and p € [1,+00). For k£ > 2 and p > 1 we denote by WQ%%(SI,M)
the open subset of W*P(S!, M) of immersions, that is the subset of functions + such that
17| > ¢(v) > 0. The symbols introduced above for the curvature or the tangent vector of smooth
curves will be analogously used for sufficiently regular Sobolev curves. Spaces LP(S', M) are
defined analogously.

Now we need to define the Banach spaces of vector fields along curves that we will use to
produce variations of a given curve.

Definition 2.3.3. If v is a fixed immersion of class C!, for k € N we define

T()" = {p e WFI(SLR") : p(p) € Ty M Vp e S},

T(y)brt = {cp € WEP(SL,R™) : (9,0,7) =0, @(p) € TyyM Vp € Sl} :
for any k£ > 1, and
T(y)P =T = {p € L’(S",R") : ¢(p) € TyyM ac. on§'},

T(v)p’L = T(v)o’p’L = {go € Lp(Sl,]R”) s {,0:7) =0, p(p) € TypM ae. on Sl}.

When nothing is specified, LP-spaces are equipped with the Lebesgue measure. If for a given
curve v we want to employ the induced length measure on S' we will specify L? (ds~).

The following lemma shows that the spaces T'(7)*? do not depend on the embedding of M
into R™.

Lemma 2.3.4. Let v be a fized immersion of class C'. Let k € N and ¢ € T(y)*P. If there
exists ¢ € T'(y)P such that

[t Dvyds == [(0.0)as
for any v : St — R™ of class C*° such that 1 (z) € TyxyM, then ¢ € T (y)kttr,
Proof. Let us first prove by induction that for any n € N with n > 1 if a € T'(y)™P then
D'a ="+ Q(a, ..., 00 ta), (2.9)

where Q,, is smooth in its entries, it only depends on M, and Q,(«,...,0" 'a) € W'P. In fact
for n = 1 we have
Dsa = 8501 + <Oé, 85Nj>Nj,

where {N;} is a local orthonormal frame of T'M L, and summation over j is understood. Since
OsM" — M5 = —9sN; ® N; — N; ® 95N,
for n > 1 we get
Do = Mo, (7a+ Qu(a,..., 00 ta))
= 95 (0% — (9%, Nj)N;) + 9s(M Q) + (0sN; @ N; + N; @ 9sN;) (9% + Q)
= M+ 0y(M* Q) 4+ 9s(MTQp) + (9sN; ® Nj + N; ® 0 N;) (97 cx + Q)
="+ 05Q, + (0sN; @ Nj + Nj @ 0sN;) (O + ),
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that proves (2.9).
For ¥ : S — R of class C* we write ¥ = ) + ¥ where ¢ € TM. We have

(DFp,0,¥) = (DEp, D) + (U, N;)(DEp, 0,N;) = (D%, Do) — (¥, B(r, D¥)),

where {N;} is a local orthonormal frame of T'M L. Hence

/ (DE e, 0,0) ds — / —(6.) — (U, B(r, D)) ds = / (6 + B(r, Dkg), 1) ds,

which shows that D¥¢ € T'()'P. And therefore by (2.9) also 9%¥p € WP, O
Let us state here another simple lemma about the regularity of the objects we will deal with.

Lemma 2.3.5. Let g € W*?((0,1), B,(0)) with B.(0) C RN. Let f : By.(0) — R be a bounded
function of class C* with bounded continuous derivatives up to order k. Then fog € WFP(0,1)
and the operator

WHP((0,1),B,(0)) > g+~ fog € WHP(0,1)

is of class C*.

Proof. Since WkP((0,1), B,(0)) c C*12((0,1), B,(0)) we see that fog € WF12(0,1). Now
for a function g € C*°((0,1), B%T(O)) the chain rule gives

(Fog)™ =(V*N@G.7 - g1+ PV @) (V2N @), 7 3" + (V) (@), 5,

where P is some polynomial. Considering a sequence g, € C°((0,1),B3,(0)) converging in
2

WkP to g and thus also strongly in C*~! we see that

(V¥ F)(9n) g G r 9] = (VO ()G g - 0]

uniformly, and
(V) (gn):9) = (V) (9):9™)
in LP, and therefore f o g € W"P(0,1).

If now g, € W*P((0,1), B,(0)) is a sequence converging to g in W*P and then in C*~!, we
have that fog, — fogin C* ! and (fo gh)(k) — (fo ¢)®) in LP by the above formulas, and
then g — f o g is continuous between the corresponding Sobolev spaces. Since f € CF with
bounded derivatives, an analogous argument shows that g — f o g is of class C¥. O

Corollary 2.3.6. Let v :S' — M™ be a fized reqular curve of class C* and let F : TM — N™
a smooth map between manifolds. If ¢ € T(y)*P then F o ¢ is of class W*P, in the sense that
for any local chart (U,¢) on N, the map o F o is of class WFP. Moreover for any local chart
(U,¢) in N the operator

T(y/* 3 ¢ (oFop € WH((0,1),R")
s of class C'*°.

Proof. For any local chart (V, &) on TM, Lemma 2.3.5 implies that £ o € W*P(S!, R?™). Since
Co Fo¢tis smooth and € o ¢ is bounded, we get that ( o F o & 1o & oy is of class WP,
Smoothness of the operator ¢ — ( o F' o ¢ follows by applying Lemma 2.3.5. O

In Corollary 2.3.6 a map fitting the hypothesis is the exponential map exp : TM — M. This
leads to the following definition.

48



Definition 2.3.7. Let v € WP (S, M). A map ® : (—eq,c0) x S' — M is a variation of v if

mm

(0,-)=~(),  B(s,-) e WP (S M) Vs,  B(,x) € WP((—ep,0),R") Va.

mm

In such a case we write that ® € Var(y) with variation field ¢(x) == 0-®(0,z). If it also occurs
that ¢ € T, then we say that ® is a normal variation and we write that ® € Var(y).

Using the exponential map of M, we will always use a typical construction of variations of
a curve given a variation field. More precisely, suppose that ¢ € T'(7)*? for an immersed curve
v € W4P(SY, M). We then define the variation

¢ = q)(g’yj) : (_50750) x St — M (I)(57$) = expw(a:)(gso(m))v

where exp,, : T,M — M is the exponential map of M. Since S! is compact, the definition of ®
is well posed for g small enough. It holds that

©(0,2) =v(x),  0:2(0,z) = p().
We also set 7:(-) = ®(e,-). Finally for any v € T,M we will denote by o, : [0,1,) — M the
geodesic in M such that o(0) = p and ¢/(0) = v. In this way we can write that

78('%) - @(57,7;) - Uago(a:)(l) = Jg&(ﬂ?)(‘g)'
Corollary 2.3.6 implies the following lemma.

Lemma 2.3.8. Fir an immersed curve y € W4P(SY, M). Then there exist a radius p(y) > 0 and
go0(7) > 1 such that ®(e,x) = exp.,(z)(ep(x)) is a variation of v in the sense of Definition 2.3.7
with variation field ¢ for any |e| < o and any © € T(Y)*P with ||o|war < p.

Finally, as in Section 2.2 we introduce the following functionals.

Definition 2.3.9. Let v € whp

mm

¢ € B,(0) C T(y)*? we define

(S', M) be fixed and let p be given by Lemma 2.3.8. For

E: B,(0) C T()*?*+ - R E(p) = &(2(1,)),
and for ¢ € B,(0) C T(y)*P1 we define
E: B,(0) C T(7)* =R E(p) = &)(P(1,)),

where @ is the variation associated with the given field ¢.

2.3.1 First and second variations

Let v € WP (S, M) be fixed. We want to compute the variations of E and E. For ¢ in the

mm
suitable domains of the two functionals we recall that the first variations are defined as

SE(p) € (T(y)*")* SE(p)[¢] : E(¢ + s1),

=
SE() € (TP GBIV = 1| Blo+ sv)

Let us collect some computations first.
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Lemma 2.3.10. Let 0 € WP (S', M) and ® € Var(o) with variation field ¢. Denote o.(x) =

®(e,z). Then
die Odsgs = (T, 0s, )dS o, (2.10)
4 /ds ——/( ko) ds (2.11)
d€0 st O st Spa g g .
d To. = Os, 0 — (Os, 0, To) T, (2.12)
dE 0 O Scrclo 50-‘)0? g/ltos .
d
(M7 —oT) <d€ k%) =(MT = 0")o(MT = 0")dsp) = (75,05, 0k + R(0™, 75)76, (2.13)
0
where o+ = ol.

If also ® € Var' (o), i.e. ¢ € To™*, then

d
- dJ :_kUa daa 2.14
2| e = {00 (214)
—| Ty, = , 2.15
gz |, Ve (2.15)
d
(MT - UT) <d€ k"ﬁ) = V20 + (¢, ko)ko + R(¢, 7575 (2.16)
0

Proof. Equation (2.10) follows by a direct calculation. Then (2.14) follows by the fact that
(To,0up) = —(0uTo,p) for ¢ € Tol, and (9% 0,¢) = (M (02 5),¢). Moreover for general
variation field ¢ we have that

(05,0, 70) = <8517 <<9077'0>7'0 + Z<‘Pa ei>ei> 77'0> = 0s({p, 7o) + Z<907 ei)(0s(e; 0 0),75)

9 2
= as(<9077—0>) + _<30’ kU))

where {7,e,...,en} is a local orthonormal frame of TM. Equation (2.11) then follows by
integration.

Equation (2.12) and Equation (2.15) also follows by direct calculations and the definition of
the normal connection V.

Now for j = m +1,...,n let N; : U — S"! be unit vector fields locally defined on a
neighborhood of o(z) in M such that {N; : j = m +1,...,n} is a local orthonormal frame of
(TM)*. Writing

kas = DTogTO's = ascsTUe - Z<8Sus7-057 Nj ° UE)NJ © 0,
J
we have that

d

— | ko, = = (75, 05,0) 05,76 + O0s, (05,0 — (05,0, To)Ts) + o3 05, 0) (05, T, Nj 0o 0)Nj o o+
de e J J
0

J
— (05, (05,0 = (05,4, T5)75) , Nj 0 0)Nj 0 0 = (D5, 7o, Oc|o(Nj 0 0c)) Nj 0 0+
— <830T0-,Nj o O->65’0(Nj o UE)'
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Denoting by Sy, (v) = —MT(&,N]-) the shape operator of M defined by N;, we have that
MT[0:|o(Njo0.)] = —SnN; (), and also

(MT =0 ")a((MT = 0)dsp)
= (M" =0 ")(82¢) = (Dsp, 7o)l — Z(as%Nﬂ(MT — a1 )(9sNy)
= (M" =0 ")(82¢) = (Dsp, To )by — Z(SNj (70), ) (—Sn; (75) + (N}, 020)7,)
= (MT - UT)(&?‘P) — (05, To ) kg — Z(B(TU=‘P)7Nj> (<B(Taa7'0)aNj>Ta - SNj (7'0)) )

where B is the second fundamental form of M in R™. Observe that if ¢ € (T'o)*, then actually
(MT —aT)0s(MT — 0T)0sp) = V2p; for sake of readability, in this proof we will denote by
V2¢ the vector (MT — o T)0,((MT — 0 7)0sp) for any o € TM, that is, not only for normal
fields along o.

We have
d
M7 (4] o) = {1 Bl + DT (2,0) = 01, (0072 7 = e e+
0
= (95,75, Nj 0 0)(—Sn, ()
J
_ T T/ a2
= —2(75,05,0)kc + (M ' — 0 )(8s030) — (05, ¢, 05, 7o) To+
+Z TaaTa SN( )
— V2 — <Tg,8sag0>k — (8%@,8520)70—1—
+Z TUv 7 ((B(TavTO')aNj>TU_SN]'(TO')) +<B(T07T0)7Nj>SNj(Q0)7
and
d
o (5] o) = 0207110 0, (07070~ S0 Ny 00} T (@l 0 0)
0 .
J
= _<650'<)07850'7-0'>7-U + Z<B(TdvTU)ij><B(()077_U)7Nj>TU'
J
Hence
T T\ (4 2
(M —o) < kas> = V7 — (75, 0s,9) kot
de |,

(2.17)
+ Z<B(Ta,fa), N;j)Sn,; () = (B(75, ¢), Nj) SN, (7o)

Understanding summation over repeated indices and letting {ej, es, ..., e, } be a local orthonor-
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mal frame of T'M along ¢ with e; = 7 we have that

(B(75,75), Nj)SN; () = (B(7o, ¢), Nj) Sk, (75)
= (B(70,70), Nj) (SN, (), ei)ei = (B(To, ), Nj)(Sn; (75), ei)ei
= (B(70,70), Nj) (B(p, €1), Nj)ei = (B(7o, ¢), Nj)(B(7o, €i), Nj)ei
= ((B(70,75), B(#, €i)) = (B(70, %), B(T5, €i))) €i
= R(Ty, €, T, 0)€;
= R(ei, To, P, To )€i
= (R(p, 7o) 70, €i)é€i,
where we used Gauss equation (Theorem 1.1.6) and the symmetries of the Riemann tensor.

Since R(ei, 75, Ts, 7o) = 0, the above calculation and (2.17) imply (2.13) and (2.16). O
Remark 2.3.11. We remark that if k € [2,400) and v € WP (S'; M), then

Os([k[P~2k) = (p — 2)[k[P~ (K, Osk)k + [K[P20sk € CO(S',R™),

in the classical sense. Indeed, at any point , if k(x) # 0 then |k|P~2 is differentiable at z and
the above formula holds, while if k(z) = 0 then +|k(z + h) P 2k(z + h) — |k(2)[P~20,k(z) =
as h — 0.

Proposition 2.3.12 (First variation). Letp € [2,+00). Lety € W*P(S', M) be a regular curve.
For any v € B,(0) C T(y)*"+ it holds that

SE(0)[y] = /-(vg@%%), Vi) + <;,\k\pk b+ ROk 2R, ), ¢> ds
For any 1 € B,(0) C T(y)*? it holds that
SE(0)[¢)] = 6E(0)[¢"] = E(0)[v],

where Y = (id — v " )1p.

Proof. Let us consider ¢ € B,(0) C T(vy)*?. Using Lemma 2.3.10 with v, in place of o, ¢, if
() = ®(e,-) is the variation of v, computations show that

d

ARCIO)

0

- / () +;|k\p<f, B,) ds + / (P2 (k, 0clok.) ds

= [ =)+ P 00) — K77, 0,6) + kPR 0 7) + (2K 0,07 =TI ds
= [ =) = K000 + B 2RO 7k ) — (TP 28), ) d
Moreover O, (*) = 05(1p — (1, 7)7) = sp — Bs((), 7))7 — (1h, 7)D57 and then
[ k20, 00) ds
= [ (T2 0,064) ~ (V(kP20), (6, 7)b) ds
— [ (VP20 D) ds [ 1RG0 ) + KPR + (w7 P8, VE)
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Using that — [P (7, 0,0) + K7 @0, 7) + (6, T)|IP=2(k, V) = 0, (LlkP (7, 0)) — L|klP(h, ),

we conclude that

< ng@(e,-)) = /—(V(Ikp_%),V(W)) +;,|k‘\p<k,w> — (k) + [KP2R(T, 7.k, 7) ds.

(2.18)
0

Remark 2.3.13 (Definition of the p-elastic flow). We observe that from Proposition 2.3.12 the
definition of the p-elastic flow on manifolds given in (2.1) follows. Indeed, in the notation of
Proposition 2.3.12, if « is smooth, formally integrating by parts in the formula for §E(0)[¢], we
get

1
SE(0)[¢] = <v2<rk\p—2k> T+ LIkPk = b+ ROEP 2R, ¢> .
P LV (ds),LP(ds,)

Corollary 2.3.14. Let p € [2,+00). Let v : S' — M be a fived smooth reqular curve. For any
@, € B,(0) C T(y)P it holds that

SE(P)[Y] = — (Vo o, 72k, Vo, () T(0)))

LP/ (dS'YAP)7Lp (dS’ng )

<T* < ’k%p ‘pk%o k"/cp + R(|k’ycp ’pizk%p’ T’Y(p)T'Ygo) ’ 1/}>

Lpl (dSMp )7Lp (dS’Ygo )

where v,(-) = ®(1,-), ® is the variation of v given by ¢, and T : Ty )M — Ty M is the
function T (Y) = dlexp.y(z)],(¥) and T* is its adjoint.

Proof. Let us denote by ®¢,(t,z) = oy (t) the variation of a curve o with respect to a field V' (x)
along o. We need to consider the curve @ orep(Ls ) = expy(g)(p + €1p). We have that

d
% O(I);-i-gz/;( ) - d[exp'y(x)] (1/])

For any x denote by 7 : T, ;) M — Ty (1 )M the function

T () = dlexp(z)lp(¥)-
By chain rule we have that

d

Ep(®) d
de 0

LoD = |

& (0707 )

Roughly speaking, differentiation of the variation of v with respect to the field ¢p+< is equivalent
to differentiation at the varied curve 7, := ®J(1,-) with respect to the field 7 (¢).
Therefore if we consider ¢, € B,(0) C T(vy)*?, Equation (2.18) implies that

| B L) = [ (Tl P Vo T+

+ i,w (e r s T (W) +

< Yo o FY(p T( )> + ‘k"ﬂp ’p_ZR(f)/gJa_T(w)u T%p: k’wpa T%p) ds"ﬂp'
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Now we want to calculate the second variation of &,. More precisely, as in the case of

Section 2.2, for a smooth immersion v : S' — M we consider normal fields ¢, € T(y)*P+
along v and we compute

L= 8B(0) : T()' 7 - (T() 74",
that is

d

d| d
= —| — E = —
e (e + M)

—| &E)(D7 1.-
0dnlo de Odn‘o »( Eso—l—nw( )5

where <I>z¢+w(1, -) is the variation of 7 via the field e + 1. Observe that L£(p)[] = L(¢)[¢].
We need a technical tool first.

L(p)[¢]

Lemma 2.3.15. Lety : S' — M be a fized smooth immersion and let p be given by Lemma 2.3.8.
Let 7:(-) = ®(e,-) with ® the variation of vy with variation field o € T (y)*P+.

If V() € T(v:)"P is a field along ~- differentiable with respect to e with -V (g) € T(v:)'?,
we have that

d d
ds‘oc?s%V(a) = (ky, )05,V (0) + agvd—g OV(s). (2.19)
If also V(e) € TM N (Tv.)* for any e, then
d d
(M7~ VT)% (Vo V(e) = (MT —41)ds, (M7 — ’YT)% Vie))+
0 0

—(V(0), V,ygo)kv + (k,y, (p>V,YV(()) + (V(0), k’v>v7§0+ (2.20)

+ (id =7 ") R(p, 7,)V(0).

Proof. Equation (2.19) follows by a direct calculation. In order to derive (2.20) let {N;} be a
local orthonormal frame of (T'M)+. Understanding summation over j it holds that

(MT T3] (Vo V(0)) = (b, @095V (0) + (M7 =972, | V(E) = (05, V(0), 7) Vot
0 0
~ 0,V N =) | Nyon
=M - VT)asydii OV(5) + (ky, ©) V4V (0) + (V(0), ky) Vot

+ (V(0), Sn; (7)) (Sn; (@) = (SN, (), 7) 7).
(2.21)

Moreover for any field W € T'(y)!? we have that
(MT =18, (MT = T)W) = (M T =y ")0, W = (W, 7 ey (W, Nj) (S, (1) = (S, (73), 7))
Using W = d%‘OV(a) we deduce

(7 =570 | V() = (T =710, (0T =) | vien + (| vierm Y
~ (| VRN (Sn(m) = (8, (). 1)
= (7 =910, (17 =) | VE) = (V(0) Ty +




Moreover

<V<0)’ SNj (T’Y)>(SNj (30) -
— (B(V(0

SN (9): 7)) — (V(0), Sn; (0)) (S, (Ty) = (SN, (74), 74)77)
s Ty)s Nj)SN; () = (B(V(0), ), Nj)Sn; (74)+
+ ((B(V(0), @), Nj)(B(7y, 7y), Nj) = (B(V(0), 7)), Nj)(B(g, 7), Nj)) 7
= ((B(V(0),7), B(p,€i)) = (B(V(0), ), B(7y,€:))) i+
+ ((B(V(0), ), B(7y, 7)) = (B(V(0),74), B, 7)) 7
R(V(0), ei, 7y, p)e; + R(V(0), 7, 0, 7)) Ty
:_R(Tw@)v(o) (R(7y, )V (0), )7
= (id — v ") R(p, )V (0),

(
)

where {e1,....,em} = {7, €2,...,en} is a local orthonormal frame of TM and we used Gauss
equation (Theorem 1.1.6), and summation over repeated indices was understood. Inserting the
previous identities in (2.21) yields (2.20). O

In the following proposition we calculate the second variation L(p)[¢] of £, with respect to
normal variation fields ¢, along the given curve 7. In the statement we isolate an integral
depending on second order derivatives is 1, a second integral depending at most on first order
derivatives in v, and a third integral in which the first variation of the energy appears. The
complete calculation is explicit in Equation (2.31), and we shall also use such complete expression
(2.31) later on.

Proposition 2.3.16 (Second variation). Let p € [2,+00). Let v :S' — M be a fized smooth
immersion and let p be given by Lemma 2.3.8. For any ¢, € B,(0) C T ()P it holds that

L(p)[¥] :/<|kyp2v2¢, V) + (p — 2)[k[PH(k, V) (k, V) +
+ <\kyp—2R(<p, 7+ (p — 2)|k[P~4(k, R(p, 7))k + |k|P2(k, ©)k, v2¢> ds+

4 /A(go,w) ds — / (<|k|p—2k,v2¢> + <;|k|pk - k+R(|k|p_2k‘,7')T,1/J>> k) ds,

where A(-,-) is bilinear with A(p,v) depending at most on first order derivatives in 1), and,
more precisely, the precise expression for L(p)[1)] is given by (2.31).

Proof. Denoting by 7.(-) = ®(e,), by ® the variation of « with variation field ¢, and by
T : TyayM — T, ()M the map T = d[exp ()]s, (1), we have that

L)l = o

€lo

[ (P20, 92 0 o)) +
1 —
+ <p/|k78‘pk78 - k’Ys + R(’k’Ye|p 2]{7’757T’YE)T’YE,T¢> dS’Ys‘
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Now we calculate term by term the above identity. Using (2.20) twice we have that

7 =" (FeETen) =5 (07 =" E| TL0dTen) +

— VU, V)k + (k, 0) V¥ + (Vi k) Vo + 7 R(p, ) VY
-9 (V0T =T ey )+

+V [0, Vlk + (k, VO + (0, B) Vi + 7 R, T +

— V4, V)k + (k, 0) V> + (Vi k) Vo + 7 R(p, T) V.

We can compute

T =) | GEHT0) = (T =T) | (dlesplep(®) = (s o)) 7))
= (M7~ ) | dlexpleol®),
0

(2.22)

where we used that (d[exp.(z)]eo(¥), 7.) |y = (d[expy(x))o (), 7y) = (¢, 7) = 0. Now the field

e J(€) = d[exp())ep(c0))

is a Jacobi field along the geodesic o, such that 0,(0) = v(z), 0,,(0) = ¢, J(0) = 0, and
J'(0) =4 (see [Car92, Chapter 5, Corollary 2.5]). Then
1
(J(s)) . (2.23)
o \€
1

(1J(¢)) = 0 for any x. In fact let {E;(-)} be an orthonormal parallel frame

£

d d
% 'Od[exp'y(x)}ego(w) = %

1 d
(Ftlemaollen) = 5

. d
We claim that T

0 .
along oy, and write J(e) = J'(¢)Ej(e). The Jacobi equation (see [Car92, Chapter 5, Definition
2.1]) for J then reads

(J)"(e)Ei(e) + R(J'(e) Ei(e), 0 (€))oy () = 0.

Therefore since Ji(-) is of class C? with J*(0) = 0 we conclude that

DY -4 (TON g0 om0 ot
2 (270) = 2| (F2) 560 = 507080 = ~RU0). s@)ete) <0, (220
and thus p
(M =y (3= (TY)) = 0. (2.25)
0

Eventually we deduce that
T T\ @ 2 L
1" =" (VR Te)
0

=V [~ (6, Volk + (h, )V + (6, k) Vip + v R, 7)) +
— Vo, Vo) + (k, ) V20 + (Vi k) Ve + 7 R(ip, T) V.

(2.26)
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On the other hand we have that

ST

d€ (|k75|p72k;75)

0

=(M"—~") <(p — 2)|k[P~H(k, V20 + (p, k)k+

T Rig, m)rbk + K2 (V20 + o, )k + R(g, T>T>)

= k[P 2V20 + k[P (o, k) k+
+ IKP 2 Rl ) + (p = 2) (KP4 (6, T30k + K72, Ry
[k, R, 7)7) )

= kP20 + (p — 2) |k [Pk, Vi) k+
+ [kP2R(p, 7)T + (p — 2)|k|P~*(k, R(p, T)7)k+
+ (p— D[k[P (g, k)k,

where we used that R(yp,7)T € Ty*. Similarly

d _
(M~ ’YT)CTg (kv [Phy.) = plkP=2(V%0, k) + plEIP (0, k)k+
0

+ plkIPT2 (R, T)7, k)t
+ [kl (V20 + (. k)k + v R, 7)7 )
= [k[PV2p + plkP~2(V2p, k)k+
+ plkP2(R(p, T)T, k)k + |E|PR(p, T)T+
+ (p+ DIE[P(p, k)k.
Also, we already know that

O =)L () = = (V6 + e+ Rim)r).

Finally, since
<R(|k’yf3 |p72k’YS’ T’Ys)T'Ynyé_TdO = <R(75_Tw7 T’yg)T’ysu ‘k'ye |p72k%>,
denoting R the tensor R(X,Y,Z) = R(X,Y)Z we have that

d

e O<R(|k%|p_2k5%, T’yg)T'yg"Yé_TT/)>

= <(DSOR)(1/}7T7 T) + R(ag‘o(’}/jlr"l/}), T7T)+
+ R, Vo, 7) + R(¥, 7, Vo), [k[P2k)+
+ (R, 7)7, (M " =410 |o(|k. [P~ K5)).-

Using (2.22), (2.23), and (2.24) we see that

d 1 _
dia‘ 075 7-¢ - <w7 VSO>T
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Therefore

d
| Rk P2 h 1 )73 T = (DR)(,7.7) + R, V)T + R($, 7)Vep, [k k) +
0

+ (R, 7)1, [KP2V20 + (p — 2) k[P~ (k, Vo) k+
+ kP2 R(p, 7)7 + (p — 2) [Pk, R, T)T)k+

+(p = DIk, k)E).
(2.30)

Putting together (2.26), (2.27), (2.28), (2.29), and (2.30) we conclude that
L)W =5+ I+ I3+ 1y + I,
where
f= [ (K09 [0, Tk + () V0 + (01T + 7Ry +

—(V, Vo)k + (k, ) VZip+

+ (Vi, k)Vo + v R(e, T)V¢> ds.,

L <|k!p2V2s0 T (p— 2Pk, Vot
P 2R(p, ) + (0 — 2) K (b, R(g, 7))+

T (p— DKo, k)R, v2¢> ds.,

L= [ <|k|pv%+p|k|p—2<v%,k>k+
kPR, ) )+ KPR, )7+

T (p+ DIkPlo )k — (V2o + (0. Kk + R(p.7)7) ,w> ds.,

e / (DR, 7,7) + R4, V)T + R(&), T) Vi, [P ™) +

n <R<w, oy kP2 4+ (p — 2) kP, V2 )k
2R (0, )7 + (p — 2) kI (b, R, 7))kt

T (p— DIKP2(e, k>k> s,

ti= = [ (G2 920) + (Sk = ke ROKE )0 ) ) ) s,
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Integrating by parts and rearranging the terms we end up with
£l = [ P25, 720) + (P29 + (0= AP (5, P
+ [EP2R(p, T)T + (p — 2) k[P~ Yk, R(p, 7))k, v2w> dsy+
4 [ (= VIP 2, (1 96) = (0= (VG I 2R), T0) ds +
+ [ (= VIkP~2, Rlp.1)0) + (kP26 Rl 1) V0 +
+ ((DyR) (4, 7,7) + R(1, Vo) + R(1b, 7)Vp, |k|P k) + <R(w, )7, |k[P2V 204+
- (p = 2Pk, T2k + 2R (o, )7 + (0 — 2) K7k, R, 7))t
+ o= DI K ) dsy+

# [ (= VIR, Vil (0,0 )+ (TORPV)+

— V({|k[P72k, Vo)k) + |k[PV2p + plk|P 2 (V2, k) k+
+ plk|P"2(R(p, )T, k)k + |k|PR(0, T)7 + (p + 1) k[P (0, k) k+

— (V2o + (. k)k + R(p,7)7) ,w> ds~+

- / <<|k’p_2k" V) + <;,|k‘pk — k+ R(|k[P 2k, )T, ¢>) (k, o) ds.,
(2.31)

£l = [ P25, 720 + (P20 + (0 = DIRP (5, PP+
+ [EP2R(p, T)T + (p — 2) k[P~ 4k, R(p, T)T)k, v2w> dsy+
+ [ (= VIP2h, (1 96) = (0= (VG I 2R), T6) ds +
+ [ (= VIP 2R Rl 100) + (K, B, m) V) +

+ ((DeR)(0,7,7) + R(1h, Vo) T + R(1h, 7)Vep, k[P~ k) + <R(w, )7, [PV o+
+ (p = 2Pk, V20)k + [k[P"*R(p, 7)7 + (p — 2)| k[P~ (k, R(p, 7)) k+

+ o= DI K ) dsy+
+ [(000).0) ds+

/ <<|lcp—2/rg,v2w>+ <;/|kpkk+R(|kp—2k_’7_)T’w>) (ko) ds.,
(2.32)

where Q : T(vy)*P — T(y)PL is a compact operator, and the thesis follows. O
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We remark that we kept track of every term in (2.31) and in (2.32) as we will need to recall
the precise expression of the second variation a couple of times in the sequel.

2.3.2 Critical points

As we are interested in the properties of the variations evaluated at a critical point of &,, we
now consider the variations at such a curve. Let p € [2,+00), v € Wﬁn’pm(Sl, M) be fixed and

let p be given by Lemma 2.3.8. Recall that by Proposition 2.3.12 the curve 7 is a critical point
if and only if for any ¢ € B,(0) C T'(y)*P it holds that

/—(V(|kyp2k), V) + <;,|k:|pk —k+ R(|k|p2k,7)r,¢> ds = 0.

Lemma 2.3.17. Let p € [2,+00). Let v € WP (SY, M) be a critical point. Then |k|P~2k €

mm

C32(SY, M) for some a € (0,1), and either y is a smooth geodesic and k = 0 or the set
{z : k(x) =0} is finite.

Proof. Let V = |k|P=2k. By Remark 2.3.11 we know that V € T(y)">+. Moreover (D,V, 1) =
—(V,k) and VV = D,V + (V, k)7, and then V solves
1
/(DSV, D)y ds = / <p/]k‘pk —k+ |k|Pk + R(V, T)T,w> ds,

for any ¢ € T(y)"P+ for p small enough. In particular the weak derivative Dy(D,V) exists in
L>®, and V € T(y)>>+ c C1* for a € (0,1) that may change from line to line. By assumption
also k € C1* and thus D2V € C1*, that implies V € C3°.

Now if at some ¢ it holds that V(z¢) = 0 and Ds(V)(z¢) = 0, since V now solves

1
D2V = —}7|k:|pk +k — |k|Pk — R(V,7)T

pointwise in the classical sense, by existence and uniqueness we would get that V' (z) = 0 and thus
k(z) = 0 in a neighborhood of xg. Iterating the argument this would imply that k£ = 0. It follows
that if £ # 0 then the set {x : k(x) = 0} has to be finite, for otherwise by compactness and since
V € 032 this would imply the existence of a point zg with V(z¢) = 0 and Ds(V)(zo) =0. O

Proposition 2.3.18 (Variations at critical points). Let p € [2,+00). Let v € Wﬁfm(Sl, M) be
a critical point and let p be given by Lemma 2.3.8. Then

1
SE(0)[4] = <v2<k\p-2k> T+ LIk - b+ ROEP R, w> |
p L7’ (ds),L(ds)

for any ¢ € B,(0) C T(v)*?, and

L{p)ly] = / [K[P=2(V2p, V20) + (p — 2) kP (k, V2p) (K, V2U)+
(2.33)
+((p = 2)[kIP =k, R(p, )70k + kP2 R, 7)7, V?0) ds + /(Q(SO)MM ds,

for any ¢, € B,(0) C T(y)*P+, where Q : T(y)*PL — T(y)P' L is compact.
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Proof. We need to prove (2.33). By Lemma 2.3.17 and by (2.32), integration by parts yields
L(p)w] = / K[P=2(V20, V20) + (p = 2) k[P~ (k, V@) (, V) +
+ (0 = 2Pk, Rp, T)T)k + [K[PT2R(p, 7)7, V29 ds+
+ [UDRI w70 IKP2) + (RO 7). P29+

+ (0= 2) |k [P~ Ry, V20 Ry + [k [P 2 R0, )7 + (0 = 2) Ky [P~ (R, R, 7'7)7'7>k7> ds+

+ [(060).0) s
where by Lemma 2.3.17 we could use that

/ A / (6, V(R(p, 7)|kP~2k)),
(R(, 7). (o W)IRIP2R) = (b, R({p, KK~k 7)),

Moreover Q : T(y)*?+ — T(y)P>+ is compact. For a given local reference frame {9;} in M we
can also write

(DwR)W, 7, 7-) = mewiT] (a Rl]k + F;meoz]k + szRlﬂk + FZ@ R ) ala

it vigy

R(/l/]7 )T = /lplT] kRka‘?

where ¢ = @0, ¥ = V'0;, T = 704, R(0;,0;)0k =
symbols of M. This means that

Ukal, and {F -} are the Christoffel

/ KP=2(V20, V20) + (p — 2) KPP~k T2) (k, V2 +
{0 = 2Pk, Bl 7))k + K2R, 1) V20) ds + [ (6, 0) ds,

where Q : T(y)*»L — T(5)?"+ is compact. O
We conclude with the following two observations about the regularity of critical points.

Remark 2.3.19. Let p = 2. Then critical points are smooth up to reparametrization with
respect to constant speed. Indeed Lemma 2.3.17 implies that a constant speed critical point ~
verifies that k € C*%, but then a bootstrap argument on the equation

1
D%k = —5\1@\% +k—|k]> = R(k,T)T,

gives that k € C*° and thus v € C*°.

Remark 2.3.20. Let p > 2. If v is a constant speed critical point of &, for some p > 2 and if
k never vanishes, then v is smooth. Indeed Lemma 2.3.17 implies that a constant speed critical
point v verifies that |k[P~2k € C**, and thus the equation
2 -2 1 —2
D(|kPP~"k) = == [k[Pk + k — [k[" — R(|k[""k, T),
p
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is classically satisfied. By a bootstrap argument we get that |k|P~2k is smooth, and then |k|P €
C'. Hence bootstrap on the equality

1
k = D2(|k|P~2k) + Eyk\% + |k|P + R(|k|P2k, T)T,

implies that k is smooth, and then so is ~.

2.3.3 Analysis of the second variation and Lojasiewicz—Simon inequality

In the following we study the properties of the variations of &,, leading to the application
of Corollary 2.2.7 and then to the proof of the convergence of the gradient flows. We shall
distinguish between the cases p = 2 and p > 2, indeed, as also Proposition 2.3.18 suggests,
we will see that the properties of the second variation at a curve v depend on the zeros of the
curvature of v if p > 2, while for p = 2 the scenario is more regular.

For the convenience of the reader, let us start by recollecting the formulas for first and second
variations at critical points under the form we will use them. We will always assume without
loss of generality that critical points are parametrized with constant speed.

Proposition 2.3.21. Let p = 2. Let v : S' — M be a fized smooth immersion and let p be
given by Lemma 2.3.8.
For any ¢, € B,(0) C T(y)**% it holds that

" 1
SE(p)[Y] = <’YJ_T <vgﬁpkw + §‘kw|2kw — ky, + R(kvaw)Tw) a1/1> (2.34)
L2(ds’Ytp)7L2(dS’ﬂp)

where y,(-) = ®(1,-), ® is the variation of v given by ¢, and T : Ty yM — To M is the
function T () = dlexp y()]p(¥) and T* is its adjoint.
If v is a critical point, then

amwszwwwwwﬁﬂmwwwa (2.35)

for any p,v € B,(0) C T(y)4>+, where Q : T(y)4*+ — T(y)>+ is compact.

Proof. Equation (2.34) and Equation (2.35) immediately follow from Corollary 2.3.14 and (2.33).
O

In case p = 2, for a given immersion -y, Proposition 2.3.21 implies that the operator dE(y) €
(T'(y)»*1)* is represented by the function

" 1
VT(W)ZyT(v)QE(QD) = |8x’790"YL7- <v'2Y<pk'7<P + §‘kw‘2kw —ky, + R(kwﬂ'w)ﬁw) S T(’Y)ZL,

in the notation of Proposition 2.3.21. In this way we can say that 0 F : T(W)4’2’J' — (T(’Y)Q’l)*
via the paring
SE@)Y] = (V2,12 B2 ¥) 1240 £2(dm)

Similarly we have that £ : T(y)*?+ — (T(y)?>+)* with
LW = [ (7400 +(00).v) ds,

in the notation of Proposition 2.3.21.

Now we analogously consider p > 2.
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Proposition 2.3.22. Let p > 2. Let v : S' — M be a fized smooth immersion and p be given
by Lemma 2.3.8.
For any ¢,¢ € B,(0) C T(y)*P+ it holds that

SBW] = — (Vo by, [P b Vo TT0)
Yo Yo

* 1 -
+ <’7LT <p,|kw|pkw = ko, + Rl [P 2/€W,H¢)Tw> ﬂ/’>

LI)/ (d's"ﬂp )7Lp(dS’Y<p )

where v,(-) = ®(1,-), ® is the variation of v given by ¢, and T : Ty )M — Ty M is the
function T () = d[exp y(x)]p(¥) and T* is its adjoint.
If v is a critical point such that |k (1‘)| £ 0 for any x, then

SE(p)[Y] = < T <V2 L 2"%"‘ |kw‘pkw /‘“W+R(|kw|p_2k’vw7'w)7w> ,¢> ,
LP"(dsy, ), LP(ds~,)

(2.36)

and
Ll = / K[P=2 (W20, V20 + (p — 2) kP, V) (, V20) ds + / (), ) ds,

for any p,1 € B,(0) C T(y)*PL, where Q : T(y)*PL — T(y)P' L is compact.
If v is a geodesic then

LI = [ (V0. 98) = REb. 7.0, 7) ds,

for any ¢, € By(0) C T(y)*P+,

Proof. The statements immediately follow from Corollary 2.3.14, (2.31), and (2.33), together
with Remark 2.3.20. U

It is clear from Proposition 2.3.22 that whenever k vanishes, the leading terms in the bilinear
form defining £ disappear, and we cannot expect strong Fredholmness properties on L.

However, if p > 2, for a given smooth critical point v with |k(x)| # 0 for any z, Proposi-
tion 2.3.22 implies that the operator 6 E(yp) € (T(y)»P1)* is represented by the function

vT(’y)P,7T(’y)PE((r0) € T(/Y)p/’l

V@ repE(e) = Oyl T < B e ‘kw|pkw Ky, + R(’kvw‘kavaw)TW> ’

in the notation of Proposition 2.3.22. In this way we can say that JE : T(y)*P+ — (T(y)P+)*
via the paring

SE)6] = (Vg mw E) 1)
Similarly we have that £ : T(y)*P+ — (T(y)P+)* with
L{p)ly] = /<V2 (IEP=2V20) 0) + (0 — 2) (V2 (kP (k, V20)k) ,v) ds + /(Q(SOMZ)) ds,

in the notation of Proposition 2.3.22.

LP' (dz),LP(dx)

With the above results we can now derive the desired Fredholmenss properties on the second
variation functionals. Once again, we shall divide the cases p = 2 and p > 2, as also the technical
part of the two proofs is different.
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Lemma 2.3.23. Let p=2. Let v : S' — M be a smooth critical point and let p > 0 be given by
Lemma 2.5.8. Then the operator L : T(v)4*+ — (T(y)*1)* represented by the function

Llp)=Vip+Qp) €T,
where Q : T(y)%?1 = T(y)>L is compact, is Fredholm of index zero.

Proof. Since Q : T(v)**+ — T(y)** is compact, it is equivalent to prove that
id 4+ V4 Ty) 24 (ds) > Ty)> (ds),

is Fredholm of index zero (see Remark 2.2.4). Indeed we claim that it is actually invertible. It
is clearly injective, indeed if ¢ + V*p = 0, then multiplying by ¢ and integrating one has

/ V202 + [ ds = 0,

and then ¢ = 0. So we need to prove the surjectivity.
Let a: T(v)%%1 x T(7)*»?+ — R the continuous bilinear form defined by

ap, ¥) = /S1<V2<p, V2) + (g, ) ds,
For ¢ € T'(7)%?% it holds that

v290 = D?SO - <D§<pa7->7— - <DS()0’T>k = DEQD + (2<D8Q0a k> + <Q0a D8k>) T = <D590)T>k;’ (237)

and
D2p = 02¢ + (2(0s, 0sN;) + (10, 02N;)) Nj + (0, S, (7)) S, (7), (2.38)

where {N;} is a local orthonormal frame of TM~, and we understood sum over j. Therefore
for ¢ € T(7)>*+ we have that

/<D§901 D?@) ds = / |V2§0|2 + |<DS(10¢7—>]€|2 + 2<D880¢7—><v2‘707 k) + ‘2<DS()07 k> + <907 Dsk>|2 ds
3
< [ 51920 + C) (10 + D) ds

3
< [ 5192+ C) (1o +10.6P) ds

and using also [ |9s¢|?ds = — [(p, 02¢)ds < % [ %]<p|2 + n|0?¢|? ds for any 7 > 0 we conclude
that

/ 920|2 ds < C(M, ) / (02 + 1050f2 + | D2l ds
< C(M,7,2) / o2 + V22 ds + < / 020]? ds.

Hence we see that
[ 162 + 10uoP + 1020l ds < Cratior),

that is, a is coercive on T(y)%2.
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Now, if X € T'(y)*+ is fixed, we look at the energy functional F : T'(y)>»?+ — R given by

1 1
F(e) = [ 3193 + 1ol — (X o) ds.

Since —(X, ) > —1|¢|*> —|X|?, the coercivity of a implies that F" has a minimizer ¢ € T(y)>%*.

Such minimizer ¢ satisfies the integral Euler—Lagrange equation

a(p,) = / (V2. V20) + (g 10) ds = / (X, 9),

for any 1 € T(y)>%+. If we show that ¢ € T(y)»?*, we will have proved that for any X €
T(7)>+ there exists ¢ € T(7)*>1 such that V4p + ¢ = X, and this will prove the required
surjectivity. We are going to prove that ¢ € T'(y)»?* first, and then ¢ € T(v)*%.

Let U € C*(S!;R") be any field. By (2.37) and (2.38) we can write that

<832§07 88\P> = <V2¢’85q}> - <A(‘P)7 85\Il>7

where A(p) is linear in ¢ and contains at most first order derivatives of ¢. Writing ¢ =
(M7 —~4T)¥ we have that

<a§907 as\p> = <v2§07 qu> + <\II7 Nj><v2807 83Nj> + <\Ij7 T> <V2<,D, k> - <A(90)7 85\1’>,

understanding summation over j, for a local orthonormal frame {N;} of TM*. Let n € C°(S*\
{0}) such that n > 0 and [y, nds = 1. Define

()= (MT —4T) /0 " () — n(e)do ds(t),

where v == [ 1 ds. By construction we see that ® € C>(SY;R™) and ® € TM N T+,
Since for any differentiable ¢ : S' — R" we have that

Ds(M T =4T)¢) = (MT =71)d¢ = (9sNj @ Nj + N; @ OsN;j)¢ = (k@ 7 + T @ k)¢

2.39
= (M" —~7")ds¢ + B(C), (2:39)

we get that
v<I>=w—n(MT—vT)wo+B</0 ¢—n¢od8> :
and thus
V20 = Vi — 0n(MT — o o + (MT —2T)a, (B ( / " — o ds)> .
0

Hence finally

1 / <a§so,as\1/>] <|[v. w>\ ¥ ] / <3S(A(90)),‘I’>' OO, lpllwas)| ¥lle

IN

[ v2q>>] OO, @l m) | 9] 2

- [~ <<P,‘I>>’ OO, @z, m) |92

< C(Mv'y’ H‘P”WZQvn’ X)H‘IJHLQ’
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that implies that ¢ € T(y)>?+. Once again let ¥ € C°°(S'; R") be any field. Using (2.39) twice
and writing ¢ = (M " — 4 T)¥ as before, we have

(MT =y )RV =8,(M" —~")0s¥) + B(9,¥)
= 0u(VY + (M =y ") [0:((¥, Nj)N;) + 0s (¥, 7)7)]) + B(0:9)
= 0,V + 05 ((¥, Nj)OsNj + (¥, 7)k) + B(0: V).

Therefore

[@.0m)| = | [12e.00)
.02+ | [z m)

IA

IN

[2e.v20| +| [@.9%. (0. 30,5+ | +| [ (726 o, |+
+| [ @)

< ‘/<X, ) — <%¢>‘ + C(M, v, llpllwa2) [Pl 2 + ‘/W%,B(@s‘lfﬁ‘
< C(M, v, [[ellws2) ¥ L2,

where the last inequality follows integrating by parts using the definition of B, and this implies
that ¢ € T(y)4?+, O

Lemma 2.3.24. Letp > 2. Let vy :S' — M be a smooth critical point with |k(z)| # 0 for any x.
There exists p > 0 such that the operator L : T(y)4Pt — (T(v)P1)* represented by the function

L(p) = V* ([KP2V20) + (0 = 2)V2 (KPP k. V20)k) + Qp) € TP,
where Q : T(7)*P+ — T ()L is compact, is Fredholm of index zero.
Proof. Since Q : T(y)*?+ — T(y)P"* is compact, it is equivalent to prove that the map
T()*Ph(ds) > @ = T(p) =V (|kP2V20)+(p—-2)V? (k[P (k, VZ)k)+o € T(7)""*(ds),

is Fredholm of index zero (see Remark 2.2.4). Indeed we claim that it is actually invertible. The
operator .7 is clearly injective, indeed if .7 () = 0, then integration by parts on [(p, 7 (p)) ds
yields

0= / P29 4 (p — 2) KP4k, V20)2 + o[ ds,

and then ¢ = 0. Hence we are left to prove the surjectivity.
This time we consider a : T(y)?>P1 x T(y)?>P" — R to be the continuous bilinear form

a(ip, ) = /S NPTV, V) + (p = 2) [k (R, V2 (R, V20) + (i, 10) ds.

By hypothesis there are constants c1, ¢z depending on v such that ¢; < |k(x)| < ¢g for any z.
From the proof of Lemma 2.3.23 we know that

/ 0f2 + 1050]? + 1020 ds < C(M, ) / V202 4 [ ds,
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for any ¢ € T'(y)*P+. Therefore
[ 16+ 10u0f + 102617 ds < COMLali. ),

for any <,0 € T(y)*PL. Tt follows that if X € T(y)?"* is fixed, the convex functional F :
T(y)?*P+ — R defined by

1
F(p) = / kP2 922 + P2 i, w22 +5lel* = (X, ¢) ds
has a unique minimizer ¢ € T(v)>P*. Such minimizer ¢ satisfies

a(p,b) = / (X, ®) ds.

for any ® € T(y)>PL. If we show that ¢ € T'(y)*PL, we will have proved that for any X €
T(y)' L there exists ¢ € T(y)*P such that 7 (p) = X, and this will prove the required
surjectivity of 7. We are going to show that o € T'(y)>P+ first, and then ¢ € T(y)*P--

Let U € C(S';R") be any field and let ¢ :== (M T — v )\I/ Let v € C*®(SY;R") be the
normal field along v defined by

Ly +|I“’Zw
b1 )

where {e1,...,em—2, %} is a fixed orthonormal frame of the normal bundle T+ along ~ in M.

We remark that v € TM NT~*. Letting also n € C°(S'\ {0}) such that n > 0 and [, nds =1,
we define

w= [ vas B(a) = (7 =7 [ wt) = o dsty).
In this way, in the notation of (2.39) we have
Vo = (017 <) |7 =3 )+ 8 ([ vle) e
=v— n(MT — ’)/T)I/Q — <Nj,/0x v — 771/0> (MT — *yT)(aij) — <7', /Ox v — 7]1/0> k.
By construction

k\ k
b= kP24 (p—2 kp_2<u,>,
=2+ (p = 2k (v )

and then

k\ k
kP2V® + (p — 2 kp2<V<I>,>—
|| (p = 2) k| VAT

R B AU P A P T AR G AR Y R T
o= DI =T =T = (8, [T ) 01T =00+

- <T,/ 1/—771/0> k,k>k.
0
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Therefore, as in the proof of Lemma 2.3.23, we estimate

\ / <a§¢,asw>\ <|f <v2go,vw>' (M, 3, ol m) ] 12

< /Iklp_2<V2s0,V2<1>>+(p—2)Ik|”_4<k,v2s0><kjv2‘1>> + C(M, 7, llellwaz, )] 2

=[x e, <1>>\ OO, [l m) |92
< OO, ol m) [ 9112,

that implies € T'(y)>P+
Now the definition of v 1mplies that

e N
(T = PPV + ), (i) = () 4 A,

where A;(v), Ax(¢) depend on v and M, and they depend linearly on ¢ and they are independent
of the derivatives of 1. Therefore we have

Vip = [k[P72Vv + (p — 2)|k|P~H(k, V)k + Ao(v)),

with Ag having the same properties of A;, Ax. Finally we can estimate

[eze.0m)| = | [1eze.000)

[ v2w>’ OOy, o) 191

IN

IN

[ (0.9 (k07290 4 (o= kP w>k)>' " \ / <v2so,v<Ao<w>>>j ¥
OO, el W
[ 2920, 920) 4 (o = 2, T T)
OO, el W
<|[txw) - o)

< Oy, llelli2)lvllcz + C(M, v, lellwa2) 1]l 2
< OM, v, [lellws2) (¥ 2,

IN

+| [ aatwp| +

+ C(M, 7, [l@llws2) 1]l 2

and we have proved that o € T(y)*P+. O

A last fact needed for applying Corollary 2.2.7 is the analyticity of the operators, as stated
in the next lemma, for which we mainly refer to [DPS16]. Here the analyticity of the ambient
comes into play.

Lemma 2.3.25. Let v : S — M be a smooth reqular curve and let p > 0 be given by
Lemma 2.3.8. Let p > 2. Suppose that (M, g) is an analytic complete Riemannian manifold
endowed with an analytic metric tensor g.
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1. If p =2, then the maps
E:B,(0) =R, SE : B,(0) = (T(v)>)",
are analytic.

2. If p> 2 and |k(z)| # 0 for any z, then the maps
E: B,(0) = R, SE : B,(0) — (T ()PH)*,
are analytic, up to decrease p.

Proof. We adopt the notation used in (2.34) and (2.36). For a fixed p(z) € Ty, M we have
that v, () = exp () (p(7)) = 04(z)(1), where o, is the geodesic starting at y(z) with initial
velocity afp () (0) = ¢(z). As the manifold and the metric are assumed to be analytic, so are
the connection D and the Christoffel symbols I’fj on M. It follows that, as o, solves a
semi-linear ordinary differential equation with analytic coefficients, it depends analytically on
the initial data. In particular the exponential map is analytic and the dependence of v, (x) on
o(x) € T S(z)M is analytic. Also, since the exponential map on M is analytic, so is its differential,
and it follows that d[exp,(y)] is analytic as a map defined on T ()4t

Now that we know that the map ¢ +— <, is analytic, following the exhaustive proof of
[DPS16, Lemma 3.4], one can check that the formulas for F and JF in (2.34) and (2.36) are
sums of compositions of analytic functions of the parametrization v, (in case p > 2 we use that
|k, | never vanishes for p small enough). O

We now have all the ingredients for applying Corollary 2.2.7, thus getting the Lojasiewicz—
Simon gradient inequality for the functional E.

Corollary 2.3.26. Suppose that (M, g) is an analytic complete Riemannian manifold endowed
with an analytic metric tensor g. Let p > 2. Let v : S' — M be a smooth critical point of Ep.
In case p > 2 assume that |k(z)| # 0 for any x. There exist C,p > 0 and 0 € (0, 3] such that

|E(p) — E(O)‘l_e < CHVT(»y)p’,T(»y)pE(QD)HLp’(dsW,y (2.40)

for any ¢ € B,(0) C T(y)4P+, where Yo () = ®(1,-) and ® is the variation of v given by p.

Proof. Collecting the results of Proposition 2.3.21, Proposition 2.3.22, Lemma 2.3.23, Lemma 2.3.24,
and Lemma 2.3.25, the statement follows from the direct application of Corollary 2.2.7 taking
V =T(y)4P+, Z = T(y)P*, and pg > 0 depending on 7 given by Lemma 2.3.8. O

As outlined in the strategy of Section 2.2, we can exploit the geometric invariance of the
energy for extending the inequality (2.40) to the functional E and generic variations in 7'(y)*P.
We need the following reparametrization result first.

Lemma 2.3.27. Let v:S' — M be a smooth immersion and p > 2. Let po(y) > 0 be given by
Lemma 2.3.8. Then for any p € (0,po) there is o > 0 such that for any 1 € B,(0) C T(y)*?
there exists a diffeomorphism L : St — St of class WP and ¢ € B,(0) C T(y)*PL such that

%ZJOL:V@,

where Y,(-) = ®(1,), v (-) = ¥(1,:), and @,V are the variation of v given by ¢, respectively.
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Proof. By compactness there exists 7 > 0 such that v|p_7a47) 1 (z — 7,2 +7) = M is an
embedding for any x € S*. Fix p € (0, po). If we choose o’ > 0 is sufficiently small, depending
only on v, and any ¢ € B,/(0) C T'(7)*P, we have that

T T
Yo (:c— §,x+ 5) c U,
where U, C M is an open neighborhood of ~ ([a: — 5,7+ %]) parametrized by the exponential
map restricted to the normal bundle of . More precisely, there exists an open connected set

Q C U Tw(y)’yL’
ye(z—7,247)

containing the origin of Tw(y)'yj- for any y € (x — 7,2 + 7) such that any ¢ € U, can be uniquely
written as ¢ = expL(vq) for some v, € €1, where exp = is the restriction of the exponential map
to the normal bundle of ~.

Hence for any y € (.’L‘ -5, T+ g) there exists a unique G(y) € (x — 7,2 + 7) and a unique
Y E TAY(G(y))fyL such that

Y (y) = expT(p(G(y))).

By defining L=G™':G (z — Z,2+ %) — (z — 5,2+ J) we see that

Yy o L (y) = exp (p(y)),

for any y € G (ac — 5,7+ %) Moreover since for y € (x — 5,7+ %) we can write explicitly

G(y) = (’7|($—T,x+7')) oo (eXpL)_l © Yy (y),

where 7 is the projection of the normal bundle, we see that G is of class WP, and then so is L.
Also

o(y) = (exp™) " oy 0 L(y),

and then ¢ is of class W*P. By arbitrariness of z, one can then define a normal field ¢ along ~y
and a diffeomorphism L of S! satisfying v, o L = 7,,.

Finally, it follows from the construction that if 1, € T'(y)*P converges to 0, then the cor-
responding L,, converges to the identity in WP, and then also ¢, — 0 in W*%P. This proves
that for the chosen p, taking a suitable 0 < o < ¢/, for any ¢ € B,(0) C T(y)*" the resulting
¢ € T(y)*P has norm less than the desired p. O

For the convenience of the reader, let us recall here that for a fixed smooth curve v : St — M
and p > 0 sufficiently small we have that

n 1
5E(‘P)[¢] = <T (ng kw + 5’]‘7%0’2]9%,; - kw + R(’“wﬁwﬁw) 71/1>
L2(ds"/<p)7L2(dS’Ygo)

for any ¢, € B,(0) C T(y)*?, where v,(-) = ®(1,-), ® is the variation of v given by ¢,

and T : Ty@yM — Top(1 )M is the function T () = d[exp (z)](¥) and T* is its adjoint. We
therefore write

n 1
VT(’Y)27T(V)2E(('0) = ]8m7¢|7' (ng kv, + §|kw’2kw — ky, + R(kvw %)%) .
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Analogously if v : S! — M is a smooth critical point of £, for some p > 2 and |k(x)| # 0 for
any z, for p > 0 sufficiently small we have that

B(Y] = (T (V2 IlP 2, + Sl Py, = oy R, P2 7, ) )
Lp (dsmp),LP(dsW,)

for any ¢, € B,(0) C T(y)*P, where v, and T are as above. Therefore
vT(’y)Pl,T('y)PE( ) ’8$7<P|T* (VZ ’k%p‘p 2k’Y<p + - ‘k7ap|pk’7w ka + R(k7<p‘p2k7<p77-"/cp)7-"/cp> :

As anticipated, using Lemma 2.3.27 we can now improve (2.40) to fields in T'(y)*?

Corollary 2.3.28 (Lojasiewicz—Simon gradient inequality for elastic energies). Suppose that
(M, g) is an analytic complete Riemannian manifold endowed with an analytic metric tensor g.
Let p > 2. Let vy :S' — R" be a smooth critical point of. In case p > 2 assume that |k(x)| # 0
for any x. There exist C,o >0 and 6 € (0, 1] such that

B() ~ EO)' < CIV000 i B s, (2.41)

for any ¢ € B5(0) C T(y)**

Proof. Let p be as in Corollary 2.3.26. Without loss of generality p < po(y), where po(7y) is
given by Lemma 2.3.8, and then let 0 > 0 be the corresponding radius given by Lemma 2.3.27.
Let ¢ € By(0) C T(y)*? and let L : S' — S! and ¢ € B,(0) C T(y)*P such that v, 0 L = v,
in the notation of Lemma 2.3.27. Then

E(¢) = & () = E((v) o L) = &) = E(p).

Moreover by compactness and continuity of w ~— d[exp (z)]w We see that there exists R =
R(v) > 0 such that for any 2 € S' and any w € T, ;)M with |w| < R it holds that d[exp () ]uw
is invertible with ||d[exp ()]w|l < C(7), and then the same holds for (d[exp ,(y)}w)* and their
inverse. Up to take smaller p and o, we can assume that |¢| < R and |[¢| < R.

Understanding that if p = 2 then |[v[P=2 = 1 for any vector v, we deduce that

1920 2y B,

/

p
S /Sl (d[exp’Y(l’)]‘P)* < ‘k’ﬁp‘p Qk’ﬂp + = ‘k7w|pk’)’w k’ﬁp + R(‘k’Yap‘p_Qva’TW«ﬂ)TW«P) ds%)
pl
S C/Sl ’k'YLp ’p 2k’ﬁo + = ‘k’ﬁo‘pk"ﬂp k’)’ap + R(’k%p‘p_Qk’Ygov T’Y«p)T’Yap ds'Y«p
2 p—2 1 p p—2 v
=C - v'ywoL‘k'y¢OL| k’ywoL + ]?’k'ywoL| kﬂywoL - k'ywoL + R(|k'y¢oL’ kﬂywoL7 TfywoL)waoL ds’ywoL
2 p—2 1 p p—2 v
=C o Voolky Pk, + ?’kw’ Ky = By £ Rk [Pk Ty )Ty | disy,
w11
=/ [(dlexpy@)y)*]
2 2 v
: (d[expy(x)]w)* ( ‘k’w|p k’w + = ’k“/w ’pk%p k%p + R(‘kw}‘p_ k%pv T’w)T%o) ds%p
p/
<C o1 (d[expv(m)]d,)* ( ‘kw|p 2kw + = |k“/w |pk%b k%p + R(’kwj‘p72kmpa T’Yw)T’Yw> dS’Yw

< CHVT(V)p’ ,T(V)pE(T/))HLp/(d
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and therefore (2.41) readily follows from (2.40). O

2.3.4 Convergence of elastic flows into manifolds

In this part we apply Corollary 2.3.28 and the strategy presented in Section 2.2 to prove the full
convergence of the gradient flow of £, out of its sub-convergence.

Let us start by recalling the definitions of the gradient flows we are considering. For a given
smooth curve g : S' — M, we say that ~ : [0,T) x S' — M is the solution of the gradient flow
of &, with datum ~ if it classically satisfies the equation

= — 2 p_2 l PL __ p_2 1
{aw (v kP2 + L[kPPE — k + R(|k| k,7)7> on [0,T) x S, D)

7(0,+) =(") on St,

where we understand that [k[P~2 =1 in case p = 2.

In order to prove the convergence of the flow we need a local existence and uniqueness result.
This is contained in the next theorem, whose proof is based on rather classical arguments about
parabolic equations, and then we will just comment on that.

Theorem 2.3.29 (Local existence and uniqueness). Let p > 2 and let o : S' — M be a smooth
curve. If p > 2 assume also that |k,,(x)| # O for any x. There exists T > 0 and a unique
v :[0,T) x St — M such that y(t,x) is a smooth solution of (2.42).

The outline of the proof of Theorem 2.3.29 goes as follows. We can fix finitely many local
charts {(U;, ®;)}Y; on M such that vo(S*) C U;U;. We can choose such charts so that for some
r; > 0,2; € S we have U; = B, (70(z;)), 70(%(1’1- +2i11)) € UiNUt1, and B% (i) NU; = 0 for
i # 7, where we understand that N + 1 = 1. Fix also points a;, b; € S* such that

1
a; < 5(1‘1 + 1‘1;1) <bi—1 <z < @it1,

so that yo(a;),7v0(bi—1) € Ui—1NU;. Next we consider the curves yo,; :== ®;090|a,, : (@i, b;) = R™.
Consider first p = 2. In such local coordinates one checks that (2.42) in terms of 7; = ®; 0y
becomes

{@t% = O X (0,007 02, 02 =1, o1

’72(07 ) = /YO,ZF

where X! : Uy x Uy x Uz x Uy — R™ is smooth and U; € R™ is a suitable open bounded
set for any j = 1,...,4. It is possible to prove local existence and uniqueness with continuity
with respect to the datum for (2.43), thus getting a solution ~; : [0,7;) x (a;, b;) — R™; indeed
(2.43) is a parabolic quasi-linear system and one can replicate the very flexible strategy of
[MM12]. Now if T; is sufficiently small, one has that <I>i_1 o y; makes sense and solves (2.42) up
to reparametrization on [0,T;) X (a;, b;). Also, a solution of the flow in (2.42) is independent of
the parametrization of the curve at time ¢, and therefore (IDZ._l o; and <I>Z.__11 0 ;—1 coincide on
(a;i,bi—1) up to a reparametrization on the interval (x;_1,x;). Hence we can glue together the
solutions obtaining a flow solving (2.42) as stated in Theorem 2.3.29.

If instead p > 2, assuming k # 0, rewriting k = |0,7| 27 (8%y), where v~ = M T — 4T, the
evolution equation becomes

| .
Oy = _Wag (wiaiv\p 269%) + X (7, 027, 057, 037),
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where X : Uy x Uz x Uz x Uy — R" always denotes a smooth function and U; C R™ is a suitable
open bounded set for any j = 1,...,4. Exploiting the fact that by hypothesis the curvature of
the datum does not vanish, the strong parabolicity of the system is preserved for short times
and one proves Theorem 2.3.29 by means of the same techniques.

Remark 2.3.30 (Uniqueness and reparametrizations). Let us remark here a well known fact
about the uniqueness up to reparametrizations in the theory of evolution equation of geometric
nature. Let us say that v : [0,T) x St — M solves

{at')/(tax) = Vv(tv z), (2.44)
"}/(0, ) = 70(')7

everything is smooth, and V, € T' v+ for any time is a normal velocity field computed in terms
of the curve « at any time, and ~ is the unique solution of (2.44). Suppose that the velocity is
geometric in the sense that if x : [0,7) x S! — S! satisfies that x(¢,-) is a diffeomorphism for
any t and o(t,x) = y(t, x(t,x)), then V,(¢t,z) = V, (¢, x(t,z)). Observe that this is exactly the
case of the family of flows we are considering. In such a case, it is immediate to check that o
solves

{Bta(t, 2) = Vy(t,x) + W(t,2)7,(t, ),
0(07 ) = ’VO(X(()? ))a

and W can be computed explicitly in terms of x and 7. In complete analogy, if 8 : [0,T) x St —
M is given and solves

B8(0,-) = 0(x0(")),
where o : St — S! is a diffeomorphism, then letting ¢ : [0,7) x S — S! be the smooth solution

of
{@w(t, ) = —[(0:8)(t, 9 (t, )| rw(t, ¥(t, x)),

{atﬁ(t,x) = Vs(t,z) + w(t, z)5(t, z),

—1
¢(07 ) = Xo ()7
it immediately follows that (¢, x) = 5(¢, ¢ (t,z)) solves (2.44), and then 7 = ~ by uniqueness.
We shall use this sort of geometric uniqueness up to reparametrizations several times.

The next proposition contains a result about parabolic estimates we will need for the proof
of the main theorem.

Proposition 2.3.31 (Parabolic estimates). Let v : [0,7) x St — M C R™ be a smooth solution
of (2.42) and let 7 be its constant speed reparametrization. Let T : St — M C R" be a fived
smooth curve parametrized with constant speed. If p > 2 assume that |kp(x)| # 0 for any z.
Then there is & = (kr) > 0 depending only on kpr such that if

17(t, ) = Tllwaw <7,
for any t € [0,7), then
[k (t, Mwmz < C(m, [[kpllwzz,0,U, A)(1 + [|k5(0, ) [[wm.2),

for any t € [0,7) and any m € N, where 7 is the constant speed reparametrization of v. Also,
U =U(5) is a bounded neighborhood of T' in M such that the flow v is contained in U for any
t €10,7), and A := sup,gy | Bz| is the mazimal norm assumed by the second fundamental form
of M — R™ onlU.
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In Proposition 2.3.31, writing that a constant depends on an open set Y C M is a shortcut
for saying that such constant depends on the metric g of M on U, and thus possibly on all the
intrinsic geometric quantities depending on g on U.

The proof of Proposition 2.3.31 is a bit technical but based on classical arguments in the
theory of geometric parabolic equations, and it is postponed to Section 2.3.5.

Remark 2.3.32 (Interpolation inequalities). We recall separately some interpolation inequali-
ties we shall employ. For a € (0,1) and k& € N with k£ > 1 such that s = ak is not an integer,
[Lun18, Example 5.15] and [Lunl8, Corollary 1.7] imply that

1 llwewcry < ele, p, W)Ly I F 155 (-

for any f € W*P(R). By taking o € (0,1) such that ok > k — 1 and it is not an integer, we
have the inequality

[l ey < el RIS o 1A i

Hence for a function F' € W*P(S!; R"), using a continuous extension operator 7' : W*P(S!; R?) —
WFP(R;R™) we deduce the inequality

Il roimny < el p RIF I %s oy | o (2.45)
Similarly, setting kK = 1 and thus o = s it holds that
1 lwrensrn) < els DIF I e |l gty (2.46)
for any F' € WhP(SL;R™).

The same references also imply the following interpolation inequality. Let k € N with k > 2
and 0 < 6 < B < 1; then there exists ' € (0,1) such that

Ifllersmy < ek, Bre,0)] fllg: 2(R) 1 1.5 ).

for any f € C*B(R). More precisely, we can choose §' = %, sothat k+6 = (1 —6)(k—2)+

¢'(k 4 f3). By suitable extension of a function F € C*#(S';R"), we have the inequality

0/
IF]lorssimny < ek, By, 0| F|| 5 (SLR") Vil (SLRP)" (2.47)
Let us adopt the following notation. If (¢, -) is some curve, we will denote by

27 z
T(t,x) = L(“Y(f,‘))/o 10:7(t, )| dy,

so that the reparametrization
7(t7 T_l <t7 ))
is a constant speed curve.
We are finally ready to prove the following theorem, which promotes sub-convergence to full

convergence of the flow.

Theorem 2.3.33 (Smooth convergence). Suppose that (M,g) is an analytic complete Rie-
mannian manifold endowed with an analytic metric tensor g. Let p > 2 and suppose that
v 1 [0,4+00) x St — M is a smooth solution of (2.42). Suppose that there exist a sequence of
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isometries I, : M — M, a sequence of times t,, ,/* +00, and a smooth critical point Yoo : St — M
of & such that
Ly oy(tn, T tn, ")) — Yool-) —— 0 in C™(SY),

n— o0
for any m € N. If p > 2 assume also that |k, (x)| # 0 for any x.
Then the flow ¥(t,-) converges in C™(S') to a critical point as t — +o0, for any m and up
to reparametrization.

Proof. In this proof constants may change from line to line and their dependence on universal
parameters will be omitted. Let m > 8 be fixed. Let ¢ € (0,1) that will be fixed later on. By
hypothesis there exists n. € N such that

1oy (t, Tt ) = Yoo (Mlomeyy <€ VI ne.

Let us rename 7. (-) :== L;oy(t;, T~ (t;,)) for a chosen | > n.. If p > 2, for € small we can assume
that |k (z)| # 0 for any x. By Theorem 2.3.29 there exists a solution 7 : [0,7) x S' — M of

7(0,) = 7("),
for some T" > 0. Since I,_ is an isometry, we have that v(t,z) = I, o y(t,. + t,x) up to
reparametrization. Hence, recalling Remark 2.3.30, as  exists for any time by hypothesis, we
get that T' = +o0.

We denote by 74 the constant speed reparametrization of 7. For any e sufficiently small,
we can write 4 as a variation of v, at least for small times. More precisely, there is some
T' € (0, +oc] such that for any ¢ € [0, T") there exists ¥y € T(7s0)*P such that (¢, -) = expty(x)
and ||¢¢]lyyar < o, with o is as in Corollary 2.3.28 applied to 7. We assume that 7" is the
maximal time such that 7 can be written in such a way with fields ¢, with |[¢¢|ly+r < 0.

Suppose by contradiction that 77 < +o00. Up to choosing a smaller o = (74 ), we can apply
Proposition 2.3.31 with I' = 7o, and 7 = T” on the flow 7. In the notation on Proposition 2.3.31,
we obtain

sup [[3(t, ) = Yellom-3s1) < sup cl[F(t,-) = 7 () lwm—22(s1)
[0,77) [0.7)

{aﬁ = = (V2IksIP~2ks + L |ksiPhs — ks + R(ks|P2k5,75)75)  on [0,T) x S,

< Sup 7 () = rellersyy + Clo(veo)) 15 () = ke lwm-a.2(st)

< [31;13) cl[F(t, ) = Yooller(sty + cllve = Yooller sy +

+ C(o (7)) (B3 (Es ) lwm-a2(s1) + 1By, lpym-1.2(s1))
0(Yo0)) + e + C(m, ||k lwz.2, 0 (Yoo ), Uy A) (1 + [y [[yyrm—2.2)
M, Yoo, Us A) (1 + [y [[yyrm—2.2)

M, Yoo, Us A) (1 + € + || by [lom—2(s1))
(M, Yoo, U, ).

—_~

Also, U and A only depend on 7 and 0 = 0(7s), then the above estimate becomes

sup [|7(t, 1) = Y ()llem-ss1) < C(m; veo),
0,77)

and we observe that the constant on the right hand side is independent of . By triangular
inequality we also have

e 17(E, ) = Yoo ()llom-3(51) < C(M; Yo0)- (2.48)
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Now define

H(t) = (&(t,") = &(10)),
where 6 is the Lojasiewicz-Simon exponent of Corollary 2.3.28. Observe that since &,(vp) >
Ep(Vs0), by uniqueness of the flow we also have that &,(7(t,-)) > £y(Vs) for any ¢, and we can
also assume that 0 < £,(7(t,-)) — Ep(V0) < 1 without loss of generality. In particular H is well
defined and positive.

By Remark 2.3.30 we have that 0;"y = —|81ﬂ_1VT@) E(0). Using Corollary 2.3.28

? TP
get that
d 6—-1 1~
_aH(t) = —0H 7 @)(Vyep r@pE0), 077) 1o (d2), v (d2)
o—1 ~
=0H 7 (t )HatJ_’YHLQ (ds5)
> C(LA)OH 7 (£)1077] (aso) 10 A 22 as5)
> C(L(F),70)0H T ()Y, at (2.49)
> C(LE), 70O H T OV s 0 B 1 a0 10T 2
~ o-1 ~
> C(L(F),750)0H 7 ()| E(¢) — E(O)[" (1077l 12 as5)
= C(L(A), 1o0)0H T (D)|Ep(F (L)) = El(vo0) '~ 105 12(a55)
= C(LA), 1000108 20
for t € [0,T7).

Now let us write more explicitly 7 as (¢, ar) 7(t, x(t,x)), where x(t,-) is the inverse of

/ dsy,

and |0,7|(0,2) = |8,9](0,2) = L;’f), as the initial datum ~. is parametrized with constant

speed.
T t T
dSq dt‘ < / / <k7y, 8t5> dSq
0 0 0

Using (2.49) we have that
"ol 0 0
= C(%o)/o 107All L2(ds5) At < C(700) H(0) < C(70) 172 — Yoolle < Cve0)e”,

‘ t
0 ) dt < C('yoo)/o 10671l L2 (as5) At

r

for any ¢t < 7' and any = € S'. It follows that )% fgc dsy — x‘ < O(Yo0)e? as well. If € is
sufficiently small, we deduce that

Ix(t,2) = 2| < Clyo0)e?, (2.50)

for any t < 7" and any x € S.
Therefore, writing ¥(t,y) = 7(t, ¢(t,y)) and letting Yoo = Yoo (t, ¢(t,y)), we have

15t ) = Yool22(as) < CORIIAE ) = Aoolz(asy = / 1t ) = Yoo (2, )2 ds5
< Cloe) [ iltsn) = 3(0.9) P s + [710.9) — Foe (.3 P s
We estimate the two terms above as

1
1 t t
([t =500R i) < [ 101 o0yt = [ 1083110y 1 < CORIHO) < CloE"
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/Ivoy Aty dsv—/m Sty dsv—/m (£,2)) — Yoo () ds
<2 / e (X (1)) — e (@) + (@) — oo ()| ds5

< O (Lip)? [ it o o+ e = 1l )
< C(ve0)e™,
where we used (2.50). It follows that
3t -) = Yool 2 (aw) < C 00, (2.51)

for any t < T'. By (2.45) and (2.46), using that for s € (3, 1) we have the continuous embeddings
W2 — €% — [P, for some a € (0,1) we can write

H;)?(ta ) - 700”W4»P < CH;y\(t, ) - ”YOOH%S‘W(LL’ ) 'YOOHLp(dx
< CIA( ) = o0l Zs At ) = oo llipata )

l—«a

< CIRt ) = vooligs (CIAE ) = Yool i3y I ) = Yoolivrgany )
< C(,Yoo)ge(lfs)(lfa)

for t € [0,T"), where in the last inequality we used (2.48) and (2.51). This means that

llexp (¥1) — Yool < Clyso)e?I90—0),

for t € [0,7"), and if ¢ is sufficiently small this implies that |[¢;|lyya» < Jo for any ¢ € [0,77),
contradicting the maximality of T".

Hence we proved that for some now fixed ¢g > 0, for any [ > n., the constant speed
parametrized flow 7, starting at 7, == I; o y(t;, T1(t;,-))) exists for any time and it can be
written as a variation of v, with uniformly bounded fields. In particular the evolution 7; stays
in the compact set U for any t for any [ > n.,. Similarly, it follows that the original flow -~y
definitely remains in Ig;) Uu)=:v.

For | > n., consider the sequence of isometries I; : V — U. By Ascoli-Arzela Theorem, up to
subsequence we have that I; uniformly converges to a map I : V — U, which is still an isometry,
and thus it is smooth by Myers—Steenrod Theorem (see [KN96, p. 169]). Moreover, observe
that by compactness there exists a constant A > 0 such that

|z —y| < dg) (7, y) < Alz —yl,

for any couple z,y € U or z,y € V, where d(; ) is the geodesic distance on M.
Let us denote 7y = :V\nso- By uniqueness and Remark 2.3.30 we have that

~ 1~
Y0 = In50 o Il oM,

up to a translation in time depending on [, for any [ > n,,.
We know that for any ¢ € (0,¢9) and any [ > n. the flow 7; verifies that

1A, ) — ’VOOHLQ(dx) < 0(700)59,
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for any ¢ > 0. Indeed, this follows from (2.51) applied on the flow 5;. Therefore we have
Fo(t +Tis ) = Tney © I 0 Yool L2(aw) = ey © 17 0 At ) = g 0 I 0 ool 2(ar) < Ce”,
for any ¢, [ > n., and any t > 0, where C = C(Vs0, A) and T} depends on [. Also, we have that

I, oj’f1 0 Yoo 7) Inso ol ! 0 Yoo,

€0

uniformly on S!, and then in L?(dx). Hence, finally, for any given & we can set ¢ = (C&)
take [ > n. such that [|I,_ o Il_1 0 Yoo = In., © I7to Yooll £2(dz) < €, and we obtain

and

D=

Ao (t, ) — Inao oI "o VOOHLQ(da:)
< [Ao(t,-) - I, © Il_l © 700”L2(dx) + ”Inso © Il_l © Yoo — In., © I'o 700|’L2(da:)
< 2¢,

for any ¢ > T;. This implies that

3 lim F(t,-) = I, o I Vone =7 in L?(dz).

t——+o0

Now we can use (2.45) to get that
Fo(t, ) = Fllwm-12 < ClFo(t, ) = AN Em-alFo(t, ) = | 200

and using (2.48) we see that 7 — 4 in W™~%2. Taking higher m and interpolating using (2.47),
one gets that 7y converge smoothly. Finally, since the original flow 7 is a reparametrization of
I, i 079, it smoothly converges as desired, up to reparametrization. O

Let us conclude by stating some consequences of Theorem 2.3.33. As we already mentioned,
sub-convergence of the flow for p = 2 has been proved in the literature in some ambient spaces;
thus we can apply Theorem 2.3.33 to get the following consequence.

Corollary 2.3.34. Let p = 2 and suppose that ~y : [0, +00) x St — M is a smooth solution of
(2.42). Assume that M is either the Euclidean space R™, the hyperbolic plane H?, or the unit
2-sphere S?.

Then v smoothly converges ast — 400 to a critical point o of Ea up to reparametrization.
In particular, the flow stays in a compact set of M for any time.

The proof of Corollary 2.3.34 follows from Theorem 2.3.33 by the fact that sub-convergence
of the flow has been proved in [DKS02] if M = R™, in [DS17] if M = H?, and in [Dal+18] if M
is a 2-sphere.

Theorem 2.3.33 is clearly applicable in the special case where the isometries I,, appearing in
the statement are the identity on M for any n. This is precisely the case in which one already
knows that the flow remains in a compact subset of M. Such a hypothesis is automatically
satisfied if the ambient manifold M is compact. Therefore we can state the following.

Corollary 2.3.35. Suppose that (M, g) is an analytic compact Riemannian manifold endowed
with an analytic metric tensor g. Let p = 2 and suppose that 7 : [0, +00) x St — M is a smooth
solution of (2.42). Suppose that ||y(t,)||cmgty < C(m) < +oo for any t > 0.

Then the flow ¥(t,-) converges in C™(S') to a critical point as t — +o0, for any m and up
to reparametrization.
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Corollary 2.3.35 follows from the fact that, since M is compact, uniform bounds in C™ for
any m guarantee the existence of a sequence of times ¢, /* +00 and of a critical point v, such
that v(tn, ) — Yoo in C™(S') for any m as n — 400 up to reparametrization. Hence we can
apply Theorem 2.3.33 and Corollary 2.3.35 follows.

Let us remark that under the assumptions that M is an analytic compact manifold with an
analytic metric g and p = 2, the uniform bounds in C™ in the hypotheses of Corollary 2.3.35 are
likely to be true in general. Indeed, one should be able to derive the usual parabolic estimates
in the same fashion of [DKS02], thus getting the desired uniform bounds.

Let us conclude with a few comments.

Remark 2.3.36. Theorem 2.3.33 remains true if one considers the analogously defined flow
of the energy [\ + %|k:|p for any A > 0. We believe that the statement of Corollary 2.3.34
continues to hold true if M is any hyperbolic space H™ or a sphere S™ with m > 2, but the
sub-convergence of the flow has not been proved explicitly in the literature in these ambients,
up to the knowledge of the author. More generally, it is likely that Corollary 2.3.34 remains
true whenever (M, g) is a homogeneous manifold, that is a Riemannian manifold such that the
group of isometries acts transitively on M; indeed, in such a case, one should be able to prove
sub-convergence of the flow for p = 2 exactly as in [DKS02].

We remark that the hypothesis of (M™, g) being of bounded geometry is not sufficient to
imply that the solution of the flow converges. Indeed, in Section 2.3.6 we construct a simple
example of a solution to the flow of the elastic energy with p = 2 in a surface in R? that does
not converge.

Remark 2.3.37. We remark that, even if Corollary 2.3.34 implies that the solution of the elastic
flow for p = 2 in R™ stays in a compact region, this result does not tell anything about the
size of the compact set containing the flow. We believe it is a nice open question to quantify, if
possible, the size of such compact set depending on the given initial datum ~y. We also mention
that a related problem which is still open, up to the author’s knowledge, is to prove or disprove
the Huisken’s conjecture stating that for the flow of & in R?, if the datum -y does not intersect
a closed halfplane, then the solution ~(¢,-) is never completely contained in such halfplane.

2.3.5 Proof of Proposition 2.3.31

Throughout this section we assume the hypotheses of Proposition 2.3.31. More precisely we
consider v : [0,7) x S' — M to be a smooth solution of (2.42), and T' : S' — M is a fixed
smooth curve parametrized with constant speed. Let 4 be the constant speed reparametrization
of v. We assume that & > 0 is such that

7 (t;-) = Tllwar <3,

for any t € [0, 7). From now on we denote by k = k(¢,x) and k = k(t,z) the curvature of (¢, )
and 7(t,-) at the point x respectively. We are going to prove that if & is small enough, we can
bound the Sobolev norm ||k||ym.2 uniformly in time in terms of the initial datum and a suitable
constant. We will deal here only with the case p > 2. The very same argument can be replicated
for the case p = 2, and the calculations become even simpler. Therefore we also assume that
|kr(z)| # 0 for any x.

We assume that ¢ > 0 is small enough so that ||5(¢,-) — I'||s is so small that

|k(t,x)] > ¢ >0,
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for any t € [0, 7) and x, where ¢ = ¢(a, kp). Observe that therefore the choice of & only depends
on the curvature kr of I'. Moreover, by assumptions there exists a bounded neighborhood
U = U() of T in M such that the flow v is contained in U for every time. We then let
A = sup,gy | B3|, where |B| is the norm of the second fundamental form of M — R". In the
forthcoming constants denoted by the capital letter C' we will usually omit the dependence on
a, &), U, A, and a chosen index m € N.

Let us introduce the so-called scale invariant norms on k. We let

I%|

n
na =) IV7klg,
§=0
where .
197kl = (e )" ([ 9eas)
As the integrand is a geometric quantity integrated with respect to arclegth, one can verify that
llg = %l
First we need to recall a few fact about these norms and some interpolation inequalities.

Lemma 2.3.38. Let y(t,x) be as above.

1. For anyn € N and q € [1,00), it holds that

1 ~

c1Fllng < lkllwns < Cllk]lng- (2.52)
2. For any n € N it holds that

k(17 2 < e()(IVENZ + [[£]3)- (2.53)

3. Foranyn €N, ¢ > 2, and 0 < i <mn, it holds that

IVEllq < Clg,n) ||kl |1k

a (2.54)

n,2»
. 1.1 1
wzthoz—ﬁ(z—i-i—a).

4. Supposev > 2 and1 < iy < ... <i, <n—1 areintegers. Let i = 2521 ij. If p+g < 2n+1,
then for any € > 0 it holds that

/n;.:lyvijky < 5/]V”k!2ds+0(£). (2.55)

Proof. We prove the items separately.

1. If ¢ is a smooth normal field along v on M, it holds that

n—1

Vi =dle+ Y L}(019), (2.56)

J=0
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for any n, where L7 is a smooth tensor defined on U, and |[L}|| < C(n,&,kr,U, A). Indeed
the equality immediately follows for n = 1, and then

Vn+1¢ = asvn¢— <asvn¢, 7‘>’7’ — <65Vn¢, Nj>Nj = 65Vn¢—|— (V”gb, 857'>7' — <V”¢, 05Nj>Nj,

where {N;} is a locally defined orthonormal frame of M, and then (2.56) follows by
induction on n.

Now we consider (2.56) with ¢ = k. Observe that for any n € N we have

/|8§2k|qd37 :/|8§;kqd53.
Since 0 < L(I') —n < L(y) < L(T') 4+ n for & small, we get that (2.52) follows from (2.56)

by induction on n using that 7 is parametrized with constant speed.

2. By scaling invariance, we can assume L(7(¢,-)) = 1. For n = 2 the inequality follows from
|VE||3 = — [(k, V2k) ds; for higher n the inequality follows by induction.

3. By scaling invariance, we can assume that L(vy(¢,-)) = 1 and also that (¢, -) is arclength
parametrized. Then since |0s|¢|| < |V¢| for any normal field ¢ along v on M, the standard
proof of [Aub98, Theorem 3.70] applies.

4. Equation (2.55) follows by the very same arguments leading to [DKS02, (2.16)], observing
that the proof only relies on Hélder inequality, on (2.53), and on (2.54). The constant
C'(e) appearing on the right hand side of (2.55) depends on € and we omitted dependence
on [ |k|*ds as it is estimated in terms of &(I") and &.

O

By Item 1 in Lemma 2.3.38, our aim is then to bound the norms ||V"k||2 uniformly in time
for any m € N, as this will imply Proposition 2.3.31.
Let us denote by V the velocity of the flow -, that is

Vi <2kl 2K) = [P+ k= RO,

We denote 9; := 0, where recall that y= = M T —~T. First of all, we need to derive the
evolution equations for the derivatives of the curvature.

Lemma 2.3.39. Let (t,x) be as above.

1. It holds that
Otk = V2V + (V,kYk + R(V, 7). (2.57)

2. For any smooth normal field ¢ along v on M it holds that
OV — Voo = (¢, k)VV + (k, V)V — (¢, VV)k + R(V, 7). (2.58)
3. For any m € N, denoting by ¢, = V™k, we have that

1
O b + V(KPP 2k) = V2 <_p/"f\’”k +k — R(|kP~2E, m) +

m—1 A (259)
+ VT (Vo Rk + R(V,7)T) + Y V™ (X(¢5)),
j=0
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where

for any smooth normal field ¢ along v on M.
Proof. We prove the items separately.

1. Equation (2.57) follows from (2.16).

2. For ¢, normal along v on M we compute

(0i-V$,) = (01(0sd + (¢, k)T + (¢, OsN;)N;), ),
where {N;} is alocally defined orthonormal frame of M. Using that 005 = 050, 4 (k,V')0s,

writing
O = 0 ¢ — (6,05 )T — (6, 0 Nj)IN;,
using that d;-7 = VV by (2.15) and using Gauss equation, one obtains (2.58).

3. We know that (2.59) holds for m = 0 by (2.57). The cases m > 1 then easily follow by
induction on m using (2.58).

O

We introduce the following notation. If ¢, ..., ¢, are vector fields along ~, we denote by

P1 % ... % Oy,

a generic contraction of the given fields by some tensor whose norm is locally bounded on M.
The outcome of the contraction may be a vector or a scalar function. In particular we have
that |¢1 ... % ¢p| < C|p1]...|¢| on U for some constant C' clearly depending also on the specific
tensor.

We need a few last inequalities and then we will be able to prove the desired bounds using
the evolution equations (2.59).

Lemma 2.3.40. Let y(t,x) be as above.

1. Let n € N withn > 1 and j € {1,...,n}. For any & > 0 it holds that
/|V”jk|2ds < | V|2 + C(e).
2. Letn € N withn >1 and j € {1,...,n}. For any € > 0 it holds that
/|v"jk|\vnk ds < | VE|2 + C(e).

3. For any q € R and L € N with L > 1 4t holds that

OF|K|T = Corlk* 2 (k, VEY + > Cplk|Th* s ks Vi o VP B+

U 4...4ly=L
1< <..<ly<L

+ qlk|7 % (k, V),

where Cy 1, € _R and we denoted by | the array (I1,...,1)), and Cr, qp are some numbers
depending on .
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Proof. We prove the items separately.

1. Applying (2.54) and then (2.53) we find

/ V"R ds < C||V" k|3 < ClEIES K12 < ClRIS IV RI3 + 1£]3)
< CHV”kH%a +C< s||V”k||§ + C(e),
n—j

where we used that a = =~ =1 — % < 1, and then 2o < 2 and we used Young inequality.

2. Arguing as in Item 1 we obtain

/IV"_jk‘IV”kI ds < C|IV"7k||2]|V"Ell2 < Cllkll ™1k ]5 V"2

< C(|V"E[I3 + K32 IV k]l < CIV"Ell2 + C|| V" E||5T,
where o = 1— %, then 14+« < 2, and thus the conclusion follows again by Young inequality.

3. For L = 1 we have 0s|k|? = q|k|9"2(k, Vk), and then for L > 2 the claim follows by
induction.

O

We are ready for estimating the norms ||[V™k||2 uniformly in time. Recall that ||VE||Le <
C = C(a, ||kr|lw=22) and also || V2k|, < C = C(&, ||V?kr||z2) uniformly in time by assumptions.
From now on let

m > 3,
and assume by induction that
[Ellwm=12(t) < C(1 + |[kl[wm-1.2(0)),

for any t € [0, 7), where always C = C(m—1,5,U, ||kr||w=22,A). In particular |V"k| is uniformly
bounded in L™ for any r = 0,...,m — 2, and V" 1k € L?(ds,).

Multiplying (2.59) by V™k and integrating we get the evolutions
1
O <2 / V|2 ds> + /(vm”k, V2 (|k[PT2E)) ds
1
= / <mG, AR <—p,|kypk +k — R(|k[P?k, T)T)> ds+

m—1
+ / <mG:, V"V kY + R(V,7)T) + ) Vm‘l‘j(X(ij:))> ds,
j=0
(2.60)
in the notation of (2.59). We now estimate each term in (2.60). We are going to see that, once

the second summand on the left hand side is correctly estimated, by the same arguments also
the remaining terms will be controlled in the right way.
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We have

m—+2
/<Vm+2k,vm+2(’k‘p2k)> _ Z (m —|— 2) /(Vm+2k,8g(’k’p2)vm+2jk>

, J

7=0
m-+2
:/‘k’p—Z‘vm—ﬂk‘Q_i_ Z
j=1

m+2

ZC/Vm+2]€‘2+ Z

Jj=1

(mj 2) [ a2 v i @)

(m;— 2) /<Vm+2k, ag(‘k|p—2)vm+2—jk>'

Let j € {1,...,m + 2}. By Lemma 2.3.40 we find

/ (V" 2k, 01 (JkP2)VT k) = Cpaj / [[P=2 720 (k, k)7 (VT 2, VR )

. Cl_/wak*'“*kvllk‘*...*Vl*k<Vm+2k,Vm+2—jk>+

(2.62)
Lty =)
1<h <..<Iz<j

Fp-2) / kP, VIR (V7 2k, T2 ),

We study separately the case j = m 4+ 2. So let j = m + 2. In this case
/ (V™ 2k, 072 (|kP2)k) = Cpog o / [P~ 2722 VR) ™2 (V2 E, k) +

+ Z Cl/|k|ql_k*"'*kvl1k*...*Vl’\/ﬁ<vm+2]€7k;>+

I ...+l =m+2
1< <...<ly<m+2

+o=2) [ PO 1y
> Cp727m+2 / |k|p—2—2(m+2)<k’ Vk>m+2<vm+2k‘, k‘>+
+ C(Lm_i_l) / |k‘q(l,m+1)k x...x kVk x vm+1k<vm+2k’ ,I{j>—|—

+ Z Cl/“f’qlk*...*kvllk*...*Vl*Mvak’k)'

U 4oty =m+2
1<h <..<ly<m+1

Clearly

Chp—2.m+2 / |k:]p‘2‘2(m+2)(k:,Vk>m+2<vm+2k,k>‘ <e / IV H2E|2 + C(e),

’C(l,m+1)/|k|qu,m+nk*...*Wk*vmﬂk(vmﬂk,m‘ ga/lvm+2k2+0(a).

We want to prove the very same estimate for the generic term

Cl-/]k\qlk*...*kvllk*...*vhk*vm”k, (2.63)

withl1 <l <..<lhh<m+1landly +..+1=m+ 2. We divide two cases.
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e Suppose that writing I1 < ... < ;.1 <m—-1<1; < .. < Iy < m it occurs that
Z)‘ ;lr = m+ 2, or suppose that there is some s such that [y = m — 2.
In the first situation, since §{l, > m —1} < 14 >4, if m > 4 then f{l, > m—1} <1, and

it is impossible to satisfy that E l, = m+ 2 If instead m = 3, then it must be that
I =3,lx_1 = 2, while if m = 4, then it must occur that [y, = {y_1 = 3. We can handle
these two cases individually:

/|V2k!|V3’fHV5k\ < CIV2klpl V2 ElIVOR]l2 < CIV2RI2(IVE]IS + C)
6/V5/€]2+C(6),

where %—i—%—k% =1, and then ¢ > 2, and a = %(3—1—%—%) = %—i—% by Lemma 2.3.38,
so that 1 + o < 2;

(2.64)

1
1 2(1—s sq) 2
/ VR VOk] < COVARIDE Yok < (1923 192k ]50) 95k 2
37.1(1—5) 6710 % |6 6 6. +%"
< [V2RIS T (C + IV8k]$) ¥ IV k]2 < CIVok]l2 + VoK), 2,

Where we used that ||[V3k||2 is uniformly bounded by induction, 4 = 2(1 — s) + ¢s, and
(3+ 5— 7) by Lemma 2.3.38. Since sq = 24 2s, for s small we get %2 = a(1+s) <

(% + )(1 + s) < 1, and we conclude the desired estimate by Young mequahty.

In the other situation, when there is some l; = m — 2, we see that if §{l, > m — 1} < 2
then {l, > m — 1} is either empty or only contains [y, and thus by induction the integral
is estimated by

c/|vlw|yvm+2ky, or C/\Vm+2k|,

and we can apply Lemma 2.3.40. If instead §{l, > m — 1} > 2, then, from Zi‘ I, =m+2,
we are in the case m = 3, and one estimates a term like

o/ V3|V R],
by Lemma 2.3.40, or like

C/ |V2E]2| VoK,
in the same way we treated (2.64).

e In this second case we have that writing [y < ... <[, 1 <m—-1<[ < .. < <mit
occurs that Zi‘:l I, <m+2, and [, # m — 2 for any r.

In this case we first integrate by parts in (2.63) once, and thus we get something of the
form

‘Cl/ |k|9TE * ... % EViak s .« Vo« VT2

<c / D, [V k| [V
<c / D,V k| [V,

where we wrote 1 < j; < .51 <m—1<7; < .. <jy<m+1, where we used that since
I, # m—2 for any r, then §{l, > m —1} = #{j, > m—1}. It follows that Zi‘:z gr <m+2,
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and then §{j, >m —1} < % Therefore the desired estimate follows by applying (2.55)
with

2m+1
m—1

A
p=m+l+> jp<2m+3,  v=1+t{j >m-1}< ., n=m+2,

r=1

observing that o+ % < 2m + 3 + 12248 < 2(m 4 2) 4+ 1 for any m > 3.

Consider now the remaining cases of j € {1,...,m+1} in (2.62). For j = 1, by Lemma 2.3.40,
we get

’/(vm+2k, as(mﬂ)vm“@’ < c/\vm+2k\|vm+lk| < 5/|Vm+2k|2+0(s).
For j € {2,...,m + 1} we see that (2.62) can be rewritten
/ (V™ 2k 00 (|k|P~2) V™27 k) = Cp_a / |k[P=2720 (], VE) (V™ 2k, V2T ) 4

U+l =m—+2
1<l <...<lh<m—+1

+0=2) [P IR TR,
and we have that |Cp_a; [ [k[P7272(k, VE) (V" 2k, VM H20E)| < e [|[V™F2E2 + C(e) by

Lemma 2.3.40, the terms in the sum have exactly the form of the generic term (2.63) we studied
above, and thus they can be estimated as desired, and finally the last summand

(0=2) [ b4k, VIR (V™ 2, 972 )
is estimated by Lemma 2.3.40 if j = m + 1, otherwise it is again of the form (2.63).

Putting together the estimates we found, coming back to (2.61), we get that the estimate
becomes

C(E)+€/‘Vm+2k‘2+/<Vm+2k,vm+2(’k‘p2k)> > C/‘vm+2k‘2,
and choosing € > 0 sufficiently small this becomes

G [ [ < (9 e (k) + G

Finally it is easy to check that the terms on the right hand side of (2.60) can be estimated
by analogous quantities. More precisely, after integration by parts, we need to estimate

1
/<vm+2k,vm (_p/|kpk +k— R(|k’p—2k,7)7)> )

/<vmk,vm(<v Kk + R(V,7)7) + va =3¢ V]k))>

and
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Noticing that in a term of the form V™~!1=7(X(V7k)) the sum of the orders of the derivatives
of k is m + 2, one can check that the above two integrals can be estimated by exactly the same

arguments employed before.
In the end (2.60) becomes

1
) <2/|mG|2ds> +cl/|vm+2k|2

1
< (2/|mG|2ds) +/<vm+2k,vm+2(yk\p2/<:)>+02

< 5/ IV 2E|2 4+ C(e) + O,

and taking € > 0 sufficiently small we get the estimate

O (;/\vmkﬁds> +03/|vm+2k|2 < Cy.

By (2.53) one finally obtains

B} </|mG]2ds> +05/ka\2 < Gy,

and by comparison we get the desired bound
IV™E[3(8) < [V™K[3(0) + C,

for any ¢ € [0, 7).

2.3.6 An example of a non-converging flow

In this section we construct an example of an analytic 2-dimensional submanifold M of R3 and
of a solution to the gradient flow of the elastic energy with exponent p = 2 such that it does not
converge. Indeed, the resulting flow will leave any compact set of M for times sufficiently large.

In R? = {(z,y,2) : z,y,2 € R}, consider the curve
o:(0,+00) = R?  o(t) = (f(1),0,t),

that parametrizes the graph of a function f: (0,4+00) — R on the plane {y = 0}, and assume
that f is analytic and f(¢) > 0 for any ¢ > 0. Consider the surface of revolution about the z-axis
of the curve o, that is, the analytic surface parametrized by the immersion

F(0,t) = (f(t)cosh, f(t)sinb,t),

for t > 0 and @ € [0, 27]. We denote by M such a complete analytic submanifold of R3. Consider
to > 0 and the closed curve 7y given by the intersection M N {z = to}. Letting

1

we want to show that if ¢ is sufficiently big, the resulting solution ~ of the gradient flow of the
elastic energy with exponent p = 2 starting from g does not converge, and, in fact, it escapes
from any compact set of M for times sufficiently large.
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As the manifold M lacks of a “good” family of isometries that could satisfy the hypotheses
of Theorem 2.3.33, it may be not too surprising that the flow does not converge. However, we
notice that (M, g) is a manifold of bounded geometry, that is, the Riemann curvature tensor,
that we will compute later, is uniformly pointwise bounded together with all its derivatives and
the injectivity radius of (M, g) is strictly positive. Therefore, this example shows that not even
such hypotheses are sufficient for the convergence of the flow.

Since M is a surface of revolution, its Gaussian curvature K can be computed in terms of f
(see [AT12, Example 4.5.22]) and it equals

—f"(t)
K(9,t) = .
0= Foa s rarr
Hence, as M is a 2-dimensional, by (1.1) the Riemann tensor is

for any tangent vectors X, Y, Z. Moreover, a unit normal field along M is given by

1
v(0,t) = ——es
VI+ (1)
By the rotational symmetry of M and the choice of g, the flow ~ is of the form v(¢,S!) =
M n{z = G(t)} for some function G. Hence the desired conclusion follows once we prove the
following two facts.

(—cos,—sinb, f'(t)) .

1. There exists 79 > 0 such that for any 7 > 79, the curve a(0) = (f(7) cos, f(7)sin6, 1) is
not a critical point of the energy.

2. There exists 79 > 0 such that for any 7 > 79, letting «(6) = (f(7) cos@, f(7)sin0,7), we
have that —V ()2 7(0)2 £(0) is a positive multiple of the curvature ko of o, and the third
component of k, is positive.

Both the above items will follow from the direct calculation of V42 1(a)2 E£(0), that is, from
the computation of the first variation at the curve «.
We have that |o/| = f(7), and then

ko = MT(02.a) = —f(lT) [(cos, sin 8, 0) — ((cos 6, sin 6,0) , 1) 1]

1 (f'(r))? : ( f'(7) >]
= — cosf,sinf,0)+ (0,0, —————— | |,
7o) [T+ (i AN N L)
and we see that the third component of k, is always strictly positive, indeed f'(7) = —=.
Denoting as usual a = M — ', we compute

Vka = ot (95, ko) =

ot (9gka) = L (o) 204J‘ (—sinf,cos,0) =0,

1
f(r) F(r) 1+ (f(1))

and then also V2k, = 0. Therefore

1 1 1
— V(2,12 E0) = Vkq + iykay%a — ko + R(ko, 7o) Ta = i\ka\Qka — ko + Kkq

o]
A R N L
‘(2”““’ K 1)’“ <2f2(7)(1+(f’(7))2) T+ ()RR 1)’“*

_1/7_2 /7_2_7_//7__27_ /7_22 ka

—<2(f()) (+ 0P = JO0) = PO+ T ) s

kq

P+ (1))
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From the above computation we see that for 7 sufficiently large and 7 > 73, we have that
V(2,2 E(0) # 0, and then « is not a critical point, and —Vp(q)2 7(a)2E(0) is a positive
multiple of k.

We deduce that if tg > 79, then the flow « does not remain in a bounded subset of M, and,
in fact, it sweeps the set M N {z > to}.
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Chapter 3

A varifold perspective on the elastic
energies of planar sets
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We address the problem of finding a weak definition of the p-elastic energy &, on 2-dimensional
subsets of the plane. As we shall discuss, we want to construct such a weak definition by re-
laxation with respect to the convergence in L' of characteristic functions of sets. In this way,
we define a naturally lower semicontinuous functional, and, by the suitable choice of sets with
bounded p-elastic energy, we end up with a relaxed functional that allows to consider sets whose
boundary is the image of non-embedded curves. In the first part of the chapter we characterize
the relaxed functional and in the second one we discuss several properties and applications. The
results of this chapter are contained in [Poz20a].

3.1 A notion of relaxation for the p-elastic energy of planar sets

We are interested in studying the elastic properties of the boundaries of measurable sets in R?,
that is, we want to discuss whether a weak definition of p-elastic energy like £, can be defined on
subsets of R?. As we shall see, several weak definitions for the elastic energy of non-smooth sets
have been considered, leading to a distinction between sets with finite or infinite elastic energy.
Such definitions usually make use of a parametrized curve related to the boundary of the given
set.

Our first purpose is then to give a new definition of the sets which are considered to be
enough regular for having finite p-elastic energy. We want such a definition to be intrinsically
dependent on the given set, using immersions of curves only as a tool for the calculation of
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the energy. In order to get a variationally meaningful functional, we will then construct it by
relaxation.

As already said, the very first step in the construction of a relaxed functional is the choice
of the regular objects, that is, the family of sets that we assume they have finite energy in some
suitable classical sense. One could classically say that a set E is regular if its boundary is a
finite disjoint union of images of embedded smooth closed curves of class C2. In this way the
p-elastic energy of E would be just the classical p-elastic energy of such a parametrization of OF.
This definition is, indeed, the one considered in the most important classical papers about this
problem ([BDMP93], [BM04] and [BMO07]). However, with this definition it turns out that sets
like the one in Fig. 3.1 not only have infinite energy, but they also have infinite relaxed energy
(as always, defined with respect to the L!-convergence of sets). More generally, this happens
for sets whose boundary is the image of an immersed curve with transversal self-intersections.

)

Figure 3.1: A set of finite perimeter E with boundary OF that can be parametrized by a smooth
non-injective immersion.

However the p-elastic energy &, is perfectly well-defined on immersed curves, even if those
are not embedded. Also, for many applications one would like to consider sets like the one
in Fig. 3.1 as regular sets, or at least as sets with finite relaxed energy. Actually, a suitable
parametrization of OF in Figure 3.1 is even a critical point of & (see for example [DP17] for the
so-called “Figure Eight” critical point).

An alternative definition of regular elastic set, i.e., a definition of set with finite elastic en-
ergy, comes intrinsically from the geometric properties of the boundary of sets of finite perimeter
studied in the context of varifolds. In fact, by De Giorgi Theorem 1.4.6, if F is a set of finite
perimeter in R? then the reduced boundary FE is 1-rectifiable, and therefore the integer rectifi-
able varifold Vg := v(FE, 1) is well-defined. As we defined the p-elastic energy &, on varifolds,
the energy of Vg, for a given finite perimeter set E, associates an elastic energy to the set E in
an intrinsic way.

We define the class of elastic varifolds as the integer rectifiable varifolds V' = v(I', 6y) such
that there exists a finite family of Lipschitz maps 7; : S' — R? such that

N

V=3 (n)(v(s' 1)), (3.1)

=1

where each (v;);(v(S!,1)) is the image varifold of S! induced by v;. We shall see that a repre-
sentation like (3.1) is not ambiguous and that the curves appearing in the formula can be used
to compute the p-elastic energy of V', in case they are sufficiently regular.

In this way, the class of regular sets that we choose is the class of finite perimeter sets F

such that
N

v(FE, 1) =) (%):(v(S',1)),

i=1
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for some C?-immersions v; : S! — R2, that is, the varifold Vg associated to E is elastic and
admits a representation with C2-curves. In such a way the set in Fig. 3.1 belongs to the initial
class of regular sets having finite elastic energy.

We have to mention that a significant attempt in order to give a good definition of the elastic
energy on sets that are not natural limits of smooth sets with bounded energy is contained in
[BP95] (see also the references therein). Here the authors consider an interesting generalization
of the elastic energy functional whose relaxation is able to take into account the energy of angles
and cusps.

Let us mention that a good notion of p-elastic energy on sets £ C R? which is lower semicon-
tinuous in the L'-topology is also useful as a starting point for the study of a weak gradient flow
of £,. The characterization of the relaxed energy allows us to define the gradient flow on a huge
family of sets, and therefore to try to obtain a generalized flow, for example using a minimizing
movements technique in the spirit of [LS95] and [ATW93]. In a generalized flow one certainly
wants to consider sets like the one in Fig. 3.1, hence a definition in which its energy is finite is
required. Moreover, high order evolution equations, like the ones appearing as gradient flows of
&p, lack of a maximum principle, and then self-intersections of the evolving curve can naturally
occur. This is a second reason why it is relevant to give a good definition taking into account
sets like in Figure 3.1. We mention that [OPG19] contains a recent formulation of a generalized
gradient flow of the p-elastic energy by means of minimizing movements.

3.1.1 Setting and notation

In what follows, if 7 is any parametrization of a curve, we denote by (7) its image. The letter
E will usually denote a measurable set in R?.

Let us recall here some basic properties of sets of finite perimeter, together with the choice
of a convention and of the notation. The following observations actually work for sets of finite
perimeter in any dimension. Recall from Section 1.4 that, for a given set E, we denote by E*
the set of points with density ¢, for ¢t € [0,1], and by FE and 0*FE the reduced and essential
boundary of E respectively, if E has finite perimeter.

Of course, characteristic functions defining finite perimeter sets are defined up to Lebesgue-
negligible sets. In this chapter it will be convenient to choose, for a finite perimeter set identified
by a characteristic function yz € BV (R?), the representative E that is the set given by

/ xe >0 Vp > 0}. (3.2)
Bp(x)

Observe that such a representative F is a closed set. In this way, the distance function d(-, 0F)
is also well-defined.

E:{xeRZ

Assuming (3.2) we also have that
E=EL (3.3)

Indeed we have that E' C F and E is closed. And since g, xg: are in the same equivalence

class, that is, |[EAE!| = 0, if 2 € E there exists z,, € E' converging to z. Indeed, otherwise

|E'NB,(x)| = 0 for some p > 0, but by definition | ENB,(x)| > 0, contradicting that |[EAE!| = 0.
Moreover, assuming (3.2), we also have that

OE =0E' = 0™E == {x € R? | Vp > 0 |B,(z) N E| > 0, | B,(z) N E| > 0}.
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Indeed the first equality follows from (3.3). Now if x € O™FE then there are sequences z} €

E,z? € E° converging to z, thus z € EN E¢ = JE. Conversely if + € OF C E, then

|ENB,(z)| = pr(x) xg > 0 for any p > 0. But also |[E°NB,(z)| = fBP(m) XEe > 0 for any p > 0,

indeed if by contradiction there is pg > 0 with |, B, (z) XE¢ = 0, since E€ is open we have that
0

E°N By, (x) = 0, but this is impossible because x € E¢.
Finally, under assumption (3.2), the reduced boundary is dense in the boundary of E, that
is
FE =0"E = 0F. (3.4)

Indeed FE C OF and if by contradiction there is x € 9™FE \ FE, then for some pg > 0 we have
By (z)NFE =0 and 0 < |[ENB,,(z)| < mpg. Hence by relative isoperimetric inequality [AFP00,
Equation (3.43)] in the ball B, (z) we get that P(E, B,,(z)) > 0, but since B, (z) N FE =0
using De Giorgi Theorem 1.4.6 we also have P(E, B, (z)) = H!(FE N B,,(x)) = 0, which gives
a contradiction.

Observe that it also follows that

diam(FE) = diam(0F).

In the rest of this chapter we will always assume that a finite perimeter set E is of the form
(3.2).

3.1.2 Elastic varifolds

Here we prove some important remarks about varifolds defined through immersions of curves,
that we shall call elastic varifolds. The next definition comes from [BM04].

Definition 3.1.1. Given a family of regular C! curves «; : (—a;,a;) — R? for i = 1,..., N and
a point p € R? such that «;(t;) = p for some times t; and the curves {«;} are tangent at p, let
v € S! such that o/(t;) and v are parallel for any i. We say that R,(p) is a nice rectangle at p
for the curves {c;} with side parameters a,b > 0 if

Ry(p) ={z€R? : |(z —p,v)| <a, |(z—p,vJ‘>|<b},

and N ;
®,0)0 (Ut = U eraph()
=1 =1

for distinct C! functions f; : [~a,a] — (—b,b), where graph(f;) denotes the graph of f; con-
structed on the lower side of the rectangle.

We also give the following definition.

Definition 3.1.2. Let V = v(U;cs(7i),0v) be a varifold defined by the WP immersions ~; :
St — R?, and assume that £,(V) < +o0, fy < C' < +o0.

For any p € Ujer(7;) and any v € S denote by g1, ..., g, : [—¢, €] = R? arclength parametrized
injective atcs such that: g;(0) = p, §:(0) = v, gi([—<.0]) # g;([~,0]) or gi([0,<]) # g5 ([0,e])
for i # j, and Ul_,(g:) N B,(p) = Uier(7i) N By(p). Observe that for any such p,v and p small
enough, the arcs g; are well defined.
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We say that V' verifies the flur property if: Vp € Uier(;), Yo € S, and p small enough there
exists a nice rectangle R, (p) C B,(p) for the family of arcs {g;} such that it holds that

Vie| < a: Z Ov(z) = M,

z€U_ () {y | (y—p,v)=c}
for a constant M € N with M < 6y (p).

Roughly speaking, Definition 3.1.2 requires that the “incoming” total amount of multiplicity
at p in direction v equals the “outcoming” total amount of multiplicity at p in direction v.

Observe that if V = >, ;(7:)4(v(S', 1)) with ; € W?? immersions and &,(V) < +oo,
Oy < C < 400, then V verifies the flux property.

Remark 3.1.3. Let E be a set of finite perimeter in R?, let T' = UY | (y;) with 7; € C1(S*; R?)
and regular for any 7. Assume that Vg = v(FE,1) = ZZ L(Vi)e(v (Sl 1)). Then HY(OE\FE) =
0, and we can equivalently write Vg = v(0F, 1).

Indeed by assumption H!-almost every point p € I' is contained in FE, sptVg = I, and
I = sptVg = spt(H!' L FE) = OE. Therefore 0 = H'(T'\ FE) = H'(OE \ FE).

Lemma 3.1.4. Assume p > 1. If an integer rectifiable varifold V. = v(I',0y) is such that
V= Zé\il(%)ﬁ(v(Sl, 1)) for some regular curves v; € W2P(SL;R?) and E,(V) < +oo, then V
has generalized curvature

i ( at H'-ae p €T, (3.5)
=1 iey; (p)
the generalized boundary oy = 0, and
N
EWV) =Y &n). (3.6)
i=1

In particular, since ky is uniquely defined, the value £,(V') is independent of the choice of the
family of curves {v;} defining V.

Proof. Suppose first that N = 1, and then denote 73 = 7. Up to rescaling, assume without
loss of generality that ~ is parametrized by arclength. By assumption v € C1® for a < 1%,

and clearly I' = (v) and py = OyH'L(y) = v(H'LS!) (by the arclength parametrization
assumption). If X € C}(R? R?) is a vector field, using the area formula (Theorem 1.2.8) and
the fact that y > 1 H'-ae on I', we have

/diVTpFX duv(p) = /diVTp(,y)X d’yﬁ('Hl LSl)(p) — /Sl <f>/(t), (VX)’y(t) (,-/(t)» dt
- / (V' (X o)y dt = — / (" (1), X (1)) dt
Sl

-/ / £), X (7(6))) dH° dH LT (p)
/<X ko (1) d?-l0>z“jgg dH' LT (p)
/<X tevz-;(p)k >dNV &
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If now N > 1, by linearity of the first variation we get

/dlvT X dpy (p Z/< Z oo (t >dH1L(%)(p)

'(p)

:_/< Z Z k% > (p) dH L (U ()
— _/<X(p),m;te;(p) k:%.(t)>d;zv.

Now we want to prove (3.6). Let us consider the set W = {p € I'| 6y, (p) > 1}. Up to redefining
some ~y; on circles of different radii, we can suppose from now on that ~; is parametrized by
arclength for any i. We can decompose W =T U X UY U Z with

T={peW|3ijt,7: vt) =) =p, %(t) # ayj(r) Va € R},

X = {p e W\T|3i,t: ~(t) =p, tisnot a Lebesgue point of %{/},

Y ={pe W\ (TUX)|Vijt,7: %(t)=(1)=p = ) =] (1)},
Z={peW\(TUX)|3i,j,t,7: %(t) = () =p, 7% (t) # 7 ()}

We are going to prove that T, Z are at most countable, so that, since H!(X) = 0, we will get
that H'(W) = H'(Y). And then, using (3.5), we will get (3.6).

Let p € I' and C € N such that 0y < C, which exists by Theorem 1.3.1. Let v1(p), ..., vk(p) €
S with k = k(p) < C such that if v;(t) = p then ¥/(t) is proportional to some v;. For any i =
L,....k let Ry, (p) be a nice rectangle at p for the curves {«;} e ;) which are suitable restrictions
of the curves {v;}. Then let f}, ..., f/ with I = I(i) be C! functions f!: [—a;, a;] — (—b;, b;) given
by the definition of nice rectangle.

Let q € Uizlgraph( f%), and assume g € T. If a; is chosen sufficiently small, the fact that
q belongs to T means that the transversal intersection happens between some of the curves
{@j}jes)- This means that there is some J, > 0,74 € (—a;,a;),7,s € {1,...,1} such that

frz(xq) = f;(xq)» (xtb frz(xq)) =49, graph(f’/’{‘(xq_éq,xq“‘éq)) N graph(f§|($q_6q7$q+6q)) = {Q}

Letting A; = {z € (—a;,a;) | f # fi}, which is open, we see that z, belongs to the boundary
of some connected component of A;. This implies that T' N ( Ulsz1 graph( f;)) is countable, and
this is true for any i = 1, ..., k(p).

For any p € T take a ball B,(p) C ﬂfipl)Rvi(p) (p) for suitable rectangles R, (p) as
above. Then T'N B, ;) (p) is countable. Since I' is compact, taking a finite cover of such balls
Br(p)(P1); - Br(p,)(pL), we conclude that T' is countable.

Consider now g € Ulszlgraph( f1), and assume q € Z. If a; is chosen sufficiently small, the
fact that g belongs to Z means that the tangential intersection occurs between some of the
curves {a;}tje ;). Hence at some x4 € (—a;,a;) for some r,s € {1,...,1} we find that z, is a
Lebesgue point for (f})” and (f?)”, and

Frlwg) = filzq), (2. f1(xq)) = a. (f1)"(wg) # (f)(q)-

This implies that there exists € > 0 such that for any 0 < |t| < & we have (f}) (zq+1t) # (f2) (zq+
t). By continuity of the first derivative we have that, for example, (f2) (x4 +t) > (f2) (24 +t)
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for any 0 < [t| < &, and therefore fi(z, +t) > fi(z,+t) for any 0 < [t| < . So we find that z,
belongs to the boundary of a connected component of an A; defined as above as in the case of
the set T. Arguing as before we eventually get that Z is countable. O

Lemma 3.1.5. Let V = v(T',0y) = Zfil('yi)ﬁ(v(Sl, 1)), where y1,...,yn : St — R? are Lips-
chitz curves. Assume that H*({x |0y (x) > 1}) = 0, and define

E:{p€R2\F:

is odd} UT. (3.7)

Then E is a set of finite perimeter and V = Vg. Moreover, the set E is uniquely determined
by V, ie. if V= vazl(%)ﬁ(v(Sl, 1)) = Zf\il(m)ﬁ(v(Sl, 1)) then the corresponding set defined
using (3.7) with the family {v;} is the same set defined using (3.7) with the family {o;}.

Proof. The set E is closed and bounded, with E = {p € R2\ T : | SN Tnd., (p)| is odd} and
OF =T, hence FE is a set of finite perimeter.

Let us first check that if V = Zﬁ\;l(%)ﬁ(v(Sl, 1) = Zij\il(ai)ﬁ(v(Sl, 1)), then the definition
of E by (3.7) is independent of the choice of the family of curves. The fact that a point p € R2\T"
belongs to E depends on the class

<élndw(]9)> mod 2, or <§Indgi(p)> od 2.

Without loss of generality we can take p = 0. Since the curves {v;}, {o;} define the same varifold,
for H!-ae point ¢ € {(z,y) € R? |22 + 32 = 1} we have that

Zﬁ(,% ) - é(@;)_l(q). 55)

In the following we denote by deg(f,y) the degree of a map f at y and by degy(f,y) the
degree mod 2 of f at y (we refer to [Mil65]). Since the curves are Lipschitz almost every point

q € {(z,y) € R?|2? + y? = 1} is a regular value for hl‘ B ‘ and we can perform the calculation

(émw(@) m0d2—<Zdeg<|%| >) m0d2:<2deg2<|% )) mod 2
<Zﬁ<|%> () mod2> mod 2,

that together with the same expression using the curves o;, implies that F is uniquely defined
by (3.8).
Now we prove that V = Vg. Let

X ={peTl|by(p) =1, vi(t) =p = = is differentiable at ¢}.

We want to prove that
HY(FEAX) =0, (3.9)

which implies that V = Vg.
If 7;(t) = p € X, then there is € > 0 such that v;((t —&,t +¢)) C {#y =1} CT = 0E. By
Rademacher we therefore have that H'(X N~;((t—¢,t+¢))\ FE) = 0. Hence H'(X \ FE) = 0.
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Now let p € FE, we want to prove that H!(FE \ X) = 0, and this will complete the claim
(3.9). If Oy (p) = 1 only a curve passes (once) trough p, say v1(t1) = p, and since p € FE such
curve has to be differentiable at ¢;. Conversely if p = ~;(¢;) for some {i,¢;}’s, assuming that
each ~; is differentiable at t;, we want to prove that 6y (p) = 1. Suppose by contradiction that
Oy (p) > 1, then there are o, 3 : (—¢,e) — I' Lipschitz different arcs such that a(0) = 5(0) =p
and a, 3 are differentiable at time 0; moreover the hypothesis H!({z |0y (z) > 1}) = 0 implies
that H'(() N (8)) = 0. Therefore H'-ae point p € (a) U (B) is contained in X, and thus H'-ac
point p € (a) U (B) is contained in FE, since we already know that H'(X \ FE) = 0. So for
any € > 0 there is r > 0 such that

H' ([() U (B)] N Br(p)) = (2 —e)2r,
and thus
HY(FEN Br(p) > H' ([() U (B)] N B,(p)) > (2 —e)2r,

which is a contradiction with the fact that any point in FF has 1-dimensional density equal to
1, that is, lim,~\ o w = 1, which follows from Theorem 1.4.6.

So we have proved that a point p € FFE verifies that: if 6y (p) = 1 then p € X, and if any
curve passing through p at some time is differentiable at that time then p € X. In any case we
conclude that H!-almost every point in FE belongs to X, and then H!(FE \ X) = 0. O

3.1.3 Relaxation

In this section we finally give a definition of £, on measurable subsets of R? and we characterize
its L'-relaxation.

From now on and for the rest of section let p > 1 be fixed. For any measurable set £ C R?
we define the energy

+00 otherwise.

£,(E) = {EP(VE) if Vg=>c;(1)3(v(Sh,1)), = :S'— R? C%-immersion, $I < +oo,
W(E) =

We write £,(F) understanding that &, is defined on the set of equivalence classes of charac-
teristic functions endowed with L' norm. We want to calculate the relaxed functional &p with
respect to the L'-sense of convergence of characteristic functions, that is

&,(E) = inf {hm inf £,(E,) | En — E in Ll(Rz)} .
n
By Remark 3.1.3 and Lemma 3.1.4, if £,(F) < oo, we have that

7—[1(8E \FE) =0, E(VE) = Z‘gp(%)a

i€l

if Vg = Y ic;(7)s(v(S,1)). Also, up to renaming (E)¢ into E, we can suppose that E is
bounded.
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If E C R? is measurable, we define

A(E) = {V =v(l,0y) = Z(%)ﬁ(v(Sl, 1)) ‘ i : St = R? W2P-immersion, #I < +oo,
iel
i€l
OE CT, Vg <V,
FE C {z € R*|0y(x) is odd},

H ({z |6y (z) is odd} \ FE) = 0},

Remark 3.1.6. Observe that if V € A(E), then &,(V) < +00, and then 8y () = lim,x o 44721
exists and it is uniformly bounded on I' by Theorem 1.3.1. Moreover, the condition 0F C I' and

the bound on the energy of the curves imply that H!(0F) < oo, and then E is a set of finite
perimeter.

The main result of this part is the following characterization of £,. We recall that we say
that a set F is essentially unbounded if |E \ B,(0)| > 0 for any r > 0, while we say that it is
essentially bounded in the opposite case.

Theorem 3.1.7 (Relaxation). For any measurable set E C R? we have that the following holds.

1. If A(E) # 0 and E is essentially bounded, then the minimum
min {&,(V) | V € A(E)}
extsts.

2. It holds that

T(E) = {—I—oo if A(E)=0 or E is ess. unbounded, (3.10)

&
b min {&,(V) | V € A(E)}  otherwise.

The proof of Theorem 3.1.7 will be completed at the end of the section.

Remark 3.1.8. Choosing for a measurable set E the L! representative defined in (3.2), then
the set E is essentially unbounded if and only if it is unbounded. Hence, in the statement of
Theorem 3.1.7 one can actually write unbounded in place of essentially unbounded.

Remark 3.1.9. The characterization of &, given by Theorem 3.1.7 immediately implies the
following “stability property”. It holds that

E(E)<too = E(E)=&(E) < +oo,

that is, the relaxed energy of a regular set equals to the initial energy defined on it.

Indeed if £,(E) < 400, then Vi € A(E). Consider any W = v(I', ) € A(E) \ {Vg}, then
by definition we have that Vg < V in the sense of measures and FE C {z |6y (z) is odd}, and
this implies that H!(FE \ T') = 0. Therefore uwy (R?) > HY(FE) = py,(R?), and then also
Ey(W) > &E,(VE) by locality of the generalized curvature of 1-dimensional varifolds (see [LMO09,
Theorem 2.1]).
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We conclude this part by showing some properties of varifolds V' € A(E).

Lemma 3.1.10. Let E C R? be a bounded set of finite perimeter. Let V. = v(T',0y) =
Zi]\il(’yi)ﬁ(v(Sl, 1)) with 41, ...,yn : St = R? Lipschitz curves. Suppose that FE C T and

HYFEA{z | Oy (z) is odd}) = 0.

18 odd} Jur

Proof. Fix p € R?\ T'. In the following we suppose without loss of generality that p = 0. By
hypotheses and by the calculations in the proof of Lemma 3.1.5, there exists a vector v € R?\ {0}
such that the ray L = {tv |t € [0,00)} verifies the following properties.

Then
E:{pERQ\F:

i) L intersects I' at points y such that for any ¢ = 1, ..., N if 7;(¢) = y then ~; is differentiable
at t.

ii) L intersects FE a finite number M € N of times at points z in FE N {z | 6y (z) is odd}
where vg(z), v are independent.

iii) L intersects I' \ FE a finite number of times at points w in {z | 6y (z) is even} where
vi(t),v are independent whenever ~;(t) = w.

iv) It holds that

(élndﬂ@) mod2_<zz <h|>_1<§\> m0d2> od 2

=1 yeLN(y;

(ST ) @) ) e

1=1 ye LN(v;)NFE

where in iv) the second equality follows from ii) and iii). Now if p € E, since E is bounded the
number M has to be odd, and then (Zfil Ind,, (p)) mod 2 = 1. Conversely if p € E¢, then M

is even, and then (Zf\il Ind,,(p)) mod 2 = 0. O
Remark 3.1.11. We observe that Lemma 3.1.10 applies to couples E,V with V € A(E).

Lemma 3.1.12. Let V = v([',0y) € A(E) for some measurable set E. Letting ¥ =1\ OF, it
holds that if ¥ # () then for any x € XN OE at least one of the following holds.
1. yeXNOE, Af:[0,T] = R2CYNW?2P, T >0, f reqular curve from x to y with (f) C
L,

2. x 1s not 1solated in X N OE.
The alternative above is not exclusive.

Proof. Write V' = Efvzl(ai)ﬁ(v(Sl, 1)). Assume X # (), that is equivalent to '\ OF = S # ).
Suppose x € ¥ N IJF is isolated in ¥ N OF, then we want to prove that condition 1 holds true.
There exists 79 > 0 such that B,(x) N X NOE = {z} for any r < r¢g. Up to reparametrization
we can say that o1|(_..) : (—¢,€) = By,(z) passes through z at time 0. Up to reparametrize
o1(t) into o1(—t), we can say that there exists a time 7' > 0 such that o]y C S and
y = o01(T) € 0S = ¥ N OE, looking at S as topological subspace of ¥. Indeed, otherwise x
would not be isolated in 0S = ¥ N OE. Defining f(t) = o1(t) for t € [0,T] gives alternative
1. O
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Necessary conditions.

Here we prove that a set £ C R? with &,(E) < 400 has the necessary properties that inspire
formula (3.10).

Let E,, be any sequence of sets such that £,(E,) < C and xg, — xg in L' (R?). Let us adopt
the notation Vg, = > ic; (in)s(v(SH,1)) = v(Dn, 0y, ), so that E(En) = Yic; H (Yin) +
%f |ky,.. [P ds. Using also (1.13) we have that 0 < ¢ < H!(y,n) < C < oo for any i,n. Also
Ep(Yim) > ¢ > 0 for any i,n, thus §1, < 4+oo for large n and then we can suppose that I, = I
for any n. Also we can choose E, bounded and by L! convergence we have that |E| < +oo.

Moreover, we observe that in order to calculate the relaxation of £, we can suppose that
the sequence E,, is actually uniformly bounded, hence getting that F is bounded. Indeed if (up
to subsequence) we have that, say, 71, N B, (0)¢ # 0, then by boundedness of the length we
have v1,, C (Bp—c(0))¢ for any n for some c. Let A, be the connected component of U;cr(7;)
containing (y1). The component A, is equal to some union Ujc, (7jn). Up to relabeling we
can suppose that J, = J for any n. Since the length of each curve is uniformly bounded, there
exist open sets U, such that A, C U,, U, N (Uie[\J (%'m)) = (0, and U, N Bg,(0) = 0 for
some sequence R,, — oo. Therefore the set E!, == E, \ U, still converges to E in L!(R?), and
EN(EL) < Ep(En).

Lemma 3.1.13. Suppose E C R? verifies that E)(E) < +oo. Let E, C R? be a sequence of
uniformly bounded sets such that xg, — xg in L*(R?) with £,(E,) < C. Suppose that for any
n the set {p|fy, (p) > 1} is finite, then any subsequence of Vg, converging in the sense of
varifolds converge to an element of A(E).

Proof. We adopt the notation Vg, = > .c; (Yin)s(v(S',1)) = v(I'n, 0y, ) used above. The
arclength parametrizations o, corresponding to 7;, are uniformly bounded in W2P for any
i € I, = I and for any n. Therefore, since the sequence is uniformly bounded in R?, up
to subsequence 0, — o; strongly in C1 for some a < 2 and weakly in W2P(R?) for any
t € I. Each o; is then a closed curve parametrized by arclength, and we denote by ~; the
parametrization on S! with constant velocity. Hence the varifolds Vg, converge to some integer
rectifiable varifold V = v(I',6y) in the sense of varifolds, and V = >, ;(7:)4(v(S',1)). The
multiplicity function 0y is upper semicontinuous and pointwise bounded by Proposition 1.2.13
and Theorem 1.3.1 . Also, the sets E, converge to E weakly* in BV (R?), that is xg, — XE
and Dxg, X Dxg, thus E is a set of finite perimeter. Observe that |Dxg,| = pvy, Xy

From now on we denote I' = Ujer(0), E=T\0E, S =T\ 0E.
Let z € OF, so that for any p > 0 we have
lim XEg, >0, lim XEe > 0.
" JB,(z) " JBy(z)

Then for p > 0 there is n(p) such that there exist &, € E, N B,(x), n, € Ej; N B,(x) for any
n > n(p) and thus there exists w, € 0FE, N B,(x) for any n > n(p). Taking some sequence
pr N\ 0, we find a sequence w,, converging to x. Therefore, also by density (3.4), we have proved
that FE C OF C {y |y = limy, yp, yn € .7-"En} =TI'. In particular OF is 1-rectifiable.

Now we prove that FE C {z | fy(x) is odd}. So let p € FE, and let {'yi lj=1,...,N,i=
1,...,n;} be distinct curves which are suitable disjoint restrictions of the +;’s such that (77) C (v;)
for any k (up to relabeling the v;’s) and

' By, (p) = [ JO4h)-
7.k
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Without loss of generality we write vi (tj ) = p. We want to prove that Z —,nj =0y(p) is odd.
Since p € FFE thereis q € EnN By, (p) such that the segment

P—q
s(t) =q+ t  te(0,2)p—ql]
Ip — q|
is such that
P—aq |, i
0< ]<,p_ q,,wz)'(t@ﬂ <1 (3.11)

and 5o |p—q] C E, s|(jp—q|,21p—q] C £ Also denote b := s(2|p — q|). Moreover, we could choose
q so that B, (q) C E, and B, (b) C ES for n sufficiently big for some 4,7, > 0. Also since
Yi;n — i strongly in C1e by (3.11) we get that s intersects transversely 7in for any 7 for n big
enough, and the number of such intersections is 0y (p).

We know that for any € > 0 there is a. € ES*, where (-)* will always denote the unbounded
connected component of (-), such that

| <e¢
"p_Q‘ E_b"

2,1 - €_b
Zlnd%n(b) 1rnod2—z:jj<ry ) <|Z€—b|> mod 2.

el

Hence up to a small smooth deformation which is different from the identity only on {3: +
2= q‘] z € By, (b),t € R>o} \ By, (b) we can suppose that

Ip—q
{b + R>o <H> } N <U(%’,n)> C FE,,

el

and for M > 0 sufficiently big it holds that

ao—b—l-M Ec*

Ip* |

and also

Y Ind,,,(b) mod2= Zﬁ( i ) <|“0 - z|> mod 2. (3.12)
ag —

iel iel |% a

Taking into account Lemma 3.1.5, by construction we have that the quantity in (3.12) equals
0 mod 2. Moreover we have that

1 mod?2= Z Ind,, ,(¢) mod 2 = <9V (p) + Zlnd%n(b)> mod 2,

iel el
and then 0y (p) is odd.

It remains to prove that H'({z | Oy (x) odd} \ FE) = 0. Here we are going to use the facts
recalled in Section 1.5 and the correspondence between sets of finite perimeter and currents (see,
in particular, Remark 1.5.3).

The use of currents here is just a choice of a language, as everything can be rephrased in
terms of sets of finite perimeters. However, we believe this approach has some advantages on
the presentation of the proof.
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We have that [|E,|] — [|E|] in the sense of currents, and thus J[|E,|] — O[|F|]. Tak-
ing on S! the standard positive orientation with respect to the disk it encloses, we can write
I En|] = 3252 (i) ([[SY]]) for countably many Lipschitz parametrizations a; ,, ordered so that
L(ait1) < L(aiy,) for any i,n. Such immersions positively orient the boundary E! of Ef,
where E! is one of the open connected components of En, which are at most countable. The
length of each «;, is uniformly bounded, then we can assume that the parametrizations oy,
are L-Lipschitz with constant L independent of i,n. Since the parametrizations o;, converge
strongly in C!, the immersions «;, uniformly converge to L-Lipschitz curves ; : S — R? as
n — co. We can also suppose that each «; is parametrized by constant speed, almost everywhere
where «; is differentiable. In the sense of currents we have that

[e.9]

> (in)s([8']) = Ol Enl] = O E] = 7(FE, 1,£p),

1=0

where £g is the standard orientation of Remark 1.5.3. Let us define

T := Z ()5 ([ISH))-

Since each («; ) is contained in some (oj,,) we have that dy(a;n, ;) < Nmax—1,_ n||0in —
Oilloo < € for any n > n.. Writing the Hausdorff distance as dy (A, B) = inf {5 >0]AC
N(B), B C N-(A)} where No(X) = {z | d(z, X) < e}, we have that

Ve > 0dn, : dH( Ui (®in)s Ui(oci)) <e n > ne. (3.13)

Thus U;(a; ) converges in Hausdorff distance to the set U;(a;). Moreover, writing U;(a; ) =
I_IIf"C’% as a disjoint union of finitely many compact connected components, by a diagonal ar-
gument, applying Golab Theorem [Fal86, Theorem 3.18] on each component, we can assume
k, = k for any n and that Cj converges in Hausdorff distance to a compact connected set C7
for any j = 1,...,n. Therefore U;(e;;) = U¥CY =T, and then H!(U;(y)) = H(T) is finite and
Ui(ay) is closed and 1-rectifiable.

Let € R2\I'. By (3.13) we have that there is p > 0 such that B,(z)N (U; (i) UU; (i) = 0
for any n large. Then there exists n, such that for any i the index Ind,, , () is the same for
any n > ng.

Indeed suppose by contradiction for any n there is i,, Ny, N2 > n with 1 = Ind,, N (z) #
Indg,, v, (%) =0 and i, — oo without loss of generality. Then L(«;, n,) > C(p) for a constant
C(p) > 0 depending only on p by isoperimetric inequality. Since L(ajt1,) < L(a;,) for any
i,n and i, — oo, this implies P(FE,,) is arbitrarily big that for n large enough.

Now let € R? \ T such that there exists lim,, x g, (). Since xg,(z) = >, Indq, , (z) for n
big such that B,(z) N (Uj(a;) UUi(c,)) = 0 for some p > 0, from the above discussion we have
that

limZIndai’n(az) =1 & VYVn>nodi: Indg,,(v)=1

& Ji(z)Vn>no Indg,,  (z)=1
& Ji(z) : Indg,,, (z) =1
Hence

relE & limZIndam(x) =1 < Ji(z): Indg,, (z)= & Zlndm =1
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In particular

E_{xeRQ\r\ ;Indai(x)—l}—{xeRz\F :

> Ind,, ()

il

is odd}, (3.14)

up to L£2-negligible sets, where the second equality follows by the uniform convergence of the
finitely many curves ;. Also for any i # j it holds that [{z € R?\ (oy) | Indg,(z) =1} N{z €
R?\ () | Indg, (z) = 1}| = 0, because the equality holds for any n for ajn,;,. Hence, by
convergence in the sense of currents, we have

Z/ (W, Tin) :/ dw — / dw
i (ct,n) En n { Zzoio Ind%; (x):l}
= dw = / (W, ),
Z:/{Indai(a:)l} Z (o)

()

for any 1-form w on R2. This means that

D (ain)([8') = Ol Eull = T =Y (i) ([IS']]) = Ol|E|] = 7(FE. 1,&g),
i=0 i=0

in the sense of currents. In particular we can write the multiplicity function of the current J[| E|]

m@) =3 > 5w, (3.15)

=0 yea; ()
for H'-ae x € R?, where S(y) = +1 if d(a;), preserves the orientation and S(y) = —1 in the
opposite case. Note that since 6y is bounded, T' = U;(ay), and 6y (p) > 3, #a; '(p), then the
series in (3.15) is actually a finite sum. Also observe that since E is a set of finite perimeter,
by the identity O[|E|] = 7 (FE, 1,£g), the multiplicity function m is equal to 1 H!-ae on FE,
H{x||m(z)] > 1} \ FE) = 0, and m = 0 H'-ae on R?\ FE. Also, m(z) = 0 at H'-ae
zel \ UZ'(OQ').
Now since I' = U;(«;) and H(a;({t : Bal(t)})) = 0, then

H' ({peT | 3ti: ai(t) =p, Adj(t)}) =0. (3.16)

So let p € Uj(ay) be such that if a;(t) = p then Jaf(t). We want to check that 6y (p) and
S #a; H(p) have the same parity. In fact if without loss of generality Oy (p) > 3. fa;*(p),
taking into account (3.14), following a segment s intersecting U;(cy;) only at p and transversely
(as in the first part of the proof) we have that:

i) s passes from E to E¢ if and only if 6y (p) is odd, or equivalently if and only if >, fa; ™ (p)
is odd;

ii) s passes from E to E if and only if 6y (p) is even, or equivalently if and only if 3=, fa;* (p)
is even.

Hence by (3.15) we conclude that 6(p) is odd if and only if alternative i) above holds, if and
only if the summands in (3.15) are odd, if and only if m(p) is odd. By (3.16) this holds for
H1-ae point in U;(c;). Therefore H!({z | m(z) is odd}A{x |6y (z) is odd}) = 0. So finally since
H({z|m(z) =1} \ FE) = 0, then
0=H'({z|m(z) odd} \ {z|m(z) = 1}) = H'({z | v (z) odd} \ {x | m(z) = 1})
=H'({z|0y(z) is odd} \ FE),
which completes the proof. O
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Proof of Theorem 3.1.7.

First we want to prove the following approximation result.

Proposition 3.1.14. Let E C R? be measurable and bounded with A(E) # 0. Then for any
V € A(E) there exists a sequence E,, of uniformly bounded sets such that

Ey(Ey) < +00, XE, = xE i L*R?), Vg, — Vas varifolds, lim&,(E,) = E,(V).

Moreover for any n we have that Vg, = Zﬁl(%)ﬁ(v(Sl, 1)) = v(Ln, 0vy, ) and {p| Oy, (p) > 1}
18 finite.

Proof. Let V = Zf\il(’yi)ﬁ(v(Sl, 1)) € A(E) with v; € W?P and regular. For any i let {7i » bnen
be a sequence of analytic regular immersions such that ~; , — 7; in W?2P as n — oco. Hence the
set

{z € R?|3i,j,t £ 7: w(t) =(n)} (3.17)

is finite. Let V}, = Zilil('ym)ﬁ(v(Sl, 1)). By (3.17) we can define E,, as in Lemma 3.1.5, so that
Vo = VEg,,. Moreover we have that

Ep(En) < +o00, le E(VE,) = le Ep(En) = E(V), Vg, = V.

By uniform convergence of v; , we get that for any ¢ > 0 there is n. such that

N N
UGin) c 12 (U(%)) Vn > ne,

i=1 i=1

where I = denotes the 5 open tubolar neighborhood. Hence up to passing to a subsequence by

Riesz- Fréchet- Kolmogorov Theorem [Brell, Theorem 4.26] we have that xg, converges strongly
in L?(R?), and then in L'(R?) and pointwise almost everywhere to the characteristic function
of a closed set F'. Using the definition of E, and Lemma 3.1.10 together with Remark 3.1.11 we
have that /' = F, and the proof is completed. ]

Corollary 3.1.15. Let E C R? be measurable and bounded with A(E) # (). Then
Fmin {&,(V) | V € A(E)}.

Proof. Let Vi be a minimizing sequence in A(F). Up to subsequence we can assume that Vi, — V
in the sense of varifolds and the supports sptV, are uniformly bounded. By Proposition 3.1.14
using a diagonal argument we find a sequence of uniformly bounded sets Ej such that

XE, — xg  in L*(R?), Fp(Ex) < C < +o0,
Vi, =V as varifolds, hin}—p(Ek) = 1i’£nfp(Vk) = ,}11(%) Fp = Fp(V),

and {p| Ovi, (p) > 1} is finite. Hence Ej is a possible approximating sequence of E by regular

sets, i.e. a competitor in the calculation of the relaxation &,(F). Then by Lemma 3.1.13 we get
that V € A(F), and therefore V' minimizes &, on A(E). O

Now Proposition 3.1.14 together with Corollary 3.1.15 readily imply Theorem 3.1.7.
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Comments on the case p = 1.

The characterization of the relaxed energy given by Theorem 3.1.7 fails in the p = 1 case. This
is ultimately due to the fact that, if I C R is a bounded interval, functions v € W% (I) do
not satisfy good sequential compactness properties, that is, strong compactness in C*. Indeed
even if v € W2L(I) implies that v’ € WH(I) = AC(I) and hence v € C*, the immersion
W2L(I) < C*(I) is not continuous. Since W2(I) — WLP(I) for any p € [1,00), we have that
W2L(I) compactly embeds only in C%%(T) for any o € (0,1). This implies that the convergence
of the curves defining the boundary of sets E,, with £ (E,) < C is much weaker than in the
p > 1 case.

From the geometric point of view, in the characterization of the corresponding relaxed func-
tional with p = 1, a main difference is the following. As we will show in Section 3.2.3, the &,
energy of polygons, i.e. sets whose boundary is the image of an injective piecewise C? closed
curve, is infinite if p > 1. Instead if E is a regular polygon, it can happen that & (F) < +oc.
For instance, consider a square () in the plane: in small neighborhoods of the four vertices the
boundary 9@ can be approximated by a piece of circumference of radius converging to 0 with
finite bounded energy. This is ultimately due to the invariance of the energy £ under rescaling,
a property that is absent if p > 1. We notice that this implies that limit varifolds possibly do
not verify the flux property (see also of the arguments in the proof of Proposition 3.2.8).

We believe that the presence of such “vertices”, like the ones of a polygon, in the boundary
of the limit set is the main difference with the p > 1 case, and that sets F with & (E) < C have
at most countably many vertices, each of them giving an additional positive contribution to the
energy proportional to the angle determined at the vertex.

3.2 Qualitative properties and applications

In this section we discuss applications, examples, and qualitative properties related to the notion
of relaxation characterized in Theorem 3.1.7. We first start with an example that compares
the relaxed energy &, with the classical notion of relaxation described at the beginning of the
chapter studied in [BDMP93; BM04; BMO07]. Then we discuss a simple application to the so-
called inpainting problem. Finally we collect additional examples and qualitative properties of
sets with finite relaxed energy.

3.2.1 Comparison with the classical relaxation

For simplicity we limit ourselves to the case p = 2. Let us define the classical notion of relaxation
considered in [BDMP93; BM04; BM07]. Let E C R? be measurable and define the energy

Jop 1+ 3lkop?dH!  Eis of class C?,
G(E) = :
400 otherwise,

where ks is the curvature of the boundary of the C?-smooth set E. Then the functional G is
the L!'-relaxation of G. We clearly have that

G(E) < +00 = &(B) = G(E),

and

&(E)<G(E) VE.
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The precise characterization of G is discussed in [BM04] and [BMO07]. In this part we observe
that o o
E : & (F) < G(E) < 4o0.

Indeed an example is the set Fy in Fig. 3.2 described in [BM07, Example 4.4]. Let 71,72 be as
in Fig. 3.2. In [BM07, Example 4.4] it is proved that

G(Eo) > &) + Ea(72)-

Figure 3.2: Picture of the set Ey in [BM07, Example 4.4]. The curve ; parametrizes the left
and the right components, while o parametrizes the upper and lower components. The varifold
(71)3(v(S', 1)) + (71)s(v(S', 1)) belongs to A(Ep), and it has multiplicity equal to 1 on Ey and
equal to 2 on the cross in the middle of the picture.

Here we want to prove that

Ea(Ep) = Ea(m1) + E2(2)- (3.18)

Observe that inside B1(0) the curves 71,2 have zero curvature and their total length equals
8. Since & (Fy) < +oo there exists a varifold V = Zf\il(ai)ﬁ(v(gl, 1)) € A(Ep). Up to renaming
and reparametrization assume o1(0) = (1,0), 01(0) = —(1,0), and o1 |(_7,9) joins (1,0) and (1,0)

having support contained in FEq \ B1(0). Since o1 is C! and closed, by the above discussion
there exists a first time 7 > 0 such that o1(7) € {(1,0),(0,1),(—1,0), (0, —1)}. We distinguish
two cases.

i) If o1(7) € {(0,1),(0,—1)}, arguing like in the proof of inequality (1.13) one has

1
T 1 T 2 1 T
5 < (Lot | [ as]” < 5 (Eorlom + [ hal as).

and then €x(01l(0,r)) > 3+ 3L(01l0m) 2 5+ > 2

ii) If o1(7) = (1,0) by an analogous argument one gets E2(71](0,r)) > 27 > 2.

Therefore, comparing with +1, we get that it is convenient for o1 to pass first through the point
(—1,0) among the points {(1,0), (0,1), (—1,0), (0, —1)}. Hence, comparing with 71, v2 and using
the characterization in Theorem 3.1.7, we see that (3.18) immediately follows.
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3.2.2 Inpainting

Here we describe a simple but significant application of the relaxed functional &, given by
Theorem 3.1.7. Such an application arises from the inpainting problem that, roughly speaking,
consists in the reconstruction of a part of an image, knowing how the remaining part of the
picture looks like. This problem as stated is quite involved [Ber+11]. Assuming the only two
colors of the image are black and white, as already pointed out for example in [AMO03], one
can think that the black shape contained in lost part of the image is consistent with the shape
minimizing a suitable functional depending on length and curvature of its boundary. In such a
setting, the known part of the image plays the role of the boundary conditions. On different
scales one can ask for the optimal unknown shape to minimize a weighted functional, where one
can give more importance to the length or to the curvature term. Now we formalize the problem
and we give a variational result.

Fix p € (1,00). In R? consider the set H defined as follows. Let Q1,Q2 be the squares
Q1 ={(z,y) : 0<2<10,0<y <10},Q2 = {(z,y) : =10 < x < 0,-10 <y < 0}, modify the
squares in small neighborhoods of the vertices into convex sets (@1, Q2 with smooth boundary.
Let

H = (@1 U @2) \Bl(()).

For A € (0,00) let Fy, be the functional

, _ Ve=_(is(v(sh 1),
)\MVE(R )+ f |kVE|p dpy, if il

Fap(E) = i : St — R? C%immersion, #I < +oo,

400 otherwise.

Observe that the functional F) , is just a modification of &,, where the constant weight in front
of length and curvature are changed. As bounds on F), are equivalent to bounds on &,, the
characterization for ﬁ,p is completely analogous to the one of £,, and one can state a result like
Theorem 3.1.7 for the relaxation ﬁ,p.

We want to solve the minimization problem
P =min {F\,(E) | EC R? measurable s.t. E\ B1(0) = H}, (3.19)

under the hypothesis of A suitably small. The heuristic idea is that a good candidate minimizer
is given by the set

Ey=[(QUQ2)NB(0)] UH,

which has finite &, energy. For a qualitative picture see Fig. 3.3.
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Remark 3.2.1. Observe that if G is the relaxed functional defined in Section 3.2.1, then
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400, and thus Ey will never be detected by a m

G(Ey) =

gously defined with the functional G.

We have the following result.

) such that for any A € (0, o) the set Ey is the

™
’2

Proposition 3.2.2. There exists \g € (0

unique minimizer of problem 3.

Proof. Let us first observe that varifolds associated to sets with energy sufficiently close to

the infimum of the problem have mass uniformly bounded independently of A. More precisely,
suppose that E is a competitor such that F) ,(E) < infB + 1, and let Fy ,(E) = Fyp,(V) for

some V € A(FE). Then
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Applying Theorem 1.3.1 with ¢ =1 and p — 400 on the monotone function My o(-) we get
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and C

(B1(0)) < C = C(H,p, Eo)

(H) + pv

Hence py (R?) < C

7 and Lemma 3.1.4

> icr, Fap(Vin) for some curves ;. Up to subsequence I,, = I and

ing sequence of problem . By Theorem 3.1.

1n1miz

Now let E,, be a m

te F, )\J,(En)
the curves converge strongly in C! and weakly in WP to curves 7;. In particular E, — E in

the L'-sense, and

we can wWrl

(3.20)

Fp(Eo).

Fap(E) <infP < Fyp(Eo)
ty. Moreover, by C! strong convergence we have that

ViVP € ((%) N aBl(O)) \ {(170)7 (07 1)’ (il,O)a (Ov *1)} =

inui

by lower semicont

(vi) is tangent to 0B;(0) at p.
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Observe that the energy of £y “inside” B1(0), that is the Fy p-energy of the curves 0EoN By (0),
is equal to 4X. We now argue as in Section 3.2.1.

Since Fy ,(E) < +oo there exists a varifold V' = Zi]\;l(%)ﬁ(v(Sl, 1)) € A(E). Up to re-
naming and reparametrization assume 71(0) = (1,0), 41(0) = —(1,0), and 71 |(_7,0) joins (0, 1)

and (1,0) having support contained in FH \ B;(0). Since 7 is C! and closed, by the above
discussion there exists a first time 7 > 0 such that v; intersects transversely 0B;(0). Also such
transversal intersection can take place only at one of the points in {(1,0), (0,1),(—1,0), (0,—1)}.
We distinguish two cases.

i) If v(r) € {(0,1),(0,—1)}, recalling that there is C > 0 independent of A such that
L(v;) < C for any i, then arguing like in (1.13) we get

1 1
> A24 I >

T
Fap(rilon) = W2+ =
2 L(Vl\(o,r))p' 20

where the last inequality holds choosing Ag small enough.

ii) If v1(7) = (1,0), then by the same argument leading to (1.13) one has
Lvilon) 1 (7
T < M + / |k |P dis. (3.21)
p P Jo

If \p > 1, then 7 < Fip(11l0,r))- If instead A\p’ < 1, then also %pl < 1, and multi-
plying (3.21) by Ap’ one has Ap'm < Fy,(71(0,7)). So we can write that Fx,(v1l0,r) >
min{1, A\p'}m. Choosing Ag < & then m > 2, and since p’ > 1 > % then \p/'m > 2.

Hence in any case we have
Frp(rilor)) > 22

By inequality (3.20) we conclude that v;(7) = (—1,0) and, by characterization of Fy , as in
Theorem 3.1.7, we have that 9Fy C UY, (y;). It follows that E = FEj, and thus 9} has a unique
minimizer, that is Ey. O

3.2.3 Examples and qualitative properties

In this section we fix p € (1, 00) and we collect some observations about the qualitative properties
of sets E having &,(F) < +o0.

First we want to prove a result that is strongly related to [BDMP93, Theorem 6.5], that
states the relation between the elastic energy of a set and the number of cusps on its boundary.
To this aim we need some definitions.

Definition 3.2.3. Let £ C R? be closed. A point p € OF is a (simple) cusp if there is 7 > 0 such
that up to rotation and translation the set B;.(p) NOF is the union of the graphs of two functions
f1, f2 1 [0,a] = R of class WP with f;(0) = f/(0) = 0, fi(z) < fa(x), and fi(x) = fo(z) if and
only if z = 0.

Also, we need the following definitions in the context of planar graphs.
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Definition 3.2.4. Let G C R? be a planar finite graph, i.e. a set given by the union of finitely
many embeddings of [0, 1] of class C' N W?2P, called edges of G, possibly meeting only at the
endpoints, called vertices of G. The symbols Eg, Vg respectively denote the set of edges of G
and the set of vertices of G. Together with the topology of a graph G, it is assigned a multiplicity
function m : Eq — N.

For any vertex v € Vg there is 7, > 0 such that for 0 < r < r, the set H := G N B,(v) is a
finite connected graph whose edges only meet at v and with multiplicity inherited from G. In
this notation, the local density of G at v is the number pg(v) =) . m(e).

Now assume also that for any v € Vg and 0 < r < ry, if f; are regular parametrizations of
the edges e; of the graph H = G N B,(v) with f;(1) = v, then for any ¢ there is j such that
the arclength derivatives f;, fj satisfy fz(l) = — fj(l) Under this assumption, we denote by
w1 (v), ..., wy, (v) unit norm vectors identifying the possible tangent directions given by {f;(1)};.
Hence, being w;(v)* the counterclockwise rotation of w;(v) of an angle equal to m/2, we define

I (w;(v)) == {e; € Ey | fi(1) = £w;(v), [fi(1),w;(v)] is a negative basis of R?},

I~ (w;(v)) = {e; € Ex | fi(1) = £wi(v), [fi(1),wi(v)] is a positive basis of R?},

and

pEwww) = 3 mle),

e; €11 (w;(v))

palvwi) = S mle).

e; €1~ (w;(v))

The graph G is said to be regular if for any v € Vi; and for any w;(v) it holds that pf (v, w;(v)) =
pe (v, wi(v)).

Remark 3.2.5. Let V = Zﬁil(%)ﬁ(v(Sl, 1)) be a varifold in A(E) for some set E. Suppose
that I' = U(~;) defines a finite planar graph Gr. To any edge e of Gt we assign the multiplicity
function mr(e) = Oy (p) for any p € e that is not a vertex. Such a definition of multiplicity
is well-posed since any edge of Gr is assumed to be an embedded curve that never touches
other edges, hence 6y is constant along an edge of Gr. We observe that by the flux property
(Definition 3.1.2), the graph Gr with the multiplicity mr is regular.

We are ready to prove the following result about the energy of sets which are smooth out of
finitely many cusp points. The strategy follows ideas from [BDMP93], but it is different in the
technical parts.

Theorem 3.2.6. Let E C R? be a closed set whose boundary is WP smooth at every point but
at finitely many ones which are simple cusps qi, ..., qi. Then

E(E) < 400 & k is even.

Proof. If k is even, [BDMP93, Theorem 6.4] implies that the relaxed energy G(E) studied in
[BDMP93] is finite. Since £, < G, we have one implication.

Now suppose that &,(E) is finite, i.e. A(E) # 0 by Theorem 3.1.7. Let V = v(I',0y) =
vazl(’yi)ﬁ(v(Sl, 1)) € A(E). We are going to construct a set E satisfying the hypotheses of
the theorem and having the same unknown number of cusps of E, together with a varifold
vV = v(f,0‘7) € A(FE) with the additional property that I' defines a finite graph Gy with
multiplicity as given in Remark 3.2.5. Once the support of a varifold in A(E’) is a finite graph,
we can prove that the number of cusps is even.

111



Step 1. Here we construct E and I' as claimed. Let C(T") be the set of points p € T such
that in any neighborhood of p it is impossible to write I' as a single graph, i.e. p is a crossing
or a branching point of two pieces of some curves v;,v;. Denote by K the set of accumulation
points of C(I"). Observe that K is compact.

Now fix ¢ € (0,1) and let ¢ € K. Let v1(g), ..., vn, () be unit vectors identifying the tangent

directions at ¢ of the curves passing through ¢. For j = 1,..., N, let a{, ...,O‘?\/[q _ be suitable

. A i ,
restrictions of the curves {v;} on disjoint intervals I = domain(o7]) such that each o7 passes

through ¢ with tangent parallel to v;(q). Also, for i =1,..., Ny let R;(¢q) be open rectangles with
two sides parallel to v;(¢). Up to restriction we assume that each o7 is contained in R;(g) with
endpoints on the boundary of the rectangle. We can assume that the following properties are

satisfied.

i) Each rectangle contains at most one cusp and cusps do not lie on the boundary of any
rectangle. Also if ¢ € I'\ OF, then R;(q) NOE = 0.

ii) The set R;(¢) NOFE is homeomorphic to a closed segment such that: if no cusps lie in R;(q)
then R;(q) NOF is the graph of a W?2P function, if a cusp lies in R;(q) then R;(¢) N OF is
the union of the graphs of two C' N W?2P functions as in the definition of simple cusp.

iii) Each JZ can be parametrized as graph inside R;(g), and ]af() +vi(q)] < e or |af() -
vi(g)] <e.

iv) The curve Ug intersects OR;(q) only on the sides perpendicular to v;(¢) and transversely,
and o7 intersects of only in the open set R;(q) U R;(q) \ (OR;(q) U ORk(q)).

v) Ifa e alf,b € 3Ii and Uzj(a) = oF(b), then df(a) = :I:di(b).

vi) For a € 8[?: if ag(a) € FE, then HV(og(a)) = t{k | ai passes through ag(a)} is odd; if
ol(a) € T'\ OF, then Oy (o] (a)) = #{k | o, passes through o/ (a)} is even.

Item v) follows by the fact that transverse crossings of two curves are at most countable (as
proved in Lemma 3.1.4), while Item vi) follows from the fact that V' € A(FE) and thus 6y is odd
(resp. even) at H'-ae point of FE (resp. I' \ OF).

Since the set K is compact, we can extract a finite covering of rectangles corresponding
to points qi,...,qr. By Theorem 1.3.1 the numbers NV, of the rectangles of ¢; are uniformly
bounded in terms of the energy, which is finite. Hence we can add to the cover the possibly
remaining rectangles corresponding to each cusp ¢;, yielding a covering that is still finite. For

any j = 1,..,L and i = 1,..., Ny, we are going to modify the curves ol

; in a finite number of

steps. We start from the family {o}};_7"" corresponding to R1(qi), then one modifies the curves
corresponding to R2(g1) and so on up to Ry, (q1), then one changes the curves of the families
corresponding to g2 and so on up to ¢r. Since the procedure is the same at any step, let us

describe only the case of the family {Jil}?iqf‘l corresponding to Ri(q1). In the end we will end

up with the desired E 1.
We modify a o} as follows, depending on the cases ¢ € I'\ OF, or ¢1 € FE, or gy is a cusp.

1. Assume that ¢; € T'\ E. Fix o} and split it into the two pieces divided by ¢;. Let us say
that one such piece of o} is parametrized as graph by f : [0,a] — R with f(0) = f/(0) =0
corresponding to ¢q1. Let ul1 be the solution of

u(z) = A3 4 pz? + vr + w,
u(0) = 4/(0) =0, (3.22)
u(a) = f(a), v'(a) = f'(a),
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for the suitable constants A, u,v,w. Doing the same with the other piece of O‘l-l, we sub-
stitute each o} with the graphs of the obtained functions u} (such modification is then a
change in one of the original curves «;’s). Observe that by properties v), vi) one obtains
a new varifold still in the class A(F), indeed graphs of finitely many polynomials meet in

at most finitely many points.

2. Suppose now that ¢ € FE. By construction, say Rj(q1) contains some curves with end-
points on FE N OR1(q1). In this case we modify the curves exactly as before following
the system (3.22); moreover we declare that the boundary FE is modified inside Rj(q1)
following the new modified curves having endpoints on FENJR1(q1). This leads to a new
set, which we already denote by F, satisfying the hypotheses of the theorem and having
the same number of cusps of F, together with a new varifold, already denoted by V, in
the class A(E) (as before this is due to the properties v) and vi), together with the fact
that the new curves are graphs of polynomials).

3. Finally suppose ¢; is a cusp of OE. In this case we modify the curves (and the set E)
exactly in the same way of the case 2). This preserves the cusp in the new set E.

After performing these modifications in any R;(g;) we end up with a varifold 1% given by curves
4; such that the set C (1~“) of the points p € [ such that in any neighborhood of p it is impossible
to write ' as a single graph is finite. Indeed the points of this type belonging to the union of
the closure of the rectangles R;(g;) are finite. So, if by contradiction there are points of C (f)
accumulating to some limit point ¢, this would be outside the union of the rectangles R;(g;),
and ¢ would be a limit of a sequence in C(I"). Hence ¢ would be in K, and thus in the interior
of some rectangle R;(g;), that is a contradiction.

Step 2. Now we show that if a set E is as in the hypotheses of the theorem and if V' =
v(T',0y) € A(FE) is such that T" defines a finite graph, then the number of cusps of E is even.
Together with Step 1, this implies the thesis. Here we essentially generalize the strategy of
[BDMP93]. Let Gr be the finite regular graph given by I' with multiplicity mr as assigned in
Remark 3.2.5. Let us construct a new graph G with multiplicity m as follows. For e € Eg,.,
define the multiplicity

mr(e) :
mie) = 2( L if mr(e) even,
TEZ—  if mp(e) odd,

with the convention that if m(e) = 0, then the edge e does not appear in G. Now let y € V.
We want to evaluate the parity of pg(y) dividing some cases.

i) Suppose y ¢ OE. Then any edge e of Gr with endpoint at y has pgr(y,wi(y)) =
Pa. (Y, wi(y)) even for any w;(y). Hence by definition we have that pg(y) is even.

ii) Suppose y € FE. Then exactly two edges ej, ea of Gr having an endpoint at y have odd
multiplicity: mr(e;) = 2k; + 1 for i = 1,2. Up to relabeling suppose that e; € I (w1 (y))

and eg € I~ (w1 (y)). Every other edge of Gr having an endpoint at y has even multiplicity.
Since Gr is regular we have that

le +1+ QCL;F = pgr(yv 'UJl(y)) = par(y7w1(y)) = 2k2 +1+ 2&;,

and similarly
2a; = p&, (v, wi(y)) = pg, (v, wi(y)) = 2a;,
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for any possible ¢ > 2. Then
pa(y) =k +af +ke+ay +) af +a; = 2<k1 +af +Zaj>
i>2 i>2
is even.

iii) Finally suppose that y is a cusp of JF. Then exactly two edges e, es of Gt having an
endpoint at y have odd multiplicity: mrp(e;) = 2k; + 1 for ¢ = 1,2. Up to relabeling
suppose that eq,es € I'T(wi(y)). Every other edge of Gr having an endpoint at y has even
multiplicity. Since Gr is regular we have that

2k1 + 1+ 2ky + 14 20 = pg_(y, w1(y)) = pg, (v, wi(y)) = 2a7,

and similarly
2a; = p&, (v, wi(y)) = pg, (v, wi(y)) = 2a;,
for any possible ¢ > 2. Then

pe(y) =k +ka+af +a7 +> af +a; =2ki+ ko +af)+1+2) af,
i>2 i>2

that is odd.

It follows that the cusps of OF coincides with the vertices y of G having odd local density pg(y).
By Theorem 1.2.1 in [Ore62], the vertices of a finite graph with odd local density are even.
Hence the cusps are even and the proof is completed. ]

Now we turn our attention to another class of sets. Let us give the following definition.

Definition 3.2.7. A closed measurable set £ C R? is a p-polygon if OE = (v) for a curve
v : St = R? such that:

1. ~ is injective;

2. there exist finitely many times 1 <2 < ... <tf such that v|q, . ,) € W2Pfori=1,.., K
(with tx41 = t1), and 7/(¢; ), /() are linearly independent for i = 1,..., K.

We can prove the following result about the energy of polygons.
Proposition 3.2.8. Let E be a p-polygon, then E,(E) = +oc.

Proof. Let « be as in the definition of p-polygon. Without loss of generality we can assume that
0 = 7(0) is such that +/(07) and /(0") are linearly independent. Suppose by contradiction that
there is a varifold V = v(I',0y) = Zi]\il(%)ﬁ(v(Sl, 1)) € A(E). Let v =+/(07), then since V
verifies the flux property we find a nice rectangle R,(p) at p with side parameters a,b for the
curves {g;};_; given by the definition of flux property. We can suppose that g1|_. 0 C FE,
g1l C T\ OF, and that (g;) N OE = {0} for i = 2,...,r. Hence

91lj—c,0) C {0y odd},

7—[1<< O(gi) U gl((O,E])> \ {6y even}) =0.

=2
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Then there exists ¢; € (—a,0) such that

> Oy (z) = M,

z€U_q (g:){y | {y—p,v)=c1}

with M; odd, and there exists co € (0,a) such that

Z 9{/(2) = M2

2€UT_, (9N {y | (y—pv)=ca}

with My even. But by the flux property M7 and My should be equal, thus we have a contradic-
tion. O

Remark 3.2.9. It follows from the proof of Proposition 3.2.8 that, roughly speaking, &,(E) =
+0oo whenever the boundary OF “has an angle” (in the same sense of the definition of polygon).

With the strategy employed in the proof of Proposition 3.2.8 we can construct an example
of a set £ C R? such that F is a set of finite perimeter such that the associated varifold Vg
verifies that

ovy =0, kv, € L*(uy,),  E(E) = +ox.

Such set is discussed in the next example.

Example 3.2.10. Consider a positive angle § > 0 which will be taken very small and the vectors
in the plane identified by the complex numbers

6729’ 67120

, ei(fﬂ'+9)7 6’L'(77r+29)' (323)

The sum of such vectors gives the point (0, —2(sin(#) + sin(26))). Now let ¢ > 0 be another
positive angle and consider the vectors

e, o), (3.24)
so that the sum of these last vectors gives the point (0,2sin(¢)). Then for # — 0, since
sin(0) + sin(20) = 30 + o(0?) there exists ¢ = 30 + 0(#?) such that the sum of the vectors in
(3.23) and (3.24) is zero.

Given these vectors we can define a set E as in Fig. 3.4 whose boundary is the image of
three smooth closed immersions o; of the interval [0, 1] having ¢;(0) = 0;(1) = 0 with derivative
d}(0),0.(1) proportional to the vectors in (3.23), (3.24). In such a way the varifold Vj clearly
verifies that oy, = 0 and ky, € LQ(;LVE). However arguing as in the proof of Proposition 3.2.8
and assuming &,(E) < +o0, one immediately gets a contradiction. Hence E,(FE) = +o0.

20

Figure 3.4: Picture describing the set E of Example 3.2.10. The set is symmetric with respect
to the reflection about the vertical axis.
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We can also construct a simple example showing that there are sets E with ?p(E) < 00, but
such that HY(OE \ FE) > 0 and OF is the support of a C* immersion o.

Example 3.2.11. Let us construct a set F such that OF = (v) for a C* immersion 7 : S — R2,
HYOE \ FE) > 0, and &,(F) < +o0.

Let {gn}n>1 = QN [0, 1] be an enumeration of the rationals in [0, 1], and define K = [0,1] \
Un>1(gn — 2772, ¢, — 27"72). The set K is compact and £1(K) > 1 — 3> 27771 = 1.
Consider a C* nonincreasing function ¢ : [0, 00) — [0, 1] such that ¢(0) =1, ¢(t) =0 for t > 1

and let

=1 T —qn

1; 2ng0< 2n+2)) > Vz € [0,1].
By construction we have that K = f~1(0). Moreover f € C*([0,1]), indeed ¢ < 1 and
]go(k)| < ¢ for any k > 1 for some ¢; > 0, so that both the series defining f and the one of
the derivatives totally converge. Then we can define a C°° parametrization o : [0,4] — R? such
that o(t) = (¢, f(t)) for t € [0,1], o(t) = (3 —t,—f(t)) for t € [2,3], while of; o) and o34
parametrize two drops with vertices respectively at (1,0) and (0,0). Therefore o parametrizes
the boundary of a bounded set E which is the planar surface enclosed by the two drops and
lying between the graphs of f and —f.

By construction 0F = (¢) and FE = (o) \ K, hence H'(0E \ FE) > 1. However approxi-

mating f with f,(z) = f(z) + L4(x), where ¢» € C*°([0,1],[0,1]) is such that ¢(0) = (1) =0,
Y|(0,1) > 0, and defining 03, in analogy with o, we conclude that Ey(E) < +o0.

We conclude the chapter with some additional examples.

Figure 3.5: An example of a set of finite perimeter E such that F,(E) = F,(V) < +oo for any
p € [1,00), where V' € A(F) is the varifold induced by a smooth immersion 7 parametrizing 0F.
Here OE = FE U {z,y} and the strict inclusions FE C {z | fy(x) is odd} = FE U {y} C OF

occur.

Figure 3.6: An example of a set F with finite relaxed energy such that OE \ FFE is a singleton.
A sequence of sets E,, converging to E with uniformly bounded energy is, for example, given by
like in the one on the left in the picture. The dashed line represents the corresponding ghost
line given by the collapsing of the right part of the sets F,,.
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Figure 3.7: An example of a set E with finite relaxed energy such that, by Lemma 3.1.12, the
multiplicity 8y is not locally constant on connected components of FE.
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Chapter 4

Willmore energy of surfaces with
boundary in weak and strong realms
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This chapter is devoted to the study of some minimization problems on the Willmore energy
of surfaces with boundary. We first give an overview of some of the main results present in
the literature in the context of the existence theory for minimization problems on the Willmore
energy. Then we consider the minimization of the Willmore energy among surfaces having a
fixed planar boundary and we prove two non-existence results. We also discuss some Li—Yau-
type inequalities in the context of surfaces with boundary. In the second part of the chapter
we consider the minimization problem of the Willmore energy among varifolds having a fixed
boundary and connected support, proving some properties and existence theorems. Some of the
results in this chapter are contained in [Poz20c] and [NP20].

Let us recall some definitions first. If ¢ : M? — R" is a smooth immersion, its Willmore
energy W(yp) is defined by

Wee) = [ 1P dp (4.1)

where H is the mean curvature vector and /i, is the volume measure induced by ¢. If OM # 0,
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we will denote by ds, the length measure induced by ¢ on M. We also define the functional

D(p) = /M B2 dp,,

where |B| is the norm of the second fundamental form B of the immersion ¢.

Let us introduce a further notation. If ¢ : M? — R™ is a smooth immersion of a surface
with boundary OM and co, is its conormal, denoting by v := ¢|sns the parametrization of the
boundary of the surface, we denote by

ko(x) = (ky, —cop),

the scalar geodesic curvature of ¢, where k,(z) is the curvature of v. Observe that the scalar
geodesic curvature is the quantity integrated over the boundary in the Gauss—Bonnet Theo-
rem 1.1.10. Moreover, in such a setting, if £, € Ll(dsw), we define

G(y) ::/ kg ds,.
oM

4.1 A brief history of minimization problems on the Willmore
energy

In this section we collect some very important results in the existence theory of minimization
problems on the Willmore energy. We follow a chronological order, trying to explain the reasons
why the variational study of this functional gained importance.

The work of Thomas Willmore [Wil65] in 1965 gave rise to a considerable interest in the
variational study of the geometric functional W defined in (4.1), that today is named after
him. We have to mention that a similar energy already appeared in [Tho24], where Thomsen
introduced the functional [, |B° 2 dpg, where B® = B—2H g is the tracefree second fundamental
form. In [Tho24] the author studied properties of conformal invariance of integral functionals
like W, on which we will come back later; some authors actually assert that such properties
where already known to Schadow in 1922. Observe that by Gauss—Bonnet Theorem 1.1.10,
on compact surfaces without boundary the two integral quantities, namely [|B°|? and [|H|?,
differ by an additive topological constant depending only on the Euler characteristic of M (see
Remark 1.1.11). This means that these integral functionals are equivalent in the context of
many topologically constrained minimization problems, i.e., problems in which the topology is
fixed. In fact, in [Wil65] the author firstly considered topological constraints on the competitors
of minimization problems on W. It is probably this combination of topological, geometric, and
variational properties that increased the interest towards the Willmore functional.

Let us begin with the first result in the variational study of W, that is the identification of
global minimizers of this energy among all possible closed immersed surfaces.

Theorem 4.1.1 (Global minimizers, [Wil65], [Che71a], [Che71b]). If ¢ : M? — R™ is a smooth
immersion of a compact surface without boundary, then

W(p) > 4, (4.2)

with equality if and only if ¢ is a round sphere, that is, M? is topologically a sphere and ¢
embeds M as a round 2-sphere of some radius contained in an affine 3-dimensional subspace of
R™.
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The proof of Theorem 4.1.1 in the case n = 3 goes back to Willmore and it is contained in
[Wil65], while Chen proved the result in higher codimension in [Che71a] and [Che71b].

We remark that we already proved the inequality (4.2) at the level of varifolds in Corol-
lary 1.3.8 as a consequence of the monotonicity formula. We will prove that the rigidity part of
Theorem 4.1.1 in codimension 1 also holds in the setting of varifolds (see Proposition 4.3.16).

Let us also remark that inequality (4.2) and the rigidity part of Theorem 4.1.1 remain
true for generalized Willmore functionals of higher dimensional manifolds. More precisely, if
@ : M™ — R™™ is a smooth immersion of a closed manifold, then

/ HI" dpty > |7,
M

where |[S™| is the volume of the standard Euclidean n-dimensional sphere. The proof of this fact
is contained in [Che7la] and [Che71b] as well. We also mention that these kind of Willmore-
type inequalities have been proved also in the case of embedded submanifolds in Riemannian
manifolds with non-negative Ricci curvature by means of arguments based on potential theory.
For a complete treatise of these results one can see the recent Ph.D thesis of Fogagnolo [Fog20)]
(see also [AFM20] and [AM20]).

From Theorem 4.1.1 it is clear that asking for uniqueness of minimizers of W in such uncon-
strained problems is meaningless, given that every round sphere has energy equal to 4mw. This
degeneracy is ultimately due to the following fundamental invariance property of the Willmore
energy, that is, the fact that the functional is invariant under conformal transformation of the
ambient.

Definition 4.1.2. A conformal map is a smooth diffeomorphism F' : (X, gx) — (Y, hy) between
two Riemannian manifolds (X, gx) and (Y, gy) such that F*gy = e**gx for some A € C®°(X),
that is, the pull back metric F*gy is a multiple of the metric gx on X.

It follows form the definition that the differential of a conformal map preserves angles between
tangent vectors. We will be mainly interested in conformal transformations of open sets in the
Euclidean space. The following classical theorem, due to Liouville, completely classify conformal
maps in Euclidean spaces R™ for n > 3. Before giving the statement, let us point out that
translations in R™ are denoted by

z— Ty(x) =z +q,
for some ¢ € R”, a dialation in R™ is a map
x +— Dy(x) = ax,

for some « > 0, while the spherical inversion, or spherical reflection, at the unit sphere is the
map I1: R"\ {0} — R"\ {0} given by
x
Lolx) = —.
1,0(®) 2P
Composition of I1 o with a translation and a dialation gives arbitrary spherical inversions. More

precisely, we define

Ire : R"\ {c} — R™\ {0} Lpo(z) =2 2—C

= cf*’

for any ¢ € R™ and r > 0.
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Theorem 4.1.3 (Liouville, [Spi99, p. 209]). Let F' : U — V be a smooth diffeomorphism between
two connected open subsets of the Fuclidean space R™, and let n > 3. Then F is conformal if
and only if F' is a composition of isometries, dialations, and spherical inversions.

We now state the result about the conformal invariance of W in the setting of smooth surfaces
with boundary.

Theorem 4.1.4 (Conformal invariance in R", [Che74], [Whi73], [Wei78]). Let ¢ : M? — R™ be
a smooth immersion of a compact surface with boundary OM. Let ¥ = (M) C U with U C R"
open. Suppose that F : U — V C R™ is a conformal diffeomorphism. Let ¥ = F oy, and
denote by Hy, Hy, [y, fty, dS,,dsy the mean curvature vectors and the induced 2-dimensional
and 1-dimensional measures induced on M and OM by @, respectively. Then

/ |Hgo’2dﬂw+/ kwds({,:/ |H¢|2dﬂw+/ ky dsy,
M oM M oM

where k, and ky, denote the scalar geodesic curvature of the immersions plon : OM — R™ and
V|on : OM — R™.

From the previous theorem we see that uniqueness of minimizers of YW among a class of
closed surfaces can be only understood up to conformal transformation of the ambient.

Remark 4.1.5 (Conformal invariance on manifolds). The conformal invariance of W is actually
even more general, in the sense that it holds for immersions ¢ : M? — (M",g) of surfaces in
any Riemannian manifold. More precisely, given ¢, it holds that the quantity

/‘Hcp’?;“‘K((P*TmM)dM(p—i-/ ke ds,,
M oM

where K (¢,T, M) is the sectional curvature of M calculated on the plane T, M, is invariant
under conformal changes of the metric g of the ambient manifold. The proof of this fact is due
to Weiner [Wei78|. Since the Euclidean space has constant sectional curvature equal to zero,
this general result implies Theorem 4.1.4.

Coming back to variational problems regarding the Willmore energy, we see that Theorem
4.1.1 solves the minimization problem of W in Euclidean spaces among closed surfaces. The
next step is then to study minimization problems of W among families of surfaces satisfying
some constraints. This plan already started in [Wil65], when Willmore stated his celebrated
conjecture. A nice discussion about the formulation of the conjecture is contained in Willmore’s
book [Wil93].

Conjecture 4.1.6 (Willmore conjecture, [Wil65]). The infimum of the Willmore energy among
smooth immersions of the 2-dimensional torus into R3 is 272, This infimum is only achieved by
the itmmersion

[0,27] % [0,27] 5 (u,v) — ((\/i—i— cos ) cos v, (V2 + cosu) sinv,sinu) € R3,
called Willmore torus, up to conformal transformations of the ambient.

The statement of the Willmore conjecture motivated the fact that the first constraints im-
posed on the minimization of the Willmore energy have been of topological type, that is, con-
straints on the genus of competitors. We then introduce the following class of problems.
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Problem 4.1.7. Fix an integer g > 1 and let M, be the 2-dimensional closed surface of genus
g. Fix also an integer n > 3. Prove existence of minimizers for the minimization problem

min {W(np) | ¢ : Mg — R" smooth immersion}.

We also define
Bg = inf {W(gp) | ¢ : My — R"™ smooth immersion}. (4.3)

Problem 4.1.7 has been completely solved putting together the remarkable results of Simon
[Sim93], in which the author studies and solves the case of g = 1, and the important contribution
by Bauer and Kuwert [BK03], who built on this result to prove existence of minimizers for any
higher genus. Putting together these works, as well as the ones in some related papers, we can
state the following answer to Problem 4.1.7.

Theorem 4.1.8 (Topologically constrained problems, [Law70],[Sim93],[BK03],[KLS10]). For
any integers g > 1,n > 3, the minimization Problem 4.1.7 admits a minimizer F' : Mg — R".
Any such minimizer is a smooth embedding. Moreover, it holds that

4m < By < 8, 3 lim By = 8.
g—0o0

In Theorem 4.1.8, the proof that limy f; = 87 is contained in [KLS10], while the estimate
4m < By < 8 follows from Theorem 4.1.1 and the results in [Law70]. More precisely, in [Law70]
the author constructs embedded minimal surfaces in the sphere S? of any given genus having
area strictly less than 87. By Remark 4.1.5 this implies the existence of closed surfaces of any
given genus in R?® having Willmore energy strictly less than 8.

Indeed the stereographic projection 7 : (S*\ {pn},gs3) — (R3, ggs) is conformal, where py
is a chosen “north pole” on S3, and then, by Remark 4.1.5, if v : My — S? is an embedded
minimal surface in S3, then

Wi o p) = /M djiy = Area(y),

where we used that the sectional curvature in the sphere is constantly equal to 1. Therefore,
testing the identity on Lawson’s minimal surfaces of [Law70] gives the desired estimate.

However, Theorem 4.1.8 and the works related to its proof do not contain any information
about the explicit values of the numbers 3y, neither about characterization or qualitative prop-
erties of the minimizers. In particular there has been no answer to the Willmore conjecture until
the outstanding work of Fernando Coda Marques and André Neves [MN14], whose results imply
the Willmore conjecture.

Theorem 4.1.9 (Marques—Neves, [MN14]). Let 1 : Mg2 — S3 be an embedding of a surface of
genus g > 1 into the sphere S®. Then

/ L+ |Hyly, duy > 277, (4.4)

My

where Hy, € TS? N (TM)* is the mean curvature vector of the embedding v inside the sphere

S3. Moreover, equality holds if and only if (M) is the Clifford torus St, xS!, | up to conformal
V2 V2
transformation of S®, where S', is the circle of radius % and center the origin in R?.
Vo)
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Using again the fact that the stereographic projection 7 is conformal, if ¢ : My — R3 is a
smooth immersion, then the map ¢ = 7~ 1o ¢ : My — S? satisfies that

W) = [ 1, + K@M iy = [ 1+, d,
g

g

which is precisely the quantity appearing in (4.4). Since it turns out that the Willmore torus is
the stereographic projection of the Clifford torus, Theorem 4.1.9 proves the Willmore conjecture.

Corollary 4.1.10 (Marques—Neves, [MN14]). The Willmore conjecture 4.1.6 holds true.

Let us now briefly discuss here another consequence of the conformal properties of the Will-
more functional, which will be strongly related to the results we shall present.

Proposition 4.1.11. Let ¢ : M? — R" be a smooth immersion of a closed surface. Assume
0€ X =@(M). Denote by I : R3\ {0} — R3\ {0} the spherical inversion I(x) = % and let

||
'l,b =1o SO|M\g071(0)' Then
W(W) = W(p) — 4m ™' (0),
where §(-) denotes the cardinality of (-).

A short proof of this result can be found in [BK03], but the estimate was already present in
the literature as a consequence of the mentioned results of Chen [Che71la; Che71lb; Che74] and
Weiner [Wei78]. As a corollary we get the already mentioned Li-Yau inequality [LY82], which
is also true as suitably stated in the context of varifolds (Corollary 1.3.8).

Corollary 4.1.12 (Li-Yau inequality). Let ¢ : M? — R™ be a smooth immersion of a closed
surface. Then for any p € p(M) it holds that

W(p) > 4mtto™ (p).
In particular, if ¢ is not an embedding, then W(p) > 8.

In Section 4.2.2 and Section 4.A we will come back on Li—Yau-type inequalities like the one
in Corollary 4.1.12. We will prove a completely analogous version of Corollary 4.1.12 for surfaces
whose boundary is a circle (see Theorem 4.2.6) and we will also discuss the case of surfaces with
an arbitrary planar boundary (see Theorem 4.A.4).

We observe that using Proposition 4.1.11 and Corollary 4.1.12, one can clearly prove that
the infimum of the Willmore energy among closed surfaces is 47 and that the unique minimizers
are round spheres, recovering Theorem 4.1.1. We remark the similarities of such a strategy in
the study of different conformally invariant energies, like the energies of knots introduced by
O’Hara [O’H91; O’H92; O’HO3]. In fact, we find analogous arguments and results in [FHW94]
in the variational study of such knot energies.

We will similarly exploit the conformal properties of W to solve some minimization problems
regarding surfaces with boundary, except we will prove non-existence of minimizers instead (see
Theorem 4.2.1 and Corollary 4.2.7).

Let us also mention that, in the last years, outstanding contributions to the variational theory
of the Willmore energy have been given by Riviere. In [Riv07] and [Riv08] the author identified a
strong relation between conformally invariant geometric energies and suitable conservation laws.
This theory has deep consequences on the theory of Willmore surfaces, that is, critical points
of the Willmore energy. From the point of view of direct methods in Calculus of Variations,
strongly related results are [Riv13] and [Riv14]. In these works the author formulates and
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employs a parametrization approach in the study of existence and regularity of minimizers for
minimization problems on the Willmore functional. For instance, the existence of minimizers
stated in Theorem 4.1.8 is recovered as a corollary of the theory developed.

This approach has to be compared to the more classical one introduced by Simon in [Sim93].
We can refer today to this method as the ambient approach, as the direct methods employed to
get existence and regularity of minimizers are achieved by means of the techniques of Geometric
Measure Theory. Here the use of varifolds is fundamental.

Both the approaches had many subsequent applications, on which we will come back also
later, especially about the measure theoretic methods of Simon.

From the point of view of the existence theory in the context of closed surfaces, we can
say that many questions found satisfactory answers. This is not the case of existence theory
in the setting of surfaces with boundary. We mention here one of the first fundamental results
achieved by means of Simon’s approach. The following theorem is a general existence results
of critical points for the Willmore energy under the constraint of clamped boundary conditions.
By clamped boundary conditions we mean that both the boundary and the conormal of the
considered immersions are fixed.

Theorem 4.1.13 (Willmore surfaces with clamped boundary conditions, [Sch10]). Fiz n > 3.
Let ' C R™ be a smooth embedded closed 1-dimensional manifold. Let N : T' — R"™ be a smooth
unit vector field along I' which is normal along I'. Then there exists a compact oriented surface
with boundary X9 C R™ and a map ¢ : Yo — R™ such that:

1. 9%y =T,
2. ¢lox, : X0 — I is a continuous embedding of T,
3. co, =N,

4. @ is a C*°-Willmore surface on o \ {p1, ..., pr}, where pi1,...,px are finitely many points,
called branching points, and ¢ is continuous at those points.

Let us stress that, despite Theorem 4.1.13 is a statement of existence of Willmore surfaces,
the result is obtained via an adaptation of Simon’s ambient approach, that is, by means of
a direct method that studies varifold limits of minimizing sequences of suitable minimization
problems.

We conclude this part by stating a problem, which is the direct analogue with boundary
of Problem 4.1.7. We believe that a full understanding of such problem would be a great
achievement in the context of the existence theory we described.

Problem 4.1.14. Fix I'y,...,['y C R" finitely many smooth embedded curves, and n > 3. Fix
an integer g > 0 and let X3 be the 2-dimensional closed surface of genus g with & disks removed.
Characterize existence of minimizers and infimum for the minimization problem

min {W(go) | ¢ : 35 — R" smooth immersion, ¢l|ss, : 035 — L;I'; smooth embedding}.

We will refer to Problem 4.1.14 as the general Plateau-Douglas problem for the Willmore
energy (see [Poz20c]). Indeed, in the case of the area functional, the analogous problem goes
under this name in the literature (see [DHT10]). In the following, also some results in the
direction of this problem are presented. However a satisfactory answer to Problem 4.1.14 is still
quite far today.
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4.2 On the Plateau—Douglas problem for the Willmore energy

In this section we collect some results from [Poz20c] in the direction of Problem 4.1.14 in the
3-dimensional Euclidean space R3. We will focus on a non-existence result for the minimization
problem of the Willmore energy among surfaces having a prescribed circle as boundary (see
Theorem 4.2.1 and Corollary 4.2.7). We also prove a result in the spirit of the Li—Yau-type
inequality in the context of surfaces with planar boundary (Theorem 4.2.6).

Let us first mention here some related results in the literature. Minimization problems of
the Willmore energy for surfaces with boundary and the study of corresponding critical points
are already present in the literature under two main formulations, depending on the chosen
boundary conditions.

As we already said, proceeding by analogy with the Plateau—Douglas problem for the area
functional, we are interested in Problem 4.1.14 in studying the minimization of the Willmore
energy under the sole constraint of having a fixed boundary. We believe this is also the most
reasonable assumption in case the existence of minimizers is the main object of study. The direct
calculation of the first variation of the Willmore energy shows that surfaces which are critical
points under the sole constraint that fixes the boundary get an additional boundary condition,
that is just what happens in the case of Neumann boundary conditions. Such a condition is the
so-called Navier (natural) condition, and it consists in the prescription H = 0 on the boundary.
Critical points satisfying Navier conditions have been studied mainly under the assumption that
the surfaces have rotational symmetry. Under this symmetry assumptions, recent results are
contained in [BDF10; BDF13; DDGO08; DG09; DDW13; Dal+11; Eicl6; EG19].

The second formulation under which critical points of the Willmore energy with fixed bound-
ary have been studied is in presence of clamped boundary conditions. In this case also the conor-
mal at the boundary is prescribed. T'wo of the most important contribution in these area are the
already mentioned [Sch10] and [Eic19], where the authors construct branched immersions which
are critical points out of finitely many branching points by means of a refinement of Simon’s
ambient approach developed in [Sim93].

We remark that also Riviere’s parametrization approach has been employed in the study of
minimization problems of surfaces with boundary for example in [DLPR20] and [MS20a].

Finally, let us mention that a result about symmetry breaking of Willmore surfaces with
Navier boundary conditions is contained in [Manl8]. We also mention that an interesting
problem about Willmore surfaces in a free boundary setting is considered in [AK16]. Other
remarkable related results are the rigidity theorems for Willmore surfaces proved in [Pal00] and
[Dall12]. A study of the Willmore energy under both Navier and clamped conditions on surfaces
that are assumed to be graphs is contained in [DGR17].

In this chapter we define an asymptotically flat surface of genus g without boundary with K
ends to be a complete orientable immersed 2-dimensional manifold ¢ : M — R? such that the
following properties hold.

1. M ~ Mg\ I_Ifilﬁi, i.e. M is diffeomorphic to a genus g surface with finitely many disjoint
closed topological disks removed;

2. For any i = 1, ..., K there is U; open boundary chart at D; such that U; is diffeomorphic
to an annulus with OU; = 0D; LU~; for a curve 7; ~ S', and there is an affine plane II; such
that for any € > 0 there is R > 0 such that ¢(U;) \ Br(0) is the graph over II; \ Kr of a
function fr with ||fr||c1 < e where Kr C II; is compact.

3. D(p) < 4o0.

126



If ¢ defines an asymptotically flat surface of genus g without boundary with K ends as above,
we call end of the surface one of the sets p(U;).

In the following we will also consider asymptotically flat surfaces ¥ of genus g with K ends
with boundary T', meaning that I' is a smooth complete embedding of R and ¥ C R? is a subset
such that the following properties hold.

1. ¥ = o(®(M) \ L) where 9 is an embedding defining an asymptotically flat surface of
genus g without boundary with K end, ¢ : ¢(M) — R? is a complete immersion, L is
diffeomorphic to an open half-plane and it is contained in one end, say FEj, of ¢(M).
Moreover ¢|gr, : 0L — I' is an embedding.

2. For any i = 2, ..., K for any end E; of ¥ there is an affine plane II; such that for any € > 0
there is R > 0 such that p(E;) \ Br(0) is the graph over II; \ Kp of a function fg with
| frllcr < e where Kr C II; is compact.

3. There is an affine plane IT; such that for any € > 0 there is R > 0 such that ¢(E;\ (Br(0)U
L)) is the graph over II; \ H of a function fr with || fr|c1 < e where H C II; is smooth
and diffeomorphic to a halfplane.

4. D(p) < 0.

Recalling Theorem 4.1.8 and the definition of 4 in (4.3), we also define
eq = By — 4m.

The number ey plays an important role in the study of the Willmore energy of asymptotically
flat surfaces. Indeed it holds that

= inf { W(g) |
€g =100 { () | ¢ without boundary with one end

asymptotically flat surface of genus g}

Indeed one can verify that if ¢ is an immersion of My and 0 € ¢(My), then Iop|y\,-1(0) defines
an asymptotically flat surface of genus g without boundary, where I(x) = # Conversely, if
p defines an asymptotically flat surface of genus g without boundary with one end, then I o ¢
extends to a C! immersion of Myg; in particular I o ¢ extends to an element of the class
En, defined in [Rivi4, p. 46]. Therefore by Proposition 4.1.11 (see [BK03, Theorem 2.2])
together with [Riv14, Theorem 1.7], we have that the infimum of the Willmore energy among
asymptotically flat surfaces of genus g without boundary with one end is equal to ey, and such
infimum is achieved only by immersions of the form I o ¢| My\p-1(0) for ¢ : My — R3 embedding
such that 0 € ¢(My) and W(p) = f,.

It follows from the above characterization of eg if I' C R? is an embedded closed planar curve
and g € N, then

4.5
¢lox, : 085 — I’ smooth embedding (4:5)

) { QX5 — R?®  smooth immersion of a surface of genus g}

inf < W(p) ’ g
Indeed we can consider an embedded asymptotically flat surface ¥ without boundary with one
end and genus g such that WW(X) = eg, that is, 3 is minimizing among asymptotically flat surfaces
of its own genus. Without loss of generality we can assume that the set {z? + 4% <1,z =0} is
strictly contained in the open planar region €2 enclosed by I'. Chosen & > 0, up to a translation, a

rotation, and a rescaling of ¥ by a small factor one can construct a competitor ¥’ for the infimum
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in (4.5) such that ¥'N{z?+y? < 1} = SN{a?+y* < 3}, ¥'N{} < 2?+y? < 1} is the graph of
a smooth function over the annulus {3 < 22 +y? < 1} with W(X'N {3 <22 +y? < 1}) <¢, and
Y N{z?+y* > 1} = QN {22 +y? > 1}. Therefore W(Y') < ¢4 +e. For the explicit construction
of ¥/ we refer to the proof of [Poz20c, Theorem 1.4], in which a similar construction is used
several times.

4.2.1 Circle boundary datum

We consider here Problem 4.1.14 for surfaces in R? having one boundary curve, which is assumed
to be a unit circle. In the following we shall denote by S! the unit circle understanding it is a
subset of R? as

St ={(z,y,2) €R® | 2?2 +¢* = 1,2 = 0}.

and we denote by D be the bounded planar disk enclosed by S'. In this setting, the minimization
problem becomes

min{W(¢) | ¢ : Sy — R? smooth immersion, ¢|gs, — S' smooth embedding}, (4.6)

and X is diffeomorphic to the closed orientable surface of genus g with one smooth disk removed.
Also, for a fixed g, we denote by

F = {p: %y — R? smooth immersion, ¢los, — S! smooth embedding},

the family of competitors.

If ¢ € F, since the curvature vector of the boundary curve is just kg1 (p) = —p for any p € S,
denoting by co, the unit outward conormal of ¢, we see that the scalar geodesic curvature of
the boundary is given by ky(z) = (ksi(p(x)), —cox(x)) = (p(x),cop(x)) for any z € 0%.
Identifying 0%y = S!, we can assume that ¢ is the identity on S!, and we write

Vo e F: ko(p) = (p,cop(p)) VpeS',  Glp)= /S1 (p, cop(p)) dH*(p).

Observe that if ¢ € F, then G(¢) < 27 with equality if and only if co,(p) = p for any p € S*.

The main result of this part is the following non-existence theorem.

Theorem 4.2.1 (Non-existence of minimizers). For any genus g > 1, problem (4.6) has no
minimizers and the infimum equals eq.

The proof of Theorem 4.2.1 is based on the following tool.

Lemma 4.2.2. Let ¢ € F and denote ¥ = ¢(X;). Then for any € > 0 there is F : U — R?
such that

1. U CR3 is open and ¥ C U;

2. F:U — F(U) is a conformal diffeomorphism;
3. |lcorop(p) — pllL2(sty < &;

4. 2r —G(Fop)<e.
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Proof. If G(p) = 2m, then co,(p) = p and the identity F' = id|gs works. So we can assume
that G(¢) < 2m. Denote by T, and D, the translation and the dialation with respect to a
vector ¢ € R? or a factor a > 0 respectively. Consider the point (—1,0,0) = v € S! and the
spherical inversion I ,. Note that I, maps S\ {v} onto the line r_, /2 passing through the
point —v/2, lying in the plane of S! and parallel to T},S'. Let R be a rotation in R? about the
axis {z = z = 0}, we claim that the desired map F is

aR[ 270 o] v

IiyoT yp0R0D 0T, 0l ,(p) =v+ —2= ; peU\{v},
Fipy=4 " ’ |oR [ 2=ty +5] 3]
) p=uv.

for suitable choice of a € (0, 1) and rotation R, and F' is defined on

U=R3\ {I;i(— ;(;Rl[v] +v>)}.

The surface I ,(X) is an asymptotically flat manifold with K ends, where K > 1 is the
multiplicity of v in ¥. For 5,v,5 € (0,1) arbitrarily small there exist « = a(8,v) € (0,1)
sufficiently small and suitable R = R(9) so that

K
den <R 0 Do 0 Tyyjp 0 I1 () \ By (0), | J I \ BV(0)> < B, (4.7)
=1

for a half plane II; and planes Ils, ..., Il passing through the origin with 0II; = {z = y = 0},
and

(comy, (—1,0,0)) > 1 -4, (48)

0T yjp0oRo0Dy0T,;06,(%), '
where cory, is the conormal vector of II;. Equation (4.7) is a shortcut for saying that the
functions given by the definition of asymptotically flat surface whose graphs parametrize R o
Do oT,50114(X)\ By(0) have C'-norm smaller than f3.

Note that condition 0 & T,/ 0 Ro Dy 0T, /5 0 I1,(X) in (4.8) is equivalent to I, (p) #
—%(éRM + v) for any p € X; and, since éR[v] + v # 0 for any a < 1, such condition is
equivalent to Il_i( — 3(IR[v] +v)) ¢ %, which justifies the definition of U. So by (4.8) the
function F' is well defined on U and ¥ C U.

Now for any p € U \ {v} we have

aR[p —v] + [p — v|?w @ v
Fp)=v+ [p_v] | | 5 w::§R[v]—§,
[aR [ =0 + [p — vfw]|

which is readily checked to be of class C'(U) and conformal; in fact, at p = v, the differential fo
FisdF, = éR. By the regularity result in [LS14, Theorem 3.1] we conclude that F' is actually
smooth on U.

The inverse map I ,3 has differential

_ 1 /. 2
d(ILi)q = 1E (1d — Wq ® q).
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Hence taking ¢ = (1/2,t,0) € 7_, /2, €3 = (0,0,1) and X € (Tq(?"_v/g))J— we have d([ii)q(eg) =
1

oz 63 and thus

(d(l{,;)q(X)) _ {AUR)o(X) en)  (d(T0)a(X), AT )a(e)) (X, es)
3 |

(17 3)q (X)) (DX (g (AT )q(es) X1

= (1)

that is, the third component of a vector is preserved. Hence putting together (4.7), (4.8), (4.9),
and choosing «, 3, ~ sufficiently small, the thesis follows. O

(4.9)

Corollary 4.2.3. If ¢ € F is such that G(yp) < 27, then there is ' € F such that W(¢') <
W(p). In particular a minimizer ¢ of problem (4.6) must satisfy co,(p) = p on S*.

Proof. Apply Lemma 4.2.2 recalling that the quantity W + G is conformally invariant by The-
orem 4.1.4, so that if GG increases then VW must decrease. ]

We are now ready for proving Theorem 4.2.1.

Proof of Theorem 4.2.1. Assume by contradiction that a minimizer ¢ exists, and let ¥ = p(X;).
Then by Corollary 4.2.3 the conormal co,(p) of ¥ is identically equal to the position vector p
on St Let ¥ := Y U {z = 0,2% + y?> > 1}, which defines a C!!-surface. Now two possibilities
can occur.

Suppose first there exists p € int(D) such that p & X, where D is the closed disk enclosed
by S!. Then I 5(3*) U {0} =: X' is a well defined surface of class C1'! without boundary with
genus g. Also ¥ D D, then ¥’ cannot be a minimizer for the Willmore energy among closed
surfaces of genus g, otherwise ¥’ would be analytic ([Riv08, Theorem 1.3]) and then equal to
the plane containing D. Hence W(X') > f34, and then W(X) = W(Z) > By — 4r = ¢4 (by
Proposition 4.1.11). Since by (4.5) the infimum of our problem is < eg, this implies that ¥ is
not a minimizer.

Suppose now the other case: D C . In this case the whole plane containing D is contained
in ¥ which has genus g > 1, then there exists a point ¢ € X! with multiplicity > 2. Now
let x € R3\ £ then ¥ := I ,(X%") U {0} is a Cb! closed surface of genus g with a point of
multiplicity > 2, then W(X') > 87 and W(X) = W(Z*) > 47 (by Proposition 4.1.11). Since
by (4.5) the infimum of our problem is < f; — 4w < 4m, this implies that ¥ could not be a
minimizer.

Finally, for any € > 0 we know from Lemma 4.2.2 and the proof of Corollary 4.2.3 that

inf W= inf W,
QOE]'— wEF
G(p)>2m—e

then, since inf 7 W < B3 — 4w, by the above argument we conclude that

;ngW: ;Ielg__ W = g — 41 = eq.
G(p)=2m
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4.2.2 A Li—Yau-type inequality for surfaces with circular boundary

Throughout this section we denote by ¥4 a surface with boundary which is diffeomorphic to the
orientable surface M; of genus g having a removed disk. In particular 9% is diffeomorphic to
St. Moreover, we still assume that S! = {22 + y? = 1,2 = 0} is a subset of R3.

If ¢ : ¥y — R3 is an immersion and we denote by ¥ = ¢(X) its image, we will use the same
symbol ¥ to denote the image varifold Im . Moreover, we will use the shortcuts

SAU| = ps(U), /EmeiZ/delm /Zg:/%gdu@

for any open set U C R? and continuous functions f : U — R and ¢ : Y3 — R whenever there is
no risk of confusion.

In this section we are interested in proving a result related to the Li-Yau inequality (see
Corollary 1.3.8 and Corollary 4.1.12). More precisely, given an immersion ¢ : X5 — R3, we want
to prove that the presence of self-intersections implies a lower bound estimate on the Willmore
energy W(p).

We recall here a few concepts we will need. Let v : (0,1) — {z = 0} C R? be a planar regular
curve of class C2. The normal vector vy along v is the counterclockwise rotation of an angle 7
of the tangent vector 7, where we understand that {z = 0} is oriented with the oriented basis
[(1,0,0),(0,1,0)]. In this way we can write the curvature vector of v as k, = %71/7, and the
scalar function %v is the oriented curvature of v. More generally, if v is a unit normal vector
along +, the scalar function (k. ,v) is the oriented curvature of v with respect to v.

We remark that if v : (0,1) — {z = 0}, %v is the oriented curvature with respect to the

normal vector v, and 0 < s <t < 1, then

/ T ds = (1) — 6(s), (4.10)

S

where 6 : (0,1) — R is any C?! function such that 7., (z) = (cos§(x),sin0(z)). Indeed, assuming
without loss of generality that v is parametrized by arclength, writing the tangent vector of
as 7y (z) = (cosO(x),sinO(z)) we have

ky = (ky, 1) = (0'(—sin 6, cos §), (—sin 6, cos 0)) = ¢,

and then fst 0'(x)dx = 0(t) — 0(s).

It follows that if v : S — {z = 0} is an embedded closed planar curve of class C? that
positively orients the boundary of the planar region it encloses, and k., is the oriented curvature,
then

/Sl kv ds = 2. (4.11)

First we need to prove a sort of Gauss—Bonnet Theorem for surfaces with planar boundary.
Lemma 4.2.4. The following identities hold true.

1. Let o : Xg — R3 be a smooth immersion such that ¢ : 0% — I' is the embedding of a closed
planar curve T' C {z = 0}. Assume that there is py € 054 such that o~ (¢(po)) = {po}.
Let

¥ = I p(po) © Plso\fpo}-
Then
W(p) + G(p) = W) + G(¢) + 2.
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2. Let pg € 054 and v : ¥g\ {po} — R3 be a smooth immersion such that 1 0¥y — I is the
embedding of a planar curve I' C {z = 0} such that T' == I o(I') U {0} is a closed smooth
curve and

o(p) = Iigovy Z:fPGEg\{po},
0 if p = po.

is a proper smooth immersion of ¥4. Then

W(p) + Glp) = W) + G(¥) + 2.

Proof. The two statements are equivalent, so here we prove the first one. Without loss of
generality we can assume that ¢(pg) = 0 and we denote I = I o the spherical inversion at the
standard unit sphere. Moreover denote ¥ = ¢(X4). Since the origin has a unique preimage in
2, there is 7 > 0 so small that D, = XN B, is homeomorphic to an embedded disk. Let

Pr = ‘P|Eg\<p—1(Dr)a Y=Yy \ QO_I(DT)

that is the immersion of a smooth surface with piecewise smooth boundary. It is proved in
[CheT74] that the function (|H|? — K)+/det g, where g is the metric and H, K are the mean and
Gaussian curvature on a given immersed surface, is pointwise conformally invariant. Hence,
letting v, :== I o ., we have

/E H, 2~ K, = /E Hy, 2~ Ky, (4.12)

for any 7 > 0 sufficiently small. Moreover, letting r — 0, we have [y, |H J? — W(p) and
fET- |Hy, |2 — W(1)). So we want to study the limit of the two integrals of the Gaussian curvature
asr — 0.

Letting {z = 0} be oriented by the oriented basis [(1,0,0), (0, 1,0)], we can assume that I' is
positively parametrized by ¢[gx, with respect to the planar region it encloses. Moreover, let 3
be oriented accordingly to its boundary. Assume the same positive orientation for 3, and ;.
We know from Gauss—-Bonnet Theorem 1.1.10 that the sum

F(f) = /S Ks+G(f) + o)),

is a topological invariant, where f : S — R3 is some immersed surface and a(f) denotes the sum
of oriented angles in Theorem 1.1.10. In particular F(¢,) = F(¢,) for any r small.

The curve B, (0) N is closer and closer in C2-norm to a half circle of radius r contained in
dpy (TpoXg) as 7 — 0. Hence, letting ~, = ‘P|<p;1(aB,.(o)mz) the parametrization of ¢ 1 (0B,(0)N
Y)), we have

lim/ (ky,,—cC0p, ) = —,
=0 JooB0nn)

and then lim,_,0G(¢,) = —7 + G(p). Moreover, the choice of the orientation implies that
lim, 0 a(p,) = w. Therefore lim,_,o G(¢,) + a(p;) = G(p).

Since the inversion I maps points closer to the origin to points farther from it, we have that
if I o+, parametrizes the curve v, 1 (I(0B,(0) N X)), then

lim/ krox,, —COy, ) = .
r=0 wl(aBr<o>mz>< o
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Moreover, since I is conformal, the sum of the oriented angles is preserved and lim, o a(¢,.) = 7.
Therefore lim, 0 G(¢¥,) + a(¢r) = G(¢) + 27.
Hence using that F(y,) = F(1,), passing to the limit » — 0 in (4.12), that is equivalent to

/ H, [ — F(or) + Glgr) + alpr) = /2 Hy > — F(ih) + Glr) + aly),

T

yields the thesis. O

Since we set St = {22 + 9% = 1,2 = 0} C R3, as we observed in Section 4.2.1 whenever an
immersion ¢ : Y3 — R3 is such that ¢ : 0¥y — S! is an embedding of the circle, we can identify
0%y = S! and assume that ¢ is the identity on S'. In such a setting we denote by co,(p) the
conormal of ¢ at p € S', and the unit outward conormal at p € S' of the planar disk enclosed
by S! is just p = ¢(p).

Lemma 4.2.5. For any w < 4w ewists € > 0 such that if ¢ : Xg — R3 is an immersion such
that ¢ : 0X5 — St is an embedding, with outward conormal field cop, and such that

o €R® . Hp (po) > 2,

[cop (@) — vsi(p(@))|L2(05,) < €
where vg1 is the unit outward conormal of the planar disk enclosed by S', then W(y) > w.

Proof. As discussed above, we can identify without loss of generality %, with S! and set
¢(p) = p for any p € S*. The conormal co,, is then defined on S' and vgi (p) = p = ¢(p) for any
p e Sh

By smooth approximation of the surface we can prove the statement for pg ¢ S'. Let us
assume by contradiction that

1
380 = on () + leon(p) = pllrzs) <
Ipn € B\ st ﬁ@r_zl(pn) =2, (4.13)
W((pn) < w < A4m,
where co,, is the conormal of ¢,. Up to a small modification of the sequence which preserves
(4.13), we can assume that for any n there is ¢ € S! such that f¢ !(¢q) = 1. Then we consider
the sequence ¥/, := I1 (3, \ {¢}), that, up to isometry of R3, is an asymptotically flat manifold
with one end such that
Iy =05, ={(Xn,y,0)ly e R} X, € Ry,
0,(0) > 2,
0¢ 17,
W(E5,) = W(en) + Glen) — 2,
where we write WW(X!)) denoting by X/, also the image varifold induced by the immersion defining

Y7, 0! (p) is the multiplicity of 3/, and the last equality follows from Lemma 4.2.4.
Consider now a blow up sequence X!/ := % for 7, N\, 0 so small that, up to subsequence, %!/

converges in the sense of varifolds to the integer rectifiable varifold pu = V(Uf\i 1 10, 0), where
each 1I; is a plane passing through the origin, and M > 2 or M = 1,0 > 2. Now we exploit the
monotonicity formula of Theorem 1.3.7. Calculating Tx» o(p) we get

. 1 (pcdh(D))
= plgglo Tsno(p) = B /F” Td}l (p),
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for any n, where co!! is the conormal of X! on its boundary I/’ := 9% = {(Rp,y,0)|ly € R},

where R, == ),r(: — +00 choosing r, sufficiently small. Indeed
1 1
aor [ o) ) <[5 [ (a0 (o) 0 o)) a3 )
2p* JrunB,(0) 2p% JrunB,(0)
< &’HI(F” N B,(0)) < By
— 2p? n P — p pooo

Denoting by H]' the mean curvature of X', for any 0 < o < p we have

/ (Hy.p) _ / (Hy.p) | / (3, p)
SN B,(0) P2 /N By (0) PQ S'NB,(0)\ B, (0) P2

1 Y N B,(0)|'/2
< [y BBy gy 0)
P Js1nB,(0) p

3 . . " 1/2
hence letting first p — oo and then o — oo, since lim,_, [EanBoOI = (7/2)Y/?, we have

p
(H},p)
2

=0.

lim
PO JnnB,(0) P

Hence by Theorem 1.3.7 we have

’ 2N B0)]  W(EL) 1/ (p,con(p)) 1,1
3 lim Asyo(p) = 1 n LS| S dH
Jim w.0(p) puvs 2 T T v P2 (p)
oW 1 (p,con(p)) 1
=3t T /F T MW
LT WD 1 )
T2 4 2 Jrp  RZ+y2
T WED 1 1 W(ER)
ST S AT R —n,
< 2—i— 1 +2/Rl+u2 U =T+ 1

By the convergence X)) — p in the sense of varifolds, the monotone quantity Asw o(p) is lower
semicontinuous for almost all p > 0, i.e. liminf, Asyo(p) > Auo(p) for almost every p > 0.
Indeed the first and second summands in the definition of As» o(p), that is the mass and the
Willmore energy in the ball B,(0), are lower semicontinuous, while by continuity of the first
variation under varifold convergence and the fact that R, — +oo, the summand Ryxy o(p) is
continuous in the limit n — oco. Therefore

Ao(p) < lirginf Asyo(p) < liminf lim Ay o(p)

n—00 p—00

E//
< liminfmw + M
n—00 4
( / ) (4.14)
= 7 + lim inf n
n—oo
>
= 7 + lim inf W(En) < 2m,
n—00 4

for almost every p > 0, where we used that G(¢,) — 27 by the absurd hypothesis. Suitably
passing to the limit p — 400 in (4.14) we find

_ 1(By(0)) :
< AP AT
2m phm lim A,(p) < 2m,

which gives the desired contradiction. O
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Using the above result we can deduce the following Li—Yau-type inequality, that states that
the Willmore energy of a non-embedded surface whose boundary is a circle is greater or equal
than 4.

Theorem 4.2.6 (Li-Yau-type inequality with circle boundary). If ¢ : g — R3 is an immersion
such that ¢ : 034 — St is an embedding and there is pg € R3 such that $p~'(po) > 2, then
W(p) > 4.

Proof. By approximation taking a small perturbation of the surface we can prove the statement
for po ¢ S'. For any € € (0,1) by Lemma 4.2.2 we get the existence of a surface ¢’ : £; — R?
such that ¢’ : 9%, — S! is an embedding and

i) ¢/ = F o ¢ for some F conformal;

G(¢') > Glp);

i)

ii)

iii) there exists p’ ¢ S! with #(¢’) "1 (p') > 2;
)

iv) [[(cop)(p) = ver (¢’ ()l L2s1) < &

where vg1(q) = ¢ is the outward unit conormal of the disk enclosed by S!. Taking € as given by
Lemma 4.2.5 for some w < 47 we get

W(p) > W(¢') > w,
and letting w — 47 we get the thesis. O

Putting together Theorem 4.2.1 with Theorem 4.2.6 we get another non-existence result.

Corollary 4.2.7. For any genus g > 1, the minimization problem
min{W(p) | ¢ : By — R® smooth embedding, ¢ : %5 — S' embedding}

has no minimizers and the infimum equals eg = By — 4w

4.3 Minimization of the Willmore energy of connected surfaces
with boundary

In the second part of this chapter we want to address another family of minimization problems
on the Willmore energy of surfaces with boundary. We want to consider the problem of finding
an optimal elastic surface spanning a given boundary, under the constraint that such a surface
is connected. Hence, as a first step, we need to give a sense to what we mean by “optimal
elastic” surface. By such a terminology we mean that such a surface should minimize a given
Willmore-type energy, subjected to suitable boundary conditions. Let us then introduce the
minimization problems we will study.

If v = (y!) U...U (v%) is a finite disjoint union of smooth closed embedded curves in R3, a
classical formulation of the Plateau’s problem with datum v may be to solve the minimization
problem

min {11,(2) | ¢ : ¥ — R? immersion, ¢|gx : 0% — v embedding} , (4.15)
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where X is some 2-dimensional manifold, that is, one wants to look for the surface of least
area having the given boundary. From a physical point of view, we know that solutions to
the Plateau’s problem are good models of soap elastic films having the given boundary (see
[Mor09]). Moreover, critical points of the Plateau’s problem are minimal surfaces, that is, they
are characterized by having zero mean curvature; this is true also in the non-smooth context of
varifolds in the appropriate sense, and it is an immediate consequence of Proposition 1.1.8 and
Remark 1.1.9. In particular, minimal surfaces or varifolds with vanishing mean curvature have
zero Willmore energy.

It is well-known that (4.15) can be solved under suitable assumptions on the boundary curves,
or it can be solved in an appropriate generalized sense in the setting of currents (see [Mor09]
and [Sim83b, Chapter 7]). However, as we are going to discuss, the Plateau’s problem, and more
generally the minimization of the area functional, may be incompatible with some constraints,
such as the connectedness constraint we are interested in.

Therefore if we want to model an optimal elastic connected surface with boundary we should
solve a minimization problem on a different energy, that possibly recovers the Plateau’s problem.
As the Willmore energy is sometimes associated to the “total bending” energy of a surface
(see [Nit93; EFH17]), we will study suitable minimization problems on the Willmore energy of
varifolds satisfying suitable boundary conditions. We will study both conditions of clamped or
natural type on the generalized boundary, adding the constraint that the support of the varifold
must connect some assigned curves (y!), ..., (%) C R3.

The minimization problems we will study have the form

P =min{W(V) | V=v(Mby): oy=o09 sptV U~y compact, connected},
for some assigned vector valued Radon measure g, or
Q =min{WV) | V=v(M,0y): |oy|<p, sptV U~y compact, connected},

for some assigned positive Radon measure p with spty = 7.

Let us introduce a remarkable particular case that motivates our study. Let € = [0,1]?/~
be a cylinder. Let R > 1 and h > 0. We define

Crp = {a:2+y2zl,z:h}u{x2+y2:R2,z:—h}, R>1, h>0,

that is a disjoint union of two parallel circles of possibly different radii. We consider the class
of immersions

Frp={p:¢— R? | » smooth immersion, ¢|sy : 96 — T'g smooth embedding} .

By [Sch83, Corollary 3], if a minimal surface has I'p ), as boundary, then it necessarily is a
catenoid or a pair of planar disks. Moreover one can show there exists a threshold value hg > 0
such that I'r 5, is the boundary of a catenoid if and only if h < hg. For example, in the case

of R =1 one has hg = (mint>0 . In particular for any h > hg there are no minimal

surfaces (and thus no solutions of the Plateau’s problem) connecting the two components of
I'rp, even if h = hg + e > hg is very close to hg. This rigidity in the behavior of minimal
surfaces suggests that in some cases an energy different from the area functional may be a good
model for connected soap films. Since surfaces with zero Willmore energy recover critical points
of the Plateau’s problem, we expect the minimization of W to be a good process for describing
optimal elastic surfaces under constraints, like connectedness ones, that do not match with the
area functional.
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In the following we prove two main existence theorems for the above problems P and Q
(Theorem 4.3.8 and Theorem 4.3.9). This is done by establishing a relation between the varifold
convergence of a sequence of varifolds with bounded Willmore energy and the convergence in
Hausdorff distance of their supports (Theorem 4.3.4). In the final part of the section we analyze
more deeply the motivating example of surfaces having two coaxial circles as boundary, i.e.,
immersions in .Fg j,.

4.3.1 Hausdorff distance and Willmore energy

The convergence of sets with respect to the Hausdorff distance will play an important role in
our study. For every sets X,Y C R? we recall that the Hausdorff distance dy; between X and
Y is defined as

du(X,Y) ==inf{e > 0| X C N.(Y), Y C No(X)}

= max < sup inf |z — sup inf |z —
X{zegyeyw o sup in | yr},

where N (X) is the tubular neighborhood of a set X C R3 given by

o 3 .
N(X) = {y e R’ | ;gf{d(m,y) < 5}.

Observe that, as defined here the Hausdorff distance is clearly not a distance on the power set
of R3. However, we say that a sequence of sets X,, converges in dy to a set X if lim,, dy (X,,, X) =
0. In such a case we write that X,, — X in dy.

Now we prove some useful properties about the Hausdorff distance.
Lemma 4.3.1. Suppose that X,, — X in dy. Then
1. X, — X in dy;

2. if X,, is connected for any sufficiently large n and X is bounded, then X is connected as
well.

Proof. The proof of 1 follows by noticing that if X C N:(X,), then X C N(X,). Now we
prove 2. By 1 we can assume without loss of generality that X is closed, and thus compact.
Suppose by contradiction that there exist two closed sets A, B C X such that AN B = 0,
A# 0, B+#0,and AUB = X. Since X is compact, A and B are compact as well, and
thus d(A, B) = infyeayep|r — y| = € > 0. By assumption, for any n > n(5) we have that
Xn CN:(X) =N (A)UN: (B) and N= (A)NN=(B) = 0. The sets N= (A)N X, and N=(B)N X,
are disjoint and definitively non-empty, and open in X,,. This implies that X,, is not connected
for n large enough, that gives a contradiction. O

Lemma 4.3.2. Suppose X,, is a sequence of uniformly bounded closed sets in R® and let X C R?
be closed. Then X, — X in dy if and only if the following two properties hold:

a) for any subsequence of points yn, € Xy, such that yp, ? y, we have that y € X;

b) for any x € X there exists a sequence y, € X,, converging to x.
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Proof. Suppose first that dy (X, X) — 0. If there exists a converging subsequence y,, € X,
with limit y ¢ X, then d(yn,,X) > o > 0, and thus X,, ¢ /\/%o(X) for k large, that is
impossible; so we have proved a). Now let x € X be fixed. Consider a strictly decreasing
sequence &,, N\, 0 . For any &,, > 0 let n.,, be such that X C N, (X,) for any n > n., . This
means that B, (z) N X, # 0 for any n > n._ and any m € N. We can define a sequence

n— o, € X, N B, (),

where
m, =sup{m € N| X,, N B, (x) # 0},

understanding that x, = z if m,, = oo, indeed since X,, is closed we have that =z € X, if
my, = 00. The sequence ¢,,, converges to 0 as n — oo, otherwise there exists > 0 such that
X N By(z) = 0 for any n large, but this contradicts the convergence in dy. Hence z,, — = and
we have proved b).

Suppose now that a) and b) hold. If there is &g > 0 such that X,, ¢ N, (X) for n large,
then a subsequence x,, converges to a point y such that d(y, X) > ¢ > 0, that is impossible.
If there is g9 > 0 such that X ¢ N, (X,) for n large, then there is a sequence z, € X such that
d(zn,Xpn) > €0 > 0. By b) we have that X is bounded, then a subsequence z,, converges to
z € X, and d(z, Xy,) > % definitely in k. But then z is not the limit of any sequence z,, € Xy, .
However z is the limit of a sequence Z,, € X,, by b), and thus it is the limit of the subsequence
Zn,, and this gives a contradiction. O

Corollary 4.3.3. Let X, be a sequence of uniformly bounded closed sets. Suppose that X, — X
mdy and X, =Y indy. If both X and Y are closed, then X =Y.

Proof. Both X and Y are bounded. We can apply Lemma 4.3.2, that immediately implies that
X CcY and Y C X using the characterization of convergence in dy given by items a) and b). [

The above standard properties allow us to relate the convergence in the sense of varifolds
to the convergence of their supports in Hausdorff distance, under the assumption of bounded
Willmore energy.

We recall that by Theorem 1.3.7 we can assume that if V = v(M,60y) is a varifold in
R3 with bounded Willmore energy, compact support, and generalized boundary oy such that
H2(sptoy) = 0, then we can set

1
M = {:): € R3\ sptoy | Oy (z) > 2} U sptoy,

which is compact, and 6y is pointwise defined at any x € R3? \ sptoy by the limit 6y (z) =
lim,~ o W. In the following, whenever a varifold V' = v(M, 6y) fits these assumptions we

will assume that M and 6y are as above.

Theorem 4.3.4 (Varifold convergence and Hausdorff distance). Let V,, = v(M,,0y,) # 0 be a
sequence of varifolds with uniformly bounded Willmore energy converging to V.= v(M, 6y) # 0.
Suppose that the M, ’s are connected and uniformly bounded.
Suppose that sptoy, = (vE)U...U(7Y) where the . ’s are disjoint smooth embedded closed curves,
A, .., 78 with B < a are disjoint smooth embedded closed curves, and assume that (7)) — (79)
in dy fori=1,..,3 and that H'(7%) = 0 fori=B+1,...,a.

Then M,, — M U (3" U ... U (%) in Hausdorff distance ds (up to subsequence) and M U
(Y1) U ... U (37) is connected. Moreover (7)) — {pi} in dy for any i = B+ 1,....a for some
points p; € R3, p; € M for any i =+ 1,...,;a, and sptoy C (F) U ..U (F?) U{psi1, s Pal-
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Proof. Let us first observe that by the uniform boundedness of M,,, we get that (7%) converges
to some compact set X* in dy up to subsequence for any i = 8 + 1, ..., . Bach X; is connected
by Lemma 4.3.1, then by Gotab Theorem (see [Fal86, Theorem 3.18]) we know that H!(X?) <
liminf, H#(v%) = 0, hence X* = {p;} for any i = B+1, ..., for some points pg1, ..., Pa. Denote
X ={pp+1,--sPa}-

By assumption we know that py;, B py as measures on R3, also M,, and M can be taken
to be closed. Moreover sptoy C X U (3')U...U (5%). Indeed V;, are definitely varifolds without
generalized boundary on any open set of the form N.(X U (3') U... U (7)) and they converge
as varifolds to V' on such an open set with equibounded Willmore energy.

We want to prove that the sets M,, and M U X U (') U... U (3%) satisfy points a) and b) of
Lemma 4.3.2 and that X C M.

Let z € MUGFHU...UGFPUX. Ifz € (5')U...uU(37)UX, then by assumptlon and Lemma 4.3.2
there is a sequence of points in sptoy;, converging to z. Solet x € M\ (F)U...U(37)UX). We

uv(Bp(w))

know that there exists the limit lim,\ o > 1, hence we can write that for any p € (0, po)

with pg < d(z,sptoy) we have that ,uV(B ( )) > Zp®. There exists a sequence pp, “\, 0 such
that lim,, pv, (B, (z)) = pyv(B,,, (x)) for any m. Hence M, N B, (x) # 0 for any m definitely
in n. Arguing as in Lemma 4.3.2 we find a sequence z, € M, converging to x, and thus the
property b) of Lemma 4.3.2 is achieved.

For any £ > 0 let A, == N.(X U (J") U...U (5%)). Let us show that for any € > 0 it occurs
that M, \ A. converges to (M UX U ((¥H)U...U((¥7)) \ A = M \ A in dy, ie., we want to
check property a) of Lemma 4.3.2 for such sets.

Once this convergence is established, we get that M,, — M UX U (") U...U (37) in dy and
we can show that the whole thesis follows. Indeed we have that for any € > 0 for any n > 0 it
holds that

Mn\Aean(MuXu( hu..u@ )\A)

(Muxu( Hu..u@G ))\A C N, (M, \ As),
for any n > n.,. In particular
M, = M, \ A: UA; CNy(M\ A)UA. C Nyoe(MUX U(FH U ..U FP)),
and
MuXu(aUu...u(a%:(MuXu( JU...U (¥ ))\A U A,
C Ny (M \ Ae) U Ae C Nypae (M),

for any n > n.,. Setting e = 1 we see that for any 1 > 0 it holds that
M, C N3, (MUXU(Wl)U...U(S/ﬁ)), (MuXu( Hhu..u@ )) C N3, (M),

for any n > nay ;. Hence M,, = MUXU(¥)U...U(57) in dy. Therefore MUX U(F)U...U(57)
is closed and connected. Moreover we get that X C M, indeed for any p; € X for any K € N>y
by connectedness of M, we find some subsequence y,, € M, N 0B 1 (pi) converging to a point

yx € M N OB (p;). Since M is closed, passing to the limit K — oo we see that p; € M. In
K

particular M,, — M U (3") U ... U (3%) in dy, by Lemma 4.3.1 we get that M U (3') U ... U (¥%)
is connected, and the proof is completed.
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So we are left to prove that M, \ A. converges to (M UX U () U...U(¥7))\ 4. = M\ A.
in dy for any fixed ¢ > 0. Consider any converging sequence y,, € My, \ A.. For simplicity,
let us denote ¥, such sequence. Suppose by contradiction that y, — y but y € M U A.. Since
M is closed, there exist ( > 0 such that B¢(y) N M = ) for n large. Since M,, is connected and
M # () we can write that 0B (y) N M,, # () for any o € (%, %) for n large enough. Since y,, & A,
up to choosing a smaller ( we can assume that B¢(y) does not intersect sptoy;, for n large. Fix
N € N with N > 2 and consider points

Zn.k S aB(H_%)%(y) N Mn 7é @,

for any Kk =1,..., N — 1. The open balls

N-1

{B s}

2N k=1

are pairwise disjoint. Passing to the limit o \, 0, setting p = 8%, and using Young’s inequality
in Equation (1.15) evaluated on the varifold V;, at the point py = 2, we get that

KV, <B ¢ (Zn,k)) 1

- 1
7 < = + / |Hy, |* dpy, + —— / (Hv,,p — zni) duv, (p)
8N sv 8N SN
3 M, BL(Zn,k)) 3
<yt [ P,
2 <i> 4 B q (Zn,k
Y SN

(4.16)

for any n large and any k =1,..., N — 1. Since

lim sup v, (BL(Zn,k)> < lim sup (@) < pv (ng(y)> =0,

8N

summing over k = 1,...,N — 1 in (4.16) and passing to the limit n — oo we get that

3N—1
(N — 1) < limsup — /
( ) < np4; ;

Since N can be chosen arbitrarily big from the beginning, we get a contradiction with the
uniform bound on the Willmore energy of the V,,’s. O

3
: |Hy, |? duy, < Zlimsup W(V,).

¢ (2ny,
8N

Remark 4.3.5. Arguing as in the second part of the proof of Theorem 4.3.4, we get the following
useful statement.

Assuming V,, = v(M,,0y,) # 0 is a sequence of curvature varifolds with boundary with
uniformly bounded Willmore energy converging to V' = v(M, 6y) # 0. Suppose that the M,’s
are connected and closed and that M is closed. Suppose that sptoy, is as in Theorem 4.3.4. If
a subsequence y,, € M,, converges to y, then y € M U5 U...U 8.

Observe that the supports My, M are not necessarily bounded here.

Remark 4.3.6. The connectedness assumption in Theorem 4.3.4 is essential. Consider indeed
the following example: let M, = 9B1(0) U 0B1 g and 6y, (p) = 1 for any p € M,. Hence

the varifolds v(M,, 0y, ) converge to v(0B1(0),1) as varifolds and they have uniformly bounded
energy equal to 8, but clearly M,, does not converge to 9B1(0) in dy.
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Remark 4.3.7. The statement of Theorem 4.3.4 also holds if we assume sptoy, C (7:)U...U(72)
and M, U (7}) U... U (7%) connected. In this case, using the notation of the proof of Theorem
4.3.4, we have that M, U (y}) U ... U (42) converges to M U X U (F") U ... U (%) in dy and
MUXU(®FYU...U () is connected.

4.3.2 Existence of minimizers and asymptotics

Using the above results, we are ready for proving two existence theorems about boundary valued
minimization problems on connected varifolds.

Theorem 4.3.8. Let v = (y}) U...U () be a disjoint union of smooth embedded closed curves
with o € N>o. Let
oo =muryH Ly

be a vector valued Radon measure, where m : v — N>y and vg : v — (Ty)* are H'-measurable
functions with m € L¥(H' L) and |vy| = 1 H'-ae. Let P be the minimization problem

P =min{WV) | V=v(M6by): oy=o9, sptVU~y compact, connected} .
If inf P < 47w, then P has minimizers.

Proof. Let V,, = v(My, 6yv,) be a minimizing sequence for the problem P. Denote I = inf P <
4w, and suppose without loss of generality that W(V,,) < 4x for any n. For any py € M, \ v
passing to the limits 0 — 0 and p — oo in the monotonicity formula (1.15) we get

lo0l(7)
4 < W(V,) + 2 ,
(V) d(po, )
and then 100l(4)
oo|\Y
sup d(pg,vy) < 2——F——— < C(09,I). 4.17

Hence the sequence M,, is uniformly bounded in R3. Integrating the tangential divergence of
the field X (p) = x(p) p where x(p) =1 for any p € Bg,(0) D M, for any n we get that

2MVn(R3) = /diVTMnX d,uvn = —2/<an,X> duvn + /<X, I/0>d’0'0|
< C(o0, Dy, (R*)? + C(00, 1),

for any n, and then puy, is uniformly bounded. By Theorem 1.2.14 we have that V;, - V =
v(M, 6y ) in the sense of varifolds (up to subsequence), and M is compact.

By an argument analogous to the proof of Theorem 4.3.4 we now show that V' # 0. Suppose
by contradiction that V' = 0. Since o > 2 and the curves 7', ...,7* are disjoint and embedded,
there exist an embedded torus ¢ : S! x S — R3\ v dividing R? into two connected components
Ay, As such that A1 D (v1) and Ay D (7?) U ... U (y®). Since M, is connected and uniformly
bounded, there is a sequence of points y, € M, N #(S' x S') with a converging subsequence
Yn, — y. Observe that there is A > 0 such that d(y,,y) > A. Since V = 0 we have that
y ¢ sptV. Let N > 4 be a natural number and consider the balls {B%%(y)}N v Up to

subsequence, for n sufficiently large there is z, ; € 0B, a (y) N M,. Also the balls
N 2

N

{B% (2n.5) }jzl
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are pairwise disjoint. As in (4.16) we get that

3 KV, (BA (Zn,j)) 3
(i) B 4 (2n,

4N

for any 5 = 1,...,N. Since limsup,, py, (BA(ZW')) < py(Bsa(y)) = 0, summing over j =
4
1,..., N and passing to the limit in n we get

that gives a contradiction.

Hence Theorem 4.3.4 implies that sptV U~y = M U~ is connected. Since W(V) < I by
Corollary 1.2.16, we are left to show that oy = 0g. Since 7y is smooth, for gy € v we can write
that

(TY)*(p — q0)| < Cylp — qof? (4.18)

as p — qo with p € v for some constant C, depending on the curvature of 7. Let 0 < o < s with
s = s(7y) such that (4.18) holds for p € yN B(q) for any g € . For any ¢y € v the monotonicity
formula (1.15) at go on V,, gives

v, (Bo(q0)) 1

S (Hvy,,,p — qo) duv, (p)+
0'2 0-2 Bg(qo)
1/ ( 1 1>< ) d|oo|(p) + lim_ Ay, 4, (p)
2 o — anl2 o2 — 4o, ) d|o im Ay,
2 BU(QO) |p7 q0|2 0-2 P 70,70 oiP p—r00 Va0 P
1
BO' 2 1 C _ 2 1
Wk <W> i / Gl =0l L) (p) + 7t
7 2 /B, () P — 0l o

1 [ {p—qo,0)
4o [ LY g,
2/ L o)

< W) (TR0 ol (B an) + ool an) + 7+

+ 5=l (7 Bo(a)

1v,, (Bs (90))
o2

<cm )é £ Cy,0).

In particular

v, (BU(Q)) < C(Iv s 00)02

for any qo € v, any o € (0,s), and any n. Consider now any X € CY(B,(q)) for fixed ¢y € 7y
and r € (0,s). By (1.4) we have that

lim—2/<HVn,X> d,uvn +/<X, V0> d’0'0| = —2/<HV7X> duv+/<X7 Vv> d|0v|, (4.19)

n

where we wrote oy = vy |oy|. Now let m € N be large and consider the cut off function

An(p) = {1 —md(p.y) d(p.")

0 d(p, )

3=3=

<
’ 4.20
o1 (4.20)
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Take now X = A,,,Y for arbitrary Y € C?(B,(g)). We have that

[t X) | = timsup i Ann(Hy,, Y dpiv,

lim sup lim /
m—oo T Br(q0)nN 1 (7)

m—oo T

N

< [V loe lim sup im W(V) v, (B (a0) N V2 (7))

m

Moreover, there exists a constant C() such that B,(qo) N N1 (y) C UiC:(Y)mB 2 (g;) for some

points ¢; € v and at most C(y)m balls {B% (%)}z Hence for 2 < s we can estimate

Therefore

limsuplim | [ (Hy,, X) dpy, 0. (4.21)

m—oo T

< HYHoo lim SUPC(Ia s UO)
m

1
T

Hence setting X = A,,,Y in (4.19) and letting m — oo we obtain

[y dionl = [ i) dlovl,

for any Y € C%(B,(qo)). Since qo € 7 is arbitrary we conclude that oy = og, and thus V is a
minimizer. O

Theorem 4.3.9. Let v = (y}) U...U (%) be a disjoint union of smooth embedded closed curves
with & € N>o. Let m : v — N>1 be H'-measurable with m € L®(H'L~y). Let Q be the
minimization problem

Q =min{W({V) | V=v(M6by): |ov|<mH'Ly, sptV Uy compact, connected} .
If inf Q < 4m, then Q has minimizers.

Proof. We adopt the same notation used in the proof of Theorem 4.3.8. In this case the gener-
alized boundaries of the minimizing sequence V,, = v(M,, 6y, ) are denoted by oy, = vy, |ov, |,
and |oy, | < mHLy. The very same strategy used in Theorem 4.3.8 shows that V;, converges
up to subsequence in the sense of varifolds to a limit V = v(M, 6y ) # 0 with M U~ compact
and connected by Theorem 4.3.4 and Remark 4.3.7, and W(V') < inf Q. Hence, to see that V' is
a minimizer, we are left with showing that |oy | < mH! L.

Denoting p = mH'L~y, we find as in Theorem 4.3.8 that there exist constants C' =
C(inf Q,~, u) and s = s(7y) such that

1, (Bs(q)) < Co?,

for any q € v, any o € (0, s), and any n large. Now for any X € C2(B,(qo)) for fixed gy € v and
r € (0, s) the convergence of the first variation of varifolds (see (1.4)) reads

lim—?/(HVn,X> duvn +/<X, an>d’0'{/n| = —2/<H\/,X> duv+/<X, Vv> d|Uv|, (4.22)

n
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where we wrote oy = vy |oy|. Now we set X = A,,Y in (4.22) for Y € C%(B,(qo)) and A, as
in (4.20). Estimating as in (4.21) and taking the limit m — oo we obtain

tim [V, dlov,| = [ (Vo) o]

that is oy, = oy, and thus |oy|(A) < liminf, |oy,|(A) < u(A) for any open set A. Hence
loy| < pand V' is a minimizer of Q. O

Remark 4.3.10. Assuming in Theorem 4.3.8 and in Theorem 4.3.9 the connected components
of the boundary datum are at least two (i.e. « > 2) is technical, but it is also essential in
order to obtain a non-trivial minimization problem. Moreover, in the case of the problem in
Theorem 4.3.9, this is also crucial in order to obtain a problem that does not necessarily reduces
to a Plateau’s one. In fact if we consider a single closed embedded smooth (oriented) curve -,
then [Sim83b, Chapter 7, Lemma 2.1] guarantees the existence of an area minimizing integer
rectifiable current T' = 7(M, 6, &) with compact support and with boundary 97 = +. Hence by
[Sim83b, Chapter 7, Lemma 1.2] the integer rectifiable varifold V' = v(M, #) is stationary, i.e.,
its mean curvature vanishes, and sptoy C . Then we can consider M = sptT, that is compact.
Since T =« and T is minimizing, the set M U+ is connected and W(V') is trivially zero.

The existence theorems 4.3.8 and 4.3.9 can be applied in different perturbative regimes, as
discussed in the following corollaries and remarks.

Corollary 4.3.11. Let v = (') U ... U (7?) be a disjoint union of smooth embedded closed
sucrves with o € N>o. Suppose that there exists a compact connected immersed surface ¥ C R3
whose boundary is v. Let € € R and f. : R3 = R3 be a smooth family of diffeomorphisms with
fo =id|gs. For any e let

O = COfE(ZJ)/H1 L(f:(7),

where coy, (s is the conormal of f-(X). If W(X) < 4, there exists e1 > 0 such that if g < &1
the minimization problems

P. = min{W((V) |V =v(M,0y): oy =0, sptV U fo(y) compact, connected} ,
Q. = min {W(V) | V=v(M,0y): |ov| <H'L(f(7)), sptV U fo(y) compact, connected}
have minimizers for any € € (—eg, £o).

Corollary 4.3.12. Let v = (4} U ... U (7%Y) be a disjoint union of smooth closed curves with
o € N>o. Suppose that there exists a compact connected immersed minimal surface ¥ C R3
whose boundary is v. Let e € R and f. : R — R3 be a smooth family of diffeomorphisms with
fo =id|gs. For any ¢ let

Oe = COfS(Z)H1 L(f:()),

where coy, (s is the conormal field of f-(%). Then there exists e1 > 0 such that if eg < &1 the
minimization problems

P. = min{W((V) |V =v(M,by): oy =o., sptV U fo(v) compact, connected} ,

Q. =min {W(V) |V =v(M,0y): |ov| <H'L(f(7)), sptV U f-(y) compact, connected}

have minimizers for any € € (—&o, o).
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Remark 4.3.13. Many examples in which the existence theorems 4.3.8 and 4.3.9 and Corollary
4.3.11 apply are given by defining the following boundary data. We can consider any compact
smooth surface S C R? without boundary such that W(S) < 87. Then Corollary 1.3.8 implies
that S is embedded. Considering any suitable plane m that intersects .S in finitely many disjoint
compact embedded curves v!, ..., ¥*, we get that one halfspace determined by 7 contains a piece
Y of S with W(X) < 47 and 9% = (y!) U ... U (v*). Denoting cox. the conormal field of X we
get that problems

P = min {W )|V =v(M,0y): oy =cogH' LI, sptV UIL compact, connected} ,

Q := min {W )|V =v(M,0y): |oy| <H'LOY, sptV UIL compact, connected},
and suitably small perturbations P, Q. of them have minimizers.

Remark 4.3.14. Suppose that v = (y}) U ... U (v*) is a disjoint union of smooth embedded
closed curves and that v is contained in some sphere S%(c) of radius R and center ¢ in R3. Up
to translation let ¢ = 0. If there is a point N € S%(0) such that for any i the image my(7") via
the stereographic projection 7y : S%(0) \ {V} — R? is homotopic to a point in R?\ U$ 7x (%),
then the problem

Q :==min{W(V) |V =v(M,0v): |ov| <H'Ly, sptV Uy compact, connected}

has minimizers. Indeed under such assumption there exists a connected submanifold ¥ of S%(O)
with 0¥ = v, thus W(X) < 47 and Theorem 4.3.9 applies.

Remark 4.3.15. Coming back to a motivating example discussed at in Section 4.3, for given
R >1 and h > 0 let us consider the curves

FR,h={$2+y2zl,z:h}u{x2+y2:R2,z:_h},

Suppose that hg > 0 is the critical value for which a connected minimal surface ¥ with 90X = I'p,
exists if and only if h < hg. Let ¥g be a minimal surface with 93¢ = I'r 5,. Applying Corollary
4.3.12 we get that for ¢ > 0 sufficiently small the minimization problem

Q. = min {W Y|V =v(M,6by): |oy| <H'LTg hotes SPtV UT'R po4e compact, connected}

has minimizers.

Let us anticipate that in the case of boundary data of the form I'g ;, we will see in Corollary
4.3.19 that actually existence of minimizers for the problem Q. is guaranteed for any ¢ > 0,
indeed we will see that the hypotheses implying existence of minimizers actually hold for the
boundary datum I'g, for any h > 0.

In the rest of the section we want to discuss what is possible to prove about minimizers of
the problems in Theorem 4.3.8 and Theorem 4.3.9 in an asymptotic regime where the diameter
of the support of the varifold is very large if compared with the length of the assigned boundary
curves. As the Willmore energy is invariant under rescaling, this is equivalent to investigate
what happens in case the length of the assigned boundary curves goes to zero.

First we need to prove an analogous of Theorem 4.1.1 in the setting of varifolds. More
precisely, we are going to prove that, also among varifolds without boundary and compact
support, the infimum of the Willmore energy is only achieved by spheres. This result is certainly
expected by experts in the field, but, up our knowledge, it has not been proved yet without
appealing to highly non-trivial and recent regularity theorems. Instead, our only tool will be
the monotonicity formula of Theorem 1.3.7.
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Proposition 4.3.16 (Uniqueness of global minimizers among varifolds). Let V = v(M,60y) be
an integer rectifiable varifold with oy = 0 and such that sptV is compact. If W(V') = 4x, then
V =v(S%(2),1) for some 2-sphere S%(z) C R3.

Proof. Passing to the limits ¢ — 0 and p — oo in the monotonicity formula (1.15) we get that

(p—po)t |

2 dpy = 4,
lp — pol

H
47‘(9‘/(]90)4-4/ ‘-i-
M2

for any py € R3, where we are assuming by Theorem 1.3.7 that 6y coincides with the 2-
dimensional density of uy and M coincides with the support of V. Hence 6y (pg) = 1 for
any po € M, and also

L
H(p) = P =p0) pO)Q : (4.23)
lp — pol
at H?-ae p € M and for every pg € M.
Fix 6 > 0 small and two points p1, ps € M with py & Bas(p1). For H?-ae p € M we can write

_2(1”*171)l B ,
H(p)z ‘p_pl‘i P& 6(171)

—28-B & Bs(ps).
Since M is bounded, we get that H € L (uy ). Therefore, since §y = 1 on M, by the Allard
Regularity Theorem (see [Sim83b, Chapter 5, Theorem 5.2]) we get that M is a closed surface
of class C1® for any o € (0,1). Since M is closed, it is also compact, and thus it is connected,
for otherwise W(V') > 8.

Now let p € M be any fixed point such that (4.23) holds, and denote by 1, a unit vector
such that Vpl = T,M. Up to translation let p = 0. Consider the axis generated by 1y and any
point pg € M \ {0}. We can write py = ¢+ w with ¢ = ary and (w, 1) = 0. Writing analogously
(¢ +w') € M\ {0} another point with the same component on the axis generated by vy, (4.23)
implies that

—(gro)vo _ (0—g—w)to _ 0=g=w)t (g, m)n
2 = 2 = H(0) = 2 = 2
q? + |w] g+ wl g+ w'| |q]? + [w'|
Hence, whenever ¢ # 0, we have that |w| = |w'[; that is points in M of the form avy + w with

a # 0 and w € vg- lie on a circle. It follows that M is invariant under rotations about the axis
{tvo | t € R}. This argument works at H?-almost any point of M. Therefore we have that for
any p € M, the set M \ 1/;' is invariant under rotations about the axis p + {tv, | t € R}.

Still assuming 0 € M, up to rotation suppose that vy = (0,0,1). Let a € M be such that
ve = (1,0,0). There exists a point b € M such that b =ty = (0,0,¢) for some ¢t € R\ {0}. We
can write 0 = g+w and b = g+w' for the same q € a+ {tv, | t € R} and some w,w’ € v;. Since
|lw| = |w'], it follows that ¢ # 0, otherwise b = 0. Since ¢ # 0, the rotation of the origin about
the axis a+ {tv, | t € R} implies that M contains a circle C' of radius r > 0 passing through the
origin, and the plane containing C' is orthogonal to VOL. Since M is of class C!, by rotational
invariance about the axis {tvg |t € R}, the circle C' has to be tangent at 0 to the subspace v;-.
Thus by invariance with respect to the rotation about the axis {tvp |t € R}, we have that M
contains the sphere S of positive radius given by the rotation of C' about {tvy |t € R}. Since M
is of class C1'® and the Willmore energy of a sphere is 4, it follows that M coincides with such
a sphere S. O
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Now we can prove the above mentioned result on the asymptotic behavior of connected
varifolds. Under suitable assumptions we can prove that if a sequence of varifolds is such
that the “length” of their boundaries becomes negligible with respect to the diameter of their
supports, then the sequence converges to a sphere, up to translation and rescaling.

Corollary 4.3.17. Let V,, = v(M,,0y,) be a sequence of integer rectifiable curvature vari-
folds with boundary satisfying the hypotheses of the Compactness Theorem 1.2.20 for curvature
varifolds with k = 2. Suppose that M, is compact and connected for any n. If

W(V,) < 4m +o(1) asn — oo,
diam(sptV;,) — >,

R?)
lim sup ’UV"‘( )

_EVaRE )
n - diam(sptV},) ’

and sptoy, is a disjoint union of uniformly finitely many closed embedded smooth curves with
uniformly bounded length, then the sequence

- M,, -
Vni=v <diam(sptVn) ’ 9”)
where 6,,(z) = Oy, (diam(sptV,) ), converges up to subsequence and translation to the varifold
V=v(S,1),
where S is a sphere of diameter 1, in the sense of varifolds and in Hausdorff distance.

Proof. Up to translation let us assume that 0 € sptV,,. Then spﬂ7n is uniformly bounded with
diam(sptV;,) = 1. We have that

. ~ 1 1 av, R3
2ug, (89 = [ divyg, g, () < W (g, (89) + €32 CE)

and thus Theorem 1.2.20 implies that Vi converges to a limit varifold V' (up to subsequence).

* .. . R3
Also o, = oy, and thus lov|(R3) < liminf, \0‘7”|(R3) < limsup,, Wép&n) = 0; hence V
has compact support and no generalized boundary.

Let us say that sptoy; is the disjoint union of the smooth closed curves L. 42. By the
uniform boundedness of spﬂN/n, we get that 4% converges to some compact set X* in dg up to
subsequence by Blaschke Theorem (see [Fal86, Theorem 3.16]). Each X; is connected by Lemma
4.3.1, then by Gotab Theorem ([Fal86, Theorem 3.18]) we know that H!(X*) < liminf, H!(7L) =
0, hence X* = {p;} for any i for some points pi, ..., po, and we can assume that p; # 0 for any
1=1,...,a.

Using ideas from the proof of Theorem 4.3.4, we can now show that V' # 0. Indeed suppose by
contradiction that V' = 0. Fix N € Nwith N > 4. By connectedness of M,,, since diam(spt‘N/n) —
1, and the boundary curves converge to a discrete sets, for j = 1,..., N there are points z,; €
GB%(O) N sptV, for n large. We can also choose N so that d(zn,j,sptoy; ) = 6(N) > 0 for

N
n large. The open balls {B El (zn,j)} , are pairwise disjoint. Using Young inequality as in
4 j=

Theorem 4.3.4 in the monotonicity formula (1.15) applied on V,, at points Zp,; with 0 — 0 and
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p = ﬁ gives

pi (B (2n5))
Ny S .
2 (W) 4 B 1 (2n5) " (4.24)
1/ 1 1
+ 3 - (p — 2n,j) doy (p)|,
: (\p—w (M) e

for any n and j = 1,..., N. Since V = 0 we have that

lim sup ,uf/n(Bﬁ(zn,j)) < limsup py; (B2(0)) = 0.
n n

Also

< C(6(N),N)|os |(R¥) —— 0.

o5, [(R™) =

1 1
‘/ <!p—zn7j\2 - (1)2) (p = 2n5) dog, ()

4N

Hence summing on j = 1,..., N in (4.24) and passing to the limit n — oo we get
3. ~
Ar < N7 < 1 lim W(V,,) < 3,
n

that gives a contradiction. Therefore we can apply Theorem 4.3.4 to conclude that spt‘7n
converges to M in dy. Finally, since V is a compact varifold without generalized boundary
and

dr <W(V) < limnian(Vn) =4,

by Proposition 4.3.16 we conclude that V' is a round sphere of multiplicity 1. By Lemma 4.3.2
the diameter of M is the limit lim, diam(sptV;,) = 1. O

4.3.3 The case of two coaxial circles

In this section we want to discuss more in detail how the existence theorems 4.3.8 and 4.3.9
and the asymptotic behavior described in Corollary 4.3.17 relate with the remarkable case that
motivates our study, namely the immersions in the class

FRh = {go : € — R?| p smooth immersion, sy : 0F — I'r,n smooth embedding} )
where ¢ = [0,1]?/~ is a cylinder, R > 1, h > 0, and
Tpp={2+y*=1,z2=h}u{a®+y* = R* 2= —h}, R>1, h>0,
that is a disjoint union of two parallel circles of possibly different radii.
First, the monotonicity formula provides the following estimates on immersions ¢ € Fp p,.
Lemma 4.3.18. Fix R>1 and h > 0. It holds that:

1
4n* + R* — 1
inf {W € Fra} < dn <Am
{W(p) | p € T} < NEEY e
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lim inf {W(p) | ¢ € Frp} = 4.
h—o0

Proof. We prove the items separately.

1. We can consider as competitor in .7} the truncated sphere

E:Si/m(zo)ﬂ{fz\ < h},

where zg = <0, 0, %) is the point on the z-axis located at the same distance from the
two connected components of I'g ,. The surface X is contained in another truncated sphere
Y having the same center and radius and symmetric with respect to the plane {z = 1252 }.
The boundary of ¥/ is the disjoint union of two circles of radius 1. Hence we simply have

4h% + R? — 1
V(4h? + R? —1)2 + 16h2

W) < W) = 4n

2. Let ¢ € Fryp and ¥ = ¢(%). By connectedness there is a point p € ¥\ 0¥ lying in the
plane z = 0. Hence dy(X,0%) > h, and by (1.24) we have

om(1
dr < W(E) +27T(h+R).

This holds for any ¢ € Zg . Then 47 < inf {W(p) | p € Frp} + M and the thesis
follows by Item 1 and by letting h — oc.

O

We already discussed in Remark 4.3.15 the existence of minimization problems arising by
perturbations of minimal catenoids in some .#R j,. By Lemma 4.3.18 we can complete the picture
about existence of optimal connected elastic surfaces with boundary I'g for any R > 1 and
h > 0, as well as the asymptotic behavior of almost optimal surfaces having such boundaries.

Corollary 4.3.19. Fix R>1 and h > 0.
1. The minimization problem
Qpp == min {W(V) |V =v(M,0y): jov] <H' LT,
sptV UL'r ), compact, connected}

has minimizers.

2. Let h, — oo be any sequence. Let ¥ = ¢p(€) for ¢, € Frp,. Suppose that W(py) <

dr +o(1) as k — oco. Let Sy, = diazrflz .
k

Then (up to subsequence) Sy converges in Hausdorff distance to a sphere S of diameter 1,
and the varifolds corresponding to Sy converge to V.= v(S,1) in the sense of varifolds.

Proof. Ttem 1 follows from [Lemma 4.3.18, Item 1] by applying Corollary 4.3.11. So we need
to prove Item 2. Identifying S with the varifold it defines, we estimate the total variation of

1
the boundary measure by |0Sk| < %. Moreover, by Remark 1.1.11, the L?-norm of the
k

second fundamental form of Sy is uniformly bounded. Hence Corollary 4.3.17 applies and the
thesis follows. O
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Using the notation of Item 2 in Corollary 4.3.19, we remark that even if we know that the
rescalings Si converge to a sphere in dy and as varifolds, it remains open the question whether at
a scale of order hj the sequence ¥, is actually “close to” a big sphere. More precisely it seems a
delicate issue to understand if diamX; ~ 2hy as k — oo. We conclude with the following partial
result in this direction: the monotonicity formula gives us some evidence in the case we assume

that % — 00.
k

Proposition 4.3.20. Let ¥j, = ¢ (€) for vr, € Fprp,. Suppose that W(py) < 4+ o(1) as
k — oo. Leth:%.
Then My, converges up to subsequence to a curvature varifold Z = v(M,0z) in the sense of

varifolds. If also
diam>y

— 00,
I
then M is a plane containing the axis {(0,0,t) |t € R} and 8z =1 on M.

Proof. We identify M) with the varifold it defines. First we can establish the convergence
up to subsequence in the sense of varifolds by using Theorem 1.2.20. Indeed we have that
HY(OM) — 0, ka |Bas, | is scaling invariant and thus finite by Remark 1.1.11. Moreover,
since d(0,0M}) > 1, by the monotonicity formula (1.15) we get that

20 < _12/0(o><HM“p> diian, (p) ~ ;/Ba(o)ﬂaMk ( 1 12) (P, cons () 7 (2)

o? - o 2 o

+ plggo AMk,O(p)

1 1 dH?!
<rto()+ 5 [ ol duan )+ 5 [ (r)
a2 /B, (0) 2 Jom\B,0) Pl

1

202 Jor,nB, (0)

1 1 1 1 1
<7+ o(1) + —puar (B (0))2W(My)2 + SHH(OMy) + oM (OMy),

p| dH' (p)

and therefore s, (By(0)) < C(o) for any o > 1. Hence the hypotheses of Theorem 1.2.20 are
satisfied and we denote Z = v(M, 6z) the limit curvature varifold of Mj. Observe that oz = 0
and W(Z) < 4o0.

From now on assume that diamj/h; — oo. Arguing as in the proof of Corollary 4.3.17
we can prove that Z # 0. Indeed suppose by contradiction that Z = 0. Fix N € N with
N > 4. By connectedness of My, for j = 1,...,N there are points z;; € 83%(0,0, 1) N My

N
and 25, ; € OMj, for k large. The open balls {Bi(z,w‘)} are pairwise disjoint. Hence the
2N ]

monotonicity formula (1.15) applied on M}, at points 23 ; with 0 — 0 and p = ﬁ gives

i (B 1 (21,5))
ey AR S [ P, (425)
(3%) B 1 (2k.5)

for any k and j =1,...,N. Since Z = 0 we have that

k 2 k
Hence, summing on j = 1,..., N in (4.25) and passing to the limit k¥ — oo we get

4r < Nw < Zh}?lW(Mk) < 3,
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that gives a contradiction.

Also the support of Z is unbounded. Indeed suppose by contradiction that sptZ CC Bg(0),
and thus we can take M = sptZ to be compact by Theorem 1.3.7. Since M}, is connected, there
exists ¢;, € My N 0Bagr(0) definitely in k for R sufficiently big. Up to subsequence ¢, — ¢’. By
Remark 4.3.5 we get that ¢’ € sptZ, that contradicts the absurd hypothesis.

Since M is unbounded, by Corollary 1.3.9 we know that

T ACH)

> T
p—00 p2 -

By construction

. p 1
lim ——,copm > dH" (p) =0,
k JB,(0)noM;, <|p\2 § (®)

hence passing to the limit & — oo in the monotonicity formula (1.15) we get that

Azp(o) < limkinf A, 0(0),
for almost every ¢ > 0. By monotonicity
M,
Azo(o) <liminf lim Ay o(o) < liminfM +HY(OM}) < 7.
’ k  o—oo ’ k 4
On the other hand, using (1.20), we have that

lim Azo(r) = iW(Z) + lim 1z(Br(a)) > -W(Z) + 7.

r—00 r—00 r2

Hence Z is stationary, lim, .o %5@)) = 7, and M can be taken to be closed by Theorem 1.3.7.
If pg is any point in M, the monotonicity formula for Z centered at pg then reads

1z(Bs(po))

+/ [(p—po)* > _ 1z(By())
o2 Bp(po)\Bo(po) lp — pol* p

2

(4.26)

In particular 6z(py) = 1, and thus we can apply Allard Regularity Theorem (see [Sim83b,
Chapter 7, Theorem 7.1]) at pg. Thus we get that M is of class C*° around py (and analogously
everywhere), and thus there exists the limit

[(p — po)*|? _/ |(P—P0)H2_
BP(PO)

iig%) ﬁ_ 1 — pol?
Bo(po)\Bo(po) 1P~ Do P — Do

Passing to the limits p — oo and o N\ 0 in (4.26), we get that

J_’2

lim ((—po)I" _

p=% JB,(po) |P— Pol*
Therefore |(p — po)*| = 0 for any p € M, where we recall that (-)* is the orthogonal projection

on T,M L. Since this is true for any pg € M, we conclude that M is a plane. Finally Remark
4.3.5 implies that M contains the vertical axis {(0,0,t) |t € R}. O
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4.3.4 Further results on the Helfrich energy

In this final section we mention two additional results following from the proofs of the existence
theorems 4.3.8 and 4.3.9. We want to introduce a new Willmore-type energy, which is known
as Helfrich energy, or Canham—Helfrich energy.

If ¢ : M? < R3 is an isometric immersion of an oriented surface M (possibly with boundary),
since R? is oriented, there is a unique unit smooth normal vector field v : M — TM~ along
¢ such that [dy(eq),dpy(e2), ()] is an oriented basis of R? for any x € M and any oriented
basis [e1, ea] of T M. We can then define H := (H,v).

In the above setting, for fixed constants A > 0 and Hy € R, we define the Helfrich energy
r%3\,H0 (90) of ¢ by

A, (p) = /M A+ (H — Hp)? dpy.

The above functional appeared in [Can70] and [Hel73] as a good model for the bending energy
of the membranes of biological cells or lipids. In fact, we can look at the Willmore energy as a
particular case of Helfrich energy.

From a variational point of view, it is clearly equivalent to consider A = 1 and Hy = 0,
therefore obtaining the functional

H(p) = /M L+ [HP dpy,

for ¢ as before, but M not necessarily orientable. If V is an integer rectifiable varifold in R?
with mean curvature H, we then naturally define

H V) = py(R?) + W(V).

Very recent contributions in the variational theory about the Helfrich energy are contained in
[MS20a; Eicl9; Eic20], in which existence theorems and lower semicontinuity properties are
proved under different constraints on area, enclosed volume, topolgy, or boundary.

We shall now extend Theorem 4.3.8 and Theorem 4.3.9 to the Helfrich energy 7. Actually,
the fact that /7 takes into account the mass py (R3) is a simplification in variational purposes,
as it immediately offers a uniform bound on the “area” of the varifolds of a minimizing sequence.

First, let us prove the following preliminary result.

Proposition 4.3.21. Let V = v(M,0y) be an integer rectifiable varifold in R® with W(V') +
loy|(R3) < Cp < +oo with spt |oy| compact and H?(sptoy) = 0. Then

1. If py(R3) < Cy, then sptV is compact and diam(K) < C(Cy, Cy,diam(sptoy)) for any
connected component K of sptV.

2. If diam(sptV) < Cj3, then puy (R3?) < C(Co, Cs).
Proof. We prove the items separately.

1. Since py (R3) is finite, by Theorem 1.3.7 we can assume that M = sptV and that 6y is
pointwise well defined on R3 \ sptoy and coincides with the 2-dimensional density of py.
By Corollary 1.3.9 we have that M is bounded, and then compact. Let K be a connected
component of M. Hence K is compact and there is an open set U containing K such
that U N M = K. Thus v(K,60y) is a varifold with mean curvature in U, and then in R3.
Therefore we can assume without loss of generality that M = K is connected.
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Let us assume that oy # 0, the case oy = 0 being simpler. If there exist points & €
M \ sptoy such that the balls {Bj(¢;)} are disjoint, passing to the limit o — 0 and taking
p=1in (1.15) on the monotone function Ay, (-) we find

1
Bi1(&)

Suppose now that there is a point z € M such that d(z,sptoy) > 2N € N. Then, since
M is connected, for i = 1,..., N — 1 there are points § € M N dBy;(z) such that the balls
{B1(&)} are disjoint and also Bi(&;) Nsptoy = (. Therefore, for such points we have

|Ryg, (1) < /

B1(&:) 1(6:)

Wﬂ@w—&WmW@S;</ mﬁwv+mﬂi@»>.
B

Summing over ¢ in (4.27) we get
3 4 3
(N = r < S ®) + 2w,

and then NV < C(Cp, C1). It follows that diam(M) < C(Cy, Cy,diam(sptoy)).

. As sptV is bounded, then uy (R3) = uy (Bg,(0)) for some Ry > 0 is finite, and thus by
Theorem 1.3.7 we can assume that M = sptV and that 0y is pointwise well defined on
R3 \ sptoy and coincides with the 2-dimensional density of uy. Up to translation, we can
assume that 0 € M and that $ Ry < diam(M) < 2R.

We now argue as in the proof of Theorem 4.3.8. Let X (p) = x(p)p € C(R3,R3) be a
vector field, where x € C°(R3) is a cut off function such that x(p) = 1 for p € Bg,(0).
Then

2uy (R?) = /divTMX dpy = —2/<H, X)dpy + /Xdav
1 1
< 2Ry W(V))2 (uv (R?))? + Rolov|(R?),
and the thesis follows.

O

Proposition 4.3.21 implies that, once a sequence V,, of varifolds with fixed boundary has

bounded Willmore energy, then a bound on puy, (R3) is equivalent to a bound on the diameter
of sptV,.

Hence we can prove the following existence theorem using Proposition 4.3.21 and the argu-

ments already used in Theorem 4.3.8 and Theorem 4.3.9.

Theorem 4.3.22. Let v = (y!)U...U(y%) be a disjoint union of smooth embedded closed curves
with o € N>o. Let

oo :ml/o’HlL’y

be a vector valued Radon measure, where m : v — N>q and vy : v — (Ty)* are H'-measurable
functions with m € L>®°(H' L) and |vo| = 1 H'-ae. Let Py be the minimization problem

Py =min{H (V) | V=v(M,0y): oy=o0, sptV U~y compact, connected} .

If inf Py < +o00, then Py has minimizers.
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Proof. Since inf P, < 400, there exists a minimizing sequence V;, for Ps. Then py, (R?) is
uniformly bounded, and then so is diam(sptV;,) by Proposition 4.3.21. Hence V,, converges up
to subsequence to a varifold V' with compact support. The rest of the proof now follows by the
very same arguments employed in the proof of Theorem 4.3.8. O

In the complete analogous way, we also obtain the following last existence result.

Theorem 4.3.23. Let v = (v U...U (%) be a disjoint union of smooth embedded closed curves
with o € N>y. Let m : v — Nx1 be Hl-measurable with m € L®(H'L~y). Let Qu be the
minimization problem

Qu =min{H#(V) | V=v(M0Oy): |ov|<mH'Ly, sptVU~v compact, connected} .
If inf Q p < +00, then O p has minimizers.

Let us conclude the section with a final comment on the hypotheses of the existence theorems
4.3.8 and 4.3.9 on the Willmore energy, and the ones above on the Helfrich energy. In these
theorems the key hypotheses are on the infimum of the considered problems.

Assuming inf < 400 in the minimization problems on the Helfrich energy just means that
there exists a competitor. Indeed in these problems one fixes a priori conditions on the gener-
alized boundary, and it is not obvious to say whether a varifold fitting the desired boundary
conditions exists, especially varifolds having an assigned generalized boundary oy. This leads to
a first very important question in Geometric Measure Theory, which is widely open today up to
the author’s knowledge: given a varifold V and even assuming good structural hypotheses like
the ones in Theorem 1.3.7, what can be said on the measure oy 7

A further question arises analyzing the hypothesis inf < 47 in the minimization problems on
the Willmore energy in Theorem 4.3.8 and Theorem 4.3.9. Not only this assumption is necessary
for the existence of at least one competitor, as said above, but we also needed it in order to
extract a converging minimizing sequence. Apparently, as we used the monotonicity formula
in such an argument, the constant 47 estimating the infimum seemed to be optimal (precisely
in inequality (4.17)). On the other hand, a sole bound on the Willmore energy on a sequence
of varifolds with boundary clearly does not imply bounds on diameter or mass: consider for
example a sequence of spheres with diverging radii with a disk removed, so that the Willmore
energy is strictly less then 47 (remember also Proposition 4.3.21 on the equivalence between a
bound on the mass and on the diameter). Hence, not only the bound of 47 on W was necessary
in our argument, but also the fact that the sequence was actually minimizing was needed. A
last question is then spontaneous: in problems like the ones in Theorem 4.3.8 or Theorem 4.3.8,
just assuming that the infimum of the problem is < 400, do minimizing sequences converge to
compactly supported varifolds?
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Appendix

4.A More on Li—Yau-type inequalities for surfaces with bound-
ary

In this appendix we derive another Li—Yau-type inequality for immersed surfaces whose boundary
is an arbitrary smooth embedded closed planar curve.

Once again, we denote by ¥  a surface with boundary which is diffeomorphic to the orientable
surface My of genus g having a removed disk. We will assume that S' = {2? +y? =1,z =0} is
a subset of R3.

If ¢ : ¥y — R3 is an immersion and we denote by ¥ = ¢(X,) its image, we will use the same
symbol ¥ to denote the image varifold Im . We will also use the shortcuts

SAU| = ps(U), /EmeIZ/deuz, /Eg:/%gdu@

for any open set U C R3 and continuous functions f : U — R and g : >y — R whenever there is
no risk of confusion.

We discuss first a formula we will need about the relation between the curvature of a closed
curve vy and the curvature of the curve given by the spherical inversion of v having the center
of inversion on 7.

Remark 4.A.1. Let v : S! — {# = 0} C R? be a closed embedded smooth planar curve.
We identify {z = 0} with R?, having the standard orientation given by the oriented basis
[(1,0,0),(0,1,0)]. Let k be the oriented curvature of v and assume that 0 € (S'). The map
v =Ty O")/|S1\,y—1(0) parametrizes the spherical inversion of v with respect to I1 o. Let &’ be the
oriented curvature of 7/ with respect to the normal vector along v/ given by the counterclockwise
rotation of 5 of the tangent vector 7,,. Then

K(t) = =y (OPk() + 2det(v(8), 7 (1)) V€S \77(0), (4.28)

where det(y, 7,) is the determinant of the (2 x 2)-matrix whose columns are the first two com-
ponents of the vectors v, 7, € R3.

Indeed, without loss of generality we can assume that ~ is parametrized by arclength, and
we can use [AT12, Remark 1.3.16, Equation (1.11)] to get that

~ 1
k/ = W det(@t’yl, 8152’)/)7

where the determinant is understood as above. Using that v/ = 5, the direct computation

V][>
shows that ) 2 >
Y Ty
o= b (-2,
V2T )P
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8 2 2y k 2 4 k
81527/ _ < <’Y7 7;;’Y> o <7a 4’Y> o 4> . <’Y, Z’Y> Ty + 772’
el 1 el 1] ol

and then [0yy/| = ﬁ Then the direct computation using the above formula for &’ readily yields
(4.28).

Let us start with a simple observation that follows from the monotonicity formula. Roughly
speaking, the next remark states that whenever an immersed surface has a point located very
far from its boundary (compared with the length of such boundary), then the Willmore energy
is bounded below by a constant close to 4.

Remark 4.A.2. Let ¢ : X3 — R? be an immersion and let I' = ¢(9%,). Suppose that there
exists a point p € ¥ := p(3,) such that d(p,I') > R > 0. Then

2

W(p) > drte~ (p) — L),

where L(T') is the length of the immersed curve ¢ : 9%, — R3.
The estimate follows from the monotonicity formula of Theorem 1.3.7. Indeed, denoting by
3. also the image varifold Im ¢, we can write

_ . ) 1 11
e (p) = }%Az,p(r) < lim Ayy(r) = ZW(@ + iﬁL(F%

r—+00
where we also used (1.19) in the limit as » — 0.

Another preliminary estimate on the Willmore energy follows by exploiting its conformal
properties and, more precisely, Lemma 4.2.4. In the next lemma we show the desired Li—Yau-
type inequality for surfaces with arbitrary planar boundary under the additional hypothesis that
a self-intersection occurs on the boundary.

Lemma 4.A.3. Let ' be an embedded planar closed smooth curve and let vr be the unit outward
conormal of the planar region enclosed by I'. Then for any any w < 4w there exists € > 0 such
that if ¢ : Xy — R3 is an immersion such that ¢ : 0%, — I is an embedding and

poel: o '(po) > 2,
[cop —vr o @l 203, <€,
then W(yp) > w.

Proof. Without loss of generality we can identify 0X; with I', and then assume that both co,
and vr are defined on I

Let us suppose by contradiction that there exist w < 47 and a sequence ¢, : Xy — R3 such
that

Sn=en(Bg): I €Tty (pn) 2 2,
1

cog, —vrllrem <

W) < w.

n

Up to isometry we can assume that p, = 0 for any n and that T' C {z = 0} C R3. Let
m, = tp,;1(0) > 2. Recall that the first assertion in Lemma 4.2.4 concerns the Willmore
energy of the spherical inversion of an immersion centered at a multiplicity one point on its
boundary. Such result can be easily generalized to the case in which a self-intersection occurs
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at such boundary point; in fact this is just a possible proof of the classical Li—Yau inequality
(see [BK03, Theorem 2.2]). More precisely, if I(x) = \xlz for x € R3\ {0} and we define

Un = 1o wuls ot o)y

it holds that
W(pn) + G(on) = W(n) + G(¢bn) + 21 + dm(my, — 1) > G(¢n) + 67. (4.29)

Let us denote by v : [0, L(T')] — {z = 0} the arclength parametrization of I' that positively
orients the curve with respect to the planar region it encloses, with v(0) = 0. Being vpr = —v,,
as v, is the counterclockwise rotation of 7, by (4.33) we get

Glpn) = /@v”’yv —C0p,) —— [ ky =2m,
r

n—oo r

where in the last equality we used (4.11).

The function (I o v)(t) parametrizes the boundary of the immersion 1, (for ¢ # 0, L(T")),
which is a planar curve contained in {z = 0}. It is immediate to check that the sequence
of conormals coy,, converges to vyr) in L? on compact sets, where vi(r) is the normal vector
along I(I') pointwise given by the counterclockwise rotation of 7 of the tangent vector of the
parametrization I o y. Also, we can write the the oriented curvature of I o« with respect to
vi(r) in terms of the parametrization v as

Eron(t) = —|y(8)Pky + 2det((1),4(1)) ¥t € (0,L(T)),

by (4.28). Hence we have

kfov( )

OO

< C07

and we get

[ eyl /Lm@ <>|]d <>\d /L(F)ﬁ% O —L_d<c (4.30)
° = o~y (T t = on(t)|——= dt < < +00. .
(1) for 0 fori il at 0 @)

So, by the local convergence in L? of coy,, to vy and taking into account (4.30), using (4.10)
we get

|G (¢n)] — ‘/ k:Ioﬂ, =0 (4.31)
Therefore passing to the limit n — +o0 in (4.29) we find
6m > w + 27 > 6,

and this gives a contradiction. O

We can now prove a second Li-Yau-type estimate in case the boundary of an immersed
surface is an arbitrary embedded planar closed smooth curve. In this case, we need to further
assume that the conormal of the immersion is suitably close to the outward conormal of the
planar set enclosed by the boundary curve, as we initially did in Lemma 4.2.5. We believe that
this additional hypothesis can be removed, at least in case the boundary curve is convex, but
this is still an open question, up to the author’s knowledge.
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Theorem 4.A.4 (Li-Yau-type inequality with planar boundary). Let T be an embedded planar
closed smooth curve and let vr be the unit outward conormal of the planar region enclosed by
I'. Then for any w < 4m there ewists € > 0 such that if ¢ : Xg — R3 is an immersion such that
@ : 083 — I' is an embedding and

Jpo €R?: o (po) > 2,

[cop —vr o @l 203, <€,

then W(yp) > w.

Proof. By Theorem 4.2.6 we can assume that I' is not a circle. In particular, we can assume
that for any ¢ € I' the curve I 4(I" \ {¢}) is not a straight line, and then it is well defined a
unique plane containing I 4(I' \ {¢}). Without loss of generality, we can identify 0¥y with T,
and then assume that both co, and vr are defined on I'.

We can assume without loss of generality that I' C {z = 0}, and we assume that {z = 0} is
positively oriented by the oriented couple [(1,0,0), (0, 1,0)].

By Lemma 4.A.3 we can actually prove instead that for any d > 0 and any w < 47 there
exists € > 0 such that if ¢ : g — R3 is an immersion such that ¢ : 0¥y — I' is an embedding
and

o € R®: o (po) > 2,
d(p()ar) > da

[cop —vropl2as,) < &,

then W(yp) > w.
Let us assume by contradiction that there exist d > 0, w < 4w, and a sequence ¢y, : Xy — R3
such that

Sni=on(Sg): Ipn €Tn: font(pn) 2 2,
d(PmF) Z d7

1
leon = vrllizay < =

W(E,) < w.

Up to isometry and small smooth perturbation we can additionally assume that 0 € I' is a point
of multiplicity 1 for any n, i.e. #p,1(0) = 1, |pn| > & > 0 for any n, and vr(0) = (0, —1,0).
Moreover, by Remark 4.A.2; since I is fixed we can additionally assume that

d(pn,T) < C < +o0, (4.32)

for any n.

Part 1. In this part we construct a sequence of asymptotically flat surfaces with boundary
with properties analogous to the ones of ¢,,.

For 1, N\, 0 we first consider smooth diffeomorphisms F, : R* — R3 with F,(z,y,z2) =
Fo(z,y) and ||F, — id|gs|lc2®s) < 1y W(Fn 0 ¢n) < w, and F,(I'N B, (0)) is an arc of a circle
with curvature equal to the curvature of I' at 0 for some p, \, 0. Also, F;, o ¢, still has a point
F,(py) of multiplicity > 2 with d(F,(p,), Fi(I')) > d/2 > 0, the origin 0 has multiplicity 1 for
F, 0 ¢n, and |Fy,(pn)| > 6/2 > 0 for any n. It is immediate to check that the conormal cop, oy,
of F,, o v, satisfies

lcor,op, = VE, )l L2(F ) = 0, (4.33)
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as n — +00.
Now let X7, == I o(Fn(Xy) \ {0}). By Lemma 4.2.4 we have

W(E) = W(F, 0 ¢n) + G(F, 0 ¢,) — 21 — G(X1), (4.34)

where we write ¥/, in place of the immersion defining it in order to simplify the notation.

Let us denote by 7, : [0, L(F,(T'))] — {2z = 0} the arclength parametrization of F,(T"), that
positively orients the curve with respect to the planar region it encloses, with v,,(0) = 0. Then
the curvature vector of F,,(T") is kv, where ky and v, are the oriented curvature and normal
vector of 7, respectively on the plane {z = 0}. Being v, = —vp, (), by (4.33) we get

G(Ey o0 o) = / (ot —comom,) —— | T = 2m, (4.35)

where in the last equality we used (4.11).

The function I o(yy,) parametrizes the boundary I'), of ¥/, which is a planar curve contained
in {z = 0} which coincides with a straight line outside a suitable compact set. By an argument
analogous to the one leading to (4.33), we have that the conormal co/, of X/, converges to Vi o(T) I
L? on compact sets, where VI, o(r) is the normal vector along I 1,0(I") pointwise given by the limit
of vr, that is the counterclockwise rotation of § of the tangent vector of the parametrization
I1,0(7n). Also, we can write the the oriented curvature of I, with respect to v in terms of the
parametrization 7, as

K, (t) = — [y () Pkn + 2 det( (), 4n(t)) ¥Vt € (0, L(F(I))),
by (4.28). Hence we have

| T1.0(7n (£)) 2K, (£) =

EAGEE (4.36)

and we get
/ |%’|dH1 /L(F,L(F)) |E’( )|‘ dI ol /L(Fn(f‘)) \E’( | 1 gt < ¢
n = n(l n)| dt = w5 dt <O < +oo,
r, 0 a0 0 7 ()]
(4.37)

for C' independent of n, showing that \%7’1| has bounded integral uniformly in n. So, by the local
convergence in L? of co!, to V1, o(r) and taking into account (4.37), similarly as in (4.35), using

(4.10) we get
o o | [ 7
n—0o0 Il 0(1—\

where &' is the oriented curvature of I1,0(T") with respect to vy, ,(r). Hence by (4.34), (4.35) and
(4.38) we conclude that

(4.38)

hH_l}an(Z;L) = lirgian(Fn o) < w. (4.39)

Part 2. In this second part we want to derive a contradiction using the sequence X/, and the
monotonicity formula of Theorem 1.3.7.

For any n apply the translations p — p—I1 o(F5(pr)), which put at the origin the point with
multiplicity > 2 in 3/ . Since in the previous notation |F,(p,)| > 6/2 > 0 and d(F,,(pyn), Fn(T)) >

159



d/2 > 0, after this isometry we have that the boundary of the translated X/, which we still denote
'), verifies
0<Cy <d(I,0) < Cs.

Also we can take a system of coordinates in which the asymptotic line of I'), is parallel to the
axis {(z,0,0)|z € R}. By (4.36), the fact that |F,(p,)| > /2, and (4.32), the boundaries I'},
with curvature kr still satisfy

lgl*kr: (q) <C)  VgeTy,

for any n.
After such a translation we perform a blow up X!/ = %Z;L with r, N\, 0 so small that

M
EZ—>,LL::V<UH¢,9>

n—00 )
=1

in the sense of varifolds, where each II; is a plane passing through the origin and M > 2 or
M=1,0>2.

Now we exploit the monotonicity formula in Theorem 1.3.7. Denoting by X! also the corre-
sponding varifold, we can evaluate Tx o(p) and we get

. 1 (p, COH(P)> 1
Vn 3 lim Ts» p) = — = /s dH
" fHIOO p.0(P) 2/r |p|? (®).

indeed for a suitable compact K, we have (coll); = 0 out of K,,, and thus
1 1
[ edonano) - | ( [ st [ e+ sleols)
2p% JrunB,(0) 2p° \ JrunB,(0)nkK, 7B, (0)

1
s(/ o+ [ |y|+|z|)
202\ JrunB,(0)nkK, 7B, (0)

1
< ﬁpc(n) — 0,

p—00

where (,y,2) = p always denotes the coordinates of points in R3. Also, denoting by H! the
mean curvature of X" we have for any 0 < o < p that

/ (Hy,p) :/ (Hy,p) +/ (Hy,p)
27N B, (0) p? ¥'NB,(0) P $2NB,(0)\Bs (0) p?

1 > N B,(0)]|/2
<2 [y BBy g, 0)
P J'nB,(0) p

. . . " 1/2
hence letting first p — oo and then o — oo, since lim,_, [EanBoOI = (7/2)'/2, we have

p
(H,p)
2

=0.

lim
o0 JynnB,(0) P

So Theorem 1.3.7 implies

E// m B 0 Z” 1 /!
p—oo T p—>00 P 4 2 Jru Ip|
P WED L[ o) (440
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Now we want to estimate the integral

In::/ (p, con(p))
r

p|?

11
n

Observe that Z,, = fF, %, as it is scaling invariant. We distinguish two cases: the distance

of the plane containing I'} from the origin is bounded from below by a constant A > 0, or the
origin belongs to such a plane for any n. Indeed, if such distance goes to zero as n — oo, by
smaller and smaller smooth modifications which do not modify the conormal neither (4.39) we
would be back to the second case.

i) Let us start from the case in which the origin is uniformly bounded away from the plane
containing I'/,. Recalling the above setting, after a rotation, we have for suitable compact
sets K, that

Dc{z==b  Th\Ka={(@um e € R}\ K, o

0<A<2,<C3  |ya <Ch. '
Let 0, be a parametrization of iF% given by the suitable translation and rescaling of
I 007, Hence I, = fo_n %, where co,,, is just the conormal of iﬂl defined along

on. Note that (o) C {z =1/2} and ‘ﬁ} < 2%. We now perform the change of variable
q = I10(p) and we use the area formula of Theorem 1.2.8. The tangential Jacobian of I; o
on (op) is (J7"110)(p) = ﬁ, hence

i [ (i)t

where ay,(t) = I19(0on(t)) for any t € (0, L(F,(T"))) and a,(0) = 0. Defining V,(q) =

dl1,0(co0y,) s q \ _ dho(Va)
m . for q € (O[n), which is normal along Qp, WE have COO’n(W) = m

lal?

)

and thus
- / < g dlo(V,)
" Jan \a? 7 1dIo(Vy)]
- <mq|2,vn<q>>dﬂl<q>.

We have that the curve a, is contained in the sphere S = {22 + ¢y? + (z — 1)? = 1}.
Moreover «, is given by the composition of «, with a spherical inversion I o, a traslation,
a dialation of a factor i, and then a further spherical inversion I; o. Hence (4.41) implies
that the curvature k,, of «a,, is pointwise bounded uniformly in n. Hence a, weakly
converges in W22 and strongly in C', up to subsequence, to a curve of class W22, The
length of o, is uniformly bounded and by construction the field V,, is such that

Yario = [ (L -2

q]?’ |q|?

Ve = ve, lz2(an) ——2> 0,

where ve, € TSN (Tay,)* is the outward unit conormal of C, C S, which the connected
component of S\ (a,) positively oriented by the normal field N(z,y,z) = (z,y,z2 — 1) €
(T'S)* with respect to the parametrization a, of its boundary. Then

z.--[ (e @) ari(a)- [ n ((ran (15) Vil e () Y @) = Tt
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Since the tangent vectors 7,, are equi-Lispchitz, then |(Tay, )t (an(t))] < C|t|? for any n.
Then (Tay,)* (#) is bounded for ¢ € (o), and we have

o (i)

Kol < IVa = ve, |l 2 (an) — 0. (4.42)

.2 (an) n—oo

Moreover

. q
Tn = lim — <,1/cn(q >
k—o0 an\B%(O) lq|? )

= lim — <q2’l’a(c \B (0))(Q)> +/ <q2’ya(c \B1(0)) (Q)>
= Jo(en\B,y(0) 4| n\B1 CaN0B  (0) lq n\B1

q

ey ]
T e o(c\B1 (0) lq|? Va(C"\B%(O))(q)

= —7 — lim dive, <q2> + 2<ch, qQ>7
k=00 Je,\By (0) lq| lq]

where VB( ) is the unit outward conormal of C, \ Bi(0) and we used Proposi-

Cn\B1(0) %
k
tion 1.1.8. The mean curvature vector of C, is equal to He, (¢) = —N(q), while

e (1) - 35) (502}

Being N(q) = ¢ — (0,0,1) and |g|?> = 22 on S, we end up with

2 1
TIn = —T — klim —| ‘ZQ <| Z|2 - 1> = -7 — klim ——
—00 —00
Cn\B% ) 19 q Cn\B%(O) (4.43)
2
= H(Cn) — .
2

Since a,, converges to a O curve of positive length, there is 7 > 0 such that H?(C,) <
47 — 27 for any large n. So, putting together (4.42) and (4.43) we find

liminfZ, <7 —n,

n—oQ

and recalling (4.40) and (4.39) we get

T w1
imi i " < — — — — =
hgnlnfphm Asro(p) < 5 + 1 + 2(7T n) =7+

N3

w

1 (4.44)

ii) In the other case suppose that 0 lies in the plane of I'), for any n. Asin i), if oy, is a suitable
translation of I1 g o 7y, we look at the curve 8, (t) = I10(on(t)) for t € (0, L(F,(I'))) and
Bn(0) = 0, which parametrizes the closure of I o(I",). Since 0 < Cy < d(I7,,0) < C3 we
have that the length of 5,, and its curvature are uniformly bounded as in the previous case
for the curve a,,. As before, the change of variable yields

I, = —/Bn <|qq’27Vn(Q)> At (q),
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with V,(g) = Ao(eon).

dlolco)]| - Again we write

q

la|?

q q
fe [ (o)~ [ (ormen)
" 5, \laf? . \lg2 ™"

where vp, is the unit outward conormal of the domain D,, on the plane with boundary

B such that |V, — vp, [|r2(,) — 0. As before | fﬁn <#, Vo —vp,)]| = 0. So we need to

calculate

/ <‘12,ypn> = lim | (Wpvp,)= lim [ divgeyy =,

where 1y, is the truncated function

bep) = ks, o) (p)% T (1 - x5, <p>) 2

% p
which is such that (T3,,)* (wk) (Tﬂn) (pi) in L'(8,) and divge (¢5) = kXs, (0) (p)ﬁ c
k
Ll(Rz).
Hence we see that in this case
liIgiann =T. (4.45)

Hence recalling (4.40) and (4.39) we get from (4.45) that

liminf lim AEI! 0(,0> S z—kg—kz =7+ w

iminf lim s t711t3 1 (4.46)

Now we put cases i) and ii) together: by convergence in the sense of varifolds, and then of
first variation of varifolds, the quantity Asy o(p) is lower semicontinuous with respect to varifold
convergence at almost every fixed p > 0. Hence by monotonicity, by (4.44) and (4.46) we have
that in any case

Apo(p) < liminf Asy o(p) < liminf lim Ay o(p) <7+ % (4.47)
for almost every p > 0. Suitably passing to the limit in (4.47), by definition of  and A, o, we
find

2W§limM hmAuo()<7r+g<27r,
p—00 P p—00 4
which gives the desired contradiction. O

The structure of the proof of Theorem 4.A.4 is actually completely analogous to the one
of Lemma 4.2.5, except for the necessary technicalities. If compared with the inequality in
Theorem 4.2.6, in Theorem 4.A.4 we still have the further assumption on the conormal, which
is assumed to be suitably close to the normal vector on the boundary curve pointing outwards
with respect to the bounded planar region enclosed. This is ultimately due to the fact that, if
the boundary curve is a circle, as spherical inversions maps circles into straight lines and vice
versa, it is possible to apply a conformal transformation of the ambient preserving the circular
boundary (as exploited in Lemma 4.2.2). All this is clearly not possible in case the boundary
curve is not a circle.

As already mentioned, at least in case the curve I' in Theorem 4.A.4 is planar and convex,
we expect that the hypothesis on the conormal can be removed, but the use of the conformal
invariance of YW and of the monotonicity formula (1.15) might not be sufficient anymore.
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