Partial regularity for the optimal p-compliance problem

with length penalization
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Abstract

We establish a partial C1'® regularity result for minimizers of the optimal p-compliance problem
with length penalization in any spatial dimension N > 2, extending some of the results obtained
in [15, 9]. The key feature is that the C"** regularity of minimizers for some free boundary type
problem is investigated with a free boundary set of codimension N — 1. We prove that every optimal
set cannot contain closed loops, cannot contain quadruple points, and it is C*® regular at H'-a.e.

point for every p € (N — 1, +00).

1. Introduction

1.1. General overview

A spatial dimension N > 2 and an exponent p € (1,+00) are given. Let {2 be an open bounded set in
RY and let f belong to L% () with

g = (p*) if 1<p<N, qgo>1if p=N, g =1if p>N, (1.1)

where p* = Np/(N —p) and (1/p*) + (1/(p*)’) = 1. We define the energy functional E; g over Wol’p(Q)

as follows

Ef,sz(u)zl/ |Vul? dx—/ fu daz.
P Ja Q

Thanks to the Sobolev embeddings (see [21, Theorem 7.10]), E g is finite on W, ?(Q). It is well known
that for any closed proper subset ¥ of Q the functional Efq admits a unique minimizer uy o s over

Wy (Q\E). Also ufg.x is a unique solution to the Dirichlet problem

—Apu = fin O\X
0 on X U0,

(1.2)

u

which means that uf g5 € W, ?(Q\X) and
| (VurasP*Vuras, Vo) do= [ fo do (1.3)
Q Q

for all ¢ € W, P(Q\X), where (-,-) denotes the Euclidean inner product. However, if a closed set ¥ C €
has zero p-capacity (for the definition of capacity, see Section 2), then us o v = uyrq g (see Remark 2.15).
The dependence of uy o x on p is neglected in this paper and in the sequel, when it is appropriate, in
order to lighten the notation, we shall simply write uys; instead of uy o x. For each closed proper subset

¥ of  we define the p-compliance functional at 3 by

1 1
Cia(X) =—FEfa(us) = —// [Vus|P dz = —// fus dzx.
P Ja P Ja
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In two dimensions, following [15], we can interpret ) as a membrane which is attached along X U9 Q to

some fixed base and subjected to a given force f. Then uy is the displacement of the membrane. The

rigidity of the membrane is measured through the p-compliance functional which is equal to the product
1

of the coefficient o and the work fQ fus dx performed by the force f.

We study the following shape optimization problem.
Problem 1.1. Let p € (N — 1,+00). Given X\ > 0, find a set ¥ C 2 minimizing the functional F f¢
defined by
Frra®) =Cra(®) + AH ()

among all sets X' in the class K(Q) of all closed connected proper subsets of Q.

In Proposition 2.24 it will be proved that there is a solution to Problem 1.1. Also, according to [8],
the connectedness of admissible sets in the statement of Problem 1.1 is necessary for the existence of a
solution to this problem.

It is worth noting that any closed set ¥’ C Q with H!(¥’) < 400 is removable for the Sobolev space
WyP(Q) if p e (1, N — 1] (see Theorem 2.6 and Remark 2.15), namely, Wy ?(Q\X') = W, ?(Q) and this
implies that Cr.o(¥') = Cf.q(0). Thus, defining Problem 1.1 for some exponent p € (1, N — 1], we would
get only trivial solutions to this problem: every point xy in Q and the empty set. On the other hand, if
¥ € Qis a closed set such that X' N Q is of Hausdorff dimension one and with finite H!-measure, then
%' is not removable for W, *(Q) if and only if p € (N — 1,400) (see Corollary 2.8 and Remark 2.15).
Therefore, Problem 1.1 is interesting only in the case when p € (N — 1, 4+00).

We assume that f # 0 in L%(Q), because otherwise the p-compliance functional C o(-) would be
reduced to zero, and then each solution to Problem 1.1 would be either a point zy € Q or the empty set.

One of the main questions about minimizers of Problem 1.1 is the question of whether a minimizer
containing at least two points is a finite union of C! curves. In dimension 2 and for p = 2 in [15], the
authors established that locally inside €2 a minimizer of Problem 1.1 containing at least two points is a
finite union of C1'* curves that can only meet at their ends, by sets of three and with 120° angles. Again,
in dimension 2, this result was partially generalized in [9] for all exponents p € (1, +00), namely, it was
proved that if 3 is a solution to Problem 1.1, then it cannot contain closed loops (i.e., homeomorphic
images of the circle S'), it is Ahlfors regular if it contains at least two points (up to the boundary for a
Lipschitz domain Q), ¥ N Q cannot contain quadruple points (i.e., there is no point x € ¥ N Q such that
for some fairly small radius r > 0 the set ¥ N B,.(x) is a union of four distinct C* arcs, each of which
meets at point x exactly one of the other three at an angle of 180 degrees, and each of the other two at
an angle of 90 degrees), and ¥ NQ is C1* regular at H!'-a.e. point for every p € (1,+00). The main tool
that was used in [15] to establish the e-regularity theorem (if a minimizer ¥ of Problem 1.1 is sufficiently
close, in a ball B,.(z¢) such that B,(z) C © and in the Hausdorff distance, to a diameter of B,.(x¢), then
there exists a constant a € (0,1) such that £ N B, (zo) is a C1* arc) is a so-called monotonicity formula
that was inspired by Bonnet on the Mumford-Shah functional (see [5]). This monotonicity formula was
also a key tool in the classification of blow-up limits in [15] (in the case when N = p = 2), because it

implies that for any point xg € % there exists the limit

r—0+ 7

1
lim f/ |Vus|? dr = e(xo) € [0, +00).
Br(ibo)

According to [15], all blow-up limits at any o € ¥ N Q are of the same type: either e(zp) > 0 and all
blow-up limits at xp must be a half-line, or e(zo) = 0. In the latter case, either there is a blow-up at
xo which is a line, and then all other blow-ups at xg must also be a line, or there is no line, and then
all blow-ups at x( are propellers (i.e., a union of three half-lines emanating from xy and making 120°

angles). More precisely, given any point o € XN Q) we only have one of the following three possibilities:

(i) xo belongs to the interior of a single smooth arc; in this case z is called a regular (or flat) point.



(ii) x is a common endpoint of three distinct arcs which form at z( three equal angles of 120°; in this

case xg is called a triple point.
(iii) z is the endpoint of one and only one arc; in this case xg is called a crack-tip.

However, the approach in [15] does not work for the cases when p # 2. The main obstruction to a
full generalization of the result established in [15] is the lack of a good monotonicity formula, when the
Dirichlet energy is not quadratic (p # 2).

Notice that in two dimensions and for p # 2 some monotonicity formula can still be established for the
p-energy. Indeed, assume for simplicity that f € L>°(Q), N =2, p € (1,400), X is a closed proper subset
of Q20 € Q,0< 19 <7 <1, (XUIN)NIB,(x0) # 0 for all r € (rg,71) and v € [ys(x0,70,71), 27|\ {0},
where
H(S)

r

s (xo,r0,71) = sup{ :1r € (ro,7r1), S is a connected component of 9B, (zo)\(X U 89)}

Assume also that 2 > A, /v, where A\, denotes the L? version of the Poincaré-Wirtinger constant and is

defined by

/
Ap = min{”ng(O’l) 1g € WyP(0, 1)\{0}}
19llLe (0,1)

The value of A\, was computed explicitly, for example, in [16, Corollary 2.7] and [38, Inequality (7a)],
where the following equality was established
1

w=2() () )rG)

in which I' is the usual Gamma function. Then we can prove that the function

=
s

1
r € (ro,71) — —ﬁ/ |Vus|P dx+ Cr?=#
T J B, (z0)

is nondecreasing with g = A,/v and C = C(p, \p, || flleo, I€2],7) > 0. However, if B, (zo) C © and
¥ N By, (x0) is a diameter of B, (zo), then vs(z0,0,71) = m and A, /v is strictly less than one for all
v € [ys(x0,0,71),27] if p € (1,2) U (2,400). So the resulting power of = in this monotonicity formula is
not large enough and this formula cannot be used to prove C1'® estimates as in the case N = p = 2. On
the other hand, we do not know if there is a similar monotonicity formula for the p-energy in dimension
N > 3, but we guess that there is no. Thus, we do not have a tool that would allow us to establish a
classification of blow-up limits in the case when p # 2. For this reason, as in [9], we prove a partial C1:*
regularity result for the solutions to Problem 1.1. Although we guess that any minimizer of Problem 1.1
with at least two points is a finite union of C1'® curves.

Suppose that X is a solution to Problem 1.1. As will be explained a little later, in order to establish
the desired partial regularity result for ¥ (Theorem 1.3) and to prove that ¥ cannot contain closed
loops (Theorem 1.4), we first prove the following: under some conditions (depending on N and p, where
p > N — 1) on the integrability of the source f, there exist constants b € (0,1) and C > 0 such that if
¥ N B,.(x0) remains fairly flat for all r € [rg,r1], By, (20) C Q, 7 is sufficiently small, oy > 0 is small
enough with respect to rq, then

14b

/ |[Vug|P de < C (7‘) / |Vus|P dz+ Cr'™® for all r € [rg, 1] &)
B, (z0) 1 By, (z0)

(see Lemma 3.6). Notice that one of the key differences between the approaches used in [15] and in [9]

is the method of proving (£). In [15], the idea was to use the aforementioned monotonicity formula, but

in [9], in view of the lack of a good monotonicity formula when the Dirichlet energy is not quadratic,

another method was used to prove (£), which in many places is similar to the one we use in the present



paper. However, in the proof of (£) in [9], the crucial factor was that in dimension 2 an affine line
(1-dimensional plane) is a set of codimension 1. More precisely, in [9] a reflection method was used to
estimate a weak solution to the p-Laplace equation in B (0)\({0} x (—1,1)), which vanishes p-q.e. on
{0} x (—1,1) (see [9, Lemma 4.4]). This method is no more valid for a weak solution to the p-Laplace
equation in B1(0)\({0}V =1 x(~1,1)), which vanishes p-q.e. on {0}V =1 x(—1,1), if N > 3. In the present
paper, in any spatial dimension N > 2, we first use a certain barrier function, that we constructed in
Lemma A.1, but which is in some sense weaker and slightly simpler than those that were constructed in
[27, 28], in order to estimate a nonnegative p-harmonic function in By\({0}~! x (—1,1)), continuous
in By and vanishing on {0} ~! x (—1,1). Then we deduce the same kind of estimate for merely a weak
solution to the p-Laplace equation in By\({0}¥~! x (=1,1)) vanishing p-q.e. on {0}V =1 x (=1,1).

It is worth noting that our proofs of the partial regularity and the absence of quadruple points
differ from those used in [9]. Many proofs in [9] are based on the fact that (only) in dimension 2 the
“free boundary” 3 is of codimension 1, thus many standard arguments and competitors are available.
Let us emphasize the most important places where the proofs used in [9] do not extend in a trivial
manner to higher dimensions. Firstly, in the proof of the Ahlfors regularity in the “internal case” in
[9] (see [9, Theorem 3.3]), the set (X\B,(x)) UdB,(x) was used as a competitor for a minimizer ¥ of
Problem 1.1, which contains at least two points. But in dimension N > 3 we cannot effectively use such
a competitor, because dB,.(x) has infinite H!-measure. Secondly, as mentioned earlier, in [9], a reflection
method was used to estimate a p-harmonic function in (B;\[a1, az]) C R? that vanishes on [a1,az2] N By,
where [a;,as] is a diameter of By, which is no more available if N > 3 for a p-harmonic function in
(B1\[a1,a2]) € RY which vanishes on [ay,as] N By, where [a;,as] is a diameter of B;. Thirdly, in the
density estimate in [9], when the minimizer ¥ is er-close, in a ball B,.(x) and in the Hausdorff distance,
to a diameter [a,b] of B,.(x), the set ¥/ = (X\B,(z)) U [a,b] UW was used as a competitor for ¥, where
W = 0B, (z)N{y : dist(y, [a, b]) < er} (see [9, Proposition 6.8]). However, in dimension N > 3 we cannot
effectively use the above competitor ¥/, because it has infinite 7!'-measure. Fourthly, in dimension N > 3
we cannot effectively use the same type of competitors as in the proof of [9, Proposition 7.3] (where the
fact that the minimizer is a set of codimension 1 was used to construct such competitors) in order to
establish the absence of quadruple points in §2 for solutions to Problem 1.1.

The optimal p-compliance problem can also be formulated under length constraints. Namely, consider
the following problem.

Problem 1.2. Let p € (N — 1,+00). Given L > 0, find a set ¥ C Q minimizing the p-compliance
functional Cyqo among all sets X' in the class A () of all closed connected subsets of Q satisfying the
constraint 0 < H'(X') < L.

This problem was studied in [12, 30, 31], and in [12] it was proved that it admits a solution. However,
the question of whether every its solution is a finite union of C'! curves is still open even in dimension 2
and for the linear case p = 2. Taking into account the peculiarity of Problem 1.2, it seems that the main
difficulty in solving this question consists in the fact that for Problem 1.2 we have no some kind of “the
local minimization” of the one-dimensional Hausdorff measure, in contrast to Problem 1.1. Nevertheless,
by establishing the regularity result for the solutions to Problem 1.1, we automatically establish the
same result for some solutions to Problem 1.2. Indeed, if ¥ C Q is a solution to Problem 1.1 such
that diam(X) > 0, then X solves Problem 1.2 provided that L = H!(X). It is worth mentioning that,
according to the I'-convergence result established in [12], in some sense the limit of Problem 1.1 as

p — 400 corresponds to the minimization of the functional
K(Q)> ¥~ / dist(x, X U 0N f(x) do + IH(D),
Q

which, as well as in its constrained form, was widely studied in the literature (the reader may consult
[11, 13, 32, 35, 37, 10, 39, 25, 36]). It is known that minimizers of this functional may not be C* regular
(see [36]).



1.2. Main results

In this paper, we establish a partial regularity result and some topological properties for minimizers of
Problem 1.1 in any spatial dimension N > 2 and for every p € (N — 1, +00), thus generalizing some of
the results obtained in [15, 9]. Several of our results will hold under some integrability condition on the
source f. We define

Np . 2p
Np— N1 T EEPST m=g

qQ if 1<p<2. (1.4)

It is worth noting that ¢; > go. The condition f € L% (Q) for p € [2,400) is natural, since ¢; in this

case seems to be the right exponent which implies an estimate of the type |[ B VulP dx < Cr for the

xo) |
solution u to the Dirichlet problem

—Ayv=f in B(z0), vE WyP(B,(x0)),

the kind of estimate we are looking for to establish regularity properties on a minimizer 3 of Problem 1.1.

The main regularity result established in this paper is the following.

Theorem 1.3. Let Q C RY be open and bounded, p € (N — 1,+00), f € LI(Q) with ¢ > q1, where q,
is defined in (1.4). Then there exists a constant o € (0,1) such that the following holds. Let ¥ be a
solution to Problem 1.1. Then for H'-a.e. point x € XN one can find a radius ro > 0 depending on x

such that X NB,,(z) is a CY regular curve.

It is one of the first times that the regularity of minimizers for some free boundary type problem is
investigated with a free boundary set of codimension N — 1. Notice that in Theorem 1.3, when we say
that a solution ¥ to Problem 1.1 is C1® regular at H'-a.e. point z € ¥ N, we mean that the set of
points ¥ N Q around which ¥ is not a C1® regular curve has zero H!'-measure. Thus, Theorem 1.3 is
interesting only in the case when diam (%) > 0, which happens to be true at least for some small enough
values of A (see Proposition 2.25).

We have also proved that if 3 is a solution to Problem 1.1, then ¥ cannot contain closed loops (i.e.,

homeomorphic images of the circle S*).

Theorem 1.4. Let Q C RY be open and bounded, p € (N — 1,4+00) and f € LY(Q) with ¢ > q1, where
q1 is defined in (1.4). Let ¥ be a solution to Problem 1.1. Then ¥ cannot contain closed loops (i.e.,

homeomorphic images of the circle S).

Furthermore, we have proved that if ¥ is a solution to Problem 1.1, then ¥ N {2 cannot contain
quadruple points, namely, there is no point € ¥ N such that for some fairly small radius r > 0 the
set XN B,.(x) is a union of four distinct C! arcs, each of which meets at point = exactly one of the other

three at an angle of 180 degrees, and each of the other two at an angle of 90 degrees.

Proposition 1.5. Let Q C RY be open and bounded, p € (N — 1,+00) and f € LI() with ¢ > q1
defined in (1.4). If ¥ is a solution to Problem 1.1, then XN Q cannot contain quadruple points.

After all, when we are talking about one dimensional sets, it is not so obvious how horrible they
can be. Incidentally, in codimension 2 it seems like a good idea to understand whether the minimizer

contains knots, since our story of loops suggests the question.

1.3. Discussion of the proofs
Let us now outline the proofs of our main results.

Decay of the p-energy under flatness control.
To prove the partial O™ regularity result and the absence of closed loops, we first establish a decay



behavior of the p-energy r — | B (x0) |Vus|P dz under flatness control on ¥ at z¢ € 2, namely, we prove
(€) (see Lemma 3.6). For this we use the following strategy consisting of four steps.

Step 1. We prove that there exist «,d € (0,1) and C' > 0, depending only on N and p, such that
for any weak solution u to the p-Laplace equation in By(0)\({0}¥~! x (—1,1)) vanishing p-q.e. on
{0}V=1 x (=1,1), the estimate

/ [VulP da:SCrHO‘/ [VulP dz
B-(0) B1(0)

holds for all r € (0, d] (see Lemma 3.1).

Step 2. Arguing by contradiction and compactness, we establish a similar estimate as in Step 1 for
a weak solution to the p-Laplace equation in B, (x¢)\X that vanishes on ¥ N B,(xg) in the case when
N B, (zp) is fairly close in the Hausdorff distance to a diameter of B,.(zo). Recall that the Hausdorff
distance for any two nonempty sets A, B C RY is defined by

dy(A,B) = max{sup dist(z, B), sup dist(y, A)}
z€A yeB
For each nonempty set A C RY, we immediately agree to define dy (), A) = dy(A,0) = 4oo and
d(0,0) = 0. Let o, d,C be as in Step 1. We prove that for each o € (0, §] there exists gg € (0, 0) such
that if u is a weak solution to the p-Laplace equation in B,.(z¢)\ ¥ vanishing p-q.e. on ¥ NB,(zq), where
Y is a closed set such that (X N B,.(zg)) U dB,(z) is connected and

1 _
;dH(E n BT({,CO),L n BT(ZC())) <ep

for some affine line L C R passing through x, then the following estimate holds

/ [VulP de < (CQ)HO‘/ |VulP dx
By (z0) B,(z0)

(see Lemma 3.2).

Step 3. Recall that we want to establish a decay estimate for the solution uy to the Dirichlet problem
—Ayu = f in Q\X, u € WyP(Q\X) in a ball B,(zy) C Q whenever ¥ is sufficiently close, in B, ()
and in the Hausdorff distance, to a diameter of B,.(x¢). For that purpose, we first control the difference
between uy, and its p-Dirichlet replacement in B,.(xo)\¥, where by the p-Dirichlet replacement of uy, in
B, (20)\X we mean the solution w € W1?(B,(z0)) to the Dirichlet problem —A,u = 0 in B,(z0)\%,
u — ug € Wy (B,(20)\X). Then, for some sufficiently small a = a(N,p) € (0,1), using the estimate for
the local energy [ Buy(x0) |Vw|P dx coming from Step 2 and also the estimate for the difference between

uy, and w in B,(z)\X, we arrive at the following decay estimate for uy:

1 1/1
— [Vus|P dz < (/ |Vus |P da:) + CrYNpa),
ar Bar(z0) 2\r B,(z0)

where v(NV,p,q) € (0,1) provided that ¢ > ¢1, f € L1(Q) and ¢ is defined in (1.4) (see Lemma 3.3 and
Lemma 3.5).

Step 4. Finally, by iterating the result of Step 3 in a sequence of balls {Byi, (z0)};, we obtain the
desired decay behavior of the p-energy r — [ B (o) |Vus|P dr under flatness control on ¥ at xg € Q.
Namely, there exist b € (0,1) and C > 0 such that if ¥ N B, (x¢) remains fairly flat for all r in [rg, 7],
B, (o) C © and r is sufficiently small, 7o > 0 is small enough with respect to r1, then the following

estimate holds

r

1+b
/ |[Vug|P dz < C( ) / |Vus|P dz+ Cri*t for all r € [rg, 1]
Br(wO) 7:1 BTI ($0)

(see Lemma 3.6). Thus, if 2o € ¥ NQ and ¥ N B,.(z0) remains fairly flat for all sufficiently small » > 0,

then the energy r +— %fB‘( o) |Vus|P dr converges to zero no slower than Cr® for some b € (0,1) and

T



C > 0. This will be used to prove the desired C*“ result, and the same kind of estimate will also be

used to prove the absence of closed loops.

Partial regularity.

We shall now try to explain how we use the decay of the p-energy under flatness control to prove
the partial C1'® regularity of the minimizers inside . The first step in the proof is to show that every
minimizer ¥ of Problem 1.1 with diam(X) > 0 is an almost minimizer for the length at any point in 3 NQ
around which ¥ is flat enough and remains fairly flat on a large scale. More precisely, we need to prove
that there exists 3 € (0,1) such that for any competitor ¥’ being 7r-close, in a ball B,.(z¢) C € and in
the Hausdorff distance, to a diameter of B,.(x¢) for some small 7 € (0,1) and satisfying X’AY C B,.(zo),
it holds

HYE N B, (x0)) < HY(Y NB,(x0)) + Crith

whenever zo € ¥N{, ¥ is flat enough in B,.(z¢) and remains fairly flat on a large scale. In our framework,
the term Cr'*? may only come from the p-compliance part of the functional F r,0. Thus, we need to
prove that

Cta(X) = Cra(D) < Or'th

whenever zg € X N Q, X is flat enough in B, (z0) and remains fairly flat on a large scale, ¥’ € k() is
rr-close, in B,.(zg) C Q and in the Hausdorff distance, to a diameter of B,.(x¢) for some small 7 € (0, 1)
and Y'AY C B, (zo). Hereinafter in this section, C' denotes a positive constant that can only depend
on N, p, qo, ¢, |fllg, 1€ (go is defined in (1.1), ¢ > qo, f € L9(2)) and can be different from line to
line. Notice that one of the difficulties in obtaining the above estimate is a nonlocal behavior of the
p-compliance functional. Namely, changing ¥ locally in €2, we change uy in the whole 2. This can
be overcome, using a cut-off argument. Actually, we have shown that if ¥’ is a competitor for ¥ and
YAY C B, (w9), then

Cra(X) - Cra(¥) < C/ |Vus/ [P do + oV -5
Bz, (z0)
(see Corollary 2.21). However, the right-hand side in the above estimate depends on the competitor ¥/,

which pushes us to introduce the quantity

1

wh(o,7) = sup L sl a
S eK(Q), Y ASCEB, (z0), | JBr(zo)
H(Z)<100H (D), Bss (zo,m)<T

where Bys/(z9,7) is the flatness defined by
1 — _
By (zo,7) = Ll;lf ;dH(E’ N B, (x0), L N B,(x0)),
xo

where the infimum is taken over the set of all affine lines (1-dimensional planes) L in RY passing
through z. The quantity wZ(xo,r) is a variant of the one introduced in [15] and already used in [9].
Also notice that the assumption H!'(X') < 100H!'(X) in the definition of w§(zo,r) is rather optional,
however, it guarantees that if 3’ is a maximizer in this definition, then it is arcwise connected. Thus, if
Y e K(Q), ¥'AY C By(xg), HY(X') < 100K (X) and By (w0, 2r) < 7, we arrive at the estimate

Cra(Y) = Cra(S) < Crwg(zo, 2r) + CrVN TP =0

Next, applying the decay estimate established in Step 4 above to the function ug, where 3 is a maximizer

in the definition of wf(zg, 2r), we obtain the following control

b
wh (w0, 2r) < C( L) wh(ao, ) + Cr",

T1



provided that fx(xo, ¢) remains fairly small for all g € [2r,71], r1 > 0 is small enough, B, (z¢) C  and
r > 0 is sufficiently small with respect to r; (see Proposition 5.6). Using also that b < N—14p'—Np'/q,
altogether we get

_ b
HYE N B, (20)) < HUE' N B, (a0)) + C’r(rl) Wl (2o, m1) + Crit?
1

whenever ¥ is a minimizer of Problem 1.1, 8x(x¢, 0) remains fairly small for all ¢ € [r,r1], r1 > 0 is small
enough, B, (z¢) C Q, r > 0 is sufficiently small with respect to r1, ¥’ € K(Q) is 7r-close, in B,.(z¢) and
in the Hausdorff distance, to a diameter of B,(x¢), ¥’AYX C B,(x) and H!(X') < 100H'(%).

The next step is to find a nice competitor X’ for a minimizer ¥. More precisely, assume that
29 €%, B,(w) C Q, r is sufficiently small, Bs (0, r) is small enough and remains fairly small on a large
scale. The task is to find a competitor ¥’ such that ¥’AY C B, (zg), ¥’ is 7r-close, in B, (z¢) and in
the Hausdorff distance, to a diameter of B, (zo) for some small 7 € (0,1) and, in addition, the length
(i.e., Hl-measure) of X' N B,.(z0) is fairly close to the length of a diameter of B,.(z¢). Recall that in two
dimensions we can take

¥ = (X\By(20)) U (0B(xo) N {z : dist(z, L) < Bs(zo,r)r}) U (LN B(x0))

provided B (zo,7) = dg (X N By(z0), L N B,(x0))/r. But in dimension N > 3 such a competitor is not
effective, since it has Hausdorfl dimension N — 1 > 2. Notice that the main difficulty arising in the
construction of a nice competitor in dimension N > 3 is that we do not know whether the quantity
HO(X N dB,(z0)) is uniformly bounded from above for 7y € ¥ and p > 0. However, according to the

coarea inequality (see, for instance, [33, Theorem 2.1]), we know that for all o > 0,
)
H(E N B, (2)) > / HO(S 1 OBy(wo)) dt.
0

If, moreover, ¢ < diam(X)/2, then ¥ N IBy(xo) # 0 for all ¢t € (0, ], since g € ¥ and ¥ is arcwise
connected (see Remark 2.17). Thus, assuming that ¢ < diam(X)/2 and & € (0,1/4], for any s € [k, 2k0]
we deduce the following

4 (1+k)s
H (X N By(zo)) > / HO (X N OBy (z0)) dt > / HO(Z N OBy () dt.
0 s
The latter inequality implies that there exists ¢t € [s, (1 + )s] for which
1 1
HO (XN OBy(w0)) < ?03(1‘0, 0), where 0x(zg,0) = EHl(E N By(xo))-

So if k € (0,1/4], zo € X, r > 0 is sufficiently small and B, (z) C €, then for all s € [kr,2Kr] we can
construct the following competitor

HO(ENDB:(20))

X' = (E\Bi(xo)) U ( (=i, Zi—]) U (LN Bi(xo)),

i=1
where t € [s, (1 + k)s] is such that HY(X N dB;(z0)) < Os(wo,7)/k%, L is an affine line realizing the
infimum in the definition of Bx(wo,t), 2; € SN B (xo) and 2, denotes the projection of z; to LN By (o).
The flatness Oy (xo,t) is less than or equal to fBs(xg,t) by construction. Assuming in addition that
Bs(xq,r) is fairly small and 0s(xg,r) is also small enough, for the competitor ¥’ constructed above it
holds: B/ (xo,t) is sufficiently small, since By (xo,t) < Bs(xo,t) and Bx(xo, 0) remains small for all ¢ in
(0,7) which are not too far from 7 (see (5.1)); the length of X' N By () is fairly close to the length of a

diameter of By(zo); the following estimate holds

HY(Z N By(xg)) < HYEZ N By(xo)) < HYEZ' N By(xo)) + Ct( t)bwg(xo, r) 4 Ct TP,
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This allows us to prove the following fact: there exist €, x € (0,1/100) such that if ¥ is a minimizer of
Problem 1.1, 2y € 3, r > 0 is sufficiently small, B, (z) C 2 and the following condition holds

52(1'0,7') +w§({t077') <g, 92(‘7’.077.) < ]-Oﬁ (C)

with 7z being a unique positive solution to the equation pu = 5 + ,ulfﬁ (we shall explain a bit later
why we take this particular bound), then there exists s € [kr,2kr] for which H(Z N dBs(xg)) = 2
(see Proposition 5.8 (7)), the two points {&1,&} of ¥ N 0Bs(xg) belong to two different connected
components of

0B;(xo) N{x : dist(z, L) < fx(zo,s)s}

(see Proposition 5.8 (i-1)), where L is an affine line realizing the infimum in the definition of Bs(zo, ),
¥ N By(xg) is arcwise connected (see Proposition 5.8 (ii-2)). Moreover, (3\Bs(9)) U [£1,&2] is a nice
competitor for ¥ (see Proposition 5.8 (7i-3)). Using this result together with the decay behavior of the
local energy w%,, we prove that there exists a constant a € (0,1/100) such that if o € X, r > 0 is small
enough, B, (xo) C © and the condition (C) holds with some sufficiently small € > 0, then

[NEY

1 1
Bs(xo,ar) < C(wg(xo,7r))2 + Cr2 and wg(xg,ar) < iwg(xo,r) + C’(ar)b

(see Proposition 5.12 (i), (i7)). Next, we need to control the density 5, from above on a smaller scale by
its value on a larger scale. Notice that in this paper we do not prove the Ahlfors regularity for a minimizer
of Problem 1.1 in the spatial dimension N > 3 (for a proof in dimension 2, see [9, Theorem 3.3]), namely,
that there exist constants 0 < ¢; < ¢o and a radius rg > 0 such that if ¥ is a minimizer of Problem 1.1
with at least two points, then for all z € ¥ and r € (0,7g), it holds

c1 < Ox(z,r) < co.

In dimension N > 3 this problem seems very difficult and interesting. However, adapting some of the
approaches of Paolini and Stepanov in [32], we prove the following fact: for each a € (0,1/20] there exists
e € (0,1/100) such that if g € X, B,.(z9) C Q, r > 0 is sufficiently small and Sx(z¢,r) + wE(zo,7) <€,
then

Os(xg,ar) <5+ 92(3:0,7‘)17%

(see Proposition 5.11). Notice that if s (xq,r) < 10f, then, using the above estimate, we get
Os:(z0,ar) <5+ (10p)'"~ < 10(5 + 7~ ~) = 107

The factor 10 in the estimate 6x(zg, ) < 10f is rather important, it appears in the proof of Corollary 5.14.
Altogether we prove that there exist constants a,e € (0,1/100), b € (0,1) such that if xg € X, r >0
is sufficiently small, B,(z¢) C Q and the condition (C) holds with ¢, then for all n € N,

+C(a™r)* and wl(zo,a™ 1) < ~wk(zo,a™) + C(a™ ir)b

N

Bs(z0,a" 1) < C(wE(xo, a™r))

DN | =

(see Proposition 5.12). This, in particular, implies that the estimate Ox(xg,0) < éga holds for some
€ (0,1), C = C(N,p,q0, ¢, If|lq:12,7) > 0 and for all sufficiently small ¢ > 0 with respect to r (see
Proposition 5.13).
Finally, we arrive to the so-called “e-regularity” theorem, which says the following: there exist con-
stants 7, a,¢&,a, To € (0,1) such that whenever z € 3, 0 < r < Tg, B.(z) C Q,

Bs(z,r) +wg(x,r) < e and Os(z,r) < T,

then for some C = C(N,p, g0, ¢, | f]lq: 122],7) > 0, Bs(y, 0) < Co® for any point y € ¥ N By, () and any
radius ¢ € (0,ar) (see Corollary 5.14). In particular, there exists ¢ € (0,1) such that XN By(x) is a C1:*



regular curve. On the other hand, notice that, since closed connected sets with finite #'-measure are H'-
rectifiable (see, for instance, [18, Proposition 30.1]), Bs(z,7) — 0 as r — 0+ at H'-a.e. € ¥ and hence
at H'-a.e. z € XNQ, wi(z,r) — 0 as r — 0+. Moreover, in view of Besicovitch-Marstrand-Mattila
Theorem (see [2, Theorem 2.63]),

Os(z,r) =2 as r — 0+ at H'-ae z €.

At the end, observing that for each N > 2, the unique positive solution 71 to the equation p =5+ ,ulfﬁ
is strictly greater than 5, we bootstrap all the estimates and prove that every minimizer 3 of Problem 1.1
is C1* regular at H!-a.e. point z € £ N Q.

Absence of loops.

If a minimizer ¥ of Problem 1.1 contained a homeomorphic image I' of the circle S!, then there would
exist a point g € I' N1 such that there would be a sequence of relatively open sets D,, C ¥ satisfying:
xg € D, for all sufficiently large n; X\ D,, are connected for all n; diam(D,) \ 0 as n — +oo; D,, are
connected for all n; there exists the affine line T3, such that z¢ € Ty, and

1 — —
;dH(Z N B (x0), Ty, N Br(zg)) = 0 as r — 0+

(see Lemma 4.1). So we could “cut out” D,,, for which H!(D,,) > diam(D,,), and estimate the resulting
variation of the p-compliance in terms of (diam(D,,))'*? for all sufficiently large n, where b € (0,1) is

some fixed constant. Namely, we would obtain that for all sufficiently large n,
Cra(E\Dy) — Cra(X) < C(diam(D,))'** and diam(D,,) < H'(Z) — H (Z\D.,),

where C is a positive constant independent of n, which would lead to a contradiction with the optimality
of 3.

Absence of quadruple points.
The idea behind the proof is as follows. Assuming that a minimizer ¥ of Problem 1.1 contains a
quadruple point z¢ € 3 N2, one can change ¥ in all sufficiently small neighborhoods of zy in order to

obtain sequences (7, )nen, (Xn)nen such that: r,, >0, r, = 0 as n — +00; X, are competitors for 3;
Cra(En) = Cra(®D) < Cryt? and Cr, < H'Y(D) = H'(S,) (Q)

for all sufficiently large n, where C ,C >0and b e (0,1) are constants independent of n. More precisely,
if a minimizer ¥ of Problem 1.1 contained a quadruple point xg € 3 N €2, then there would be a radius
0 € (0,diam(X)/2) such that ¥ N B,(xo) would consist of exactly four distinct C! arcs, each of which
would meet at point xg exactly one of the other three at an angle of 180 degrees, and each of the other
two at an angle of 90 degrees. So there would be a cross K passing through zo (K consists of two

mutually perpendicular affine lines passing through x) such that
1 _ _
—dg (XN B (x0), KN B,(xg)) = 0 as r — 0+
r

(it is worth noting that the estimate (3.28) still holds if the affine line in Lemma 3.6 is replaced by a
suitable cross, see Lemma 6.2). Furthermore, > N B,(xo) would be Ahlfors regular, which would imply

that for some positive constant Cy > 0, without loss of generality,
HY(E N B, (20)) < Cor for all 7 € (0, g].

On the other hand, using the coarea inequality (see [33, Theorem 2.1]), for each r € (0, 9/2] we would
obtain that

2r 2r

HY(Z N By () > HO(Z N OBy (x0)) dt > HO(Z N OBy (x0)) dt.
0 T

10



Then there would exist ¢ € [r, 2r] such that
1
HO(Z N 8Bt($o)) S ;HI(E n BQT(.T())) S 200

So we could construct a nice competitor ¥ for 3. Namely, let Dy = KNAB; (o) and let Sy (D;) C By(xo)
be a closed set of minimum H!'-measure in the ball Ft(xo) which connects the all four points of D; (as
in [11], we shall call it a Steiner connection of the points of D;; for more details on Steiner connections,
see, for instance [22, 34, 20]). Without loss of generality, we could also assume that ¥ is fairly close, in
B,(z0) and in the Hausdorff distance to K. For each point z; € ¥ N dB; (), let v; denote the geodesic
in 0Bi(zg) connecting z; with the point of D; closest to z;. Let G denote the union of all arcs ~;, and
let 3¢ be defined by

Et = (E\Bt(zo)) UGU S4(Dt)

Then we would obtain that there exists a positive constant C>0 independent of ¢ such that
HU(Z) — HY () > Ct,

where the facts that H'(X N By(xg)) > 4t, H'(G) < 4t for some fairly small § € (0,1) and that
HY(S4(Dy)) = V2(V/3 + 1)t ~ 3.86t were used. Altogether we would obtain that there exist sequences
(rn)nen and (X, )nen satisfying (Q). Next, letting n tend to +oo, we would obtain a contradiction with
the optimality of X.

1.4. Structure of the paper

In Section 2, we recall the basic definitions and notions used in the paper and prove some preparatory
results that will be used in Sections 3-6. In Section 3, we establish the decay behavior of the p-energy
under flatness control (we prove (£)), which will be used in Section 4 to prove Theorem 1.4 and in
Section 5 to prove Theorem 1.3. In Section 6, we prove Proposition 1.5. Finally, in Appendix A, we

prove several auxiliary results for the reader’s convenience.

2. Preliminaries

2.1. Conventions and Notation

Conventions: in this paper, we say that a value is positive if it is strictly greater than zero, and a value
is nonnegative if it is greater than or equal to zero. Euclidean spaces are endowed with the Euclidean
inner product (-,-) and the induced norm | -|. By N we denote an integer greater than or equal to 2.

Throughout this paper, Q will denote an open bounded set in RY.

Notation: we denote by B,.(z), B,(z), and dB,(z), respectively, the open ball, the closed ball, and
the N-sphere with center x and radius r. If the center is at the origin, we write B,, B, and 0B, the
corresponding balls and the N-sphere. For each set A C RY, the set A¢ will denote its complement in
RY | that is, A° = RV\ A. We denote by dist(x, A), diam(A), AAB, and |A|, respectively, the Euclidean
distance from 2 € RY to A € RY, the diameter of A, the symmetric difference of A and B C RY, and
the N-dimensional Lebesgue measure of A. We shall sometimes write points of RY as x = (2, xx) with
2 € RNt and zy € R. If U C RY is Lebesgue measurable, then for p € [1, +00) U {+oo}, LP(U) will
denote the space consisting of all real measurable functions on U that are p*P-power integrable on U if
p € [1,+00) and are essentially bounded if p = 4+o00; LP(U;RY) is the respective space of functions with
values in RY. By L}, (U) we denote the space of functions u such that u € L*(V) for all V.CC U. The
norm on LP(U) (LP(U;RY)) is denoted by || - | sy (|| - llerzyy) or || - ||, when it is appropriate. We
use the standard notation for Sobolev spaces. For an open set U C R¥, denote by WO1 P(U) the closure
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of C§°(U) in the Sobolev space WP (U), where C§°(U) is the space of functions in C*°(U) with compact
support in U. Recall that Wllof(U) is the space of functions u such that w € WH?(V) for all V CcC U.
We shall denote by H%(A) the d-dimensional Hausdorff measure of A.
2.2. Definitions and some preparatory results
We begin by defining weak solutions to the p-Poisson equation,

—Apu == —div(|Vul[P~2Vu) = f.

Definition 2.1. Let U C RY be open and bounded, p € (1,+oc) and f € L} (U). We say that u is a

loc

weak solution to the p-Poisson equation —A,v = f in U provided u € Wllo’f (U) and

/<|Vu|p_2Vu,ch> dx:/ feo dz, (2.1)
U U

whenever ¢ € C§°(U). If u is a weak solution to the p-Poisson equation —A,v = f in U and f = 0, then
we say that u is a weak solution to the p-Laplace equation in U.

Definition 2.2. Let U C RY be open and bounded, p € (1, +00). We say that u is a weak subsolution
(supersolution) to the p-Laplace equation in U provided u € Wﬁ)’f (U) and

/U(|Vu|p_2Vu,Vga> dzr < (>)0, (2.2)

whenever ¢ € C§°(U) is nonnegative. If u is an upper (lower) semicontinuous weak subsolution (super-
solution) to the p-Laplace equation in U, then we say that u is p-subharmonic (p-superharmonic) in U.

If u is a continuous weak solution to the p-Laplace equation in U, then we say that w is p-harmonic in U.

Remark 2.3. We read [0[P720 as 0 also when 1 < p < 2. If u € WhP(U) is a weak solution to the
p-Poisson equation —A,v = f in U, where f € L% (U) with gy defined in (1.1), then (2.1) holds for all
p € Wy "(U).

The following basic result for weak solutions holds (see [26, Theorem 2.7]).

Theorem 2.4. Let U be a bounded open set in RN and let u € WYP(U). The following two assertions
are equivalent.

(i) u is minimizing:

/ |VulP dx §/ \Vo|P dz, when v—ue WP (U).
U U
(i) the first variation vanishes:

/U<|vu|P*2vu, V() dx =0, when ¢ € Wy P(U).

Now we introduce the notion of the Bessel capacity (see e.g. [1], [41]).
Definition 2.5. For p € (1,400), the Bessel (1,p)-capacity of a set E C RY is defined as
Cap,(E) = nf{|[ |}~ : 9% f =1 on B, feL’RY), f>0},
where the Bessel kernel g is defined as that function whose Fourier transform is

N
2

9(6) = (2m) " F (1 + ¢ e,
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We say that a property holds p-quasi everywhere (abbreviated as p-q.e.) if it holds except on a set
A where Cap,(A) = 0. It is worth mentioning that by [1, Corollary 2.6.8], for every p € (1,+00), the
notion of the Bessel capacity Cap,, is equivalent to the following

%(E) = inf {/ |VulP dz +/ |u|P dx :w >1 on some neighborhood of E}
ueWbhp(RN) RN RN
in the sense that there exists C' = C(N,p) > 0 such that for any set E Cc RV,
1
C

The notion of capacity is crucial in the investigation of the pointwise behavior of Sobolev functions.

Cap,(E) < Cap,(E) < CCap, ().

For convenience, we recall the next theorems and propositions.

Theorem 2.6. Let E C RY and p € (1,N]. Then Cap,(E) = 0 if HN"P(E) < +o0o. Conversely, if
Cap,(E) =0, then HN"P+<(E) =0 for every e > 0.

Proof. For a proof of the fact that Cap,(E) = 0 if HN~P(E) < 400, we refer to [1, Theorem 5.1.9]. The
fact that if Cap,(E) = 0, then HN~?*¢(E) = 0 for every € > 0 follows from [1, Theorem 5.1.13]. O

Remark 2.7. Let p € (IV,+00). Then there exists C = C(N,p) > 0 such that for any nonempty set
E C R, Cap,(E) > C. We can take C = Cap,({0}), which is positive by [1, Proposition 2.6.1 (a)],
and use the fact that the Bessel (1, p)-capacity is invariant under translations and is nondecreasing with

respect to set inclusion.

Recall that for all E ¢ RY the number
dimy (E) = sup{s € [0,4+00) : H*(E) = +oo} = inf{t € [0, +00) : H'(E) = 0}
is called the Hausdorff dimension of E.

Corollary 2.8. Letp € (1,+00), E CRY, dimg(E) = 1 and H'(E) < 4o00. Then Cap,(E) > 0 if and
only if p € (N — 1,+00).

Proof of Corollary 2.8. If p > N, then by Remark 2.7, Cap,(E) > 0. Assume by contradiction that
Cap,(E) = 0 for some p € (N —1,N]. Takinge = (p — N +1)/2s0othat 0 < N —p+e <1, by
Theorem 2.6 we get, H¥ ~P+¢(E) = 0, but this leads to a contradiction with the fact that dimg(E) = 1.
On the other hand, if p € (1, N — 1], then #V~"P(E) < 400 and by Theorem 2.6, Cap,(E) = 0. This
completes the proof of Corollary 2.8. O

Proposition 2.9. Let ¥ C RY, 29 ¢ RN, 0 < ry <7y and p € (1, N]. Assume that
Y NOB(x0) #0 for all r € (ro,r1).
Then there exists a constant C > 0, possibly depending only on N and p, such that
Cap, ({0}~ x [0,71 — ro]) < CCap, (SN By, (x0)).

Proof. The proof is straightforward if p € (1, N — 1], since in this case Cap, ({0}~ x [0,71 —7¢]) =0
according to Corollary 2.8. Assume that p € (N — 1, N]. Let A(zo,ro) = Br,(x0) if 70 > 0 and
A(zo,m0) = {x0} if 7o = 0. For each x € X N (B, (z0)\A(z0,70)), we define ®(x) = {0}V 1, |z — z¢]).
Since @ is 1-Lipschitz, by [1, Theorem 5.2.1], there exists C' = C(N,p) > 0 such that

Cap,, ({0} x (ro, 1)) = Cap,(2( N (B, (20)\A(z0,70)))) < CCap, (X N (By, (20)\A(zo,70)))-

Notice that Cap,, ({0}~ x [rg,71]) < Cap,, ({0}~ X (rg,71)), since Cap,,(-) is a subadditive set function
(see, for instance, [1, Proposition 2.3.6]) and Cap,({0}V~! x {r;}) = 0 for i = 0,1 by Theorem 2.6. So
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Cap,({0}N=1 X [rg,1]) < CCap, (X N (B, (x0)\A(x0,70))) for some C = C(N,p) > 0. Then, using
the fact that the Bessel capacity is nondecreasing with respect to set inclusion and, if necessary, the
fact that it is invariant under translations, we recover the desired estimate. This completes the proof of
Proposition 2.9. O

Corollary 2.10. Let X CRY 2o e RN, 0 < rg <1y and p € (1, N]. Assume that X N B,,(xo) # 0 if
ro >0 and xg € X if 1o = 0. Assume also that (XN By, (z0)) UOBy, (zg) is connected. Then there exists
a constant C > 0, possibly depending only on N and p, such that

Capp({O}N_1 x [0,71 —ro]) < CCap, (XN By, (o))

Proof of Corollary 2.10. Tt follows from the conditions of Corollary 2.10 that ¥ N 0B, (xg) # 0 for all
r € (ro,71). Then it only remains to use Proposition 2.9. This completes the proof of Corollary 2.10. [

Proposition 2.11. Let r € (0,1] and A, = {0} =1 x [0,7]. The following assertions hold.

(i) If p € (N —1,N), then there exists a constant C = C(N,p) > 0 such that

NP < CCap,(4;).

(ii) If p= N, then there exists a constant C = C(N) > 0 such that

(1)) ™ < coon, )

Proof. Since diam(A,) <1, (i) and (i7) follows from [1, Corollary 5.1.14]. O

Corollary 2.12. Let p € (N — 1,N] and ¥ = ({0}V~1 x (—=1,1)) U9B;. Then there exist ro, Cy > 0

such that o s A B
N Gy
app( (l‘o)) >, (23)

Cap,(Br(z0))

whenever 0 < r < rg and zg € 2.

Proof of Corollary 2.12. Since ¥ is arcwise connected and diam(X) = 2, setting 1o = 1, we observe
that ¥ N 0B, (xg) # @ whenever 0 < r < rg and zg € 3. Then Proposition 2.9 says that for some
C=C(N,p) >0,

Capp({O}N_1 x [0,7]) < CCap, (X N B;.(0))

whenever 0 < r < rg and z¢ € ¥. However, this, together with Proposition 2.11, [1, Proposition 5.1.2],
[1, Proposition 5.1.3] and [1, Proposition 5.1.4], proves that there exists a constant Cy > 0 such that
the desired estimate (2.3) holds for Cy whenever 0 < r < 79 and g € X. This completes the proof of
Corollary 2.12. O

Definition 2.13. Let the function u be defined p-q.e. on RY or on some open subset. Then w is said to
be p-quasi continuous if for every € > 0 there is an open set A with Capp(A) < € such that the restriction

of u to the complement of A is continuous in the induced topology.

Theorem 2.14. Let Y C RY be an open set and p € (1,+00). Then for each u € WHP(Y) there eists
a p-quasi continuous function u € WYP(Y'), which is uniquely defined up to a set of Cap,,-capacity zero

andu=1u a.e. inY.

Proof. We refer the reader, for instance, to the proof of [9, Theorem 2.8], which actually applies for the

general spatial dimension N > 2. O
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Remark 2.15. A Sobolev function u € WP(RY) belongs to WO1 P(Y') if and only if its p-quasi continuous
representative @ vanishes p-q.e. on Y (see [3, Theorem 4] and [23, Lemma 4]). Thus, if Y’ is an open
subset of Y and u € W, ?(Y) such that &% = 0 p-q.e. on Y'\Y”, then the restriction of u to ¥’ belongs to
Wy (Y") and conversely, if we extend a function u € W,**(Y”) by zero in Y\Y”, then u € WyP(Y). Tt is
worth mentioning that if ¥ C Y and Cap,(X) = 0, then WyP(Y) = Wy P(Y\ D). Indeed, u € WyP(Y)
if and only if u € W P(R¥) and @ = 0 p-q.e. on Y° that is equivalent to say u € W P(RY) and @ = 0
p-q.e. on YUY (since Cap, (%) = 0 and Cap,(-) is a subadditive set function, see [1, Proposition 2.3.6])
or u € WyP(Y\E). In the sequel we shall always identify u € W'P(Y) with its p-quasi continuous

representative u.

Proposition 2.16. Let D C RY be a bounded extension domain (see [41, Remark 2.5.2]) and let
u € WP(D). Consider E = DN {x : u(x) = 0}. If Cap,(E) > 0, then there exists a constant
C =C(N,p,D) > 0 such that

/ |ulP dx < C(Capp(E))_l/ [Vul|P d.
D D
Proof. For a proof, see, for instance, [41, Corollary 4.5.3, p. 195]. O

It is also worth recalling the following fact, which will be used several times in this paper.

Remark 2.17. Every closed and connected set ¥ ¢ RY satisfying H!(¥) < 4oo is arcwise connected
(see, for instance, [18, Corollary 30.2, p. 186]).

2.3. Poincaré inequality

Proposition 2.18. Let ¥ C RV, ¢ € RN and r > 0 be such that ¥ N 0B,(€) # O for every s € [r,2r].
Let p € (N — 1,+00) and u € WYP(By,.(€)) satisfying u = 0 p-g.e. on XN Ba,.(£). Then there erists a
constant C = C(N,p) > 0 such that

/ [ulf dz < Cr”/ [VulP dz.
B2 (8) B2 (8)

Proof. We refer the reader to the proof of [9, Corollary 2.12], which also applies for the present geometric

assumptions. O

2.4. Estimate for E;q(uy) — Ero(us)
We begin by proving the following “localization lemma”.

Lemma 2.19. Let p € (1,4+oc) and f € L%(Q) with qo defined in (1.1). Let ¥ and ¥’ be closed
proper subsets of Q and zg € RYN. Assume that 0 < ro < r1 and X'AX C B, (z0). Then there exists
C = C(p) > 0 such that for any ¢ € Lip(RY) satisfying ¢ = 1 over BE (x0), ¢ =0 over By, (x) and
ll¢lloo <1 on RY, one has

Fratos) Frafon) <0 |
B, (zo)

|VUZ/|p dx + O/

B, (zo)

|us/ |P|Vp|P da:Jr/B ( )fuz/(lfgo) dz.
1 (20

Proof. We refer the reader to the proof of [9, Lemma 4.1], that actually applies for the general spatial
dimension N > 2. O

Lemma 2.20. Letp € (N — 1,+00) and f € L1(Q) with ¢ > qo, where qo is defined in (1.1). Assume
that ¥ is a closed arcwise connected proper subset of Q such that for some xq € RY and 0 < 2rqg <r; <1
it holds

YN By, (xg) # 0, S\By, (z0) # 0. (2.4)
Then for any r € [ro,71/2], for any ¢ € Lip(RY) such that ||¢|lee <1, ¢ = 1 over BS.(xg), » =0 over
B, (zg) and |V¢lleo < 1/r, the following assertions hold.
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(i) There exists C = C(N,p) > 0 such that

/ lus|P|Ve|? dz < C |Vus|P dz. (2.5)
Bar(z0) Bz, (z0)

(i) There exists C = C(N,p,qo,¢ | fllq) > 0 such that
/ fus(1—¢) dx < C’/ |[Vus|P dz+ N+ -, (2.6)
BQT(IU) B2r(1‘0)

Proof. Thanks to (2.4), ¥ N dBs(xo) # 0 for all s € [r,2r]. Then, since uy = 0 p-q.e. on ¥ and
us € WHP(By,.(x0)), we can use Proposition 2.18, which says that there exists C = C(N,p) > 0 such
that

/ lus|P d;vSCrp/ |[Vus|P dz. (2.7
Bar () Bz (0)
Therefore,
1
/ lus[P|Ve|P dx < — lusl? dz < C [Vus|P dz.
Bar(zo0) P Bar(z0) Bar(z0)

This proves (2.5).
Let us now prove (2.6). First, notice that thanks to (2.7) and the fact that 2r < 1, there exists
Co = Co(N,p) > 0 such that

lusllwie(B,, (20)) < CollVuslLe(B,, (z0))- (2.8)

Next, using the Sobolev embeddings (see [21 Theorem 7.26]) together with (2.8) and the fact that ug =0
p-q.e. on %, we deduce that there exists C = C’(N D,qo) > 0 such that

[us] < Or®||Vus | Lo (B, (s0)): (2.9)

qu BQ (Ig)) -
where

/
0

Thus, using the fact that |fus(l — ¢)| < |fus|, Holder’s inequality, the estimate (2.9) and Young’s

inequality, we get

N N
b=0if N-1<p<N, B=—ifp=N, pf=1——if N<p<+oo.
q p

/BQT(xU)fuz(l —¢) dz < ||fllLao By (zo)) lusl (Ban(0)) = |Bzr(330)| Hf||Lq(Q lusl (Bar(20))

N —_—

< CrNGE DY Vus || 1o By, (n0))
sy

=Crv" 70| Vus| Lo (Bay (z0))

Np/

< O L OV, 1
where C' = C(N,p, qo, ¢, fllg) > 0. This concludes the proof of Lemma 2.20. O

The following corollary follows directly from Lemma 2.19 and Lemma 2.20, thus, we omit the proof.

Corollary 2.21. Letp € (N —1,400) and f € LYUQ) with ¢ > qo, where qo is defined in (1.1). Let &
and X' be closed arcwise connected proper subsets of Q and let zo € RY. Suppose that 0 < 2rq <1y <1,
Y AY C B,y (x0) and

¥ N Byy(x) #0, X'\B,,(z9) # 0.

Then for every r € [ro,r1/2],

Ef,Q(U/E) — Ef7Q('U/EI) <C |Vu21|p dx + CTN+p 77, (2.10)
Bayr(z0)

where C' = C(Napa q0,4, ||f||q) >0
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2.5. Uniform boundedness of u;q s with respect to X

In this subsection, we prove a uniform bound, with respect to 3, for the unique solution u; o x to the
Dirichlet problem (1.2). Tt is worth mentioning that the estimate (2.13) will never be used in the sequel,
however, we find it interesting enough to keep it in the present paper. Also notice that we can extend
uy,o,x by zero outside Q\¥ to an element of W1 (RY), we shall use the same notation for this extension

as for us o x.

Proposition 2.22. Let ¥ be a closed proper subset of Q, p € (1,+00) and f € L1 (Q) with qo defined
in (1.1). Then there exists a constant C > 0, possibly depending only on N, p and qo, such that

[ [Furasp do < CIOP I, (.11)
where

B "o (NN _( p—N )\ .
(@,8) = (0,0) f 1 <p< N, (a,6) = (%,N) ifp=N, (a,8) = <N(p_1)p> ifp>N. (212)

Moreover, if f € LY(Q) with ¢ > % if p € (1, N] and ¢ = 1 if p > N, then there exists a constant
C=C(N,p.q | fllg, [€2]) > 0 such that

lug,05llLe@yy < C. (2.13)

Proof. To establish the estimate (2.13), we use [9, Lemma A.2] with U = Q\X, which provides a constant
C = C(N,p,q,|Ifllg:|U]) > 0 such that [[us o slL~m®~) < C, but observing that C' is increasing with
respect to |U|, we recover (2.13). Now let f € L%(2). Using us o s as a test function in (1.3), we get

[ Vusasl o= [ usas do < il o (2.14)

where the above estimate comes by using Holder’s inequality. Next, recalling that by the Sobolev inequal-
ities (see [21, Theorem 7.10]) there is C' = C(N,p) > 0 such that ||us o 5| ) < C1"||Vusax

where

L46 (Q ‘ LT’(Q) )

1 1
vy=0 if 1<p<N, y=—=—- if p>N,
N p
and using (2.14), we recover (2.11) in the case when p # N. If p = N and 1 < ¢y < N, then for

e € (0, N — 1] such that i = ¥ — &, we get

||/LLf’Q’E||Lq6(Q) < C||Vuypaslliv-<) (by the Sobolev inequality)
1
< CIQ% |[Vuygaxly @) (by Hélder’s inequality).

The latter estimate together with (2.14) yields (2.11) in the case when p = N and 1 < go < N. Assume
now that p = N and go > N. Then ¢ < N’ < N. Using Hoélder’s inequality and the fact that

1
lugosllLy @) < CIQUY [Vugasliy ),

which was proved above, we obtain that

i1 1
a0l g g < 19217 T lluposliv @) < Cl21% [Vugaslliy -

This, together with (2.14), yields (2.11) in the case when p = N and gy > N, and completes the proof
of Proposition 2.22. O
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2.6. Existence

Theorem 2.23. Let p € (N — 1,+00), f € L?(Q) with qo defined in (1.1). Let (X,), C K(2) be a
sequence converging to X € K(Q) in the Hausdorff distance. Then uy, A strongly in W1P(Q).
n——+0o0o

Proof. For a proof, see [42] for the case N = p = 2 and [7] for the general case. O
Proposition 2.24. Problem 1.1 admits a minimizer.

Proof. Let (X,), C K(Q2) be a minimizing sequence for Problem 1.1. We can assume that ¥,, # 0 and
Cra(Zn)+AHY(E,) < Cra(0) at least for a subsequence still denoted by n, because otherwise the empty
set would be a minimizer. Then, by Blaschke’s theorem (see [2, Theorem 6.1]), there exists ¥ € K(€2) such
that, up to a subsequence still denoted by the same index, ¥,, converges to % in the Hausdorff distance
as n — 4o0o. Furthermore, by Theorem 2.23, usx,, converges to uy strongly in VVO1 P(Q) and hence
Cra(X,) = Cra(X) as n — +o0o. Then, using Golab’s theorem (see, for instance, [33, Theorem 3.3]),

we deduce that ¥ is a minimizer of Problem 1.1. O

The next proposition says that, at least for some range of values of A > 0, solutions to Problem 1.1

are nontrivial.

Proposition 2.25. Let p € (N —1,400), f € L®(Q), f # 0 and qo is defined in (1.1). Then there
exists a number A\g = Ao(N,p, f,Q) > 0 such that if Problem 1.1 is defined for A € (0, \o], then every
solution to this problem has positive H'-measure. Moreover, if p > N and Problem 1.1 is defined for an
arbitrary A > 0, then the empty set will not be a solution to this problem.

Proof. For a proof in the case when N = 2, we refer the reader to [9, Proposition 2.17], the proof for the

general case is similar. O

3. Decay of the p-energy under flatness control

In this section, we prove that if p € (N — 1,+00) and f € LI(Q) with ¢ > ¢1, where ¢; is defined in
(1.4), then there exist €9,b,7 € (0,1) and C = C(N,p, qo,q, || fll4,|€2]) > 0, where go is defined in (1.1),
such that the following holds. Assume that ¥ C Q is a closed arcwise connected set, 0 < 2rg < r; < T,
B, (zo) C Q and that for each r € [rg,r1] there exists an affine line L = L(r) passing through xg such
that dy (X NB,(z0), L N B,(z0)) < gor. Assume also that ¥\ B, (x¢) # 0. Then for all 7 € [rg, 1],

1+b
/ [Vug|P dz < C’(i) / |Vug|P dx+ Crith,
By.(z0) ™ By, (z0)

We begin by establishing a control for the functional r — [ B, |[Vul|P dz, where u is a weak solution
to the p-Laplace equation in Bi\({0}~! x (—1,1)) vanishing p-q.e. on {0}V x (—1,1). In [28] it
was shown that if u is a positive p-harmonic function in By\({0}¥~! x (=1,1)), continuous in B; with
u = 0 on {0}¥~! x (~1,1), then there exists 6 = §(N,p) € (0,1) such that u € C*P(Bs), where
B=(p—N+1)/(p—1) and C*?(U) denotes the space of Hélder continuous functions in the open set
U. Furthermore, g is the optimal Holder exponent for u. In fact, comparing the function u with the
p-superharmonic and p-subharmonic functions constructed in [28, Lemma 3.4], [27, Lemma 3.7], it was
shown that there exists C' = C(N,p) > 0 and § = 6(N,p) € (0,1) such that

C~dist(z, {0}V x (=1,1))7 < (“f”) 7 < Cist(a {011 % (=1,1))7 (3.1)
u{Ay/2

whenever x € Bs, where A,/ is a point in {|2'| = 1/2} N 0B, /5. The upper bound in (3.1) implies that
u € C%P(Bs) (see [28, Corollary 3.7]), and the lower bound proves that 3 is optimal.
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However, for the purposes of this paper, the optimal regularity for a p-harmonic function vanishing
on a l-dimensional plane is not necessary. It so happened that for every p € (N — 1,400) we also
constructed a nice barrier function in order to estimate a nonnegative p-subharmonic function vanishing
on a l-dimensional plane. More precisely, for any fixed v € (0,8) and some 6 = §(N,p,v) € (0,1),
we constructed a p-superharmonic function in Lemma A.1, such that comparing this function with a
nonnegative p-subharmonic function u in By\({0}¥~! x (—=1,1)), continuous in B; and with v = 0 on
{0}N=1 x (—1,1), we obtain the following control

u(r) < Cu(Ay /o) dist(x, {0}V x (=1,1))7,

where € By and C = C(N,p,~) > 0. If ~ is close enough to 3, using the above control, we deduce the
estimate (3.2) which is sufficient to obtain the desired decay behavior of the p-energy under flatness con-
trol. Finally, since our barrier function is slightly simpler than those in [28, Lemma 3.4], [27, Lemma 3.7]

and in order to make the presentation self-contained, we shall use it in the proof of Lemma 3.1.

Lemma 3.1. Let p € (N — 1,400). There exist o, € (0,1) and C > 0, depending only on N and
p, such that if u € WYP(By) is a weak solution to the p-Laplace equation in Bi\({0}V~! x (=1,1))
satisfying u = 0 p-g.e. on {0}N~1 x (—1,1), then

/ [Vul|P dx < CrlJra/ |VulP dx for all r € (0,4]. (3.2)
B, B

Proof. To lighten the notation, we denote {0}V =1 x (—1,1) by S.

Step 1. We prove the estimate (3.2) in the case when w is continuous and nonnegative in By with u =0
on S. Let v = %(# T p—pﬁ’f‘l), By Lemma A.1, there exists 6y = do(V,p) € (0,1) such that
A(z) = [2'|7 + 2% is p-superharmonic in {0 < |2/| < o} N {|zx| < 1}. On the other hand, according to
Lemma A.3, there exists e = e(IN,p) € (0,1) and C = C(N,p) > 0 such that u < Cu(A.) in B., where A,
denotes a point with dist(A., {0}V ! xR) = ¢ and A, € 0B.. Without loss of generality, we can assume

that 6y < e. Hereinafter in this proof, C' denotes a positive constant that can only depend on N, p and
can be different from line to line. Using Harnack’s inequality (see, for instance, [24, Theorem 6.2]), we
deduce that u(A.) < Cu(A;/2) and hence u < Cu(A;3) in Bs, for a point A; /5 € {|2/| = 1/2} NIBy ».
Next, since

i 75707 2 > 5707{/*570 d @ — |/ ﬁ>70'f —
a(x) = 7 +ay > 7 1|x|f\/§an u(z)f\x|+2_ if |zn| =

the estimate u < Cu(A;2)a holds on d({|2'| < do/v2} N {|zn| < d0/V/2}); see Figure 3.1. Notice also
that u(z) < Cu(Ay)2)u(r) if x € S. Thus, using the comparison principle (see e.g. [24, Theorem 7.6]),
we obtain

u < Cu(Ay )i in {|2/] < do/V2} N {|zn] < 60/V2}. (3.3)

Now we set § := §p/10. According to Lemma A.4, u is a p-subharmonic function in B;. Then, using
Caccioppoli’s inequality (see e.g. [26, Lemma 2.9] or [24, Lemma 3.27]), which is applicable to nonnegative
p-subharmonic functions, and also using (3.3), for all r € (0, 4], we deduce that

/ [Vul|P dxgpprfp/ uP dx
B, Ba,

SC’UP(Al/Q)r_p/ P dx

Ba,

< CUP(Al/Q)T’_p/ (r7 +rHP dx
Bar

< Cup(Al/g)r"”’JrN*p

= Cup(Al/g)Tl+a, (34)
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{|:l:’| < %} N {|:,,-N| < %}

Figure 3.1: In the proof of Lemma 3.1 we estimate on 8({\1"\ < %} N {|xN| < %}) a nonnegative

p-harmonic function u in By\({0}¥~! x (~1,1)), continuous in By with u = 0 on {0}V x (-1,1).

where o = yp—p—+ N —1 is positive, since v > (p—N+1)/p. On the other hand, by Harnack’s inequality,
u(Ay/2) < Cu(z) for all € By 4(A;/2) and then

1
uP (Ay/g) =

N W(Ayys) d
|B1/4| Bi/a(A1)2) /

<C uP dx
By/a(A1/2)

<C uP dx
B,

<C [VulP dz, (3.5)
B,

where we have used Proposition 2.18. Gathering together (3.4) and (3.5), we deduce (3.2).
Step 2. We prove (3.2) in the case when v € W1P(B;) and u = 0 p-q.e. on S. Let us fix a sequence
(©n)nen € C=(B1) such that for each n € N, ¢, = 0 on S and, furthermore, ¢,, — u in WY?(By). Let
us briefly explain why such a sequence exists. For an arbitrary open set U with By CC U, according
to [21, Theorem 7.25], there exists & € Wy (U) such that & = u a.e. in By. By [1, Theorem 6.1.4],
% = u p-q.e. in By and hence % = 0 p-q.e. on S. Then & € W,P(U\S) (see Remark 2.15). So there
exists a sequence (), C C5°(U\S) such that ¢, — @ in WHP(U). It remains to note that ¢,, — u in
WLP(By). Next, for each n € N, let u,, be the unique solution to the p-Laplace equation in B;\S such
that u, — @, € Wy ?(B;\S). Notice that, by [26, Theorem 2.19], u,, is continuous in B;\S. On the other
hand, since ¢, is continuous in By, according to [24, Theorem 6.27], we can show that u,, is continuous

in B, if we can prove that there exist constants Cy > 0 and 79 > 0 such that

Cap, ((SUOBy) N By ()
Cop, (B, (1) =0 (3.6)

whenever 0 < r < rg and z € S UJB;. However, the estimate (3.6) in the case when p € (N — 1, N]
follows from Corollary 2.12; in the case when p > N, using Remark 2.7 and the fact that the Bessel
capacity is invariant under translations and is nondecreasing with respect to set inclusion, it is easy to see
that the estimate (3.6) holds for Cy = Cap,({0})/Cap,,(B1) whenever z € SUIB; and 0 < r < 1. Thus,
for each n € N, u,, is continuous in By. Then, by Lemma A.4, u;} = max{u,,0} and u,, = — min{u,, 0}

are nonnegative p-subharmonic functions in By such that u;f =u, =0 on S.
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Now let v,, be the unique solution to the p-Laplace equation in By\S such that v, —u,} € Wol’p(Bl\S).
As before, by [26, Theorem 2.19] and [24, Theorem 6.27], v, is continuous in B; and also v, = u,} on
S UOB;. Then, by the comparison principle, u} < v, in By. Let § = §(N,p), a = a(N,p) € (0,1) be
the constants from Step 1. Next, applying Caccioppoli’s inequality to ", using the fact that u} < v,

in B; and applying the result of Step 1 to v,, for all r € (0, 6] we deduce that

/ |Vt |P dxﬁppr_p/ TR
B, Bar

Sp”r—p/ b dx
Bz,

SC’TH(’/ |[Vo,|P dx

By

< Crito / IVt da, (3.7)
B

where the last estimate comes from the fact that v, minimizes the functional v — || B, |[VolP dx among
all v € WHP(B,) such that v — u;jt € Wy *(B;\S) (see Theorem 2.4) and u;" is a competitor. Arguing
by the same way as for u;, we deduce that for all r € (0, d],

/ |V, [P dx < C’r1+°‘/ |Vu, [P dz. (3.8)
B

s 1

Next, since ¢, — u in WHP(B;) and u solves the Dirichlet problem —A,v =0 in B;\S with its own
trace on SUOBy, by [7, Theorem 3.5], u, — u in WHP(By) and hence u;} — ut, u,; — v~ in WHP(By).
This, together with (3.7) and (3.8), implies that for all » € (0, ¢],

/ [VulP da:z/ |Vut — Vu~ [P dx§2p71/ |Vu™ P dsc—|—2p71/ [Vu~|P dx

T T T

SCTHO‘/ |Vut|P dJ;—|—C7‘1+°‘/ [Vu™|P dx
Bl Bl
< Cr”a/ |VulP d.

B,

This completes the proof of Lemma 3.1. O

Now we establish an estimate for a weak solution to the p-Laplace equation in B,.(z¢)\X that vanishes
on YN B,.(xp) in the case when ¥ is close enough, in B,.(x() and in the Hausdorff distance, to a diameter
of Er(l‘o).

Lemma 3.2. Let p € (N — 1,400) and let o, € (0,1), C > 1 be as in Lemma 3.1. Then for each
o € (0,0] there ewists g € (0,0) such that the following holds. Let ¥ C RN be a closed set such
that (X NB(x¢)) U OB,(x) is connected and assume that for some affine line L passing through xg,
dg(3NB,(z0),L N B.(x)) < eor. Then for any weak solution v € WY1P(B,.(xq)) to the p-Laplace
equation in B,(x9)\ X vanishing p-q.e. on Y NB.(xq), the following estimate holds

/ [Vul|P dr < (CQ)1+O‘/ |[Vul? dz.
Byr(x0) B, (z0)
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Figure 3.2: The geometry in Lemma 3.2.

Proof. Since the p-Laplacian is invariant under scalings, rotations and translations, we can assume that
B,(z9) = By and LN B, (z) = {0}V x [-1,1]. To simplify the notation, we denote {0}V =1 x [~1,1]
by S. By contradiction, suppose that for some o € (0, §] there exist sequences (€,)n, (Xn)n and (tp)n
such that for each n € N: ¢, € (0,0), €, 4 0 as n — +o0; X, is closed, (X, NB1) U B; is connected,
drg (3, NB1,S) < &, implying that

dy (X, N By, S) =0 as n— +0o0; (3.9)

uy, is a weak solution to the p-Laplace equation in Bi\ X,, w, =0 p-q.e. on ¥, NB; and

J;

Next, for each n € N, we define v,, € WP(B;) as

VunlP de > (Co)'+ / Vunl? da. (3.10)

o B

() = un(’) . (3.11)

(‘[Bl |Vu,|P dm)%

Notice that v, =0 p-q.e. on >, NB; and

/ Vo, |P dx = 1. (3.12)
B

On the other hand, for each n € N, 3, N Bs # (). This, together with the fact that (X, N By) U B,
is connected, according to Corollary 2.10 and Proposition 2.11 in the case when p € (N — 1, N], and
according to Remark 2.7 in the case when p € (N, +00), implies that there exists a constant C' > 0
(independent of n) such that for each n € N,

Cap, (£, N By) > C.

Using the above estimate together with Proposition 2.16 and with (3.12), we conclude that the sequence

(vn)n is bounded in W1P(B;). Hence, up to a subsequence still denoted by the same index, we have

v, — v weakly in WP (By) (3.13)
vp, — v strongly in LP(By), (3.14)

for some v € W1P(B;). Let us now show that v = 0 p-q.e. on SN By. For each t € (0,1), we fix a
function ¢ € C3(By) such that ¢ = 1 on B, and 0 < ¢ < 1. Since (X, NBy) U dBy is connected for
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each n € N and dy (2, NB1,S) — 0 as n — +oo, it follows (see Section 6 in [7]) that the sequence of
Sobolev spaces W, *(B;\ ,,) converges in the sense of Mosco to Wy (B;\S). Notice that for each n € N,
Vb € WyP(B1\E,,) and by (3.13), v, — vip weakly in WP(RY). Then, using the definition of limit in
the sense of Mosco, we deduce that vy) € Wy?(B;\S). This implies that v = 0 p-q.e. on {0}N 1 x [—t,1]
(see Remark 2.15). As t € (0, 1) was arbitrarily chosen, v =0 p-q.e. on SN Bj.

We claim that v is a weak solution to the p-Laplace equation in B;\S, that is,
/ ([V[P~2V0, V) dz =0 for all ¢ € C°(B;\S). (3.15)
By

In order to get the equality above, it suffices to show that |Vv,|[P~2Vwv, — |Vv|P~2Vv weakly in
LY (B;RN). In fact, if ¢ € Cg°(B;\S), then {¢ # 0} cC B;\S and thanks to (3.9), for all n large
enough, {p # 0} CC B1\X,, so we can write the following

/ (|Vn|P~2Vv,, V) dz = 0.
B,

Next, letting n tend to +oo in the above equality and using that |Vv,|[P~2Vv, — |Vv|P~2Vv weakly
in Lp/(Bl;RN), we would obtain (3.15). We first prove that, at least for a subsequence, Vv, — Vv
a.e. in By. For each integer m > 10, we define Q,, := {& € By : dist(z,S) > 1/m}. Notice that
v, — v weakly in WHP(Q,,) and for all n large enough (with respect to m), v, is a weak solution
to the p-Laplace equation in €,,. Then, according to [4, Theorem 2.1], there exists a subsequence
(Un(m,k))keN such that Vv, x) — Vo a.e. in Q. For each m as above, let (Un(m+1,k))keN be a sub-
sequence of (U, (m,k))ken satisfying Vo, mi1,6) — Vo a.e. in Q,,41. Thus, for the diagonal subsequence
(Vn(m,m))meN, VUn(m,m) — Vv a.e. in By. So, at least for a subsequence, Vv, — Vv a.e. in B;. On
the other hand, since (v,), is bounded in W'?(By), there exists w € L¥ (By;RY) such that, up to a
subsequence still denoted by the same index, |Vv, [P~2Vv,, — w weakly in Lp/(Bl; RY). Then, using the
fact that, up to a subsequence, |Vv,|P~2Vv, — |[Vo|P~2Vv a.e. in By (we read |0/P~20 as 0 also when
1 < p < 2) and using Mazur’s lemma (see [40, Theorem 2, p.120]), we deduce that w = |Vv|P~2Vv. We
can now conclude that |Vv,|[P~2Vv, — [Vo[P~2Vv weakly in L?' (B;;RY). This proves the claim.

We now want to prove the strong convergence of Vv, to Vv in LP(Bs;RYN). Since Vv, — Vv
weakly in LP(Bs; RY), we only need to prove that || Vo,| e (p,r~) tends to [[Vo|| e (p,myy). By the weak

convergence, we already have that

/ [Vul? da;gliminf/ Vo, |P dz.
Bs n—+4o0o Bs

Thus, it remains to prove the reverse inequality with a limsup. For this, for an arbitrary € € (9, 1), we
fix x. € C§°(By) such that 0 < x. <1, xc =1 on Bs, x. = 0 on B¢ and ||Vxe|loo < 2/(e — ). Notice

that v, x. € Wol’p(Bl\En). Then, since v, € WHP(B;) is a weak solution to the p-Laplace equation in
B1\%, and x. =0 on B¢,

/ Xel Vo [P do = _/ Un<‘vvn‘p_2vvn>v>(s> de.
B. B

=

On the other hand, from the fact that ||Vx.| s < 2/(e—4), (3.12), (3.14) and since |Vv,|P~2Vv,, weakly
converges to |Vu|P~2Vv in LP (B.; RY), it follows that

lim —/ U {|VUn P2V, Vx.) dm:—/ v(| VP2V, V) d;v:/ Xe|Vo|P dz,
B. Be

n—-+oo B
€

where to get the latter equality we have used that v € W1P(By) is a weak solution to the p-Laplace
equation in By\S, vx. € WyP(B;\S) and x. = 0 on BE. So we obtain that

n—-+oo n—-+oo

limsup/ [V, P dmﬁlimsup/ Xe| Vo, [P dx:/ Xe|VolP dx.
Bs B,

B,
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Next, letting ¢ tend to d+ and using Lebesgue’s dominated convergence theorem, we get

limsup/ |V, |? dwﬁ/ [VolP dx.
n—+oco J By Bs

Thus, we have proved the strong convergence of Vv, to Vv in LP(Bs;RY). Using (3.10), (3.11) and
passing to the limit, we therefore arrive at

/ |VolP dz > (Cp)*T. (3.16)
B

o

However, Lemma 3.1, together with (3.12) and (3.13), says the following

/ |VolP dx < Co'te,

which leads to a contradiction with (3.16), since o, > 0 and C' > 1. This completes the proof of
Lemma 3.2.

O

Now we want to establish an estimate for a weak solution to the p-Poisson equation in B,.(x¢)\X that
vanishes on ¥ N B,.(x¢) in the case when ¥ is sufficiently close, in B,.(z() and in the Hausdorff distance,
to a diameter of B,.(zo). For that purpose, in the following lemma we control the difference between a

weak solution to the p-Poisson equation and its p-Dirichlet replacement in a ball with a crack.

Lemma 3.3. Let p € (N — 1,400) and f € LY(B,,(zo)) with ¢ > qo, where qo is defined in (1.1). Let
Y be a closed arcwise connected set in RN and 0 < 2rg <1, <1 satisfy

YNByy(x0) 0, E\By,(x0) #0 and B, (z0)\X # 0. (3.17)

Let w € WYP(B, (z0)) satisfying u = 0 p-q.e. on LNBy, (z9) be a weak solution to the p-Poisson
equation —Apv = f in By (20)\X. Let w € WYP(B,, (z0)) be the unique solution to the p-Laplace
equation in By, (x0)\ S such that w —u € WyP(B,, (20)\ ). If 2 < p < 400, then

/_Np'
/ |[Vu — Vw|P dx < C’riwrp “ (3.18)
Brl (z0)
where C' = C(vaa 40,4, ”f”q) > 0.
If1 < p <2, then
/, VU=l da < OO (3.19)
r1 (ZO
2-p

p

2
where C = C(p,qo,q, || fllq) >0 and I(u) = 2% (fBrl(:co) [Vul? dm)

Remark 3.4. Observe that for any N > 2 and any p € (N — 1,+00), N + p’ — Np'/q is positive if
q > qo, where qo is defined in (1.1).

Proof. We provide a proof of the estimate (3.18), for a proof of the estimate (3.19) see [9, Lemma 4.9)].
For convenience, we define z = u — w. Thanks to (3.17) and the fact that z = 0 p-q.e. on ¥ N By, (zg),
by Proposition 2.18, there exists Cy = Co(N,p) > 0 such that

[2lle (B, (z0)) < Cor1lVzlLr(B,, (z0))-

Since m; < 1, the above estimate leads to the following

zllwie(B,, @) < CIV2llLr (B, (20)) (3.20)
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where C' = C(N,p) > 0. Then, using the Sobolev embeddings (see [21, Theorem 7.26]) together with
(3.20) and in the case when N < p < 400 using also that z(§) = 0 for some £ € ¥ N B, (x0), yielding
that |z(z)| = |z(z) — 2(§)] < C”(2r1)17%||z||W1,p(B,,‘1(x0)) for some C' = C'(N,p) > 0, we deduce the
following

”Z”Lq()(B” (z0)) < CT?HVZ”LP(BT1 (z0))>» (3'21)

where C' = 5’(N,p, go) > 0 and

/

N N
a=0if2<N-1<p<N, a=—=ifp=N, a=1——if N <p<+oo.
') p

Next, according to [17, Lemma 2.2], there exists ¢y = ¢o(p) > 0 such that,

/ V2P dx < co/ (|IVulP~2Vu — |[Vw|P~2Vw, Vz) d,
Brl (a}o) BTI (10)

and, since z € Wy (B,, (10)\X), we get

/ VP dr < co/ (IVulP~2Vu — |[Vw[P~?Vw, Vz) dx = co/ fz dux.
B, (%0) By, (20) By (%0)

Applying Holder’s inequality to the right-hand side of the above formula and using (3.21), we obtain

1

1
p q q ’
Arl (zo |VZ‘ dx S COHfHLqO(Brl (ZL’O))HZHL‘I[/) (BT1 (z0)) S CO|B’I‘1 (1‘0)‘ 0 ||fHLq(Brl (Io))”ZHL‘IO(BTl (z0))

1
1_1y 4 »
<o)t (/ V2P d:c>
Brl (730)
for some C = C(N,p, qo, ¢, || fllg) > 0. Therefore,

’

/ Np'(E—-1)4p'a ; N+p — 2o

/ [VzP de <CPry” % ¢ =CPr T
Brl(mo)

This completes the proof of Lemma 3.3. O

Using together Lemma 3.2 and Lemma 3.3, we obtain the following estimate for the solution uy to
the Dirichlet problem —A,u = f in Q\¥, u € WyP(Q\X). Notice that in the following statement
the definition of v(p, q) also depends on N, but we decided not to mention it explicitly to simplify the
notation.

Lemma 3.5. Letp € (N —1,4+00) and f € L1(Q) with ¢ > qo, where qq is defined in (1.1). Then there
exist a € (0,1/2), g9 € (0,a) and C = C(N,p,qo,q, || fllg;12]) > 0 such that the following holds. Assume
that ¥ C Q is a closed arcwise connected set, 0 < 2ro <1 <1, B, (z9) C Q,

Y NBy,(x0) 0 and X\By, (xg) # 0.

In addition, suppose that there exists an affine line L C RY passing through xo such that

dg(XNB,, (%0), LN By, (20)) < €071 (3.22)

Then
1 (1 ~(p,q)
— [Vusl?P de < - | — [Vus|P dz | + Cr{", (3.23)
ary Bary (zo) 2 1 B, (z0)
where
Nyp' 2
Ypg) =N -1+p - =2 if 2<p<+oo,  7(p,q) :3p—3—§ ifl<p<2  (3.24)
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Proof. Let w € WYP(B,, (z0)) be the unique solution to the p-Laplace equation in B, (z¢)\X such that
w—uy € WyP(B,,(20)\ ). Let I(-) be as in Lemma 3.3. Using (2.11) and Holder’s inequality, it is
easy to see that

T(us) < (3.25)

for some C1 = C1(N,p, 40,4, |f|lq, |€2]) > 0. Then, applying Lemma 3.3 and using (3.25), we get

/B - [Vus — Vw|P dx < C’rijLW(p’Q)7 (3.26)
r1 (Zo

where C = C(N,p, g0, ¢, || f]l4,1€2]) > 0 and ~(p, q) is defined in (3.24). Now let a,d € (0,1) and C > 1,
depending only on N and p, be as in Lemma 3.1, where C is such that the estimate (3.2) holds with C'
replaced by C. Define a = min{d, (27PC—1-2)% }. For each N > 2 and p € (N — 1,+00), the constant
a is fixed. Applying Lemma 3.2 with r = 1 and ¢ = a, we obtain some gy € (0, a) such that under the
condition (3.22),

1 ~
f/ |Vw|P dx§01+o‘a°‘/ [Vwl|P dx§2_p/ [Vw|P dx. (3.27)
a Ba,rl(mo) Brl(mo) Brl(ibo)

Hereinafter in this proof, C' denotes a positive constant that can only depend on N, p, qo, ¢, || fll4, 1]

and can be different from line to line. Since for any nonnegative numbers ¢ and d, (c+d)P < 2P~1(cP+dP),

we have
1 2?*1 2p71
f/ [Vug|? dz < / |[Vw|P dx + — |Vuy — Vw|P dz
@ JBary (z0) @ JBar (z0) @ JBary (z0)
1 2r—1
< 7/ [Vw|P dx + / |Vus — Vw|P dz
2 By, (zo0) a B, (zo0)
< 1 / [Vw|P dx + Crile(p,q)
2 /B, (20)

1
< 7/ |Vus|P dJ;+C7‘}+7(p’Q),
2 /B, (20)

where we have used (3.27), (3.26), and to obtain the last estimate, Theorem 2.4. The proof of Lemma 3.5
follows by dividing the resulting inequality by ry. O

Finally, by iterating Lemma 3.5 in a sequence of balls {Bg,, (2¢)}:;, we obtain the desired decay
behavior of the p-energy r — [, (o) |Vus|P dz under flatness control on ¥ at zp € Q.

Lemma 3.6. Let p € (N — 1,+00) and f € LYN) with ¢ > q1, where g1 is defined in (1.4). Then
there exist €0,b,7 € (0,1) and C = C(N,p,qo,¢, || fllq.12]) > 0, where qo is defined in (1.1), such
that the following holds. Assume that ¥ C Q is a closed arcwise connected set, 0 < 2rq < r; < T,
B, (zg) C Q and that for each r € [ro,r1] there exists an affine line L = L(r) passing through xo such

that dg (X NB(x0), L N B,(10)) < gor. Assume also that ¥\ By, (zo) # 0. Then for all r € [ro,m1],
1+b
/ [Vus|P dz < C(L) / |Vug|P dx+ Crit?, (3.28)
By (wo) 1 B (z0)
Proof. Let a € (0,1/2), 9 € (0,a) and C = C(N,p,q0,4, ||fllq,|22]) > 0 be the constants given by

Lemma 3.5. The definition of ¢; and the assumption ¢ > ¢; have been made in order to guarantee that
v(p, q) > 0, where v(p, q) is defined in (3.24). Let us now define

w5 ()
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Notice that for all ¢ € (0, 7],
1
5t” + P9 < (at)’. (3.29)

Indeed, since 0 < 2b < v(p,q), b < In(3/4)/In(a) and a,7 € (0,1), 7P < 2> <7¢* and 3/4 < a’, so

%tb + P9 < %tb + 7t < th < (at)®.

It is worth noting that ¥ N By, (xo) # ), which comes from the assumption
dH(E N Ero (1’0), L(To) n Ero (.’Eo)) S EoTo-

Under the assumptions of Lemma 3.6, we can apply Lemma 3.5 in all the balls By, (z0), [ € {0,...,k},
where k € N is such that a**'r; < ry < aFr. Next, we define ¥(r) = %fBr(zo) |[Vug|P dz, r € (0,7]
and prove by induction that for each I € {0, ..., k},

1
U(alr)) < ?\Il(rl)JrC’(alrl)b. (3.30)

It is clear that (3.30) holds for I = 0. Assume that (3.30) holds for some [ € {0, ..., k—1}. Then, applying
Lemma 3.5 and using the induction hypothesis, we get

\Il(alel) <

%\If (a'ry) + C(a'r )P < % (;lw(n) + C(alrl)b> + C(alry )P,

Thanks to (3.29), we finally conclude that

1
\IJ(aH'lrl) < F\I/(rl) + C(al+1r1)b.

Thus (3.30) is proved. Now let r € [rg,71] and [ € {0, ..., k} be such that a'*1r; <7 < alr;. Then
1 11 C 2
U(r) < ~W(a'r) < ;—\I/(rl) + g(alrl)b < g(alﬂ)b\ll(rl) + C'(a!tr)b
b
< ol (7‘) \I/(Tl) =+ C”T‘b,
1

where C”" = C"(a, N, p, qo, ¢, | flg,1€2]) > 0. Since a is fixed for each N > 2 and p € (N —1,+00), we can
assume that C” depends only on N, p, qo, q, || f||q and |Q|. This completes the proof of Lemma 3.6. [

4. Absence of loops

In this section, we prove Theorem 1.4. The next lemma will be used in the proof of Theorem 1.4.

Lemma 4.1. Let % be a closed connected set in RN with H1(X) < +oo. Then the following assertions
hold.

o If % contains a simple closed curve I', then H'-a.e. point x € T is a “noncut” point, namely, there
exists a sequence of relatively open sets D,, C X satisfying
(i) x € D, for all sufficiently large n;
(ii) ¥\D,, are connected for all n;
(i¢) diam D,, \, 0 as n — +o0;
(iv) D,, are connected for all n.

o “flatness” : for H'-a.e. point x € X there exists the “tangent” line T, to ¥ at x in the sense that
zeT, and

1 —
—dg(ENB,(x), T, N Br(z)) =0 .
T

27



Proof. By [33, Lemma 5.6], H!-a.e. point x € I is a noncut point for 3 (i.e., a point such that ¥ \{z} is
connected). Then, by [32, Lemma 5.3], it follows that for each noncut point there are connected neigh-
borhoods D,, that can be cut leaving the set connected and diam(D,,) \, 0, so (#)-(iv) are satisfied for a
suitable sequence D,,. Let us now prove the second assertion of Lemma 4.1. First, notice that, there is a
Lipschitz surjective mapping g : [0, L] — ¥, where L = H!(X) (see, for instance, [18, Proposition 30.1]).
Furthermore, in [29, Proposition 3.4], it was proved that H!(X\Xg) = 0, where

Yo={reX:tec(0,L), ¢(t) exists, |g'(t)| =1 whenever g(t) =z, g '(x) is finite
and if g(t) = g(s) =, then ¢'(t) = £¢'(s)},

and that for all z € X,

1 _
— max dist(y,T N B.(x)) =0, 4.1
. (y (2)) =0 (4.1)

where T,, = x + Span(g¢'(t)), x = g(t). In order to prove that

! max  dist(y, ¥ N B,(z)) =0, (4.2)
T yeT.NB,(x) =0+
we shall follow the same approach as in [6, Proposition 2.2]. Observe that for each x € Xy there exists
a mapping h — &(h) such that £(h) — 0 when h — 0 and g(¢t + h) = g(¢) + hg'(t) + h&(h) when |h| > 0
is small enough, where g(t) = z. Next, let § € (0,1) be given. We can choose a sufficiently small 7o > 0
such that [£(h)| < 6/2 for all h € (—ro,70)\{0}. Then for each r € (0,7) and each z € T, N B(1_s/2)-(x),
there exists A € [(6/2—1)r, (1—0/2)r] such that z = g(t)+ Ag’(¢). So, defining y = g(t+ A) and observing
that g(t + ) = g(t) + Ag'(t) + AE(A), we deduce that y € ¥ N B,.(z) and |z — y| < ér/2. This implies
€T (B, () dist(z, XN B, (z)) < or for all 7 € (0,79) and, therefore, proves (4.2). Observing that
(4.1) and (4.2) together prove the second assertion of Lemma 4.1, we complete the proof. O]

that max

Proof of Theorem 1.4. For the sake of contradiction, assume that for some A > 0 a minimizer 3 of F r o
over K(Q) contains a simple closed curve I' C X. Notice that there is no a relatively open subset in X
contained in both I' and 912, because otherwise, according to Lemma 4.1, there would be a relatively
open subset D C ¥ such that D C 99 and ¥\ D would remain connected, but, observing that in this
case us\p = uy and H(D) > 0, we would obtain a contradiction with the optimality of X. Thus, by
Lemma 4.1, there is a point g € I' N Q which is a noncut point for ¥ and such that 3 is flat at zq.
Therefore for o there exist the sets D,, C £ and the tangent line T, to ¥ at xg as in Lemma 4.1. Let
€0,b,7,C be the constants of Lemma 3.6 and let By, (xo) C Q with to < 7. We define r, := diam D,, so
that D,, C ¥NB,, (zo). The flatness of ¥ at xq implies that for any given € > 0 there is § € (0, to] such
that
dg(2NB,(z0), Ty, N By(z0)) < er for all r € (0,4].

For each n € N, we define ¥,, := ¥\D,,, which, by Lemma 4.1, remains closed and connected. We fix
e =¢o/2 and r € (0,d]. Next, we want to apply Lemma 3.6 to %,,, but we have to control the Hausdorff
distance between ¥, N B,.(zo) and a diameter of B,.(zo). We already know that X is er-close, in B,.(z0)
and in the Hausdorff distance, to T}, N B..(zo) for all r € (0, ]. Furthermore, if r,, < gor/2, then

dH(En HFT(Q?()),TJCO QET(.%Q)) < dH(En QET(.’L‘Q>7 by QET(.T())) + dH(E 0§T<$0)7T$0 HFT(QT()))

EoT EoT EoTr
Srn+7§7+7:€or.

Thus, if 2r, /g9 < §/2, we can apply Lemma 3.6 to X,, for the interval [2r, /e, 6], which says that

1+b
/ [Vus, |P de < C(z) / |Vus,
B (w0) g Bs (z0)

21y,
P ody+ Critt forall r e [r,éy
€o
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where C' = C(N,p,q0,4, | fllg; 1) > 0 (qo is defined in (1.1)). Hereinafter in this proof, C' denotes a
positive constant that does not depend on 7, and can be different from line to line. Next, using the
above estimate for r = 2r,, /e and using also (2.11), we get

/ \Vus, [P do < Critt
Bary, (%0)

€0

for each n € N such that 2r,/ep < §/2. Recall that the exponent b given by Lemma 3.6 is positive
provided ¢ > g1, which is one of our assumptions. Now, since ¥ is a minimizer of Problem 1.1 and %,

is a competitor for X, we get the following

0 < Frra(En) = Faral®) < Eralus) — Era(us,) — Ay,

N+p/ — N2
<C |Vus, |P dz+ Cry P Ay, (by Corollary 2.21)
B27‘n(x0)
N+4p'—Neo
<C Vus, [P dz+Crn © " — Arn
Bar, (z0)
EN)
N+4p'—Neo
<O Lo TP gy,

Notice that N +p’ — Np'/q > 1 if and only if ¢ > Np/(Np — N + 1), which is always true under the
assumption ¢ > g1. Therefore, letting n tend to 400, we arrive to a contradiction. This completes the
proof of Theorem 1.4. O

5. Proof of partial regularity

In this section, we prove that every solution ¥ to Problem 1.1 is locally C*® regular at H'-a.e. point
reXnN.

We recall that KC(€2) is the class of all closed connected proper subsets of Q. The factor A in the
statement of Problem 1.1 affects the shape of an optimal set minimizing the functional F o over (1),
and, according to Proposition 2.25, we know that there exists a number A\g = Ao(N,p, f,Q) > 0 such
that if A € (0, Ao], then each minimizer ¥ of the functional F) o over K(£2) has positive H'-measure.
Throughout this section, we assume that A = A\g = 1 for simplicity. This is not restrictive regarding to
the regularity theory.

As mentioned in Section 1.1, our approach differs from the one used in [9] to prove the partial
regularity result in dimension 2. Since we deal with general dimensions, in Propositions 5.8, 5.12, 5.13
we assume, in addition, that the quantity s, (see Definition 5.3) at the corresponding scale is bounded
from above by 10, where p is a unique positive solution to the equation p = 5 + ,ul_%, compared
to Propositions 6.8, 6.11, 6.12 in [9]. This condition allows us to construct a nice competitor for the
minimizer ¥ and derive the estimate (5.23), which we use to prove the assertion (i) of Proposition 5.8.
All in all, we prove the estimate (5.16), which is crucial in the proof of Proposition 5.12. To prove the
assertion (i7i) of Proposition 5.12, we need to control the density fsx on a smaller scale by its value on
a larger scale. Adapting some of the approaches of Paolini and Stepanov in [32], we prove that for each
a € (0,1/20] there exists ¢ € (0,1/100) such that if zo € ¥, B, (x9) C Q, r > 0 is sufficiently small
and Bs(zo,7) + wE(zo,7) < €, then the estimate (5.31) holds. Altogether we prove Corollary 5.14 and,
finally, we prove Theorem 1.3.

5.1. Control on defect of minimality

We begin with the definition of the flatness.
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Definition 5.1. For each closed set ¥ C RY, each point x € RN and radius r > 0, we define the flatness
of ¥ in B.(x) as follows

ol ) = il (0B, (), L0 By(2),

where the infimum is taken over the set of all affine lines (1-dimensional planes) L passing through x.

Notice that if fx(x,r) < 400, then it is easy to prove that the infimum above is actually the
minimum, and in this case Bx(z,7) € [0,v/2] and B (z,r) = /2 if and only if ¥ N B,(z) is a point
in OB, (x). Furthermore, it is worth noting that if x € (0,1) and Bx(x,kr) < 400, then the following
inequality holds

2
Bs(w, kr) < Eﬁz(%?‘) (5.1)

(for a proof of the inequality (5.1), we refer the reader to the proof of [9, Proposition 6.1], which actually
applies for the general spatial dimension N > 2).
Now we introduce the following notions of the local energy and the density, which will play a crucial

role in the proof of partial regularity.

Definition 5.2. Let ¥ € K(2) and 7 € [0,v/2]. For each xo € Q and r > 0, we define

1
wg (2o, 7) = sup f/ |[Vus/|P dz. (5.2)
S eK(Q), Y ASCE, (zo) | Y Br(z0)
H(Z)<100H (D), Bs/ (z0,m) T
The condition H!(X') < 100H!(X), together with the facts that H1(X) < +oo, ¥’ € K(Q) in the

definition of wf above, guarantees that ¥’ is arcwise connected (see Remark 2.17).

Definition 5.3. Let ¥ C RN be H'-measurable. For each zo € ¥ and r > 0, we define
1
05 (z0,7) = ;7—[1(2 N B,(z0)).

Remark 5.4. Assume that ¥ € K(Q), 7 € [0,v2], 20 € Q and Bs(xo,7) < 7. Then there exists a
solution to problem (5.2). Indeed, ¥ is a competitor in the definition of wf(zo,r). Thus, according to
Proposition 2.22, w&(zg,7) € [0,4+00). We can then conclude using the direct method in the Calculus

of Variations, standard compactness results and Golab’s theorem (see, for instance, [33, Theorem 3.3]).

We shall use the following proposition in order to establish a decay behavior for w (zo,r) whenever
¥ is flat enough in all balls B,.(x¢) with r € [rg,71].

Proposition 5.5. Let X C Q be closed and arcwise connected, x € Q, 7 € [0,1/10] and let Bs(z,71) < €
for some ¢ € [0,7]. In addition, assume that 0 < ro < ri, PBs(x,r) < 7 for all v € [ro,r1] and
S\B,, (z) # 0. Ifr € [ro, 1], then for any closed arcwise connected set ¥’ C Q such that ¥' AY. C B,(z)
and By (x,r) < 7 we have that

()

)
Bu(e,m) < 2 e, (5.3)
1

(it)
Bsy(z,8) < 67 for all s € [r,r]. (5.4)

Proof. Every ball in this proof is centered at x. Let L, L and L’ realize the infimum, respectively, in
the definitions of fx(z,71), Bs(x,r) and Bs/(x,r). Notice that

dg(XNB,,LNB,) < 7. (5.5)
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On the other hand,

dg(X’'NB,,,L1NB,,) <dy(X'NB,,,YNB,,) +dy(XNB,,,L1NB,,)
< dH(Z, ﬁ?r, ZQET) +ery, (56)

where the latter inequality comes because ¥’A Y. C B, and Bx(x,71) < . In addition,

dg(X’'NB,,YXNB,) <dyg (X' NB,,L'NB,)+dg(LNB,, L' B,) +dg(XNB,,LN B,)
<2rr+dy(LNB,,L'NB,), (5.7)

where we have used (5.5) and the assumption Bx/(z,7) < 7. Notice that, since ¥ N B,. # 0, X\B,, # 0
and ¥ is arcwise connected, there is a sequence (z,,),, C ¥\B, converging to some point y € dB,. We
conclude that y € X' N X N OB, because ¥'AY, C B, and ¥/, ¥ are closed. If y € LN L', then L = L'.
Assume that y ¢ L. Let II be the 2-dimensional plane passing through L and y, and let £ € LN JB, be
such that |y — &| = dist(y, L N dB,.). Denote by v the geodesic in the circle IT N @B, connecting y with
&. Then

H' () < arcsin(By(x,r))r < arcsin(7)r < ;TT,

where we have used the assumption fx(z,7) < 7 and the fact that arcsin(t) < 3t/2 for all t € [0,1/10].
Notice that if y € L', then dg(L N B, L' N B,) < H(y), otherwise let & € L' N 9B, be such that
ly — ¢&'| = dist(y, L' N 0B,.) and let ' be the geodesic in the circle II' N d B, connecting y and &', where
IT' is the 2-dimensional plane passing through L’ and y. Then, using the assumption Sy (z,r) < 7 and

proceeding as before, we get
7—[1(';/) < —77r.

Finally, we can conclude that
dy(LNB,, L' N B,) <H'(y) + H'(7') < 3rr.
This, together with (5.7), gives the following
dg(¥' N B,, XN B,) < 57r. (5.8)
Using (5.6) and (5.8), we get
dg (X' N B,,,L1NB,,) <51r+er;.

Thus, we have proved (i). Now let s € [r,r1] and let L, be an affine line realizing the infimum in the
definition of fBx(x,s). As in the proof of (i), we get

dy (X' N By, Ly N By) <dy(X' N B, YXNB,) +dy(XNBy, L, N By)
<dy(X'NB,,XNB,) +duy(XNB, Ls N By).

This, together with (5.8) and the fact that Ss(z,s) < 7, implies
dg (X' N By, Ly N By) <571 + 75 < 67s,
concluding the proof of Proposition 5.5. O

Hereinafter in this section, 7 is a fixed constant such that 7 € (0,e¢/6], where €q is the constant of
Lemma 3.6. Notice that ¢ is fairly small.

Now we establish a decay behavior for wf(z,-), provided that 8s(z,-) is small enough.
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Proposition 5.6. Let p € (N — 1,400) and f € L) with ¢ > q1, where q; is defined in (1.4).
Let €9,b,7 € (0,1), C > 0 be the constants of Lemma 3.6. Assume that ¥ € K(Q), H1(Z) < +oo,
0 <ro <r1/10 and By, (zg) C Q with r1 € (0, min{7, diam(X)/2}). Assume also that

Bs(xo,r) < 7/2

for all r € [ro,m1]. Then, for all r € [ro,71/10],
S\
wy(zo,7) < C <T> wy(wo, 1) + CrP. (5.9)
1

Proof. According to Remark 2.17, ¥ is arcwise connected. From Remark 5.4 it follows that there is
¥, C Qrealizing the supremum in the definition of w% (zg, r) which, by Remark 2.17, is arcwise connected.
Furthermore, Proposition 5.5 says that

Bs, (zg,r1) <7 and Py, (x0,s) < 67 < g for all s € [r,r].

Thus, we can apply Lemma 3.6 to uyx,, which yields

r b

1 b1
wg(To,7) = 7"/13( )|Vuzr|p dx§C<L> —/B \Vus, [P dx + Cr® SC( ) wg(xg,71) + Crl.

T/ T T1

r1(z0)
Notice that to obtain the last estimate we have used the definition of wf(zo,r1) and the fact that
B, (xo,71) < 7. O

Now we are in position to control a defect of minimality via w3,.

Proposition 5.7. Let p € (N —1,400) and f € L1(Q) with ¢ > q1, where q; is defined in (1.4), and let
€0,b,7 € (0,1) be the constants of Lemma 3.6. Assume that ¥ € K(Q), HY(X) < 400, 0 < 19 < 71/10,
B, (zo) C Q with 1 € (0, min{7, diam(X)/2}). Assume also that

Bs(xo,r) < 7/2

for all v € [ro,r1]. Then there exists a constant C = C(N,p, qo,q, ||fllq, |2]) > 0, where qo is defined in
(1.1), such that if r € [ro,r1/10], then for any ¥’ € K(Q) satisfying ¥'AY C B,.(xg), H}(X') < 100H1(X)
and 62’ ('TOa 7") S T,
b
E¢q(us) — Efo(us) < C’I‘(TL) wy(zg, 1) + Critl, (5.10)
1
Proof. According to Remark 2.17, ¥ and ¥’ are arcwise connected and by Corollary 2.21,
P N+p'— N2
EﬁQ(Ug) — EfVQ(uE/) < C/ |VU2/| dx +Cr 7, (511)

Ba,(z0)

where C' = C(N,p, qo, ¢, || fllq) > 0. On the other hand, by Proposition 5.5,
By (xo,m1) <7 and By (x9,s) < g for all s € [r,rq].

Thus, applying Lemma 3.6 to uy/, we obtain that

2 146
/ \Vus/ [P dz < c(l) / Vusy [P dz + C(2r)1F?, (5.12)
Bar(z0) 1 By (z0)

where C'= C(N,p, qo,4, || fllg,1€]) > 0. Hereinafter in this proof, C' denotes a positive constant that can
only depend on N, p, qo, ¢, ||fllq, 12| and can be different from line to line. Using (5.11), (5.12) and the
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Nop’

fact that V1P~ 7 < plt+b (because r € (0,1) and 0 < b < N —1+4p' — Np'/q), we deduce the following
chain of estimates

1+b
Ejalus) = Eralus) < C() / Vs | da + Cri+?
1 Bry(wo)

b1
§C’7‘(L) —/ |Vusy|P dx 4 Cr't?
™1/ T1 /B, (z0)

b
< Cr(i) w(xo,71) + Critt,
1

where the last estimate is obtained using the definition of wf(zo,71) and the fact that fx/(zo,r1) < 7.
This completes the proof of Proposition 5.7. O

5.2. Density control

The following proposition says that there exists a constant x € (0,1/100) such that if ¥ is a solution to
Problem 1.1, Bx(zo,7), wE(zo, r) are fairly small provided that B,(z¢) C Q with zg € X, and if Ox(xq, )
is also small enough, then there exists ¢ € [kr, 2k7] such that H°(X N OBy(x¢)) = 2. This allows to

construct a nice competitor for ¥ and derive the estimate (5.16) leading to the regularity.

Proposition 5.8. Let p € (N — 1,+00), f € LY(Q) with ¢ > q1, where g1 is defined in (1.4). Then
there exist 6,¢,k € (0,1/100) and C = C(N,p, qo, ¢, || fllq.|2]) > 0, where qo is defined in (1.1), such that
the following holds. Assume that ¥ is a solution to Problem 1.1, xo € ¥, 0 < r < min{4, diam(X)/2},
B, (z9) C Q and

Bs(zo,r) + wi(xo,7) < €. (5.13)

Assume also that
Ox; (iL'o, r) < 10g, (514)

where [t is a unique positive solution to the equation p =15+ ul_%. Then the following assertions hold.

(i) There exists t € [kr,2kr] such that

HO (X N OB () = 2. (5.15)

(ii) Let t € [kr,2kr] be such that H°(XNOB:(z0)) = 2. Then

(#i-1) the two points of X NIB(xg) belong to two different connected components of
OB (xo) N{y : dist(y, L) < Bs(xo,t)t},

where L is an affine line realizing the infimum in the definition of Bx(xo,t).
(i-2) YNBy(xg) is arcwise connected.

(ii-3) If {z1, 22} = B NIB:(x0), then
~N
HY(ZNBy(x0)) < |22 — 21| + Ct(f) wy(zo, ) + C1HP, (5.16)
r
where b € (0,1) is the constant given by Lemma 3.6.

Remark 5.9. If the situation of item (4i-1) occurs, we say that the two points lie “on different sides”.

Proof. Let €y,b,7 € (0,1) be the constants of Lemma 3.6 and let C = C(N, p, g0, ¢, || fll4, |€2]) > 0 be the
constant of Proposition 5.7. We define

a:i(l)m, k= (5.17)



Fix § € (0,7) such that 6® < & and hence
wy(xo, ) + 6° < 2e. (5.18)

Step 1. Let us first prove (i). Thanks to (5.1) and (5.13), for all s € [kr,r], it holds

2 2¢
Bs(zo,8) < =Bs(x0,7) < —. (5.19)
K K
On the other hand, for all s € [kr, 7],
r T 10z
s (z0,5) < ;92(170,7’) < 592(93077") <—, (5.20)

].

where the last estimate is due to (5.14). Fix an arbitrary s € [kr,2kr]. By the coarea inequality (see,

for instance, [33, Theorem 2.1]),
(1+k) (1+k)
Hl(Z N B(1+H)S(mo)) > / HO(Z N 839(1‘0)) do > / HO(Z N 839(1‘0)) do, (5.21)
0 s

where the latter estimate comes from the fact that H%(X N 0B, (o)) > 1 for all ¢ € (0, 7], since zg € I,
¥ is arcwise connected and r < diam(X)/2. Then there exists g € [s, (1 4 x)s] such that

1

—H (BN Bayw)s(0)) = HO(Z N 0By(0)).
This, together with (5.20) and the fact that s € [xr, 2kr], implies that

1+ kK 101+ k)
Os:(zo, (1 + K)s) < M
K K

HO(X N OB, (x0)) < (5.22)

Let L realize the infimum in the definition of By (g, ) and let {£1,62} = 0B,(xo) N L. For each
zi € XN 0B,(x0), let 2] denote the projection of z; to [&1,&s]. Define W and ¥/ by

HO(ENOB,(20))
W = U [2i, 21], Y= WU, &] U (X\By(xo)).

i=1

Then ¥’ € K(Q), ¥'AY C B,(zo) and from (5.19) it follows that S (xo,0) < 2¢/k. Furthermore,
using (5.20) and the facts that ¥ is arcwise connected and r < diam(X)/2, it is easy to see that
HL(X') < 100H(X). Since ¥’ is a competitor,

HU(Z) < HU(E) + Epalus) — Era(usy),
and then, using Proposition 5.7, we get

b
H(S N By(z0)) < H(E N B,(wo)) < 20+ H (W) + cg(f) wl(zo,7) + Co™ P

10(1 + k)*m
12

(1+k

b
<2(1+k)s+ Bg(mg,g)s+0(1+n)s( )S> wi(zo,7) + C((1 4 K)s)1He, (5.23)

r

where we have used that H'(W) < (H°(X N B, (x0)))B% (w0, 0)0, (5.22) and the fact that o < (1 + k)s.
Now we define the next three sets

By = {t € (0,2xr] : H* (X N OB(x0)) = 1}, By = {t € (0,2x7] : H (X N OB(x0)) = 2},
By = {t € (0,2xr] : H*(£ N OBy (0)) > 3}.

We claim that either Ey = () or By C (0,xr/200). Assume by contradiction that there exists some
t € [kr/200, 2k7] such that H°(XNIB.(z0)) = 1. Then the set

2" = ¥\ By (o)
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would be arcwise connected, XA Y C By(zg), HY(X") < H1(Z) and
ﬂg//(xo,r) <2k+e<T. (524)

Since X is a competitor, H!(X) < HY(E") + E¢ q(us) — Efo(us~). On the other hand, we observe that
t < HY(Z N Bi(zo)), because t < diam(X)/2, zo € ¥ and ¥ is arcwise connected. Thus

t S 7—[1(2 N Bt(xo)) S EﬁQ(uE) — Ef,Q(U,EN). (525)

Notice that, by assumption, the estimate (5.10) holds with C, but looking at the proof of Proposition 5.7,
we observe that (2.10) in Corollary 2.21 also holds with C. Then, using (5.25), Corollary 2.21, the fact
Np

that V7' =70 < £14° (because t € (0,1) and 0 < b < N — 1+ p' — Np'/q) and (5.24) together with the

definition of wf(xo, ), we obtain the following chain of estimates

t <HY(SN By(z0)) < Bro(us) — Bro(usr) < C \Vausn [P da + C#V P =5
Ba¢(z0)

<C |V’LLE//|p dx + CTl+b
B (x0)
< Crwsg,(zg, r) + Critt,

leading to a contradiction with the fact that xr/200 < t, since Crwy(zo,r) + Crit? < 2Cre < kr/200
by (5.18) and (5.17). Thus, either E; = () or

E; C (0, kr/200). (5.26)

Next, by the coarea inequality,

2KkT

HY (X N Bawr(0)) > HO (X N OB(x0)) dt. (5.27)
0
Also, applying (5.23) with s = 2kr and using (5.17), (5.18) and the fact that fx(zo, 0) < 2e/k, we get

the following estimate
KT

HY (X N Bowy(xg)) < dkr + 500"

(5.28)

Then, (5.26), (5.27) and (5.28) together imply
Ak + % > HUEL) + 2HY (E2) + 3H(E3)
> HY(EL) + 2261 — HY(EL) — HY(Es)) 4+ 31 (E3)
= dnr — HY(Ey) + HY (Es)

RT
dkr — — YE
> 4dkr 200+H( 3)

and hence
H(E S . 2

Notice that (5.26) and (5.29) yield the following estimate
HY(Ey N [kr, 267]) > %

This completes the proof of (7).

Step 2. We prove (ii). Let t € EaN[kr, 2kr]. Assume that (ii-1) does not hold for t. Let L be an affine line
realizing the infimum in the definition of Sx(xo,t), {P1, P2} = LNIB:(xo) and {21, 22} = X NIB:(zp).
Assume that dist(z;, {P1, Po}) = dist(z;, P2), i = 1,2. Then we can take as a competitor the set

Z/H = (E \Bt(.TO)) U Yz1,Ps U Yz2,Pzs
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where 7., p, is the geodesic in 0By(z¢) connecting z; and P, for i = 1,2. So
H' (ENBi(20)) < H' (121,p,) + H' (25,1,) + Efalus) — Epo(usm).

Arguing as in the proof of the fact that Ey C (0, xr/200) in Step 1, we obtain the estimate
A

200°

In addition, thanks to (5.19) and to the fact that arcsin(s) < 2s for all s € [0,1/10],

Eralus) — Epa(usm) <

. 8ct
Hl('yzl,Pz) + Hl('YZz,Pz) < 2tarcsin(fx (o, 1)) < o
But then
'snB R
H (XN Bi(xo)) < 100

and this leads to a contradiction because H!(X NBy(xg)) >t > xr. Therefore (ii-1) holds. Next, assume
that ¥ NB;(xg) is not arcwise connected. Then, from Lemma 5.10, it follows that 3\ B;(zg) is arcwise
connected. Thus, taking the set ¥\ B;(xg) as a competitor, by analogy with Step 1, we get

KT
HY (N B < —,

(20 Ba0) <
which, as before, leads to a contradiction. Thus (ii-2) holds. Since ¥ NOB:(xg) = {21, 22}, where z1, 25 lie
“on different sides”, the set (3 \B:(x0)) U |21, 22] is a competitor for ¥, moreover, it fulfills the conditions

of Proposition 5.7 and hence (5.16) holds. This proves (i¢) and completes the proof of Proposition 5.8. [J

Lemma 5.10. Let 19 € RN, r > 0 and X C R be an arcwise connected set such that XN B,.(xg) is not
arcwise connected and H°(X N OB, (x¢)) = 2. Then ¥\B,(x) is arcwise connected.

Proof. Let {z1,22} = 3N 0B,(xp). It suffices to prove that for every point z € ¥\B,(z¢) there exist
two arcs 1,72 C B\ B;(xg) such that 4; connects z with z; for ¢ € {1,2}. Since ¥ is arcwise connected
and X N 9B, (xg) = {z1, 22}, for every & € ¥\B,(zg) there exists an arc v C X\B,(z¢) connecting x
with 21 or with zo. Assume by contradiction that for some x € ¥\ B,.(z¢) there is no arc v C X\ B,.(xg)
connecting x with z;, where @ € {1,2}. Let z; = 29 if i = 1 and Z; = 2; if ¢ = 2. Since X is arcwise
connected, there is an arc v C X connecting x with z;. We can conclude that v = ezt U Yint, where
Yext C B\ By () is an arc connecting x with Z; and v;,; C X N B,.(20) is an arc connecting z; with z;.
On the other hand, if y € ¥ N B,(x¢), then there exists an arc in ¥ N B,(x) connecting y with Z; or
with z;. Therefore, ¥ N B,.(x) is arcwise connected, which leads to a contradiction. This completes our
proof of Lemma 5.10. O

Now our purpose is to control the density 0y, from above on a smaller scale by its value on a larger
scale, provided that on a larger scale 5 and w, are small enough. Adapting some of the approaches of

Paolini and Stepanov in [32], we prove the following proposition.

Proposition 5.11. Let p € (N — 1,+00), f € L1(Q) with ¢ > q1, where q1 is defined in (1.4). Then
there exists 6 € (0,1) and for each a € (0,1/20] there exists ¢ € (0,1) such that the following holds.
Assume that ¥ is a solution to Problem 1.1, o € &, r € (0, min{¢, diam(X)/2}), By(z¢) C Q and

Bs(xo, 1) + ws(zg, 1) < €. (5.30)
Then the following estimate holds

O, (0, ar) < 5+ Ox(zo,7) "~ (5.31)
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Proof. Let g, b,7 € (0,1) be the constants of Lemma 3.6 and let C' > 0 be the constant of Proposition 5.7.
Recall that 7 € (0,g9/6]. We define §,¢ € (0, 1) as follows

] 1 g a®coT
0= mln{r, (40) }, €= g7 (5.32)

where ¢y > 0 is a constant that will be fixed later for the proof to work. It is worth noting that, according
to (5.1) and (5.30), for all s € [ar, 7], it holds

2 2
Bs(z0,8) < aﬁz(iﬁoﬂ") =—. (5.33)
Applying the coarea inequality (see, for instance, [33, Theorem 2.1]), we get

2ar

HL(S N B, (x0)) > /O HO(S N OB, (z0)) do > HO(S N OB, (x0)) do,

ar

where the latter inequality comes from the fact that for all ¢ € (0,7], H°(X N dB,(xo)) > 1, since ¥ is
arcwise connected (see Remark 2.17), zp € ¥ and r < diam(X)/2. Then there exists ¢ € [ar, 2ar] such
that

HO(S A OB, (o)) < éoz(xo, ). (5.34)

Next, we construct the competitor ¥’ for ¥ such that X'AY C B,(zo), H'(X) < 100H! () and
Bsv (w9, 0) < Bs(z0,0). Let L C RN be an affine line realizing the infimum in the definition of Bx(zo, ).
We denote by A; and Ag the two points in 9B, (x¢) N L and denote by G, the set of all points (2/, zy) in
[—1,1]" such that nx; € Z for all i = 1,..., N except for at most one (i.e., G, is a uniform 1-dimensional
grid of step 1/n in [—1,1]"). Notice that G,, is arcwise connected and

VN

H' () < 2YN(+ DN dist(y, G) < -
n

(5.35)

for all y € [-1,1]". Let h : RY — R¥ be the rotation around the origin such that h(Rey) = L — o,
where {ey,...,en} is the canonical basis for RY. Next, we define Q! := A; + Bx (g, 0)oh(Gy), i = 1,2.
In addition, we observe that

Y NIB,(xo) C IBy(xo) N {x e RN : dist(x, L) < Bs(zo, Q)Q} C U(Ai + Bs(wo, Q)Qh([—l, I]N)).

i=1

For each point z; € XN 0B, (x¢), we denote by 27 an arbitrary projection of z; to QLUQ? and by [z, 27]
the segment connecting these two points. Then the set

HO(2NOB,(z0))
Sp=QLUQU ( U [%zﬁ)
j=1

contains all the points of XN0B,(x¢), S, U(LNB,(zo)) is arcwise connected, and, using (5.35), we have
that

’Hl(Sn) < 2N+1N(n + 1)N_1ﬁg(x0, 0)o+ gHO(Z N 9OB,(x0))Bx (o, 0)0-

Let S, be the projection of Sy, to {z € RY : dist(z, L) < fx(z0, 0)o} N B,(z0). Since the projection onto
a nonempty closed convex set is a 1-Lipschitz mapping, it follows that ’Hl(gn) < HY(S,). Moreover,
notice that S, U (L N By(z0)) is arcwise connected. Thus, defining

' = (£\By(0)) U S, U (L N By(x0))
and choosing n = | (H°(X N AB,(x))) ¥ |, where || denotes the integer part, we observe that

H(Sn) < Mo(HO(S N 0B, (w0)))' ™ ¥ Bx(wo, ), (5.36)
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where My = My(N) > 0. Now we can set
Co = (M()C)il. (537)

Thanks to (5.34) and (5.36), we obtain

1
-5

HY(S,) < Mo(iﬁz(xo,r)) Bs (20, 0)0-

This, together with (5.33), (5.32), (5.37) and the fact that 2o < 4ar < diam(X) < H'(X), implies the
following

HY(Z) < 100H (D).

Also notice that ¥’ c Q is closed, arcwise connected, X'AY C Fg(xo),

2e
By (0, 0) < Px(xo,0) < — <7

(see (5.33), (5.32)). So we can apply Proposition 5.7 to ¥ and ¥’. Thus, by the optimality of ¥ and
Proposition 5.7,

b
H!(Y) < Eralus) - Bra(us) + H'(2) < Co($) whiao.r) + Co™ + 1! (T).

Altogether we have
1
N

b 1 1=
S (v0.r)+ O 420+ Mo (105 (oo ol

H' (£N Bar(20)) < H' (SN By(0)) < cg(g)

Next, recalling that ¢ € [ar,2ar], r < §, (2a)® < 1 and (5.33), we obtain

1
4eMy (1 o
Os (o, ar) < QC(wg(xo,r) + (5”) +4+ ; 0 (aez(ﬂﬁoﬂ“)) .
However, this, together with (5.30), (5.32) and (5.37), yields the estimate
Os(xo,ar) <5+ 92(%0,7’)17%

and completes the proof of Proposition 5.11. O

5.3. Control of the flatness

The next proposition asserts that if fx(z,r) and wZ(z, ) are pretty small and 0x(z, r) is controlled from
above by 101, where @ is a unique positive solution to the equation pu = 5 + ul_%, then By, w§ stay
small and 65, remains controlled from above by 10z on smaller scales, and, in addition, in some sense w3,
controls the square of fy.

Proposition 5.12. Letp € (N—1,+00), f € L1(Q) with ¢ > g1, where q1 is defined in (1.4). Then there
exist constants a,ro € (0,1/100), b € (0,1), 0 < &1 < 02 < 1/100 and C = C(N,p,qo,4, || fllq,[€2]) > 0
with qo defined in (1.1) such that the following holds. Assume that X is a solution to Problem 1.1, x € &,
0 < r < min{rg,diam(X)/2}, B,(z) C Q,

wg(x,r) <61, Ps(z,r) <y and Os(x,r) < 107, (5.38)

where t > 0 is a unique positive solution to the equation =5+ ,ulfﬁ, Then

(i)
Bs(z,ar) < C(w%(x,r))% + Crg; (5.39)
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(i)
wg(x, ) + C(ar)’; (5.40)

DN | =

w(x,ar) <

(iii)

wyg(z,a"r) <01, Pu(z,a"r) < o2, Os(x,a™r) <10m for all n € N. (5.41)
Proof. Let Cy be the constant such that the estimate (3.28) holds with Cp, and let Cy be the constant
such that the estimate (5.16) holds with Cy. Without loss of generality, we can assume that Cy < C.
Let b € (0,1) be the constant of Lemma 3.6, and let a,d,e,x € (0,1/100) be such that J,¢e, k are the

constants of Proposition 5.8 and, at the same time, a, d, ¢ are the constants of Proposition 5.11 with

. 1\?
a = ming K, <26’0> .

Now we can set

ae ado 2 24C1
09 := —, 01 := = 42
2= hm () o X (5.42)
and fix rg € (0,6) such that
Cr§ < %1 (5.43)

Step 1. Let us first prove (i). By Proposition 5.8, there exists ¢t € [kr, 2kr] such that ¥ NOB:(z) = {#1, 22},

z1 and z, lie “on different sides” (see Remark 5.9). According to Proposition 5.8 (ii-3), we get
N
HA(ENBy(@)) < |21 = 2|+ Cut () wh(o,r) + Cot' ™ o= |21 — 2| + M.

Recall that, by Proposition 5.8 (#i-2), ¥ N By(z) is arcwise connected. Let I' C X NB;(z) be an arc
connecting z; with zo. Then, using Lemma A.5, we obtain

max dist(y, [21, 22]) < (2LH (L) — |21 — 22]))? < (4rrM)3.
y

Since X NBy(z) is arcwise connected, ¥ N IB;(z) = {21, 22} and HY(T) > |21 — 22,

sup dist(y,T) < HY(EZNBy(2)\I') < HY(ZNB;(2)) — |21 — 22| < M.
YE(ENB(2))\(FNB(z))
Thus

max  dist(y, 21, 20]) < (4krM)F + M
yEX NBy(x)

but this yields the following estimate
d (S NBy(x), [21, 22]) < (4krM)7 + M, (5.44)

because ¥ N By (z) is arcwise connected and ¥ escapes 0B, () either through z; or through 2. Without
loss of generality, assume that [z1, 2] is not a diameter of By(x), otherwise we can pass directly to the
estimate (5.47). So let L be the line passing through z and collinear to [21, 22]. Now observe that if TI
is the 2-dimensional plane passing through L and [z1, 23], then the intersection of IT with §B;(x) is the
circle S on II with center z and radius t. Then, denoting by &; and & the two points in LN OB, (z) in
such a way that dist(&;, {21, 22}) = dist(&;, z;) for i = 1,2, we get

dH([Zla 22]’ Ln Bt(x)) < 7—[1(721751) = Hl(”ﬁm&)a (545)

where 7., ¢, is the geodesic in S connecting z; with &;. Since dist(z, [21, z2]) < (4krM)z + M (see (5.44)),

W)t < 2((4rrM)} + M), (5.46)

’Hl(%hgl) < arcsin(
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where the latter estimate holds because ((4krM)z 4+ M)/t < 1/10 and arcsin(s) < 2s for all s € [0,1/10].
Using (5.44) together with (5.45) and (5.46), we obtain that

dg (SNBy(x), LN By(x)) < 3((4krM)? + M)

1

and hence fOx(x,t) < 3((4srM)=z + M)/t. Next, since t € [kr,2kr] and a € (0, k], if ar = At for some
A € (0,1], then 2/\ < 4k/a and, thanks to (5.1),

ol ar) = (e, M) < = B, 1) < (4 M) + M) (5.47)
On the other hand, since x, w%(z,r),r € (0,1/100) and b € (0, 1), we can conclude the following
(4I€TM)% < (Crr*wg(z,r) + C’1r2+b)% < Clr(wg(x,r))% + Oyt (5.48)
and, moreover,
M= Clt(;)bwg(x,r) + Oyt < Cyr(wh(z, )2 + Cyrits, (5.49)

By (5.47)-(5.49),
B, ar) < C(u(w,r)* +Crt
d (5.

with C' = 24C /a. Using (5.38), the above estimate, (5.42) an 43), we get

Bs(z,ar) < C(61)} + Cre < 6.

Next, observe that a < 1/100 and fSx(x, s) is fairly small for all s € [ar, 7], so we can apply Proposition 5.6
with 7o = ar and r; = r to get the following

wg(z,r) + C(ar)® < a + o _ 01,

wi(z,ar) < Coa’w(z,r) + Co(ar)? < 5 5

DN | =

where we have used that a < (1/2Co)%, Co(ar)? < C(ar)’ < CT§, (5.38) and (5.43). We have proved
the assertions (i), (i7) and that wf(z,ar) < d1, Bu(z, ar) < Js.

Step 2. We prove (iii). Recall that a,d,e € (0,1/100) are the constants of Proposition 5.11 and, by
definition, d; < 62 = ae/2. Then, according to (5.38),

B (z,r) + wi(z,7r) < e.
Thus, applying Proposition 5.11 and using again (5.38), we get
Os(x,ar) <5+ 92(33,7‘)1_% <5+ (IOE)l_% <10(5 —|—ﬁ1_%) = 10g.
At this point, we have shown that (5.38) holds with r replaced by ar. So, repeating the arguments
above, we observe that (5.38) holds with r replaced by a?r. Therefore, iterating, we deduce (4ii). This
completes the proof of Proposition 5.12. O

Now we prove that there exist a critical threshold dy € (0,1/100) and an exponent « € (0,1) such
that if Bs(z,r) + wf(z,r) falls below 6y and if Ox(z,r) is small enough for x € XN and fairly small
r > 0, then fBx(x,0) < Cp® for all sufficiently small p > 0, where C > 0 is a constant independent of =
but depending on r. This leads to the C1® regularity.

Proposition 5.13. Let p € (N — 1,+00), f € LYQ) with ¢ > q1, where q1 is defined in (1.4). Let
a € (0,1/100) be the constant of Proposition 5.12. Then there exist constants §,To € (0,1/100) and
a € (0,1) such that the following holds. Assume that ¥ is a solution to Problem 1.1. If x € ¥ and
0 < r < min{7o, diam(X)/2} satisfy Br(z) C Q,

Bs(z,r) + ws(z, 1) < §y and Ox(z,r) < 10m (5.50)
with Tt being a unique positive solution to the equation p =5+ ulf%, then
Bs(x,0) < Co® for all o € (0,ar) (5.51)
and for some constant C = C(N,p,qo,q, ||f|lq, |2, 7) > 0, where qo is defined in (1.1).
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Proof. Let a, 1,79 € (0,1/100), b € (0,1) and C > 0 be as in Proposition 5.12. We define

0o =01, = min{g, hllr(l?()é;l) }, To = min{ro, <i)i}

It is easy to check that for all ¢ € (0, 7o,

1
307+ t* < (at)?. (5.52)

Indeed, since 0 < 2y < b, v < In(3/4)/In(a) and a,7y € (0,1), t* <>¥ <7Jt” and 3/4 < a7, so
1

1 3
b _
§t’y +t7 < it’y + Tgt’y < Ztv < (at)’y~

We prove by induction that for all n € N,
1
wy(z,a™r) < 2711]%(56,7‘) + C(a™ )7, (5.53)
Clearly, (5.53) holds for n = 0. Suppose (5.53) holds for some n € N. Then, applying (5.40) with r

replaced by a™r and using the induction hypothesis, we get

1
wi(x, a"tr) < iwg(x, ar) + C(a"+1r)b
1
< Gapr (. r) + (" )+ Cla™ )

1 T n
< G g ) + Ca )7,

Q

where the last estimate comes by using (5.52). This proves (5.53). Now let ¢ € (0, ar) and let [ > 1 be the
integer such that a'*!r < o < alr. Then, using if necessary (5.1), we see that Bx(x, 0) < 26x(z,alr)/a.
Furthermore, Proposition 5.12 (¢) says that

Bs(z,alr) < C(wg(x,al_lr))% + C(al_lr)%.
On the other hand, using (5.53) and the fact that wf(z,r) < 1, we get

1 3\ 141
wh(z, a7 lr) < y—_lwg(x,r) + C(a'r)” < C’(Z) + C' a1y < Y 4 077

< C”(g)v +C'oY
r
for some C" = C'(N,p,q0,4, || fllg:1€2]) > 0. So we can control Sx(z, ¢) as follows

1 2C
3 4 2

- (al_lr)g
a a

where C' = 5(N,p7 90,4, | fllq, 12, 7) > 0. Setting a = /2 and C := C, we complete the proof of
Proposition 5.13. O

Corollary 5.14. Let X be a solution to Problem 1.1 and a, o, dy, To, i be the constants as in the
statement of Proposition 5.13. Assume that x € ¥, 0 < r < min{7y, diam(X)/2}, B,(x) C Q,
Be(z,r) +ws(z,r) <e and Os(z,r) <@

with € := 60/200. Then for any point y € ¥ NBg,10(x) and radius ¢ € (0,ar/10) the following estimate
holds
Bs(y,0) < Co",

where C = C(N,p,q0,q, || fllg; |22],7) > 0. In particular, there exists to € (0,1) such that ¥ NBy,(x) is a
Y regular curve.
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Proof of Corollary 5.14. Recall that a € (0,1/100). Let y € ¥XNB,,/10(2) and L, realize the infimum
in the definition of Bx(xz,r). Notice that dg (2 ﬁEr/lo(y), L,N Fr/lo(y)) < 5er. Let L be the affine line
passing through y and collinear to L. It is easy to see that dp (Ly N B, 10(y), L N B, j10(y)) < 5er and
hence

dg(XNBx(y),LNB (v)) <du (SN B (y),Ls NBx(y) +dg(Ls "B (y), LN B (y)) < 10er.

[+
=

1

ol

Thus Bx(y,r/10) < §g/2. Next, let X' realize the supremum in the definition of wZ(y,r/10). Such X’
exists due to the condition s (y,7/10) < §y/2 < 7 (see Remark 5.4). Then we have that

1 1 0
wy, (y, T) = —O/ [Vus/|P dz < 10 Vus/ [P dz < 10wg(z,r) < —,
" JBy ) " JB.(2) 2

10
where we have used the facts that B,./10(y) C B(i4a)r/10(7), Bs(y,7/10) and Bx(x,r) are pretty small,
namely, proceeding as in the proof of Proposition 5.5, we can show that Oy (x,r) < 7. Thus

r e
BZ (yv 10) +w2 (,’% 10) < 50-

On the other hand, 0x(y,r/10) < 100x(z,r) < 10fz. Then, according to Proposition 5.13, fx(y, 0) < Co®
for all ¢ € (0,ar/10). Since the point y was arbitrarily chosen in ¥ NB,,./10(x), there exists to € (0,ar/10)
such that ¥ NB,, (x) is a C1 regular curve (see, for instance, [19, Proposition 9.1]). O

Proof of Theorem 1.3. Let €¢,b,7 € (0,1), C > 0 be the constants of Lemma 3.6. Since closed connected
sets with finite H!-measure are H!-rectifiable (see [18, Proposition 30.1, p. 186]), then (see Lemma 4.1)
for H!'-a.e. point = in ¥ there exists the affine line T}, passing through z such that

1 _ _
—dg(XNB,(z), T, N B.(x)) — O. (5.54)
r r—0+
On the other hand,
Os(z,7) S 2 (5.55)

for Hl-a.e. z € X, in view of Besicovitch-Marstrand-Mattila Theorem (see [2, Theorem 2.63]). Let
x € ¥NQ be such a point that (5.54) and (5.55) hold with z. According to (5.54),

Bs(x,r) 20 (5.56)

We claim that wf(xz,r) — 0 as r — 0+. Indeed, by (5.56), for any € € (0,e0) there is t. € (0,7) such
that
Bs(z,r) <e forall r € (0,t]. (5.57)

We assume that B, (z) C Q, t. < diam(X)/2 and ¢ < 7/2. Recall that 7 € (0,69/6]. Then, by
Proposition 5.6, for all r € (0,t./10],

b
wi(z, ) < C(ti) wi(z, t.) + Oro. (5.58)

On the other hand, by Remark 5.4 and Proposition 2.22, wZ(z,t.) < +o00. Thus, letting  tend to 0+
in (5.58), we get
wy(z,r) — (J)r (5.59)

By (5.56) and (5.59),

B (z,r) + wg(x, ) T_7)+ 0.

This, together with (5.55), Corollary 5.14 and the fact that for each integer N > 2, the unique positive
solution 7 to the equation u =5+ ul_% is strictly greater than 5, completes the proof of Theorem 1.3.
O
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6. Remark about singular points

In this section, we prove that if ¥ is a solution to Problem 1.1, then ¥ N § cannot contain quadruple
points, namely, there is no point € XN such that for some fairly small radius r > 0 the set 3N B,.(z)
is a union of four distinct C' arcs, each of which meets at point = exactly one of the other three at an
angle of 180 degrees, and each of the other two at an angle of 90 degrees.

We shall say that a set K C RYM is a cross passing through a point z € RY if K consists of
two mutually perpendicular affine lines passing through x. For convenience, let us denote the cross
(R x {0}V=1) U ({0}¥~! x R) passing through the origin by K.

Lemma 6.1. Let p € (N — 1,400). There exist a,d € (0,1) and C > 0, depending only on N and p,
such that if u € WYP(By) is a weak solution to the p-Laplace equation in Bi\E, where

E=((-11) < {0}"" U ({0} x (=1,1)),
satisfying u = 0 p-q.e. on E, then

/ [Vul|P dx < CTHQ/ |VulP dx for all r € (0,4]. (6.1)
B, By
Proof. First, adapting the proof of Lemma A.3, one observes that there exist ¢ = ¢(N,p) € (0,1) and
C = C(N,p) > 0 such that for any nonnegative p-harmonic function v in B;\E, continuous in By and
satisfying v = 0 on E, the following estimate holds

max v(z) < Cv(AL), (6.2)

2€B.
where A, is a point in dB; such that dist(A., E) = . Next, assuming, as in Step 1 in the proof of
Lemma 3.1 that u is continuous and nonnegative in Bj, by virtue of (6.2) and the fact that we add
the additional boundary condition (i.e., u = 0 on (—1,1) x {0}¥~1) compared with the situation in
Lemma 3.1, we observe that all the estimates established in the proof of Lemma 3.1 in Step 1 for a
nonnegative p-harmonic function in By\({0}V~! x (—1,1)), that is continuous in B; and vanishes on
{0}N=1x (—1,1) are also valid for u. In the case when we only know that the weak solution u € W1 (B;)
vanishes p-q.e. on E, we can proceed in the same way as in Step 2 in the proof of Lemma 3.1 changing
{0}¥=1 x (=1,1) by E. These observations complete our proof of Lemma 6.1. O

The following lemma says that the estimate (3.28) still holds if the affine line in Lemma 3.6 is replaced
by a suitable cross.

Lemma 6.2. Letp € (N—1,400), f € LI(Q) with ¢ > q1, where q1 is defined in (1.4). Then there exist
0,7, b € (0,1), C = C(N,p,q0,4, || fllg:|2]) > 0 such that the following holds. Let ¥ C Q be a closed
arcwise connected set. Assume that 0 < 2rg <1y <T, By, (x0) C Q and that for all v € [ro,r1] there is
a cross K = K(r), passing through xo, such that dg (X NB,(x), K N B.(x0)) < eor. Assume also that
3\ By, (xo) # 0. Then for every r € [rg, 1],

1+b
/ |[Vus|P de < C <T> / |Vus|P dz + Crith.
BT(IO) ! Brl (10)

Proof. The proof follows by reproducing the proofs of Lemma 3.2, Lemma 3.5 and Lemma 3.6 with a
minor modification, namely, replacing the affine line by a suitable cross in the proofs of these lemmas,
such a reproduction is possible thanks to Lemma 6.1. O

We are now ready to prove Proposition 1.5.
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Proof of Proposition 1.5. Assume by contradiction that for some A > 0 a minimizer ¥ of Problem 1.1
contains a quadruple point g € X N Q. Let €9,b,7,C be the constants of Lemma 6.2. Without loss of
generality, we can assume that 0 < to < min{7, diam(X)/2}, By, (z0) C €, the set 3N By, (7o) consists of
exactly four distinct C*! arcs, each of which meets at point g exactly one of the other three at an angle
of 180 degrees, and each of the other two at an angle of 90 degrees. Then there exists a cross K passing
through z( such that for each £ > 0 there exists 6 = d(e) € (0, tg] such that for all r € (0, ],

dg (XN B(x0), KN B(xg)) < er. (6.3)

It is also worth noting that each C! arc is Ahlfors regular of dimension 1 (see [18, Definition 18.9, p.108]),
which can be easily seen using its local parameterization. This implies that ¥ N B, (z¢) is Ahlfors regular
of dimension 1. Therefore, without loss of generality, we can also assume that there exists a positive
constant Cjy such that

HY(E N B, (20)) < Cor for all r € (0, t). (6.4)
Let us now fix r € (0,%9/2]. By the coarea inequality (see [33, Theorem 2.1]),
2r 2r
HY (X N Bay () > HO (XN OB, (x0)) do > HO (X N OB, (z0)) do,
0 r

where the latter estimate comes from the fact that HO(X N 9B,(z¢)) > 1 for all g € (0, 2r], since zg € 3,
Y is arcwise connected and 2r < diam(X)/2. Then there exists g € [r, 2r] such that

1
;7‘[1(2 N BQT-(J:O)) Z HO(E N 3B9(x0))
This, together with (6.4), implies that
HO (S N OB,(x0)) < 2Cs. (6.5)

Let (rn)nen be a sequence of radii such that: 2r,11 < 7, for each n € N; r,, — 0 as n — +oo;
2rg < 0 = d(e), where € € (0,1) to be determined. By virtue of (6.5), there exists g, € [ry,2r,] such
that H°(X N dB,, (z0)) < 2Cy. Following [11], for each n € N, we define the set D,, = K N dB,, (zo)
which consists of exactly four points. Denote by S4(D,,) C B,, (zo) a closed set of minimum H'-measure
in the ball B, (zo) which connects the all four points of D,, (as in [11], we call it a Steiner connection
of these points; for more details on Steiner connections, see, for instance [22, 34, 20]). For each point
zi € XN OB, (x9), denote by 7, ,, the geodesic in 0B,, (xg) connecting z; with the point of the set D,,
closest to z;. For each n € N, let G,, denote the union of all arcs +; ,,, and let us define the competitor
¥n by
En = (B\By, (20)) UGp U Ss(Dy).
Due to the condition (6.3), each arc v; ,, has H!-measure less than or equal to arcsin (¢) g,. On the other
hand,
HY (XN B,, (0)) > 40, and H'(S4(D,)) = V2(V3 + 1)on,

where we have used that H!(S4(D,,)) = H'(S4(KoNOB1))on = v2(vV3+1)0,. Thanks to (6.5) and the
fact that H'(v;.,) < arcsin(e)o,, H'(Gn) < 2Cp arcsin(e)g,. Next, choosing e € (0,2¢/2) small enough
and observing that v/2(v/3 + 1) ~ 3.86, we can conclude that there is a constant C > 0 independent of
n such that for each n € N,

HYE N B, (x0)) — H' (2, N B,, (20)) = Con. (6.6)
Now we want to apply Lemma 6.2 to 3,,. If g, < g¢r/2 and r € (0, d], then
du ( x0), K N By (x0))
1( 70), X NB,.(20)) + dg (XN B(x0), K N B.(x))
€0 EoTr EoT

r
< _ < _— —_— =
<on+ 5 =5 + 5 £or,

¥, N B.(
<dy(Z, N B,(
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where we have used (6.3) and the fact that € € (0,£9/2). So we can apply Lemma 6.2 to X,,, for the
interval [29,,/e0, 0], provided that 20, /g9 < 6/2, and we obtain that

1+b
/ |Vus, |P de < C (i) / |[Vus,
B (o) g Bs (w0)

Hereinafter in this proof, C' denotes a positive constant independent of n, which can be different from

20n
P de+ Critt forall r e [f,é] .
0

line to line. Applying the above estimate for r = 29, /e and using (2.11), we have

/ |Vus, [P drx < Co:t? (6.7)
Bzﬂ (:EQ)

€0
for all n € N such that 29, /eg < §/2. Recall that the exponent b given by Lemma 6.2 is positive provided
q > q1. Now, using the fact that ¥ is a minimizer and X,, is a competitor for X, the estimate (6.6),
Corollary 2.21 and the estimate (6.7), we deduce the following

0 < Faro(Sa) — Faral®) < Eralus) — Eralus,) — ACoy

Nap — No~ ~
<C Vus, [P dz+Con © * —ACon
Bao,, (z0)
N /_Np' ~
<C [Vus,, [P dx—l—CQner 7 —ACop
B 2g, (%0)
€0
N+ /_Np' ~
< Colt* + Con P - XCo,

for all n € N such that 29, /g9 < §/2. Notice that N+p'—Np'/q > 1 ifand only if ¢ > Np/(Np— N +1),
which is fulfilled under the assumption g > ¢;. Finally, letting n tend to 400, we arrive to a contradiction.

This completes our proof of Proposition 1.5. O
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Appendix A. Auxiliary results

Recall that we write points of RY as x = (2/, zx) with 2/ € RV "1 and 2y € R.

Lemma A.1. Let N > 2, pe (N —1,400), 8=(p—N+1)/(p—1) and v € (0,8). There ezists
§ € (0,1), depending only on N,p and vy, such that 4(x) = |2'|" + z% is a supersolution to the p-Laplace
equation in {0 < |2'| < d} N {|zn]| < 1}.

Proof. To simplify the notation, we denote {0 < [2'| < §} N {|zn| < 1} by Cg,. We need to prove that
there exists 0 = (N, p,v) € (0,1) such that

Ayt = Aa|Val™? + (p = 2)| V™ Axtt <0 in G, (A1)

where Al = Aott i= Y11 Gy, 0, and Acoll 1= 20 g, Gy Gy, o, Since [Vl # 0 in Cgy, (A1) is

equivalent to the following

Api == At Va* + (p— 2)Axa < 0 in CF.
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Calculating the partial derivatives of @ in Cg,, we have: @y, = ya;|a’|772, i € {1,..., N = 1}; lzy = 27n;
lg, 2, = V(v — 2agz;|a’ V4 + 859|272, where i,j € {1,...,N — 1} and §; ; is the Kronecker delta;
Ugn,zy = 2. Next, we deduce that

Al =(y+ N =3)|2'|" 242, |Va|*> = %2> + 4% and At =~3(y — 1))/~ + 8%

in C§,. This yields the following

Apii=*(rp—p—v+ N =D&/ + 4y(y + N = 3)2’ "% + 29°[a/ |77 + (p— )8z} (A2)
in Cf . Since 0 < < f3, Y(yp—p—~7+N—1)<0and 3y —4 <y —2 < 0. Thus, analyzing (A.2), we
deduce that there exists 6 = §(V,p,v) € (0,1) such that Apﬁ < 0in C§,. This completes the proof. [

The following lemma will be used to prove Lemma A.3.

Lemma A.2. Let p € (N — 1,400). Then there exists a positive integer ¢ = q(N,p) such that the
following holds. Let xo € RN, r > 0 and L C RY™ be an affine line passing through xo. Then for
any nonnegative p-harmonic function u in B,(x¢)\L, continuous in B,(x¢) and satisfying u = 0 on
LN B,(x), the following estimate holds

1
“max u(z) < - max u(x).
r€B,—q,(x0) 2 z€B,(x0)

Proof. Since the p-Laplacian is invariant under scalings, rotations and translations, we can assume that

B, (z0) = By and LN B,(z9) = {0}V x (—1,1). To lighten the notation, we denote {0}V ~! x (—1,1)
by S. Let vy = (p— N +1)/(2p — 2). Then, by Lemma A.1, there exists § = §(N,p) € (0,1/2) such that

~

A(z) = |2'|7 + 2% is a weak supersolution to the p-Laplace equation in {0 < |2’| < 26} N {|zn| < 1}, and
is continuous in RY. Hereinafter in this proof, C' denotes a positive constant that can only depend on
N, p and can be different from line to line. Since

a(x) = 07 +a% > 67 if |2'| =6 and a(x) = |27 4+ 62 > 6% if |an| =9,
the estimate

u<C <maxu) U

By

holds on 9 ({|#'| < 0} N{|an| < §}). Furthermore,

u(z) < C <maxu> i(z) if z € S.

B,

Then the comparison principle (see [24, Theorem 7.6]) says that

u<C <maxu> @ in {|z'] <5} N {|an| < d}.
B,

This implies that u(z) < C (maxE1 u) |z|” for all = € By, since |2'|Y + 23, < 2|z|” for all z € Bs. Next,
choosing ¢ = g(N,p) € N such that 277 € (0,0) and C27%7 < 1/2, we obtain the following

maxu < - maxu,
By—q B

which concludes the proof of Lemma A.2. O

We prove the following Carleson estimate.
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Lemma A.3. Let p € (N — 1,4+00). Then there exist ¢ = ¢(N,p) € (0,1) and C = C(N,p) > 0 such
that the following holds. Let xo € RN, r > 0 and L C RYN be an affine line passing through xo. Then
for any nonnegative p-harmonic function u in B,(xo)\L, continuous in B,.(x¢) and satisfying u =0 on
LN B, (xg), the following estimate holds

max u(x) < Cu(Aq(x0)),
z6357‘(10)

where Agr(x0) denotes a point such that dist(Aq.(x0), L) = er and A (x0) € OB ().

Proof. We follow the same strategy as in the proof of [14, Theorem 1.1]. Since the p-Laplacian is invariant
under scalings, rotations and translations, without loss of generality, we can assume that B,.(z¢) = B,
LN B,.(z9) = {0}¥~! x (—1,1). To simplify the notation, we denote the set {0}~ x (—1,1) by S. Let
q = q(N,p) be the positive integer of Lemma A.2. Define ¢ = 27972 with m € N to be determined
(e is small enough). Fix an arbitrary A. such that dist(A.,S) = € and A. € JB.. Notice that if
u(A:) = 0, then by the Harnack inequality (see [24, Theorem 6.2]), u(x) = 0 for all x € By and the proof
follows. Without loss of generality, we assume that u(A.) = 1. By Lemma A.2, for each zy € S and
r € (0,dist(xg, 0B1)),

~max u< 17 ax u. (A.3)
By—q,.(w0) 2 B (o)

On the other hand, by the Harnack inequality, there exists M = M (N, p) > 1 such that

Mu(22',xn) for v € §1/4\S

u(@',zy) < _
Mu(A:) =M  for z € {|z'| > ¢/2} N Ba..

Suppose that there exists yo € B. such that u(yg) > M"*? with n € N to be determined. Then
dist(yo, S) < 27 "¢,

because otherwise u(yg) < M"Ttu(A.) = ML Let g be the projection of yo to S. Then, applying
(A.3), we have
max u>2" max_ u> om N2,

§2—n+q7na(y0) Bzfng(yo)

where we have also used the facts yo € Ba-n(J0), u(yo) > M"T2. We now choose and fix m so that
2™ > M?. Hence

u(y) = max _ u> M"Y
By—ntqm.(yo)

where y; € By—n+tamc(70). Therefore dist(y;,9) < 27" 2¢ and

~ max _ w>2"  max _ u> M"6,
32777,724»(17715(@/1) Bgfn—ZE(yl)

where 7 is the projection of y; to S. Clearly, there exists yo € By-n-2+qm.(¥1) such that u(yz) > M"+6.
So dist(y2, S) < 27" % and

max uw>2"  max u> M"E

§2—n—4+qm5(y2) EQ‘"_4e(y2)

where 7 is the projection of 3 to S. Once again there exists y3 € By n—atam.(72) satisfying the following:
u(yz) > M"™8 dist(y3, S) < 27" 6 and

_ max _ u>2"  max _ u> M"T0
Bzfn—G#»qrna(yS) Bz*nfﬁg(yi")

We obtain by induction a sequence of points (yx) such that

dist(yk, S) < 27n72k€, Yr € EQ—W,—2(k—1)+qm,E(g]€_1)
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and
u(yr) > MY >

We shall obtain a contradiction if we can make sure that each y; belongs to some closed ball contained
in B;. For each k£ > 1,

[yl < Yk — Ye—1| + -1 — Ye—1| + [yr—1]

k k-1
< g7nhame Z 97201 4 97ng Z 272 4 Jyo
=1 1=0

o0

<@ 427y 27 fe,
=0

By choosing n large depending on N and p, we can make |yz| < %5. This completes the proof of
Lemma A.3. O

The next lemma is classical, however, we could not find a precise reference in the exact following

form, thus we provide a proof for the reader’s convenience.

Lemma A.4. Let N > 2, p € (1,+0), ¥ C RY be a closed set and v € WVP(By) be a p-harmonic
function in B1\X, continuous in By withw =0 on XN By. Then vt = max{u,0} and v~ = — min{u, 0}

are p-subharmonic in Bj.

Proof. Since u~™ = (—u)* and (—u) is p-harmonic in B;\¥, it is enough to prove that the function u™ is
p-subharmonic in Bj. Let us fix an arbitrary nonnegative function ¢ € C§°(B;) and for all e, € (0,1)
define ¢, . = ((n+ (u—e)")e —n%)p. Since u € WHP(By) is p-harmonic in B;\X and ¢, . € Wy *(B1\¥),

/ ([VulP=2Vu, Ve, ) dr=0.
By

This implies that

[ @ o =)Vt PVt Vo) doke [ Gt (w2 de =0
B, Bin{u>e}
and hence
[ @ =0 = )9t P29t V) de <o, (A4)
B,

Letting n and then e tend to 0+ in (A.4), by Lebesgue’s dominated convergence theorem, we get
/ (IVut|P2Vu™, Vo) dz <0,
B;

which concludes the proof. O
The next lemma is a refined version of [15, Lemma 5.14].

Lemma A.5. Let N > 2 and let v : [0,1] — RY be a curve such that T := v([0,1]) C B,(z). Assume
that & = v(0) € 0By (x0) and & = (1) € 0B(xg). Then

may dist(y, (€1, &]) < (2r(H'(D) - |6 - &)t

Proof. Let z € argmax,.p dist(y, [§1,&2]). Assume that h := dist(z, [£1,82]) > 0 and [§; — & > 0,
otherwise the proof follows. Let 2z’ € RY be a point making (£1,2/,£;) an isosceles triangle such that
dist(2’, [€1, &2]) = h. Notice that h < 2r, [£; — &3]/2 < r and hence

Iz’—§2|§h+@§3r.
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On the other hand, H'(T') > 2|2’ — &|. Then, using the Pythagorean theorem, we get

h2 = |Z/ —£2|2 — M = (lzl _§2| — |£1_§2|) (2/ _£2| + 51_52')

4 2 2
HIUT) &~ &

< —

< ( 5 5 (3r+r)

=2r(H'(D) — |& — &)
This completes the proof of Lemma A.5. O
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