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Abstract

We study partial derivatives on the product of two metric measure structures, in par-
ticular in connection with calculus via modules as proposed by the first named author in

[12]

Our main results are:

i) The extension to this non-smooth framework of Schwarz’s theorem about symmetry
of mixed second derivatives

ii) A quite complete set of results relating the property f € W22(X x Y) on one side
with that of f(-,3) € W*2(X) and f(z,-) € W22(Y) for a.e. y, x respectively on the
other. Here X,Y are RCD spaces so that second order Sobolev spaces are well defined.

These results are in turn based upon the study of Sobolev regularity, and of the under-
lying notion of differential, for a map with values in a Hilbert module: we mainly apply
this notion to the map = — d, f(z,-) in order to build, under the appropriate regularity
requirements, its differential d.d, f.
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1 Introduction

Given two smooth manifolds M, N and points p € M, g € N, it is a classical fact in differential
geometry that
Tip,g)(M x N)=T,M x T,N (1.0.1)

where the isomorphism is given by (dmy,dms), with 7y, 7y being the projection onto the
respective coordinates and dny,dwys denote their differentials. This being valid for any (p, q) €
M x N we can regard any vector field v on M x N via its components, i.e. we can write
v = (vz,vy) where v, is a vector field on M parametrized by ¢ € N (or, better, a section of
the pullback of the tangent bundle of M via ) and symmetrically v, is a vector field on N
parametrized by p € M.

In the nonsmooth setting the analogue of has been investigated in our earlier work
[16]. Here the concept of tangent space is interpreted in terms of the language of normed
modules introduced in [12] and is tightly linked to Sobolev calculus. In this sense it should
not surprise that the validity of (the analogue of) (1.0.1) on metric measure spaces is related
to the validity of appropriate tensorization properties of Sobolev spaces (this latter topic has
been investigated only relatively recently: the first studies we are aware of have been conducted
in [4], see also [6] and [13] for more recent contributions). Without entering into details here,
let us just say that these tensorization properties of Sobolev spaces we are alluding to are
always satisfied if the spaces X,Y are RCD spaces (see Proposition and that in this case
the appropriate analogue of holds (see Theorem . This has been established in our
earlier work [16].

In the present manuscript we push the investigation further, in particular in connection
with higher order differentiations (in [I6] only first order derivatives have been considered).
Our main results are:

i) A generalization to this setting of the classical theorem by Schwarz about symmetry of sec-
ond order derivatives: we shall see in Theorem that under fairly general assumptions
the identity

dydy f = dydy f (1.0.2)

holds even in this framework

ii) A thorough study of the relation between second order regularity in the product of two
RCD spaces and second order regularity in the factors which-among other things-shows
that the expected formula

Hess(f) = ( N ) (1.03)

holds true (see Theorems and Propositions 4.13)). The discussion here is

complicated by the fact that on RCD spaces there is no single ‘second order Sobolev
space’ as it is not clear whether the ‘H’ version (obtained by completion of the space of
‘smooth’ functions) coincides with the ‘W’ one (obtained via integration by parts). Along
similar lines we also investigate differentiability properties of vector fields in relation to
that of their components (see Theorems and Proposition |4.19)).

A crucial aspect of our analysis, and perhaps the most important advance to the theory among
those given in the current manuscript, is in the possibility of speaking of Sobolev regularity for
functions with values in a (Hilbert) module, and in the related concept of differential. Notice
indeed that in order to just state the identities and , it is crucial to know what
dydy f is and given that for a function f in two variables the object dy f can be interpreted as
the map sending = to d, f(z,-) € LY(T*Y), it is imperative to be able to differentiate this sort
of maps. This analysis is carried out in Section [3.2
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2 Notation and preliminary results

For us a metric measure space (X,d, m) will always be a complete and separable metric space
(X, d) equipped with a reference non-negative (and non-zero) Borel measure m which is finite
on bounded sets.

2.1 Sobolev spaces for locally integrable objects

In this section we briefly recall some basic definitions of Sobolev-related objects, with particular
focus on quantities which are only integrable on bounded sets. For the definition and properties
of Sobolev functions and minimal weak upper gradients we refer to [7] (see also [20] and the
more recent [3, 4] whose presentation we are going to follow) while for what concerns L™ and
L% normed modules we refer to [12} [16].

Given a metric measure space (X,d,m), by L2 _(X) we mean the space of (equivalence classes
w.r.t. m-a.e. equality of) Borel functions f : X — R such that X f € L?(X) for every bounded
Borel set B C X. A sequence (f,,) C L2 _(X) converges to f in L _(X) provided Xgf, — Xpf
in L?(X) for every bounded Borel set B C X.

A test plan 7 is a Borel probability measure on C([0, 1], X) such that

(er)s«m < Cm, vt € [0,1],
1
[ il atan() < oo
0
for some C > 0.

The Sobolev class S?(X) (resp. S2_(X)) is the space of all Borel functions f : X — R for
which there exists G € L?(m) (resp. G € L2 _(m)) non-negative, called weak upper gradient,
such that for every test plan 7 it holds

/|f (1) = f(yo)dm(vy / G ()| dt dae (7).

It can be proved that f € S,%C(X) and G is a weak upper gradient if and only if for every
test plan 7 we have that for m-a.e. v the map t — f(v;) is in W11(0,1) and

SI00| <Gl aeteo1.
In particular, this characterization implies the existence of a minimal weak upper gradient in
the m-a.e. sense: we call it minimal weak upper gradient and denote it by |D fl-

The Sobolev space W12(X) (resp. W,if(X)) is defined as L? N S?(X) (resp. L. N SZ_(X)).
It can be proved that f € W 2( X) if and only if nf € Wh2(X) for every n Lipschitz with

loc
bounded support. We recall that W2(X) is a Banach space when endowed with the norm

11200 = 1122y + IIDFINZ2 -

We say ([I1]) that (X, d, m) is infinitesimally Hilbertian provided W12(X) is a Hilbert space.
It is useful to recall that minimal weak upper gradients have the following important locality
property:
IDf|=[Dgl  m—a.e on{f=g} V.9 € Sige(X).
From the notion of minimal weak upper gradient it is possible to extract the one of differ-
ential via the following result:



Theorem /Definition 2.1. There erists a unique couple (L°(T*X),d), where L°(T*X) is a
LO(X)-normed module and d : SE.(X) — L°(T*X) is a linear map, such that

i) |df| = |IDf| m-a.e. for every f € S2.(X),

loc

i) L°(T*X) is generated by {df : f € SE.(X)}, i.e. LO-linear combinations of objects of the
form df are dense in L°(T*X).

Uniqueness is intended up to unique isomorphism, i.e. if (A ,d") is another such couple, then
there is a unique isomorphism ®: LY(T*X) — . such that ®(df) = d'f for every f € SE_(X).

loc

The space of vector fields L°(TX) is defined as the dual of the L°-normed module L°(T*X).
It can be equivalently characterized as the L-completion of the dual L?(TX) of the L?-normed
module L?(T*X) (see [12], [8]). L3 (TX) C LY(TX) is the space of X’s such that |X| € L _(m).

We say that X € L2 _(TX) has divergence in L _, and write X € D(divisc), if there exists
h € L2_(X) such that

loc

/fh dm = — /df(X) dm, for every f € W'2(X) with bounded support.

In this case we call h (which is unique by the density of W12(X) in L?(m)) the divergence of
X, and denote it by div(X).

Let us now assume that (X, d, m) is infinitesimally Hilbertian, so that the pointwise norms
in LO(T*X) and in L°(TX) induce pointwise scalar products. In this case the modules L°(T*X)
and L°(TX) are canonically isomorphic via the Riesz (musical) isomorphism

b: LO(TX) — L°(T*X) and f: LO(T*X) — L°(TX)

defined b
Y X'(Y):=(X,Y) and  {(w!X):=w(X)

for every X,Y € L°(TX) and w € LO(T*X). The gradient of a function f € W,2*(X) is defined
as Vf := (df)* € L2 _(TX).

We say that f € W,i’f(X) has Laplacian in L2 _(m), namely f € D(Aj), if there exists
h € L2 _(m) such that it holds

loc

/gh dm = — / (Vf,Vg)dm, for every g€ W'?(X) with bounded support

(this is the same as requiring that Vf € D(diviec) with div(Vf) = k). In this case we call h
the Laplacian of f, and we denote it by Af. If f,h € L*(X) we shall write f € D(A) instead
of f € D(Ajoc), and in this case the Laplacian is equivalently defined as infinitesimal generator
of the Dirichlet form

E(f) = %/'dmdm if S € WHAX), (2.1.1)

+00 otherwise.

From the properties of the minimal upper gradient we deduce that E is convex, lower semicon-
tinuous and with dense domain, namely {f : E(f) < oo} is dense in L?(m). Hence, the classical
theory of gradient flows of convex functions on Hilbert spaces ensures existence and uniqueness
of a 1-parameter semigroup (h;);>0 of continuous operators from L?(m) to itself such that for
every f € L?(m) the curve t — h,(f) € L?(m) is continuous on [0, 00), absolutely continuous
on (0,00) and satisfies

d

dt
where it is part of the statement the fact that hy(f) € D(A) for every f € L?(m) and t > 0 (see
[2], and the references therein). We remark that in the case in which (X,d, m) is infinitesimally
Hilbertian, the Laplacian and the operators h; are linear.

he(f) = Af, for a.e. t > 0,



2.2 Calculus tools on product spaces

Let (X,dx,mx) and (Y,dy,my) be two metric measure spaces. The product space X x Y will
be always implicitly endowed with the product measure and the distance

(dx @ dv)?* ((z1,91), (22, 42)) = dx (21, 22) + &5 (y1,2)-

In the following we will denote by mx: X x Y — X, the canonical projection on the first
coordinate. Observe that this is a map of local bounded deformation, meaning that for every
bounded set B C X x Y there is a constant C(B) > 0 such that x| I8 C(B)-Lipschitz and

(mx)«(mx ® my | ) < C(B)mx: this in particular allows to construct a pullback module over

X x Y starting from a L°(X)-module .# over X (see [16, Section 3.1] for the definition of such
pullback). Given the particular structure of the projection map, a very explicit construction
can be given to such pullback, as we briefly discuss now.

Let us consider a L°(X)-module .# over X. We have on one side the pullback ([7%].#, [7%])
of ./ through mx (see [16, Theorem/Definition 3.2] and notice that in particular [7%].#Z is a
L°%(X x Y)-module) and on the other the module L°(Y,.#) that we are going to define now.
LO(Y, . #) is the space of all the equivalence classes up to my-a.e. equality of strongly measurable
(i.e., Borel and essentially separably valued) functions from Y to .#. This space canonically
carries the structure of a L°(X x Y)-module. Indeed:

- the multiplication of an element of LO(Y,.#) by a function f € LY(X x Y) is defined
as the map Y 2 y — f(-,y)v(-,y) € 4. Recalling that LO(X x Y) ~ LO(Y; L°(X)) and
approximating f € L°(X x Y) with functions with finite range as maps from Y to L°(X),
it is not hard to see that y — f(-,y)v(-,y) has essentially separable range, provided that
y > o, y) does;

- the pointwise norm of v € L°(Y,.#) is obtained by composing the map y — v(-,y) € .4
with the pointwise norm on .#. Again the isomorphism L°(Y, L%(X)) ~ L%(X xY) ensures
that the so-defined map takes values in LY(X x Y).

It is then clear that this pointwise norm induces a complete distance on L°(Y,.#) via the
formula

dpo(v,w) == /1/\ |v —w|dn,

where n € (X x Y) has the same negligible sets of mx x my (the topology induced by dpo
is independent on the choice of the particular n) and thus that, as claimed, LO(Y,.#) is a
L%(X x Y)-module.

By construction, L°(Y,.#) is generated by constant maps and for any v € .# the map o €
LO(Y, .#) constantly equal to v satisfies |6| = |v| o mx. In other words, by the characterization
of pullback of modules, the module L°(Y,.#) and the map v + o can be identified with
([7%]# ,[7%]), meaning that there is a unique isomorphism ® : LO(Y,.#) — [n%].# such that
O(v) = [mx]v for any v € A .

In what will come next, we shall often implicitly use this identification in the case in which
M = LO(T*X) , namely LO(Y, L%(T*X)) ~ [r3]L(T*X).

The fact that 7wy is of local bounded deformation ensures that it can be used to pullback
1-forms (see [12] and [16, Section 3.1.2]): for any f € SE.(X1) we have that

loc
fomx € SE.(XxY) with |d(fonx)| = |df|omx, mx® my-a.e., (2.2.1)

and from this fact it follows that there exists a unique linear and continuous map
m: LO(T*X) — LO(T*(X x Y)) with the property that

mx(df) =d(fomx),  Vf € Sec(X),
mx(gw) = gomx mxw, Vg€ L°(X),w € LY(T*X),

|rxw| = |w| o x, my @ my-a.e., Vw € LO(T*X).



All these constructions can be repeated with the roles of X and Y inverted.

By the universal property of the pullback of modules it is easy to see that the map 75 just
described splits through the pullback map from L°(TX) to LO(Y, L°(TX)) and a module mor-
phism @y : LO(Y, LY(T*X)) — L°(T*(X xY)). More precisely we have the following proposition
(see [I6l Proposition 3.7] for the proof):

Proposition 2.2. Let (X,dx, mx) and (Y,dy,my) be two metric measure spaces. There exists
a unique L°(X x Y)-linear and continuous map ®, from LO(Y, LO(T*X)) to LO(T*(X xY)) such
that .

Oy(dg) =d(gomx) Vg€ Siec(X),

where 55 : Y — LY(T*X) is the function identically equal to dg. Such map preserves the
pointwise norm.

Similarly, there is a unique L°(X x Y)-linear and continuous map ®, : L°(X, L°(T*Y)) —
LY(T*(X xY)) such that

o (dh) =d(homy)  Vhe SE(Y),

where dh + X — LY(T*Y) is the function identically equal to dh, and such map preserves the
pointwise norm.

A way to think at the above is the following. Say that we have two smooth manifolds M;
and M and a map assigning to every xo € My a 1-form w(ze) on My. Then we might think
at such map as the 1-form © on M; x My which at the point (21, 22) has value (w(x2)(x1),0).
Here a way of thinking at (w(z2)(z1),0) as element of the cotangent space at (z1,x2) is the
following: say that w(xs)(x1) = d, f for some smooth function f: M; — R (f depends on za,
but such dependence is not emphasized here). Then we can think/define (w(x2)(x1),0) as the
differential of f om: M7 x My — R at the point (z1,22). In the setting of metric measure
spaces the assignment w. — €2 is the map ®, defined by Proposition above.

Without further informations on the structure of X,Y it seems hard to find other relations
between calculus on the base spaces and calculus on the product. In particular, one would
expect the map ®, & ®, (see below for the precise definition and in particular Theorem to
be an isomorphism of modules: an investigation of this fact, carried out in [I6], shows that it
depends on the validity of the ‘Assumption below. The quotation marks are due because
we don’t know of any example for which such assumption is not satisfied, so perhaps there
is a chance that Assumption [2.5] is rather a theorem; for our purposes it will be sufficient to
know that we can actually prove that Assumption holds if the given spaces are RCD, see
Proposition [4.1] below.

In what follows we shall denote by dy,dy,d the differentials in X,Y,X x Y respectively.

Definition 2.3 (Tensorization of the Cheeger energy). Let (X, dx, mx) and (Y,dy, my) be two
metric measure spaces. We say that they have the property of tensorization of the Cheeger
energy provided for any f € L?>(X x Y) the following holds: f € WY2(X x Y) if and only if

- for mx-a.e. x € X it holds f(z,-) € WH2(Y) with /|dyf(ac,~)|2(y) d(mx @ my)(z,y) < oo

- for my-a.e. y €Y it holds f(-,y) € WH2(X) with /|dyf(-7y)|2(x) d(mx @ my)(z,y) < o
and, in this case, we have

df? = |def* +|dyf° mi @ ma-ace. (2.2.2)



Definition 2.4 (Strong measurability of the sections). Let (X, dx, mx) and (Y,dy, my) be two
metric measure spaces. We say that they have the property of the strong measurability of the
sections if for any f € SE.(X xY) the maps Y >y dyf € LO(T*X) and X > x +— dyf €

L°(T*Y) are essentially separably valued.
We shall be interested in spaces X, Y satisfying the following;:

Assumption 2.5. (X,dx, mx) and (Y,dy,my) are two metric measure spaces for which both
the tensorization of Cheeger energy[2.3 and the strong measurability of the sections hold.

For our purposes it is important to recall that if X, Y are RCD spaces, then they satisfy such
assumption, see Proposition [4.1]

Remark 2.6. We will refer to [16] for the proofs of the forthcoming results. Notice that
there the assumption made involves the density of a suitable class of functions in W12(X xY),
called “product algebra”, in the strong topology of W2(X x Y). However, the reason why the
density of the product algebra is needed in [I6] is exactly to show the strong measurability of
the sections, therefore all the results proved in [I6] are still true once we work under Assumption
]

The following lemma provides a link from differentials on X x Y to differentials on X and Y,
thus going in the opposite direction of Proposition [2.2

Lemma 2.7 ([16, Lemma 3.12]). Let (X,dx, mx) and (Y,dy,my) be two metric measure spaces

satisfying Assumption 2.5
Then for every f € SE.(X x Y) we have that f(-,y) € SE.(X) for ma-a.e. y and the map

y+— df(-,y) (that below we shall simply denote by dyf) belongs to L°(Y, L°(T*X)). Moreover,
for (fn) C SE. (X1 x Xo) we have

loc
df, — df in I°(T*(X x Y)) = dufn = dyf in L°(Y, L°(T*X)).

Similarly for the roles of X and Y inverted. Finally, the identity holds for any f €
S2 (X xY).

loc

We now turn to the ‘full’ relation between forms on X,Y and forms on X x Y. To this aim,
notice that for given L°%-normed modules .#,.#5 on the same space Z, the product .#; x .45
is canonically a L%-normed module on Z once it is endowed with the product topology, the
multiplication by L°-functions given by f(vi,ve) := (fv1, fv2) and the pointwise norm defined
as

[(01,02)[% = Jor]? + [wa] .
In particular, LO(Y, L%(T*X)) x LO(X, L%(T*Y)) is a L°(X x Y)-normed module and we can
define @, @ ®, as

O, D, LO(Y,LO(T*X)) x LO(X, L2(T*Y)) —
(w,0) —
We then have the following result:

Theorem 2.8 ([I6, Theorem 3.13]). Let (X,dx,mx) and (Y,dy,my) be two metric measure
spaces satisfying Assumption [2.5.

Then ®, &, is an isomorphism of modules, i.e. it is L°(XxY)-linear, continuous, surjective
and for every w € LO(Y, L°(T*X)) and o € L°(X, L°(T*Y)) the following identity holds
|y (w) + Dy (0)]> = [w|® + |0 mx @my —a.e..

Moreover, for every f € SE_(X x Y) it holds:

loc
df = (I’x(dxf) + (I)y(dyf)-



In other words, and in line with the discussion made after Proposition [2.2] this last theorem
provides a decomposition of L°(7T*(X x Y)) in two submodules, the image of ®, and the image
of ®,, and we shall think at these as the decomposition of a 1-form on X x Y into its components
cotangent to X and Y respectively: for brevity, given w € L°(T*(X x Y)) we shall write

w = (wx, wy) (2.2.3)

meaning that w = ®,(wy)+Py(wy). Theorem 2.8 above ensures that both w, and wy are uniquely
determined by w. In the smooth case, given a 1-form w on the product of two manifolds M7, My
and (z1,x2) € My X My, the 1-form wy(z2) at the point x; is the restriction of w(z1, z2) to the
kernel of the differential of 7z, in T{4, 4,)(M1 X Ma) (this kernel being isomorphic to T, M
via the differential of 7y, ).

Now recall that if L°(TX) is separable, then the dual of L°(Y, L°(T*X)) be canonically
identified with LO(Y, L°(TX)) via the coupling

=y = w)(uy) € LUX).

LO(Y, LO(T*X)) 5 w
LO(Y, LO(T*X)) 3 v }

Below we shall assume that L°(TX) is separable (recall that this is always the case if X is
infinitesimally Hilbertian, see [I]) and constantly identify L°(Y, L°(TX)) with L°(Y, L(T*X))*
via the above isomorphism. Same assumption and identification with the roles of X,Y swapped.
With this said, the LO(X x Y)-linear map ®,: L°(Y, LY(T*X)) — L°(T*(X x Y)) has the
adjoint
@ LO(T(X x Y)) = LO(Y, L°(TX))

characterized by the property that for any v € L(T(X x Y)) and w € LO(Y, L°(T*X)) it holds

w(®5(0) = (2.(w)) (0):

Similarly, the operator ®;: LO(T(X x Y)) — LO(X, L%(TY)), adjoint of ®, is characterized by
the fact that for any v € LO9(T(X x Y)) and n € LY(X, L°(T*Y)) we have

(25 () = (By(n)) (v).
Since the adjoint of ®, @ ®, is
(@, ;) : LOT(X x Y)) = LO(Y, L°(TX)) x L°(X, LY(TY)),

from Theorem we deduce that (®x,®y) is an isomorphism of modules.
Given v € LY(T(X x Y)), we shall write vy, v, in place of ®(v), ®;(v) respectively and also
often write
v = (vy, vy) (2.2.4)

thus implicitly identifying LO(T(X xY)) with LO(Y, LO(TX)) x L°(X, L°(TY)) through (®;, ®%).
Notice that in the smooth setting vy, v, are the components of the vector field v along X,Y
respectively.

We conclude recalling that if X,Y are infinitesimally Hilbertian, then also X x Y is so and
the decomposition given in Theorem is orthogonal:

Proposition 2.9 ([I6, Proposition 3.14]). Let (X,dx, mx) and (Y,dy,my) be two metric mea-
sure spaces infinitesimally Hilbertian and satisfying Assumption 2.5

Then X x Y is also infinitesimally Hilbertian and for every w € LO(Y,L°(T*X)) and n €
LO(X, L°(T*Y)) we have

(Pp(w), @y(n)) =0 mx@my —a.e.. (2.2.5)



2.3 Other differential operators in the product space

Up to now we have seen how the differential behaves under products of spaces. We shall now
investigate other differentiation operators (divergence and Laplacian) and for simplicity we shall
stick to the case of infinitesimally Hilbertian spaces.

As for the case of differentials, we shall denote by divy, Ay the divergence and Laplacian in
the space X (and similarly for Y) while we keep the un-labeled versions div, A for the operators
in the product space.

Proposition 2.10 ([I6] Proposition 3.15]). Let (X, dx, mx) and (Y,dy, my) be two metric mea-
sure spaces infinitesimally Hilbertian and satisfying Assumption[2.5
Then v € D(diviee, X) if and only if (9,0) € D(diviee, X X Y), where © € LO(Y, LO(TX)) is
the function identically equal to v (and we are adopting the convention in (2.2.4)), and in this
case
div((2,0)) = divy(v) o 7x.

Proposition 2.11 ([I6, Proposition 3.16]). Let (X, dx, mx) and (Y,dy, my) be two metric mea-
sure spaces infinitesimally Hilbertian and satisfying Assumption 2.5
Let v = (vg,vy) € L*(T(X x Y)) be such that:

- vy € D(divy, X) for my-a.e. y € Y with [ |divi(vy)|? d(mx @ my) < oo,
- vy € D(divy,Y) for mx-a.e. x € X with [ |divy(v,)* d(mx @ my) < oco.
Then v € D(div,X x Y) and
div(v) = divy(v) o mx + divy (vy) 0 Ty. (2.3.1)

Remark 2.12. The viceversa of Proposition [2.11]- obviously - does not hold, indeed the vector
field on R? defined by
X(x1,22) = sgn(zq — x2)(e1 + e2),

where sgn is the sign function, is easily seen to have null divergence, while the distributional di-
vergence of its components are Dirac masses (that get canceled out in considering the divergence
in the product space).

In other words, the problem is that if one has integrability for the two quantities on the
right hand side of , then the left hand side has the same integrability properties, but
from the integrability of the latter one cannot deduce informations on the integrability of both
addends in the right hand side. |

A direct application of Proposition [2.10] and Proposition [2.11] gives the following result on
the Laplacian on the product space:

Proposition 2.13 ([16, Corollary 3.17]). Let (X, dx, mx) and (Y,dy,my) be two metric measure
spaces infinitesimally Hilbertian and satisfying Assumption[2.5. Then:

i) f € D(Aoe, X) if and only if fomx € D(Ajoc, X X Y) and in this case
A(fomx) = (Axf) o mx.
ii) Let f € WH2(X x Y) be such that
— formx-a.e. x € X, f7:= f(z,-) € D(A,Y) with [|Ayf7]*(y) d(mx x my)(z,y) < oo,
— formy-a.e. y €Y, f,:= f(-,y) € D(A,X) with [ |Axfy|?(z) d(mx x my)(z,y) < oco.
Then f € D(A, XX Y) and

Af(z,y) = Axfy(x) + Ay f*(y)  myp xmg —ae. (7,y).



3 Partial first order derivatives on the product space

3.1 Partial first order derivatives for functions in two variables

Aim of this section is to review, in preparation of the subsequent results, the properties of those
functions of two variables which are differentiable with respect one of them. We start with the
following:
Definition 3.1 (The space L°(Y, S2 (X)) and the operator dy). Let (X, dx,mx), (Y,dy,my) be
two metric measure spaces. Then L°(Y,S2.(X)) C LO(Y,LY(X)) ~ L°(X x Y) is the space of
functions f € LO(X x Y) such that f(-,y) € S2.(X) for my-a.e. y €Y, and the map Y > y
def € LO(T*X) belongs to L°(Y; LO(T*X)).

We then define dy : L°(Y,S2.(X)) — LO(Y,L%(T*X)) by duf(y) := df(-,y) for my-a.e.
yevyY.

We shall also denote by L*(Y,S%*(X)) C L°(Y,S2.(X)) the space of functions f such that
[ 1def]? d(mx ® my) < .

The definition above guarantees that d,f is a well defined element of L°(Y, LY(T*X)) (i.e.
that it is Borel and essentially separably valued).

It is worth noticing that if the space W12(X) is separable (as it is the case if it is Hilbert -
recall [1, Proposition 7.6]), then elements of L°(Y,S2 (X)) can be easily singled out:

loc

Proposition 3.2. Let (X,dx, mx), (Y,dy, my) be two metric measure spaces with W2(X) sep-
arable and f € L°(X x Y).
Then f € L°(Y, S (X)) if and only if for my-a.e. y € Y we have f(-,y) € S2_(X).

loc loc

Proof. We start with the ‘only if” and to this aim define ™ := 1 A (m —dx(z,Z))" where Z € X
is a fixed point. Then it follows from our assumption that for every n,m € N we have that for
my-a.e. y € Y the function z + n™(x) f"(x,y), where f* :=n A f V (—n), belongs to W?(X).
Fix y € Y for which this holds and let first m — oo and then n — oo to deduce that z — f(z,y)
belongs to SZ_(X), giving the claim.

For the ‘if” we notice that by the very definition of L°(Y,SZ_(X)) and up to replace f by
n™ f" with n™, f™ as above and letting first m — oo and then n — oo, it is sufficient to deal
with the case f € L2(X x Y) with f(-,y) € WH%(X) for my-a.e. y € Y.

In this case to conclude it is sufficient to prove that f € LO(Y,W12(X)) that is to say,
as WH2(X) is separable, that y — f(-,y) € WH2(X) is (the equivalence class up to my-a.e.
equality of) a Borel map. Since y ~ f(-,y) € L?*(X) is Borel by and Assumption
.5 to conclude it is sufficient to show that the Borel structure on W1Z(X) induced by the
Wh2_distance coincides with that induced by the L2-distance. Since ||f||z> < || fllwr.2 it is
clear that L?-open sets are also W'2-open, whence the same is true for Borel ones. For the
opposite inclusion we notice that since the W12-norm is L?-lower semicontinuous, we have that
a Wh2-closed ball is a L?-closed set, thus a W12-open ball is the union of a countable number
of L?-closed sets, hence L?-Borel. The conclusion follows. O

Remark 3.3 (Partial differentiation as example of D-structure). In [I7] the authors present
an axiomatic approach to the theory of Sobolev spaces over abstract metric measure spaces,
introducing the notion of D-structure. Given a metric measure space (X,d, m) and an exponent
p € (1,00), a D-structure on (X,d, m) is any map D associating to any function u € Lf, (m) a
family of non-negative Borel functions D[u], called pseudo-gradients, such that a proper list of
axioms is fulfilled (see [I7, Section 1.2]). Intuitively, these pseudo-gradients provide a control
from above on the variation of u, in a suitable sense.

This allows to define the space WP(X,d, m, D) as the set of all functions in LP(m) admitting
a pseudo-gradient in LP(m). Moreover, using standard techniques of functional analysis, to any
Sobolev function u € WP(X,d, m, D) it can be associated a uniquely determined minimal object
Du € D[u] N LP(m), called minimal pseudo-gradient of w.
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In [15], the authors prove that, under suitable locality assumptions, these D-structures
give rise to a first-oder differential structure, namely to a natural notion of cotangent module
LP(T*X; D), whose properties are analogous to the ones of the cotangent module L?(T*X): the
main result of such paper shows the existence of an abstract differential d: W1?(X,d, m, D) —
LP(T*X; D), which is a linear operator such that for any u € W1P(X,d, m, D) the pointwise
norm |du| € LP(m) of du coincides with Du in the m-a.e. sense.

We point out that an example of D-structure satisfying all the locality conditions as in-
vestigated in [I5] is the one that assigns to any u € L2(Y,W12(X)) C L*(X x Y) the set
D[u] :=={G € L*(X xY) : G > |dyu| mx x my — a.e.}. [ |

The operator dy defined on L°(Y,S2_(X)) trivially inherits all the calculus rules of dy :

loc
SZ (X) = LY(T*X):
Proposition 3.4 (Calculus rules). Let (X, dx, mx), (Y,dy,my) be two metric measure spaces.

Then the following hold:

i) Closure. Let (f,) C L?(Y;S?%(X)) be myx ® my-a.e. converging to fo,. Assume also that
for some open sets QF C X (resp. Borel subsets B¥ C Y ) with U, = X (resp. my(Y \
UpB¥) =0) and w € LO(Y; L°(T*X)) we have that (XqrXprdxfn) converges to XorX grw
in the weak topology of the Banach space L*(Y, L?(T*X)) for any k € N (notice that this
holds in particular if dyf, — w in L2(Y, L3(T*X))).

Then foo € L*(Y;S%(X)) and dyfoo = w.
The same conclusion holds if (f,) C L*(Y; W12(X)) converges to fs in the weak topology
of L>(X x Y).

ii) Locality. For any f,g € L°(Y,SE_(X)) we have

loc

dyf = dyg mx @ my —a.e. on {f =g}. (3.1.1)

loc
mx®my-a.e. on fH(N). Moreover, for ¢ : R — R Lipschitz we have pof € LY(Y, SE(X)
and

i) Chain rule. Let f € L°(Y,S2.(X)) and N C R Borel and L-negligible. Then d,f = 0
oc(X))

du(po f) = ¢ o fdf,

(notice that by what just claimed, the actual definition of ¢’ o f on the set
FY({non differentiability points of ¢}) is irrelevant because on such set dyf is zero).

iv) Leibniz rule. Let f,g € L°(Y,SE_ (X)) N L2

2. (X xY). Then fg € L°(Y,S2.(X)) as well
with

loc

de(fg) = fdxg + gdy f.

If g only depends on the y wariable, then the above holds without assuming that f €
L2 (X xY).

loc

Proof. Locality, Chain rule and Leibniz rule follow directly from the definition of dy and
the analogous properties of functions depending solely on the x variable. For the closure we
notice that first using Mazur’s lemma, then passing to subsequences and finally with a diagonal
argument we can assume that for any k¥ € N we have Xqrdy fr(y) — Xaqrw(y) in L2(T*X) for
my-a.e. y € Y. Thus the claim follows from the closure of the differential operator on functions
depending solely on the x variable and on the fact that the result does not depend on the
subsequence chosen. The second claim about the closure follows along similar lines by using
Mazur’s lemma to reduce to strong convergence in L?(X x Y) and then passing to a subsequence
to achieve mx ® my-a.e. convergence. O

The definitions given allow to reformulate Theorem [2.§]in the following way:
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Proposition 3.5. Let (X,d,mx) and (Y,dy,my) be two metric measure spaces satisfying As-
sumptz'on and let f € SE. (X xY).

Then y — f(-,y) is in LO(Y,SE (X)) and, symmetrically, x — f(z,-) is in L°(X,S2.(Y)),
Moreover we have

df = Be(dyf) + D, (dy f). (3.12)
Proof. This is simply a restatement of Theorem [2.8| O

In what follows we shall adopt the more compact (and more similar to the one adopted in
the smooth setting and in (2.2.3))) notation

df = (dxf,dyf) (3.1.3)

in place of (3.1.2): this should hopefully clarify that we are dealing with partial derivatives and
that dy f,d, f are the two components of df. Recalling the definition of ®,, this means that for
f € S2.(X) we have
d(f omx) = (dyf,0).

Similarly, if the spaces under consideration are also infinitesimally Hilbertian (as it often will
be the case) then we shall adopt a similar notation for the gradients to the one in , SO
that Vf = (Vi f, Vyf) and, for f € S2.(X), V(f omx) = (Vxf,0).

In this direction it will be useful to notice that what just said and Proposition allow to
write

div(hV (g o mx)) = divk(hVxg) myx @ my — a.e. (3.1.4)

for any h € Lip, (X x Y) and g € D(Ax).

We now show that under appropriate integrability assumptions for both the function and
the differential, belonging to L°(Y;SE (X)) can be checked via integration by parts. Notice
that this requires also that Assumption holds and that X is infinitesimally Hilbertian (this
latter point can be slightly weakened, but we won’t push in this direction).

Proposition 3.6. Let (X,dx, mx), (Y,dy, my) be two metric measure spaces satisfying Assump-
tion and with X being infinitesimally Hilbertian. Also, let f € L*>(XxY). Then the following
are equivalent:

i) fe LY, Wh(X)),
ii) There is A € LO(Y; LO(T*X)) with |A] € L>(X x Y) such that
- / fle(hV(g o 7Tx)) d(mx & my) = /h <A, dxg> d(mx ® my) (315)

holds for any h € Lipp (X X Y) and g € D(Ax).

Moreover, if this is the case the choice A = dxf is the only one for which (ii) holds.

Proof.
(7) = (i4) From (3.1.4)) and the definition of div, we obtain

/fle hV(gomx))d(mx ® my) / /f y)divy (h(-,y)Vxg) dmx)dmv(y)
. / (/h(dxf, dug) dmx)dmy,
which proves (i7) with A := dyf.

(1) = (i) For every n € N, let (A7) be a Borel partition of Y made of at most countable
sets, with my(A") (O oo) diam(A?) < L and so that (A'*") is a refinement of (A?). Put
= my(A2)” fA" y)dmy(y) € L*(X) and f*(z,y) := >, Xar(y) f(z) € L2(XxY). I
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is clear that f* — f in L?(X x Y) and thus the lower semicontinuity of the Cheeger-Dirichlet
energy Ex on X easily gives

/ Ex(f(y) dmy(y) < lim [ Ex(F"(~y)) dmy (y). (3.1.6)

n—oo

For every n,i let (h',) C Lip, (X x Y) be a sequence of functions 1-Lipschitz in the x variable,

i,m
with values in [0, 1] and such that (h},,), (|dxhf,,|) converge mx ® my-a.e. to Xxxar and 0,

respectively, as m — oo. Also, for t > 0 let us put g7, := hx:(f]') € D(Ax). Then an
application of the dominate convergence theorem shows that for every n,i,t we have

_ / Fdivi(h2, V() d(my @ my) = — / FAxg d(mx ® my)
XxAy

/h?,m (A, degy) dmx @ my)  — /<AaXX><A?dxgzn> d(mx ® my)
as m — 0o, so that taking into account our assumption and the identity (3.1.4)) we obtain
—/ fAxgl d(myx @ my) = /(A, XXXA;degf> d(mx @ my). (3.1.7)
Xx AR

Now observe that from the closure of the differential it is easy to justify the following compu-
tation:

g = = [ [ ) A (77) dmcdmy ()
Xx AP o Ix
= [ el 17 )
- /X/A (e e/ (f (-, 9)) dh e/ (f1)) dmy (y) dmx

:my(AZL)/ |dxhX,t/2(fin)‘2dmx
X

= 2my (A7 )Ex (hx¢/2(f1))-
On the other hand by Young’s inequality and the fact that Ex is decreasing along the heat flow
we have

1
/<A7XXXAgdxgi"> d(mx ® my)

5/ |A]? d(mx @ my) + my (A})Ex(g}")
Xx AP

IN

1

3 [ AP dlme s my) + (AT (/2(77):
Xx AP

Coupling these last two (in)equalities with (3.1.7) we deduce that

. . 1
iy (AT)Ex(£7) = lim my (A7)Ex (hx,t/a (/1) < & / AP d(mx @ my).
t10 2 Jxxar

IN

Summing over ¢ and recalling (3.1.6) we conclude that

[ Exdmyo) < 5 [ JAP dlmco my),
Y XxY
showing that f € L?(Y,W12(X)) (recall Proposition , as desired.

To conclude that A = dyf is the only choice for which holds, it is enough to show
that the vector space generated by elements of the form hdyg with h, g as in the statement is
dense in L2(Y; L?(T*X)). To see this, notice that arguing as we just did the closure of such
space contains all the elements of the form Xpxcdxg for B, C' Borel subsets of X, Y respectively
and g € WH%(X). Then the conclusion follows from the fact that L?(T*X) is generated by
differentials of W 2-functions and the fact that piecewise constant maps from Y to L?(T*X)
are dense in L%(Y; L*(T*X)). O
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3.2 Sobolev maps with values in a Hilbert module

In this section we study the differential of a function on X with values in a Hilbert module ¢
over Y. The prototype case we want to cover is that of J# := L?(T*Y) as we aim to give a
meaning, in the non-smooth context, to the Sobolev regularity of  — dy f and to its differential
dydy f.

For the purpose of the present discussion, a Hilbert module on Y is a L2-normed L>°-module
on Y. Given such a module .7 and its dimensional decomposition (£;);enu{oo} (see [12]), a
local Hilbert base (e;);en is a collection of elements of the L°-completion of J# such that for
every n € N we have (e;, e;) = 0;; on E,, for every i,j < n.
Definition 3.7 (The space SZ_(X; #oc)). Let (X,dx, mx), (Y,dy,my) be two metric measure
spaces, with X infinitesimally Hilbertian. Moreover, let 5 be a separable Hilbert module over
Y, and (€;)ien be a local Hilbert base of 7 with |e;| € L=(Y) for any i € N.

Then the space SE_(X; Hoc) C LO(X; H) is the space of functions f such that:

i) the map y — (f(-),e:) (y) is in LO(Y; S2.(X)), for every i € N,

loc

i) the function |dyxf]: X x Y — [0, 00] defined by

A f|? = Z |du(®; 0 f)? (3.2.1)

belongs to L°(Y; L2 (X)) (i.e. is such that |dy f|(-,y) € LE(X) for my-a.e. y € Y), where

loc loc

®; : A — LO(Y) is given by ®;(v) == (v, e;).

By WL2(X; ) C SE.(X; Hoc) we denote the space of functions f € S2.(X; Hoc) with
[f], 1dxf| € L2(X x Y).

Remark 3.8. Picking ¢ := L?(Y) and comparing the above with Definition we see that
SE)C(X; Lﬁ)c(Y)) =1L (Y’ SE)C(X))

Then, taking into account that the infinitesimal Hilbertianity of X yields the separability of
W12(X) and Proposition [3.2] it is clear that W1:2(X; L2(Y)) ~ L2(Y; W12(X)) as both spaces
are made of those functions f € L?(X x Y) such that f(-,y) € W12(X) for my-a.e. y and so
that |dyf] € L2(X x Y). [ |

Remark 3.9. A priori, Definition depends on the particular fixed local Hilbert base (e;);en
but we shall see in Proposition below that this is not the case. Such independence is
also based on the assumption that X is infinitesimally Hilbertian, which is needed in order to
ensure that |d,f| is well defined (i.e. that it does not depend on the particular base chosen).
In fact, the proof of Proposition [3.10] below is based on the fact that we can make use of the
parallelogram identity in the chain of equalities (3.2.2)), and this is actually guaranteed by the
fact that X is infinitesimally Hilbertian. ]

Proposition 3.10. Let (X,dx, mx), (Y,dy,my) be two metric measure spaces, with X infinites-
imally Hilbertian and let 7€ be a separable Hilbert module over Y.
Then the space S2_(X; Hoc) does not depend on the particular local base (e;) of S chosen

loc

and for f € SE_(X; #sc) the function |dyf| defined by (3.2.1) also does not depend on the base.

loc

Moreover the following holds:

i) Locality. For any f € SE.(X; Hoc) we have
|d«f| =0 mx @ my — a.e. on {f =0}.
i) Subadditivity. For any f,g € S2.(X; #oc) and o, 3 € R we have

loc

|d(af + Bg)| < lalldcf]+ |Blldxg]  mx @my —a.e.
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i) Lower semicontinuity. Let (f,) C WY2(X; ) be weakly L?*(X; 3#)-converging to f €
L2(X; ) and such that |Dyf,,| — G in the weak topology of L*(X xY) for some G. Then
fe Wha(X; ) and |D,f] < G mx @ my-a.e..

Proof. Let {e;} be a local Hilbert base of . such that f € SZ_(X; #oc) in the sense of the
Deﬁnltlonabove and let {¢;} be another local Hilbert base of 7. Put f, := 3, e;®iof so
that f, — f mx-a.e. as n — oo and, as direct consequence of the definitions, f,, € S2_(X; Hoc).

We have (f,,,€;) = >, ,,(€;, €;)®"o f,,, which is trivially an element in L0 (Y; S2.(X)) (notice

that ®’o f,, € S2_(X) by assumption and (€;,e;) € L°(Y), hence both functions can be seen as
elements of L°(Y, S2_(X)) and then apply the Leibniz rule in Proposition , and

S el &) = 37 ST (5 (e en) (dul® 0 fu), d(@ o )
J 7 i,k<n

= > (Al @ 0 f), d(@F 0 fu)) D (65, e) (Een) = D |de(@F 0 f) 2,

i,k<n J i<n

=(ei,er)=0ik

(3.2.2)

where the order of summation can be swapped because i, k run over a finite set. In particular
we have

Z |de(fn, €5)|% < Z |du (@' 0 £)]? mx @ my — a.e. ¥n € N. (3.2.3)

It follows that for every bounded Borel subset B C X we have that for my-a.e. y € Y the
sequence of functions (Xpg|dx(fn,€;}|(-,y)) is bounded in L?*(X). Also, for my-a.e. y € Y
the functions ((f.(-),€;)(y)) converge to (f(-),é;)(y) mx-a.e., hence what just said and the
lower semicontinuity of minimal weak upper gradients gives that (f(),€;)(y) € S2.(X) with
|dx( f, éj>|(~,y)|B < Gj(-,y) mx-a.e., where G; is any weak L>limit of some subsequence of

(XB|d«(fn,€;)|(,y)). Then from Lemma below, (3.2.3) and the arbitrariness of B we

deduce that .
Z |du(f,€;)]? < Z |d (@0 f)]? mx ®my — a.e..
j i

Swapping the roles of the bases (e;) and (€;) we conclude.
Finally, properties (i), (i), (¢i7) are direct consequences of the definitions and the analogous
properties for L?(Y)-valued functions (for (iii) we also use Lemma below). O

Lemma 3.11. Let (X,d,m) be a metric measure space and for every i € N let (g%) C L*(X)
be a sequence of non-negative functions such that \/,; 1g5|> = G in L*(X) for some G > 0
as n — oo. Also, let g¢ € L?(X) be non-negative and such that g < G* m-a.e. for any weak

L2-limit G* of (g%,). Then
/z:|gi|2 <G m—a.e..

Proof. With a diagonalization argument, up to pass to a subsequence we can assume that
gl, — G' for some (G*) C L*(X). Now let A C fs be countable and dense in the set of
non-negative sequences of fo-norm < 1 and notice that

Z |hi]2 = sup Z a;h; for any sequence of non-negative numbers h;. (3.2.4)
\/ i

(a;)EA

For any (a;) € A, m-a.e. we have

N
i i _ 2 2
2 a;g" < E a;G' = A}l_rgo E a;G" = hm wea}j}m lim Elazgn < wearlj}oo lim E algn
3 3 K2
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Now observe that since for every n € N we have that m-a.e. it holds Y, a;g9%, < />, |g4]%,
the same relation is in place for the respective weak L2-limits, thus from the above we get
>, aig" < G m-a.e.. Then the arbitrariness of (a;) € A and (3.2.4) give the conclusion. O

To the Sobolev space S%C(X; Hoc) We can canonically associate a differentiation operator:

Theorem 3.12 (Module-valued partial derivatives). Let (X, dx, mx), (Y,dy,my) be two metric
measure spaces, with X infinitesimally Hilbertian and let 7€ be a separable Hilbert module over
Y.

Then there exists a unique couple (L°(T*X; ), dy) where LO(T*X; ) is a L°(X x Y)-
normed module, dy : SE.(X; Hoc) — LO(T*X; #°) is linear and satisfies

loc

i) for any f € SE_(X; Hoc) the pointwise norm of dyf coincides with |dyf| mx ® my-a.e.,

ii) LO(X xY)-linear combinations of elements of the form dyf for f € SE.(X; #oc) are dense
in LO(T*X; 7).

Uniqueness here is intended up to unique isomorphism, i.e. if (//Z,&X) is another such couple,
then there is a unique isomorphism ® : LO(T*X; ) — 4 such that ® o d = d,.
An explicit example of couple as above is given by the module

LY(T*X; ) == L°(Y; L°(T*X)) @ L°(X; ) (3.2.5)
and the operator

Sec(Xi Hoc) 3 f = df =) du(®io f) @6, (3.2.6)

where (e;) C A is a local Hilbert base of 7, é; € L°(X; 3) is the function constantly equal to
e; and ®; : H# — LO(Y) is given by ®;(-) := (-, e;), for any i € N.

Proof. Uniqueness is a simple consequence of the definitions, see e.g. the arguments in [16]
Theorem/Definition 3.2] and notice that they can be easily adapted - we omit the details.
Existence also follows by mimicking the construction in [12], [I6] or, alternatively, by the explicit
construction we provide below.

To check that the couple made by the module L°(Y; LO(T*X))® L°(X; ) and the operator
dy as defined by (3.2.6) satisfies the requirements, we must first check that d, is well defined,
i.e. that the series(];@ converges in LO(Y; L°(T*X)) ® L°(X; 5°). To see this, notice that
the addends are pointwise orthogonal and that {¢; = 0} C {®%o f = 0}, thus for any N, M € N,
N < M we have

M
> @i e
=N

2 M
= d(®i0 ), (3.2.7)
=N

and since for my-a.e. y € Y and bounded Borel set B C X the series >, |d(®; o f)|*(-,y)XB
is convergent in L?(X), this is sufficient to conclude that the series in converges in
LOT*X; LO(Y)) @ LO(X; 29).

Then the fact that dy is linear is obvious from the definition, while the fact that (i) holds

follows from above.

To check (i), notice that for any f € LO(Y;S2 (X)) and i € N, the function F := fe;: X —
A, defined by F(x) = f(z,-)e; for mx-a.e. x € X, satisfies ®/ o F = 0 for j # i and &' o F =
JXxx {e,#0y- In particular, directly from Deﬁnitionwe have that ®'o F' € LO(Y;S2 (X)) with
d (PP o F) = Xxx{e;20}dxf. Tt is then clear, by the very Definition that F € S2_(X; Hoc)
with

AeF' = (Xxx {e; 20} A f) @ € = duf @ (Xxx e, 201 €i) = A f @ €.
The conclusion follows from the fact that differentials of functions in L°(Y;S2_ (X)) generate

LO(Y;T*X)) (trivial consequence of the fact that differentials of functions on S2_(X) generate

loc

L°(T*X)) and the family (é;) generates L°(X; 7). 0
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The explicit representation as in allows some manipulation of the object d,f. For
instance, if 7 is another Hilbert module over Y and T': L(X; ) — L°(X; 5#") is a module
morphism, then 7" induces a map, still denoted by T (with a slight abuse of notation, as perhaps
Id ® T would be the canonical choice), from L°(T*X; L°(Y)) ® LY(X; ) to LO(T*X; L°(Y)) ®
LO(X; ") by acting on the ‘second factors’. More precisely, the map

LO(T*X; LO(Y)) @ LO(X; ) Z%@vl > Zwl ® (Tv;) € LO(T*X; L°(Y)) ® L°(X; ")

which is trivially well defined by the L°(X x Y)-linearity of T', can be shown (see below) to be
continuous, and thus can be uniquely extended to a continuous map from L°(T*X; L(Y)) ®
LO(X; 5) to LO(T*X; LY(Y)) @ L°(X; #"). To check the continuity one possibility is to notice
that we can always rewrite a finite sum such as Z _1 w; ®v; so that the w;’s are pointwise
orthogonal and once this is done we have

> wie @] =3 Wil ITol < ITEY Pl = 1T | Y wi @ v
=1 =1 =1 =1

Thus for T' as above it makes sense to speak about T'(dyf) for f € SZ_(X; Hoc).

We shall mostly apply this construction in two cases: either when - as in formula -
T : # — ' is a module morphism which induces by post-composition a module morphism
from L°(X; ) to L°(X; "), or when - as in formula - a given element w € LO(X; )
is considered and T : L9(X; ) — L°(X x Y) is given by T(v) := (v, w).

We now collect some properties of the newly defined differentiation operator:

Proposition 3.13. Let (X, dx, mx), (Y,dy, my) be two metric measure spaces, with X infinites-
imally Hilbertian and let 5€ be a separable Hilbert module over Y. Then:

i) Closure. Let (fn) C SE.(X; #sc)) be mx-a.e. converging to some f € LO(X; 7). Assume
also that for some open sets Q¥ C X (resp. Borel subsets B¥ C Y) with UpQF = X
(resp. my (Y \ U B*) = 0) and w € LY(T*X; ) we have that (XqxXpgrdyf,) converges to
Xk Xgrw in the weak topology of L*(T*X; 7 (this happens or instance if (dxfn — w) in
L2(T*X; 5#)).

Then f € SE_(X; Hoc)) with def = w.

ii) Locality. For any f,g € SE.(X; Hoc) we have
dif = dyg mx @ my —a.e. on {f = g}.

i) Leibniz rule. For any f,g € S2.(X; Hoc) with |fl,|g] € L2(X x Y) we have {f,g) €
S2 (X5 LY _(Y)) with

loc loc

A (f, 9) = (dxf, g) + (f,dxg) - (3.2.8)

iv) Chain rule. Let 52" be another Hilbert module over Y, T : £ — ' a module morphism
with |T| € L=(Y) and f € SE.(X; Hoc). Then T o f € SE(X; H4..) and
du(T o f) = T(dyf). (3.2.9)

Proof. The closure property () is a direct consequence of the the very definition (3.2.6)) and of
the closure of the differential of functions in L°(Y; S2_(X)) established in point (i) of Proposition

milarly, point (47) is a direct consequence of the analogous property (3.1.1) and Definition
3 2.0)
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For what concerns (iii), let (e;) be a local Hilbert base of 5, write f; := ®'o f, g; := ®'og
for brevity and notice that (f,g) = >, fig: with the series converging myx ® my-a.e.. Then
observe that from the Leibniz rule proved in point (iv) of Proposition we have that

N N N
A figi =Y gidefi + Y fidugi,
i=1 i=1 i=1

thus by the closure of the differential the conclusion will follow if we prove that for any Q C X
open and bounded there is a sequence k — B C Y of Borel sets with my (Y\Ux B¥) = 0 such that
XoXps (30 gidufi + 3 fidugi) = XaXge ((duf, g) + (£, dxg)) in L2(T*X; L2(Y)) as N — oo
for every k € N. We pick B¥ := {y € Y : [ |df?(.y) + |dxg|*(-,y) dmx < k} N By(y) for
some fixed § € Y, and notice that the assumption f, g € SZ_(X; #oc)) gives my (Y \ Uy B¥) = 0.
Then we observe that

/52ka Zgl na

dimy xmy) < [ Z WZ A2 d(my x my)
< g1l ety / 37 il d(m x my)
Qx Bk i>N
and that by construction it holds

/Q D ldufil? d(mx x my) = /Q D ldefil? d(mx x my) < kmy(Q)my (Bg(y)) < oo.

xB* >0 xB* i

These show that XoXgr Zfil Gidufi = XaXpr Y 5oy gidxfi in L2(T*X; L2(Y)) as N — oo for
every k € N, so that the conclusion follows noticing that (dyf,g) = >, gidxfi (from dyf =
> defi®é; and g =), gi€;) and arguing similarly for the other addend.

We pass to (iv) and start claiming that for f € SE_(X; LY _(Y)) and v € J# with |v| € L>=(Y),
the function X 3 z — f(z,-)v € S belongs to Sp.(X; Hoc)) with de(fv) = dyf @ v. To see
this, notice that we can write v = |v|e;, where e; € 7 is the first element of some local Hilbert
base use the fact that flv| € S2_(X; LY (Y)) with dy(f|v]) = |v|dxf (point (iii) of Proposition
and conclude recalling the very definitions of S2_(X; #oc) and of dy given in (3.2.6)).

Now denote by (e;),(€}) local Hilbert basis of 7, " respectively and put for brevity
fi == ®' o f € SE.(X; L%C(Y)) and a;; = (Te;ej) € L>(Y). Then what we just proved
ensures that for any i,j we have fia;e} € Sp (X;27.) with dy(fiaije}) = defi ® (age)).
Adding up in j and using the closure of the differential proved in point (i) above (notice
that . lai;|?> = les|> € L>=(Y)) we deduce that T(f;e;) = f;T(e;) = >_; fiaije; belongs to
S2Z_(X; 4! .) with

loc

fz€1 defz azg ] = xfz (Zaz] J> :dxfi®T(ei):T(dxfi®ei),

where the last identity comes from the very definition of the action of T on LO(T*X; ) =
LO(T*X; L°(Y)) @ L°(X; 5#). The conclusion (3.2.9) now follows adding up in i and using again
the closure of the differential. O

We conclude the section with a statement similar to Proposition which allows to check
whether f belongs to W12(X; ) via integration by parts:

Proposition 3.14. Let (X,dx,mx),(Y,dy,my) be two metric measure spaces satisfying As-
sumption with X being infinitesimally Hilbertian, ¢ an Hilbert module over Y and
f € L2(X;32). Then the following are equivalent:

i) [ e WhA(X; ),
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i) There is A € LO(T*X; ) with |Alys € L*(X X Y) and a generating set D C 7 made of
bounded elements such that

7/<f,v> div(hV (g o 7)) d(my ® my) :/h<A,dxg®v> dmy @my)  (3.2.10)

holds for any v € D, h € Lipp(X x Y) and g € D(Ax).

Moreover, if this is the case the choice A = dyf is the only one for which (ii) holds and (3.2.10)
holds for every bounded element v € .

Proof.

(i) = (ii) Let v € S be with |v| € L and T : 5 — L°(Y) be given by T(-) := (-,v). Then
point (i) in Proposition gives that (f,v) € WH2(X; L2(Y)) with de((f,v)) = (dyf,v) €
L2(Y; L?(T*X)). Thus we can apply of Proposition to (f,v) with g,h as in the
statement to get

- / (f, ) div(h¥ (g o mx)) d(mx © my) = / h{{dsf,v) , dg) d(mx ® my)
= /h<dxf,dxg®v> d(mx @ my),

which is the claim with A = d,f.

(#4) = (i) Applying Proposition to (f,v) for v € D we obtain that (f,v) € W12(X; L2(Y))
with dy (f,v) = (A,v) (this expression meaning that (dy (f,v),w) = (A,w ®v) for any w €
LO(Y; L°(T*X))). By the linearity of the differential and taking also into account the second
claim in the Leibniz rule in point (iv) of Proposition we deduce that for v; € D and
a; € L>=(Y) we have (f, >, a;v;) € WH2(X; L%(Y)) with

dy( f, (Zaivi)> = Zaidx<f; vi) = Zai (A v) = (A, Zaivi>;

where the sums here are finite. From the fact that D generates S it is easy to deduce that for
any h € 2 with |h| € L>°(Y) there exists a sequence of L>-linear combinations of elements
of D whose pointwise norm is uniformly bounded and my-a.e. converging to h. Hence from
what we proved above and the closure of the differential we conclude that for any h € J# with
|h| € L™ we have

(f,h) e WH2(X; L2(Y))  with  dy (f,h) = (A4, h). (3.2.11)

In particular this holds for h = e; with (e;) a local Hilbert base of 5. Hence from the
very definition of W12(X; ), the identity >, | (4, e;) [* = |A]{g and the assumption |A|,s €
L3(X, xY) we conclude that f € WH2(X; 7).

To obtain that A = d,f notice that from we have (d«f,e;) = dx (f, e;) and recall
to deduce that dy (f, h;) = (A, e;) for any i. The claim follows. O

3.3 Schwarz’s theorem on symmetry of mixed second derivatives

Let 71, 2 be two Hilbert modules over the same space (in our case that would be X x Y).
Then there is a natural transposition map A — AY from ' ® 2 to H#? @ ", defined
as the only L°°-linear and continuous extension of the map sending v; ® vy to v ® vy for any
v; € A, i =1,2. It is trivial to check that the transposition is well defined by this as well as
the fact that transposing twice returns the identity.

Now consider infinitesimally Hilbertian spaces X,Y and a function f € L2(Y;W12(X)).
Then in principle we have d,f € L2(Y;L?(T*X)). Now assume that in fact we have more
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regularity and that in fact it holds d,f € W12(Y; L2(T*X)). Then recalling (3.2.5)) we see that
the differential dyd, f is in

LA(T*Y; L*(T*X)) ¢ LY(T*Y; L°(T*X)) = L°(X; L°(T*Y)) ® L (Y; L°(T*X)). (3.3.1)

In these circumstances and assuming also that f € L2(X; W12(Y)) (see Example below),
it is natural to wonder if we also have d, f € W?(X; L?(T*Y)) and whether mixed derivatives
commute. Inspecting the spaces where dyd, f and d.d, f belong, we see that the correct way to
phrase this question is to ask whether

dydy f = (dydy f)™. (3.3.2)

holds, where here the transposition is acting on L°(X; L°(T*Y)) @ L°(Y; L°(T*X)) (recall
(13.3.1))).

In the following theorem we prove that this is actually the case under natural assumptions.
Before stating it let us remark that for X,Y infinitesimally Hilbertian we have

Wh2(X x Y) = WH2(X; L2(Y)) n Wh2(Y; L2(X)),

as can be seen from Proposition together with the equivalence W12(X;L2(Y)) ~
L2(Y; W12(X)) pointed out in Remark In particular, for f € W12(X x Y) both d,f and
dy f are defined and these objects belong to L2(Y; L?(T*X)) and L?(X; L?(T*Y)) respectively.

In the course of the forthcoming proof and also in subsequent part of the paper, given
f1 € LX) and fo € L°(Y) we shall denote by f; ® fo € L°(X x Y) the function given by

f1® fo(z,y) == fi(z)f2(y).
We then have:

Theorem 3.15. Let (X,dx,mx),(Y,dy,my) be two infinitesimally Hilbertian metric mea-
sure spaces satisfying Assumption . Let f € WYX x Y) and assume that d,f €
WE2(Y; L2(T*X)).

Then dy f € WY2(X; LA(T*Y)) as well and (3.3.2)) holds.

Proof. Let g1 € D(Ay) NLip(X) (resp. g2 € D(Ay) NLip(Y)) and h = hy ® hy € Lipy (X x Y)
for hy € Lipy(X) and he € Lipp(Y). Then from Proposition applied with the roles of
X,Y swapped and 7 := L?(T*X) together with the assumption d,f € W12(Y; L2(T*X)) we
conclude that

- /<dxf7 dyg1) div(hV (g2 0 my)) d(mx @ my) = /h<dydxfa dygz ® dxg1) d(mx @ my). (3.3.3)
Recalling we get

div(hV (g2 o my)) = divy(hVyg2) = hAy g2 + (dyh,dyg2) = hAyga + h1 (dyha,dyga) ,

where in the last step we used the identity dyh = hidyhs which follows directly from Definition
It is clear that the rightmost side in the above belongs to L?(Y; W12(X)) with differential
dy given by hoAygo deh1 + (dyhe, dyge) dihi, thus we have

~ [ (ef. i) div(hV (g2 0 7)) im0 my)
=- / /(dxf, dyg1) (hAyg2 + hy (dyho, dyge) ) dmx dmy

= //f(hAxglAyQQ + hlegl <dyh2,dygz>

+ haAyga (degr, dehi) + (dyha, dygs) (dxgr, dhy) ) dmx dmy
-+ (by the symmetry of the last expression)

—— [(d,7.4,92) div(h¥ (g1 o 1)) d(me )
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Hence from (3.3.3) we get
- /<dyf7 dyge) div(hV (g1 0 mx)) d(mx ® my) = /h(dydxf, dygs ® dyegr) d(mx @ my)

and the claim follows by the arbitrariness of g1, go, h, by applying Proposition again (with
D :={V,g2: g2 € D(A,) NLip(Y)}). O

Example 3.16. Let X=Y = [O, 1] with the Euclidean distance and measure and consider the
function f := X[0,1)x[0,1/2] € L*([0,1] x [0, 1]). It trivially belongs to L2(Y; W2(X)) with d,f =
0, thus evidently d,f € W2(Y; L*(T* )) with dyd.f = 0. Yet, obviously f ¢ L*(X; W12(Y)),
showing that the assumption f € L?(X; W2(Y)) is necessary in Theorem [ ]

4 Second order partial derivatives on the product space

4.1 Basic material
4.1.1 Reminders about calculus on RCD spaces

Here we briefly recall those notions about calculus on RCD spaces that will be used in the rest
of the manuscript. These will be used throughout the text without further notice.

From now on we fix a metric measure space (X,d, m), satisfying the RCD(K, co) condition
for some K € R, meaning that it is an infinitesimally Hilbertian metric measure space satisfying
the CD(K, 00) condition of Lott-Villani [I8] and Sturm [2I]. This in particular means that the
energy functional introduced in is a quadratic form: we call heat flow (h;) its gradient
flow in L?(m), which is linear and self-adjoint. It is useful to recall the following standard a
priori estimates:

Ehef) < 4173 (4.1.)
AR A2y < 112y (412

valid for every ¢t > 0 and every f € L?*(m). Moreover, it holds
Ihefllzem) < N flzemy, — V¥E2>0,Vf € L*(m). (4.1.3)

Finally, a crucial property of the heat flow which is strongly related to the lower curvature
bound is the Bakry-Emery contraction estimate (see [14] and []):

ldhef|? < e 2Kthy(|df?),  meae., VE>0, Vfe WH(X) (4.1.4)

from which it follows the L°° — Lip regularization estimate

2
lldhe flll Lo < 212K( )IIfHLoc Vfe L (m), t >0, (4.1.5)

where I (t f efs ds.
Then the space of test functions TestF(X) on X is defined as

TestF(X) = {feLOOmW12(X)mD(A) L ldf] € L®(X), AfeWLQ(X)}.

It turns out that TestF(X) is an algebra dense in W?(X) (in particular gradients of test
functions generate the whole L?(TX)) and that |df|> € W12(X) for any f € TestF(X) (see
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[19]). Another direct consequence of the Ricci curvature lower bound is the following regularity
result, which allows to pass from a Sobolev information to a metric one (see [4], [9], [10]):

any f € TestF(X) has a Lipschitz representative f: X — R with Lip(f) < [|[[Vf|[| £ (m)-
(4.1.6)
Moreover, it is also useful to know that

f e L?NL®(m) = hif € TestF(X), Vt > 0, (4.1.7)
which in particular guarantees the density of TestF(X) in W12(X), and that
VB C X bounded there is f € TestF(X) with bounded support identically 1 on B.  (4.1.8)

The space V[/lif (X) is the space of f € VVlcl,’c2 (X) for which there exists A € L2 _((T*)®2X)
such that

2 / hA(Vg,V§)dm
(4.1.9)
=— / (Vf,Vg)div(hVg) + (Vf,V§)div(hVg) + h(Vf,V({(Vg,V3))) dm

for every g, g, h € TestF(X) with bounded support. In this case we call A the Hessian of f and
denote it by Hessf. If f € W12(X) and Hessf € L?((T*)®2X) we say that f € W22(X) (it
is not hard to check that this definition coincides with the one proposed in [12]). The space
W22(X) is a separable Hilbert space when endowed the norm

122 (x) = Il Z2(x) + IIDFIZ2x) + [IHess flps|l72x)-

We have D(A) € W?22(X) with
/|Hess(f)|fis dmy, < /|Af|2 CKJdfdmg  Vf e D(A). (4.1.10)

The space H*?(X) is the W%2(X)-closure of D(A) (or, equivalently, of TestF(X)) and, sim-
ilarly, H2Z(X) as the W22 (X)-closure of TestF(X), i.e.: f € HE2(X) € W22(X) provided
there exists a sequence (f,) C TestF(X) such that f,,df,, Hessf, converge to f,df,Hessf in
L2 (X), L3 (T*X), LE .((T*)®2X) respectively.

We shall also often use the identity
valid for any f, g, h € TestF(X).

The space of Sobolev vector fields Wé:,zoc(T X) is defined as the space of v € L2 _(TX) for
which there is T € L2 _(T®?X) such that

/hT (Vg Vg)dm = /— (v, Vg)div(hVyg) + hHessg(X, Vg) dm

for every h,g,g € TestF(X) with bounded support. In this case we call T the covariant
derivative of v and denote it by Veu. If [v], [Vev|ys € L?(X) we shall say that v € Wé’Q(TX);
this definition of Wé’Q(TX) coincides with the one given in [I2]. Vector fields of the form gV f
for f,g € TestF(X) are in Wé’Z(TX): we denote by TestV(X) the linear span of such vector
fields, and by H, (1;’2(TX) its Wé’Z—closure . The space H, é’foc(TX) is then equivalently defined
either as the subspace of L2 _(TX) made of vectors v of such that fv € Hé’Q(TX) for every

loc

[ € TestF(X) with bounded support or as the Wé:lzoc—closure of H;?(TX), i.e. as the space
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of vector fields v € Wé:lzoc(TX) such that there is (v,) C Hé’Z(TX) such that v, — v and
Vev, — Vev in L2 (TX) and L2 _(T®?X) as n — co.

loc loc
A useful result we are going to use later on is the following (we refer to [I2], Theorem

3.4.2-(iv) and (v)] for its proof):
FeWEX) = Vfe Whn(TX), with V(Vf) = (Hess(f))*.
Moreover, TestV (X) € W)?(TX) with

Vo = ZVgi(X)Vfingi(Hess(fi))ﬁ, forv:Zgini.

4.1.2 Product of RCD spaces

We start recalling the following fact, which allows to use the results obtained in Sections [2.2
and 2.3]in the case of interest for us:

Proposition 4.1. Let X,Y be two RCD(K, 00) spaces. Then they satisfy Assumption and
the product X X Y is RCD(K, 00) as well.

Proof. See [B, Theorem 5.1]. O

A direct consequence of the tensorization of the Cheeger energy is that the heat flow ten-
sorizes as well. In what follows we will denote by hy,hY h; the heat flows on X,Y,X x Y
respectively. We will also apply the operator hy to functions in two variables: in this case we
mean that ‘y’ variable is ‘frozen’, i.e.:

hyf(z.y) = hi(f(y)) (@)  mx@my —ae z,y.
We then have:
Corollary 4.2. Let X,Y be two RCD(K, 00) spaces. Then for every f € L*(X x Y) we have

e f = WX(RY £) = hY (%), (4.1.11)
In particular, for f = f1 @ fo with fi € L*(X) and fo € L*(Y) we have

hef = hif1 @ hy fo. (4.1.12)
Proof. See [, Section 6.4] and [0, Section 5.1]. O

4.1.3 Setting up the problem

Let us fix two RCD(K, co) spaces X, Y. Much like in the previous chapter we shall put subscripts
x,y to differentiation operators to specify that they act on the x,y variable respectively. Thus,
for instance, with some abuse of notation we shall denote by Hess,(f) both the Hessian of a
function f € W?22(X) and the map y — Hess,(f(-,¥)), if f is defined on X x Y and is such
that f(-,y) € W22(X) for my-a.e. y € Y. It may also occur that for f € W22(X) we write
Hess,(f) to denote the constant map y +— Hess,(f) € L*((T*)®2X): this choice will alleviate
the notational burden, and it will be clear from the context when we will be doing so.

With this said, in Section we prove that the Hessian of a function f on X x Y admits a
decomposition of the form

‘ - HeSSx(f) dxd f
Hess(f) = ( dyd, f Hessyy(f) )
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meaning that the right hand side is a well defined tensor in L? if and only if so it is the left
hand side, and similarly in Section we prove that the Covariant Derivative of a vector field
v = (vy,vy) in the tangent module over X x Y admits a decomposition of the form

[ Vg dyvy
Vev = < dyvy Veyvy )

To make this rigorous we start from Theorem and notice that ®,: LO(Y; LO(T*X)) —
L%(T*(X x Y)) induces a map, denoted by ®22 from LO(Y;L°(T*X)) ® LO(Y;L(T*X)) to
LYT*(XxY)@ LY(T*(XxY)) = LO(T*)®?(X xY)) by acting component-wise. More precisely,
the LO(X x Y)-linear extension of the map

Wi ®wy = B(wy) @ By(we)  Vwr,we € LOY; LO(T*X))

(which is easily seen to be well defined) can be extended by continuity to a norm-preserving
map. This is a consequence of the fact that @, itself is norm-preserving (see Proposition [2.2)),
so that we have

‘ Z Py (wi1) ® (I)x(wi,Q)’? = Z (Px(wi1), Px(wj,1)) (Px(wi2), Px(wj2))

2

%
= Z (Wi, wj1) (W2, wj2) = ‘ Zwm @ wi,2
0. i

for any finite choice of w; 1,w; 2 € LO(Y; LO(T*X)).
In a similar way we can define the maps
2. 70y. 70 * Ory. 70 * 0 *\ @2
<I>§@ CLOCGLY(T*Y) @ LY LY(T*Y))  —  LO((T*)®*(X x Y))
D@ @y LO(Y; LO(T*X)) @ LO(X; LY(T*Y))  —  LO((T*)®*(X x Y))
by @ O, : LYK LY(THY)) @ LO(Y; LO(T*X))  —  LO((T")®*(X x Y))

and prove that they are L°(X x Y)-linear and norm preserving.
Then, from the fact that ®, © ®, is an isomorphism of modules, we deduce that

(B ® D)%% = (%) @ (P @ By) @ (By © D) @ (V)
is also an isomorphism of modules, in the sense made precise by the following statement:

Proposition 4.3. Let XY be RCD(K, o) spaces. Then, with the notation introduced above,
the following holds.
For any A € LO((T*)®2(X x Y)) there are unique Axx, Axy, Ayx, Ayy € LO(T*)®2(X X Y)) in

the images of ®L?, &, @ By, D, @ By, D2, respectively, such that

A=Au+ Ay + A+ Ay, (4.1.13)
Moreover, we have (A;j, Ayrjr) = 0 whenever (i,7) # (¢, j") and thus
JAP = [Anl® + [Ag? + [Apl® + [Ayy [ mx @ my-a.e.. (4.1.14)

Proof. We start proving that the images of ®2 and ®, ® ®, are pointwise orthogonal. Since we
know that these maps are continuous, it is sufficient to check that (®£2(V), &, @ ®(W)) = 0 for
arbitrary V, W in dense subsets of the respective source spaces. We thus pick V' =3, v1 ; ® v ;
and W = 3", v3 j @ wy with vy,v24,v3 5 € LO(Y; LO(T*X)) and w; € LO(X; L°(T*Y)). Then

(BL2(V), oy @ Dy(W)) = Z (Dx(01,1) @D (v2,0), Pu(v3,5) @ Py (wy))

= Z (Px(v1,6), Px(v3,5)) (Px(v2,4), Py(w;)) =0

by B2
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as desired. Similarly for other couple of images. This is enough to prove that whenever
holds, the identity holds as well and in turn this proves uniqueness of the A;;’s as in
the statement.

Thus it remains to prove the existence of A1y, A2, As1, and Ags. Since (4.1.14]) shows that
the maps A — A;;, 1,7 € {x,y}, are continuous, we can validate such existence just for A’s
running in a dense subset of L°((T*)®?(X xY)). We thus pick A of the form A = ", w; ®w} for
wi,wh € LO(T*(X xY)), and recall that, from the surjectivity part of the statement of Theorem
for any i we have w; = ®x(wix) + Py(wiy), and similarly w; = &,(w],) + ®y(w;,), for
appropriate w; x,w; , € LO(Y; L°(T*X)) and w; y,w;, € LO(X; LY(T*Y)).

It is then clear from the definitions that with the choices

Axx = @?2 ( Zi Wi x X OJLX) s Axy = (I>x ® (I>y ( Zz Wi x ® wg,y) )
Ayx = (I)y [ <I>X ( Zz Wiy X wg’x> R Ayy = @;@2 ( Zz Wiy X wg’y) s
the equality (4.1.13)) holds, thus giving the conclusion. O

4.2 Hessian on the product space
4.2.1 From regularity on the factors to regularity on the product

In this section we prove that if a function of two variables is such that the functions obtain-
ing by freezing one variable are in W22 and with appropriate integrability assumptions, then
the function itself belongs to W22(X x Y), see Theorem for the precise statement (and
Proposition for a suboptimal version about the space H>?(X x Y)).

It will be useful to consider the following algebra of functions:

Definition 4.4 (The space TestxF(X x Y)). Let X,Y be two RCD(K, 00) spaces.
Then Testx F(XxY) is the space of finite linear combinations of functions of the form g1 ®ga,
with g1 € TestF(X) and g2 € TestF(Y).

From the tensorization of the Cheeger energy in Definition (which holds in this setting
because of Proposition , and the tensorization of the Laplacian given in Corollary it
is easy to see that Testy (X x Y) C TestF(X x Y). This newly defined space of functions will
be useful in proving the main result of this section, Theorem [£.7} because, as we will see in
Proposition to check whether a function is in W22(X x Y) it is sufficient to verify the
defining property of the Hessian only for functions in the smaller space Testy (X x Y), where
computations are easier. In turn, this latter fact will be a direct consequence of the following
density result:

Lemma 4.5. Let X,Y be two RCD(K, ) spaces and g € L> N L>(X x Y) (this in particular
holds if g € TestF(X xY)). Then we can find functions g, € TestF(X xY), parametrized by
n € N and t > 0, such that for every t > 0 it holds:

i) supy, [|gn,tl[ Lo < oo,
ii) sup,, Lip(gnt) < o0,
i) (gn.t), (Agn.t) converge to hyg, Ah.g respectively in L?>(X x Y) as n — oo,

) (Vgnit), (V(|Vgn.il?)) converge to Vhig, V(|Vheg|?) respectively in L*>(T(X x Y)) as n —
0.

Proof. Tt is easy to see that we can find a sequence of equibounded functions (g,,) L2-converging
to g of the form g, = Zf\[“ ;X A, ;xB,..» Where the sets A; C X and B; C Y are Borel and
bounded and «; € R. We then put g, := h;(gn) and notice that Corollary and
ensures that g, ; € Test F(X x Y) for any n € N, ¢ > 0.
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Then property (i) follows from (4.1.3) and (ii) from (4.1.5), (4.1.6) and (i). The first

convergence in (74i) follows from the continuity of the heat flow as a map from L? into itself and
the second by also taking into account the a priori estimate . The fact that Vg, : = Vhyg
in L(T(XxY)) follows from (4.1.1]), which ensures that h; : L? — W2 is a continuous operator.

It remains to prove L2-convergence of (V(|Vg,|*)) to V(|Vh:g|?). To see this, start ob-
serving that V(|V f|?) = 2Hess(f)(V f) for any f € TestF(X x Y), and notice that what already
proved together with show that Hess(g,, ;) — Hess(h.g) in L?((T*)®2(XxY)) as n — o0
for every t > 0.

Now put g: := h;g and observe that

||Hess(gn7t)(Vgn7t) — Hess(g¢) (V)| L2
< |[Hess(gn,t — 9:)(Vgn,t — Vgr)llL2 + [Hess(g:)(Vgn,e — Vai)llL2 + [|[Hess(gn,e — 9:)(Vge)| L2

As n — oo we see from (i7) and the L2-convergence of Hessians that the first and third addends
in the right hand side go to 0. For the second we use the L2-convergence of gradients and the
fact that they are equibounded to conclude with the dominated convergence theorem. ]

Proposition 4.6. Let X,Y be two RCD(K, <) spaces, f € WL2(XxY) and A € L*((T*)®23(Xx
Y)) symmetric.
Then f € W22(X x Y) with Hess(f) = A if and only if we have

- / (df,dg) div(hVg) + 2h(df,d|dg|?) d(mx x my) = /h (A,dg ® dg) d(my x my) (4.2.1)

for every g, h € Test F(X x Y).

Proof. The ‘only if’ follows from the definitions of W22 and Hessian and the inclusion
Test« F(X x Y) C TestF(X x Y). For the ‘if” we start observing that from the symmetry in
g, g of the definition of Hessian and the fact that A is symmetric we deduce that it is
sufficient to check that holds for g, h € TestF(X x Y).

Thus, fix such g, h and apply Lemma @ to find corresponding functions gy +, by ¢ as in the
statement. Hence we know that holds with gy ¢, hn ¢ in place of g, h respectively and
letting n — oo in such identity and using the conclusions of Lemma [£.5]it is immediate to check
that holds also with h;g, h:h in place of g, h respectively. It is now easy to see that we
can pass to the limit as ¢t | 0 in the resulting identity to conclude that holds for the
g, h € TestF(X x Y) initially chosen, as desired. O

Theorem 4.7. Let X,Y be two RCD(K,00) spaces and let f € WH2(X x Y) be such that:

i) for mx-a.e. x € X the map Y > y — f(z,y) belongs to W?2(Y) with
[ [Hessy (f)[fg dmy dmx < oo,

ii) for my-a.e. y € Y the map X > x +w f(z,y) belongs to W22(X) with
[ Hess, (f)]},g dmx dmy < oo,

iii) we have dyf € WZYE(X;L*(T*Y)) (and thus, by Theorem also dif €
WL2(Y; L3(T*X))).

Then f € W22(X x Y) with
Hess(f) = BF2(Hess,(f)) + B2 (Hessy () + B, @ By (dedy ) + By @ By(dydf)  (422)

i.e. for every v,w € LO(T*(X x Y)), writing v = (vy,vy) and w = (wy, wy) (recall ([2.2.4)) we

have

Hess(f)(v,w) = Hessy(f)(vx, wx)+Hessy (f) (vy, wy)+{dxdy f, vx @ wy)+(dydy f, vy @ wy) (4.2.3)
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Proof. Thanks to the assumptions the right hand side of defines a symmetric tensor in
L2((T*)®2(X xY)). Thus by the very definition of W22 (X x Y) and of Hessian, Proposition
above and keeping in mind the equivalent version of , to conclude it is sufficient
to prove that: for gi,hy (resp. ga, ho) test functions on X (resp. Y) and putting g := g1 ® ga,
h := h1 ® hoy we have

—/<df, dg) div(hVg) + L1h(df,d|dg|?) d(mx x my)
= /h<HeSSX(f)(ngv vxg)—|'HeSSy(f)(Vyg7 Vyg) (424)
+ (dydwf, dyg @ dyg) + (dudy f, dyg © dug) ) d(my ® my).

We thus concentrate into proving this. From dg = (g2 dxg1, 91 dyg2) we get

(df,dg) = g2 (dcf,dxg1) + g1 (dy [, dyg2) .
Also, for any h € Test(X x Y) from Proposition we have

div(hVyg) = divk(hVyg) + divy(hV,g) = gadivi(hVyg1) + g1divy(hVyg2)

and thus
(df,dg) div(hVg) = |g2|2 (def, dxg1) divk(hVxg1) + g192 (dx f, dxg1) divy(hVyg2)
4 , 5o (4.2.5)
+ 9192 <dyfa dyg2> lex(hvxgl) + ‘gl‘ <dyf, dy92> ley(hvyg2) .
c D
Now notice that |dg|? = |ga|?|dxg1|* + |g1|%|dyg2|?, therefore
dg|? dygn |? dygo|?
d7| gl = (|92|2dx| §1| + gldxgl|dyg2|27g2dyg2|dxgl‘2 + |91|2dy| yg2| )
and
dg|? dygr|?
(47,495 ) —tlanp (0,095 ) < ronlan (@s. )
’ B/
A , (4.2.6)
2 2 |dyga|
+h92|dxgl‘ <dyf> dy92>+h|gl| dyf7 dy 2 .
CI
D/

Now observe that, from assumption (i) and the integrability properties of g, h, it follows that
- / / At A dmy dmy = / 9ol / hiHess(£)(Vign, Viegn) dmy dimy
= /hHessx(f)(ng7 V«g) d(mx @ my).
Similarly from assumption (i) we obtain
—/ D + D' dmy dmy = /hHessy(f)(Vyg7 Vyg) d(mx @ my).
Also, assumption (i¢é) and the chain rule in point (iv) of Proposition with X, Y swapped,
H = LO(T*X) and T : L°(T*X) — L°(X) given by T(-) = (-,dyxg1) ensure that (d,f,dxg1) €

W2(Y; L3(X)) with
dy <d><fa dxgl> = <dydxf7 d><91> . (427)
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In particular, for my-a.e. € X the function ga(+) (dy f, dxg1) (,-) is in WH2(Y) and the following
integration by parts is justified:

_//Bdmydmx = /g1/h<dy(g2 (dyf, deg1)), dyge) dmydmx

_ / hgy|dygal? (Aef, degr) + hgrge  (dy (df,dygn)  dyga)  d(mx @ my).
=(dydx f,dyg2®dxg1) by

Hence we have
— // B + B dmydmy = /h (dydy f, dyg ® dxg) d(mx ® my)

and analogously — [[ C' + C'dmxdmy = [ h{(didyf,dyg ® dyrg) d(mx ® my). Collecting what
proved so far and recalling (4.2.5) and (4.2.6) we obtain (4.2.4)) and the conclusion. O

One might wonder if improving the requirements (4), (#¢) in this last statement by asking that
the sections belong to the corresponding H?? space is enough to conclude that f € H%2(X xY).
We don’t know if this is the case, but we can point out the following simple result (which is
independent from Theorem above). Notice that it is not necessary to assume the existence
of ‘mixed’ derivatives.

Proposition 4.8. Let X,Y be two RCD(K, o) spaces and let f € WH2(X x Y) be such that:
i’) for my-a.e. y €Y we have f(-,y) € D(Ay) and [[|Acf]* dmy dmx < oo,
') for mx-a.e. x € X we have f(z,-) € D(Ay) and [[|A, f|* dmx dmy < cc.

Then f € H*2(X x Y) and the identities (4.2.2) and (4.2.3)) hold.

Proof. This is a direct consequence of Corollary and the fact that H?? is defined as the
W22_closure of D(A), and thus it contains the latter. O

4.2.2 From regularity on the product to regularity on the factors

In this section we investigate the validity of the converse implication w.r.t. the one proved
before, namely we study what the assumption f € W22(X x Y), H>?(X x Y) implies in terms

of regularity of f(-,v), f(z,-).
We start with the following result, which is similar in spirit to Propositions

Proposition 4.9. Let (X, dx,mx) and (Y,dy,my) be RCD(K, ) spaces and f € W12(X xY).
Then the following are equivalent:

i) for my-a.e. y €Y we have f(-,y) € W*2(X) with [[ [Hess.(f)[}g dmx dmy < oo,
ii) there is A € L2(Y; L2((T*)®2X)) such that the identity

2 / hA(Vyg,Vig' ) d(mx @ my) = /— (dyf, dyxg) div(hV (g’ o 7x))
- <d><f’ dxg/> le(hV(g o 7TX)) - h<d><f7 dx <dxga dxg,>> d(mX & mY)
holds for every g,g" € TestF(X) and h € Lipp (X x Y).

Moreover, if this holds then the choice A = Hess(f) is the only one for which (ii) holds.

Proof.

(i) = (4i) The fact that (#¢) holds with the choice A := Hess,(f) is a direct consequence of
the definitions of W?22(X) and of the Hessian, of the identity (3.1.4) and of the fact that for
h € Lip, (X xY) we have that h(:,y) € Lip,,(X) for my-a.e. y € Y. The fact that Hess,(f) is the
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only choice is a consequence of the density of the linear span of elements of the form hd,g ®dyg’
in L2(Y; L2((T*)®2X)) for g, ¢, h as in the statement, which in turn is a trivial consequence of
the fact that differentials of test functions generate the cotangent module.

(ii) = (i) Recall from [12, Theorem 3.3.2] that the functional Eg,: W12(X) — [0, 0o] defined
by Eax(f) = %f |Hessy(f) 1245 dmyx if f € W*%(X) and Eax(f) := +00 otherwise, is convex,
lower semicontinuous and satisfies

2E2,x(f) =sup <Z / - <dxf7 dxgj> divx(hjh;‘vxgg) - <dxfa dxg;‘> divx(hj h;vxgj)
J

2

LQ(X)’

(4.2.8)

> (1 Vugs) ® (h;Vg))

J

where the sup is taken among all finite collections of functions g;, g7, h;, b; € TestF(X).

Now, for every n € N, let (A7) be a Borel partition of Y made of at most countable sets,
with my(A?) € (0,00), diam(A?) < % and so that (A?*1) is a refinement of (A7). Put
£ = my (A7) [ FCy) dmy(9) € LX) and £ (2,y) = 3, Xy (0) 2 (x) € LA(X X Y). We
have already noticed in the proof of Proposition that f* — f in L%(X x Y) and the proof
of the same proposition shows that [ Ex(f™(-,y))dmy(y) — [ Ex(f(,y)) dmy(y). Hence taking
into account that L?(Y; W12(X)) is a Hilbert space (because W12(X) is so) we just proved that
fn — fin L2(Y; W12(X)) and thus up to pass to a non-relabeled subsequence we have that
fC,y) — f(-,y) in WH2(X) for my-a.e. y € Y. Hence the W2 (X)-lower semicontinuity of Eg x
and Fatou’s lemma give that

/Ez,x(f(»y))dmv(y) < lim [ Eox(f"(-,9)) dmy(y). (4.2.9)

n—oo

Now fix n,4 and pick a finite family of functions g;, g, hj, h; € TestF(X) in the identity (4.2.8])
written for the function f/* in place of f. Then for every j and ¢ > 0 define h;, € TestF(X x Y)
as

ETD)
hjt = hi(Xxxan (hjh) o mx) nomy == h{(h;h}) @ (hY (Xan)n),

where i € TestF(Y) has bounded support and is identically 1 on A?. Then from the weak

maximum principle and the Bakry-Emery gradient estimates it easily follows
that (|hj ¢ — hj|), (Jdxhjt — dxhj|) are uniformly bounded and converge to 0 in L?(X x Y) as
t | 0. Hence the dominate convergence theorem, the identity and the closure of the
differential give that

/— (dxf, degy) div(h; iV (g} 0 mx)) — (def, dxgj) div(h; iV (g; © 7x))
_hj,t <dxfadx <dxgjv dxg;>> d(mX ® mY)

(4.2.10)
- my(A47) / —(duf?", dxgj> diVX(hjh;'vxg;)_ <deina dxg;> diVX(hjh;‘vxgj)
—hjh;- (du f1, dx <dxgj, dxg§>> dmy
as t | 0 for any j. Similarly
/<A, hjytvxgj ®ng’> d(mx ®my) — <A, (hjvxgj) ® (h;VXg;)> d(mx®my) (4.2.11)
Xx AP
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Now observe that from assumption (ii) we have that

lim > [ 4,4y Jiv(3 90} 0 1)) — (defdug) div(h V(g5 0 m0)
- hj,t <dxf> dy <dxgj7 dxg;>> d(mx ® mY)

= ltli(r)lz 2 /<147 hj,thgj ® ng/> d(mX ® mY)

by =2 /(XxxA;LA, Z(hjvxgj) ® (h;Vxg;)') d(mx © my)

J

g/ |AJZs d(mx ® my) + my (A7) ,
Xx AP L2(X)

2
)| D (1 Vegs) @ (W Vg))
J

having used Young’s inequality in the last step. This inequality, the arbitrariness of g;, g], hj, h;,
(4.2.10) and (4.2.8]) give that

my(ADET) < [ AR dmy o my),
Xx AP
Adding up over i, then letting n — co keeping in mind (4.2.9)) we deduce that

/ Ea(f(+ ) dmy(y) < L /X A d(me ),
which is (7). O

Lemma 4.10. Let (X,dx,mx) and (Y,dy,my) be RCD(K,00) spaces and f € W22(X x Y).
Then the identity

2 /hHess(f)(Vgl7 Vg2) d(mx @ my)

- / (df,dgy) div(hVgs) + (df, dgo) div(hVg1) — h (df,d (dgy, dgo)) d(mx @ my)
(4.2.12)

holds for any h € Lip,((X X Y) and g1,92 € {gonx : g € TestF(X)} U{gomy : g € TestF(Y)}.

Proof. Suppose at first that h € TestF(X x Y) has bounded support and let 1 € TestF(X x Y)
be with bounded support and such that supp(h) C {n = 1} (see (4.1.8)). Then for g1,92 €
{gomx : g € TestF(X)} U{gomy : g € TestF(Y)} we have that ng;,ngs € TestF(X x Y) and
the validity of follows from the very definition of Hessian and the locality property of
the differential, which ensures that mx ® my-a.e. on supp(h) it holds d(ng;) = dg;, i = 1,2, and
d({d(ng1),d(ngz)) = d(dg1,dga).

Now let h € Lipp(X x Y), 1 as before and (h,,) C TestF(X x Y) a sequence W 2-converging
to h. Then nh,, € TestF(X x Y) for every n € N and nh,, — nh = h in WH2(X x Y). From
the fact that holds with nh,, and the fact that these functions have uniformly bounded
support it is now easy to pass to the limit in n and get the claim. O

Lemma 4.11. Let (X,dx,mx) and (Y,dy,my) be RCD(K,00) spaces, g : X x Y — R of the
form g = gomx for some g € TestF(X). Then for every h = h oy with h € WH2(Y) we have

Hess(g)(Vh) =0 myx ® my — a.e.. (4.2.13)

Similarly with the roles of X and Y swapped.
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Proof. Recalling that gradients of test functions on Y generate L?(T*Y), we can reduce to prove
(4.2.13) for h as in the statement with h € TestF(Y). Then taking into account Theorem
we see that to conclude it is sufficient to show that

Hess(g)(Vh,Vf) =0, mx®my —a.e., Vf=fomyx with fe& TestF(X),

N ~ (4.2.14)
Hess(g)(Vh,Vf) =0, mx®my —ae., Vf=fomy with f & TestF(Y).
We start with the first of the above and notice that

2Hess(g)(Vh, Vf) = (d (dg,dh),df) + (d(dg,df) ,dh) — (dg,d (dh,d[)),
—— ——

=0 =0

by BZ9) by BZ9)

while for the middle term we notice that by Proposition (in particular by polarization from
the fact that @, preserves the pointwise norm) we have (dg,df) = (d«g, dxf) o mx, so that this
function depends only on the = variable and the scalar product of its differential with that of h

is 0, again by (2.2.5).
Similarly, for the second in (4.2.14)) we have

2Hess(g)(Vh, V f) = (d (dg,dh),df) + (d (dg,d ), dh) — (dg,d(dh,d])),
T HE/O_/

by @23 by @23

and in the last addend arguing as above we see that the function (dh,df) depends only on y,
while g depends only on z, so that (2.2.5)) ensures that it is identically 0, as claimed. d

We now come to the main result of this section:

Theorem 4.12. Let (X,dx, mx) and (Y,dy,my) be RCD(K,00) spaces and f € W2(X x Y).
Then

i) for my-a.e. y €Y we have f(-,y) € W*2(X) with [[ [Hess.(f)[},g dmx dmy < oo,
i) for mx-a.e. x € X we have f(z,-) € W»2(Y) with [[ [Hess,(f)[},s dmy dmx < oo,
ii1) we have dyf € WH2(X; LA(T*Y)) and dyf € WY2(Y; L*(T*X)).

Also, the identities (4.2.2)) and (4.2.3)) hold.

Proof. Point (i) follows by a direct application of Lemma above with g1 = g2 € {go7x :
g € TestF(X)} in conjunction with Proposition Similarly for (i4).

To get (4i1) we start claiming that for g1, g2 € {gomx : g € TestF(X)}U{gomy : g € TestF(Y)}
and h € TestF(X x Y) with bounded support it holds

2 [ hitess(91) (V1. Vg2) dlme )

= / — <dgl, df> diV(thz) +h <d <dgl, dgg> s df> + <df, dgg> div(thl) d(mx ® my).
Indeed, this identity holds for f € TestF(X x Y) by the very definition of Hessian and two
integration by parts. Then the claim follows from the continuity of both sides of the identity

in f w.r.t. the Wh2-topology. Adding up this identity with (4.2.12)) we obtain

/ hHess(f)(Vgr, Vgs)-+hHess(g1)(V f, Vga) d(mx@my) = — / (df, dg1) div(hVgs) d(mx@my).

Here we pick g1 = gomx and gy = gomy with g € TestF(X) and g € TestF(Y) respectively and
take into account Lemma [£11] to deduce that

/hHess(f)(V(g o 7x), V(G 0 1)) d(my ® my) = — / (df,d(g o 7x)) div(AV (G o 7v)) d(mx © my)
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Hence recalling Proposition (in particular the fact that ®, preserves the pointwise norm) and
denoting by A the restriction of the Hessian of f to ®,(L2(Y; L?(T*X)))@®,(L*(X; L*(T*Y))) C
L2((T*)®?(X x Y)) we obtain

/h (A, dyg @ dyG) = — / (def, deg) div(hV(§ 0 mv)) d(mx & my). (4.2.15)

We have established for g € TestF(Y) and h € TestF(X x Y) with bounded support,
but a simple approximation argument based on the heat flow and a multiplication with a test
cut-off function with bounded support shows that it actually holds for h € Lip,,(X x Y) and
g € D(A).

Since {dyg : g € TestF(X)} generates L?(T*X), we are now in position to apply Proposition
with d,f in place of f to conclude that dyf € Wh2(Y; L?(T*X)), as desired (with dyd,f =
A). The argument for d,d,f is analogous.

The fact that the identities (4.2.2)) and (4.2.3)) hold is now a direct consequence of the proof
(alternatively, now that we know (7), (ii), (i), of Proposition [4.7)). O

If the function f in the previous statement is assumed to be in H?2(X x Y), also the fibers
can be proved to be in the respective H?? spaces:

Proposition 4.13. Let (X,dx, mx) and (Y,dy,my) be RCD(K, 00) spaces and f € H>?(XxY).
Then in addition to the conclusions of Theorem[{.13 above we have:

i’) for my-a.e. y €Y we have f(-,y) € H>*(X),
it’) for mx-a.e. x € X we have f(z,-) € H2’2(Y).

Proof. Let (f,,) C TestF(X xY) be W22-converging to f and notice that with a diagonalization
argument based on the fact that hyf, — f, in W22 as t | 0 (recall ([.1.10)), we see that
he, fn — f in W22 for some t,, | 0.

The conclusion then follows from the following two simple facts (and their analogue with
inverted variables):

for mx-a.e. x € X we have h;_f,(x,-) € TestF(Y) for every n € N
and

for my-a.e. z € X we have hy, fy,(z,-) = f(z,-) in W22(Y) for some ny, 1 oc.

The first follows from (4.1.11)) and (4.1.7), while for the second we notice that the identities

(2.2.2)) and (4.1.14]), (4.2.2]) (which is valid thanks to Theorem [4.12)) imply that

|dyg(z,)|(y) < |dg|(x,y) and [Hessyg(, -)Iys(y) < [Hessg|ys(w, )

mx ® my-a.e. (z,y) € X x Y. Then we apply these to g := f — f,, and use the assumption
fn— fin W22(X xY) to conclude. O

4.3 Covariant derivative on the product space

In this part of the paper we investigate the relation between Sobolev regularity of vector fields
on base spaces and in the product.

4.3.1 From regularity on the factors to regularity on the product
The following is analogue of Proposition
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Proposition 4.14. Let X, Y be two RCD(K, c0) spaces, v € LY(T(XxY)) and T € L*(T®?(X x
Y)). Thenv € WCIJ2(T(X x Y)) with Vv =T if and only if it holds

- / (0, V§)div(hVg) + hHess(3)(v, Vg) d(my © my) — / hT, Vg ® V§) d(mx ® my). (4.3.1)

for every g,g,h € Test F(X xY).

Proof. The ‘only if’ part follows directly from the definitions of Wé’z and Covariant Derivative,
and the inclusion TestxF(X x Y) C TestF(X x Y). As for the ‘if” part, fix g, g, h € TestF(X x
Y), and apply Lemma to find corresponding functions g t, Gn,t, in,t as in the statement.
Therefore, holds with gy ¢, Gn.t, An,t in place of g, g, h, respectively. Now, letting n — oo
in such identity, and using the conclusions of Lemma we obtain that holds also with
h:g, h:gn, heh in place of g, g, h, respectively. In order to conclude, we pass to the limit as ¢ | 0
in the resulting identity and we get that actually holds for the g, g, h € TestF(X x Y)
initially chosen, as desired. O

We then the following result, analogue of Theorem

Theorem 4.15. Let X,Y be two RCD(K, c0) spaces and let v € LO(T(X x Y)), v = (vy,vy), be
such that:

i) for my-a.e. x € X we have that v,(x,-) € W5(TY) with [[ |V (vy)[e dmy dmyx < oo,

|2
HS

ii) for my-a.e. y €Y we have that ve(-,y) € W5 (TX) with [[ |V x(vy) |3 dmy dmy < oo,

[Bs
i) the map Y 2 y — v.(-,y) belongs to WH2(Y; L?(TX)), and the map X > z — vy(z,)
belongs to WH2(X; L2(TY)).
Then v € Wé’Z(T(X x Y)) with
Ve = @2 (Vauvy) + BE2(Vayvy) + Bx @ Oy (devy) + By @ By (dyvy) (4.3.2)

i.e. for every w,z € LY(T(X xY)), writing w = (wx, wy) and z = (2, zy) (recall (3.1.3)) we
have

Vev: (w®z) = (Veoxtx, Wk ® 2x) + (Vo yvy, wy @ 2y) + (dyty, Wy @ 2y) + (dy v, wy @ 24) . (4.3.3)

Proof. First of all, we observe that the assumptions guarantee that the right hand side of
defines a tensor in L?(T®2(XxY)). Hence, keeping in mind the very definition of W5 (T(XxY))
and of the Covariant Derivative, Proposition above and the equivalent version of
([4.3.2)), in order to conclude we have to prove that for g1, g1, k1 (resp. g2, g2, ho) test functions
on X (resp. Y), once we set g := g1 ® g2, § := g1 ® J2, and h := h; ® hg, we have

- /(v, V§)div(hVg) + hHess(g)(v, Vg) d(mx X my)
= / h(quvx, Vg @ Vig)+{(Veoyvy, Vyg @ Vyg) (4.3.4)
+ (dyvy, dyg ® dud) + (dyvy, dyg @ i) ) d(mx @ my).
From the fact that V§ = (§2V«G1, §1Vyg2), we have
(v, Vg) = Ga (vx, V1) + g1 (vy, VyGo) -
Moreover, from Proposition we have that for any h € Test(X x Y) it holds

div(hVg) = div(hVxg) + divy(hVyg) = godivx(hVyg1) + g1divy(hV,g2),
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and thus

<’U» V§> le(hVQ) = g292 <'U><7 vx§1> diVx(hvxgl) + 9192 <vxa Vx§1> divy(hvaQ)
A B
+ 9192 <Uy7 Vy.§2> diVx(hvxgl) + 9191 <Uya Vyg2> diVy(hvaQ) .
C D

(4.3.5)

At this point, a direct application of Theorem [£.12] ensures that

hHess(g)(v, Vg) = hgagaHessy (G1)(vx, Vxg1) + hg1 (v @ Vyga, Vg1 @ VyGa)
A, B/
+ th <Uy & vxgla Vy§2 & vxgl> + hglngeSSy(.gQ)(vya vaZ) .
c’ D’

(4.3.6)

Now, observe that from assumption (i), and the integrability properties of g, g, h it follows that

_ / / A+ A dm, dm, = / 422 / WV ety (Vg © Vign) dimcdim,
= /thxvx (Vg ® Vig) d(mye @ my),

and, similarly, from assumption (i7) we obtain

—//D + D' dm, dm, = /th’yvy : (Vyg ® Vyg) d(mye ® my).
Moreover, assumption (i¢4) and the chain rule in point (iv) of Proposition with X,Y
swapped, 5 = L°(T*X) and T: LO(T*X) — L°(X) given by T(:) = (-,dxg1) ensure that
(v, dugr) € WH2(Y; L2(X)) with
dy (s, dyg1) = (dyvy, dyg1) - (4.3.7)

In particular, for mx-a.e. x € X the function ga(-) (dyf, dyg1) (, -) is in W2(Y) and the following
integration by parts is justified:

—//Bdmydmxz/gl/h<dy(§2 (v, Vi), dy g} dimydmy

= // hg1 (dyg2, dyg2) (vx, Vxg1) +hgiGe  (dy (vx,dxgr),dyge) d(mx ® my).

=(v:®V,§2,V<§1®Vyg2) =(dyvx,dyg2®dxg1) by (4.3.7)

Therefore we get
— //B + B dmydmy = /h <dy11><, dyg ® dyg) d(mx ® my),

and similarly — [[ C 4+ C" dmxdmy = [ h(dxvy,dxg ® dyg) d(mx ® my). Summing up ([4.3.5)
and (4.3.6), and keeping in mind all these identities, we obtain (4.3.4)) and the conclusion. O

4.3.2 From regularity on the product to regularity on the factors
The following statement is the analogue of Proposition

Proposition 4.16. Let (X,dx, mx) and (Y,dy, my) be RCD(K, 00) spaces, and let v € L?(T(Xx
Y)), v = (vg,vy). Then the following are equivalent:

i) for my-a.e. y €Y, we have ve(-,y) € WE*(TX) with ff|Vc,x(vx)\as dmyx dmy < oo,
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ii) there exists T € L?(Y; L*(T®?X)) such that the identity
/ KT : (Vg @ V) d(mx ® my)
= / — (0, V2g) div(hV (g o 7x)) — hHess(g)(vx, g) d(mx @ my)

holds for every g, g € TestF(X) and h € Lip, (X x Y).

Moreover, in this case the choice T = V¢ x(vx) is the only one for which the identity in i7)
holds.

Proof. i) = i) Similarly to the proof of Proposition the validity of the identity in 47) with
the only choice T' = V,v is guaranteed by the definition of the Covariant Derivative and the
space Wcl’2(TX), the identity (3.1.4)) and the fact that A(-,y) € Lip,(X) for my-a.e. y € Y.
ii) = i) We start recalling that the connection energy functional Ec x: L?(TX) — [0, 00] defined
by Ecx(v) := § [ |Vu[ig dmx if v € W&?(TX) and Eg,(v) := 400 otherwise, is convex, lower
semicontinuous and satisfies

2

L2(T®2X)},

(4.3.8)

Ecx(v) = sup { > / = {0, 2)) div(w;) = Vz; : (w; @ v) dmy — ;‘

ij®2j
J

where the sup is taken among all finite collections of vector fields w;, z; € Test V(X), and over
all finite collections of functions g; ¢, hj ¢ € TestF(X) such that z, = Zj hj¢Vgje (12, Theorem
3.4.2)).

Hence, arguing similarly as in the proof of Proposition for each n € N we denote by
(A?) a Borel partition of Y made of at most countable sets such that 0 < my(A}) < oo,
diam(A?) < 1/n and with the property that (A?*!) is a refinement of (A7). Then we define
vf = my (A7) [, vedmy(y) € L*(TX), and 0™ := >, xar (y)Pu(v]) € LA (T(X x Y)). Tt is

2
clear that (v™) converges to (vy, 0) in L?(T(XxY)) as n — oo, thus from the lower semicontinuity
of Ecx on X we easily get

/EC,X(UX) dmy(y) < lim Ecx(vy) dmy (y). (4.3.9)

n—roo

At this point, we fix n,7 € N and pick a finite family of vector fields wj,z; = Y, h; Vg, €
TestV (X) in the identity (4.3.8)) written for v} in place of v. Thus, for every fixed j, ¢ and ¢ > 0,
we define h; ¢, € TestF(X x Y) by posing

ELm)
v —=— h{(hje) ® (hy (

Rjete = he(xxxarhjeomx)nom XA2)n),

for a function n € TestF(Y) with bounded support and identically equal to 1 on A?. Thus
(hjet — hjel), (Jdehjee — dxhje|) are uniformly bounded and converge to 0 in L*(X x Y) as
t J 0. Therefore, the dominate convergence theorem, the identities (3.1.4]) and (4.2.13)), and the
closure of the differential give that, as ¢ | 0,

/f (v, Vxgj,e) div(hy e w;) — hj e Hessy(g;.6) (wj, vy) 0 mx d(mx ® my)
(4.3.10)
— my(A47) / — (Ux, Vgj,0) divi(hj ew;) — hj (Hesse(g;.0) (w;, vx) dmx
for every fixed j, /. In a similar way we get that
t10

/ <T, hj’g’tvxgj’e ® w]‘> d(mx & my) — / <T, hj’evxgjj ® wj> d(mx & my). (4.3.11)
Xx AP
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Moreover, directly from i), we have that

13{612 / — (x, Vxgj0) div(hj g qw;) — hj e Hesse(gj0)(wj, ve) o mx d(mx @ my)
4.t

= ltlJl})l <T7 w ® z[: hj,e,tvxgj,@> d(mx X mY)
J

-4‘3‘11
= /<XX><A;ZTaij ®Zj>d(mx®my)
J

2

<1/ T)? . d(my ® my) + 2my (A}
>~ 35 )(><A;1| |HS ( X Y) 3 Y( ) L2(X)

ij@@zj’
j

where in the last step follows from Young’s inequality. This inequality, the fact that the choice

of w; and #z; is arbitrary, (4.3.10) and (4.3.8]) provide
my(ADE) <3 [ [Tgdlme s my)
Xx AP
Finally, adding up over i and letting n — oo, thanks to (4.3.9)), we get

/ Ecix(us) dmy (3) < 1 / T2, d(mx @ my),
XxY

which is 7). 0
The following is a natural variant of Lemma

Lemma 4.17. Let (X,dx, mx) and (Y,dy, my) be RCD(K, o0) spaces, and v € Wé’Q(T(X xY)).
Then the identity

/hvcv : (Vg1 ®@ Vga)d(mx @my) = — / (v,Vg1)div(hVge) — hHess(g2)(v, Vg1) d(mx ® my)

(4.3.12)
holds for any h € Lipp (X x Y) and g1,92 € {gomx : g € TestF(X)} U {gomy : g € TestF(Y)}.

Proof. First of all, let us consider the case in which h € TestF (X x Y) has bounded support, and
let 7 € TestF(XxY) be with bounded support and such that supp(h) C {n = 1}, whose existence
is guaranteed by . Then for g1,92 € {gomx : g € TestF(X)} U{gomy : g € TestF(Y)},
we have that g1, ngo € TestF(X x Y), and the validity of follows from the definition of
Covariant Derivative and the locality property of the differential and the Hessian, which ensures
that my x my-a.e. on supp(h) it holds V(ng;) = Vg;, i = 1,2 and Hess(ng2) = Hess(gz).

At this point, in order to get the conclusion, we take h € Lipy (X x Y), n as before and
(hn) C TestF(X x Y) a sequence Wh2-converging to h. Then nh,, € TestF(X x Y) for every
n € N and nh,, — nh = h in W12(X xY). Since holds with nh,, and the functions have
uniformly bounded support, we can pas to the limit in n, and get the claim. |

We are now ready to prove the main result of the section:

Theorem 4.18. Let (X,dx,mx) and (Y,dy,my) be RCD(K, 00) spaces, and v = (v, vy) €
WL (T(X xY)). Then

i) for my-a.e. y € Y it holds v,(-,y) € W&*(TX) with ff|Vc7X(vX)|ils dmyx dmy < oo,
i) for mx-a.e. x € X it holds vy(z,-) € WE*(TY) with ff|Vc,y(vy)|as dmy dmy < oo,

ii1) we have y — vy (-, y) € WH2(Y; L2(TX)) and z — vy(z,-) € WH2(X; L*(TY)).

In particular, the identities (4.3.2)) and (4.3.3)) hold.
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Proof. Point i) is a direct consequence of Lemma with ¢1,92 € {gomx : g € TestF(X)}
together with Proposition In the same way we get also ii).
In order to prove #ii), we start observing that directly from (4.3.12) it holds

/ WVev : (Vg1 @ V) + hHess(g2) (v, g1) d(my & my) = — / (v, V1) div(hVgs) d(my & my)

for g1,92 € {gomx : g € TestF(X)} U{gomy : g € TestF(Y)}, and h € TestF(X x Y) with
bounded support. Thus, if we take g1 = g o mx and g2 = g o my, with g € TestF(X) and
g € TestF(Y) respectively, and we take into account Lemma we get

/hvcv :(V(gomx)®@V(gomy))d(mx@my) = — / (v, V(g omx))div(hV(gomy)) d(mx @my).

Recalling Proposition 2.2 and denoting by T' the restriction of the Covariant Derivative of v to
D (L2(Y; L?(TX))) ® @y (L2(X; L3(TY))) C L*(T®?(X x Y)), we obtain

/h(T, dyg ® dyg) d(mx @ my) = —/(vx,dxg) div(AV(jomy)) d(mx @ my).  (4.3.13)

By now we have proven the validity of for g € TestF(Y) and h € TestF(X x Y)
with bounded support: a standard approximation argument involving the heat flow and the
multiplication with a test cut-off function with bounded support allows to conclude that actually
this equality holds for h € Lip, (X x Y) and g € D(A,).

Since {d,g : g € TestF(X)} generates L?(T*X), we can then apply Proposition to
conclude that Y 2 y — v,(-,y) € WH2(Y; L2(TX)) with dyvx = 7. An analogous argument
applies to the case dyvy.

At this point we have that 4),4i),4ii) in Proposition hold true, and this in particular

means that the identities (4.3.2]) and (4.3.3)) are valid. O

We conclude this section providing an analogous of Proposition we prove that if the
vector field v = (v, v,) in the previous statement is assumed to be in Hy*(T(X x Y)), then
also the components are in the respective HéJQ spaces.

Proposition 4.19. Let (X,dx,mx) and (Y,dy,my) be two RCD(K,o0) spaces, and v =
(v, vy) € Hé.’2(T(X x Y)). Then in addition to the conclusions of Theorem above it
holds:

i) v(-,y) € Hé:2(TX) for my-a.e. y €Y,
i) vy(z,-) € HéJQ(TY) for mx-a.e. x € X.

Proof. We start claiming that for f,g € TestF(X x Y) if we consider functions {fy+}, {gn.t}
Testx F(X x Y) parametrized by n € N and t > 0 as given by Lemma [4.5] we have that

N

lim lim f,,Vg,:=fVg  in WE(T(XxY)). (4.3.14)

tl0 n—oo

Indeed we have

1tV gne = FVGllLe < fnillLe=lIV(gn.e = 9Lz + MIVglllLel foe — fll2

and sup,, ; || fn.tl| L < 00 by (i) of Lemma limy limy, || o< || fr.t — fllz2 = 0 by (¢4¢) of Lemma
and limy lim,, || £ ||V (gn,t — 9)||z2 = 0 by (iv) of Lemma [4.5| and the continuity in W2 of
the heat flow. This proves that the limit in holds in L*(T'(X x Y)). To obtain that it
holds in Wé’Q(T(X x Y)), taking into account the identity V(fVg) = Vf ® Vg + fHessg®, we
see that it remains to prove that

tim lim || (Ve © Voos + fus(Hess(9,.1))F) = (VF @ Vg + f(Hess(g))?)|

tJ0 n—oo

L2Te2(XxY))

(4.3.15)
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The convergence of V f, ;@ Vg, to Vf®Vg in L?(T®*(XxY)) is ensured by iv) in Lemmal[d.5]
, and a diagonalization argument. For the other term we notice that together
with 74) and iv) in Lemma gives that Hessg, ; — Hessh,g in L2((T*)®3(X x Y)) as n — oo
for any ¢ > 0. In particular, for every ¢ > 0 the sequence |Hessg,, + — Hessh.g|,5 is dominated in
L? and this fact together with L?-convergence of (f,.+) to h:f, the uniform L>-bound on these
functions and an application of the dominated convergence theorem gives

|(fr,t = hef)(Hess(gn,:) — Hess(hig))|[z2 — 0

as n — oo for every t > 0. It is then clear that
nhﬁngo || fr,eHess(gn,e) — hy fHess(hyg)||z2 = 0.

A similar line of thought gives lim, ¢ ||h; fHess(h:g) — fHess(g)|/ 2 = 0 hence (4.3.15)), and thus

(14.3.14)), follows.
From this claim and the definition of H(IJ’Q(T(X x Y)) it follows that for v € Hé’2(T(X < Y))

there is a sequence (v,) converging to v in Wé’Q(T(X x Y)) so that each v, is of the form
> fiVyg; for fi,g; € Test F(X x Y). Up to pass to a subsequence and using the bounds
[v| > v and [Vev| > [Veufx| (for the latter recall ([4.3.2)) we can assume that for my-a.e.
y €Y we have vy, x(y) — v(y) in WH2(X) as n — oo (recall that the component v, of a vector
field v € L3(T(XxY)) belongs to L?(Y; L*(TX))) and similarly that v, ,(z) — vy(z) in W2(Y)
for my-a.e. z € X.

The conclusion then follows from the observation that vectors v,, as those considered are
such that v, «(y) € Test V(X) for my-a.e. y € Y and, similarly, v, y(z) € Test V(Y) for mx-a.e.
x e X O
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