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Abstract

We consider motion by anisotropic curvature of a network of three curves immersed in
the plane meeting at a triple junction and with the other ends fixed. We show existence,
uniqueness and regularity of a maximal geometric solution and we prove that, if the
maximal time is finite, then either the length of one of the curves goes to zero or the L2
norm of the anisotropic curvature blows up.

Keywords: Anisotropic shortening flow, networks, short-time existence, maximal solu-
tion
MSC2010: 53C44, 35K51, 74E10.

Contents

[1 Introduction|

[2

Notation and preliminary definitions|

[2.0.1 Anisotropies|. . . . . . . ..

[2.0.2  Anisotropic scalar curvature and anisotropic curve shortening flow|

2.0.4 Behavior of a generic tangential component A’ at the triple junction|
2.0.5 Special Flow: behavior of A\’ in the interior points|. . . . . . . ... ...

I3  Short-time existence for the Special Flow |
8.1 Linearized Probleml| . . . . . . . . . . ..o
3.2 Fixed point argument| . . . . ... .. Lo
4  Maximal solution for the geometric problem|

B

Integral estimates and main result|

5.1 Estimates on [[k||;2 and ||Ky|lz2| . - - . . . oo

5.2 Estimates on |[(¢Yk)ss|| 12 and [[(Kp)ssllze] - - - - - - o o oo oo oo
B3 Mamresulll . . . . . . . ..
[A_Some useful results |

*Universitat Duisburg-Essen, Fakultdt fiir Mathematik, Essen, Germany, heiko.kroener@uni-due.de
"Dipartimento di Matematica, Universita di Pisa, Pisa, Italy, matteo.novaga@unipi.it
HUniversitiit Duisburg-Essen, Fakultit fiir Mathematik, Essen, Germany, paola.pozzi@uni-due.de

10
12
16

19

21
23
28
36

36



1 Introduction

The aim of this work is to study motion by anisotropic curvature of a network of three curves
in the plane. This evolution corresponds to a gradient flow of the anisotropic length of the
network, which is the sum of the anisotropic lengths of the three curves. Since multiple points
of order greater than three are always energetically unstable (see [17, [10]), it is natural to
consider networks with only triple junctions, the simplest of which is a network with three
curves meeting at a common point.

The isotropic version of this problem attracted a considerable attention in recent years
(see for instance the extended survey [I3] and references therein). In particular, the short
time existence for the evolution has been first proved by L. Bronsard and F. Reitich in [5],
and later extended in [14, 11| where it is shown that, at the maximal existence time, either
one curve disappears or the curvature blows up.

The main result of this paper, contained in Theorem [5.1] is the extension of the result in
[14] to the smooth anisotropic setting. More precisely, we show that at the maximal existence
time of the geometric solution (see Definition , either the length of one curve goes to zero
or the L? norm of the anisotropic curvature blows up. In the latter case, we also provide a
lower bound on the blow up rate of the curvature (see Lemma .

A relevant technical issue in this paper is due to the fact that, in the case of networks,
the evolution is governed by a system of PDE’s rather than by a single equation, hence it is
difficult to use the maximum principle, which is usually the main tool to get estimates on the
geometric quantities for curvature flows. As a consequence, following [14] in order to control
these quantities we rely on delicate integral estimates and interpolation inequalities.

A challenging open problem is the extension of such result to the nonsmooth (including
crystalline) anisotropic setting, as it was done in [6l [15] for the case of closed planar curves.
In the case of networks, the dependence of the integral estimates on the anisotropy, makes
such extension problematic.

Let us point out that, in the paper [3], the authors proved a short time existence result
for the crystalline evolution of embedded networks, under a suitable assumption on the initial
data which allows to reduce the evolution equation to a system of ODE’s. We also recall that
in the papers [9, 2] the authors discuss existence of global weak solutions for the evolutions of
embedded networks by anisotropic curvature flow.

The paper is organized as follows: In Section [2] we introduce the notation and define the
relevant geometric object that we shall use throughout the paper. In Section [3] we prove a
short time existence result for the evolution following the approach in [5 14]. In Section 4| we
show the existence and uniqueness of a maximal geometric solution and we prove that, at the
maximal time, either the length of one curve tends to zero or the H' norm of the anisotropic
curvature blows up. Finally, in Section [5| we refine this conclusion by showing that, if the H!
norm blows up, then also the L? norm of the anisotropic curvature blows up. We conclude
the paper with an Appendix containing some technical result which are used in the paper.
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support by the PRIN 2017 Project Variational methods for stationary and evolution problems
with singularities and interfaces. HK und PP have been supported by the DFG (German
Research Foundation) Projektnummer: 404870139.



2 Notation and preliminary definitions

We consider regular planar curves parametrized by u : [0,T] x I — R?, where I = [0,1]. We
denote by s the arc-length parameter of the curve (thus 0s(+) = 0,(+)/|ug|), by 7 = us/|ug| =
us = (sinf, —cos#) its unit tangent and v = (cosf,sinf) its unit normal. The Euclidean
scalar product in R? is denoted by -. The symbol L stands for anti-clockwise rotation by /2,
therefore (a,b)t = (—b,a). Recall the classical Frenet formulas

Ugs = Ts = K = KU, Vs = —KT. (2.1)

Obviously § = ez, — Yez . 77 and k = 222 . . Moreover recall that from the expression for
[ug®  |ual? [uz]?

vs one infers that for the scalar curvature x we have

Kk =0s. (2.2)

2.0.1 Anisotropies

Let us recall some definitions and properties of anisotropy maps (see for instance [4]).

Definition 2.1. We call anisotropy a norm ¢ : R? — [0,00). We say that ¢ is smooth if
@ € C®(R2\ {0}) and ¢ is elliptic if ©? is uniformly convex, that is, there exists C' > 0 such
that

D*(¢*) > C1Id (2.3)
in the distributional sense.

Definition 2.2. The set W, := {¢ < 1} is called Wulff shape. We say that ¢ is crystalline
if Wy, is a polygon.

Definition 2.3. Given an anisotropy ¢, we introduce the polar norm ¢° relative to ¢

¢°(z) = sup{€ - = | p(§) < 1}.

Remark 2.1. Note that ¢ is smooth and elliptic if and only if ¢° is smooth and elliptic ([6),
§2]).

The ellipticity condition implies that the Wulff shape is uniformly convex. Moreover, from
(2.3) one infers that

C
- 2max{p(P) | € ST}’

D*o()r -7 > C, C: (2.4)

for unit vectors v and 7 with v -7 =0 (see |15, Remark 1]).

In the following, we shall restrict ourselves to the case of smooth and elliptic anisotropies.

Observe that the homogeneity property of a norm ¢ yields D(p)-p = o(p) and D?p(p)p =
0 for any p # 0, two facts that we will use repeatedly in our computations.



2.0.2 Anisotropic scalar curvature and anisotropic curve shortening flow

When u is smooth and the anisotropy ¢ is smooth and elliptic the classical formulation of the
anisotropic curvature flow is given by the equation (see [I])

ug = @°(V)Ry, (2.5)
where the scalar anisotropic curvature is given by
Kp:=—Ns-T (2.6)
with N = D¢°(v) the Cahn-Hoffman vector. Thus
Ky = D*o° (V)T - TH.

Clearly, boundary and initial conditions (and compatibility conditions) have to be specified
as well, but for the moment we neglelct those and focus only on the evolution equation. By
setting

#(0) := ¢°(v) = ¢°(cosb,sinb), (2.7)
a straightforward calculation gives
3(0) +¢"(0) = D*¢°(v)7 -, (2.8)
so that we can rewrite the flow as
ue = $(0)(6(0) + ¢"(0)) kv = (0) v, (2.9)
where « is the Euclidean curvature and
»(0) == $(0)(6(9) + ¢"(0)) = ° (V) D*° (V)7 - 7. (2.10)
Note that by , the ellipticity of ¢ implies uniform bounds for %, i.e.,
M >y >m>0. (2.11)

In the following we shall admit tangential components to the flow, therefore we will consider
evolution equations of type

u = @°(V)kov + AT = Y(0) kv + AT, (2.12)
for some sufficiently smooth scalar function A.

Definition 2.4. The special anisotropic curve shortening flow is defined through a
specific choice of tangential term, namely we take X = ¢°(v)(D?*p° (V)T - 7)%% - 7 in ([2.12).

[ug|?

Thus, the special anisotropic curve shortening flow is given by

u = @° (W) (D2° (V)7 - >|Z—| — ww)fﬁ;. (2.13)

Next we derive the evolution laws of relevant geometric quantities.



Lemma 2.1. Assume u satisfies (2.12). Then, the following equalities hold

0105 () = 0s04(-) + 1(0)K°05(-) — AsOs(-)
T = [(W) )s + kv
v = —[(Y(0)k)s + A&]T
= (V(0)K)ss + (0)K® + Aris (2.14)
= (Y(0)K)s + Ar.

For the special flow (2.13) where X\ = ¢(0) |Zz|12 ST = —¢(9)% (ﬁ) we have that

= "(O)[((0)r)s + Ak] + Y (0) Ass — D(0) (1h(8)K%)s — AXs + Mp(0) K7 (2.15)

¥(0)
Proof. The assertions easily follow by straightforward calculations, see for instance |15, Lemma 1]
for the special case where A = 0 and [I3, Lemma 3.1] for the isotropic case. O

Lemma 2.2. Assume u satisfies (2.12). Then the following holds for the isotropic and
anisotropic length of the curve

%L(u) = (Z/Ids = —/I¢(6)m2ds + [As, (2.16)
o) =4 [F@)is == [ e 0)ds + [ A= bORDE ) Tl 2D

Proof. We compute

d = — KR - rrVas T- T Xr = — KIQ S 1
dtL( u) = /IT'umd:r— /] »(0)kvd +/I (AT)2d /]%ZJ(Q) ds + [Mg
and
%L@(u) ;lt/ ds—/Dgo utxdx—/an Y(O)RT + A\v)pdx
—ﬁwwwwww>%u+[<n $(0)sDE(v) - 71}
%02d+[<n HO)RDEE(w) - ).

2.0.3 The Geometric Problem

For basic definitions of networks see for instance [13], § 2]. We consider networks S of curves
parametrized by regular maps v : [0,1] — R2, i = 1,2, 3, such that u’(1) = P’ (with P’ € R?
given) and u*(0) = v/ (0), for i, j € {1,2, 3}, that is the curves are parametrized in such a way
that the origin is mapped to the triple junction.



P3

Figure 1: Network with one triple point O and three endpoints P!, P?, P3

Definition 2.5 (Geometrically admissible networks). A network S is called admissible if there
exist reqular parametrizations o* € C%([0,1],R?), i = 1,2,3 such that S = U3_,0%([0,1]) and
there holds

oi(l) = P* i=1,2,3,
1(0) = 0(0) = 0*(0) .
S De®(vg) =0 where Vi := (Tji)ll’

together with A
k=0 atz=1,

(where mfp denotes the anisotropic curvature of the curve o*) and

Rpp® (Vo) + Noh = koo () + Norg for i j € {1,2,3} at 2 =0.
Here )\6 denotes a further geometric quantity, whose expression is formulated in (2.26)) below.

In particular we see that N} is given as a linear combination of ¥(0%)k" and 1 (0"*1)k'*!,

Definition 2.6. Given an initial admissible network o := (o', 02,03) as in Definition we

look for T > 0 and regular maps u' : [0,T)x[0,1] — R?, i =1,2,3, withu’ € CHT&Q"'Q([O,T)X
[0, 1], R?)such that

(uf - v = (0K on (0,T) x (0,1) i=1,2,3, (2.18)
with initial datum u'(0,-) = o'(-) up to reparametrization ( i.e., u'(0,-) = o(¢'(:)) for some

orientation preserving diffeomorphism ¢' € C%2([0,1],[0,1]) ) and (natural) boundary condi-
tions

u'(t,1) = P for allt € (0,T),i=1,2,3,
ul(t,0) = u?(t,0) = u3(¢,0) for allt € (0,7), (2.19)
S Dy (V(t,0)) =0 for allt € (0,T).

A solution to such problem is called geometric solution.

Remark 2.2 (Anisotropic angle condition). The boundary condition

Z De° (V') =0 (2.20)



at the triple junction is the anisotropic version of the Herring conditz’on (cf 13, Def. 2.5])
and is derived by considering the first variation of E(S) := 7 1f1g0 “)ds'. Indeed, for
variations of type u' + ep', where @' are smooth functions with ¢'(1) = 0, ©*(0) = ¢’ (0) for
all i,j € {1,2,3} we can write

Z/OH (D22 (W) - 7y gpds—ZDcp Vi (0) - (£H(0)),

=1

(where here and in the following we write ds instead of ds’, the meaning being clear from the
context) and is immediately deduced. Note that the vectors £ := D°(v') appearing in
belong to the boundary of the Wulff shape, i.e., £ € OW,,i=1,2,3. We can state that
the angles at which the tangent planes to OW,, at €' can meet are bounded away from zero and
m: indeed in one of these two limit cases, the three vectors must be in shape of a Y (possibly
with two vectors coinciding), but we get a contradiction using the symmetry and convezity of
the Wulff shape.

Since V' is normal to the tangent plane at & = De°(V') € OW,,, this means that there
exists a positive constant C depending on ¢° such that

0L/ [<C <1, i#j (4,5 €{1,2,3}).
In turns this implies the existence of a postive constant ag depending on ¢° such that
Wiri|>a0 >0  i#34, (i,5€{1,2,3}). (2.21)

For the notion of geometric solution it is enough to specify the normal velocity. To attack
the problem analytically, we actually consider the system

for some scalar maps X € C2%([0,T) x [0,1],R?). Note that the presence of tangential
components X\’ is necessary to allow for movements of the triple junction. In principle there
is some freedom in the choice of these maps, but the freedom is restricted only to the points
in the interior of the interval of definition. Indeed we show below in Section that A7,
2,3 are fixed by the problem at the boundary. More precisely we show that at the
boundary we can express A’ as a linear combination of the geometric quantities ¥(6")x’ and
w(giil)ﬁiil.
Among all possible choices of tangential components ¢, we highlight one specific flow that
will play an important role in our discussion:

Definition 2.7. A solution as in Deﬁm’tz’on such that ut, i = 1,2,3, evolves according to
(2.13)) is called Special Flow.

The Special Flow provides a well posed problem that we can attack analytically. We shall
use the Special Flow to derive short time-existence of a geometric solution, and to show its
uniqueness and smoothness.



2.0.4 Behavior of a generic tangential component )\’ at the triple junction

At the triple junction beside the concurrency condition we impose that the velocity be the
same for all curves involved, hence we impose

YO KW+ Nort = (09 )wIVT + NI (2.23)
or equivalently (after rotation by m/2)
_w(ei)ﬁiTi 4N = _w(gj)ﬁjTj Iy
for every i, € {1,2,3}. Multiplying with Dy°(*), summing over i, and using gives

3
0= Z V() ° (VKD + Ni(Th - De° (V1)) (2.24)
=1
and
3 . . . . . .
0= (W)X — (0K (7" - D°(v")). (2.25)
=1

In the isotropic case this amounts to Y35, k' = 0= Y02 A%

On the other hand, starting from ([2.23)) and taking the inner product with appropriate nor-
mals and tangents we get (with the convention that the superscripts are considered “modulus
377)

@Z)(GZ)I{Z _ w(ei:l:l),{i:l:l(yi:tl X I/i) + )\i:l:l(Ti:Izl . I/i),
)\i — @b(@iil)fgiil(yiil . ,7_1‘) + )\i:tl(Ti:tl . Ti).
For the isotropic case where all constants and coefficients can be given explicitly see [13, §3|.
The above system can be written as

(Vi-i-l i Vi) 0 (Ti-i-l i Ui) 0 ¢(9i+1)/€i+1 w(@i)%i
0 (Vi—l . Vi) 0 (Ti—l . l/i) w(ei—l)ﬁi—l B ¢(9i)ﬂi
(Vz'—i-l . Ti) 0 (Ti—i-l . 7.1') 0 )\i+1 - )\i
0 (Vz'—l ‘Ti) 0 (Ti—l ,Ti) N1 A

Writing o = (v11-0f), B = (i1 08), vy = (71 07), § = (7771 1%) we see that above matrix
has determinant equal to det = (a2 + 32)(6? + +?), which can never be zero since o and 3,
respectively 6 and -, can not vanish simultaneously. Thus we obtain

. : 8 o
Yo e V(0")r!
UL ; e 0 e || v0)s

(3 (2

)\i—l o4 p Es) w7 ! )\i

A 0 72462 0 727}%2 A

From the first two equations we infer that if 3 # 0 or § # 0 then we can express A\’ as a
linear combination of 1 (6%)x’ and 1 (#**1) &1, By (2.21) we know that in fact |8| and |§| are
bounded from below. In particular we obtain that

i@

B

w(ei)ﬁi _ lw(eiﬁ-l)ﬁi—&-l and N\ = llb(ei)fii . %

A E 5

Y0 KL (2.26)



so that

3
N <O (7) k] i=1,2,3 (2.27)
j=1

at the triple junction with C' = C(ag) depending on the anisotropy.
For the analysis that follows we will also need expressions for the time derivative A\i. Using
(2.26)) we can write

ue2)

with C' = C(ag) depending on the anisotropy.

(OHETH + Ol )| (2.28)

(094" | + Clw(0")K")e] + ’ <;)t

Lemma 2.3. The total anisotropic length of the network decreases in time along the evolution.

Proof. The statement follows by adding the contribution of each curve as computed in (2.17)),
using ([2.25)) at the triple junction, and the fact that A’ = 0 = &’ at the fixed points P?,
i =1,2,3 (this follows from (2.12) and d,u’ =0 at P;). O

2.0.5 Special Flow: behavior of \’ in the interior points

In the following we assume that (2.13]) holds for every curve of the network and that we have
a uniform bound on the curvatures, namely

3

> sup [[K(E, )|z < Co.

i—1 t€[0,T]

Since the following considerations hold for any curve of the network we drop the indices for
simplicity of notation. Upon recalling (2.12)) let us denote with V' the length of the velocity
vector. Then

V2= |wl? = W(0)r)? + N2 (2.29)

Using Lemma (in particular also (2.15))) we observe that w := V? satisfies (cp. with [14]
page 263| for the isotropic case)

wi = Y()wss — Aws + 2¢(0) % w — 2(0)[(V(0)K)s]* — 20(0)(As)> + N
where

20
M)

=2(Iny(0))w.

W'(6)

2 2
) (WO +3)

N = 2((1h(0)K)s + Ar) ( »(0))s
P (0 V')
w<> o) "

Note that N vanishes in the isotropic case. Bringing N to the left-hand side and multiplying
both side of the equation with e 22%(?) we obtain

) = 2((O)) + )

= 2((¢(0)r)s + Ar) = 20,

(w€_21n¢(9))t = ﬂ}(ﬁ)e—ﬂnd)(@)wss — Ne2In¥(0),, S+ 20(0)k 2 pe—21nv(0)
— (20(0)[(1(0)1)]? + 2(0) (As)?) e~ ¥O)



If w(t,) = V2(t,-) > 0 does not take its maximum at the boundary (where x and hence
A, recall (2.27)), are controlled by assumption) then it achieves its maximum wpe.(t) =
max|y 1] w(t,-) in an interior point. By Hamilton’ trick ([12, Lemma 2.1.3]) we have that

%wmax(t) = wi(t, Tmaz) Where Ty € (0,1) is an interior point where w(t,-) assumes its
maximum. Then

<wma$€_21nw(9))t < Qw(H)KQ’lUmaxe_anw(e) < Cwmame_zlnw(e)
where C' depends on Cy and on the anisotropy map (recall (2.11])). Gronwall’s inequality
yields

—21 % T —21 %
Wmaz€ n(0) < eC (wmax6 n( ))|t:0‘

It follows that V' and A’ are uniformly bounded on [0,T) for i = 1,2, 3.

3 Short-time existence for the Special Flow

The aim of this section is to establish a short time existence result for the special anisotropic
curve shortening flow (recall Deﬁnitionand (2.13))). More precisely, given an initial network

o := (o!,02,03) of sufficiently smooth regular curves satisfying appropriate boundary condi-

tions (see below) we look for 7' > 0 and v’ : [0, T] x [0,1] — R?, u® € C%TQ’HO‘([O,T] x [0, 1]),
i=1,2,3, a € (0,1) such that

ul = (0" IUZTQ = o (V)(D*p° (V) 1t - 1Y) quTQ i=1,2,3, (3.1)

with initial datum u*(0,-) = o%(-) and boundary conditions

u'(t, 1) = P forall t € [0,7],i=1,2,3,
ul(t,0) = u(t,0) = u3(t,0) for all t € [0, T, (3.2)
S8 De°(Vi(t,0)) = 0 for all ¢ € [0,7].

We assume that o € C%%([0,1],R?), i = 1,2, 3, are regular maps fulfilling the following
compatibility conditions:

oi(1) = P! i=1,2,3,
o1(0) = 02(0) = 0*(0) N (3.3)
S8 De° () =0 where we set v} := (“T(;”;' :
as well as
o
2 =0 at x =1 fori=1,2,3 (3.4)
o312
P i Ol .
w(ﬁo)’ e =(6}) o2 at x =0 for 4,5 € {1,2,3} (3.5)
x x
where
i i
HZ:OY:DQO’LO-Z?J 0-3'3'
1/}( O) QO(VO)( SO(VO)‘O'JH ‘O-glc|)



Existence and uniqueness in the isotropic case have been shown in Bronsard and Reitich [5].
There the short-time existence proof is carried out in three steps: first a linearization around
the initial data is performed, second the classical theory for parabolic system is used to prove
existence for the linearized system, third a fixed-point argument is applied to obtain short-
time existence for the original non-linear problem. Due to the presence of the anisotropy
map the problem is now clearly highly nonlinear and some details require attention. In the
following we provide the main arguments. With respect to [5] one striking difference consists
in the treatment of the boundary condition at the triple junction. In the isotropic case
yields 7! + 72 4+ 73 = 0, which gives an angle condition described in [5, eq.(28)] as
7172 = cos(27/3) = 72 - 3. The latter two equations are then accordingly linearized around
the initial datum. Here we need to work with directly, since ° is a given arbitrary
(smooth and elliptic) anisotropy map.

Function spaces and notation. For the convenience of the reader let us recall the definition
of the parabolic Holder spaces (recall [16, page 66 and 91]) and fix some notation.
For a function v : [0,7] x [0,1] — R and p € (0,1) we let

v(t, z) — v(t,y)|

Vlpa ‘= sup 7

vl (t,@),(t,y)€[0,T]x[0,1] |z —yl|P

(W] s i= sup o(t,z) —o(t', )|
g (t,@),(t,x)€[0,T]x[0,1] |t —t'|P

For aw € (0,1) and k € Ny we define CHTa’k+O‘([O,T] x [0,1]) to be the space of all maps
v :[0,T] x [0,1] — R with continuous derivatives 9;d%v for i, € NU {0} with 2i + j < k and
such that the norm

k

[oll ke 4ia = sup  |9;0%0(t, )]
Cc 2 ke ([0,11x[0,1]) 21.;.:0 (t,2)€[0,T]x[0,1]

+ E [azagc’l)]a@ + E [8;8%’1)] k+ag2i7j 4
2i+j=k 0<k-+o—2i—j<2

is finite. Note that C“2:279([0,T] x [0,1]) € C 21+ ([0, T] x [0,1]) € C52([0,T] x [0, 1]).
We adopt the following conventions:

e in the proofs, and whenever clear from the context, we do not write the set of the

parabolic Holder spaces. In other words we simply write ||v chﬁra jio instead of HUHijra Fre (0 T]x[0.1])°
’ ’ K >< 2

e for Holder norms on spaces in only one variable we always write the set, for instance in

C**([0,1]) or C*% ([0, T7);
o the C*5*F+2 norm of a vector-valued map is the sum of the norms of its components.

Useful lemmas for parabolic Holder spaces are collected in Appendix [A]

3.1 Linearized Problem

For some 0 < T < 1 and M > 0 to be chosen later on (cf. (3.12)) define

X; = {v € CTF ([0, 7] x [0,1]; R?) oll 250 ore < Mov(0) =0'()}  (3.6)

2+
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fori =1,2,3. Furthermore let 5 = min{|o%(x)| : x €[0,1], and i € {1,2,3}}. Tt is § > 0.
Upon considering ¢ as a map o° € cH® 2Fe([0,T] x [0, 1]; R?) by extending it as a constant
function in time, similar reasoning as in |7, Lemma 3.1| (using now Lemma yields that
it is possible to choose T' = T'(M,d,0) so small in the definition of X; above so that any map
v € X; is regular for all times. From now on we assume that T is fixed in such a way that the
regularity of the curves is guaranteed, that is

» 1
|t (t, )| > 56 for all (¢,z) € [0,7] x [0, 1] (3.7)
for any @’ € X;, i = 1,2,3. As in [5] we seek a fixed point of the map
3
R:[[Xxi— H X; (3.8)

j:
a = (a',a? @) — Ru =u = (ul,u? u?)
where u solves the following linearized system, which we refer to as the linear problem.
The Linear Problem (LP) Given u = (a',u?,4%) € H?Zl X; we look for u = (u',u? u?),
u € H?:l CHTQ’2+Q([O,T] x [0, 1]; R?) solution to

~ Djud, = f’ (3.9)
u (0,2) = o (2) (3.10)
where
LB (w@j) _ w@é)) i R
|oz]? jazl*  |ozf?

for j = 1,2,3, with (the linearized) boundary conditions (recall (3.2) and v = (U“”i)L)

u'(t,1) =P Vte (0,T), i=1,2,3
ul(t,0) = u?(t,0) = u3(t,0)  Vte (0,T)

3 (e + ipee) i) = 3 (g — o)

4 1 . 1 . _
) — (D) T, )u —=b  Vte(0,T).

Solution of the linear problem (LP)
As in [5] we follow the theory developed in [16]. The above system can be written as
L(z,t,0y,0)u, with L(z,t,0y,0;) = diag(lgr)S_, where
Uer(2,t,05,0) = 0, — D02 ifk=2(i—1)+j
for some j € {1,2} and i € {1,2,3}. In the following let (fori=+/—-1,£ € R, pe C)

3

L(x,t,i¢,p) := det L(w,1,i¢,p) = [ [ (0 + Di€?)?

=1

ﬁ(l’, tv i’fa p) = L(:L', tv iga p)ﬁ_l (3?, ta i§7p) = dlag(Akk)gzl

12



with

[, (p + Di€?)?
p+ D;&?

for I € {1,2,3} and j € {1,2}. Since many terms coincide in the following we simply write
Ay = A = Agp,  Ag = Az = Aug, Az = Ass = Ass-

As in [5] we note that the parabolicity condition |16, p. 8| is fulfilled since for any ¢ = 1,2,3
we have that

DiZm-min{ :j:1,2,3,x6[0,1]}>0

o7 ()|
where m is as in (2.11]).

At the boundary we need to check the so-called complementary conditions [16], p. 11]. First
of all we consider the system of boundary conditions at the junction point at z = 0. Here the

0
system reads Bu = | 0 | where u = (u!,u? u?) € R® with B a 6 x 6 matrix given by
b
Id —Id 0
Bz =0,t,8,,0)=| 0 Id -Id
Q1 Q2 Qs

where each block entry is a (2 x 2) matrix with

Q; = L (7-10) < 30;,; _(?I ) + (DSOO(VS)' 0;:6]2) ( a(;c 80;); >

|o%|

with all coefficients evaluated at = 0. Therefore we obtain

1 0 -1 0 0 0
0 1 0 -1 0 0
. 0 0 1 0 -1 0
Ble=0tirp) = 0 0 1 0 1
in51 —in52 in53 —i7‘b54 i7‘b55 —in56
itbse itbs1  iTbsy iTbss iTbsg  iThss
where
o i ©° (1)
b51:(D90 (V(%) ’0,133‘2)7 bs2 = ’0.10
xX xX
o o5 °(13)
bss = (Dg° (1) - ’ngP)’ bsq = TQO
X X
3 o(,,3
0 o ¢° (1)
bss = (De°(15) - |0_3I|2)v bse = |030
X xX

with all expressions evaluated at x = 0. In the isotropic case bs; = bss = bs; = 0 and
) _ 1

lozl — lozl”

Next note that as a function of 7 the polynomial L(z,t,ir, p) has six roots with

13



positive imaginary parts and six roots with negative imaginary parts provided Re(p) > 0 and
p # 0. More precisely writing p = |p|el% with —7/2 < 0, < /2 and |p| # 0 we may write

3
L(x,t,im,p) = [[ D} (7 =72 (r = 7,)?
=1

with

+ el i(z+%) . [P N el (e L
=1, (z,p) = Di6<2 2)—1 E T, =1 (v,p) = Die(z 2>——1 E

Following [16] p. 11] we set

Mt =Mt (z,7,p) = H(T - Tj)2.
i=1

By [16] p. 11] the complementary condition at z = 0 is satisfied if the rows of the matrix

A~

A(x = 0,t,ir,p) := B(x = 0,t,ir,p)L(z = 0,t,iT,p)

are linearly independent modulo M ™ whereby p # 0, Re(p) > 0. Therefore we need to verify
that if there exists w € R® such that

w? - A(z = 0,t,ir,p) = (0,0,0,0,0,0) mod M+
then w = 0. This gives the six equations

Ap(wy + wsiThs + weithsy) =0 mod M

A (wg — wsiThsy + weiths1) =0 mod M

As(—

Ag(—wa + wy — wsiThsy + weithsz) =0 mod M™T

Az(—ws + wsithss + weithsg) =0 mod M™

Az(—wy — wsiThsg + weithss) =0 mod M ™.

w1 + w3 + wsitTbss + w6i7b54) =0 mod M™*

Using the fact that A; and M have many factors in common, we infer that the first equation

in equivalent to
p1(7) (w1 + wsiths1 + weiths2) =0 mod (1 —71")

where

p(r) = (=1 )T =75 )2 (r—135)

Since (7 — 7;7) can not divide pi(7) then 7;" must be a root of the remaning linear factor.
Reasoning in a similar way for the other five equations we obtain that w must satisfy the
system
wy + w5ib517'1+ + w61b527'1+ =0
wy — w5i7'1+b52 + U)617'1+b51 =0
—wi + ws + w5i7-2+b53 + ”u}617'2+1)54 =0
—wg + Wy — w5i7'2+b54 + w6i7'2+b53 =0
—ws3 + w5iT3+b55 + wGiT;b% =0

—wWy — ’w5i7'?j_b56 + ’LUGiT;b55 =0

14



for whose determinant we compute

1 0 0 0 by ibsary

0 1 0 0 -—irffbse inbsm

-1 0 1 0 irgbsy i7y bsa
det 4 P

0O -1 0 1 —iry bss i7y bs3

0 0 -1 0 irgbss ir5bss

0 0 0 -1 —17;656 iT;_b55
—(5527'1—’— =+ 5547; + 5567';_)2 — (5517'1—"_ =+ b537’2+ =+ b557’§r)

2 2
20 [ 1052\ _ (5~ De°04) o | loi?
(Z il \ e )) (Z e pwwa))

i=1

2 2
° L Dp° (i ol 1
+p<z e wwa)) 7Y

=1

2

3 i

—p Z %O(Vo?

i=1 1/ ¥(0)

N2
since p # 0 and (ZZ 1 W;(E’gi)) > 0. It follows that w = 0 and the complementary condition
at x = 0 is fulfilled. Check(i)ng the complementary condition at = 1 is done in a similar
way, but here computations are much simplier since B(z = 1,¢,ir,p) is given by the identity
matrix.

Finally we observe that at ¢ = 0 the initial condition is given by the system Cu = ¢ where
C € RY%6 is the identity matrix. The complementary condition here (cf. [16, p 12]) requires
that the rows of the matrix D(x,p) = C - ﬁ(w, 0,0,p) are linearly independent modulo p° at
each point z € (0,1). This is readily checked.

Using , , and the definition of the spaces X; we also observe that the linear
problem fulfills the compatibility conditions of order zero (cf. [I6l p. 98]). Application of

([0, 7] = [0,1];R?)

satisying

Z 4242 2t g 710 (3.11)

3
<Gy (Z(HfﬂCg,a(mxm,m + oy + 1P + Il 5 TD)

i=1

3.2 Fixed point argument

Let u = (u',u?,u?) € H?Zl C’HTQ’ZJFO‘([O,T] x [0,1]; R?) be the solution of the linear problem
(LP). We would like to verify the self-map and self-contraction property of the operator R

(recall (3.8))). To that end we employ (3.11)).
Self-map property We need to estimate the right-hand side in (3.11). For j = 1,2,3 and

15



using the definition of X; as well as Lemma we compute

(0
HfJHCQ o S H(, J‘Q B ’U(%FQ)>

H_m”c%a
c%e
. » 1 ; 1 1
M(Hzp(eﬂ)_w(%)HC%,a @i . + 190l o5 TR )
rl llc2e z oz

Writing out the expressions of type 1(6) in terms of tangents and normals (recall (2.10)), (2.8])),
manipulating them appropriately into products of differences (similarly to what we have done
above) and application of Remark and of Lemmas [A.1] [A.2] |A.4] [A.5] and [A.6] yields

1]l oy < CiT3

where Cp = C1(6, [|07||c2.0(0,1), M, |¢°]|c4). Next we write
3

5= (1000 - N + 0~ ])( A%

EARNTA

+ (106 0d) - = D) T+ D0 W~ )

2l
|7zl TG

Similar considerations yield now

1Bl o 15 ) < CoT

with C; = C1(9, ||o? 2o (o,1) M [[#° ] cs). Putting all estimates together we derive from (3.11)

3
1l 252 2t o o,y S BC0(C1 + Co)T% + C’OZ;(HUZHCQ,Q([OJD + |P)).
Hence choosing
3 . .
M :=2Co Y ([0’ llc2qoy + [P') (3.12)
i=1

and taking T' < 1 so that 3Cy(Cy + CQ)T% < M/2 we infer that R maps X7 x Xy x X3 into
itself. This will be assumed henceforth.

Contraction property Let u = (u!,u? u?) = R(u) and v = (v}, v%,0v?) = R(v) € H?’:1 X;
be two solutions of the linear problem (LP). Set w = (w', w?, w3) with w’ = u/—v?, j = 1,2, 3.
Then the w?’s satisfy

— Djwi, = (@) — f7(0) (3.13)
w? (0,2) =0 (3.14)
where D; = Ta(f %2) > (0 and
. . Y(O@7)  p6)\ ; YO@)) w6
o= (-1 - (- 1

16



for j = 1,2,3, with boundary conditions (recall that v} = (01‘)| and note that here 1(0(u)) is
given by (2.8 . and - with tangent and normal vector of the curve u)

wit,1)=0 Vte[0,T], i=1,2,3
w'(t,0) = w?(t,0) = w(t,0)  Vte[0,T]

3 . . . 3
l)J_ oyi‘o—;’ wzz _ oyii_ oyaii ﬂiL
;( 4 (D) ‘J;|>|U.,>—;(¢<o> @ ) (@)
oz‘_Ui; L oy,ai_,r,ail i
+ (D0 22— e @) i) o )
3
—Z<SOO(0)1
=1

~ (e 2~ D) 7@ ) o =@ - o) Ve 0T

|05
This is again a linear parabolic system and it satisfies the complementary and compatibility

conditions. In particular it satisfies the Schauder-type estimate

ZHw ”C ta 2+ (0.7 x [0,1])

3
<oo(Z(nf%m—fiw)||Cg,a([0,w,m>+ub<a> bl m)

(3.15)

=1

Using the lemmas from the Appendix @, the definition of X;, and arguments similar to those
employed in the verification of the self-map property we compute for j = 1,2,3

1) — P @)l < || LA 2Dy
|tz | |Vz] cTe
wo@)) v
512 2 ”u]:rx _v%ch%»a
|vx| | ‘ N
< CT%Hﬂj _UJHC.”T"‘,Ha
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(@) — b(D) || (0.1)
23: ( —¢°(v(u)") L (@)t — (v )LH
\ @ oo % o) o)
1
+ ||’ (v(a)") = — ¢*(¥(0)") = 7 a
©°(v( ))WA (v( ))!UH 02 (011 |(w%)* I o150 R,
| oeosy- L~ (e -y I~ i
14 ) — rV\u cT\U U, —U 14+«
P oo ~ P @l o2 oy 17 (0
o —\1 i 1 o )% . 7)? 1 ol
+ |(De° (v(@)?) - 7(u ))|u | — (De°(v(v)") - 7(v) )W| 12 (071 1921l o 1+"([OT]))

3
<OT: ) |[@ — || 240

i=1

where C' = C(M, 9, ||o||c2.e(o,1))s I¥°[lca). Thus, by choosing T possibly even smaller, we
obtain

—_
w

Z ||w || 2+a([0 T]X[O 1] 2 Z ||w H 2+ 2+oz [0 T}X[O 1])

and the contraction property of R is established.

Finally application of the Banach’s fixed point theorem yields the existence of a unique
map u € H§:1 X; with u = R(u), that is a solution to (3.1)), (3.2). In particular we can state
the following theorem.

Theorem 3.1. Let P' € R? i = 1,2,3, be given points and o € (0,1). Let o* € C>%([0,1],R?),
1=1,2,3 be reqular maps fulfilling the compatibility conditions , , . Then there
exists T > 0 and unique regular maps u' € CHT‘}’HO‘([O,T] x [0,1],R?), i = 1,2,3 such
that (3.1)), are satisfied together with the initial conditions u'(0,z) = o'(x), = € [0,1],
i=1,2,3.

Corollary 3.1. Let u' € C’HTQ’“O‘([O,T] x [0,1],R?), i = 1,2,3 be the solutions found in
Theorem . Then u* € C*((0,T] x [0, 1], R?).

Proof. The instant parabolic smoothing can be shown by some standard arguments employing
a cut-off function and a boot-strap argument in the same fashion as in |7, Thm 2.3]. O

4 Maximal solution for the geometric problem

We now prove existence, uniqueness and regularity of a maximal geometric solution. We first
show that a geometric solution is also a solution to the special flow up to a diffeomorphism.

Lemma 4.1. Let (u',u? u?), with u’ € CHT(I’QJFO‘([O T) x [0,1],R?), i = 1,2,3, be a solution
of the geometric problem (accordmg to Deﬁmtwnm) with tangentml components \' = ui -

Then there exists a orientation preserving diffeomorphism ¢* € c*3® S:2+a (0, 7] % [0, 1], [0, 1]),
i = 1,2,3, for some 0 < T' < T, such that (@', % a3), with a'(t,y) = u'(t,d'(t,y)) €

18



CHTQ’HQ([O,T/] x [0,1],IR?) is the solution of the Special Flow (recall Deﬁnition and Sec-
tion @

Proof. Since the proof of existence of ¢ is performed identically for every map i = 1,2, 3, let
us omit the index ¢ for simplicity of notation. Note that by the assumptions on the initial
data (recall Definition we have that the anisotropic curvature (and hence the curvature
and curvature vector) vanishes at x = 1 at time zero, that is

(k)| (t=0,2=1) = 0. (4.1)

Moreover we have that at the junction point at time zero there holds
(Y(0") K"V + >‘i7-i)|(t:0,x:0) = (Y(0")rI 7 + /\jTj)|(t:0,w:0) for i,j € {1,2,3}. (4.2)

First of all construct a diffeomorphism ¢q : [0,1] — [0, 1] such that ¢o(0) = 0, ¢o(1) = 1,
$0,y > 01in [0,1] and

$(000,y)) Po.yy(y) ez (0,y) - u2(0,y) — A0,y)
(0,9 (90,4 (1))? |ua (0, y)|* |u2(0, )]

at y = 0,1 (whereby recall that A(0,1) = 0). This can be done for instance by imposing also
that ¢, (y) =1 at y = 0,1, and by taking a suitable perturbation (near the boundary points)
of the identity map. Next, note that at a boundary point y = 0,1 we have

+9(6(0,9)) (4.3)

ﬂyy (t ): uﬂm(tvy)(qby(tvy))Q +ux(t’y)¢yy(tay) — ufECB(tay) + ¢yy(tay)
2 |ua (t, ) 2 (0y(t,9))? luz(t, )P Jua(t, y)[(dy(t,y))?

_ Uy (ta y) ¢yy (t7 y)
~ et (m(tzm )+ e ) e

therefore by (4.1 , ([©.3), and ( we infer that ‘3‘% (0,1) = 0 that is (3.4) is fulfilled.
Similarly using (4.2)) and ( . we 1nfer that ( is also fulfilled. Since

&t(ta y) = ut(ta ¢(ta y)) + Uy (tv ¢(t> y))¢t(ta y)
= (V(O)kv + A7) (t, o(t, 1)) + e (t, y)ua(t, o(t,y))|T(t, 6(t, y))
= W(0)ED)(t,y) + (AW ot ) + de(t, y) ua(t, ot y)|)T(t, 6 (t, y))

we see that for @ to fulfill (2.13)), we need ¢ to be a solution of

7(t,y)

[y |

1 i Uyy F _
W <¢(6)(~ )(t,y) )\(tagb(t)y)))

|ux(t ¢ |“y|2
Usa(t, Ot ) - ua(t, Ot y)) At 9t y))

_ ¢(9) Pyy(t,y) _
|ua (t, (t, y))? (6y(t,y))? |ua (t, $(t, y)[* |ua(t, ¢(t,y))|

(where 1(0) = @°(7)D?°(0)7 - 7 with 7(t,y) = 7(t, ¢(t,y))) together with

ot y) =

+1(0)

#(t,0) =0, ¢(t,1)=1, ¢y(t,y) >0 Vtand ye[0,1],

and

¢(0,-) = do()-
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Observe that by the construction of ¢g the compatibility conditions of order zero are fulfilled.
Instead of solving the PDE for ¢, it is convenient to work with the inverse diffeomorphism
n = n(t,x), such that ¢(¢,n(t,z)) = x, and derive its existence first (as proposed in [§]).
Indeed we see that 1 must solve the linear PDE

el e
) = S0 Db, — nlt.) (906)

together with

Uz (t, ) - ug(t, ) A(t, x) )

us(t, )| Jua(t, @)

n(t,0) =0, n(t1)=1, ne(t,z) >0 Vtand z € [0,1],

and
n(0,-) = ¢ ()

The existence of n € C 2JFTOC’QJFQ([O,T] x [0,1],R) follows from standard theory [16]. Possibly
making the time interval smaller we can ensure that 7(¢,-) is a diffeomorphism. Finally we

take ¢(t7 ) = n_l(ta ) O
From Lemma Theorem and Corollary [3.1] we directly obtain the following result.

Theorem 4.1. Let o € (0,1), P! € R?, i = 1,2,3, be given points and o, i = 1,2,3, as in
Definition . Then there exists T > 0 and reqular maps u’ € CHTQ’HO‘([O,T) x [0,1],R?) N
C>=((0,T) x [0,1],R?), i = 1,2,3, which solve the geometric problem with initial conditions
u'(0,7) = o'(z), z € [0,1], in the sense of Deﬁm’tion (i.e., up to reparametrization of the
given initial data). Moreover, the solutions u' are unique up to reparametrization, that is, they
parametrize a geometrically unique evolving network.

We eventually show that at the maximal existence time either the length of one curve goes
to zero or the H'-norm of the curvature blows up.

Proposition 4.1. Let T be the maximal time such that there exist solutions of the geometric
problem as in Theorem [{.1], then we have

liminf min L(u'(¢)) =0 li ‘ = . 4.4
iminf min (u'(t)) or lgs#pier{q%fg}llwllm(n +00 (4.4)

Proof. Assume by contradiction that L(u(t)) > & and HK/ZOHHl(I) < (C, foralli=1,2,3 and
t €[0,T), and for some 6, C' > 0. By Lemma[A.7 for any ¢ € (0,T) we can reparametrize the
admissible network u’(-,T —¢), i = 1,2,3, in such a way that the reparametrizated network

ol satisfy the compatibility conditions (3.3), (3.4), (3.5) and moreover

ooy S5 MoDalliein 2
where the constant C’ > 0 depends only on § and C. Indeed, we can first reparametrize
u'(-, T —¢) by constant speed. Then we notice that for the so obtained parametrization v* the
uniform bound on the (anisotropic) curvature yields that

Vi

II‘U%IICO,W = [[v5e (£(0")) [l coar2 < C.
x
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For the compatibility conditions , , to hold we need now to reparametrize v’
again (as explained in with v instead of u, so that |v;| = 1/L£(v?) and vy - v, = 0).
As appropriate diffeomorphisms ¢’ we take now suitable perturbations near the junction of
the identity map such that (¢°)'(0) = (¢%)'(1) = 1, (¢')’ > 0 on [0, 1], holds, and the
|¢*]| ;2.1/2-norm is uniformly bounded by a constant depending only on C, 6, L(u'(T —¢)), and
the anisotropy map (see and recall , , Lemma . The maps o = v(¢?)
satisfy the claims.

Then, by Theorem there exist solutions u’ to the special flow starting from o? at
T — ¢, defined on the time interval [T' — e,T — ¢ + 7), where 7 > 0 depends only on ¢
and C’ (in particular it is independent of €). By choosing € small enough we then have
T —e+4+ 7 > T. Notice that, by Lemma (see also Corollary there exist smooth
diffeomorphisms ¢ : (a,b) x [0,1] — [0,1], (a,b) C (T — &,T) such that vl = u’ o ¢,
i =1,2,3. Let now n € C*°(R) be such that 0 < n(t) < 1 for all ¢, n(t) = 0 for ¢t < a and
n(t) =1 for all t > b, with a < b and [a,b] C (T —¢,T), then the functions

' u’i(t,ﬁ) ‘ for (t,z) € [0, a] x [0, 1]
a'(t,z) = q uw'(t, (1—n@)z+nt)ge(t,x))  for (t,z) € (a,b) x [0,1]
ul(t, z) for (t,z) € [b,T —e+ 1) x [0,1]

give rise to geometric solution defined on the time interval [0,7 — e + 7), contradicting the
maximality of T'. O

5 Integral estimates and main result

In this section we derive integral estimates for a solution of the geometric problem (recall
Section . We shall always assume that the flow is smooth up to the initial time ¢ = 0,
which is not restrictive in view of Theorem [l

We start with a general lemma.

Lemma 5.1. Let u : I — R? satisfy [2.12) for some smooth map \. Let S : I — R? be a
normal vector field along the curve u, that is (S-7) =0. Then

i (3 150 5 + / s ‘W((?)‘“ 6

=15 5055 +5 ]

1 A
+/I(S (S — 1(0)Sss)) ()ds—/I(S S)w(y)ds

‘/(S'S)( ~3 sy

e (\S\ WO, —ww)n(s-ss)) ds

Proof. Since
(ds); = (As — (kv - up))ds = (As — (0)K?)ds
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a direct computation gives
L) o
= (5 e vsi) i+ /‘S‘2<¢1<u>ds>ﬁ {(S'Ss)%))];
_/I(s.ss)<$((9y))> ds
=[5+ (5t - v s+ /|5‘2<¢1<V)>td$

_ ® Ll AT
*[(SSs)sow) "w)]

- [iseso (L0 as- g [1sp A0,
i a4 [ )

Using the expression for 8; from Lemma we observe

1% (), 5500 (557, - 17 (57,

= W (;!SIQ(w(H)H)s —h(0)k(S - SS))

and the claim follows. O

Also we recall some useful interpolation estimates (here we cite [I4, Proposition 3.11,
Remark 3.12]):

Proposition 5.1. Let u be a smooth regular curve in R? with finite length L. If f is a smooth
function defined on uw and m > 1, p € [2,4+00], we have the estimates

., B
O Iz + = I fl e

102 £1l2> < Coumsl T

_ n+1/2-1/p
for every n € {0,...,m — 1} where 0 = ——=

independent of w. In particular

and the constants Cp . p, Bpmp are

: n+1/2
ng TNl 2 with o = —

102 fllzee < ComllOF TN 27 +

5.1 Estimates on ||x|[,2 and ||x, 12

We now apply the Lemma for the special choice of S = (0)kv, which is the normal
component of the velocity vector. Using Lemma we compute (here and below we write

wt = (w - v)v for the normal component of a vector w € R?)
S = (u)" = 9(0)wv, S = (¥(0)r)?,
Ss = (Y(0)r)sv — ($(0)r) kT, S5l = (¥ (0)R)s)? + ($(0)r)*w?,
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as well as

(@ (0)r)ss = (W(O)R)R*)v + (..,
[/ (0)((0)r)s + Ar)r + () (¥ ()K)ss + D(0)° + Aig) v + (...)T

, 1
(5 (St = 9(0)Sss)) = D (O)Y' (O)&* (W (O)r)s + 2((0)) s + A (1S7])s
= (1(6))s5(S - Ss) +2(4(0)k)*k + A(S - S;).
Therefore the integral terms appearing in the right hand-side of amount to

1 A
/I(S (S — w(Q)Sss))WdS B /(S . SS)WCZS

YO, 1 [t
/“ S:) <u>ds /' )

/DQO V; — ( |S12(4(6 )ﬁ)s—w(e)ﬁ(s.sQ) ds

- [t 3“ -5 [ P60

In particular notice that with St—w(H)S ss high order terms disappear. Equation (5.1]) becomes

) ) oo [}

s0° ¢°(v) ©°(v)
1( 1 [ De°(v) -7 ) ds
+ [ / e O EO)m)sds. (53)
For the boundary term we notice that
O RO ()
(S SS)(,OO(Z/) - (S (SS) )QOO(V) ( t (SS) )QDO(V)‘

This motivates the choice of S since at the boundary the velocity u; is either zero (at the
fixed boundary point) or coincides with the velocity of the other curves meeting at the triple
junction. We can then lower the order of the terms at the moving boundary point by exploiting
the boundary conditions. More precisely we write

(5- 5929 _ (- w0)m)) L — (- (@) + 2 LOL _ (a2

v (v) v°(v) pe(v) pe(v)
R ()
ey T O
which yields
o 20 A1, 0 1 @0k
[ 50+ ), = e B - e,
Derivation in time of (2.20]) gives (at the junction)

3 3 i

0=-> (Dy t—ZDQO DTt =3 (616} — .
gt — e (V')
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—1

After multiplication with ( Y ), which rotates vectors by /2, we finally infer that

3 i
0= V(0")0;, ——
; Lo (1)
holds at the junction point. In particular, since u; = u? = u$ at the junction point, we infer
3
0")6; , 0")6;
Z( % 1/}(0 )‘t z):(uézw(o ),tI/Z)—O
2 o) 2. o ()

Summing (5.2)) for every curve in the network, we therefore obtain

3 ,L ,L % ) )2
th(/ (9 +Z/| 01 |2 w(glﬂ)) Z%)\ (w(f()yz)) (54)

=t ° ¥ z=0
+Z</ Vg 3 / o VV?) DV (Hi)“i)2(¢(9i)ﬁi)sds).

A more geometrical interpretation of the above expression is discussed in Remark below.
Using (2.11)) as well as C~! < ¢°(v) < C and |Dg°(v)| < C (recall that Dy°(v) lies on the
Wulff shape) we can write

;Z(/ WZ B )*m/’ SO s
< ;ow«wwwm?\zﬂ ¥ g (c. / (0 s+ [ 0P s
Choosing € = m/2 we obtain
IO > 2 100 i
ch o+ ;cuw 0 [ -

Next we apply interpolation estimates, under the assumption that we have a uniform control
(from below) of the lengths of the curves composing the network. By Proposition it follows

190 |10 < CUIE RS 5L 0@ RT26" + 487K 12)*

Ol (O)A")sll 2 190" 172 + Cllw (0|2
(

3
< [ IO s + € (/I wef()w)) ds) e

<
<

24



Moreover, for the boundary term we use (2.27)) and Proposition to infer

NI (67)s")?

=0

3 3
3 )| < IO e (077 1
A 2

C(I(w(@)x ) H”anwi) U357+ 1 (87K 2)?

3

Q). 122 1O 1 + 1(67)7 | 12))

Z/ D(09) k) ds+CZ</ (e Hj)2d3>3+06,

where for the last step, we have used several times the Young-inequality. Putting all estimates
together and choosing € appropriately we infer

Y 5 S ) < o (f S e) <
CZ(H/ ez)z;)d5>3,

where C' depends on the anisotropy (precisely (2.11)), ag as in (2.21)), as well as C~! < ¢°(v) <
C and |Dg°(v)| < C) and on the uniform bound from below on the lengths of the curves.
Note also that so far only information of A’ at the boundary has played a role. Recalling that

Ky = Sﬁ(g})m and integration in time for 0 < t; < t9 yields

1 1
(S (L [y (5)26° (v)ds))2is ! (i (L [y (s2)20° (1) ds)) 2=ty

In particular if, for 0 < T" < oo, there exists a sequence of times t; — T, for j — oo, such that

3 . .
(Z /I(K;)Q@O(Vz)ds> ‘t:t — 00 as j — oo (5.5)
i=1 J

then we obtain for any ¢t € [0,T) that

< Oty —ty).

1
(i1 (1 + [y(si) 20 (1) ds))?

Therefore we can conclude with the following statement, that is valid for a solution to the
geometric problem posed in Section [2.0.3

<C(T - ).

Lemma 5.2. If for 0 <T < oo, the lengths of the curves are uniformly bounded from below
L(u(t)) > 6 >0, i=1,2,3, for anyte[0,T)

and there exists a sequence of times t; — T, for j — oo, such that (5.5)) holds, then there
exists a positive constant C' such that

3
> [Pt wds > e foranyte 0.T)
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where the constant C' > 0 depends on 6 and ¢° (namely m, M (recall (2.11))), ao (recall
2.21)), C~t < p°(v) < C and |De°(v)| < C). In particular, taking t = 0 we have

C
vT > .
Z§:1 ”"5Z (0, )HL2(])

Remark 5.1. Upon recalling that k, = ;po((ey))/{’ observe that (5.4)) can also be written as

ii (5 [P 0as) +§ / r<w<9i>ni>812ﬂ(ﬂ?}ds:g;im@?w(ui) »
+i ( /I ;Wd - /l Dg°(v') - rim:;)?(w(eiw)sds)
» ;
=3 ¥, -3 oo P01
+Zz3; (/1 W) ”ids+;/D<p ) (w(el)nl)sds>
=§ij; (N()? = D) - 7 (6)) )]
—ZEB; [ D)0 s
+§( /] ;(w(g?(’j)g“ldw / (L) ()
— [ D) P s — 5 [ D) e P )
=§; (N()? = D) - 7 (6)®) )|
—ZEB; [ D) o0 s
¥ Eij ([ 3000t as = [ Do) - 7 s Rt s,

where in the integration by parts we have used the fact that the velocities and hence the
curvatures vanish at the fived boundary points. On the other hand note that

@OR: o (1) _@OR. D)7
o) TV <so°<u>>s o) T )

(Kp)s =

and therefore

3 10O L
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It follows then

idt( [ierewnas) + 5 [106002 A b+ 5 [o@iim)e 0

o [ (P s}

z=0
=1
3
—;/IDQOO( ) i(mfp)z(w 0" ds—i—Z/ s

For the second last integral on the right-hand side note that

/Dgo k)2 (1(07) ds—’/Dgo mm\f\/i Car ds
/ W(E)), (<0i)>d3+2/1<“@“¥;(<w>> 0)e s

and so it can be nicely absorbed. It follows then

i . K 2 o I/i s & - B |( kL 2 o v ds
;dt<2/l| | >d)+§mj2/w<9>|< )P (i)
< - }()\l(lil )2_D O(Vi) Tl(li )3) O(VZ) + > /1(:% )4 O(V )ds
\1212 @ ¥ ) ) ¥ o0 §_1 L2\ 2

5.2 Estimates on [|(¢k)ss||z2 and [|(Ky)ss|| 2

Similarly to [14] (where the isotropic setting is considered) we now introduce some notation
that simplifies exposition and reading. We indicate by p, (07 (1k)) a polynomial in the vari-
ables (¢(0)k),...,0"(v(0)rk) with coefficient functions C' = C(i,'(ﬂ, ..., 0b ) that depend

on i, U, ... ,85“1# and such that every monomial is of the form
1 h h
C(a, Oy T 0k (k)P with » (1+1)8 =
1=0 =

Note that, due to the smoothness assumptions on the anisotropy map ¢° we will be able to
bound uniformly from above all the coefficient maps C' (i, U, ... ,8£L+11/)), that is

1

|C’(E,¢, c, OBTR)| < Oy, for any h € No.
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For this reason we treat these maps as coeflicients and refer to them as such. More precisely
the maps C (i, U, ... ,85‘1/}) are assumed to be sums of rational functions of type

polynomial with constant coefficients in the variables 1(6), ..., 0h(0)
Yr(0)

for some r € Ny and, as a consequence, the following rule applies

1
17/}7

1

b... ,aéw)) — oL,y a ) (o) (5.6)

2, <0< -

which is obtained by derivating the expression and using 65 = xk = i(wn).

Similarly we indicate by p, (|07 (¥x)|) a polynomial in the variables |(6)k)|, .. ., |02(1(0)k)],
with constants coefficients such that each monomial is of the form

h h
C 1] 10k wn) with » (I+1)8 = 0.
=0 =0

We denote with g, (8 X, 8" (1)) a polynomial as before in A, . .., & X and (¢(0)k), ..., " (¢ (0) k)

with coeficient functions C = C (i, U, ... ,83“1#) such that all its monomial are of the form
1 J h J h
C(E, Loyt TT@n T 0k (k)P with » 21+ Doy + > (I+1)B =0
1=0 1=0 1=0 1=0

We exemplify the notation just introduced in the next lemma (which is partially the
anisotropic counterpart of [14, Lemma 3.7] and) which will be used subsequently.

Lemma 5.3. For j =0,1,2 we have that
000 (Yr) = YOI (Vi) + AT (Yr) + 0<;, V) (WR)OI (VR) + pjra (0L (vr)).
In particular it follows that
O = [(VK)s + Akl = 010s(VK) + (AK):
— (AR)e + B 58 + A)ss + C(E

(0
= Y(VK)sss + qa(Ae, 882(1p/<c))

Proof. Using Lemma and (2.11)) we obtain (we write ¢ for dy1p and write v instead of
¥ (0) to simplify the notation)

) (WR) (V) ss + pa(0s(¥K))

Or(VR) = ik + Yry = ' (YK)s + Ar)K + Y[(1hK) 55 + hr> + Ay

= aPr)as + AWR)s + ﬁ'(wmswﬂ) + 2w (5.7)

(1K) ss + AR5 + c<;, ) (0R)s (65) + c<;><m>3
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and the claim follows for j = 0. Next, using again Lemma the previous step and (5.6)),
we compute

Or(Yr)s = 0:0s(Yk) = 0501 (Yk) + 7/”@2 (VK)s — As(¥r)s
= ¢/H(¢H)ss + w(¢ﬁ)sss + )\s(wﬁ)s + )\<w"{‘7)ss+

" 2 !
N <¢ _ W) ) L ) () (95) + 2 () (158) + () (95)s)

vy ) G

- SR wn) + iwm)?(wm)s + ;ww?wn)s A (R)s

— (1) ns + M) a0 + O, ) (V) ss(tbr) + C(=

w ¢’w7¢/7¢//)(¢’€)2(wﬁ)5

1 1

— ) (R)s)? + C () (W)™,

(4 (0

The case j = 2 is computed analogously. The last statement follows by the definition of the
polynomial g4(\¢, 92(1)k)) and the fact that by Lemma we can write

1 1 ERFRRR! ’

+0(

be = (UR)ss + 73 (V)% + A0, ( w(m)) = (Wn)ss + 75 (vr)® + (k) = A@wﬂ)?.
O
Next we apply Lemma [5.1] to
S =Y (YK)ssv
which is a term in the normal component of uy (see below). We have that
S = ?,/)(T/)fi)ss%
1S1? = ¢|(¥r) 55|,
Ss = (wlﬁ(l/m)ss + w(w"ﬂ)SSS)V - (w’i) (wﬁ)ssT
- (ﬁwm)(w)ss " wwmsss) v — () (R)aa,
S+ Se = V' () (PK)ss)? + U (V) s (V) sss,
I\ 2
5. = (Z) )R )sal? + 02 (s + (B () sal? + 20 (00 () ()
= ¢2|(1/”‘5)885|2 + 2¢/(¢“) (d”i)SSOp“)sss + p8(8§(¢ﬁ)),
Sus = (H(0R)ss0s + zqu(w@w% T ps (2R + ()7

Moreover using Lemma, with j = 2, and Lemma [2.1] we can write

St = [r(¥K)ss + wataf(lbfﬁ)]v + ()T

= [/ (¥K)s + A&) (PK)ss + 0 (VIL(WK) + N2 (Yr)
+ c@, ) (k) (oR) + ps(2(6k) ) + (. )7
= {¢2 (T/m)ssss + )\[T/}/’i(wﬂ)ss + wag(@bﬁ)]

+ c<;, ) ()3 (om) + ps (2 (0k) o + (.. )7
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Therefore

(St = 0Sss)t = (AWk(wr)ss + w02 ()] + c<;, W) ()03 (oK)
+ o (D2 (VR)) — 20/ (1) (WK)sss ) 1,
(St — 1Sss) - S = AW (k) (1K) ss)® + 2 (VK) 5505 (VK)]
c<;, ) () () 5502 (08) + s (D2 (16%)),

and we obtain
S+ (81— ¥8ss) — A(S 8) = (8- S)(8), — 5P ()
= O b)) (60) 035 + ps(GE )
as well as

SISPHO)R), — BB)R(S - 55) = O, 0! (m) () s 00w) + (02 06w)).

@7
Plugging the above expression into yields
g2 2| () s w _ W) 1igo AT
1 (2 157 syte) + [ oom St = |65 0 0+ i 2 |
[ (e <; . ¢)(¢H)(¢H)ss33(¢ﬁ)+m( wn))) o
b [T (0 0r) .00 ) + (0w ) s
With help of Young inequality and using we achieve
d (1 2 1 1 2 2 ()
it (2 15 0 ) + 3 [ omnlt S0 o9
L PO e A ]1 2
< |50 50+ 3158 | 0 [mtaEwnas

To treat the boundary term

PO) 1 AT
o) T2 w@)]o

= ¢ ! K K 2 2 K K A 2 K 2 1
_ Lpo@) (@R (@R + 92 @r)ss()sss) + st |l |

it is imperative to be able to lower the order of the term with three spacial derivatives. Note
that the A-term is of type

(55

() ss? (O, 02 (V).

A _ 1
20°(v) T em”
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To handle the term (S - Ss) observe that by Lemma and (5.7) we can write

Ut = [wlﬂﬂ/ + AT]t = (lblﬁ))tl/ + (¢I€)Vt + MT + AT (59)
= [(YK): + N0 v + (A — (YK)O:)T
= [D0R)a + A, + 2 () 0) 5 ()4 M0+ (O = (9)00)
S+ MWm)s + L (m)a () + ()P MU+ ()

G (4

At the fixed boundary point (that is at z = 1) we have that (Yr) = A = A\ = (VK)ss = 0
since the here u; = uy = 0. Hence we need to treat only the boundary terms at the junction

point. Here we have, using ([5.9)),
(S-8s) =5 (Se)" = (us - (S5)")
P 1

— [MYr)s + E(W)s(dfﬁ) t 5

= (utt . (Ss)l) — R

() + M (D' K (PR) 55 + (1K) sss)

Concerning the term R we observe

AWR)s + ‘Zwm)s(m) = 2000 + 2 W r(m).)

= K ﬂ K K l :‘Qg 2l K y K K = 2 K
= [2AGR)s + 7 (m)a () - (0m)? + N R () (R)ss) = a7 (DN, B ().

Using Lemma [5.3] we also compute

v 1
Mr)s + 7 (Wm)s(vr) + 7
= (@A +U'R)(¥h)s + = (Yr)* + M) (O(UR)s +aa(OA, 05 (1K)

(d}’i)g + Agt]¢(¢“)sss

= (2A+ ¢'K) (

/ K 2
— (x4 SOk

+ <;<wn>3 +026)(04(68)s) + ar(DN O (1)

S b o+ Lm0, )
K 2
—(2A+ 1/J/I<J)t|(w2)5| - (dm)s(;(dm)?’ + 2N2R); + qr (9, 02 (YK))

= 3 (g5, 05(VR))) + q7(OeA, D2 (¥K)).

+

Hence
R = 9(a5(\, 05(vK))) + ar (9, 05 (k).

Therefore we obtain that at the junction point we have

BO) o WO b0 ) -
()00(7/) (S SS) - QOO(V)( tt (SS) ) QOO(I/) (875(%()\785(¢ ))) +Q7(at>\783(¢ )))
_ v(0) Ugp - o1t K 24k
= SOO(V)( t - (5s)7) >0 [0¢(a5(X, 9s(¥K))) + qr(DeA, 05 (¥r))] -
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Next, using (5.9) and the expression derived above for S, we observe that

O (o, (5001 =
QDO(Z/)( tt (SS) )
= Z:((ey)) [(@Z)K?)t + )‘Gt](qf/} (w’i) (wﬁ)ss + w(w’i)sss)
= Z}o((?) (V)i + AOe]tp (k) sss + 8001(,,)%(3% D2 (1K)
_ YO 2 1 20
= 20 [(VK) + A0t (Ou + a1 (DA, 05 (K))) + @o(y)m(@t%@s(w )
1 2 ¥(9)
T °(v )Cﬁ(at)‘ 95 (¥w)) o () [(VK)e + AOt] O

where we have used Lemma in the second last equality. Hence so far we have shown that

O L AT o %O 1 A
{(5 S) o) * 315 |<P()] - <<S 5oy T2l w(u))
5(6)

= O BE ) + O (as (0 2u() = () + A0

To handle the last term we use the boundary conditions: twice derivation in time of ([2.20))
gives (at the junction point)

(5.10)

=0

3 3 3

3
0==> (D) =Y (D*e°(")0jm)e = Y _ D °(V)jbir’ + Y D*0°(v')0},7
i=1 i=1 i=1 =1

3 3 ;
o oy
= — E D3¢° (V)T (00)2 + E i ~0;,7".
o ( ) ( t) P (po(l/z) tt

Since here uj, = uf = uj;, we obtain Ruj, = Ru} = Ruj, with R = (! 7' ) which rotates
vectors by /2, and hence (recall (5.9))

3 3
0= Ru}, - (— ZD?’ °( (0;)? Z(p 0y,7")
=1 i=1
3 o A
= Yot (DY ¢ L

3 i
= Z(—[(T/)(ei)’fi)t + N+ (N — ((0")sN0))) - (=D (V)T (07) + S;/;(}((Gy?) 0y,7").
i—1
3 .
P(O') i i) i igi
; g0°<l/i)0tt[(w(0 ) )t + A Qt]
3 3
= Z D3 ()T 7 T (07) (0 (6°) K" )e + A'67] — ZD?’SOO( VTV (07)2 (A — ($(6")K)0;)
1 i1

3
= YD 4 D)) ar DN G ((0)),
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where note that |D3¢°(v))7ririrt + D3¢°(1))TiTiY| < C. The expression above together with

(5-8) and (5.10)) yields

3

1 . ' )r! 2 1 _ s 1 ))2 2 (0 ) ds
;dt <2/¢(9 V(W (0")K")ss] @O(Ui)d > +2/(¢(9 )% (¥(6 ) )Sss| 0 (5.11)

I

3
T ; Clar (0N, 92 (b (6)))]

\Z < s 6<w<9i>m>>> -
2 AP s
+;O [ @20

Finally we apply interpolation inequalities. Using Proposition and Holder inequality as
demonstrated and carefully explained in [I4], p.260-261] we obtain that

[ (0B @R0Ns < € [ ONPI@O )
A : )

where the constants depends on , the anisotropy map, and the bounds of the lengths of
the curves.

At the triple junction recall that we can write A\! in terms of (1(67)x’) for j # i. In
particular, we have that holds. Together with , Lemma and Lemma we
infer that

=0

ds® + Cel|[w(0)R' 12y + € (5.12)

Lemma 5.4. We have that at the junction point there holds

Z\(h (DN, 2 ((0")r")| < Cpr(|03(w(09)w7)]:5 = 1,2,3)

Z |as(A", 0 (1 (0)6"))| < Cps (10s((67)7)]:5 = 1,2,3),

where C depends on the anisotropy map and where the polynomials on the right-hand side now
contains derivatives of ((07)k7) for the three different curves.

Using Lemma interpolation estimates, and Holder inequality as in [14, p. 262| we
obtain

3
S ler 00N, (0] < OG5 =129 (5.13)
Z OO+ Clo ) ) +

From (5.11)), (5.12), (5.13), choosing e appropriately, integrating in time and using (2.11]) we
obtain

3 3 t
ZH )5l (8) < O S @0 ) ssl 2oy (0) + CE+ S © /0 (%) w71yt
i=1 i=1

+ Z0|q5<v,as<w<ei>n">>|<t>
=1

_ +ZC|q5 (X', 0s(w(6")%"))[(0)

=1

(z=0 (z=0)
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By Lemma and together again with interpolation and Holder inequalities (cp. with [14]
p263]) we obtain that at the junction point we have, for any time ¢,

3
ZCIQ5(/\i785(¢(9i)Ki))\(t) < Cps(10:((07)w7)]:5 = 1,2,3)

LB
52 1 (0")8)ss | T2y () + Cll ()R |72y (2),

so that we finally infer

S IOl < Co+Ct+ZC<H¢ OO+ [ 0@t

=1

Where 5
=1

and C' depends on -, the anisotropy map, and the bound on the lengths of the curves.
Upon recalling that x, = (p%(y)(w(ﬁ)m) and interpolation inequalities from Proposition
we can summarize our above findings as follows:

Lemma 5.5. If for 0 < T < oo, the lengths of the curves of the network are uniformly bounded
from below

L(u'(t)) > 6 > 0, i=1,2,3, for anyt € [0,T),

and we have a uniform bound for the curvatures

3
sup ) [l llra < C
te[O,T); PIEAD =

then
Sup 2 + sSs 2 < C
teom; 1(5&)sll 2y + (K )ssll 22n)
3
Sup Z HKSHLQ([ + ||K’ssHL2 I)) C
tefo,7) ;4

hold for a solution of the geometric problem (cf. Section , The constant C depends on ¢,

Cg, T, the initial data ||(Wk%)ss| p2(0) fori=1,2,3, m, M (recall -) ap (recall -)
and on C~1 <o ( ) < C, |D<,0 ( )’ <O, Sup51(|1/1/| + |w1/| + W/ND

5.3 Main result

From Lemma [5.5] Theorem [4.1] and Proposition [I.I] we finally obtain our main result on the
behavior of a geometrlc solution at the maximal ex1stence time.

Theorem 5.1. Leta € (0,1), o° be as in Deﬁmtzonl andu® € CHTQ’HO‘([O T)x[0,1],R*)N
C>®((0,T) x [0,1],R?), i = 1,2,3, be geometric solutions (as in Theorem.) defined in the
mazximal time interval [0,T). Then we have

liminf min L(u'(t)) =0 1 ‘ = +o0. 5.14
im in z‘e?ll,gl,B} (u'(t)) or linj%lpze%?é}%}uﬁpup(]) ¢ ( )
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A Some useful results

The following remark and the next three lemmas are a straight forward adaptation to the
present setting of the lemmas presented in |7, Appendix B].

Remark A.1. Ifv € C 5 F+e([0, 7] x [0,1]), k € Ny, then dbv € C 5 k=1+ ([0, T] x [0, 1])
for all0 <1<k and

< |

||a:ltv|| E=lta 140 kto piq .
c—z ([0,T]%[0,1]) c 2z ([0,T]x]0,1])

In particular at each fivred z € [0,1] we have OLv(-,x) € C*A([0,T]) with s = [2=22] and
B =k=lta

Lemma A.1. For k € Ny, o, € (0,1) and T > 0 we have
1. if v,w € CTEHRF(0, T) x [0,1]), then
lvwll ige i < CllVll iga o llwll e o
with C' = C(k) > 0;
2. ifve C2(0,T] x [0,1]), v(t,z) # 0 for all (t,x), then
Joles <51
viles e = llwvlleogo,rx0.1)

[0l g -

Similar statements are true for functions in C*P([0,T]) and C*5([0,1]).
Lemma A.2. ForneN, k€ Ny, a,8 € (0,1) and T' > 0 we have
1. if a vector-field v € C2([0,T] x [0,1];R™), then

Holllgg.e <Clvlgg.a,

with C = C(n).
2. forv,w € C2°([0,T] x [0,1]; R™) we have

1 2
TP I (ol g o + 1wl og.e)?llv = wll g o
o] + |w]

o] = lwl 5.« <C
CO([0,7)x[0,1])

with C = C(n). Similar statements are true for functions in C*5([0,T]) and C*P(]0,1]).

Lemma A.3. Let T < 1 and v € CHTQ’HO‘([O,T] x [0,1]) such that v(0,2) = 0, for any
x € [0,1] then
10l g < COT o] 250

m+ta 24

for alll,m € Ny such that [+m < 2. Here 8 = max{l_Ta, 51 € (0,1); more precisely forl =1
then 8 = 5.
In particular, for each x € [0,1] fized

1050 (, @) o, mpe < Cm)T7|lv]

HCO’ z ([0,77)

CHTQ‘2+D‘

for all I, m € Ny such that I +m < 2.
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Next we provide a list of results that are useful in the contraction argument in the proof
of the short-time existence. In the following lemma we use that, given o¢ € C?<(]0,1]), then

oleC 2+TQ’Q*'O‘([O, T] x [0,1]) by extending it as a constant function in time. For the definition
of X;, § and T recall (3.6) and (3.7) and the remarks in between.

Lemma A.4. Let o' € C%°([0,1]) and @*,v* € X;. Then we have that

o = @ellog. o zixpoy < T (HalHCHTQ’HO‘([O,T}X[O,H) " ”JZ”CQ’Q([O’”))

for some universal constant C'. Moreover, for T < 1 we have that

@,

. . 3
H’O';Zr‘_ $|HC%’Q([O,T}><[O,1}) CT: (HUZH 2ta HalHC?v"‘([O,l])) )

=72 ([0,T)%[0,1])

with C = C(6). Furthermore, for m € N we have

ot s <7
ozl g™ lo®(oT1x[o.1)
1 1 a
- - — <CTz2
H oL (o)l fak (@) et 5 oy
for any x € [0,1] and with C = C(m, 4, Hal\|C%Ta72+a([0’ﬂx[0’l]), [o*|c2.a(f0,17)) as well as

R . <CT?||a' — o ,
H [ug[™ |og ™ Hcf’%mﬂxm,m =o'l C5 2 (j0,1x[0,1))
1 1

H @ (o) !@é(-,x)\m‘

o, Lta CT? @ 0 240 o1

2 ([0, T]) ([0,77x[0,1]) ’

again for x € [0,1] and with C' = C(m, 4, Hﬂi||02+a

)-

Proof. Tt follows by an adaptation to the present setting of [7, Lemma 3.1] and [7, Lemma 3.4]
using Remark [A7T] and the Lemmas [AT] [A-2] [A73] stated above. O

o 19 2

2+ (10,7 % 2+ ([0,T]%[0,1])

Lemma A.5. Let o' € C%2([0,1]), @*,v' € X;, T < 1 and z € [0,1]. Then we have

ot ul

ro_ @ <CT?2,
0%l labl s e qomxo,)
O'i a" o
< CTz2
|‘7’( =) |“’ CO'%g([07T])
with C = C(6, ||a* H 252 240 (0 T)x[0.])” ot cza(oy))- Similarly
vl
,:'E - ,? CT2 U —v 2+a o
loL|  |ul c%([0,1]x[0,1]) e H 2+ ([0,77%x[0,1))
—Z ,a’L
z (. <CTS @ -7
ol O o (o)) M = g ave oy

with € = C T 252 ave g 7100 17252 210 2100
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Proof. 1t follows by writing every equation in the form

a b 1 11

— ——=—(a—b)+b(— ——)
la| [b]  al la|  [0]
and using the previous Lemmas A4 O

Lemma A.6. Let h: R — R be a smooth map and u,v € C2*([0,T] x [0,1]). Then

HC%’“([O,T]X[O,I] 0,71x[0,1])

where C depends on the Ct-norm of h evaluated on the compact set K1 = u([0,T] x [0, 1]).
Stmilarly

1A (u) = A ()l 0§ 2 o 7% 0.17)
<C(1+ HUHC%,Q([QT]X[OJD + HUHC%,a([O,T]X[OJD)HU - ’UHC%’Q([O,T]x[O,l])
where C depends on the C*-norm of h evaluated on the compact set
Ky = conv(u(]0,T] x [0,1]) Uwv([0,T] x [0, 1])).
Proof. By definition of the norm we have that

[[72(w) = sup |h(u(t, 2))| + [A(u)]ae + [P(u)]

[0,T]%[0,1]

,t

[N]1)

”C%‘a([O,T]x[O,l])

so that, using the mean value, theorem we infer

Hh(u)HC%’Q([O,T}X[O,H) < 3upK1(‘h| + |h/’)(1 + [u]a,fv + [u]g,t)

2

and the first statement follows. The second statement is derived in a similar way. For instance,
to estimate [h(u) — h(v)]qa, We compute

|h(u(t, x)) = h(v(t, z)) = h(u(t,y)) + h(v(t,y))]

|z —y|®
| Jo ETOwlt, ) + (1= No(t, ) — (Ot y) + (1= No(t, y)]dA]
|z —y[*
_ ’fol B (Au(t,z) + (1= No(t, z)) (u(t,z) —v(t,x)) dA
lz —y[®
Jy WOt y) + (1= Mot ) (ult,y) = v(t,y)) dA
|z —yl*

< supio, || ([u)a e + [Waa) [t = vlico + supr, [ [[u = v]a.q-
g

We conclude the Appendix with a repametrization result used in the proof of Proposition

A1l
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Lemma A.7. Let i € R and v : [0, L] — R? of class H3, with |y'(x)| = 1 for all x € [0, L].
We claim that there exists C = C(L, u, ||7||g3) > 0 and a parametrization ¢ : [0, L] — [0, L]
such that, letting ¥ = v o ¢, it holds

F@) = ¢ > 5 foralzeo]
TOF0) _ S0
5 (0)P g2

121 < C.

Proof. Let 6 = min(L/2,1/(2|p|)) and fix a smooth function f : [0, L] — R such that |f| < |ul,
f(0)=pu, f=01in [§, L] and fOL f =0. We then set ¢(z) = x + h(x), with

= /IL /Oy F(t)dtdy.

We then have

/ fd W@ = f@),
so that A/(0) =0, A'(L) =0, A"(0) = =u, W'(L) = f(L) =0 and
" 1
|h' (z)| = t)dt| < 6|l < -
Finally we have ||¢|| 212 < C(L, HfHC%), and the curve 4 = 7 o ¢ satisfies the required
properties. O
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