RECTIFIABILITY OF ENTROPY DEFECT MEASURES IN A
MICROMAGNETICS MODEL

ELIO MARCONI

ABSTRACT. We study the fine properties of a class of weak solutions u of the eikonal equation arising
as asymptotic domain of a family of energy functionals introduced in (Riviére T, Serfaty S. Limiting
domain wall energy for a problem related to micromagnetics. Comm Pure Appl Math 2001; 54(3):294-
338). In particular we prove that the entropy defect measure associated to u is concentrated on a
1-rectifiable set, which detects the jump-type discontinuities of w.

1. INTRODUCTION

We consider a bounded simply connected domain 2 C R? and we investigate the fine properties of
the following class of divergence free unit vector fields:

Definition 1.1. We denote by Mgy, () the set of vector fields w : Q — C for which the following
conditions hold:

(1) divu = 0 in the sense of distributions;
(2) there exists ¢ € L>®(Q) such that u = €'® and

(Ugp, Y(z,a)) = / @1 7 (z, a)dzda € M(Q x R),
QxR
where M(§2 x R) denotes the set of finite Radon measures on Q x R.

The space Mgy (2) is the conjectured asymptotic domain as e — 0 of the following family of energy
functionals introduced in [RS01] in the context of micro-magnetics:

1
Ec(u) :=e/ IVu|2+/ |H.,|?,
Q € JRr2

where u € W12(Q,S!) and the so-called demagnetizing field H, € L*(R% R?) is such that curl H, = 0
and div (@ + H,) = 0 in D'(R?), where

i(z) = {u(x) if x €

0 otherwise.

The following compactness result was proven in [RS03]: let ¢, be a bounded sequence in L*°(£2) such
that E. (ue,) is uniformly bounded, where u., = e“b_sn and €, — 0; then ¢, is relatively compact in
LP(Q) for every p € [1,00) and for every limit point ¢ it holds

(1) € € My Q) and [Uz|(2 x R) < liniinf E. (ue,).

Although the I'-liminf inequality (1) was proved in full generality, the corresponding I'-limsup in-
equality was obtained only in special cases. In particular the energy-minimizing configurations were
characterized by the results in [RS03, ALRO03|. It is expected that the energy FE. is concentrated on
lines at a scale € > 0 around the lines, allowing for sharper and sharper jumps as € — 0; the latters
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correspond in three dimensions to jumps across surfaces, called domain walls in the theory of micro-
magnetism (see [RS01]). These lines are detected by the measure Uy: in particular if we denote by
Pz : 0 X R the standard projection on the first component and if ¢ € BV(Q2), then the measure

v = (p2)s|Us|

is concentrated on the 1-rectifiable jump set of ¢.

However, vector fields in Mgy (£2) do not have necessarily bounded variation and a study of their fine
properties must therefore be independent of the theory of BV functions. This program was announced
in [ALRO3] and carried on in [AKLRO02| leading to the following result:

Theorem 1. Let ¢ be a lifting of u € Mgy () as in Definition 1.1. Then
(1) The jump set J of ¢ is countably s -rectifiable and coincides, up to H*-negligible sets, with
B,
(2) Y= {er:limsupy((x))>0}.

r—0 r

Moreover for every a € R it holds
(3) div (eid)/\a)LJ =14 cacot (eia — eiqﬁ*) ngt,

where ny denotes the normal to J.
(2) Every x € Q\ ¥ is a vanishing mean oscillation point of ¢, namely

1
lim — ¢ — ¢r(2)] =0,
/;r(a:)

where ¢, (x) is the average of ¢ on By(x).
(3) The measure v_(2\ J) is orthogonal to S, namely

B c (Q\J) Borel with #*(B) < oo = v(B)=0.

We observe that for functions ¢ € BVi,.(2) the above properties (2) and (3) can be improved to

(2) s -a.e. point in Q\ J is a Lebesgue point of ¢;
(3”) the measure v (2 J) is identically 0.
In [AKLRO2] it was conjectured that both (2’) and (3’) hold for every u € Mgy (2). The following

weaker version of (2’) was recently obtained in [LO18| in the close setting of weak solutions u with
finite entropy production of the Burgers equation:

(2*) the set of non Lebesgue point of u has Hausdorff dimension at most 1.

This result was extended for general conservation laws in [Mar19|, implying in particular that Property
(2*) holds in the setting of this paper, namely for functions ¢ € L corresponding to vector fields
u € Maiy (€2).

The main result of this paper is the proof of property (3’) for general vector fields u € Mgiy (2).

Theorem 2. Let ¢ be a lifting of u € Mgy () as in Definition 1.1. Then the measure v is concentrated
on the countably S -rectifiable set ¥ defined in (2). In particular for every a € R it holds

div (€9) = Ty qegr (€= €7 ) my '
Theorem 2 establishes that the concentration property expected for the I'-limit functional of E. as

€ — 0 holds for the candidate I'-limit; this property is also considered as a fundamental step to complete
the I-lim sup analysis (see [Lec05]).
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1.1. Main tool and strategy of the proof. The strategy of the proof of Theorem 2 was introduced
in [Mar20]| to prove the analogous result for weak solutions with finite entropy production of Burgers
equation (or more in general 1d scalar conservation laws with uniformly convex flux). Indeed there is
a strong analogy between weak solutions to conservation laws with finite entropy production and the
solutions to the eikonal equation arising in this model or the related model introduced by Aviles and
Giga in |[AG87]. In particular Theorem 1 has an analogous version for scalar conservation laws (see
[Lec04, DLOWO03|) and for the model by Aviles and Giga [DLO03|. In order to compare the setting of
this paper and the one of conservation laws we observe that for u = '* € Mg, (Q) it holds

03,08 + Oy, sin g = 0.

Let us assume that ¢ takes values in (0, 7) so that the cosine is invertible in the range of ¢ and v = cos ¢
satisfies the equation
O,V + Oy, (sin(cos ™1 (v))) = 0.

Being the map sinocos™ convex on (—1, 1), it is possible to transfer the results obtained for conserva-
tion laws with convex fluxes to solutions of the eikonal equation taking values in (0, 7). When instead
the oscillation of ¢ is larger than 7, the approach above fails and more refined arguments are needed.

The main tool used to prove Theorem 2 is the so called Lagrangian representation, which was intro-
duced in [BBM17]| for entropy solutions to general conservation laws and then extended in [Marl9| to
weak solutions with finite entropy production. This Lagrangian representation (see Definition 3.1) is an
extension of the classical method of characteristics to this non-smooth setting and it is strongly inspired
by the Ambrosio’s superposition principle in the context of positive measure valued solutions to the
linear continuity equation. Roughly speaking the evolution of the solution is obtained as superposition
of single trajectories traveling with characteristic speed. This tool is well suited for our purposes since
also the kinetic measure Uy can be decomposed along the characteristic trajectories detected by the
Lagrangian representation. In Section 3 we prove the existence of a Lagrangian representation for vec-
tor fields in Mgy (©2) building on the following kinetic formulation obtained in [RS03] (see also [JPO1]
in the study of the model by Aviles and Giga and the fundamental paper [LPT94] in the setting of
entropy solutions to scalar conservation laws): setting x(z,a) := 14(2)>aq it holds

(4) ie" - Vyx = —0,Us  inD'(QxR).

The proof of the existence of a Lagrangian representation follows the strategy of [Mar19], but additional
work is required since we consider here solutions on bounded domains instead of the whole R2.

Once a Lagrangian representation is available for vector fields in Mgy (€2), we implement the strategy
introduced in [Mar20] to prove Theorem 2. Being the oscillation of ¢ bigger than 7 the argument does
not apply straightforwardly. Still a partial result is obtained in Section 4.2 by covering the image of ¢
with finitely many intervals ([l)lL: 1 of length less than 7 and appropriately localizing the argument of
[Mar20]. A new regularity estimate is proven in Section 4.3 and this allows to conclude the proof of
Theorem 2, relying on Theorem 1.

1

2. PRELIMINARIES

2.1. Duality for L'-optimal transport. In this section we recall a few facts about L'-optimal trans-
port. We state the results in the form that we will need in Section 3.

Definition 2.1. Let (X,d) be a complete and separable metric space and let pyi, po € My (X) be such
that p1(X) = pa(X). The Wasserstein distance of order 1 between py and pg is defined by

(5) Wi (py, p2) == inf / d(z,y)dn(x,y),
well(p,p2) J X

where (1, u2) is the set of transport plans from py to pe, i.e.
(p1, p2) o= {w € M (X?) : myw = pun, Topw = po},

denoting by w1, ms : X2 — X the two natural projections.



4 E. MARCONI

Notice that W7 can take value +oc.

In order to prove the existence of a Lagrangian representation for vector fields in Mgsy, () we will
take advantage of the dual formulation of the L'-optimal transport. The following duality formula can
be found for example in [Vil09].

Proposition 3. For any pi, po € My (X) with p1 (X ), it holds

Wi, p2) = Sup </ pdpy — /wdu2>
¢€L1 /Ll W’HL]pﬁl

Since it will be convenient to allow that the two measures 1, o have different masses, we deduce
from Proposition 3 the following result.

Corollary 4. Let (X,d) be bounded and let py, po € M (X). Assume that there exist C1,Coy > 0 such
that for every ¢ € Lip(X) it holds

‘ /X s /X iy

Then there exist i1 < p1, fia < po such that ||p1 — 1| < Oy, |2 — || < Co and
Wl(ﬂl,ﬂg) S Cl + ngiam(X).

< Ci|9|Lip + Col Y| .

Proof. We assume without loss of generality that o := ||u1]| — ||u2]] > 0. Let fig = g + adz for some
Z € X. Then we have

/X s — /X ifis

' [ = v@yim - [ - v

_ ' [ = v@n - [ - v@)an
X X
< C1]Y|Lip + Colb|Lipdiam (X).

By Proposition 3 it follows that Wi (u1, fiz) < Cy + Codiam(X). Let m € M(X?) be an optimal plan
with marginals p; and fio and let 7 < 7 be such that (p2)y7™ = pe. Then the statement is true for

fi1 = (p1)y7 and fiz = po. O

The next theorem from [BD18] provides the existence of an L!'-optimal map with respect to quite
general distances on RY.

Theorem 5. Let X = RN with N € N be the Euclidean space equipped with the distance induced by
a convex norm | - |p«. Let 1, e € P(RY) be two probability measures such that p; < £~ and the
infimum in (5) is finite. Then there exists an optimal plan w in (5) induced by a map, i.e. there exists
a measurable map T : RN — RN such that Tipy = po and

Wi (1, i2) = /X IT(2) — | padp ().

2.2. Weak convergence of measures. Given a metric space X, we denote by M (X) the set of
finite non-negative Borel measures on X. We will say that a sequence of measures (fi,)neny € M4 (X)
is narrowly convergent to p € M4 (X) if

lim /X Fpn = /X fdu, VS € Cy(X),

n—oo

where Cy,(X) denotes the set of continuous real valued bounded functions on X. We moreover say that
a bounded family % C M, (X) is tight if for every € > 0 there exists a compact set K C X such that
for every p € .# it holds

WX\ K) <e.

The following classical theorem characterizes the relatively compact families in M (X) (see |Bil99]).
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Theorem 6 (Prokhorov). Let X be a metric space. If a bounded family F C M (X) is tight, then it
1s relatively compact with respect to the narrow convergence. If moreover X is complete and separable
then also the converse implication holds.

3. LAGRANGIAN REPRESENTATION FOR VECTOR FIELDS IN Mgiy -

In this section we introduce the notions of Lagrangian representations of the hypograph and of the
epigraph for the liftings ¢ of vector fields in Mgjy, (£2). We moreover provide a suitable decomposition
along characteristics of the kinetic measure Uy introduced in (4).

3.1. Notation and main definition. We will consider the standard decomposition of the measure
Df € M(R), where f € BV(R,R) (see for example [AFP00]). We will adopt the following notation:

Df=D*f+D°f +Dif =Df + D' f,

where D*f, D¢f and D/ f denote the absolutely continuous part, the Cantor part and the atomic part
of Df respectively; we refer to D f as the diffuse part of Df.
For every function ¢ : Q — [0, M| we denote its hypograph and its epigraph by

Hy :={(z,a) e A x [0,M]:a < ¢(x)} and Ey :={(z,a) e QA x[0,M]:a> ¢(x)}

respectively. o
We denote by Bgr an open ball of radius R such that Bg C 2 and we set

L= {(y,t5,t7):0<t; <tF <1,y € BV ((t;,tF); Br x [0, M]),~, is Lipschitz} .
For every t € (0,1) we consider the section
L(t) :=={(y,t5,t3) e[ : t e (t7,t3)}.
and we denote by
e; : I'(t) = Bgr x [0, M]
(715 £7) = (1),

Sometimes we will identify the triple (vt
heavy.

,t? ) € ' with the curve ~ itself to make the notation less

Definition 3.1. Let u € Mgy () and ¢ € L>®(Q) as in Definition 1.1. We say that the Radon measure
wp, € M(T') is a Lagrangian representation of the hypograph of ¢ on Bg if the following conditions hold:

(1) for everyt € (0,1) it holds
(6) (e)g [wn T(t)] = L3 Hy;

(2) the measure wy, is concentrated on the set of curves v € I' such that for £1-a.e. t € (t7, 1) the
following characteristic equation holds:

g a(t) = i)
(8) it holds the integral bound

(8) /TotVar[Ojl)’yadwh(v) < 0.
T

Similarly we say that we € M(I") is a Lagrangian representation of the epigraph of u on B if Conditions
(2) and (3) hold and (1) is replaced by

(9) (et)s [weL T(t)] = L3 By for every t € (0,1).
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In the following we will adopt the slight abuse of notation
(er)gwn = (er)g (wnLT'(t))

A fundamental property of the Lagrangian representations wp,w. above is that it is possible to
decompose the Radon measure Uy along the characteristic curves.
Given v € I' we consider

My = (IvV)IiDt'Va +%1LE¢_ - %II—E; € M((Oa 1) X Br % [07 M]),
where

EF ={(t,z,a) : 72 (t) = 2,7a(t—) < 7va(t+),a € (va(t=), va(t+))},

ES ={(t,z,a) : (1) = 2, 7a(t+) <va(t—),a € (Va(t+),7a(t—))},

I:[0,1) — [0,1) denotes the identity and Dy, denotes the diffuse part of the measure Dyy,.
The main result of this section is the following theorem.

Theorem 7. Let u € Maiy () and ¢ € L*°(Q) as in Definition 1.1. Let Br be an open ball of radius R
such that Br C Q and 5 -a.e. x € OBpg is a Lebesque point of ¢. Then there exist wy,,w. Lagrangian
representations of the hypograph and of the epigraph of u respectively on Bgr enjoying the additional
properties:

(10) /Fuvdwh('y) =2 xUy= —/Fﬂvdwe(v%

(11) /Fm!dwh(’v)z-iﬂl x [Up| Z/F\/w!dwe(v)-

The equations (10) and (11) are equalities in the space M((0,1) x Br x [0, M]); Eq. (10) asserts
that the measure ! x U, can be decomposed along characteristics and Eq. (11) says that it can be
done minimizing

/ TotVar (g,1yYadwn(7) and / TotVar (g, 1yYadwe (7)-
r r

Moreover it follows from (10) and (11) that we can separately represent the negative and the positive
parts of £t x Uy in terms of the negative and positive parts of the measures ji4:

(12) /F i dun(7) = LV x U = /F ptdue(y)  and /F it dun(7) = L1 x U = /F i dwe (7).

The proof of Theorem 7 follows the strategy used in [Mar19] to deal with general conservation laws;
some additional work is required to obtain representation of solutions defined on Bgr and not on the
whole Euclidean space.

3.2. An L'-transport estimate. In this section we prove an L'-transport estimate that will be used
as building block in the construction of approximate characteristics. We first need the following lemma.

Lemma 8. Let Br be an open ball of radius R such that Bg C Q and H#'-a.e. x € OBR is a
Lebesgue point of ¢. Let t > 0 be such that t < dist(Bg,00) and let x,Uys be as in (4). We define
X' x? (0,8 x @ x [0, M] — {0,1} as

itz a) = x(z, a)lp,(x) and Y2 (t, x,a) = x(x — ie't, a)lp,(x).

Then there exist two Radon measure u%, utg € M([0,%] x Q x [0, M]) absolutely continuous with respect
to #3.([0,%] x OBR x [0, M]) such that

dix' +ie’ - Vox' = — 0u(LpyxonUs) + 1,
(13) X2 +ie' - VX2 = 2,
12
5{;:M—>O (J,SE—>0.

t
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Proof. By Theorem 1 it holds v(0Bg) = 0 so that the first equation in (13) holds for
pb = gA8U(0,0 % 0Br x [0,M])  with  g(t,z,0) = i€® - n(x)x(z, a),

where n denotes the inner normal to B and the dot denotes the scalar product of vectors in R?. From
definition of x?2, the second equation in (13) holds with

pi = ie" - n(z)x(z —ie"t,a) 2> ([0,1] x dBr x [0, M]).
In particular

t rM
=l = [ [ e - x@ - it 0)d @) dadt = o) as £ 0
0 Jo JoBg
since #'-a.e. x € OBg is a Lebesgue point of ¢ and therefore J#%-a.e. (z,a) € OBgr x [0, M] is a

Lebesgue point of . O

Proposition 9. In the setting of Lemma 8, let 1 € C1(Q x R). Then
_ 12 _
[ a0~ P O)dsda < (70l + 5190l ) o(Br) + [¥llmt
X
Proof. We set X := x' — x? and (t, z,a) := ¢(z + ie’*(f — t),a). It is straightforward to check that
(1) K(XY) +ie" Va(X¥) = —9p0u( L1 x Up) +¥(pf — ) in D'((0,8) x 2 x R).
Let g : [0,t] — R be defined by
9t) = [ %(e))(t)doda
QxR

It follows from (14) that
J(t) = — / ddb®)dUs + [ GOt — ),
QxR QxR

holds in the sense of distributions, where (M% — u%)t denotes the disintegration of the measure u% — ,u%
in t € (0,%) with respect to .Z1(0,%). Therefore g € C1(]0,#]) and since g(0) = 0 it holds

/ SO (E) = X)) dada = g(F) — g(0)
QxR B

= /Ot g (t)dt

{ ~ ~
= — / / Datb(t)dUdt + / Yd(puf — p?)
0 JOXR (0,5)xQxR

t -
= —/0 /M (0vp — (F — )" - V1)) dU¢dt+/ Yd(puf — p2)

(0,5)x QxR
— 52 1 2
H0atllzoe + SIVatliree ) v(Br) + ¥l llug — pil

and this concludes the proof. O

IN

We set Ly = (7 V f)_% and we consider the anisotropic distance
ds : (Bgr x [0, M])? = [0, 4+00)
((x1,a1), (z2,a2)) — Lz — x2| + a1 — az|.
A test function ¢ : Bg x [0, M] — R is 1-Lipschitz with respect to dj if and only if
[0tz <1 and Vel < L.

Applying Corollary 4 to u' = x'(£)23, u? = x2(£)ZL? on the space (Bg x [0, M],d;) we obtain the
following result as a consequence of Proposition 9 and Theorem 5.
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Corollary 10. There exists pt < x'(£) and p? < x*(t) such that

[ O-phdsdazed, [ (30 - pdado < =t
BRX[O,M] BRX[(),M]

and
1 1
Wi(prL?, p2.23) < (t‘+ t‘%) v(Br) +e2t <2R + &2 M) .
In particular there exists T = (T, T,) : Bg x [0, M] — Bg x [0, M] such that Ty (p3.£3) = pt.2* and

: 1 1
/B o (Li|Te(z,a) — 2| + |Tu(z, a) — a|) pi(x, a)dzda < <t_+ t_%) v(BRr) + ¢/t (2R+ 552M> :
RX|Y,

3.3. Construction of approximate characteristics.

3.3.1. Building block. For a fixed t > 0 we consider the following sets:
Ey :={(x,a) € Bg x [0, M] : x + ie"*t € Br};
By :={(z,a) € Bg x [0, M] : & + ie"T ¢ Bg};
B3 :={(z,a) € (Q\ Bgr) x [0, M] : z + ie'*t € Bg}.
For every (z,a) € E1 we define 7, , : [0,] = Bg x [0, M] by
=t
where the transport map 7' is defined in Corollary 10. For every (z,a) € E2 we set
tT(x,a) := sup{t € [0,%] :  + ie"’t € Bg}
and we define vz, , : [0,t%(z,a)) = Bg x [0, M] by
YViza(t) = (z+ ie't, a).
For every (z,a) € E3 we set
t~(x,a) := inf{t € [0,7] : © +ie'"t € Bg}
and we define vz, , : (t7(z,a),t] = Bg x [0, M] by
(x +ie%t,a) ift e (t(z,a),t)
Viwall) = {T(x +iet,a) ift=t.

3.3.2. Approximate characteristics. Fix n € N and set ¢, = 27™. For every (z,a) € E5 we consider the
curve
Toa : <t;o,n,tjo,n> — Bg x [0, M]

T,a

with
ton =0, th,=t"(z,a) and 5(t) = r-rmalt) Vte (tvo,n,t%,n) :

Yz,a x,a z,a  Yz,a

For every (z,a) € E; we define
o < _Om,t’LO,n) — Bg x [0, M]
Yz,a Yz,a
with

t_O,n = 07 t+0n > 27”

Yz ,a ’Yz:a

to be determined in the construction and

Toa(t) = Yamgalt) Ve (to,n, 2_”] :
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For every k = 1,...,2" and for every (x,a) € F3 we introduce a curve
’Y]:;:g : <t;k:,n7t+k,n> — BR X [OJM]
with

t o = (k—1)27"+ ¢ (z,a), then > k27"
’Yz,a ’Yz,a

to be determined and
B0 = naalt = (k=02 e (c 2]

It remains to define the evolution of the curves 7232 for (z,a) € Ey and t > 2™ and of the curves 7];,’2’

for (z,a) € E3 and t > k27 ™. Let us fix k =1,...,2" and (x,a) € E3. We define the evolution of 752;3

by recursion: assume that 7’;;3 is defined on (¢t~ ,,127"] for some | > k. If | = 2" we set t',, =1
Yz,a

Yz
otherwise, if I < 2™ we distinguish two cases.

If 752 (127™) € By, then we set

th, =127+t (yhe™)

and

e (t) = Von phmp-m (t=1277)  VEE <l2—”,tjk,n> .

If instead v2(127™) € E, then we extend v& on the whole interval (127", (I + 1)27"] by setting
RO =y e (E— 127 VEE (27, (1 1277

The extension of the curves 72;3 for (z,a) € E; is defined by the same procedure described above for
the curves vo for (z,a) € Es with k = 1.

3.4. Approximate Lagrangian representation. The approximate characteristics built in the pre-
vious section belong to the space

Ti={(y,t;,t9):0<t; <th <1,7ye€BV((t;.t5); Br x [0,M])}.

For every n € N sufficiently large we define w, € M(T') by

271
(15) Wy, = d om,— 4+ drda+ g O km,— .+ dxda,
Vaﬂ?’t On’t 0o,n Ya,x 7t kn’t k,n
(Br*[0,M])NHy Yalr Yax k=17 E3sNHy Yajz Yaz

where the curves 7’;;3 are defined in Section 3.3.2.

Lemma 11. Let w,, be defined in (15). Then the following estimates hold:

t

(16) ep(n) = /~ sup |V (t) — v (ty) — / i€ ) ds| dw, () = o(1) asm — oo
Die(ty 1) ty

(17) ey(n) = /I;Tot\/ar(twtmfyadwn(fy) <v(Bgr)+o(1) as n — oo.

Proof. Since for wy-a.e. (v,t;,t4) € I it holds

fo(t) = i W Wt e (y,67,65) \ 27 N,
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then we have
()
< ) 27" = (27|

= (7)

sup
te(ty t3)
v by

t
'Yx(t) - ’Vm(t;) - / iema(S)dS
o

~

(18)
=ZrT (127"=) = 3 (127"=)],

where [~ () = inf(27"Z N (t5,t)) and 1T (7) = sup(2_”Z N(t5,t3)).
Integrating (18) with respect to wy, it follows by Corollary 10 with ¢ = 27" that

2m—1

Z/ Ty (2, a) — x|d(ejg—n_ )pwn

2” 1
(19) < (/ T, (2, a) — alp?(x, a)dzda + 2R ((ergn s — 223 H)
2” 3 1 1 2n 1
e 2 ) 2 3
= Lo—n (2 +27 )V(BR) +€227" <2R+€22"M> +28 Z H((elz—nf)ﬁwn - pg,ﬁ,ﬂ )+”>

=1

where X = Bp >< [0, M] and et_ [(t) = X is deﬁned by er—(y) = limy ¢~ y(t’). Since by construction
(erg-n_)gwn < X2(£)ZL3 and p?2 < x2(F) with ||(x?(£)—p?)L3|| < 27 "eg-n, then forevery I =1,...,2"—1
it holds

(20) 1((eramn_)stwn — p2L3)F|| < 27"y

Plugging (20) into (19), we immediately get (16).
We now prove (17). Since 7, is constant in each connected component of (5 ,¢4) \ 27"N for wp-a.c.
v, it follows by Corollary 10 that

2m—1

/fTotVar(tW_’ti)%dwn(v) = IZ:
1

[ Ta( /(127" ) — 7o (127" ) deon ()
(12-)

2n—1

2" 1
< / ITu(. @) — alp}(a, a)dada + M| (erpJswn — p22%) |

IA
DN o=

on [(2—" + 2%") V(BR) +¢

which implies (17). O

.t (QR + 522nM)] + Meg—n,

We now show that (e¢)sw, approximates x-Z? in the strong topology of measures for every t €
27"NN[0,1). This property and the weak continuity estimate provided in Proposition 9 will guarantee
Property (1) in Definition 3.1.

Lemma 12. For everyl =0,...,2" — 1 it holds
(21) [(erg-n)pwn — xZ°|| < 27" ey
Moreover for every t € [127", (1 +1)27") and every ¢ € C°(Bg x [0, M]) it holds

(22) \ /X () gum — /X (e )son| < 27" (2MAOBR)||0]l 1 + V]| L (Hy))
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Proof. The case | = 0 follows by the definition of w,. In order to get (21) we prove that for every
l=0,...,2" — 2 it holds
ena—r)son — XZ3 < l(er—Jsion — L% +2-"Hleyn.
Indeed
ez )swn = XL° < leina—r)swn — pp L2 + llp;2° — x L7
= | Ti(eqrnya—n_)swn — T(pFLO) + llp1-2° = xL7|
< eq@rnya-n_)gwn — p72°N + 2*"52771
< le@rna-n)gwn = X2OL2) + 103 (@) - pf2%)| +27"
< ll(ezg-n)gwn — X=2”3|| +2.27"
Inequality (22) follows by

\ [ vateson— [ viten-igon
X X

< ‘/ wd(et)ﬁwn\_{t; > 27"} 4+ ‘/ ¢d(6127n)ﬁwn|_{t,¢ < t}’
X X

+ ‘/X Yd(er)pwn{t, <1277} = /de(ezz—n)nwm{ti > t}‘

< 227 (OBR) M| = + |V =2 ", (F(1))
< 2 A OBR) M ]| + | VollLm2 " L5 (Hy). O

3.5. Compactness of w, and existence of a Lagrangian representation. We consider on I' the

topology 7 that induces the following convergence: (v, ,t ) converges to (v,t-,t1) if ticn — t,jYE

with respect to the Euclidean topology in R and there exist extensions 7,7, of v, v, deﬁned on (0,1)
such that the horizonal components 7, , converge to 7, uniformly and the vertical components 7, 4
converge to 7, in L'(0,1).

Lemma 13. The sequence of measures w, defined in (15) is bounded and tight in M(T), namely for
every € > 0 there exists K. C T such that for every n € N it holds

Wn, (f \ K€> <e
Proof. We prove first that the sequence w,, is bounded: for every n it holds
|E3, N Hy| < |Fs,| < M (0BR)2™™.
In particular
lim sup |w, |(T) = limsup £ (Hy) + 2"|Es,, N Hy| < £3(Hy) + M (9BR).

n—oo n—oo
In order to prove the tightness of the sequence wy, we consider for every n € N and C' > 0 the set of
curves (7,15, tf; ) € I'y,c C I satisfying the following properties:

(1) TotVar(t ) Ya < C,
(2) Zk o 12(27k) = 9 (27"k—)| < Cep(n)'/2, where ey (n) is defined in Lemma 11, 7 (y) :=
inf 2~ ”Z N(t5,t3) and I*(v) := sup27"Z N (t5,tF);
(3) Lipy([(k — 1)27",k27™) < 1 for every k =17 (7),...,11 (7).
Since ep(n) tends to 0 as n — oo, for every C' > 0 the space

[(C) = |JTne
n=1

is compact with respect to the topology 7 introduced above. Moreover it follows by Lemma 11 and
Chebychev inequality that for every € > 0 there exists C' > 0 sufficiently large such that for every n € N

wa(T\T(C)) <e. O
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By Theorem 6 it follows that the sequence wy, is precompact with respect to the narrow convergence.
We show in the next lemma that every limit point of w,, is a Lagrangian representation of the hypograph
of ¢ on Bp.

Lemma 14. Every limit point w of the sequence wy, is a Lagrangian representation of the hypograph of
¢ on Bpg.

Proof. We need to check that the three conditions in Definition 3.1 are satisfied and that w € M (T),
namely that w is concentrated on T'.

Condition (1). We prove that for every ¢ € (0,1) the following two limits hold in the sense of distribu-
tions

(23) (et)swn = L2 Hy, and lim (es)swn = (er)jw.

lim
n—oo n—oo

For every t = 27*N N (0,1) for some & € N the first limit holds true thanks to Lemma 12, since
23 = Z3Hy, by definition of x. The continuity in time stated in (22) implies that the limit holds
true therefore for every ¢t € (0, 1) in the sense of distributions. We observe that the second limit in (23)
is not trivial since e; is not continuous on I' with respect to the topology introduced above. In order
to establish it we need to check that for every ¢ € C°(Bpg x [0, M]) it holds

lim [ (y(t))dwn = | P(v(t))dw.
=00 JT(¢) I'(t)

Let I C (0,1) be a non-empty open interval. Then consider the continuous and bounded function
Ty : T' — R defined by

Tatnts ) = [ v
v oby

By definition of narrow convergence and Fubini theorem it follows that

lim // Y(y(t))dwpdt = lim T%]dwn:/Td,,[dw:// Y(y(t))dwdt.
n—o0 J1 i n—o0 |7 P NG

This proves that the second limit in (23) holds for #!-a.e. ¢ € (0,1). In order to prove that the limit
is valid for every t € (0, 1), we observe that w is concentrated on curves with endpoints in dBg and for
every t € (0,1) it holds

w ({(fy,t;,tj) el :te(t;,t7) and y(t—) # ’ya(t—i—)}) =0.

In particular ¢t — (e;)sw is continuous in the sense of distributions on Br x [0, M] and therefore the
second limit in (23) holds for every ¢ € (0, 1).
Condition (2). The function g : I' — R defined by

t

Yo (t) = Ye(ty) — / i) ds

ty

g(y,t5,t5) == sup
te(ty t7)

is lower semicontinuous, therefore

/ g(y)dw < lim [ g(7)dwn,

f‘l n—o0 f\

which is equal to 0 by (16).

Condition (3) follows similarly from (17). In particular w is concentrated on I' and this concludes the
proof. O
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3.6. Representation of the defect measure and good curves selection. In the following propo-
sition we show that the kinetic measure Uy can be decomposed along the characteristic trajectories
detected by the Lagrangian representation wy,.

Proposition 15. Let wy, be a Lagrangian representation of the hypograph of ¢ on Bgr obtained as limit
point of wy, as in the previous section. Then

LU= [dan() and 200 = [ ol o)

Proof. Let (t,z,a) = p(t)(z,a) € C((0,1) x Bg x [0, M]). Then

- / POatpdUsdt = / €' . ¥ pdrdadt
(0,1)xX 01)><H¢

//‘MMtkuﬂ(M%mﬁ
(24)
// Talt) - Vatb(4(8) deon (7)o ()t

// Tolt) - Vot (7 (D) p(t)dtduon (7).

For every v € I', we consider the map ¢ := ¢ oy : (t7, 'y) — Bp x [0, M]. Since wp-a.e. v € I" has
bounded variation on its domain, also 1, € BV((t‘ t+) R) and we have the following chain rule:

Dipy = VY (y(t)) - Dy + > (¢ —P(y(t;—)))d,
tjed,
(25)
= wa(’Y(t)) Dt'Yz + 8(11/} Dt’}’a + Z w<7(tj_)))6tj-
t;ed,

Since for w-a.e. v it holds Dy, = %, ()£, plugging (25) into (24), we obtain

_ /(Ojl)XX SoaadeQSdt = /F /(t ) e | Dy — L (y(t))Deva — Z (1/;7(tj_|_) — wv(tj_))étj dwy,

t;€Jy

= /1“ (/(t ) 7 (Dti/w - 3a¢(7(t))f)t7a> - Z o(t;) (W (t+) — f(][),y(tj))) dwp,.

tjedy

We observe that by construction if ¢2° > 0, then (t) € dBg x [0, M] and therefore 9 (y(t;)) = 0.
Similarly, if 3 < 1 then (y(t1)) = 0. Therefore

S pOPwnnts /ﬂ (1)) dtden ()
/ /H Y(z, a)drdadt
¢

Since for wp-a.e. v and every t; € J, it holds ’yx(tj—i-) = 75(tj—), it follows from the definition of p.
that

—/(OJM pOatpdUydt = /F</t o )( @(t)0at) (v ())Dm) -y cp(tj)(z,b('y(tj+))¢(7(tj)))) dwp,

tjGny
/ /01 o Oatbidpidion (7).
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This proves the first equality in the statement when tested with functions of the form ¢d,1 for two
test functions ¢, . Since both U, and [ pydwy, are supported on [0, 1] X Bg x [0, M| the equality holds
true for every test function.

The inequality

L5 Ul < | ol

follows immediately from the already proved first equality in the statement. In order to prove the
opposite inequality it is enough to prove the global inequality

(21 % U) (0.1) x B x [0.M) = [ 1,10, x B x [0, M
We observe that |u,[((0,1) x Bg x [0, M]) = TotVar(t;’ti)% and that the map
(7,85, t7) = TotVar(,- +)7a
is lower semicontinuous on I'. Therefore it follows from (17) that

/F\,uv\(BR x [0, M])dwy, = /FTotVar(twt;r)’yadwh

IN

lim inf /f TotVar( = 7t¢)'yadwn

n—oo

IN

(L' x |Uy|) ((0,1) x Bg x [0, M]). O

With the result above the proof of the part of Theorem 7 concerning the hypograph of ¢ is complete;
the statement for the epigraph of ¢ can be proven in the same way.

The following lemma is an application of Tonelli theorem and it is already proven in [Mar20] to which
we refer for the details.

Lemma 16. For wy-a.e. v € T it holds that for £ -a.e. t € (t;,t7)

(1) v2(t) is a Lebesgue point of ¢;

(2) 7a(t) < (72(t))-
We denote by I'y, the set of curves v € I' such that the two properties above hold. Similarly for we-a.e.
v € T it holds that for £ -a.e. t € (t,tF)

(1) v2(t) is a Lebesgue point of ¢;

(2) 7a(t) > ¢(72(t))

and we denote the set of these curves by L.

4. RECTIFIABILITY OF THE MEASURE v

In this section we prove that the measure v := (p,)3|Uy| is concentrated on a 1-rectifiable set. The
rectifiability of v is equivalent to the rectifiability of both the measures (px)ﬁU(; and (px)ﬁUqf. Being

the two cases analogous we provide the proof of the rectifiability of (px)ﬁqu_ only.

4.1. Pairing between wj; and w, and its decomposition. In the following lemma we introduce a
pairing between the two representations wp, @ pi5, and we ® ,ufyr of the negative part of the defect measure

Lt x U, . We will denote by X the set B x [0, M].

Lemma 17. Denote by p1,po : (I' x [0,1] x X)? = T x [0,1] x X the standard projections. Then there
exists a plan 7= € M((T x [0,1] x X)?) with marginals
(P~ = wn @ piy

(26) )
(P2)ym™ = we ® 3,
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concentrated on the set
G = {((n.t5.t5 t,w,a), (v, 85t ¢, 2/ d) € (D x X)? it e (t5,¢0),1 € (5, t2),t =/
V() =x =2 =7, ('), a = da € [ya(t+), 7a(t=)] N [1a(t' =), 70 (" H)]}-

Proof. First we observe that by definition, wy, ® p is concentrated on the set

g}: = {(’77 v 7 7t € (I) el x [O 1] xX:te (t_ t+) ’}/m(t) =z,a¢c [Wa(t—i_)?fya(t_)]}
and we ® ,u+ is concentrated on the set

Go =A{(yt5, 87 tw,a) €T x [0,1] x Xt € (t5,7),7(t) = 2,0 € [a(t=), a(t+)]}-

Denoting by p23 : I' x [0,1] x X — [0,1] x X the standard projection it follows from (12) that
(P2,3)s(wh @ psy ) = 2 % Uy = (p2,3)(we @ 1)

By the disintegration theorem (see for example [AFP00]) there exist two measurable families of prob-
ability measures (N;ﬁc],la)(t,x,a)eXa (M:afa)(t,x,a)EX € P(I" x [0,1] x X) such that

(27) wh @ py :/ txhad.Zl x Uy and We ® pi = / ereadgl x Uy
[0,1]xX [0,1]xX

and for £ x U¢_—a.e. (t,z,a) the measures ut 2,0 and ,ut ».q are concentrated on the set
pié({t,x,a}) ={(nt5, t+ 2 d)el x[0,1] x X : ¥ =t,2' =z,d = a}.
Moreover, since wy, ® Hy is concentrated on the set g}? and we ® ,u7 is concentrated on the set g+ we

have that for £1 x U, -a.e. (t,z,a) the measure y, ; , is concentrated on p, 3({15 z,a}) NG, and p ra
is concentrated on py s({t,z,a}) N GF. We eventually set

To= / (M;;v]?a ® :U’zt;a) d(gl x Udj)
[0,1]xX

From (27) it directly follows (26) and by the above discussion for £ x U,-ae. (t,z,a) €[0,1] x X

the measure fi; ;. " ® T .+ 18 concentrated on (pgé({t, z,a}) NG, ) x (pié({t, x,a})NGr), therefore 7~
is concentrated on

U midtza)nG,) x (po3({t,z,a}) NG5 =G
(t,x,a)€[0,1] x X
and this concludes the proof. O

We now split the set G introduced in Lemma 17 in finitely many components. We first set
Ghjump = ={(v,t5,t,t,z,0) € G 1 Ya(t+) <valt—)},
Ghiump = { (015t 1 2,0) € Gt ya(t—) < ya(t+)} .
We moreover consider the following covering with overlaps of [0, M]. Let L = [2£] and for every

[=0,...,L set
T T T T
I :(zf—f, l+1)T f)
=g —pUrlsty
and
Gy = {15, 4 1w, a) € Gy i valt+),7a(t—) € I}
g:’l ={(, 15,13, t,z,a) € G 1 7a(t—),7a(t+) € I} .

We then define
ﬂ-f = 7T—L<gi;l X g:l) ) 7TjTJmp = 7T_I—<(gi;jump X g:) U (gh x g:Jump)>

We prove separately that vy, (px)ﬁ ump 18 1-rectifiable and that v, := (pl)¢m; is rectifiable for

every [ =0,...,L.

P
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4.2. Rectifiability of v,". The proof of the rectifiability of ;~ follows the strategy used in [Mar20].
In particular the first step is to identify a countable family of Lipschitz curves where we will prove that
v, is concentrated.

4.2.1. Shock curves. For shortness we denote by

i(5+5)

e = ie ( and ef‘ = ie.

The following proposition establishes the intuitive fact that a curve of the epigraph cannot cross from
below a curve of the hypograph. Since the same proposition and the following corollary were proven in
[Mar20] in the case of Burgers equation, we only sketch the arguments here.

Proposition 18. Let (7,t5,t3) € Ty and let (t5,85) C (t5,17) be such that

7((5,85)) C L.
We denote by Gcr(’fy,fg,%‘) the set of curves (’y,t;,t;“) € I'. for which 3ty,ty € (fg,f%‘) and ti,ts €
(t;,t;r) such that the following conditions are satisfied:
(]) t1 < to andfl < 1?2;
(2) Va((t1,t2)) C Ii;
(3) va(t1) - e = 3u(t1) - € and v (t1) - ep < 3o (t1) - €1;
(4) Va(t2) - elL = Y (t2) - el and v (t2) - e1 > e (t2) - €

Then
we(Ger (7,15 ,13)) = 0.
Proof. Let
ST i= %_) e and sT =7, (t+) e

Since '_ya((fg,f%r)) C I and 7, (t) = () for Pl-ae. t € ( 7 ,ﬂyr) then the map
hy (fg,f%r) — (s7,s™)
t > Fu(t) e

is bi-Lipschitz. For every s € (s7,sT) we set g5(s) = 'yx(hgl(t)) -e;. Let 6 > 0 and 95 : R — R be the
Lipschitz approximation of the Heaviside function defined by v¥s(v) =0V (v/d A 1). Let us consider a
measurable selection of t1,ts in Fcr(’y, _ ) and let us denote by

Fcr(’?,g,;,f%_,é) = {(’y’t«_/)t'—yi_) € Fcr(’77t§7tﬁ/) : ’YCC(tl,’y) c el — gﬁ(h"y(%c(t) : ef_)) > 5} .

For every t € (0,1) and v € Fcr(ﬁ,fg,ff{, J) set

0 ift <ti,;
FOrt) = S ¥s(va(t) - er — g5(va(t) - eft)) if t € (t14,t2);
1 if t > t27»y.

Finally we consider the functional

Us(t) = /F ( [y, t)dwe().

3,85 5 ,6)

A straightforward computation shows that
C +
28 (¢ Ya(hay(ve(t) - ) = 7a(t))  dwe(y),
(28) 05 [ Galhsa®) ) = (0)” de)
where
G((57 t) = {(Vatr;a ) € Fcr(’% ot 7t+ 6) (t1,77t2,’y> and
e (t) - e € (V(hs(va(t) - ), A(hs (a(t) - €)) +6) }.
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Let us denote by

Ss:={r€Bp:z-e; € (g5(x-ef), g5(x - ¢f) +)}.
Since (e¢)pweL G(0,t) < By N (S5 x [0, M]) and for Zt-ae. t € (I5,7) the point 7,(t) is a Lebesgue
point of ¢ with value larger than ¥,(t) we obtain from (28) that ¥j(¢) < o(1) as § — 0. By definition
of the functional W4 it holds

we(Per(7,15,17)) < lim inf Ws(1) =0, 0

Corollary 19. Let T € Br and denote by Ff(;i) the set of curves (v,t, t;r) € T'y, for which there exists
t1 € (t5,t4) such that

Yo(t1) -ef = Z - e and Yo(t1) - €1 > T - €.
t¥) € Te for which there exists t) € (t7,t) such that

Yelth) e =T -ef and  vi(t) e <T-e.

Similarly let T'; () the set of curves (v,t5,
Then there exists a Lipschitz function fz, : [Z - ef-, +00) — R such that
(29)
wp({(7,85,t5) €T (Z) : 3tz € (t1,]) st Yal(t1,t2)) C I and Ya(ta) - e < foi(a(t2) - €1)})
we({(7, 15, 43) € Ty (2) = 3ty € (11,4]) st va((t, 1)) C I and 7 (1) - 1 > faa(a(th) - )})

where t1,t} are as above.

)

0
0

)

Proof. Let I C [Z,+00) be the set of values y for which there exists v € I () and ¢ € (t1,t2) such
that ~,(t) - elJ- =y, where ¢; and 2 are as in the statement. Let fz; be defined on I by
fi,l(y) := inf {’Yz(t) ey € Fl-i_(j)ﬂf € (t17t2)7'7:c(t) ) elJ_ = y} .

The function fz; is defined as the biggest C-Lipschitz function such that fz; < f@l on I and fz; = Z-¢,
where C' > tan(37/8). The first equality in (29) follows from the fact that fz; < fz; on I. The second
equality in (29) follows from Proposition 18 since the infimum in the definition of f@l can be realized
taking only countably many curves in F;“(a_:) and for every a € I; it holds

; 3T
ie'® - ef- > cos () . O
8
The following elementary lemma is about functions of bounded variation of one variable: we refer to

[AFPO0| for the theory of BV functions.

Lemma 20. Let v : (a,b) — R be a BV function and denote by D™ v the negative part of the measure
Duv. Then for D~ v-a.e. T € (a,b) there exists § > 0 such that

o(x) >0(z) VYxe(xT—0,T) and  v(z) <v(x) Ve (z,z+90).
We are now in position to prove the rectifiability of v,

Proposition 21. The measure v, is concentrated on the set

U Cioi where Cy,, = BrN U {selL —i—f;g,l(s)el}

T€Q*NBR s>T-e

Proof. Step 1. For every & € BpNQ? and every (v, t,t¥) € T’y we consider the open set I . C (t,t3)
defined by the following property: we say that ¢t € I ; Iy if there exists t' € (t; ,t) such that

Yot 1)) C I, V(') et =T -ef, Ye(t') - er > T - €.
We moreover set

Zo= {0t @) €Dy x (0,1) x Brx [0, M] st e I, |}
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Similarly for every (v,t7,t¥) € T we let I, C (t7,t7) be the set of t for which 3t € (t7,t) such
that
Ya((t', 1)) C I, () - e =7 - ¢, V(') e <T-e
and we set
<= {(%t;,tj,t,x,a) €T, x (0,1) x By x [0,M] : t € Ig;m} .
We consider
W%l = 771<g;l X Q;l)
and we prove that (pglc)ﬁTr;l is concentrated on Cy, , where
Py + (T % (0,1) x Br x [0, M])* — B

_/ t+/

(vt 8] b a,y byt ald) =

Trivially it holds
(30) (P)msy < (P2)z [0 (G2 x (T x (0,1) x Br x [0, M])].
From Corollary 19 it follows that for wy-a.e. (v, ,t¥) € Ty it holds
Ye(t) e >T-ef and  vu(t)-ep > fri(va(t) - ef) Vt € Iz,
therefore
(31) (piﬂ)ﬁﬂ;l ({meBR:x-elJ‘§§7-ef‘}U{:1;€BR:x-ef‘ >Z-ef and - ¢ <f5c71(x-ef‘)}> =0.
In the same way we get
(32) (pi)ﬁﬂfjl ({xEBR:x-elL§a‘c-ef}U{a:EBR:m-ef‘ >Z-ef and z- ¢ >f@7l(x-ef)}> =0,
where
p2: (I'x (0,1) x Br x [0,M])* — Bpg

— L+ A A e A | /
(,‘y?tf)/?tfy?t?x?a/?’.}/?t’y7t77t7$7a)Hx‘

Finally, since 7w~ is concentrated on G, then
(pz ®P2)sm~ € M(([0,7] x R)?)
is concentrated on the graph of the identity on Bg and in particular (p})sm.; = (p2)ym,. Therefore it
follows from (31) and (32) that (pl)sm_, is concentrated on

{xEBR:x-el >T-e andx~ell:fi,l(a:-el)} =Cy, ;-

Step 2. We prove that for m, -a.e. Z = (v,t;,t,‘y*',t,x,a,'y’,t;/,tﬂy‘/,t’,m’,a’) € (I'x (0,1) x Bg x [0, M])?

there exists 6 > 0 such that for every s € (t — 4,t) and s’ € (' — §,t’) the following properties hold:
(1) 7a(s) € I; and 74 (s) > a;
(2) vi(s') € I and ~,(s) < d'.
It is sufficient to prove the properties in (1), being the ones in (2) analogous. The statement is trivial
for elements Z for which 7,(t—) > a and it follows immediately by Lemma 20 applied to 7, if 7, is
continuous at ¢. Being 7~ concentrated on points Z for which v, (t+) < 7,(t—) it is therefore sufficient
to check that

7 ({2 € (' x(0,1) x Br x [0, M])? : 74(t—) = a > 74(t+)}) = 0.

This follows immediately from the fact that for wp-a.e. v the measure p7 has no atoms and the set
(t,z,a) € (0,1) x Bg x [0, M] for which 7,(t) = x and v,(t—) = a > v,(t+) is at most countable.
Step 3. We prove that for 7, -a.e. Z € (T x (0,1) x Bg x [0, M])? there exists Z € Q% N Bp such that

Zeg;lxg;,.
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Let us consider 6 > 0 from Step 2. From Property (1) and (7) it follows that for every s € (t — 9,%) it
holds

(33) Yo(s) et > Ya(t) - e — i - e(va(t) - e —a(s) - i)
and similarly for every s’ € (¢ — §,t')
(34) Vols') et <) - er — i ey () - e —(s) - o)

Being 7~ concentrated on G, for 7, -a.e. Z € (I x (0,1) x Bg x [0,M])? it also holds @ = a’ and
v2(t) = 2 = ~L(t'). Let us consider
)

y € (%(t) e — 1550 0x() 6f> nv2Q.

Then there exist s € (t — 6,t) and s’ € (¢ — 4,¢) such that 7, (s) - ef =y =74(s') - ¢ It follows from
(33) and (34) that

Yols') et < () e — i€’ - e () - e = ve(s) - ef)
=z —ie' ez et —y)

= Yu(t) e —ie" - e (va(t) - e —a(s) - €r)

< Vm(s) "€l
Let z € (74(8") - e1,72(s) - ) N v/2Q and set T = ze; + yej-. By construction it holds
Ze Q;l X g;l

and since ey, elL € (vV/2Q)?, then 7 € Q.
Step 4. It follows by Step 3 that

(35) WS U Go1 % G

7€Q2NBR
Since by Step 1 we have that (p;)uﬂ; ; 1s concentrated on CY, ,, then the statement of the proposition
follows from (35). O

4.3. Rectifiability of Viump* In the next lemma we prove a regularity density estimate at a point z

provided that the entropy dissipation measure decays faster than in a shock point.

Lemma 22. Let (y,t5,t) € Ty, t € (t7,t7) and set & = v,(t) and @ = va(t=) V va(t+). Then there
exists an absolute constant ¢ > 0 such that for every § € (0,7/2) at least one of the following holds
true:

(1) . .
ligl_jélf {z € B,(7) :Tq;(x) >a—0} > ¢
(2)
(36) lim inf ”(B;(‘f)) > 63,

Proof. We assume without loss of generality that @ = v,(t—) and we let 6; > 0 be such that for every
t € (t—01,t) it holds v, (t) € (a—d/5,a+ §/5). We moreover set 7 = d1/2 so that for every r € (0,7)
there exists ¢, € (t — d1,t) such that v,(t,) € 0B, (Z) and ~v,(t) € B.(Z) for every t € (t,,t). Since
v € Ty and v,(t) > a — 0/5 for every t € (t,,t), then there exists € > 0 such that

L*({x € Sep: p(x) >a—46/5}) > er, where S = v2((tr, 1)) + B:(0).
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For every (v,t;,t1) € ' we consider the nontrivial interiors (i t+ )NW of the connected components

of v, Y((a—6),a— 76) which intersect v71(S., x (a — %5, a— 3(5)) Notice that we have the estimate

5
N, <1+ gTotVar%.

For every ¢ € N we consider
Ui :={(v,t;,t3) €T : Ny > i}
and the measurable restriction map
R,:T';—»T
(1 t5,t5) = (.t 5t ))
We finally consider the measure

[e.e]
@h =Y (Ra)y (wniTs).
i=1
Notice that @, € M (I") since for every N >0
Y 5
Z(R (wpLTy) /N dwyp, < / <1 + 5TotVar*ya) dwp () < 0.
i=1

The advantage of using the restrictions introduced above is in the following estimate: by an elementary
transversality argument there exists an absolute constant ¢ > 0 such that for wy-a.e. (v,t5 elit

holds

v "/)

(37) 1 <{t € (t;,tj) el :~y(t) € Scp % (a %5 5) }) g
By construction we have that for every ¢ € (0,1) it holds

(38) (er)son > g%{@, a) € S ¥ (a — 25, a— Z’a) co(x) > a} .
Since the measure of this set is at least erd/5, then it follows by (37) and (38) that
(39) op(T) > 6ré 0 o

=5 & se
We consider I' =I'y UT'y, where
Uyi={(y,t;,t7) el th —t7 >r} and To:={(y,t;,t) el :tT —t5 <r}.
For Gp-a.e. (v,t5,t3) € T'y it holds

2 <{t € (17,65) 4 (t) € Bar(2) <a _sa— ?5) }) >0,
while for @p-a.e. (y,t5,tF) € Ty we have

2
’yx(t,;,ti) C By () and TotVary, > 56.

It follows from (39) that at least one of the following holds:

2 52
4 T r
(40) on(l) = ggzr or - @nll2) = gqar
If the second condition holds then we have that
3
v(Bar(2)) 2 [Ug|(Bar(2) % (a = 6,a)) 2 5o

so that the second condition in the statement is satisfied. Otherwise we assume that the first condition
in (40) holds: since for every t € (0,1)
(er)yon, < xL°
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it follows from (40) and Fubini theorem that

L ({r € Boyl@) o) 2a—o)) > L T2 O
i = = 10¢ 35 6¢
so that the first condition in the statement holds true. O

Remark 23. We observe that the third power in (36) is optimal; this is related to the fact that the
optimal regularity of ¢ is B33 (Q), see |GL20].

00,loc
We also state the same result for curves in I'., whose proof is analogous to the one of Lemma 22.
Lemma 24. Let (v,t5,t5) € T, t € (t5,t3) and set T = ,(t) and @ = va(t—) A ya(t+). Then there

exists an absolute constant ¢ > 0 such that for every § € (0,7/2) at least one of the following holds
true:

(1)
(z€B,(z): ¢(x) <a+d

lim inf 5 > cd;
r—0 r
(2) o
lim inf m > 3.
r—0 T
The main result of this section is the following:
Proposition 25. For Viymp~0-€- T € Bpr
B
(41) tim sup 2 Br®) S .
r—0
Proof. For vy, -a.e. & € Bg one of the following holds:
(1) there exist (v,t7,t],t,,a) € Gy, and ('Y/at;/,til,t/am/,a/) € T'. such that

r=2 =z and Y (t'+) <d =a <, (t-).

(2) there exist (7’,t;/,tj/,t’,x’,a’) € gjjump and (v,t5,t3,t,2,a) € I'c such that

r=12=z and Yt +) <d =a <y (t-).
Being the two cases equivalent we consider only the first one. We apply Lemma 22 to the curve v and
Lemma 24 to the curve 7/ with § = (7,(t—) — a)/3. If condition (2) holds in at least one of the two
cases then the statement follows, otherwise both the following inequalities are satisfied:
B,.(Z) : > t—) — B,.(T) : < t—) —2
lim inf 2. € Br@ 0@ 2 7(2) 20} 5 g2 iy jp 12 € Br(D)  0@) < alin) = 20}

5 5 > o,
r—0 T r—0 T

This condition excludes that Z is a point of vanishing mean oscillation of ¢, therefore € ¥ by Theorem
1, namely (41) holds true. O

4.4. Conclusion. Collecting the results in Sections 4.2 and 4.3 we obtain the rectifiability of the
measure (pg);U, -

Proposition 26. The measure (px)ﬁqu is 1-rectifiable.
Proof. We first observe that since 7~ is concentrated on G and

L
g - (gf:jump x g;‘r) U (gf? X g;_jump) U (U (gf:,l x g:l)) ’

=0

then it follows from the definitions of 7, and Wj;mp that

L
T §7rjump+ E .
=0
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In particular

L
(P2)sUy = (027 < (02§ ramp + D (02)e7; -
=0
Since (pi)ﬁﬂ'f is 1-rectifiable for every [ =0, ..., L by Proposition 21 and (p;)ﬁﬂ'j;mp is 1-rectifiable by
Proposition 25 and Theorem 1, then also (p);U, is 1-rectifiable. O

As mentioned at the beginning of this section, the rectifiability of the positive part (px)ﬂUJ can be
proven following the same procedure. Therefore this concludes the proof of Theorem 2.
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