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ABSTRACT. We consider shape functionals of the form F,(Q) = P(Q)T7(Q) on
the class of open sets of prescribed Lebesgue measure. Here ¢ > 0 is fixed, P(2)
denotes the perimeter of Q and T'(f2) is the torsional rigidity of Q. The mini-
mization and maximization of Fy,(2) is considered on various classes of admissible
domains : in the class Ay of all domains, in the class Aconves Of conver do-
mains, and in the class Agp;ip, of thin domains.
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1. INTRODUCTION

In this paper, given an open set 2 C R? with finite Lebesgue measure, we consider
the quantities

P(Q) = perimeter of (;
T'(Q2) = torsional rigidity of €.

The perimeter P(f2) is defined according to the De Giorgi formula

P(Q) = sup {/ divgdr : ¢ € CLHRERY), ¢l poo(ray < 1} :
Q
The scaling property of the perimeter is
P(tQ) =t P(Q) for every t > 0

and the relation between P(2) and the Lebesgue measure [Q)| is the well-known
1soperimetric inequality:
P@) P(B)
|Q|(@-1)/d = |B|(@-D/d (1.1)

where B is any ball in R%. In addition, the inequality above becomes an equality if
and only if €2 is a ball (up to sets of Lebesgue measure zero).
The torsional rigidity 7'(€2) is defined as

T(Q) = /Qudm

where u is the unique solution of the PDE

{—Au: 1 in €2,

u € H(Q).
1
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Equivalently, T'(2) can be characterized through the maximization problem

() :max{[/udxr[/ |vu|2d;z}1 : ueHg(Q)\{O}}.
Moreover T' is increasing W?th respectQto the set inclusion, that is
Q) C Q= T(2y) <T(Q)
and T is additive on disjoint families of open sets. The scaling property of the
torsional rigidity is
T(tQ) = t**7(Q), for every ¢ > 0,

and the relation between T'(2) and the Lebesgue measure |Q2] is the well-known
Saint-Venant inequality (see for instance [16], [17]):

() T(B)
|Q|(@+2)/d = | B|@d+2)/d’

(1.3)

Again, the inequality above becomes an equality if and only if € is a ball (up to sets
of capacity zero). If we denote by B; the unitary ball of R? and by wy its Lebesgue
measure, then the solution of ([1.2)), with Q = By, is

R
u(z) = 5
which provides
T(B,) = __ W (1.4)
YV dd+2) '

We are interested in the problem of minimizing or maximizing quantities of the
form
P QTP (Q)
on some given class of open sets 2 C R having a prescribed Lebesgue measure
||, where «, [ are two given exponents. Similar problems have been considered for
shape functionals involving:

- the torsional rigidity and the first eigenvalue of the Laplacian in [2], [3], [6],
8], [11], [19], [20], [211;

- the torsional rigidity and the Newtonian capacity in [1];

- the perimeter and the first eigenvalue of the Laplacian in [14];

- the perimeter and the Newtonian capacity in [10], [13].

The case 8 = 0 reduces to the isoperimetric inequality, and we have, denoting by
2* a ball of measure m,

{min {P(Q) : Q] =m} =P(Q,)
sup {P(Q) : |0 =m} = +oo.

Similarly, in the case o = 0, the Saint Venant inequality yields

s {7(0) 0] = m} =703 = 7 ()
while
inf {7(2) : 0 = m} =0.
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Indeed if we choose Q,, = U}_, B, where B, ; are disjoint balls of measure m/n
each, we get for every n € N
md+2)/d o
d(d + 2)w?*
The case when o and 3 have a different sign is also immediate; for instance, if

a >0 and f < 0 we have from (1.1]) and (|1.3))
min { P*()T?(Q) : |Q| =m} = P*(Q,)T7 ()
sup { P*(Q)TP(Q) : |Q =m} = +oo,

inf {T(Q) 2 Q| = m} <T(Q,) =

and similarly, if « < 0 and g > 0 we have
inf { P )TP(Q) : |Q=m} =0
max { P*(Q)T%(Q) : |Q| =m} = P*(Q,)T7 ().

The cases we will investigate are the remaining ones; with no loss of generality
we may assume « = 1, so that the optimization problems we consider are for the
quantities

P(Q)T(2), with ¢ > 0.
In order to remove the Lebesgue measure constraint 2| = m we consider the scaling
free functionals

P(Q)TI(Q 2 — 1
Q(Q):% with ag = 1+ ¢ + qd .

In the following sections we study the minimization and the maximization problems

for the shape functionals F, on various classes of domains. More precisely we
consider the cases below.
The class of all domains €2 (nonempty)

Aall:{QCRd : Q#@}

will be considered in Section 2} we show that for every ¢ > 0 both the maximization
and the minimization problems for Fj, on A, are ill posed.
The class of conver domains €2

Aconves = {QQCR? + Q#0, Q convex}

will be considered in Section [3} we show that for 0 < ¢ < 1/2 the maximization
problem for F, on Apppe, 1S ill posed, whereas the minimization problem is well
posed. On the contrary, when ¢ > 1/2 the minimization problem for Fj, on Aconves
is ill posed, whereas the maximization problem is well posed. In the threshold case
q = 1/2 the precise value of the infimum of Fj /5 is provided; concerning the precise
value of the supremum of Fj/, an interesting conjecture is stated. At present, the
conjecture has been shown to be true in the case d = 2, while the question is open
in higher dimensions.

The class of thin domains Ayy;,, suitably defined, will be considered in Section
[l If h(s) represents the asymptotical local thickness of the thin domain as s varies
in a d — 1 dimensional domain A, the maximization of the functional F /5 on A
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reduces to the maximization of a functional defined on nonnegative functions h
defined on A; this allows us to prove the conjecture for any dimension d on the
class of thin conver domains.

2. OPTIMIZATION IN THE CLASS OF ALL DOMAINS

In this section we show that the minimization and the maximization problems
for the shape functionals Fj, are both ill posed, for every ¢ > 0.

Theorem 2.1. There exist two sequences 2y, and 3, of smooth domains such
that for every q > 0 we have

F,(1,) —0 and  Fy(Qa,) = +o0.
In particular, we have
{inf{Fq(Q) Qe Ay, Q smooth} =0
sup {Fq(Q) Qe Ay, Q smooth} = +00.
Proof. In order to show the sup equality it is enough to take as 25, a perturbation
of the unit ball By such that
Bijy CQyp C By and P(Qy,,) — +o0.
Then we have
Q0| < |Baf, T(Qn) > T(B)2),
where we used the monotonicity of the torsional rigidity. Then

P()T(By)2)
F,(Q,) > | By
In order to prove the inf equality we take as €2. the unit ball By to which we remove
a periodic array of holes; the centers of two adjacent holes are at distance ¢ and
the radii of the holes are

— +00.

e V() if d =2
e {cgd/(d_Q) if d > 2.
It is easy to see that, as ¢ — 0, we have
Q| — | By and P(Q.) — P(By).

Concerning the torsion T'(€2.), we have (see [9])

T(Q.) — ucdx

By
where u, is the nonnegative function which solves
—Au,+ K.au. =1 in By
{uc € H}(By),
being K, the constant

K — cm/2 ifd=2
T ld(d - 2)2 w2 ifd > 2.
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Since for every ¢ > 0 we have that

/ |Vu(2)|* + Kou?(x) de :/ U dx
B

By
w
/ U dr < xd
B1 KC

Therefore, a diagonal argument allows us to construct a sequence €, ,, such that

|Ql,n| — ‘B1|7 P(Ql,n) — P(Bl), T(Ql,n> — O,

we get that

which concludes the proof. O

3. OPTIMIZATION IN THE CLASS OF CONVEX DOMAINS

In this section we consider only domains 2 which are convezr. A first remark is
in the proposition below and shows that in some cases the optimization problems
for the shape functional Fj, is still ill posed.

Proposition 3.1. We have
inf {Fq(Q) Qe .Acomex} =0 for every q > 1/2;
sup {Fq(Q) Qe Acomez} =400 for every q < 1/2.

Proof. Let A be a smooth convex d— 1 dimensional set and for every € > 0 consider
the domain €. € A.opver given by

Q.= Ax]| —¢/2,¢/2].
We have (for the torsion asymptotics see for instance [2])

P(Q,) = 2H*1(A),

e d—1
T(0.) ~ SSHA),

Q| = eH TN (A),
so that 5
F, () ~ (2¢-1)(d-1)/d 3.1
q( ) 194 (Hd—l(A))(2q_1)/d € ( )
Letting € — 0 achieves the proof. 0

We show now that in some other cases the optimization problems for the shape
functional F, is well posed. Let us begin to consider the case ¢ = 1/2.

Proposition 3.2. We have
inf {F12(Q) : Q€ Awoppes | =372 (3.2)
and the infimum is asymptotically reached by domains of the form
Q. = Ax] —¢/2,¢/2]

as e — 0, where A is any d — 1 dimensional convex set.
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Proof. Thanks to a classical result by Polya ([23], see also Theorem 5.1 of [11]) it
holds

1 QP
T(Q) > -
W= 5@y
Then "
PQ)(T(2)) 12
Fip(Q) = |Q[3/2 > 37
for any bounded open convex set. Taking into account (3.1]), we get (3.2)). 0J

Concerning the supremum of F/5(£2) in the class Aconves We can only show that
it is finite.

Proposition 3.3. For every Q € Aconves we have

2dd3d/2 \/T
Fi(Q) < 3.3
1/2( ) - Wy d + 2 ( )

Proof. By the John’s ellipsoid Theorem [18], there exists an ellipsoid, that without
loss of generality we may assume centered at the origin,

d .2
Ea—{xeRd: Zm—;<l}, a=(ay,...,aq), with a; >0
a

i=1 ¢
such that £, C Q C dE,. Then we have
P(dE,) (T (dE,))
| E,[3/2
Since the solution of (1.2)) for E, is given by

1/2

Fi5(Q) <

we obtain

while

d
|Ea| = wa [ ] i
=1

To estimate P(FE,) we notice that F, is contained in the cuboid @ = Hf] — a;, a;l,

so that
P < P@ =2 Y T[ea) =2/( X L) o

i=1 j#i i=1

Combining these formulas we have from ((3.4)

od J3d/2 d 1 1\ 12
Fi5(Q) < ———— . a2
1/2( )— wd(d+2)1/2(21: az)<za12)

1=



SOME INEQUALITIES INVOLVING PERIMETER AND TORSIONAL RIGIDITY 7

and finally, by Jensen inequality,

2dd3d/2\/7
Fi,0(Q) <
1/2( ) T Wy d+2’

as required. 0

On the precise value of sup {F1 2() Qe Acomem} we make the following
conjecture.

Conjecture 3.4. We have

(arvars)

and it is asymptotically reached by taking for instance

QE:{(s,t) : S E A, 0<t<8(1—|5|)}

sup { F12(Q) : Q € Aconves } =

as € — 0, where A is the unit ball in RI!.

Remark 3.5. We recall that Conjecture [3.4 has been shown to be true in the case
d = 2 (see [23], [22], and the more recent paper [12]). In Section {4| we prove the
conjecture above for every d > 2 in the class of convex thin domains.

We show now that for F, in the class Acpnpe, the minimization problem is well
posed when ¢ < 1/2 and the maximization problem is well posed when ¢ > 1/2.
From the bounds obtained in Propositions and [3.3] we can prove the following
results.

Proposition 3.6. We have

inf {Fq(Q) Qe Acomex} > 3-1/2 (d(d + 2))1/27qwé1_2q)/d for every g < 1/2
2dd3d/2fq+1

(d + 2)awy 21/

sup {Fq(Q> Qe Acmwe:c} <

for every ¢ > 1/2.

Proof. We have

T(Q) \V?
Fo () = F1 () (|Q|(c(l—+2))/d) '

Hence it is enough to apply the bounds (3.2) and (3.3), together with the Saint
Venant inequality ((1.3) to get that for every Q € Aconves

i L (TB) T
inf {Fy(Q) : Q€ Awnves} 2 37/ (B(d+2)/d> if g <1/2

2dd3d/2 d T(B) q—1/2 ‘
sup {Fq(Q) Qe Acom,ex} < o 1/ 159 (B(d+2)/d) if g >1/2.

By the expression (1.4]) for T(B) we conclude the proof. O

We now prove the existence of a convex minimizer when ¢ < 1/2 and of a convex
maximizer when ¢ > 1/2.
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Theorem 3.7. There exists a solution for the following optimization problems:

min {Fq(Q) Qe Acom,ex} for every q < 1/2;
max {FQ(Q) Qe Acmwem} for every q > 1/2.

Proof. Suppose ¢ < 1/2 and consider (2, a minimizing sequence for F,(2). By the
John’s ellipsoid Theorem we can assume that there exists a sequence of ellipsoids
E,, such that

E, CcQ, CdE,,.

By rotations, translations and scaling invariance of Fj we can assume without loss
of generality that

d 2
€T

Ean:{xERd: E —2’<1}, ap = (Q1p, - 0gn), 0 < ay, < -+ <ag, =1.
i=1

Observe that this implies that the diameter of €2, is uniformly bounded in n. We
claim that
Q1p > C for every n € N

where ¢ is a positive constant. Then the proof is achieved by extracting a sub-
sequence (2, which converges both in the sense of characteristic functions and in
the Hausdorff metric to some open, non empty, convex, bounded set {2~ and by
using the continuity properties of torsional rigidity, perimeter and volume (see for
instance, [7], [17]).

To prove the claim we use a strategy similar to the one already used in the proof
of Proposition . Let Q,, be the cuboid Hle] — i, Qi [. Since

d=?Q,, C E,,

we have, for n large enough,

L1 TUBL)PQW)
— d(d-1)/2qdag |Ean|ozq ’

Fq<Bl) > Fq(Qn) (3'5>

An explicit computation shows
—a _ _on1/2\ 1724
[Ean ([@+2)7\ (v 6:2)" ) \ ([T, i)/
Observe that, by Cauchy-Schwarz inequality,

d -1
1< % < \/E, (3.6)
(Ximy a2

while for the last term it holds

(Zhia)” _(Sha)” e (al )Ud (3.7)

(T )V (TS ap)Ve ™ ()
Therefore, putting together (3.5)—(3.7) and using the fact that ¢ < 1/2 we obtain
that, if n is large enough, the sequence a;, must be greater than some positive

1n

constant ¢, which proves the claim.
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The case ¢ > 1/2 can be proved in a similar way. If {2, is a maximizing sequence
for F,(Q2) and E,, are ellipsoids such that E, C Q, C dE,,, we have

P(dBa,)T(dEu,) _ sa-1rqar P (Ean) T (Eay)
| B, | | B, |

If Q,, is the cuboid Hle] — i, in| we have E, C Q,,, so that

P(E,,) < P(@Qu,) = (Zam) Ham .

Hence (3.8)) implies, for a suitable constant C, 4 depending only on ¢ and on d,

Z‘?l:l a;’t (H?:l ai_nl)l/d 21
d -2 qz dm (29-1)/d < d'Cya T —d -1 ’

( > ie1 Qin ) (Hizl Gm) a

where in the last inequality we used the Cauchy-Schwarz inequality (3.6)). Finally,

Fy(Br) < Fy(2n) <

(3.8)

Fq(Bl) < Oq,d
=1 ""in
since a;, < ag, = 1, we obtain

Fy(By) < dCya(ay,!) D/

and, since ¢ > 1/2, the conclusion follows as in the previous case. 0

4. OPTIMIZATION IN THE CLASS OF THIN DOMAINS
In this section we consider the class of thin domains
Q. ={(s,t) : s€A, eh_(s) <t<ehy(s)}

where ¢ is a small positive parameter, A is a (smooth) domain of R4, and h_, h
are two given (smooth) functions. We denote by h(s) the local thickness

h(s) = hi(s) — h_(s),
and we assume that h(s) > 0. The following asymptotics hold for the quantities we
are interested to (for the torsional rigidity we refer to [5]):

P(Q.) = 2H71(A),
70 ~ 55 [ 1) ds
198 zs/Ah(s) ds,

which together give the asymptotic formula when ¢ = 1/2

Fi)2(Q) = 3_1/27-[d‘1(A) [/Ah?)(‘g) ds] 1/2 [/Ah(s) ds} ~3/2

— 312 H ]éh?’(s) ds] [ ]éh(s) ds] _3] v

where we use the notation

ﬁf(s)ds:w_;w[lf(s)ds

(4.1)
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By Hoélder inequality we have
li_f}(l) Fi)5(9Q:) > 3712
and the value 372 is actually reached by taking the local thickness function h
constant, which corresponds to ). a thin slab.
A sharp inequality from above is also possible for Fj»(€.), if we restrict the
analysis to conver domains, that is to local thickness functions A which are concave.
The following result will be used, for which we refer to [4], [15].

Theorem 4.1. Let 1 < p < q. Then for every convex set A of RY (N > 1) and
every nonnegative concave function f on A we have

[ ]ifq dx] o < Cp,q[ ]Kfp dx} v
A A

where the constant C,, is given by

N+p\"? (N +q\ "
e (3) 08
In addition, the inequality above becomes an equality when A is a ball of radius 1
and f(z) =1—|z|.

We are now in a position to prove the Conjecture for convex thin domains.

Theorem 4.2. If Q). are thin convex domains with local thickness h, we have

o p 1/2
. P
lim Fa o E)_d((d+ 1)(d+2)> '

In addition, the inequality above becomes an equality taking for instance as A the
unit ball of R4 and as the local thickness h(s) the function 1 — |s|.

Proof. By (4.1)) we have

f -3

iy ][ [ f o] ]
e—0 A A

In addition, by Theorem .1 with N =d — 1, ¢ = 3, p = 1, we obtain

]éhi*»dx < (Jig[ ]éhdx]g ,

2 1/2
(d+1)(d+ 2))
as required. Finally, an easy computation shows that in (4.2]) the inequality becomes
an equality if A is the unit ball of R~! and h(s) =1 — |s|. O

(4.2)

1/2

so that
lim F5(92) < 3721 = d(
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