A SPECTRAL SHAPE OPTIMIZATION PROBLEM WITH A NONLOCAL COMPETING
TERM

DARIO MAZZOLENI AND BERARDO RUFFINI

ABSTRACT. We study the minimization of a spectral functional made as the sum of the first eigenvalue of the
Dirichlet Laplacian and the relative strength of a Riesz-type interaction functional. We show that when the
Riesz repulsion strength is below a critical value, existence of minimizers occurs. Then we prove, by means of
an expansion analysis, that the ball is a rigid minimizer when the Riesz repulsion is small enough. Eventually
we show that for certain regimes of the Riesz repulsion, regular minimizers do not exist.
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1. INTRODUCTION

Foreword. In this work we study the minimization under volume constraint of energies of the form

dx dy
Q)
@ =s@+ | | 5

where S is either the torsion energy F or the first eigenvalue of the Dirichlet-Laplacian A1, N > 2 and « € (0, N).

It is well-known that both the torsion energy and the first eigenvalue of the Dirichlet-Laplacian are minimized,
among sets of fixed measure, by the ball. These results, obtained with symmetrization arguments, can be
summarized in a scale invariant form as

Q" ¥R EQ) > [BI¥EE(B), Q¥ M(Q) = |BIFA(B),
where B is a generic ball and |2| denotes the Lebesgue measure in RY of the set Q. In the literature, they are
called Saint-Venant and Faber-Krahn inequalities, respectively. Both the inequalities are rigid, that is equality

holds if and only if Q is a ball up to null capacity. We refer to [23] for a comprehensive background about these
problems.
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// dx dy
[ —y[N-e

which appears as the second addend in the definition of F, increases while symmetrizing the set 2, and it is
uniquely (up to a negligible set) maximized by balls [29, Theorem 3.7], leading to a competition while seeking
to minimize F.

In sharp contrast, the Riesz Energy functional

Motivation and background. In recents years the research of quantitative stability of various geometric,
functional and spectral inequalities received a great attention, and this gave a strong impulse to the development
of the field. In turn this led to a renewed interest in several variational models where a competition between a
cohesive term is balanced by a repulsive term. A non-exhaustive list of papers in this field is [1, 6,

) ) )

) ) ) ) ) ) 3 9 }'

Arguably the most famous instance of such variational models is the Gamow liquid drop model introduced

in [19] to describe the stability of nuclear matter. Such a model is made up by the sum of a surface perimeter
term and a Riesz energy term of a set Q C R3
dzxd
()= P@)+ | v
alolz—

The usual mathematical questions about this class of models are:

(1) To investigate existence and non existence of minimizers depending on the values of the mass of com-
petitors, that is, depending on the choice of the volume constraint.

(2) To study the regularity of minimizers, if existence holds.

(3) To characterize the ball as the unique minimizer as long as the mass is small enough.
In particular, regarding the liquid drop model, in [13] Choksi and Peletier conjectured' that there exists a
critical threshold mass 7 such that minimizers exist only if || < 7. Questions (1) and (3) above, as well as
such a conjecture, follow the intuitive idea that because of the different scaling of the functionals, if the mass
is small then the perimeter term is dominant, while if the mass is large then the Riesz term dominates, and
disconnected configurations are favored. Since the Riesz energy decreases as the connected components of a
set are pushed away from each other, this leads to non-existence. In fact, one can show that if the mass is
approaching 0, then the problem reduces to the classical isoperimetric problem. The Choksi-Peletier conjecture,
although being still open in its generality, was partially solved in [27, 15, 24] where the authors show that there
are thresholds 0 < Mgmanu < Mpig such that the ball is the unique minimizer for m < mgmqn and existence does
not occur if m > my;4. The scope of this paper is to begin this kind of analysis when the perimeter is replaced
by a spectral functional.

1.1. Main results. The main result of the paper is the following.

Theorem 1.1. Let N > 2, a € (1, N). There exists €x, = €x, (N, ) > 0 such that, for all e < ey, the ball of
unitary measure is the unique minimizer for problem

(1) min{/\l(Q)+5Va(Q):QCRN, Is] :1}.
In the case where S = F is the torsion energy, we obtain the following weaker result.

Theorem 1.2. Let N > 2, a € (1,N). There exists Ry = Ro(N) such that for all R > Ry there exists
ep =er(N,a, R) such that, for all € < eg, the ball is the unique minimizer for problem

(2) min {E(Q) +eVa(Q):QCRY |Q=1,QC BR}.
We stress that the value of the geometric constant Ry can be explicitly computed from our proofs.
A remark concerning the mass constraint is in order.

Remark 1.3. A straightforward scaling argument shows that there exists a continuous positive function £(m)
vanishing at the origin and diverging at infinity such that minimizing

M) +Va (), |9 =m
1s equivalent to minimize the functional
M) +emVal), (9] =1,
as for all t > 0 we have

AL(Q) + Va (tQ) = t2 ()\1(9) + tN+a+2Va(Q)>.

In particular requiring the mass of competitors m ~ tN to be small is equivalent to require ¢ ~ tNTt2 to be
small.

IThe conjecture was formulated only for N = 3 but it is commonly extended to any dimension N > 2



A SPECTRAL SHAPE OPTIMIZATION PROBLEM WITH A NONLOCAL COMPETING TERM 3

Therefore, Theorem 1.1 states that for small masses the only minimizer of A\ + V,, is the ball, as long as
a > 1, which is the analogous of the results obtained on the functional P + V.
For the torsion energy the situation depends on the value of a. Indeed for any t > 0 one has

E(tQ) + Vo (tQ) = tN T2 (B(Q) + t* 2V, () ,
s0 that small values of € = t*~2 do correspond to small values of the mass only for o > 2.

The result stated in Theorem 1.1 is the spectral analog of the existence results in [27, 24, 15]. On the other
hand, when dealing with the torsion energy, the result needs the additional assumption of equiboundedness of
competitors. We believe such an hypothesis to be of technical nature, but its removal seems a challenging task
and we do not solve it in this paper. We discuss this issue in the next remark.

Remark 1.4. The problem of proving the existence of minimizers among generic subsets of RN (instead of
among equibounded sets) for spectral functionals has been a rather hot topic in the last years. Regarding the
eigenvalues of the Dirichlet-Laplacian essentially two techniques are available in literature: one developed by
Bucur in [9] is based on a concentration-compactness argument mized together with regularity results for inward
minimizing sets; the other, proposed by the first author and Pratelli in [32], is based on a De Giorgi type surgery
argument. Seemingly none of these techniques works while tackling the case of the functional E + €V,. Even
working with a more direct surgery-wise technique for the functional E as that used in [3, Section 5] seems to
fail in our setting. Hence we are not able to get rid of the equiboundedness assumption in Theorem 1.2.

Restricting the class of Riesz energies to a € (1, N) seems a deep problem as well. In fact to show Theorems
1.1, 1.2 we need a fine regularity analysis of minimizers (see the discussion below) where the regularity of the

Riesz potential
dy
vale) = [ M
o lz —ylN—

plays a crucial role. If o < 1, then vg is at most of class C%7, for some + € (0, 1], which is not enough for our
proof to work.

The third and last result we prove is the following, in which we show that for big values of the mass,
minimizers do not exist among sets satisfying uniform density constraints as long as « € (N — 1, N).

Definition 1.5. We say that a set Q has the internal 6—ball condition if for any x € O there exists a ball
Bs C Q tangent to 9Q in x. We callU(5) the class of open sets Q C RY that satisfy the internal 6-ball condition.

Theorem 1.6. Let oo € (N — 1, N). Then there exists 69 € (0,1) such that for any 6 € (0,00) there exists
Emaz = Emaz (@, N, 0) such that for € > e,,4. both problems

inf {E(Q) +eVo(Q): QelU(d), | =1},
and

inf {A\1(Q) + eV, (Q) : Q eU(d), | =1},
do not admit a minimizer.

1.2. Outline of the proof and structure of the paper. The proofs of the main results of the paper,
Theorem 1.1 and 1.2, are articulated in two main steps, which we briefly describe here below. First we discuss
the proof of Theorem 1.2, which covers most of the paper. Then we describe a (completely independent) surgery
argument for the functional A\; + ¢V,,. By putting together these two steps, Theorem 1.1 follows.

Strategy of the proof of Theorem 1.2. The proof of Theorem 1.2 is quite long and involved and is
inspired by ideas developed in [8, 27].

First of all, we consider a problem without the mass constraint. This step is needed because the techniques
from the free boundary regularity that we aim to apply do not work properly in presence of a measure constraint
as perturbations become more difficult to manage. Whence we consider an auxiliary minimization problem of
the form

(3) min {G. () = E(Q) +£Va(Q) + £,(12]) : © C B},

where f, is a suitable piecewise linear function which acts as a sort of Lagrange multiplier. This strategy in
shape optimization problems was first proposed by Aguilera, Alt and Caffarelli in [3]. We point out that without
the equiboundedness restriction, at least as long as « < 2, minimizers of problem (3) do not exist (see Section 2),
and the infimum of G, ,, diverges toward minus infinity, which somewhat underlines one difficulty while trying to
remove the equiboundedness of competitors in Theorem 1.2. Unfortunately the desired equivalence between (3)
and (2) is not straightforward, and we first need to show existence of minimizers of problem (3), and some mild
regularity (finiteness of the perimeter and density estimates). This permits us to show that for suitable values
of  (again depending on R), the minimization of G. , and the measure constrained minimization of E + £V,
are indeed equivalent, for £ small enough.
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The next key point is therefore to prove a suitable regularity result on the free boundary of an optimal set
for (3). To get such a regularity we switch to the problem

mm{;/mﬁ/u+eva<|{u>0}|>+fn<|{u>0}|> : ueH&(BR>},

with the idea of exploiting the regularity theory for d{u > 0} N Bg, where v is any minimizer of the above
problem. Such an analysis is done in the spirit of the seminal work on free boundary regularity by Alt and
Caffarelli [1] .

The link between this regularity argument and the rigidity of the ball is then the quantitative version of the
Saint-Venant inequality, stating that for any 2 C R there exists a ball B,.(x) of measure |2| such that

1 (@) - B2 5(8) 2 oy (g

This deep result, recently shown in [8], together with several of the ideas of its proof, plays a crucial role in
our analysis. Indeed by comparing any candidate minimizer with a ball, we show that for € small, minimizers
are close in L'—topology to the ball. Whence, exploiting the free boundary regularity analysis, such an L!'—
proximity to a ball is improved to a nearly spherical one, stating that the boundary of any minimizer is a small
C?7 —parametrization on a sphere. At this point, a perturbative analysis in the class of nearly spherical sets
yields to the conclusion (again with the aid of the quantitative Saint-Venant inequality) that the ball is the only
minimizer. Beside proving Theorem 1.2, this argument, together with the Kohler-Jobin inequality is enough
to get the statement of Theorem 1.1 among equibounded sets. At this point we only need to show that any
minimizing sequence can be chosen to be made up of equibounded sets. This, as mentioned above, is made by
means of a surgery-wise argument.

The surgery argument. The strategy we follow is based on that proposed in [32] (see also [10]) in order
to prove existence of minimizers under measure constraint for the k—th eigenvalue of the Dirichlet-Laplacian.
Nevertheless some differences with respect to [32] occur. On the one hand the presence of the repulsive Riesz
energy term forces us to work with connected sets. On the other hand we only deal with the first eigenvalue,
thus we do not need to take care of the further difficulty about the orthogonality constraint of the higher
eigenfunctions. Furthermore, up to choose € small enough, we can deal with sets which are close to the ball in
the L'—topology which allows us to simplify the argument.

Plan of the paper. The paper is organized as follows: in Section 2 we give the basic definitions and we
prove or recall some preliminary results. In Sections 3, 4, 5 and 6 we develop the proof of Theorem 1.2, as
described above. Section 8 is devoted to a surgery argument for the functional A; + €V,. Finally, Sections 9
and 10 contain the proof of Theorems 1.1 and 1.6, respectively.

2. SETTING7 NOTATIONS AND SOME PRELIMINARY RESULTS

The ambient space in this work is RY, where N > 2 is an integer. With Q we denote an open bounded set,
unless otherwise stated. We write B,(z) to indicate the ball with radius r centered in x, and just B, if the
center is x = 0, while by B we denote just a generic ball, unless otherwise stated. Moreover we set wy the
measure of the ball of unit radius in RY and the N-dimensional Lebesgue measure of a set D is denoted by |D|.

2.1. The functionals: definitions and properties. The problem we deal with is the minimization under
volume constraint of the functional

Foec(Q) = E(Q) 4V, ().

)

— min L 2
EQ) = uerlr}llr(lﬂ)Q/ [Vul /Qu7

and V,, is the Riesz potential energy defined for o € (0, N) as

//mx— y—a

Some features of these two functionals are in order. First, we remark that the minimum for the torsion energy
functional is attained by a function wq, the torsion function, as long as 2 has finite measure. The Euler-Lagrange
equation of the minimization problem defining F reads as

—Awg =1 1in €, wo € HY (D).

where F is the torsion energy

The definition of E together with the equation satisfied by wgq leads to the following representation of the
torsion energy

1
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By the Pdlya-Szégo inequality (see [35]) it follows that
E(Q) = E(B),

where B is a ball of RY of measure ||, that is: the torsion energy E is minimized by balls under volume
constraint. Moreover the above inequality is rigid, in the sense that equality holds if and only if 2 is a ball, up
to sets of null-capacity. This inequality is addressed as Saint-Venant inequality. The torsion energy E satisfies
the following scaling law:

E(tQ) =t"T?E(Q),  forallt >0,
and it is non-increasing with respect to set inclusion, i.e.

QTR = E()>E%),

the inequality being strict as soon as |Q2\ 1| > 0. Therefore we can rewrite the Saint-Venant inequality in the
scale invariant form

EQ)Q]~F > B(B)

About the Riesz energy functional V,,, we note that it scales as
Vo (tQ) =tV eV, (Q).
Moreover, we recall that by Riesz inequality (see [29, Theorem 3.7]) V,, is mazimized by balls, that is,
Q7 Vo () < BT R Va(B),

Again the inequality is rigid, that is, equality holds if and only if €2 is a ball up to a negligible set. It is immediate
to see that the Riesz potential energy is non-decreasing with respect to set inclusion, that is

O C Qo implies Vo (1) < Vo (Q2),
the inequality being strict if |22 \ 1| > 0. Alongside the Riesz energy we define the Riesz potential

1 1
= | ————dy=xa* —~— (),
)= e e )
so that
VQ(Q):/UQ(x)de'.
Q

Notice that vo(0) satisfies

1 1
(@) 20 (0) = / B S TN}
o |y o |z|N -«
The following result, which is a simple refinement of [27, Proof of Proposition 2.1] will be used several times in
the paper.

Lemma 2.1. Let a € (0,N), Q, F C RY be two measurable sets, with finite measure, such that QAF C Bg(0),
for some R > 0. Then it holds

Va(F) = Va(€) < GolQAF| [|01F + |FIF],
for some constant Cy = Co(N, ) > 1.

Proof. First we compute

Vi (F) / / Xr (@ )N dxdy+ / / Xoly )N Xo(z)) dady
RN JRN |x—y| * RN JRN |93—?/| *

—Lm<<wvm»mmenwmmwmsAM@me

We can now observe that, as a consequence of Riesz inequality (see [18, Lemma 2.3]) and the rescaling of vg(0),

see (4), we get
1
vadx:/ /7dydx
/QAF (@) aar Jo [z —y[N -
1
< ——dydx
/QAF /E(x) |z —y|N o

1 o 1
B lzlV e B |2V
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where B(z) and B are balls of measure |B| = |B(xz)| = || centered at z and at the origin respectively, while

B is the ball of measure one centered at the origin. The same computation holds also for fQ ApVrdz. In
conclusion we have

ValF) - Val® < |

QAF

where Cy(N, o) := fB‘Z‘%dz<+oo as a > 0. O

(vr +va) < ColQAF| |[QIF +|F|%],

We conclude this subsection recalling one of the main tool we exploit to solve problem (6): the sharp
quantitative version of the Saint-Venant inequality, which was first proved as a intermediate result in [3, Proof
of the Main Theorem)].

Theorem 2.2. There erists a constant o = o(N), such that, for all open sets with finite measure Q C RN, we
have

(5) E(@Q)Q™F — E(B)|B|71% 2 0 A(Q)?,

for any ball B, where

[QAB(z)|

AQ) = inf{ a

€ RN, B(x) is a ball of measure Q|},

18 the Fraenkel asymmetry.

The last functional involved in our work is the first eigenvalue of the Dirichlet-Laplacian acting on an open
and bounded set  C RY. We recall its variational definition given as the minimum of the so-called Rayleigh

quotient:
fQ Vel
peHi @ [o 9
we call u € H}(Q) the function attaining the minimum, which is the eigenfunction corresponding to A;(€2) and
that solves the PDE

A1(Q) =

—Au = A1 (Q)u, in Q,
{u € HL(Q).
The monotonicity and scaling properties of the eigenvalue follow immediately from its definition:
A (tQ) =t72\(Q),  forallt >0,
Q1 CQy = A1(Q1) > A1(Qo).
We finally recall the sharp quantitative Faber-Krahn inequality for the first eigenvalue of the Dirichlet-

Laplacian, that was first proved in [3, Main Theorem).

Theorem 2.3. There exists a positive constant & = 6(N) such that for all open set  C RN with finite measure
we have
QPPN AL(Q) = BN AL(B) = TAQ)?,

where B is a generic ball and A the Fraenkel asymmetry.

2.2. Quasi-open sets and the minimization problem. Let us recall the notion of capacity and of quasi-open
set.

Definition 2.4. For every subset D of RN, the capacity of D in RY is defined as
cap(D) := inf {/ (IVul® + [u?) dz: we H'(RY),

0<u<1LN-ae onRY, u=1LN-a.e. on an open set containing D} .

We say that a property P(x) holds cap-quasi-everywhere in D, if it holds for all x € D except at most a set
of zero capacity, and in this case we write q.e. in D. A subset A of RN is said to be quasi-open if for every
e > 0 there exists an open subset w. of RN such that cap(w:) < € and AU w, is open.

The notion of capacity is strictly related to spectral functionals such as the torsion energy and the first
eigenvalue of the Dirichlet-Laplacian. In particular, one can not consider to be equivalent, a priori, two open
(or quasi-open) sets which differ for a generic negligible set. Indeed for any open set 2 it is possible to construct
a sequence of subsets Q,, C Q of measure |Q,| = |Q| with E(Q,) < 1/n for all n € N. For example take
Q = (0,1)" and let {r;};eny be an enumeration of the rationals in (0,1). Then, as cap((0,1)V~1) > 0, it is
possible to find k,, so that

S |=

kn
Q, =0\ {(0, N1 x U 7‘1} ; with E(,) <
=1
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and |Q,] = 19|

Definition 2.5. A function v : RN — R is said to be quasi-continuous if for every € > 0 there exists an open
subset w. of RN with cap(w.) < € such that u|RN\w is continuous.

For every u € H'(RY), there exists a Borel and quasi-continuous representative % : RY — R of u and, if @
and 4 are two quasi-continuous representatives of the same function u, then we have @ = % q.e. in RY. From
now on for every u € H'(R"), we consider only its quasi-continuous representative. In this setting, we are able
to provide a more general definition of the space H{ (), which coincide with the usual one as soon as €2 is open,
but that is suitable also for measurable sets (and quasi-open sets in particular).

Definition 2.6. If A is a quasi-open subset of R, we set
Hy(A) == {ue H'RY): u=0 ge inRV\ A} .

It is nowadays standard to perform the minimization of functionals such as F, . in the class of quasi-open
sets. As it can be noted, in the definition of the torsion energy and of the first eigenvalue of the Dirichlet-
Laplacian, only the space H}(2) was really needed and therefore, once we have a definition which is suitable
for quasi-open sets, we can work with them with no additional worries. On the other hand, the Riesz energy is
well defined even for measurable sets, therefore there are no problems on its side.

As it is common in the Calculus of Variations, after finding a minimizer in the larger class of quasi-open sets,
we will try later to restore the regularity of minimizers (and in particular, show that they are open).

We are now in position to properly define the problem we deal with in a large part of this paper. Let

1/N
R> (ﬁ) , so that a ball of radius R has measure greater than 1. Then we consider the problem

(6) min {Fo . (4) : A C R, quasi-open, |[A| =1, A C Bg}.

From now on, we tacitly deal with quasi-open sets, unless otherwise stated.

2.3. Some notions of geometric measure theory. We give here some measure theoretic notions which will
be used throughout the paper. Comprehensive references for this section are [2, 31]. The measure theoretic
perimeter (or De Giorgi perimeter) of a measurable set F is the quantity

P(E) = sup{/Edivg : ¢ € CLRN,RM), [[¢]lco < 1}.

We say that E is a set of finite perimeter or Caccioppoli set if P(E) < 400, that is if x g is a function of bounded
variation [2], and with Vx g we indicate the distributional derivative of xg. Notice that if E is Lipschitz regular,
by divergence theorem,

P(E) =HN"1(0E),

where H* stands for the k—dimensional Hausdorff measure, k € [0, N].
For any Lebesgue measurable set F and t € [0, 1] we define the quantities

ENB
Et:{xERN : limsup7| N B, ()] :t}7
rs0 |Br(z)]
and the essential boundary of E as
OME =R\ (E°UEY).

Beside the essential boundary we call reduced boundary the set

Vxe
O'E = {x eRY : vp(x) := lim M

exists and is a unit vector .
r—0 fBr(w) Vel }

The quantity vg(z) in the definition of 0*E is the measure theoretic normal of F at the point x, whenever it
is well defined. By results of Federer and De Giorgi [31] for sets of finite perimeter it holds

P(E) =HN"10"E) = HN 1 (OME).

In particular for a set of finite perimeter we have 0*E C EY/? ¢ 9 E and N~ (0M E\ 0*E) = 0. Eventually,
for any x € 0* E the blow up of the boundary of E converges in L' to an hyperplane orthogonal to vg(z), that

is
E—=x

—{yeRN : y-vp(z) >0}

as r — 0.
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3. AN EXISTENCE RESULT FOR AN AUXILIARY PROBLEM

Let n € (0,1) and consider the function
n(s—1), if s <1,
fo: RT = R, fn(s):{1

It is easy to check that, for all 0 < sy < s1, we have that

(7) n(s1—s2) < fy(s1) = fn(s2) <

We introduce then the functional

1
—(s1 — 82).
77(

Gen(Q) == Fo () + f(190),
and, for R > w;,l/ N, the minimization problem

(8) min {G. ,(Q) : Q C Bgr,Q quasi-open} .

In Section 5 we will show that such minimization problem and the minimization problem (6) are equivalent. To
do that we first have to prove existence and some mild regularity of minimizers of G. ,. We begin by showing

a lower bound for G, , on equibounded sets.

Lemma 3.1. Leta € (0,N), R > w;,l/N and n,e € (0,1). Then, for all quasi-open Q C Bg, we have

N+2

N
gs,n(Q) Z WIVTHE(B)RN+2 —n Z WNTJFE(B)RN+2 o 1’

where B is any ball of measure 1.

Proof. Since ) C Bpg, by the monotonicity of F, its scaling properties and the positivity of V,, we get

E(Q) + eV, (Q) > w]%E(B)RNH.
On the other hand, if [ > 1 then
Fa(192]) = 0,
while if |Q] < 1 then
f(190) = n(1Q] = 1) = —n,
and the conclusion easily follows.

O

The following existence result for the unconstrained functional G, ,, is an adaptation of [3, Lemma 4.6], which

is in turn inspired by [9, Theorem 2.2 and Lemma 2.3].

Lemma 3.2. Let a € (0,N), n € (0,1), ¢ € (0,1) and let R > o.);,l/N. There exists a minimizer in the class
of quasi-open sets for problem (8). Moreover all minimizers have perimeter uniformly bounded by a constant

depending on N, R, 7.
Proof. Let (,,) C Br be a minimizing sequence, with
Ge () <inf{G.,(Q) : @ C Bg, quasi-open} + %
Let u,, be the torsion function of €, so that Q, = {u, > 0} and let t,, = 1/y/n. We define
Q, = {un, > t,}.
We have
Ge (D) < Ge () + %

which, since the torsion function of ﬁn is precisely (u, — ty)+, reads as

1
o[ TP [ eVa(@0) + fyll{un > 0))
{un>0} {un>0}

1

Noting that

() / i —/ (tn — tn) < tul{n > 0},
{un>0} {wn>tn}

recalling the property (7) of f;, and the monotonicity of V,,, the above inequality yields

1

1 1
(10) f/ Va2 + 10 < wn < £} < tnl{tn > 0} + = < t|Br| + ~.
2 Jro<un<tn} 2 n n

S 1
< */ |V |2 f/ (un — tn) 1 + Vo () + fo({un > ta}]) + —.
2 {un>tn} {un>tn} n



A SPECTRAL SHAPE OPTIMIZATION PROBLEM WITH A NONLOCAL COMPETING TERM 9

On the other hand, since n < 1, using coarea formula, the arithmetic geometric mean inequality and (10), we
obtain

tn
0 [P > shds=n Vuuy | da
0 {0<un<tn}

1
Sﬂ/ |Vun\2da:+ﬂ|{0<un<tn}|gtn|BR|+—.
2 {0<un<tn} 2 n
Thanks to the choice of ¢, = 1/4/n, we can find a level 0 < s, < 1/y/n such that the sets W,, := {u, > s,}
satisfy

2 [ 2|BR] 2 2
PW,) < — P{u, > s})ds < <C(N,R,n)+ ——.
(=) ntn Jo 4 2 no Ntan ( ) nv/n
It is easy to check that (W) is still a minimizing sequence for problem (8):
Gen(Wh)
1

2

< Gen(Qn) + snl[{un > O} + fo({un > sn}]) = f(I{un > 0}))

|Br| |Br|
S gs,n(ﬂn) + % - 77|{0 < Up, < Sn}l S gs,n(Qn) + W,
where we have also used the monotonicity of V,, and property (9) with s, in place of t,,. Moreover, since the
sets of the sequence (W), )nen have equibounded perimeter, there exists a Borel set W, such that (up to pass
to subsequences)

— 7/ Vi, [? —/ (un — sn) + eVa{un > sn}) + fr({un > sn})
{un>sn} {un>sn}

W,, — Wao, in L', P(W4) < C(N,R,n).

On the other hand, the torsion function of W,,, that is w, = (u, — s,)+, is equibounded in H'(Bg). In fact,
by Lemma 3.1, G. ,, is (uniformly) bounded from below and so
1

O < GopW) = =5 [ [Vl V(W) + fy (W)

which implies,

1 1
7/ Vwn |2 < —C(N, R) + Vi (Br) + ~| Brl.
2 Wi n

Hence, up to subsequences, there is w € H}(Bg) such that
Wy, — W, strongly in L?(Bgr) and weakly in Hj(Bgr).
We set W := {w > 0}, and recall that we are identifying w with its quasi-continuous representative. Thus

xw(z) < lirr_1>inf xw, () = xw. (x), for a.e. x € Bp,

hence |W \ W| = 0, that is W C W, up to a negligible set. We now observe that V,, and f, are continuous
with respect to the L' convergence of sets, while the first integral in the torsion energy is lower semicontinuous
with respect to the weak H' and the second one with respect to the strong L' convergence. We can therefore
pass to the limit in (11) and obtain

1 2
BOV) + Vo W) + £y(Woe) < 5 [ 1900 = [ w4 2VaWac) 5 £y W)

< liminf .., (Wa) = inf Gey(Q) < B(W) +Va (W) + f,((W)).

On the other hand, using again the monotonicity of V,, we have
NWae \ W[ =n(Weo| = [W]) < f5([Wac|) = f5(IW]) < e(Va(W) = Va(Wa)) <0,
thus |[Wy \ W| = 0, which entails W = W, a.e. and this is the desired minimizer for problem (8). O

We conclude this section with a result concerning a property of the minimizers of G, , which will be useful later.

Lemma 3.3. Let R > w;,l/N, a € (0, N) and B a ball of measure 1. There exist a constants eg = o(N, ) > 0

and 1o = no(N, ) > such that, if n < no and € < g¢, then for any minimizer 0 of problem (8) we have

EQ) < @ <0.
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Proof. The existence of an optimal set Q follows from Lemma 3.2. If |§| > 1, then we have, calling B a ball of
unit measure,

R - o E(B
B(Q) < B©) +eVa(@) + (10 = 1) < B(B) +Va(B) < % <0
by minimality of & and as soon as we take & < 0 := (g

On the other hand, if |(AZ| < 1, using again the optimality of Q we have
E(©Q) +1(1Q) — 1) < B(Q) +eVa(@) + (0| - 1) < E(B) +eVa(B),

that is,
~ E(B
E(Q) < E(B) +&Va(B)+n < % <0,
as soon as € < egg and n <9y = _E4(B)' .

4. FIRST REGULARITY PROPERTIES OF MINIMIZERS OF THE UNCONSTRAINED PROBLEM

In this Section we essentially follow the approach of [3, Section 4], which is in turn based on the seminal
paper by Alt and Caffarelli [1], to prove density estimates, and Lipschitz regularity of the torsion function of
minimizers for Problem (8).

The keystone idea is that we can pass from a functional defined on the class of quasi-open sets, to another
defined on functions. In fact, for any 2 C Bg quasi-open, calling u its torsion function, we have that

Gen(Q) = Gy ({u > 0}).

Moreover, if Q. , is optimal for problem (8), using the definition and minimality properties of its torsion function
ey, we have that, for all v € H} (Bg),

: / V|2 - / ey + Val{tey > 03) + fiy[{ue, > 0}))

<5 [ 1P = [vevalto> o)+ fullfo > 0},

Remark 4.1. In this section, we stress that instead of working on optimal sets for problem (8), we focus on
functions optimal for problem (12). Clearly if u is optimal for problem (12), then it must be the torsion function
of {u > 0}, therefore the two formulations are equivalent.

(12)

By Lemma 2.1 we get that u., behaves like a quasi-minimizer? of a free boundary-type problem, that is

5 [ 1Vueal = e+ £l > 03)
(13) <5 [ 9ok = v 510 > 0})

+ Cel{uey > 0}A{0 > O} [[{ueyy > O}F + [{v > 017 ],

for all v € H}(Bg) and with a constant C' depending only on N, a.. Since v, u. ,, € H}(Bgr), from (13) ensues

1
3 [ 1Vuenl = [ e+ £ > 03

< %/IVUP — /U+f77(|{11 > 0}|) + 2C|Bg| ¥ e|{u., > 0}A{v > 0}.

This quasi-minimality property does not provide any new information by itself and we need to take advantage
of the (smallness of the) parameter ¢, since the volume term is not in general of lower order. We also observe
that if v € H(Bpg) is such that

{v >0} C {uc, >0},
then inequality (12) together with the monotonicity of V,, entails that

! / Vate? — / e + Fo(l{ticn > 0}])
< %/|W|2 - /v+fn(|{v > 0})),

and we stress the fact that the parameter o does not appear in this formulation. Therefore, it should not be
surprising that in the next Lemma 4.2 the constants ( as for example Ky, pg) do not depend on «.

(14)

2This terminology is borrowed by the theory of quasi-minimizers for the perimeter, see [31, Chapter 3].



A SPECTRAL SHAPE OPTIMIZATION PROBLEM WITH A NONLOCAL COMPETING TERM 11

We continue our analysis of the regularity of minimizers with the following non-degeneracy lemma. Its proof,
which we provide for the sake of completeness, is basically a rewriting of [8, Lemma 4.9], in turn inspired by [4,
Lemma 3.4].

Lemma 4.2. Let a € (0,N), R>0,n € (0,1), € € (0,1) and Q be an optimal set for the problem
min {Qg,n(A) : A C Bg, quasi-open},

we call uw € HE(SY) its torsion function. For every k € (0,1), there are positive constants Ko, pog depending only
on k,n, N such that the following assertion holds: if p < po and x¢ € Bg, then

(15) ]{93( - wdHYN ' < Kop = u=0in By,(20) N Bg.
p(xo)NBR

Proof. Without loss of generality, we fix zg = 0. We also extend u to zero outside Bpg, so that it satisfies
—Au < 1in RY in weak sense. Then the function

|z]* — p?
H _—
x> u(z) + 5N
is subharmonic in B,. Thus, for every s € (0, 1), there exists ¢ = ¢(x, N) such that
(16) dp:=sup u<c ][ wdHN T+ p? | < o(Kop + pP).
B\/Ep (9BpﬁBR
Let now w be the solution of
—Aw =1, in Bz, \ Bip,
(17) w=10,, on 0B /z,,
w =0, on By,.

By definition, w > u on 9B, /;,, therefore the function
TN
bW in RY\ B/,
min{u, w}, in B/,

satisfies
{v>0} C{u>0}, {v>0}\ Bz, ={u>0}\B /.
Since v € H}(Bg) inequality (14) gives

1 2 _
2/3 Np|Vu| /B Npu+fn(\{u>0}|)
1 \V/ 2 _ +
S 2/B\/Ep| U| /B\/Epv fn(‘{v>0}|)

We note that v = 0 in B,,,, therefore, using also (7),

TH{u > 0} N Byl < nl({u > 0}\ {v > 0}) N Bg,|
< Jy(I{u > 0}) = £y(I{v > 0})).

Thanks to the two inequalities above and the definition of v, we can infer

1

*/ |VU|2—/ u+ﬂ|{u>0}m3m|

2 Bﬁp BNP 2
1

Sg/B |VU|2_/B u+ fo([{u > 0}]) — f,([{v > 0}])

(18) ) rp o

<[ et - [ e
2 B\/EP\BNP B\/Ep\Bnp

S/ (|Vw|2—Vu-Vw)_/ (w—u).
(B /mp\Brp)N{u>w} (B /mp\Brp)N{u>w}

On the other hand testing (17) with (u — w), and integrating over B, s, \ Bi,, we obtain

(|Vw|? = Vu - Vw) — / 8—wudHN_1,

(19) w—u :/
(B e\ Brp)n{u>w} 2B,, OV

[Bﬁp\BNp)ﬁ{u>w}
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where v denotes the outer unit normal exiting from By, and thanks to the fact that w =0 on 0B, and w > u
on 9B /;,. We now observe that, since the torsion function on an annulus is explicit, with a direct computation
one obtains

ow 5, + p?
v < BlpT; on aBHp7
for some 81 = f1(V, k). We can now combine (18) and (19) to obtain
1 ) 2
7/ |Vu|2—/ u+ﬁ|{u>0}OB,{p|§61(N,/<;) ptp / wdHN 1.
2 JB., Bup 2 P 9By,

Then, using the definition of §,, the trace inequality in W'! and the arithmetic geometric mean inequality we

obtain
1
/ wdHN "1 < C(N, k) (/ u+/ |Vu|>
OB, P JB., By

1Y) 1 1
< £ 4= B = 2
_ﬂ2<<p+2>|{u>0}ﬂ NP—FQ/BW|Vu|>,

for some B = B2(N, k) > 0. Putting together the above estimates, recalling again (16) we have, for all p < pg

g/ Vul? + l{u > 0} 1 Byl
Kp
B} 2
gﬂlpip/ wdHN 1+ 6,[{u >0} N B,,|
8B,

<Bu(clKo+p)+p) [ udi¥ T clEop+ )l > 011 By
8B,

5, 1 1 )
A B Z
(p +2)|{u>0}ﬂ Hp|+2/B |Vu|]

Kp

< B1Ba(c(Ko + p) + p)

+c(Kop + p*)[{u > 0} N By,

< B1Ba(c(Ko + p) + p) <20(K0 +p) + 1)

5 / \Vaul? + [{u > 0} N B,,|

By,

Eventually, by choosing Ky, pg such that

1
B1B2(c(Ko + po) + po) (20(Ko + po) + 2) <n/4,
we conclude that u = 0 in By, for all p < pg. O

Remark 4.3. In literature, the property proved in Lemma 4.2 is called non-degeneracy. As it was noted
for example in [33, Remark 2.8|, there are two other equivalent versions of this result, where instead of the
claim (15), one can consider

lull o (B, (20)) < Kop = u =0 in By,(xo) N Bg,

or

][ udr < Kop = u =0 in By,(x0) N Bg,
Bp(x())

up to possibly modify the constants Koy, po (but not their dependence only on N, k,n).

Remark 4.4. As it was first highlighted in [9], Lemma 4.2 holds for all sets that are optimal for a torsion
energy-type functional only with respect to inward perturbations. These sets are referred to as shape subso-
lutions or inward minimizing sets and one can easily prove that if Q is optimal for problem (8), then it is
a shape subsolution for the torsion energy. Thus the non-degeneracy property of Lemma 4.2 follows from [9,
Theorem 2.2]. Nevertheless we do not follow this approach since for our scope we need finer regularity properties
of optimal sets that can not be deduced only by means of inward perturbations.

Remark 4.5. To obtain the reqularity properties for minimizers we seek in this section, the previous lemma
has to be paired with Lemma 4.6 below. Its proof is, as for the previous lemma, inspired by [3, Lemma 4.10],
which is in turn based on [1]. One not completely obvious difference is that, contrary to the setting of [3], the
parameter 1 is not fixed in our setting, thus we need to keep track of it in the proofs. This dependence on n will
involve a dependence on R, the radius of the ball containing all competitors in Theorem 1.2. In particular the
density estimates which ensue by the previous lemmata will depend on R, and this is a main obstacle in order
to remove the equiboundedness hypothesis on competitors in (2).
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Lemma 4.6. Let o € (0,N), R, n, €, Q and u be as in Lemma 4.2. There exists a constant M, depending only
on N, o, R and n such that, for all xg € Bpg, if

][ wdHN "1 > Mp,
3Bp($0)ﬂBR

then u > 0 in B,(x9) N Br.

Proof. First of all, we can reduce to the case when B,(x¢) C Bg, up to take M (depending only on N, R) big
enough. We define v € H}(Bg) as the solution to

—Av =1, on B,,
v =u, in RV \ B,(zo).
By maximum principle we have v > 0 in B,(z¢) and therefore
{u>0}A{v >0} = {u =0} N B,(z0).

Using this information, the quasi-minimality condition (13) of u and the property of the function f,, see (7),

we obtain
1 1
L
2 /B, (x0) B, (o) 2 JB

for some constant C' = C(N, «, R). Now we can use the equation satisfied by v and the fact that e < 1 < 1/n,
to show

1
vo - [ v+(+c%uu=MmBAm»
(zo) By (o) n

3 3

1
f/ |Vu — Vol <
2 /B, (20)

Then, as in [8, Proof of Lemma 4.10] or in [4, Proof of Lemma 3.2], one obtains

M? C+1
—5 Hu=01nBy(wo)l <

C+1

{u =0} N By(xo)l-

{u =0} N By(xo)],

which by choosing M > 2 % entails that [{u = 0} N B,(x0)| = 0, and the proof is concluded. O

The main consequence of Lemmas 4.2 and 4.6 is the following result, stated first in [4, Section 3], see also [36,
Section 3 and 5.

Lemma 4.7. Let « € (0,N), R, n, &, Q and u be as in Lemma J.2. There exist constants O(N,a, R,n) and
po(N,a, R,n) such that

i) w is Lipschitz continuous with constant L = L(N,a, R). In particular, = {u > 0} is an open set.
ii) For every xo € 9Q and every p < po, we have

Remark 4.8. Notice that the constants determining the Lipschitz reqularity and the density estimates of the
previous result do not depend on €.

This last result is the starting point of the higher regularity we need, that we treat in Section 6.

5. EQUIVALENCE BETWEEN THE CONSTRAINED AND THE UNCONSTRAINED PROBLEM

In this section we show that unconstrained minima of G. ,, and volume constrained minima of 7, . are actually
the same. We begin by showing that for € small, the minimizers of G. ,, in Br are close to a ball in L*°. To do
that, we first start with an estimate that assures the L!—proximity of an optimal set for problem (8) to a ball
with radius not too large.

Lemma 5.1. Let o € (O,N), R > w;ﬁ and e,n € (0,1). Let Q. , be an optimal set for (8) and B., a ball of
measure |Q¢ | such that

|2 nABe |
A(Qe ) = ————.
! Q2,5
Then we have
2C a—
|QsmABsm| < 2 |Qsm|1+T25a

o
where Co(N, @) > 0 is the constant appearing in Lemma 2.1 and 0 = o(N) > 0 is the geometric constant from
the quantitative Saint Venant inequality, see (5).
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Proof. Using Lemma 2.1 and the definition of f,, we get
E(QE,U) - E(Be,n) < E(Va(BE,n) - Va(Qa,n)) + (f71(|BE,77|) - fn(|Qa,n|))
< Coe| Be n AQde | [|Qem|% + |Bs,n|%]

On the other hand, thanks to the quantitative version of the Saint-Venant inequality (Theorem 2.2), and since
| 5| = |Be,y|, we have (up to translations) that

2
o (BentBeal ) < pron 10, F < BB B
< 2C0e|Qe | "N Qe ABC |
so that
9002, | < 2200, [T,
which proves the lemma. O

A consequence almost immediate of the previous lemma is that the measure of the ball B, , is not too large.

Lemma 5.2. Let a and R be as in the previous lemma. There exists m = m (N, o, R) < 1o such that for all
e €(0,1) and n < 11, we have that any optimal set for problem (8) satisfies

Qe | < 2.

Proof. Of course the statement of the lemma is trivial as long as |Bgr| < 2. Thus we take R large enough so
that [Br| > 2. Let us suppose for the sake of contradiction that |Q.,| > 2. We are then going to reach a
contradiction as long as

1/ > Co(N,a)RNT2 + Cy(N, a),

for given constants C, (N, ) and Cy(N, ) which will be precised later on in the proof. Since the functional

e g5:77<Q€a77)’

is nondecreasing, we get

sup Ge 5 (Qey) = G1,9(Q,) < E(B) + Vo(B),
e€(0,1)

where B is a ball of unit measure. On the other hand, using the Saint-Venant inequality, the positivity of V,,
the fact that Q. , C Br and since |2, ,| > 2 we have

1 N2 1
E(B) 4+ Va(B) 2 Geny(Qen) =2 E(Bey) + 5(|ﬂs,n| —1) > wy" RY2E(B) + e

N+42
By letting Co(N, ) = (—E(B))wy~ and Cp(N,a) = E(B) + V,(B), and by choosing 71 = n1 (N, a, R) such
that m < ny and

ni > E(B) + Va(B) + (—E(B)Jwy® RV*2,
1

we reach the desired contradiction. O

We note that in the above lemma, 1; depends on R and in particular 77, ~ ﬁ

Corollary 5.3. In the assumptions of Lemma 5.1, there exists a positive constant ¢; = ¢1(N, «) such that, for
alle € (0,1) and n < 1, we have

(20) Q2 ,] <2, |92 nAB; | < cie.

Proof. Tt is a direct consequence of Lemmas 5.2 and 5.1. (I

Next we show that, for € small, the boundary of any optimizer (). , is close to the one of the corresponding
optimal ball B, , in the definition of asymmetry, with respect to the Hausdorff distance dg (see [5, Definition
4.4.9] for the definition and properties of the Hausdorff distance).

Lemma 5.4. Under the assumptions of Corollary 5.3, for all 6 > 0 there exists e5 = €5(3, N,a, R) € (0,¢p)
such that for all € < &5, we have

dist 7 (09, OBe.y) < 6.
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Proof. By (20) we have that |Q. ,\ Be ;| < cie. We fix § > 0 and call Bs(B. ;) := B ,+ Bs the d-neighborhood
of B. . If Q. \ Bs(B:,,;) is empty, then there is nothing to prove. Otherwise there exists € Q. , \ Bs(B:,n)
so that by point (i7) of Lemma 4.7 there exists po(N, R, &) such that for p < p; := min{pg(NV, R, @), d} it holds
wnOp™ < |B,(z) N Qep| <[y \ Beyl < cre.
Notice that the choice of p; < 6 assures that |B,(x) N Qe | < [Qc, \ Bey|- In conclusion choosing p = p1, we
have
wNGp{V < ¢1¢,
which is not possible as soon as

wno
e<egs = Lpf’ .
C1
With the same argument, by using the density estimates for the exterior of Q. ,, we show that B, , C Bs(. ;)
where Bs(§. ;) := Q. + Bs. This concludes the proof. O

It is worth noting that the constant €5 in the lemma above depends also on R. This is one of the main
difficulties in trying to get rid of the equiboundedness assumption of Theorem 1.2.

Remark 5.5. In view of the previous result, we fix e1(N, «, R) as the €5 from Lemma 5./ with the choice of
§:=1/2.

If e < &1, then in the proof of Theorem 5.7, we will be allowed to inflate a set while remaining in a sufficiently
big ball Bg.

We can now show the equivalence between the constrained and the unconstrained problems. We will use the
following elementary lemma.

Lemma 5.6. Let a € [0, N], P,Q > 0 be two positive real numbers and let u : [0,1) — R be the function defined
by
P(l _ tN+2) _ Q(l _ tN+O‘)
u(t) = Ty .
Then there exists ¢ = q(N, o, P) > 0 and C = C(N,«a, P) > 0 such that infjg 1yu > C(N,«a) for any Q < q.
Proof. Let us write u(t) = Pf(t) — Qg(t) where

1—tN+2 1—tNte
ft) = =

1—tN 9lt) = 1—tN
Both f and g can be extended by continuity in 1 with the values, respectively, of f(1) = % and ¢g(1) = %
Since such extensions are continuous and strictly positive on [0, 1], they admit strictly positive minimum and
maximum in there. Let m; = minp 1; f > 0 and M, = max[g 1) g. Then we get, for any ¢ € [0,1), that
u(t) = Pf(t) — Qg(t) = Pmy — QM.
We conclude the proof by observing that, as long as

me
< =q,
Q o, 4
we have, for all ¢t € [0,1),
P
u(t) > Pmy — QMg > Pmy — gMy = LT R C(N,a, P),
and the claim is proved. O

Theorem 5.7. Let o € (0, N) and B be a ball of unit measure. There exists Ry = Ro(N) such that, for all
R > Ry, there exists e3 = e2(N, o, R) < &1 and 2 = n2(N, o, R) < m1 such that, for alln < ny and € < 9, we
have that

min{G. ,(Q) : @ C Br}

>inf {Fp () : Q C Bg, |Q =1} = u(N,a,¢, R).
As a consequence, problems (6) and (8) are equivalent.
Proof. Tt is easy to check that

min{G. ,(Q) : @ C Br} <inf {F () : Q C Bg, |Q| =1},

as the two functionals coincide on sets of measure 1. Then, if the first claim of the theorem holds, it follows
that on the set of minimizers (of the first or of the second problem) the two functionals do coincide, that is,
problems (6) and (8) are equivalent.

We prove the first claim of the theorem by contradiction. Let

Qs,n C Bg, Oeq € R, |Qs,n‘ =1+ Oem» gs,n(QE,n) < W,
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and we also note that, since for all 2 C Bp it holds F, . (2) < eV, (B), then p < eV, (B). We moreover assume,
without loss of generality, that €). , are minimizers for problem (8). We treat separately the case 0., > 0 and
Oy < 0.

Case 0., > 0. We first observe that 0., — 0 as n — 0. Indeed

1
gem(ﬂeyn) = ]:oz,s(Qe,n) + 505,77

and so )
0< 5‘76777 = Gen(Qen) = Fo,e(Qe ) < eVa(B) — E(Br),

using the assumption G. ,(Qc,) < p < eV, (B), the positivity of V,, and the fact that the torsion energy is
decreasing by inclusion. This implies that 0., — 0 as n — 0.
Let now A., < 1 be such that |\; ,Q. ,| = 1, therefore

1
— Og,p N(l + 0'5’77)

for some C = C(N) € R. Since the new set A, , is now admissible in the constrained minimization
problem (6), and since

o
Gen(Qey) = E(Qeyy) +Va(Qeyy) + ;57’77

< < E(Qepn) A2+ eVa(Qe ) AN

+ Co?

Aep =1 e’

N+2 9 N+ o 2
=E(Q 1- —+C Va (2 1 C ,
() ( TN o) ") FeVelBen) ( TN o) ”)
we deduce that
Ocm N +2 N+« 9
: —-F QE e o Qg 5 C «,E QE
n <( ( ,n))a ’nN(1+Usn) eVl )0 ’nN(l-Fng) + Uan]: e(Qen)
N+2
< (—E(Qen))oey N+ 02 + CU? 2EVa(B),
where we have again used the fact that €V, (B) bounds from above the functional F, .. Thus
1
y S CW,a)(=B(e ) < —C(N, ) E(Br),

which leads to a contradiction as soon as 7s < oW a)(l_E(BR)) — CR(AIYS)'

Case 0., < 0. Tor this case let us call

e = (1 + Ua,n)_l/N,
so that |pe Qe = 1.

We recall from the previous sections that a minimizer )., for G, , exists, and by Lemma 5.4, up to take
€2 < €1 as in Remark 5.5, and 72 < m; as in Lemma 5.2, the rescaled set p. ;) , is still contained in Bg, as
soon as, for example, Ry > 6.

In fact, thanks to Lemma 3.3 and the Saint Venant inequality, we have

~+2 E(B)
&n 4

N+2

(21) E(B) < E(pe,nQe,n) <p hence, Pey = 4,

therefore, it is easy to check that p. ,Q. ., C Bg.
Let us define the function
9: [Lipen] =R, g(r) = E(rQe.y) + eVa(rQey) + (Y|

We want to show that the minimum of the function g is attained at » = p := p.,. This is equivalent to show
that for some 7 the inequality

g(r) > E(pQen) +eVa(pQe ),  forall r e [1,p],

holds true. Up to rearranging the terms, and by the homogeneity of the functionals £ and V,, such an inequality

reads as
n (1 - <;)N> < (—E(pQ:)) (1 - <;>N+2> — eVa(pSen) <1 - (;)Nm) :

Setting t := % < 1, and observing that rV|Q. | = ¢V, the last inequality is equivalent to

—E(pQ:)) (1 — tNF2) — eV, (pQe ) (1 — N
y < ) 1)4]5 (P82 ) )

—1).
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We recall now that V,(p€Q.,) < Vo(B) by the Riesz inequality, while E(p€).,) < pN“‘Z@ < E(B), by
Lemma 3.3 and (21). Thus

(—E(pQe,n)) (1 = tNF2) — eV (pQe ) (1 — £V H)

1—N
o —B(B)(1 = 1V+2) — eV (B)(1 — V)
- 1 —tN ’

Thus it is enough to show that for some n > 0 it holds

—E(B)(1 —tN*2) — eV, (B)(1 — tN+e
< TEBN =P~ ela(B) ) )
To conclude that u. > 0 in [0,1) we directly apply Lemma 5.6 with u. in place of u, —E(B) in place of P,
and €V, (B) in place of Q. Up to choose €5 small enough, depending only on N and «, we can satisfy the

requirement of the Lemma. This concludes the proof. O

We highlight that, from now on, we can fix an n > 0 so that Theorem 5.7 holds true, and therefore we have
the equivalence of the constrained minimization problem for F, . and the unconstrained problem for G, ,. It
is then consistent to denote an optimal set for G., or F, . by €. (and u. its torsion function), dropping the
dependence on 7.

On the other hand, we stress that this choice of n does depend on R!

6. HIGHER REGULARITY OF MINIMIZERS

In this section we show that the mild regularity proved in Section 4 can be improved to a higher regularity
of minimizers for G, ,, or, equivalently, F, .. More precisely, we will show that minimizers of F,, . are such that
their boundary can be parametrized on the sphere so that the C?Y—norm of such a perturbation is arbitrarily
small, up to choose € small enough.

For this whole section, we fix R > Ry and € < e2(N, «, R) so that Theorem 5.7 holds. Then we denote €. an
optimal set for problem (8) and let u. be its torsion function, extended to zero outside Q.. Hence u, is optimal
for problem (12).

We begin with a simple geometric result, whose proof is just a rephrasing of Lemma 5.4, since now we have
the additional information that |Q.| = 1.

Lemma 6.1. With the notations above, the sequence Q. converges to B in L' as ¢ — 0. Moreover, for any
6 > 0 there exists €5 > 0 such that if € < g5, then
0. C OB+ Bs = {x €¢ RN : dist(z,0B) < 6}.

To get the desired regularity of minimizers, we will apply results from [1], and techniques developed in [3],
and later on in [14].

We will need the following result [4, Theorem 4.5 and Theorem 4.8], [3, Theorem 2].
Theorem 6.2. Let € < &g, Q. and u. be as above. The following facts hold true.

(i) There is a Borel function q,_: 0Q: — R such that, in the sense of the distributions, one has

(22) —Au. = xq, — qu. HV 100, in Bp.

(ii) There exist constants 0 < ¢ < C' < 400, depending on R, N, «, such that ¢ < q,, < C.
(iii) For all points T € 0*O. = 0*{u. > 0}, the measure theoretic inner unit normal v,_(T) is well defined
and, as p — 0,

O =
Ep ° —{z:z v, (T) >0}, in L*(Bg).
(iv) For HN=1 almost all T € 0*{u. > 0} we have
ua(a:p—&—px) — qu. (T) (2 - vy (T)) 4, in WYP(BR) for every p € [1,+00).

(v) HN-1(09. \ 9*Q) = 0.

Remark 6.3 (On the meaning of ¢,_). For a regular set Q, by means of a shape derivative argument, one can
show that q_(x) = |Oyuc|(z) for x € 00 = O{u. > 0}. The slightly more complicated arguments that follow
are due since we only know, for the moment, that minimizers of problem (6) are open sets of finite perimeter.
Namely, following ideas from [4] and [3], in order to show some higher reqularity we first need to show some
regularity results for q._. Formally it is possible to see that the first variation of G, , reads as

‘8%(@ —evq,(z) = A, x € 09,

ov
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where ue is the torsion function of ., vq,_ its Riesz potential and A some constant. Thus, since g, stays far
from zero and infinity (thanks to Theorem 6.2(ii)), then the regularity of q,. = ‘%fj ‘ is the same as that of vq, .
Such relation on the other hand is not necessarily true, because of the lack of regularity of 002, but will turn out

to be true on 0*C), the reduced boundary of €.

Before rigorously developing the argument described in the previous remark, we show a simple regularity
result for the Riesz potentials. This is rather standard, but we give a proof for the sake of completeness.

Lemma 6.4. Let o € (1,N) and let A be a bounded open set. Then w := x * |-|*N is of class C1V(A) for
some vy € (0,1).

Proof. Let

dy
5 - 5 f A,
we(@) /A R ESEE

1 T —Y;
wilo) /Aa“ (Ifﬂ-le“) dy = (o )/A |z —y|N-ot2 .

for i =1,...,N. Notice that, where |z — y| = 0, then

and

Ti—Yi 1
oy~ [y

Since @ > 1, then N — a + 1 < N so that the w; are well defined. It is also clear that w. is a smooth function.
We define Al :={y € A : |x —y| >/} and A2 = A\ Al. Notice that by absolute continuity of the Lebesgue
integral, it holds

T —Yi dy
/Ag o —yv-ar2 oc(l) an /A “(lz -yl + )N oe(L)

where o, (1) does not depend on z, but only on the measure |A2|. Thanks to this, we have that (for a constant
C depending only on N, ),

|02, we () — w;(7)]

Ti — Yi 1
A |z —y|N-atr2 (1+ c )N_a+2

< (N—a)(N—oz+2)/Al |x7y|1N7aH (|x€y| —|—0<|x5y>) +0:(1)
< CVe+o.(1) =0 (1). E

Thus 9, we(z) —w;(x) — 0 uniformly in RY. Since w, converges pointwise to w, this implies that w is derivable
and that

=|(a—=N)

Ti —Yi
aaslw(x) = (a_N)/A |$*y‘N7a+1 dy
It is now easy to show that 0,,w(z) is an Holder continuous function. This concludes the proof. ]

In what follows we drop the subscript € from ). and wu. as here ¢ is fixed and there is no risk of confusion.
The general strategy, and part of the details in the proof of the following theorem are inspired by an argument
first proposed in [3] and readapted later on in [3].

Theorem 6.5. Let R > Ry, a € (1,N) and € < &9, and let Q be a minimizer for G. ,,, u be its torsion function,
vo=v=xax*| |2 be its Riesz potential and g, be as in Theorem 6.2. Then the function x — q¢2(z) — ev(z)
is constant on 0*C).

Proof. Let us assume, for the sake of contradiction, that there are xg,z; € 9*) such that
@2 (o) — ev(z0) < @2 (1) — ev(wy).

We construct a family of diffeomorphisms which preserves the volume at the first order by deflating (2 around
7o, and inflating it around x;. Let k < 1 and p < 1 be two parameters. Let ¢ € C¢(B1(0)) be a non-null,
radially symmetric function supported in B;(0). Then we define, keeping in mind that v,, denotes the inner
normal,

i r — I;
Tp,ﬁ(x) = T(Z‘) =x+ Z (_1) KpY (|P> Vg XB,(z;)-

ie{0,1}
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The field 7 is a diffeomorphism for p and x small enough. Notice that 7(x)—z is null outside B, (z)UB,(z1).
A simple computation shows that

Vr@) =T+ 3 <1>iw'('x”') 8 o

ie{0,1} P & — i

so that?

(23) det(Vr@) =1+ 3 (- ( "= xi') Lt e + o(r).
i€{0,1} P @ — il

We call Q, = 7(92). We are going to show that for x, p small enough it holds G. ,,(€2,) < G. ,(£2), contradicting
the minimality of €. To do that we deal with the first variation of each term of the sum defining G.,. We
stress that the computations regarding the volume and the torsion contributions are identical to those performed

originally in [3] (see also [8] and [14], where the same idea is applied). We add them for the sake of completeness.
Let us begin with the volume term. We claim that
(24) fn(Qp) - fn(Q) = 0(pN), as p — 0.

To see that, thanks to (7) we only have to show that
1
Ll-12) =0, asp—0.

Using the Area formula and the change of variables z = x; + py, we have that

1 1
(2] - 1) = pr (/Q 1dx/91dw>

P

_ pN Z /XQ B, (o) (T )dx*/XQnB (@) (@ )dg:>

1€{0,1}

_ Z / Qay )nB, 0)( y) det(V7(x; + py)) — ( )mBl(O)( y) dy.

1€{0,1}

We can then deduce by Theorem 6.2 point (iii) that 22=%¢ — {z - 1,, > 0} in L'(Bg), whence

hm (|Q |_ |Q‘ Z /xl/ >0}ﬁBl(0) - ) (|y|) <| |> P dy:o

1€{0,1}

where the last equality is due to the radial symmetry of ¢. Now that (24) is settled, we deal with the torsion
energy term. We claim that

1

(25) S (B(8,) ~ BO) < slaan)? — 00 + 0,(1) + ol
where

_ N-1 _ / u
(26) Clp) = /B g S ) = /B o, & DI

and the last equality follows from the divergence Theorem, recalling that v is a inner normal and div(e(|y|)v) =
4 (|y|)% Moreover, we note that v can be any unit direction of RYV: changing direction does not affect the

value of C(p), thanks to the radial symmetry of ¢. To show (25) it suffices to prove that

1

(27) = ( / Ve - / |Vu2dx> = (g (20)? — qu(@1)2)C(9) + 0,(1) + o(r),

where @, = uo 77!, and that

(28) / ﬂpd:rf/udsczo(pN), as p — 0.
Q Q

P

Indeed u,, is a test function in the definition of E(£2,) so that (27) and (28) imply directly (25).

3We are using the formula det(Id + £B) = 1 + trace(B)¢ + o(€).
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The computation of (27) is exactly as in [8, Proof of Lemma 4.15] (it is done also in [3, Section 2] and [14]),
hence we do not repeat it here. To show (28), we compute

I [ a@de— [ u@yae) =L (wor 1 (r(@)) det(Vr(a)) — u()) do
P /Qp /Q PJa
/Bl(o)ﬁ(ﬂ”

) (U(zi + py) det(VT(zi + py)) — u(w; + py)) dy

i€{0,1}

/ ey M)y, dyo(e) = 0,(1) + o),
By (0)n( 2524 |yl

i€{0,1} P
where we performed the change of variable x = z; 4+ py, we exploited (23) and used Theorem 6.2, points (%)
and (iv).
Next we deal with the Riesz energy term V,,. We are going to show that
1
(29) P (Va(2p) = Va(€)) = k(v(z1) — v(z0))C () + o(k) + 0,(1),

where C'(¢) is the constant defined in (26). The proof of this variation is longer than the previous ones. Let us
denote by v,(-) = xq, * | - |*~ the Riesz potential of Q,, and by v(-) = xq * | - |*~V the Riesz potential of Q.

We have
1 1
pw(Va(Qp) - Va() = Pl (/Q o(T )d:c/ﬂv(:c)dx)

:7/ v, (7)) det(Vr(x ))f’u(x)> da

= — (v,(x) —v(z)) dx
pN O\ (B, (z0)UB, (:vl)) g

o

i=0,1 QNB,(x;)

(z)) det(Vr(z)) f’u(x)> dz.
We compute the last two addends of the previous formula separately:

piN /Q s (0 (r(@)) det(Vr(a)) — v(a)) da

_ / o~ (00 (r(o + py)) det(Vr (o + py)) — vleo + py)) dy
B1(0)N

B /Bl(o Q-

o)
/( (820 (vp (w0 + py) *v(xo+py))dy
B1(0)N

+me2@¢%mw+w»ﬁy%¢WMd

First of all we focus on the first term of the chain of inequalities above. By Lemma 6.4, and by Ascoli-Arzela
Theorem, v, uniformly converges in B;(0) to some function v as p — 0, and, since its pointwise limit is v, we
have that v = v. As a consequence, using also Lemma 6.4 and the dominate convergence Theorem, we have

Y
0p(r (o + py) (1 7 v (u]) + o)) — vl + ) dy

/ o Nvp(T (o + py)) = v(xo + py)l dy
B1(0)n(£=20)

<

[v,(T (0 + py)) — vo(zo + py)| + vp(x0 + py) — v(zo + py)| dy

/Bl(om(“%w
S/ o kpe(lyl)va, "7 dy +0,(1) — 0,
By (0)n( 25t

as p — 0. Moreover, since x (0)n(2=20) = X By (0){z+vs, >0} (see Theorem 6.2 (iii)), we have that

lim

Y ’
vp(T(z0 + py)) K7 V2o (ly]) ) d
memmwT”<A(o D vaus!(4)

=M%M/ vy - L (y]) dy = —KC(@)v(0),
B1(0)N{z-vy, >0} |y|
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as p — 0, where we have used (26), the fact that

V(7 (0 + py)) — v(wo)| < |V (T (20 + py)) = vp(20)| + [vp(20) — v(@0)| =0,

uniformly on the compact sets and, again, the dominate convergence Theorem. A completely analogous com-

putation shows that
piN /Q . (U,,(T(x)) det(Vr(z)) — v(:ﬁ)) dz — KC()o(z1),

as p — 0.
We wish to show now that the first addend on the right-hand side of (30) converges to 0 as p — 0. To this
aim, we compute

W (/ . |Na /Iﬂc— ylN- a)

det(V7(y))
= — d
Qx—f |N-a m—mN“> Y

/QmB (z4) (xdit(Tng(?V))a e _;NQ> a

(31) 26{0 1}
1 1
- Z N—a N—o dy
iefo.1} 7 BrOn(%5) |z — 7(zi + py)| |z — (zi + py)|
50 ([yva, -
PN / s dy + o(k).
i€{0,1} B (0)n( 2= |:1: —7(zi + py)|

We remark that the last two addends converge to the same constant, with opposite sign. Thus in the limit they
elide themselves:

5o ([Yl) - va, oy
Z -1) / |i’\;ady—>0 as p — 0.
o Bio)n(2=2) |z = 7(i + py)|
Now we notice that for any X,Y, Z € RN it holds that
1 1 in(1,|Y — Z
Y as) min(1, ¥ — Z)

XV X—Z min([X = V]V [X = et

Such an inequality can be proved easily by convexity, see for instance [18, formula (2.11)]. By applying such an
inequality in the first two addends of the right-hand side of (31) with X =z, Y =z, + py and Z = 7(z; + py)

we get that
/Bl(O)m(

(P )
- Y
ooy \Jo = (e + )V o — (i + py)V -

i€{0,1}
< C(N, ) / . min(1, |T($z'N+_Py) — (@ + Py)|)N_ —dy
ieroy I Bron( 2z min(lz — (i + py) N7 o = (2i + py) V7o)
1
N, a)lle|lcop / dy
“ el ze%:l} m1n(|x - (mz + Py)lN @ |x - (xz + py)lN a+1)
1 1
< C(N,a,9)p / dy +/ dy.
i:z();l B1(0) |7 — (i + py) |V~ B (0) |7 — (i + py) [N —ot1

In the second inequality we used the fact that

min(1, [7(z; + py) — (zi + py)|) < [[ellcop.

Since the last two integrals are finite, being « > 1, we get the desired claim, that is (29).
The conclusion now readily follows: by minimality of  and thanks to (24), (25) and (29) we have that

0< gsm(ﬂp) - ge,n(Q)
< 1V C () ((gu(w0)? = qu(@1)?) + £(v(w1) = v(w0))) + 0(p™) + pV o(r).

Since from the assumptions we have (g.(70)? — qu(21)?) + e(v(z1) — v(z0)) < 0, by choosing p and k small
enough, we get the desired contradiction. The proof is concluded. O

An immediate consequence of Lemma 6.4 and Theorem 6.5 is the following.
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Corollary 6.6. Let 2, u and q, be as above. For some constant A. > 0, we have
qz(z) — eva(z) = A., for x € 0*QL.
Moreover, q, € C*7 for some vy € (0,1) and
lqullcrr < C(N, o, R).

Finally, to prove that the boundary of €2, is locally the graph of a C%” function on the boundary of a ball, we
only need to implement the improvement of flatness technique from [4, Section 7 and 8], which can be readapted
with minimal changes to our setting as shown in [22, Appendix].

Definition 6.7. Let pi € (0,1] and k > 0. A weak solution u of (22) is of class F(pu—, pi4, k) in B,(xo) with
respect to direction v € SN~ if

(a) zo € {u > 0} and
u=0, for (x —xo) - v < —p_p, x € B,y(zo),
u(z) > quxo)[(z — o) - v — pyp], for (x —xz0) - v > pyp, x € By(xo).
(b) [Vu(zo)| < qulzo)(1+k) in By(xo) and oscp, (z4)qu < kqu(o)-

We note that if k = +oo, then condition (b) is automatically satisfied, that is, no bounds on the gradient are
required. The fact that our minimizers are nearly spherical sets of class C?” is now a direct consequence of the
following regularity result, which was first proved in [4, Theorem 8.1] and [25, Theorem 2].

Theorem 6.8. Let u be a weak solution to (22) in Bgr and assume that q, is C*7 for some constant v € (0,1)
in a neighborhood of {u > 0}. Then there are constants 1i and k, depending only on N, a, R, max g,, min q,,
llgullcr~ such that:

If w is of class F(p,1,+00) in Ba,(xo) with respect to some direction v € with p < 7 and p < kp?,
then there exists a C*7 function f: RN=1 = R with ||f||c2r < C(N,a, R,||qullc1.+) such that, calling

graph, f:={z e RN : 2. v = f(z — (z-v)v)},

SN—l

then
{u >0} N By(x0) = (0 + graph, (f)) N By(wo).

7. PROOF OF THEOREM 1.2

In the last section we have shown that any minimizer for problem (2) has boundary close to that of a ball
(precisely, the ball which achieve the minimum in the definition of asymmetry), and is locally C?7— regular.
This, reasoning as in [8, Proof of Proposition 4.4], is enough to show that such a minimum is a nearly spherical
set, and to conclude the proof of Theorem 1.2.

Proof of Theorem 1.2. Thanks to Theorem 5.7 and Lemma 3.2, for e, small enough (depending on N, a, R),
there is a minimizer €. for (2) and we can assume without loss of generality that the barycenter of Q. is zq_ = 0.
It is not difficult to show that the sequence of the translated sets (). with barycenter at the origin still converges
in L' to the ball B of unit measure and centered at the origin, and thus the statement of Lemma 6.1 applies
for them. We call u. the torsion function of €2, so that Q. = {u. > 0}. We claim that Q. is a C%7 nearly
spherical set. To see this, let k,7z be as in Theorem 6.8 and p < 7 to be fixed later. Since dB is smooth, there
exists p(u) < ku? such that, for all p < p(u) and all T € 9B, we have

OB 1 Byy(®) € {u:|(x —7) - val < o},

where hereafter vz is the inner unit normal to 9B at Z. By Lemma 6.1, up to take e small enough (depending
possibly also on p), there is a point xg € 0Q. N By, (T) such that

99 0 By (20) € Bypiuy (0B 0 By (@) € {: |(w = o) - | < dpp(u) }.

We notice that, with the notation of Definition 6.7, the second condition of part (a) holds if py = 1, since
us > 0. Therefore u. is of class F'(u,1,+00) in By, (2o) in direction vz and hence, by Theorem 6.8 and
Corollary 6.6, we infer that Q. N B, (xo) is the graph of a C?" function with respect to vz. So, up to further
decrease u, there are functions ¢? with €% norm uniformly bounded such that

0. N B,y (T) = {x + ()T € 63}.

As the balls {B,(,)(T)}zcop cover dB, by compactness there is a function p. € C*7(9B) with bounded C?7
norm. Moreover, up to take eg small enough, by Lemma 6.1, we can assume that |¢c||o2, is as small as we
wish. A direct application of [8, Theorem 3.3] (recalling also that 2. has barycenter in the origin) entails that

E(Q:) = B(B) 2 C(N)ll¢ell3p/20m) = C(N)gellZzom)-
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Up to further decrease g, by [27, equation (6.8)] we have
Va(B) = Va(Qe) < C'(N, a) @&l 72 0)-
By minimality of €. and the two bounds above, we have
C(N)le=lz2(0m) < B(Qe) = B(B) < e(Va(B) = Va()) < C'(N, a)el|@:7201)-

Since the constants C' and C” are independent of e, we can take g small enough (depending on N, «, R) so
that, for all € < eg we have

E(Q.) = E(B),
and by the rigidity of the Saint-Venant inequality, we conclude. O

8. A SURGERY RESULT FOR THE FUNCTIONAL INVOLVING THE FIRST EIGENVALUE

In this section we prove the following surgery result. Throughout this section, {2 is an open set of unit
measure, B is the ball of unit measure centered at the origin and we define

}F:aq,a(Q) = )\1(9) + EVa(Q>'

Proposition 8.1. Let o € (1,N). There exist constants D(N,a), 6(N,a) < 1 and E(N,«) such that if
e <&(N,a) then for any open and connected set @ C RN of unit measure satisfying \1(Q) — A1 (B) < §(N, a)
there exists an open, connected set ) of unit measure with diameter bounded by D and such that

Fore(Q) < Furc().

The proof of the proposition is quite technical and is mostly inspired by [32] (see also [10]). We have skipped
the proofs that are essentially identical, while we have detailed the points where substantial changes need to be
made.

Remark 8.2. On the analogies and differences with respect to [32]. The connectedness assumption is
a main difference with respect to the work in [32], though it does not change much the argument. The reason
for which we need to impose it is the presence in our functional of the repulsive Riesz potential energy. On the
other hand this difficulty is compensated by the fact that, by choosing € small, we can arbitrarily impose that
the sets we take into account have small Fraenkel asymmetry. Moreover, dealing with only the first eigenvalue
simplifies many technical steps related to the orthogonality of the higher eigenfunctions.

Let us introduce some notation. Let  be a connected set such that with A;(Q) — A1 (B) < §(N, a), so that,
by the quantitative Faber-Krahn inequality (see Theorem 2.3), up to translations we have

1/2

oas-a@ < (3) .

g

where 6 = g (N).
From now on we fix {2 so that B is the ball of unit measure attaining the asymmetry and we will no more
translate it. By defining K = K(N) := A (B) + 1 > A1(B) + §(V, @) we get immediately

() < K.

B 1/N
We then call ¢ := (ﬁ) the radius of the ball B and note that

1O\ [~t, 1]V < |QAB| = A(Q),  forallt>%.
Let m € (0,1/4) be such that

am 1
A(B) T T2
Moreover, we choose 6(N, ) small enough so that
~ 5 m
(32) 1\ [-50Y] < A9Q) < =S5

We first focus on the direction e; and detail the construction in this case. We shall denote z = (z,y) € Rx RN ~1
and by z; the i-th component of z € RV, For any ¢ € R, we define

Q= {y eRN7L: (t,y) € Q},
and given any set Q C RY, we define its 1-dimensional projections for 1 < p < N as

ﬂp(Q) = {tER 3(2;172:2a72”]\7)6527 szt}
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For every t < —t we call
(1) = {(x,y)eQ:x>t}, QO () = {(m,y)eQ:x<t}, (t) == HY Q).
Observe that

t
(33) m(t) = |2 (1) :/ e(s) ds < 2.
We call u the first eigenfunction on Q with unit L? norm. We define then also, for every t < ¢,

5) = [ Vult, )2 aH¥ ()., u(t) = / ult, )2 dHY ),
Q Q

which makes sense since u is smooth inside 2. It is convenient to give the further notation

o(t) == /Q(t) |Vul|? = /too d(s)ds.

Applying the Faber-Krahn inequality in RV ! to the set €, and using the rescaling property of eigenvalues on
RN, we know that

2 _ 2

e(t) T A (Q) = HY Q) T T A(Q) > Mi(By-1),
calling By_1 the unit ball in RV, As a trivial consequence, we can estimate y in terms of € and J: in fact,
noticing that u(t,-) € H}(Q:) and writing Vu = (Viu, V,u), we have

ult) = /Q ot < s |

We can now present two estimates which assure that « and Vu can not be too big in Q7 ().

2

|Vyu(t, )|? dHN ™! < Ce(t) ¥=16(t).

Lemma 8.3. Let Q C RY be an open and connected set of unit volume and with A\ (Q) < K. For every t < —t
the following inequalities hold:

1

(34) / u? < Cre(t)™T15(1), / IVul? < Cre(t)™T6(t),
Q- (t) Q= (1)

for some Cy = C1(N) (recalling that K for us is a precise constant depending only on N ).

The proof of the above Lemma follows exactly as in [32, Lemma 2.3].
Let us go further into the construction, giving some additional definitions. For any ¢ < —t and o(¢) > 0, we
define the cylinder Q(t) as

Qt) :== {(m,y) eRY i t—o(t) <z <t, (Liy) € Q} = (t—o(t),t) x Q,
where for any ¢t < —% we set

1

o(t) = e(t) ™ .

We let also Q(t) = Q* () UQ(t), and we introduce @ € H} (Q(t)) as
u(z,y) if (z,y) € Q7 (1),

u(z,y) = L—M(t)u(t’y) if (z,y) € Q¢).

o(t)

The fact that @ vanishes on 8€(t) is obvious; moreover, Vu = Vi on Q7 (t), while on Q(t) one has

vie.y) = (T8 T 9y

A simple calculation allows us to estimate the integrals of @ and Vu on Q(t).

Lemma 8.4. For everyt < —t, one has

3

/ VA < Coc(t) ¥T5(8), / B2 < Coe(t)MT6(1)
Q(t) Q(t)

for a suitable constant Cy = C3(N).

The proof of the above Lemma follows as [32, Lemma 2.4].
Another simple but useful estimate concerns the Rayleigh quotients of the functions @ on the sets Q(t).

Lemma 8.5. There exists a constant C3 = C3(N) such that for every t < —t, one has
M (1) < R(T L)) < M(Q) + Coe(t) ¥T5(8) .
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The proof of the above Lemma follows as in [32, Lemma 2.5], but it is actually simpler since in our setting
only the first eigenfunction is involved and we do not need to take care of orthogonality constraints.

We can now enter in the central part of our construction. Basically, we aim to show that either € already
has bounded left “tail” in direction e, or some rescaling of Q(t) has energy lower than that of €.

Lemma 8.6. Let Q be as in the assumptions of Lemma 8.3, and let t < —t. There erist € = €(N,a) and
Cy = C4(N, @) > 2 such that, for all e <z exactly one of the three following conditions hold:

(1) max {s(t), 5(t)} > 1;

(2) (1) does not hold and m(t) < Cy(e(t )s(t) -1
(3) (1) and (2) do not hold and one has that (ﬁ(t)) A1(Q) and
Fae(Qt) < Fae(9),
where for t < —t we set Q(t ’Q )| WQ(t).
Proof. Assume (1) is false. Then it is p0s51b1e to apply Lemma 8.5, to get
(35) M (1) < M(Q) + Cae(t)T16(1).
By the scaling properties of the eigenvalue and the fact that |Q( ’ =1, we know that
X (00) = [20)]F X (800)

By construction,
N
Q0] =127 O] +[QO)] = 1= m(t) + =~ ,
hence the above estimates and (35) lead to

M @) = (1= m(®) + ()~

) @)

< (1= 2 mt) + 2277 ) (M(Q) + Coet) 760
<A(Q) - ZA}\(,B) m(t) + % e(t) ™ + (203 + fv)s(t)fvllé(t)-

At this point, defining Cy := max {% +2C5, 2}, if

m(t) < Cy(e(t) + 6(t))e(t) ¥,

then condition (2) holds true. Otherwise, we immediately have that

~ 21 (B
(36) M0 < 2@~ (P = 1) mlt) = M) = Ca(N)ml)
for a constant C5 > 0, therefore the first part of the third claim is verified.
Moreover, we can compute, using Lemma 2.1, the Riesz inequality and noting that [QAQ(¢)| < m(t)+e(t) N1
~ = N\ TR N =
Va@(1)) < Va(@(0) (1= m(t) +e()¥7) 7 < (1425 m(0) ) Va(@()
N+« ~ a ~ a
< (1425 m(0)) (Vo) + Co()|280(0) [|Q|N +0IF])
N
(37) < V() + 252V, (Bym(t) + 2Co(ml(t) + () ¥7) + 8Cy ;\;am(t)
N 1 N
<V (Q) + 22V (Bym(t) + 2Co(1 + & )m(t) +8Co R
4
= Vo (Q) + C(N, a)m(t).
Then, putting together (36) and (37), we deduce
AL(Q(t)) + eVa (1))
S Al(Q) -+ EVQ(Q) — (05 — ECG)m(t)
< M(9) + 2Val@) — D),
up to take e <&(N,a) < 2%?6, so that in this case condition (3) holds and the proof is concluded. g

Lemma 8.7. Let a € (1,N). For every e < &(N,a), and for any open and connected set Q C RN of unit
volume, with A\, () < K and

QN {(z,y) eRxRYN "1z < —1}| < m,
there exists another open, connected set Uy C RYN | still of unit volume, such that
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(1) A(UT) <A (Q) and Foo(UD) < Farc(Q)
(;L‘ y)ERxRN_1 cx > 207 —4—2t

(2) U © {

) U\ -
Proof. Let us start deﬁnlng
t:=sup {t < —t: condition (3) of Lemma 8.6 holds for t}
with the usual convention that, if condition (3) is false for every t < —#, then £ = —o0o. We introduce now the
following subsets of (¢, —t),
A= {t € (t,—t) : condition (1) of Lemma 8.6 holds for t}
B:= {t € (¢, —t) : condition (2) of Lemma 8.6 holds for t} )
and we further subdivide them as
Ay = {teA: s(t)zé(t)}, Ay = {teA: 5(t)<5(t)},
By = {t €B:e(t) < 5(t)} .

B, = {t €B:e(t)> 5(t)} ,
We aim to show that both A and B are uniformly bounded. Concerning A;, observe that
< =1,

’A1|</ s(t)dt:‘{(m,y)eﬁz xeAlH |2 =1
) < K, we have

so that |4;] < 1. Concerning As, in the same way and also recalling that A;(Q

|A2\g/ t)dt = //|Vu )| daHY dt</|Vu|<K
Az JQy

so that |As| < K. Summarizing, we have proved that
(38) Al <1+ K.
Let us then pass to the set By. To deal with it, we need a further subdivision, namely, we write B; = U,enB7,
where

m m

(39)

We note that it is posmble that some of the B} are empty, in particular this happens for n < 2N — 1, because

(t) < |Q\[-%,8]V| < S5, but this does not affect our argument. Keeping in mind (33), we know that ¢ — m/(t)
(t). Moreover, for every t € By one has by

m(t) <
is an increasing function, and that for a.e. ¢ € R one has m/(t)
1
N

mi(t) < Ca(e(t) + 8(t))=()

construction that

N

1

As a consequence, for every ¢t € B}’ one has
1 v o1 o~ 1
W) =) 2 gm) T 2 AT o
This readily implies
S Bi|< [ w0 <3,
— m i
C (2N 1>n 1| = By *2n7
which in turn gives
|Bp| < cmw (277)"
Finally, we deduce
. ~
40 B =Y |By <cmv Y (27%)" = Oy —/—— .
(40) [Bi| =D |Br| = cmv Y (27F) P —
neN neN
Concerning Bs, we can almost repeat the same argument: in fact, thanks to (34), for every t € By we have
with 6(t) = ¢/(¢) .

(t) <Cro()vT1,

/ IVuf? < Oy e(t) ™
(t)

o(t) =
-
which is the perfect analogous of the above setting with § and ¢ in place of € and m respectively. Since as

already observed ¢(f) < [, |Vul|* < K, in analogy with (39) we can define
K K
By = {teBg SYESY < P(t) < 2n}’
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thus the very same argument which leads to (40) now gives

L 1\n 1 2%
(41) |B| =Y By <C(K)Y Y (27V)" =C(K)™ T
neN neN N
Putting (38), (40) and (41) together, we find
(42) |A|+|B| < Cr = C7(N, ).

We need now to distinguish two cases for 2.
Case I. One has t = —oo0.
If this case happens, then condition (3) of Lemma 8.6 never holds true, i.e., for every ¢ < —t either condition (1)
or (2) holds. Recalling the definition of A and B and (42), we deduce that, choosing simply U; = (2,
U C {(m,y) ERxRN 1.z > —C7—t_} C {(x,y) ERxRYN 1.z > —207—4—21?}
Therefore, the remaining parts of the claim of Lemma 8.7 is immediately obtained, noting that clearly
_ _ _ m m
U3 \ [=2t, 20V < |\ [-£, V]| < 52N < SIN T

Case II. One has t > —oo.
In this case, let us notice the connectedness of Q assures that it must be m(f) > 0, hence (f,—%) C AU B
and thus by (42) £ > —f — C7. Let us now pick some t* € [f — 1,{] for which condition (3) holds, and define
Uy = Q(t*). By definition, U; has unit volume, and

MUD) SMQ), FarlUr) < Fac(),

being condition (3) true for ¢*. B
Observe now that by definition, for every 2 < p < N, one has m, (Q(t*)) = m, (27 (t*)), hence

diam (7, (U} )) = diam(ﬂp(ﬁ(t*))) = diam(ﬂp(lﬁ(t*)r%ﬁ(t*))) < 2diam(7rp(§(t*)))
= 2diam(7rp (Q+(t*))> < 2diam(m,(Q)) ,
where we have used that ’ﬁ(t*)’ > 1/2. On the other hand, it is clear from the construction that
UT = Q%) Q(t*) € 20(t") © {(m) ERxRVN 1.z >2t" — 2}.
As a consequence, being t* > t—1>—t—C7—1, we deduce
U C {(m,y) eERxRN"1:z> —27?—207—4}.
Concerning the last part of the claim, recalling again that
U = 1067+ Q) < 20(t),

we infer that

~

m

U7\ [-26,28Y] < 2000\ [0V < sy

so the proof is concluded also in this case. ([l

In order to conclude our surgery result, we need to iterate Lemma 8.7. First, we apply it to U; , in direction
ey for t > 2t =: t]. Then we will recursively apply it to the new set that we obtain, in order to get a uniform
boundedness in all the other N — 1 coordinate directions. We need to take care that, while rescaling, the
diameter of the projections in the directions we already dealt with remains bounded.

For the first step, dealing with U; in direction e; for ¢t > tf, Lemma 8.6 can be repeated analogously with
a suitable change of notation, for ¢t > tf > ¢

Q+(t):{(sc,y)€Q:m<t}, Q_(t):{(m,y)EQ:x>t},

e(t) = HYNQy),  m(t) = /tm e(s) ds < 2im,

B(t) /Q@) |Vul? /;OO 5(s) ds.

We can then prove the following Lemma.

Lemma 8.8. Let o € (1,N). For every ¢ < g(N,a), given U; the set from Lemma 8.7, there exists another
open, connected set Ul+ C RY, still of unit volume, such that

(1) )‘1(U1+) <A (U7) £ M(Q) and ]::a,s(UlJr) < ﬁa,E(Uf) < fa,6(9)7
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(2) U c {(x,y) ERXxRN-L: 40, —8 —4t] <z <207 +4+ QtT}, and therefore

diam(7, (UF)) < CF (N, a) := 6C7 + 12 + 6t
(3) U\ [=2t, 26 ]N] < sy < 0
Proof. We argue exactly as in the proof of Lemma 8.7, noting that, since A1 (U7 ) < A1(£2), the set still satisfies
the condition A;(U; ) < K and moreover
U7 N {(z,y) e Rx RN o >t =28} < .
This clearly gives that
Ut c{(z,y) eRx RN o <20, +4+2t7}.

Concerning the other bound, it is enough to observe, as in the proof of Lemma 8.7, that

Urn{(z,y) o <tf} c2(U; n{(z,y):z <t}).

We can now iterate the argument in all the other coordinate directions to prove Proposition 8.1.

Proof of Proposition 8.1. First of all, we note that K(N,a) > A\ (B) + 6 and we set 0 as in (32), &(N,a) as in
Lemma 8.6. Let us fix Q C RY an open (smooth) set of unit volume with A;(Q2) < K. Thanks to Lemma 8.7
and Lemma 8.8, we have found a new open and connected set of unit measure U;~ with

Al(Uf_) < )‘1(9)7 fa,s(Ui’—) < fa,s(Q)a

and moreover

~

. m
diam(m (UF)) < CF (N,a),  |UF\ [-2t], 26717 < 2N-1T

We now iterate the argument in all the remaining directions. Let us show it for eo. We call first t, := 2t] = 4¢

and repeat Lemma 8.7 to U1+ in direction ey for zo < —t; so that we can find a new open and connected set of
unit measure U, such that

MUz ) <MUF),  FaellUy) < Farc(U),
diam(m (U;)) < 2Cf (N, a), Uy C{zeRY 12> 207 —4—2t;},

~

m

Uz \[=2t5, 25 1Y) < ooy

Then we call t;“ = 2¢; and repeat Lemma 8.8 to U, in direction ey for zo > t; in order to find a new open and
connected set of unit measure U5~ such that

MUF) <MUy),  FarelUF) < Fare(Uy),
diam(m(U;)) < 2201+(N,04)7 diam(wQ(Uj)) < CQL(N, ),

m

U3\ [=2t5, 265 1Y) < S5y

where we can take Oy (N, a) := 6C7 + 12 + 6t5. We note that the last condition
m

Uz \ =25, 26517 < gy < 7,

is needed so that we can restart the cutting procedure in direction ez knowing that |U, N {z3 < —2t1}| < m,
which is the condition required for Lemma 8.3. Iterating this procedure other N — 2 times, we obtain in the
end an open and connected set of unit measure Uf\} such that

MUF) M), FarlUR) € Fare(®),

diam(7, (U)) < 22(N_p)C;(N,a), forp=1,...,N,

where Cf (N, @) := 6C7 + 12+ 6t and t = 22P~'f for all p = 1,... N. Clearly Q= Uy is a good choice for
proving the claim. (I

9. PROOF OF THEOREM 1.1

As outlined in the introduction, the proof of Theorem 1.1 can be obtained as the juxtaposition of two
independent results. Hence, we divide the section in two parts. In the first one, we prove the minimality of
the ball for the functional F, . among equibounded sets. Then we use the surgery argument of Section 8 to
conclude the proof of Theorem 1.1.
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9.1. Rigidity of the ball in the class of equibounded sets. We aim to prove the following result.

Proposition 9.1. Let « € (1, N) and R > Ry. There is Efl = ei (N, a, R) such that, for all e < Ei, the unit
ball is the unique minimizer for problem

(43) min { X (©) +Va(9) : @ € B, 2 =1},
The previous result is an easy consequence of Theorem 1.2 and the Kohler-Jobin inequality [28, 7], which we
recall.

Lemma 9.2 (Kohler-Jobin inequality). For every open set Q C RN of finite measure, it holds the following
scale invariant inequality

M(Q) _ ((=E(B)) ¥
(44) A1<B>Z(<—E<Q>>) ’

where B C RY is any ball in RN . Equality holds if and only if Q is a ball up to sets of null capacity.

Proof of Proposition 9.1. We follow here a smart and easy technique proposed in [8]. Let 2 C Bg be an (open)
set with |©2] = 1 and we call B a ball of unit measure centered for the sake of simplicity in the origin, as Bg.
By rewriting (44) as

A(9) (—E(B)\’ Lo 2
(45) M (B) -1> ((—E(Q))) -1, Wlthﬂ_m’

and since ¥ € (0,1), by concavity we have

t? —1>(
If E(B) > 2E(Q), then we have, using (45),

- (58,

29 —1)(t—1), foralltell,?2].

with ¢y = 2% — 1. The above inequality implies that
(B(Q) ~E(B) _ co(B)
(—E(€) — (=E(B))
where we have used also the Saint-Venant inequality.
Since, by Theorem 1.2 for all ¢ < eg (N, «, R), the ball of unit measure is the only minimizer for the functional

Q= E(Q) + eV, (), for Q C Bg, || =1,

)\1(9) — )\1(B) 2 CﬁAl(B)

we deduce that,

. Cﬁ)\l(B) _ 019)\1(3) _
)‘1(9) )‘1(B) 2 (—E(B)) (E(Q) E(B)) = (_E(B))(VQ(B) VO&(Q))
On the other hand, if E(B) < 2E(Q2), we can still obtain from (45)
A (Q) 27 — 1 27 —1
) 1>20 1> W(E(Q) — E(B)) > WE(VQ(B) — V().

In conclusion, we have proved that, for all

we have that

A1(Q) + eV (Q) > M (B) + eVy(B), for all Q C Bpg, |9 =1,
and the proof is concluded. (I
9.2. Conclusion of the proof of Theorem 1.1. We are now in position to prove the main result of the

paper.

Proof of Theorem 1.1. First of all, as it is standard when dealing with quantitative inequalities, we can perform
the minimization only in the class of sets with A;(A) — A(B) < §(N, ). In fact, it is clearly enough to take
ex, < 0/V,(B): in the other case when A\ (A4) — A1(B) > ¢, and € < €, we have

AL(A) +eVa(A) 2 M (B) + 9 + eValA) 2 Ai(B) +eVa(B),

thus the claim holds for free.
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Clearly one can take a minimizing sequence (A, ),en made of smooth sets. We show that the elements of the
minimizing sequence (A,) can be chosen to be also connected. Let us take a smooth open set of unit measure
A, which is made of an at most countable number of connected components,

A= UkeNAk.

For all ¥ > 0, we consider the segment S connecting the components A* and A¥*! and we consider Ty =
Uzes, Be(z), choosing ¢ so that [Ty 9| < 2. We call now

Ay = UpenTry UAD A, Ay = |Ag| 7N 4y,

and note that
|A19|§1+19, ‘Aﬁ|=1.
By monotonicity and scaling of the eigenvalue, we immediately deduce
—~ 2
M(Ag) < A(A),  Ai(Ay) < [ApYNa(4) < (1+ ~FM(A).

On the other hand, by Lemma 2.1 and scaling of the Riesz energy,

Va(Ag) = |Ag|" "V Vo (Ag) < Va(A) + C(N, ).

All in all, we have that, for all ¥ > 0,

Fae(Ag) < Foc(A) + C(N, )0,

and by arbitrariety of ¢, applying this procedure to all the elements of the minimizing sequence, we deduce that
assuming all elements of the sequence to be connected is not restrictive.

At this point we can take (A4, )nen a minimizing sequence for problem (1), made of smooth, connected sets
of unit measure. Up to take €y, < g, for all n, we can apply Proposition 8.1 to A, and we find a new open and
connected set, ﬁn, of unit measure and with

Fore(An) < FaelAy),  diam(A,) < D(N,a).

Hence, (Ap,)nen is still a minimizing sequence for problem (43), made by sets with uniformly bounded diameter.
It is eventually enough to restrict the minimization problem to a ball B with R = D(N, «), and we can find
that the unit ball is the unique optimal set for problem (43), thanks to Proposition 9.1. We note that, since now
R has been fixed equal to D(N, «), then the constant sf\%l now depends only on N, « and we conclude taking

ex, = min{ey Y 2 5/V, (B)}. O

10. THE NON-EXISTENCE RESULTS

In this section we show Theorem 1.6.

Proof of Theorem 1.6. We give the proof just for the case of the torsion energy, since the other one is analogous.
Notice that any set in ¢/(d) is bounded. Moreover any minimizer must be connected. Otherwise, if €2 is made up
by the union of two disjoint open sets 2; and 23 we have that E(Q2) does not change by sending toward infinity
Q1 while keeping Q5 fixed, while V,, under such a translation strictly decreases, contradicting the minimality.
Now, any connected open set lying in U(d) has bounded diameter, with a bound depending only on § and N

diam(Q) < d(9), for all Q € U(9).

By choosing an horizontal open necklace-type set of k = ks = |6~ |* tangent balls of radius ¢(INV, §)§ disposed

on a line, one finds that there is a geometric constant C(N) such that d(§) < C(N)3'=V. Here ¢(N,d) =
5 N/16-N] € (1,2) is so that the necklace-type set has total measure 1. Therefore, for all Q € U(6), we can
compute the following lower bound on F :

(46) Foe()=EQ)+eVa(Q) > E(B)+e > E(B) + eC(N)§N-D(N=a)

d ( ) ) N—«
where we have used the Saint-Venant inequality.

We now construct a disconnected set with energy lower than the right-hand side of (46), as long as N —« < 1.
This will immediately entail non-existence of minimizers. Let k = ks € N and d(J) be the parameters defined

above. We define the set Q = Ule B, (z;), with |B,(z;)| =  for all i € {1,...,k} and where 2; € R" are
chosen so that the balls are mutually disjoint. By construction © € U(J). We set

q:min{|xi+1—xi\:i:l,...,N—l}.

4For any = € R, we denote [z] the integer part of z.
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Notice that we can choose ¢ as large as we want, up to change the values of the points x; (which can be
arbitrarily mutually distant). Letting B be the ball of unit measure, by scaling we have

~ o ].
FaelQ) = k™ VE(B) + ek NV (B) +¢Y / / ————— dady
ity ) Br(@i) J Br(z;) |z —yl

k™% E(B) + ek~ ¥V, (B) + kéquf)
(47) .

k=% B(B) + ek ¥V, (B) + N5a>
q

N
)
[a
—~

< e1(N) (E(B)8? + eV (B)§™ + ¢°~ V)
< 2¢1(N) (E(B)§* + Vo (B)§®),

where ¢o(N), ¢1(N) are geometric constants and the last inequality holds by choosing ¢ big enough. Hence, by
combining (46) and (47), setting ¢(N) := 2¢;1 (V) we contradict the minimality as soon as

E(B) + esWN-DW=) 5 o(N) (E(B)§? + eV, (B)3),
that is if
(~(B(B)) (1= e(N)§?) < & (C(N)6N DN — o(N)Vo(B)5" ) = eua,n (9)

Since a > N — 1, then (N — 1)(N — a) < a so that there exists 1 > §o(N, «) > 0 such that for all 0 < 6 < g it
holds

1
Uo N (0) = C(N)OWNDN=) _ o(NYV,(B)6* >0, and 1—¢(N)s?> 5
Thus the contradiction follows as long as
—(E(B)) (1 — ¢(N)s?
62£ma$(a7N76)::( ( ( ))( C( ) )
2ua7N(5)
This concludes the proof. O
REFERENCES

(1] G. Alberti, R. Choksi, and F. Otto. Uniform energy distribution for an isoperimetric problem with long-range interactions.
J. Amer. Math. Soc. 22 (2009), 569-605.
[2] L. Ambrosio, N. Fusco, and D. Pallara. Functions of bounded variation and free discontinuity problems. Oxford Mathematical
Monographs. Oxford University Press, New York, 2000.
[3] N. Aguilera, H-W. Alt, L.A. Caffarelli, An optimization problem with volume constraint. SIAM J. Control Optim., 24 (1986),
191-198.
[4] H-W. Alt, L.A. Caffarelli, Existence and regularity for a minimum problem with free boundary, J. Reine Angew. Math. 325
(1981), 105-144.
[5] L. Ambrosio, P. Tilli, Topics on analysis in metric spaces, Oxford Lecture Series in Mathematics and its Applications, 25.
Oxford University Press, Oxford, 2004. viii4+133 pp.
[6] M. Bonacini and R. Cristoferi. Local and global minimality results for a nonlocal isoperimetric problem on RY. SIAM J.
Math. Anal. 46 (2014), 2310-2349.
[7] L. Brasco, On torsional rigidity and principal frequencies: an invitation to the Kohler-Jobin rearrangement technique, ESAIM
Control Optim. Calc. Var. 20 (2014), no. 2, 315-338.
[8] L. Brasco, G. De Philippis, B. Velichkov, Faber-Krahn inequalities in sharp quantitative form. Duke Math. J. 164 (2015),
no. 9, 1777-1831.
[9] D. Bucur, Minimization of the k-th eigenvalue of the Dirichlet Laplacian, Arch. Rational Mech. Anal. 206 (3) (2012), 1073—
1083.
[10] D. Bucur, D. Mazzoleni, A surgery result for the spectrum of the Dirichlet Laplacian, STAM J. Math. Anal. 47 (2015), no.
6, 4451-4466.
[11] D. Bucur, D. Mazzoleni, A. Pratelli, B. Velichkov, Lipschitz regularity of the eigenfunctions on optimal domains, Arch.
Ration. Mech. Anal. 216 (1) 117-151 (2015).
[12] R. Choksi and M. A. Peletier. Small volume fraction limit of the diblock copolymer problem: I. Sharp interface functional.
SIAM J. Math. Anal. 42 (2010), 1334-1370.
[13] R. Choksi and M. A. Peletier. Small volume fraction limit of the diblock copolymer problem: II. Diffuse interface functional.
SIAM J. Math. Anal. 43 (2011), 739-763.
[14] G. De Philippis, M. Marini, E. Mukoseeva, The sharp quantitative isocapacitary inequality, Rev. Mat. Iberoam. Electronically
published on February 1, 2021. doi: 10.4171/rmi/1259 (to appear in print).
[15] A. Figalli, N. Fusco, F. Maggi, V. Millot, and M. Morini. Isoperimetry and stability properties of balls with respect to nonlocal
energies. Commun. Math. Phys. 336 (2015), 441-507.
[16] A. Figalli, F. Maggi. On the shape of liquid drops and crystals in the small mass regime. Arch. Ration. Mech. Anal. 201 (1)
(2011), 143-207.



32

(17]
(18]
(19]
20]
(21]
(22]

23]

[24]
(25]

[26]
27]

(28]

29]
(30]
(31]

32]
(33]

(34]
(35]

(36]

DARIO MAZZOLENI AND BERARDO RUFFINI

R. L. Frank and E. H. Lieb. A compactness lemma and its application to the existence of minimizers for the liquid drop
model. SIAM J. Math. Anal. 47 (2015), 4436-4450.

N. Fusco, A. Pratelli, Sharp stability for the Riesz potential, ESAIM: COCV Volume 26, (2020) article number 113.

G. Gamow. Mass defect curve and nuclear constitution. Proc. Roy. Soc. London A 126 (1930), 632-644.

M. Goldman, M. Novaga, and B. Ruffini. Existence and stability for a non-local isoperimetric model of charged liquid drops.
Arch. Ration. Mech. Anal. 217 (2015),1-36.

M. Goldman, M. Novaga, and B. Ruffini. On minimizers of an isoperimetric problem with long-range interactions and convexity
constraint. Anal. PDE 11 (2018), no. 5, 1113-1142.

B. Gustafsson, H. Shahgholian, Existence and geometric properties of solutions of a free boundary problem in potential theory,
J. Reine Angew. Math. 473 (1996), 137-179.

A. Henrot, M. Pierre, Shape variation and optimization. A geometrical analysis. EMS Tracts in Mathematics, 28. European
Mathematical Society (EMS), Ziirich, 2018. xi+365 pp.

V. Julin. Isoperimetric problem with a Coulombic repulsive term. Indiana Univ. Math. J. 63 (2014), 77-89.

D. Kinderlehrer, L. Nirenberg, Regularity in free boundary problems, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 4 (1977), no. 2,
373-391.

H. Kniipfer and C. B. Muratov. On an isoperimetric problem with a competing non-local term I. The planar case. Comm.
Pure Appl. Math. 66 (2013), 1129-1162.

H. Kniipfer, C. B. Muratov, On an isoperimetric problem with a competing nonlocal term II: The general case. Comm. Pure
Appl. Math. 67 (2014), no. 12, 1974-1994.

M.-T. Kohler-Jobin, Une méthode de comparaison isopérimétrique de fonctionnelles de domaines de la physique
mathématique. I. Une démonstration de la conjecture isopérimétrique P2 > 7rj8‘/2 de Pélya et Szegd, Z. Angew. Math.
Phys., 29 (1978), 757-766.

E. H. Lieb, M. Loss, Analysis, Graduate Studies in Mathematics, 14. American Mathematical Society, Providence, RI, 1997.
xviii+278 pp.

J. Lu and F. Otto. Nonexistence of minimizer for Thomas-Fermi-Dirac-von Weizsacker model. Comm. Pure Appl. Math. 67
(2014), 1605-1617.

F. Maggi, Sets of finite perimeter and geometric variational problems. An introduction to geometric measure theory, Cambridge
Studies in Advanced Mathematics, 135. Cambridge University Press, Cambridge, 2012. xx+454 pp.

D. Mazzoleni, A. Pratelli, Existence of minimizers for spectral problems. J. Math. Pures Appl. (9) 100 (2013), no. 3, 433-453.
D. Mazzoleni, S. Terracini, B. Velichkov, Regularity of the optimal sets for some spectral functionals, Geom. Funct. Anal. 27
(2) (2017), 373-426.

C. Muratov, M. Novaga and B. Ruffini. On equilibrium shapes of charged flat drops. Comm. Pure Appl. Math. 71 (6) (2018),
1049-1073.

G. Pélya, G. Szego, Isoperimetric Inequalities in Mathematical Physics. Annals of Mathematics Studies, no. 27, Princeton
University Press, Princeton, N. J., 1951

B. Velichkov, Regularity of the one-phase free boundaries, Lecture notes available at http://cvgmt.sns.it/paper/4367/

DIPARTIMENTO DI MATEMATICA F. CASORATI, UNIVERSITA DI PAVIA, VIA FERRATA 5, 27100 Pavia (ITALY)
Email address: dario.mazzoleni@unipv.it

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI BOLOGNA, P1AzzA DI PORTA SAN DONATO 5, 40126 BOLOGNA (ITALY)
Email address: berardo.ruffini@unibo.it



	1. Introduction
	Foreword
	Motivation and background
	1.1. Main results
	1.2. Outline of the proof and structure of the paper

	2. Setting, notations and some preliminary results
	2.1. The functionals: definitions and properties
	2.2. Quasi-open sets and the minimization problem
	2.3. Some notions of geometric measure theory

	3. An existence result for an auxiliary problem
	4. First regularity properties of minimizers of the unconstrained problem
	5. Equivalence between the constrained and the unconstrained problem
	6. Higher regularity of minimizers
	7. Proof of Theorem 1.2
	8. A surgery result for the functional involving the first eigenvalue
	9. Proof of Theorem 1.1
	9.1. Rigidity of the ball in the class of equibounded sets
	9.2. Conclusion of the proof of Theorem 1.1

	10. The non-existence results
	References

