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Abstract. We prove that the sharp Buser's inequality obtained in the framework of
RCD(1,∞) spaces by the �rst two authors [29] is rigid, i.e. equality is obtained if and
only if the space splits isomorphically a Gaussian. The result is new even in the smooth
setting. We also show that the equality in Cheeger's inequality is never attained in the
setting of RCD(K,∞) spaces with �nite diameter or positive curvature, and we provide
several examples of spaces with Ricci curvature bounded below where these assumptions
are not satis�ed and the equality is attained.

1. Introduction

In the paper we consider a complete and separable metric space (X, d) endowed with a
Borel measure m, �nite on bounded sets. The triple (X, d,m) is called metric measure space,
m.m.s. for short. The space of real-valued Lipschitz (resp. bounded Lipschitz, Lipschitz
with bounded support, Lipschitz on bounded sets) functions over X will be denoted by
Lip(X) (resp. Lipb(X), Lipbs(X), Liploc(X)). The slope of a function f : X → R at x ∈ X
is de�ned by

lip(f)(x) := lim sup
y→x

|f(y)− f(x)|
d(y, x)

, (1)

with the convention lip(f)(x) = 0 if x is an isolated point.
We introduce the following relevant de�nitions: in case m(X) < ∞, for any 1 < p < ∞

we set

λ1,p(X) = inf

{∫
X lip(f)pdm∫
X |f |p dm

: 0 6≡ f ∈ Lipbs(X),

∫
X
|f |p−2f dm = 0

}
. (2)

If m(X) =∞ and 1 < p <∞ we instead set

λ0,p(X) = inf

{∫
X lip(f)pdm∫
X |f |p dm

: 0 6≡ f ∈ Lipbs(X)

}
. (3)

When there is no risk of confusion we will drop the dependence on the ambient space writing
λ0,p and λ1,p. Moreover, the shorthand notation λ0, λ1 will be used to refer to λ0,2, λ1,2

respectively, when there is no risk of confusion. Under quite general assumptions on the
m.m.s. (X, d,m), the quantities λ0 and λ1 correspond to the �rst two eigenvalues of the
Laplace operator (see Theorem 2.17).
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Let A ⊂ X be a Borel set, the perimeter Per(A) is de�ned as:

Per(A) := inf

{
lim inf
n→∞

∫
X

lip(fn) dm : fn ∈ Liploc(X), fn → χA in L1(X,m)

}
,

where we denote by χA : X → {0, 1} the indicator function of the set A ⊂ X.
The Cheeger constant of the metric measure space (X, d,m) is de�ned as follows:

h(X) :=

inf
{

Per(A)
m(A) : A ⊂ X Borel with 0 < m(A) ≤ m(X)/2

}
if m(X) <∞,

inf
{

Per(A)
m(A) : A ⊂ X Borel with 0 < m(A) <∞

}
if m(X) =∞.

(4)

In [26] Cheeger obtained the following celebrated inequality, now known as Cheeger's
inequality :

λ1 ≥
1

4
h(X)2. (5)

The original result of Cheeger was in the framework of smooth and compact Riemannian
manifolds, but the argument of the proof is very robust, as noticed (even earlier) by Maz'ya
in [47] (see also [39]), and it can be extended to more general frameworks. We refer to [29,
Appendix A] for a proof on general metric measure spaces.

When X is a compact Riemannian manifold of dimension n and Ricci curvature that
satis�es Ric ≥ K, K ≤ 0, Buser [23] proved that also the following upper bound for λ1 in
terms of h(X) holds:

λ1(X) ≤ 2
√
−(n− 1)Kh(X) + 10h(X)2. (6)

Thanks to a result of Ledoux [44], we also know that the constants in Buser's inequality
(6) can be chosen to be dimension-independent. More precisely, Ledoux proved the following
inequality for all smooth connected Riemannian manifolds of �nite volume:

λ1(X) ≤ max{6
√
−Kh(X), 36h(X)2}. (7)

An improvement of Buser's inequality has been also noticed by Agol in the unpublished
[2], where he re�nes the original proof of Buser and obtains better estimates of λ1 in terms
of h(X) for 3 dimensional manifolds, and later by Benson in [17].

Recently, De Ponti and Mondino [29] sharpened the aforementioned theorems of Buser
and Ledoux by improving the constants in both the Buser-type inequalities (6)-(7) and by
extending the results to (possibly non-smooth) RCD(K,∞) spaces.
Recall that RCD(K,∞) spaces are (possibly non-smooth) metric measure spaces having Ricci
curvature bounded below by K ∈ R and no upper bound on the dimension, in a synthetic
sense. More precisely, RCD(K,∞) spaces are the sub-class of CD(K,∞) spaces introduced
in the seminal works of Sturm [60] and Lott-Villani [46] having the canonical energy func-
tional (called �Cheeger energy") satisfying the parallelogram identity. The reader is referred
to Section 2 for the precise de�nitions, and to [3] for a survey. The class of RCD(K,∞)
spaces was singled out by Ambrosio-Gigli-Savaré [9] (see also [7]) who developed a powerful
calculus in this setting.
The subclass of RCD(K,∞) spaces having an upper bound on the dimension by N ∈ [1,∞)
in a synthetic sense is denoted by RCD(K,N), see [34, 30, 12, 24].
Remarkable examples of RCD(K,∞) spaces are pmGH-limits of Riemannian manifolds with
Ricci curvature bounded below (the so-called Ricci limits ) [37], �nite dimensional Alexan-
drov spaces [55], weighted Riemannian manifolds with ∞-Bakry-Émery Ricci curvature
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bounded below by K [60], strati�ed spaces [19], (possibly singular) quotients of Riemannian
manifolds with Ricci bounded below [32].

In order to state the outcomes of [29], we �rstly set

JK(t) :=


√

2
πK arctan

(√
e2Kt − 1

)
if K > 0,

2√
π

√
t if K = 0,√

− 2
πK arctanh

(√
1− e2Kt

)
if K < 0.

t > 0 (8)

Theorem 1.1 (Theorem 1.1 [29]). Let (X, d,m) be an RCD(K,∞) metric measure space
for some K ∈ R, with m(X) <∞. Then

h(X) ≥ sup
t>0

1− e−λ1t

JK(t)
. (9)

We refer again to [29] for a discussion on how to obtain more explicit bounds of λ1 in
terms of h(X) starting from the inequality (9) (improving the constants in both (6)-(7)),
and for an analogous result that can be applied to spaces with m(X) = ∞ (in this case λ1

is replaced by λ0).
As noticed in [29], another important consequence of Theorem 1.1 is that the inequality

is sharp in the case K > 0, as equality is achieved in the Gaussian space.

A �rst goal of the present work is to show that the inequality (9) is also rigid:

Theorem 1.2. Let (X, d,m) be an RCD(K,∞) metric measure space with K > 0. Let us
suppose that

h(X) = sup
t>0

1− e−λ1t

JK(t)
. (10)

Then

(X, d,m) ∼= (Y, dY ,mY )× (R, | · |,
√
K/(2π)e−Kt

2/2dt)

for some RCD(K,∞) space (Y, dY ,mY ), where ∼= denotes isomorphism as metric measure
spaces.

Let us stress that the rigidity result of Theorem 1.2 is new even in the smooth setting of
(possibly weighted) Riemannian manifolds.
Using the compactness of the class of RCD(K,N) spaces with uniformly bounded diameter
under measured Gromov-Hausdor� convergence [61, 37], the stability properties of λ1 and
h(X) under such convergence [37, 10], and the fact that no RCD(K,N) space can split iso-
morphically a Gaussian (since the former is measure-doubling while the latter is not), we
obtain the next dimensional improvement of (9) by a straightforward argument by contra-
diction (notice that K > 0 implies a uniform upper bound on the diameter thanks to the
Bonnet-Myers theorem [61]).

Corollary 1.3 (Dimensional improvement of Buser's inequality). For every K > 0 and
N ∈ [1,∞) there exists ε = ε(K,N) with the following property. For every RCD(K,N)
space (X, d,m), the following improved Buser's inequality holds:

h(X) ≥ sup
t>0

1− e−λ1t

JK(t)
+ ε. (11)
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Let us stress that Corollary 1.3 is new even for smooth Riemannian manifolds with di-
mension ≤ N and Ricci curvature ≥ K > 0.

A second goal of the paper is to study the equality case in Cheeger's inequality (5).
In a series of now classical papers [21, 22, 23], Buser proved that equality in Cheeger's
inequality is never attained for compact Riemannian manifolds and gave compact examples
where the equality is almost attained (up to an error ε > 0 arbitrarily small), showing the
sharpness of (5) among smooth manifolds. Since in Buser's examples the diameters of the
spaces grow as the error ε > 0 decreases, it is natural to ask if Cheeger's inequality can
be improved once an upper bound on the diameter is assumed. Indeed, improvements of
Cheeger's inequality when the Ricci curvature lower bound is coupled with upper bounds on
the dimension and on the diameter have been considered for instance by Gallot in [33] (see in
particular Section 6) and by Bayle in [16] (see equation (2.49) at page 85 and Remark 2.5.3
therein). The improvements are based on the observation that, under these assumptions,
the isoperimetric pro�le has a better than linear behaviour. This can be turned into a better
lower bound for the �rst eigenvalue of the Laplacian with a very general argument (see for
instance [39, Section 6]).
Linked to this question, it is also natural to ask if the equality in (5) can be attained either
in the non-compact or in the non-smooth compact setting. We prove that the answer is
positive for the former and is negative for the latter, even under more general assumptions.
More precisely, the second main result of the paper is the following:

Theorem 1.4. Let (X, d,m) be an RCD(K,∞) metric measure space with m(X) <∞ and
K ∈ R. Assume that (X, d,m) admits a superlinear isoperimetric pro�le (this is always
satis�ed if diam(X) <∞ or K > 0).

Then the equality in Cheeger's inequality is never attained, i.e.

λ1 >
1

4
h(X)2. (12)

We refer to the preliminaries given below for the De�nition 2.11 of superlinear isoperi-
metric pro�le, and to Theorem 4.6 for the case m(X) =∞.

Along the same lines of the arguments for Corollary 1.3, one can obtain the next improve-
ment of Cheeger's inequality:

Corollary 1.5 (Improved Cheeger's inequality). For every K ∈ R, N ∈ [1,∞) and D ∈
(0,∞) there exists ε = ε(K,N,D) > 0 with the following property. For every RCD(K,N)
space (X, d,m) with diam(X) ≤ D, the following improved Cheeger's inequality holds:

λ1 ≥
1

4
h(X)2 + ε. (13)

It is a classical fact that Cheeger's inequality �ts into a family of inequalities relating
eigenvalues of the p-Laplacian associated to di�erent exponents 1 ≤ p <∞ (see for instance
[45, Theorem 3.2] for the case of Euclidean domains and Dirichlet boundary conditions or
[51, Proposition 2.5] for general metric measure spaces). In this paper we show that these
inequalities are strict for a large class of RCD metric measure spaces.

Theorem 1.6. Let (X, d,m) be an RCD(K,∞) metric measure space with m(X) = 1 and
superlinear isoperimetric pro�le. Then the function

[1,∞) 3 p 7→ p (λ1,p(X))
1
p

is strictly increasing, where λ1,1(X) = h(X) is the Cheeger constant.
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In the last part of the paper, we provide several examples of spaces with Ricci curvature
bounded below where the equality in Cheeger's inequality is attained.

We conclude the introduction by mentioning that rigidity results involving the spectrum of
RCD spaces received a lot of attention in the recent literature, a non-exhaustive list follows:
Ketterer [42] extended the validity of Obata's rigidity theorem to the non-smooth setting,
Cavalletti-Mondino [25] proved rigidity results involving the �rst eigenvalue of the p-Laplace
operator with Neumann boundary conditions and Mondino-Semola [53] for Dirichlet bound-
ary conditions, Gigli-Ketterer-Kuwada-Ohta [36] established the rigidity in the RCD(K,∞)
spectral gap, Ambrosio-Brué-Semola [4] proved rigidity in the 1-Bakry-Émery inequality of
RCD(0, N) spaces, later extended to RCD(K,∞) spaces with K > 0 by Han [40].

As a �nal remark, let us also point out the following general principle (clearly presented
in the Introduction of [50]) which lies behind several of the aforementioned results: the
hierarchy between p-spectral gaps associated to di�erent exponents p is independent of any
curvature assumption in one direction (Cheeger's inequality), while it heavily relies on lower
curvature bounds in the other one (Buser's inequality).
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2. Preliminaries

2.1. Curvature bounds and heat �ow. Unless otherwise stated, we assume (X, d) is a
complete and separable metric space endowed with a σ-�nite, non-negative reference measure
m over the Borel σ-algebra B. We also assume supp(m) = X and the existence of x0 ∈ X,
M > 0 and c ≥ 0 such that

m(Br(x0)) ≤M exp(cr2) for every r ≥ 0 .

Possibly enlarging B and extending the measure m, we can assume that B is m-complete
without loss of generality. We call (X, d,m) a metric measure space, m.m.s for short.

We denote by (P2(X),W2) the space of probability measures on X with �nite second
moment endowed with the quadratic Kantorovich-Wasserstein distance W2.

The relative entropy functional Entm : P2(X)→ R ∪ {+∞} is de�ned as

Entm(µ) :=

{∫
ρ log ρ dm if µ = ρm and (ρ log ρ)− ∈ L1(X,m),

+∞ otherwise .
(14)

In the sequel we use the notation:

D(Entm) := {µ ∈ P2(X) : Entm(µ) ∈ R}.

De�nition 2.1 (CD(K,∞) condition). Given K ∈ R, a m.m.s. (X, d,m) veri�es the
CD(K,∞) condition if for any µ0, µ1 ∈ D(Entm) there exists a W2-geodesic (µt) connecting
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µ0 and µ1 and such that, for any t ∈ [0, 1],

Entm(µt) ≤ (1− t)Entm(µ0) + tEntm(µ1)− K

2
t(1− t)W 2

2 (µ0, µ1). (15)

This class of spaces was introduced independently by Sturm [60] and Lott-Villani [46].
If (X, d,m) satis�es CD(K,∞) for K ∈ R, then, for every α, β > 0, the metric measure

space (X,αd, βm) satis�es the CD(K/α2,∞) condition. In particular, it is not restrictive to
assume that a CD(K,∞) m.m.s. with m(X) < ∞ is a probability space. Moreover, K > 0
implies m(X) <∞.

For 1 < p <∞, the p-Cheeger energy is de�ned as

Chm,p(f) := inf

{
lim inf
n→∞

1

p

∫
X

lip(fn)pdm : fn ∈ Lipbs(X), fn → f in Lp(X,m)

}
. (16)

As proved in [8], Chm,p(f) can be represented in terms of the so called minimal weak upper
gradient |∇f | as

Chm,p(f) =
1

p

∫
X
|∇f |p dm .

The p-Cheeger energy is a p-homogeneous, lower semicontinuous and convex functional
on Lp(X,m) whose proper domain

W 1,p(X, d,m) := {f ∈ Lp(X,m) : Chm,p(f) <∞}

is a dense linear subspace of Lp(X,m). The space W 1,p(X, d,m) is Banach when endowed
with the norm

‖f‖p
W 1,p := ‖f‖pLp + pChm,p(f).

Let us also point out that in [35] the authors proved that the minimal weak upper gradient
of a function f ∈ W 1,p(X, d,m) ∩ W 1,q(X, d,m), 1 < p ≤ q < ∞, is independent of the
integrability exponent. We will tacitly rely on this fact in the note.

Let p ∈ [1,∞) and let (X, d,m) be a metric measure space with �nite measure. Then we
set

λ1,p(X, d,m) := inf

{
1

cpp(f)

∫
X

lip(f)pdm, : f ∈ Lipbs, f non m-a.e. constant

}
, (17)

where

cpp(f) := inf
a∈R

∫
X
|f − a|p dm .

When the space is clear from the context we will drop the dependence on (X, d,m) by
putting λ1,p := λ1,p(X, d,m). When p = 2 we will often use the notation λ1 := λ1,2.

As pointed out in [10, Section 9] by relying on some results contained in [6], it holds
λ1,1(X, d,m) = h(X) where h(X) is the Cheeger constant of the space (X, d,m) as de�ned
in (4). Moreover, for 1 < p <∞ we have the equivalent formulation

λ1,p(X, d,m) = inf

{∫
X
|∇f |pdm : f ∈ Λp(X, d,m)

}
(18)

where

Λp(X, d,m) :=

{
f ∈W 1,p(X, d,m) :

∫
X
|f |pdm = 1 ,

∫
X
|f |p−2fdm = 0

}
. (19)
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For all f ∈ W 1,2(X, d,m), the subdi�erential ∂Chm,2(f) of the Cheeger energy at f is
de�ned as

∂Chm,2(f) :=

{
` ∈ L2(X,m) :

∫
X
`(g − f) dm ≤ Chm,2(g)− Chm,2(f) ∀g ∈ L2(X,m)

}
.

(20)
We denote by (Ht)t≥0, and we refer to it as heat �ow, the L2(X,m)-gradient �ow of the

Cheeger energy, i.e. for any f ∈ L2(X,m) the map t 7→ Htf is a locally Lipschitz map from
(0,∞) to L2(X,m) such that Htf → f in L2(X,m) as t→ 0 and

d

dt
Htf ∈ −∂Chm,2(Htf) for a.e. t ∈ (0,∞) . (21)

We recall now the RCD condition, a reinforcement of the CD condition introduced by
Ambrosio, Gigli and Savaré [9] (in case m(X) <∞; see also [7] for the current axiomatization
and the extension to σ-�nite measures).

De�nition 2.2 (RCD(K,∞) condition). A metric measure space (X, d,m) satis�es the
RCD(K,∞) condition, K ∈ R, if it is CD(K,∞) and the Cheeger energy Chm,2 is quadratic.

The quadraticity of the Cheeger energy is equivalent to the fact that W 1,2(X, d,m) is
Hilbert. Such an extra requirement singles out the �Riemannian� m.m.s structures out of
the �possibly Finsler� ones.

The set D(∆) is de�ned as the set of f ∈ L2(X,m) such that ∂Chm,2(f) 6= ∅. In particular,
D(∆) ⊂ W 1,2(X, d,m). For f ∈ D(∆) we de�ne −∆f as the element of minimal L2(X,m)
norm in ∂Chm,2(f).

We recall that on an RCD(K,∞) space the heat �ow can be extended to a linear semigroup
of contractions in Lp(X,m) for every p ∈ [1,∞). For every f ∈ L2(X,m) and any t > 0 we
haveHtf ∈ D(∆). The maximum principle ensures that for any C > 0 and any f ∈ L2(X,m)
with 0 ≤ f ≤ C m-a.e., it holds 0 ≤ Htf ≤ C.
The semigroup Ht admits an m⊗m-measurable density kernel ρt(x, y), so that

Htf(x) =

∫
X
f(y)ρt(x, y) dm(y), for m-a.e. x ∈ X, for any f ∈ L2(X,m).

We also know (see [9, Theorem 6.1]) that, up to a suitable choice of m-a.e. representative,
Htf belongs to C(X) ∩ L∞((0,∞) ×X) whenever f ∈ L∞(X,m), where C(X) denotes the
set of real valued continuous functions over X. Moreover, for any f ∈ L2 ∩ L∞(X,m) and
for every t > 0 the regularizing property of the heat �ow yields Htf ∈ Lipb(X) with the
bound (sharp in the case K > 0) [29, Proposition 3.1]

‖ |∇Htf | ‖∞ ≤

√
2K

π(e2Kt − 1)
‖f‖∞ if K 6= 0,

‖ |∇Htf | ‖∞ ≤
√

1

πt
‖f‖∞ if K = 0.

(22)

The 1-Bakry-Émery inequality, proved in the RCD setting by Savaré [58, Corollary 3.5],
ensures that

|∇Htf | ≤ e−KtHt(|∇f |), m-a.e. for any f ∈W 1,2(X, d,m). (23)

We next recall the classical notion of ultracontractivity.
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De�nition 2.3. The semigroup Ht is L2 → L∞ ultracontractive, or simply ultracontractive,
if there exists a positive function θ(t) such that for any t > 0 and any f ∈ L2(X,m) we have
Htf ∈ L∞(X,m) with

‖Htf‖∞ ≤ θ(t)‖f‖2 .

Under this assumption, for every t > 0 and every x ∈ X there exists a Lipschitz version
of the density kernel ρt(x, ·). Moreover, it is easy to prove (see e.g. [38, Theorem 14.4]) that
Ht is ultracontractive if and only if for every t > 0 and x ∈ X we have ρ2t(x, x) ≤ θ2(t).

We conclude the section by stating a result which ensures the ultracontractivity of the
heat semigroup.

Proposition 2.4. Let (X, d,m) be an RCD(K,∞) metric measure space for some K ∈ R.
Assume that there exists a positive function A(r) such that

m(Br(x)) > A(r) for every x ∈ X, r ∈ (0,∞). (24)

Then Ht is ultracontractive.

Proof. By a recent result of Tamanini [62, Corollary 3.3], the heat kernel on an RCD(K,∞)
space satis�es the following point-wise Gaussian bounds: there exists CK > 0 depending
only on K (if K ≥ 0, one can choose CK = 0) and for every ε > 0 there exists Cε > 0 such
that

0 ≤ ρt(x, y) ≤ 1√
m(B√t(x))m(B√t(y))

exp

(
Cε(1 + CKt)−

d(x, y)2

(4 + ε)t

)
. (25)

The assumption (24) combined with (25) gives that the heat kernel is uniformly bounded
from above on the diagonal. This implies the ultracontractivity. �

2.2. Functions of bounded variation and perimeter.

De�nition 2.5 (BV space). A function f ∈ L1(X,m) belongs to the space BV(X, d,m) of
functions of bounded variation (see [52, 5]) if there exists a sequence (fn)n∈N ∈ Liploc(X)
converging to f in L1(X,m) and such that

lim sup
n→∞

∫
X

lip(fn) dm < +∞ .

If f ∈ BV(X, d,m) and A ⊂ X is open, we de�ne

|Df |(A) := inf

{
lim inf
n→∞

∫
A

lip(fn) dm : fn ∈ Liploc(X), fn → f in L1(A,m)

}
. (26)

It is known that this function is the restriction to open sets of a �nite Borel measure,
called total variation of f and denoted by |Df |.
By the very de�nition of |Df |(X), it is immediate to see that for all f, fn ∈ BV(X, d,m)

|Df |(X) ≤ lim inf
n
|Dfn|(X) whenever fn → f in L1(X,m). (27)

Moreover, for all ϕ : R→ R 1-Lipschitz with ϕ(0) = 0 we have

|D(ϕ ◦ f)|(X) ≤ |Df |(X).

When (X, d,m) is an RCD(K,∞) space and f ∈ BV(X, d,m), a result of Ambrosio and
Honda [10, Proposition 1.6.3] ensures that Htf ∈ BV(X, d,m) with the explicit inequality

|DHtf |(X) ≤ e−Kt|Df |(X) . (28)
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Given a Borel set E of �nite measure, we say that E is a set of �nite perimeter if χE ∈
BV(X, d,m) and we set Per(E) := |DχE |(X), i.e.

Per(E) = inf

{
lim inf
n→∞

∫
X

lip(fn) dm : fn ∈ Liploc(X), fn → χE in L1(X,m)

}
. (29)

We remark that we can replace the set Liploc(X) in de�nition (29) with the set Lipbs(X),
and we can also suppose that 0 ≤ fn ≤ 1 (see [6, Remark 3.4, 3.5]).

Proposition 2.6 (Coarea inequality and coarea formula). Let (X, d) be a complete metric
space and let m be a non-negative Borel measure �nite on bounded subsets.
Let f ∈ Lipbs(X), f : X → [0,∞) and set M = supX f . Then for L1-a.e. t > 0 the set
{f > t} has �nite perimeter and∫ M

0
Per({f > t}) dt ≤

∫
X
|lip(f)| dm. (30)

If in addition (X, d) is separable, then the coarea formula for BV functions holds, i.e. for
every f : X → [0,∞) with f ∈ BV(X, d,m) it holds∫ ∞

0
Per({f > t}) dt = |Df |(X). (31)

Proof. For a proof of the �rst part, see for instance [29, Proposition 3.5].
The second claim was already observed in the introduction of [5] and can be proved along
the lines of [52]. �

The next corollary will be useful later in the paper.

Corollary 2.7 (Finiteness of the Cheeger constant). Let (X, d,m) be as in Proposition 2.6
(�rst part) with m(X) ∈ (0,∞] and diam(X) > 0. Then the Cheeger constant de�ned in (4)
is �nite, i.e. h(X) ∈ [0,∞).

Proof. Let x0 ∈ suppm and consider f(·) := max{1 − d(x0, ·), 0} ∈ Lipbs(X). By the non
triviality assumptions on (X, d,m) and the coarea inequality (Proposition 2.6), it follows that
there exists r ∈ (0, 1) such that the metric ball Br(x0) satis�es m(Br(x0)) ∈ (0,m(X)/2)
and Per(Br(x0)) ∈ (0,∞). Thus the set of competitors with �nite energy in the variational
problem (4) de�ning h(X) is non empty and the conclusion follows. �

Let K > 0, we denote by IK : [0, 1] → [0,
√
K/(2π)] the Gaussian isoperimetric pro�le

function de�ned as IK := ϕK ◦ Φ−1
K , where

ΦK(x) :=

√
K

2π

∫ x

−∞
e−Kt

2/2 dt, x ∈ R,

and ϕK := Φ′K . The function IK satis�es IK(1/2) =
√
K/(2π) and IK(x) =

√
KI1(x). For

simplicity of notation we set I := I1. We recall the following asymptotic (see [15])

lim
x→0

IK(x)

x
√

2K log 1
x

= 1. (32)

As proved by Ambrosio and Mondino [11, Theorem 4.2], the celebrated Gaussian isoperi-
metric inequality of Bakry-Ledoux [15] extends to the class of RCD(K,∞) spaces with
positive K:
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Proposition 2.8. Let (X, d,m) be an RCD(K,∞) space with m(X) = 1 and K > 0. Then,
for every Borel subset A ⊂ X we have

Per(A) ≥ IK(m(A)). (33)

Thanks to a recent result by Han [40, Corollary 4.4] building on top of [4], we also have
at our disposal a rigidity statement for the Gaussian isoperimetric inequality.

Proposition 2.9. Let (X, d,m) be an RCD(K,∞) metric measure space with m(X) = 1 and
K > 0. Let us suppose there exists a Borel set E ⊂ X with positive measure such that

Per(E) = IK(m(E)). (34)

Then
(X, d,m) ∼= (Y, dY ,mY )× (R, | · |,

√
K/(2π)e−Kt

2/2dt)

for some RCD(K,∞) space (Y, dY ,mY ), where ∼= denotes isomorphism as metric measure
spaces.

We will take for granted the following key lemma, which can be obtained as a simpler
variant of [10, Lemma 1.5.8] in the case of a �xed ambient space.

Lemma 2.10. Let (X, d,m) be an RCD(K,∞) metric measure space. Let (fk)k∈N be a
sequence converging in L2(X,m) to f and assume that

sup
k∈N

Chm,2(fk) <∞.

Then, for any lower semicontinuous function g : X → [0,∞], it holds that∫
X
g|∇f |dm ≤ lim inf

k→∞

∫
X
g|∇fk|dm. (35)

Another key property is the compactness in BV. In order to state the result, we recall
the next crucial de�nition.

De�nition 2.11. Let (X, d,m) be a m.m.s. with m(X) = 1. We shall say that (X, d,m)
admits a superlinear isoperimetric pro�le if there exists a function ω : (0,∞)→ (0, 1/2] such
that for all ε > 0 it holds:

m(E) ≤ ω(ε) =⇒ m(E) ≤ εPer(E) (36)

for any Borel set E ⊂ X.

Notice that, classically, a metric measure space (X, d,m) such that m(X) = 1 is said to
admit an isoperimetric pro�le I : [0, 1]→ (0,∞) if for any Borel set E ⊂ X it holds that

Per(E) ≥ I(m(E)) .

It is easy to check that the Gaussian isoperimetric inequality (Proposition 2.8) combined
with the asymptotic (32) imply that if (X, d,m) is an RCD(K,∞) space for some K > 0,
then it admits a superlinear isoperimetric pro�le. We also know [10, Theorem 7.2] that any
RCD(K,∞) space with �nite diameter has a superlinear isoperimetric pro�le.

Proposition 2.12 (Compactness in BV and L2). Let (X, d,m) be an RCD(K,∞) metric
measure space with m(X) < ∞ admitting a superlinear isoperimetric pro�le (this is satis-
�ed in case K > 0 or diam(X) < ∞). Then, for any sequence of functions (fk)k∈N ⊂
BV(X, d,m) such that

sup
k

{∫
X
|fk|dm + |Dfk|(X)

}
<∞ (37)



THE EQUALITY CASE IN CHEEGER'S AND BUSER'S INEQUALITIES ON RCD SPACES 11

there exist a function f ∈ BV(X, d,m) and a subsequence kj such that

sign(fkj )
√
|fkj | → sign(f)

√
|f | in L2(X,m). (38)

Moreover, for any 1 < p < ∞ and for any sequence of functions (fk)k∈N ⊂ W 1,p(X, d,m)
such that

sup
k
‖fk‖W 1,p <∞ (39)

there exist a function f ∈ Lp(X,m) and a subsequence kj such that

fkj → f in Lp(X,m). (40)

Proof. The argument can be obtained arguing as in the proof of [10, Proposition 1.7.5]. �

Proposition 2.13 (Stability in BV). Let (X, d,m) be an RCD(K,∞) metric measure space.

Let (fk)k∈N ⊂ BV(X, d,m) be such that sign(fk)
√
|fk| converge to sign(f)

√
|f | in L2(X,m)

and assume that supk |Dfk|(X) <∞. Then f ∈ BV(X, d,m) and

|Df |(X) ≤ lim inf
k→∞

|Dfk|(X).

Proof. The proof is strongly inspired by [10, Theorem 1.6.4], we report it for reader's con-
venience.
Step 1. In the �rst step we reduce to the case of uniformly bounded functions. To

this aim we observe that, for any N ∈ N the truncated functions fNk := N ∧ fk ∨ −N and
fN := N ∧f ∨−N verify the assumptions of the statement. Moreover, for any g ∈ L1(X,m)
it holds that gN → g in L1 as N →∞. Then, if we are able to prove that

|DfN |(X) ≤ lim inf
k→∞

|DfNk |(X),

the general conclusion will follow by lower semicontinuity of the variation with respect to
L1 convergence (see (27)) recalling that |DgN |(X) ≤ |Dg|(X) for any N ∈ N and any
g ∈ BV(X, d,m).
Step 2. Let us �x now t > 0 and observe that the functions Htfk are uniformly bounded,

uniformly Lipschitz, they belong to W 1,2(X, d,m) and they still verify the assumptions of
the statement. If we are able to prove that

|DHtf |(X) ≤ lim inf
k→∞

|DHtfk|(X),

then the conclusion will follow by the 1-Bakry-Émery inequality, yielding |DHtfk|(X) ≤
e−Kt|Dfk|(X), and the lower semicontinuity of the total variation w.r.t. L1 convergence
again, passing to the lim inf as t ↓ 0.

Recalling the representation formula for the total variation [10, Proposition 1.6.3 (a)]

|Df |(X) =

∫
X
|∇f |dm

for any f ∈ Lipb(X) ∩ L1(X,m) ∩W 1,2(X, d,m), it remains to prove that∫
X
|∇f |dm ≤ lim inf

k→∞

∫
X
|∇fk|dm, (41)

whenever (fk) ⊂ W 1,2(X, d,m) are uniformly bounded in W 1,2(X, d,m) and converge to f
in L2(X,m).
Step 3. To conclude we just point out that (41) above follows from Lemma 2.10 choosing

g ≡ 1. �
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Let us state and prove a general existence result for optimizers of the variational problem
de�ning the Cheeger constant (4).

Proposition 2.14. Let (X, d,m) be an RCD(K,∞) metric measure space with m(X) =
1 and admitting a superlinear isoperimetric pro�le (this is satis�ed in case K > 0 or
diam(X) < ∞). Then there exists a Borel set E ⊂ X with �nite perimeter and 0 <
m(E) ≤ 1/2 which is an optimizer for the variational problem de�ning the Cheeger constant
(4), i.e.

Per(E)

m(E)
= h(X). (42)

Proof. First of all we note that h(X) ∈ [0,∞) in virtue of Corollary 2.7. By the very de�-
nition of the Cheeger constant h(X) we can �nd a sequence of Borel sets of �nite perimeter
En ⊂ X such that m(En) ≤ 1/2 for any n ∈ N and

lim
n→∞

Per(En)

m(En)
= h(X). (43)

Let us set fn := χEn , where we denote by χF : X → {0, 1} the indicator function of an
arbitrary Borel set F ⊂ X. We claim that m(En) are bounded away from 0. If this is not
the case, i.e. lim infn→∞m(En) = 0, from the existence of a superlinear isoperimetric pro�le
(36) for (X, d,m) we infer that

lim inf
n→∞

Per(En)

m(En)
=∞ ,

contradicting (43).
It follows from (43) that the functions fn have uniformly bounded BV-norms, since

|Dfn|(X) = Per(En) and ||fn||L1 = m(En). Thus by Proposition 2.12 there exist a function
f ∈ BV(X, d,m) and a subsequence, that we do not relabel, such that sign(fn)

√
|fn| →

sign(f)
√
|f | in L2(X,m). In particular,

||f ||L1 = lim
n→∞

m(En). (44)

We claim that there exists a Borel set E ⊂ X such that f = χE , m-a.e.. In order to prove
the claim it is su�cient to verify that

f(1− f) = 0, m-a.e.. (45)

To this aim we observe that fn(1 − fn) = 0, m-a.e. for any n ∈ N, since fn are indicator
functions. Moreover, using that fn → f in L1(X,m) and ‖fn‖L∞(X,m) = 1, it is easily seen
that fn(1− fn)→ f(1− f) in L1(X,m), proving the claim (45).

Combining (44) with (45) we obtain that

m(E) = lim
n→∞

m(En). (46)

In particular 0 < m(E) ≤ 1/2.
By Proposition 2.13 we also infer that

Per(E) ≤ lim inf
n→∞

Per(En). (47)

The combination of (43), (46) and (47) yields that

h(X) ≤ Per(E)

m(E)
≤ lim inf

n→∞

Per(En)

m(En)
= h(X)
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and we obtain that E is an optimizer for the variational problem de�ning the Cheeger
constant. �

Remark 2.15. Proposition 2.14 should be compared with [23, Lemma 3.4] where the author
shows that for any compact Riemannian manifold M there exist a v > 0 and a sequence
of open submanifolds Vk ⊂M such that vol(Vk) = v and h(M) = limk→∞ Per(Vk)/vol(Vk).
This is used to apply the deep regularity theory for minimizing currents and then argue via
a Heintze-Karcher type estimate. One of the advantages of the present approach is that it
does not rely on the regularity theory for minimizing currents.

The next result will be useful later in the proof of Theorem 4.6.

Lemma 2.16. Let (X, d,m) be a complete and separable metric measure space with m �nite
on bounded sets, and let f ∈W 1,2(X, d,m). Then f2 ∈ BV(X, d,m) and

|D(f2)| ≤ 2 |f | |∇f |m as measures. (48)

Proof. For brevity, we refer to [8, 5] for the notions of p-test plans and p-a.e. curve, p = 1, 2.
From [8, Proposition 5.7], if f ∈W 1,2(X, d,m) then f is Sobolev along 2-a.e. curve and∣∣∣∣ ddtf ◦ γ

∣∣∣∣ ≤ |∇f | ◦ γ |γ̇|, a.e. in [0, 1], 2-a.e. γ ∈ AC((0, 1); (X, d)).

At this point, it is easy to check that f2 is a BV function in the �weak� formulation of [5,
De�nition 5.5] with �weak� total variation satisfying |D(f2)|w ≤ 2|f | |∇f |m as measures.
We conclude thanks to the identi�cation result [5, Theorem 1.1]. �

2.3. Spectrum of the Laplacian. We start by recalling some classical notions of spectral
theory (see for instance [14, Appendix A]).

Let (X, d,m) be an RCD(K,∞) metric measure space for some K ∈ R and denote by ∆
the Laplacian de�ned in Section 2.1. We know that −∆ is a densely de�ned, self-adjoint
operator on the Hilbert space L2(X,m).
A number λ ∈ C is a regular value of −∆ if (λId + ∆) has a bounded inverse. The resol-
vent set ρ(−∆) is the set of regular values of −∆, while the spectrum σ(−∆) is de�ned as
σ(−∆) := C \ ρ(−∆). Since −∆ is nonnegative, it holds σ(−∆) ⊂ [0,∞).
If there exists a non-zero function f ∈ D(∆) such that −∆f = λf , we call λ ∈ σ(−∆) an
eigenvalue and f the associated eigenfunction. The set of all eigenvalues forms the so-called
point spectrum.
The discrete spectrum σd(−∆) is the set of all eigenvalues that are isolated in the point spec-
trum with the corresponding eigenspace which is �nite dimensional. The essential spectrum
is the closed set de�ned as σess(−∆) := σ(−∆) \ σd(−∆). We denote by Σ the in�mum of
the essential spectrum of −∆, i.e.

Σ := inf σess(−∆) and Σ := +∞ if σess(−∆) = ∅.

The space W 1,p(X, d,m) is compactly embedded in Lp(X,m), 1 < p < ∞, if for any
sequence {fk} ⊂W 1,p(X, d,m) with uniformly bounded W 1,p-norm we can extract a subse-
quence fkj strongly converging in Lp(X,m).

In the next theorem, we collect some results about the spectrum of RCD(K,∞) spaces
which will be useful later on. For the compact embedding W 1,2(X, d,m) ⊂⊂ L2(X,m) in
RCD(K,∞) spaces under di�erent assumptions see [37, Proposition 6.7].
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Theorem 2.17. Let (X, d,m) be an RCD(K,∞) metric measure space for some K ∈ R.

Case m(X) < ∞. Assume that (X, d,m) admits a superlinear isoperimetric pro�le and
that m(X) <∞. Then:

(1) The embedding of W 1,p(X, d,m) in Lp(X,m) is compact for any 1 < p <∞.
(2) The heat semigroup Ht : L2(X,m)→ L2(X,m) is a compact operator, for any t > 0.
(3) The spectrum of −∆ is discrete, non-negative and it diverges to +∞, i.e. σ(−∆) =

σd(−∆) = (λk)k∈N∪{0} ⊂ [0,∞) with λk →∞ as k →∞. Moreover:

λ0 = 0 < λ1 = min

{
2Chm(f) : f ∈ L2(X,m), ‖f‖2 = 1,

∫
X
f dm = 0

}
. (49)

In particular, λ1 coincides with the value introduced in (2).
Moreover, f ∈ W 1,2(X, d,m) is a λ0-eigenfunction if and only if f is a non-zero

constant function, while f ∈W 1,2(X, d,m) is a (normalized) λ1-eigenfunction if and
only if ∫

X
f2 dm = 1,

∫
X
f dm = 0 and

∫
X
|∇f |2 dm = λ1. (50)

Case m(X) =∞. Assume m(X) =∞ and λ0 := inf σd(−∆) < Σ. Then:

(1) The eigenvalue λ0 satis�es

0 < λ0 = min{2Chm(f) : f ∈ L2(X,m), ‖f‖2 = 1}.
In particular, λ0 coincides with the value introduced in (3).

Moreover, f ∈W 1,2(X, d,m) is a (normalized) λ0-eigenfunction if and only if∫
X
f2 dm = 1 and

∫
X
|∇f |2 dm = λ0. (51)

Proof. Case m(X) < ∞. Since X admits a superlinear isoperimetric pro�le, the fact that
the embedding ofW 1,p(X, d,m) in Lp(X,m) is compact is a direct consequence of Proposition
2.12. We can thus appeal to the standard spectral theory (see e.g. [14, Theorem A.6.4]) to
infer that Ht is a compact operator for every t > 0 and that σ(−∆) consists of a sequence
of isolated eigenvalues (λk)k∈N ⊂ [0,∞) with λk → ∞ as k → ∞ and �nite dimensional
associated eigenspaces.

We can also appeal to the variational characterisation of the eigenvalues (see [28, Theorem
4.5.1] to infer that

λk = min
Sk+1

max
f∈Sk+1,‖f‖2=1

2Chm(f), (52)

where Sk ⊂W 1,2(X, d,m) denotes an arbitrary k-dimensional subspace.
Since f ≡ 1 is an element of L2(X,m), we infer that λ0 = 0. Moreover, from the Sobolev-

to-Lipschitz property satis�ed by RCD(K,∞) spaces [9], it holds that Chm,2(f) = 0 if and
only if f is constant m-a.e.. Thus λ0 = 0 if and only if m(X) < ∞ and, in this case, f is a
λ0-eigenfunction if and only if f is constant m-a.e..

Specialising (52) to k = 1 in case m(X) <∞ gives the claimed variational formula for λ1

which trivially coincides with (2) by the very de�nition of Cheeger energy.
We �nally prove the implication �if f satis�es (50) then f is a λ1-eigenfunction�. We �rst

show that λ1f ∈ ∂Chm,2(f): for every g ∈ L2(X,m) with
∫
X g dm = 0 we have

Chm,2(g) ≥ λ1

2

∫
X
g2 dm ≥ λ1

∫
X
fg dm− λ1

2

∫
X
f2dm = Chm,2(f) +

∫
X
λ1f(g − f)dm
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as a consequence of the variational characterization of λ1, a trivial inequality and (50). The
function λ1f is also the element of minimal norm in the set ∂Chm,2(f), and thus −∆f = λ1f ,
since

‖∆f‖2 ≥
∫
X
−f∆f dm =

∫
X
|∇f |2 dm = λ1 = ‖λ1f‖L2 ,

where we have used again (50) and the Cauchy-Schwarz inequality.

Case m(X) = ∞. The assumption on the spectrum implies the existence of the �rst
eigenvalue λ0 of −∆ which is isolated and with non-empty �nite dimensional eigenspace.
Using the Sobolev-to-Lipschitz property satis�ed by RCD(K,∞) spaces [9] and observing
that the constant functions are not in L2(X,m), we have λ0 > 0. The variational character-
ization of λ0 still holds (see in this case [28, Theorem 4.5.2]) and gives

λ0 = min
‖f‖2=1

{
2Chm,2(f)

}
,

so that λ0 trivially corresponds to the de�nition given in (3) by the very de�nition of Cheeger
energy. It remains to prove that a function f such that∫

X
f2dm = 1 and

∫
X
|∇f |2dm = λ0

is a λ0-eigenfunction. We �rst show that λ0f ∈ ∂Chm,2(f): for every g ∈ L2(X,m) we have

Chm,2(g) ≥ λ0

2

∫
X
g2 dm ≥ λ0

∫
X
fg dm− λ0

2

∫
X
f2dm = Chm,2(f) +

∫
X
λ0f(g − f)dm

as a consequence of the variational characterization of λ0, a trivial inequality and (51). The
function λ0f is also the element of minimal norm in the set ∂Chm,2(f), and thus −∆f = λ0f ,
since

‖∆f‖2 ≥
∫
X
−f∆f dm =

∫
X
|∇f |2 dm = λ0 = ‖λ0f‖L2 ,

where we have used again (50) and the Cauchy-Schwarz inequality. �

3. Proof of Theorem 1.2

Proof of Theorem 1.2. By the scaling property of the RCD(K,∞) condition, it is enough to
show the result in the case K = 1.

Along the proof of Theorem 1.1 in [29] (see in particular [29, Eq. (49), (50), (51)]), it is
shown that for all t > 0 and for all A ⊂ X Borel it holds

J1(t)Per(A) ≥ 2
(
m(A)−m(A)2 −

∥∥Ht/2(χA −m(A))
∥∥2

2

)
≥ 2
(
m(A)−m(A)2 − e−λ1t ‖χA −m(A)‖22

)
= 2m(A)(1−m(A))(1− e−λ1t). (53)

The inequality (9) then follows directly from (53) by minimizing over all the Borel subsets
A with m(A) ≤ 1/2.

By Proposition 2.14 and assumption (10) there exists a Borel set E ⊂ X with 0 < m(E) ≤
1/2 such that

Per(E)

m(E)
= sup

t>0

1− e−λ1t

J1(t)
. (54)

Since (1 − e−λ1t)/J1(t) is a continuous function of t ∈ (0,∞), we have to analyse three
di�erent cases:
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(1) the supremum in the right hand side of (54) is achieved as t→ 0;
(2) the supremum in the right hand side of (54) is achieved as t→∞;
(3) the supremum in the right hand side of (54) is achieved for a certain t̄ ∈ (0,∞).

Case (1): this case is easily ruled out since (1 − e−λ1t)/J1(t) is a positive function in
(0,∞) and

lim
t→0

1− e−λ1t

J1(t)
= 0.

In particular, the supremum can never occur as t→ 0.
Case (2): in this situation we have

sup
t>0

1− e−λ1t

J1(t)
=

1√
π
2

=

√
2

π
,

so that from (54) it follows

Per(E) ≤ 1

2

√
2

π
=

1√
2π

= I(1/2),

where I is the Gaussian isoperimetric pro�le function. Since equality holds in the Buser
inequality, equality holds in both the inequalities in (53). In particular m(E) = 1/2. There-
fore E achieves equality in the Gaussian isoperimetric inequality (33) and the conclusion is
thus a consequence of Proposition 2.9.
Case (3): we claim that also this case can be ruled out. Indeed, if the supremum is

attained for some 0 < t̄ <∞, then by (53) we get m(E) = 1/2 and∥∥Ht̄/2(χE −m(E))
∥∥2

2
= e−λ1 t̄ ‖χE −m(E)‖22 . (55)

Therefore f := χE −m(E) attains the equality for t = t̄/2 in the inequality

‖Htf‖2 ≤ e
−λ1t ‖f‖2 ,

that has been proved in [29, eq. (46)] through an application of Gronwall's lemma. It follows
that

2λ1

∫
X
|Htf |2dm = 2

∫
X
|∇Htf |2dm = − d

dt

∫
X
|Htf |2dm,

for a.e. t ∈ (0, t̄) (cf. with [29, eq. (47)]). Hence, by the classical characterization of the
�rst eigenvalue of the Laplacian, −∆Htf = λ1Htf for a.e. t ∈ (0, t̄). From this we infer
by the heat equation that Htf = e−λ1tf for any t ∈ (0,∞). It follows by the regularizing
properties of the heat semigroup that f ∈ D(∆), in particular f ∈W 1,2(X, d,m). We claim
that this yields a contradiction. To do so it is su�cient to notice that |∇f | = 0 m-a.e. and
to apply the local Poincaré's inequality [56, Theorem 1] to a recovery sequence of Chm,2(f)
in order to obtain in the limit that for every x ∈ X and every r > 0∫

B(x,r)
|f − 〈f〉B(x,r)| dm = 0.

By considering a ball B(x, r) such that m(B(x, r) ∩ E) > 0 and m(B(x, r) ∩ Ec) > 0 we
obtain that f must be equal m-a.e. to its mean 〈f〉B(x,r) ∈ (−1/2, 1/2) on B(x, r), which
contradicts the explicit expression of f .

�
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4. On the equality case in Cheeger's inequality

As pointed out in the introduction, Cheeger's inequality �ts into a family of more general
inequalities comparing eigenvalues of the p-Laplace operator for di�erent exponents p. To
this regard, in the next proposition we extend to the general metric measure setting a recent
result obtained in [49] in the context of Euclidean domains (see in particular Lemma 3.1
therein).
The statement and the argument appear to be well known to experts, we report them for
the sake of completeness and since they will be relevant to investigate the rigidity later. The
proof is based on the strategy implemented in [49] for the case p > 1, while in the case p = 1
is based on [29, Appendix A].

Proposition 4.1. Let (X, d,m) be a metric measure space with m(X) <∞. Then

p (λ1,p(X, d,m))
1
p ≤ q (λ1,q(X, d,m))

1
q for every 1 ≤ p < q <∞ . (56)

Proof. Let us consider separately the two cases p > 1 and p = 1.

Case p > 1.
Fix 1 < p < q, ε > 0 and choose f ∈ Lipbs(X) such that∫

X
|f |q dm = 1 ,

∫
X
|f |q−2f dm = 0 ,

∫
X

lip(f)q dm ≤ λ1,q + ε .

Let Sq(X) := {f ∈ Lq(X,m) : ‖f‖q = 1} endowed with the induced strong topology from
Lq(X,m) and de�ne the continuous curve γq ∈ C(R ; Sq(X)) as

γq(t) :=
f(·) + t

‖f(·) + t‖q
.

We also set γ(t) := |γq(t)|(q−p)/p γq(t), t ∈ R. Notice that γ(t) ∈ Sp(X) for any t ∈ R.
Moreover,

lim
t→±∞

γ(t) =
±1

m(X)1/p
,

in the Lp(X,m) sense. Hence by continuity one can easily infer the existence of t̃ ∈ R such
that ∫

X
|γ(t̃)|p−2γ(t̃) dm = 0.

Using the trivial fact that for every g ∈ Lipbs(X) and every a, b ∈ R it holds lip(ag+ b) =
|a|lip(g), we have

‖lip(γq(t))‖qq =
‖lip(f)‖qq
‖f(·) + t‖qq

, t ∈ R.

Since the function t 7→ ‖f(·)+t‖q is minimized for t =
∫
X |f |

q−2f dm = 0, we deduce that the
function t 7→ ‖lip(γq(t))‖qq has a maximum at t = 0 where it holds ‖lip(γq(0))‖qq ≤ λ1,q + ε.
Thus, recalling the de�nition of λ1,p and using the Hölder's inequality we have:

λ1,p ≤ max
t∈R
‖lip(γ(t))‖pp ≤

(
q

p

)p
max
t∈R

∫
X
|γq(t)|q−p lip(γq(t))

p dm

≤
(
q

p

)p
max
t∈R

(∫
X
|γq(t)|q dm

)(q−p)/p(∫
X

lip(γq(t))
q dm

)p/q
(57)

=

(
q

p

)p
max
t∈R

(∫
X

lip(γq(t))
q dm

)p/q
≤
(
q

p

)p
(λ1,q + ε)p/q .
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Since ε > 0 is arbitrary, we get that for every 1 < p < q

λ1,p(X, d,m) ≤
(
q

p

)p
(λ1,q(X, d,m))p/q ,

which is (56).

Case p = 1.
By the very de�nition of λ1,q, for every ε > 0 there exists a non-null function f ∈ Lipbs(X)
with

∫
X |f |

q−2f dm = 0 and

λ1,q + ε ≥
∫
X lip(f)q dm∫
X |f |q dm

. (58)

We set f+ := max{f −m, 0} and f− := −min{f −m, 0}, where m is any median of the
function f . Applying the co-area inequality (30) to (f+)q (respectively (f−)q) and recalling
the de�nition (4) of Cheeger's constant h(X), we obtain∫

X
lip[(f+)q] dm +

∫
X

lip[(f−)q] dm (59)

≥
∫ sup{(f+)q}

0
Per({(f+)q > t}) dt+

∫ sup{(f−)q}

0
Per({(f−)q > t}) dt

≥ h(X)

∫ sup{(f+)q}

0
m({(f+)q > t}) dt+ h(X)

∫ sup{(f−)q}

0
m({(f−)q > t}) dt

= h(X)

∫
X

(f+)qdm + h(X)

∫
X

(f−)qdm = h(X)

∫
X
|f −m|q dm .

Observe that, for any nonnegative function g,

lip[gq] ≤ q|g|q−1lip(g) ,

and
lip(f+) ≤ lip(f), lip(f−) ≤ lip(f) .

By applying Hölder's inequality we get

q

(∫
X

lip(f)q dm

) 1
q
(∫

X
|f −m|q dm

)1− 1
q

≥
∫
X

lip[(f+)q] dm +

∫
X

lip[(f−)q] dm , (60)

where we have used that |f+|+ |f−| = |f −m|. It follows from (59) and (60) that for every
median m of f it holds ∫

X lip(f)q dm∫
X |f −m|q dm

≥
(
h(X)

q

)q
. (61)

Finally, since mq(f) :=
∫
X |f |

q−2fdm = 0 and mq minimises R 3 c 7→
∫
X |f − c|

qdm, we
have ∫

X lip(f)q dm∫
X |f |q dm

≥
∫
X lip(f)q dm∫
X |f −m|q dm

and we can conclude thanks to (58) and the fact that ε > 0 is arbitrary. �

Remark 4.2. Let us mention that the monotonicity result above still holds, in very general
frameworks, if one replaces the Neumann eigenvalues with Dirichlet eigenvalues, see [45,
Theorem 3.2] for the case of Euclidean domains.
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It turns out that the monotonicity in (67) is strict, under general assumptions. This was
pointed out for Euclidean domains and Dirichlet eigenvalues in [45] (see the Remark after
the proof of Theorem 3.2 therein); the strategy proposed can be adapted to our framework.
In the next theorem we explore some instances of this phenomenon, restricting for the sake
of simplicity to the framework of RCD spaces. Let us point out, however, that we expect this
rigidity not to be linked with a speci�c synthetic Ricci curvature lower bound, nor with the
in�nitesimally Hilbertian assumption, even though some regularity assumption is necessary,
as the examples of Section 4.1 will illustrate.

Theorem 4.3. Let (X, d,m) be an RCD(K,∞) metric measure space with m(X) <∞. Let
q > 1 and let us suppose that there exists a function f ∈ Λq(X, d,m) that minimizes (18).
Then, for every 1 ≤ p < q it holds

p (λ1,p(X, d,m))
1
p < q (λ1,q(X, d,m))

1
q . (62)

To prove the strict monotonicity we will rely on the following technical lemma. Basically it
amounts to say that a non-null Sobolev function f such that |∇f | ≤ C|f | for some constant
C ≥ 0 needs to have constant sign and cannot vanish on a large set.

Lemma 4.4. Let (X, d,m) be an RCD(K,∞) metric measure space and let p > 1. Assume
that there exists a function f ∈W 1,p(X, d,m) such that

|∇f | ≤ C|f | , m-a.e. on X , (63)

for some constant C ≥ 0. Then, either f > 0, f = 0 or f < 0 holds m-a.e. on X.

Proof. Let f ∈ W 1,p(X, d,m) be a non-null function and let us suppose by contradiction
and without loss of generality that m({f > 0}) > 0 and m({f ≤ 0}) > 0. In particular,
we can �nd two bounded sets A1, A2 ⊂ X with positive and �nite measure and such that
f > 0 a.e. on A1 and f ≤ 0 a.e. on A2. Let µ1 and µ2 be the probability measures obtained
by restriction and normalization of the measure m to A1 and A2 respectively. Observe that
f > 0 holds µ1-a.e. and f ≤ 0 holds µ2-a.e. .
Then let Π ∈ P(C([0, 1], X)) be the optimal geodesic plan representing the W2-geodesic
between µ1 and µ2. Observe that Π is a test plan and it is concentrated on constant speed
geodesics. Therefore the following conditions are satis�ed for Π-a.e. γ ∈ C([0, 1], X):

(i) f ◦γ : [0, 1]→ R has an absolutely continuous andW 1,p representative, that we shall
identify with f ◦ γ without risk of confusion;

(ii) f(γ(0)) > 0 and f(γ(1)) ≤ 0;
(iii) | ddtf(γ(t))| ≤ Cγ |f(γ(t))| for a.e. t ∈ (0, 1), for some constant Cγ ≥ 0 (depending on

C and the length of the geodesic γ).

Conditions (i) and (iii) follow from the fact that Π is a test plan, together with (63). Con-
dition (ii) follows from the fact that f > 0 and f ≤ 0 hold µ1 and µ2-a.e., respectively, and
(e0)]Π = µ1, (e1)]Π = µ2.

Let us consider a curve γ such that (i), (ii) and (iii) are veri�ed. We next prove that this
yields to a contradiction. Indeed, letting t0 ∈ (0, 1] be such that f(γ(t0)) = 0, by integrating
(iii) we easily obtain the inequality

|f(γ(t))| ≤
∫

[t0,t]
Cγ |f(γ(s))|ds , (64)

for any t ∈ [0, 1]. The integral form of Gronwall's inequality yields then that |f(γ(t))| = 0
for any t ∈ [0, 1], contradicting (ii). �
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Proof of Theorem 4.3. Fix 1 < p < q and let us suppose by contradiction that

p (λ1,p(X, d,m))
1
p = q (λ1,q(X, d,m))

1
q . (65)

By assumption, there exists f ∈W 1,q(X, d,m) such that∫
X
|f |q dm = 1 ,

∫
X
|f |q−2f dm = 0 ,

∫
X
|∇f |q dm = λ1,q(X, d,m) . (66)

Notice that we can apply the very same argument used in the proof of Proposition 4.1 (case
p > 1) with ε = 0 and by replacing the slope with the minimal weak upper gradient. Since
equality holds in (65), equality holds in Hölder's inequality, that we used in equation (57).
In particular, there exists a constant C ≥ 0 such that |f | = C|∇f | m-a.e.

We now appeal to Lemma 4.4 to reach the desired contradiction, since by the �rst two
conditions in (66) we know that f is non-null and must change its sign.

Finally, notice that (62) holds also for p = 1: indeed the strict inequality trivially follows
by the case p > 1 and Proposition 4.1.

�

An immediate corollary is the following:

Corollary 4.5. Let (X, d,m) be an RCD(K,∞) metric measure space, with m(X) = 1,
admitting a superlinear isoperimetric pro�le. Then the function

[1,∞) 3 p 7→ p (λ1,p(X, d,m))
1
p (67)

is strictly increasing.

Proof. Let us observe that the in�mum in the variational de�nition of λ1,p is attained for
any 1 < p < ∞, under our assumptions. This is a consequence of the superlinearity of the
isoperimetric pro�le which yields in turn the compactness of the embedding ofW 1,p into Lp,
see Theorem 2.17 (i). The result thus follows from Theorem 4.3. �

Under some additional assumptions, we show that the Cheeger's inequality is strict even
when m(X) = ∞. Let us focus on the case p = 1 and q = 2, and notice that here λ1 is
naturally replaced by λ0.

Theorem 4.6. Let (X, d,m) be an RCD(K,∞) metric measure space with m(X) =∞ and
K ∈ R. Let us suppose that λ0 := inf σd(−∆) < Σ (this is always the case if the spectrum is
discrete) and that the λ0-eigenfunction is in L∞(X,m).

Then the equality in Cheeger's inequality is never attained, i.e.

λ0 >
1

4
h(X)2. (68)

Proof. The proof is by contradiction.
Step 1. Aim for this step is to prove that, assuming equality holds in Cheeger's inequality,

we obtain the existence of a function f ∈ D(∆) such that −∆f = λ0f and

|∇f | =
√
λ0 |f |, m-a.e. . (69)

First of all, under our assumptions Theorem 2.17 implies that λ0 (and thus also h(X)) is
positive and that there exists f ∈ D(∆) ⊂ W 1,2(X, d,m) with −∆f = λ0f , and ‖f‖2 = 1.
From Lemma 2.16 we know that

|D(f)2|(X) ≤ 2

∫
X
|f | |∇f | dm,
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and we can apply the Cauchy-Schwarz inequality to infer

2

(∫
X
|∇f |2 dm

) 1
2
(∫

X
|f |2 dm

) 1
2

≥ |D(f)2|(X) (70)

Using the coarea formula (31) and recalling that ‖f‖2 = 1, we obtain

2
√
λ0 = 2

(∫
X
|∇f |2 dm

) 1
2 (70)
≥ |D(f)2|(X)

(31)
=

∫ ∞
0

Per({(f)2 > t}) dt

≥ h(X)

∫ ∞
0

m({(f)2 > t}) dt = h(X)

∫
X
f2 dm = h(X) = 2

√
λ0,

(71)

where the last identity comes from the assumption that equality is achieved in Cheeger's
inequality. It follows that all the inequalities in (71) are actually equalities. In particular(∫

X
|∇f |2 dm

) 1
2

=

∫
X
|∇f ||f | dm . (72)

By the equality case (72) in the Cauchy-Schwartz inequality we can infer that |∇f | = C|f |
m-a.e., for some constant C > 0. Since

λ0 =

∫
X
|∇f |2 dm =

∫
X
C2f2 dm = C2

the claim (69) follows.

Step 2. Since f ∈ L∞(X,m) and −∆f = λ0f we have that ∆f ∈ L∞(X,m) and also (up
to a suitable choice of m-a.e. representative) f ∈ Lipb(X) by the L∞ − Lip regularization of
the heat semigroup (22).

We are now in position to apply [13, Theorem 9.6 (b)]. Thus, for any T > 0 we can �nd
a test plan Π ∈ P(C([0, T ], X)) such that (e0)]Π = m and

f(γ(t))− f(γ(s)) =

∫ t

s
|∇f |2(γ(r))dr =

∫ t

s
λ0f

2(γ(r))dr, (73)

for any 0 ≤ s ≤ t ≤ T and for Π-almost every γ. Observe that, �xing any such curve γ and
setting F (t) := f(γ(t)), F is smooth and it veri�es the ODE

F ′(t) = λ0F
2(t) (74)

in the classical sense. Indeed it is absolutely continuous, it solves the ODE in the almost
everywhere sense and the derivative itself is continuous, allowing to bootstrap the regularity.
Observe that if F (0) = 0, then F (t) = 0 for every t ∈ [0, T ]. Otherwise, if F (0) > 0 there is
no bounded solution of (74) up to time 1/(λ0F (0)).

We claim that f vanishes identically, contradicting the assumption
∫
X f

2 dm = 1. If this
is not the case we can �nd ε > 0 and a set of positive measure E ⊂ X such that for any
x ∈ E it holds f(x)λ0 > ε. Then we apply the construction above with T = 1/ε �nding
Π ∈ P(C([0, T ], X)) verifying (73) and such that, for a set of positive Π-measure of curves γ,
it holds f(γ(0))λ0 > ε. Recalling what we pointed out above concerning bounded solutions
of (74), we obtain a contradiction, since f is bounded.

�

Remark 4.7. We notice that there exist RCD(K,∞) metric measure spaces satisfying the
assumptions of Theorem 4.6. For instance, let us consider R endowed with the Euclidean
distance d(x, y) = |x−y| and the measure m := ex

2/2dL1. One can easily see that it satis�es
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the RCD(−1,∞) condition. A result of Wang [63, Example 5.1] ensures that the spectrum is
discrete. Finally, by using Proposition 2.4, the associated heat semigroup is ultracontractive
(thus any eigenfuction of the 2-Laplacian is in L∞).

4.1. Examples. We have seen in the previous results that the existence of a �rst eigen-
function of the Laplacian is a relevant assumption in order to obtain that the Cheeger's
inequality is strict. We now collect a series of examples of RCD spaces (actually, smooth
Riemannian manifolds) where this assumption is not satis�ed and equality in Cheeger's
inequality is achieved.

Example 4.8. An RCD(0, n) space with in�nite measure satisfying λ0(X) = h(X) = 0.
A classical example of equality in Cheeger's inequality is obtained in the Euclidean space

(Rn, | · |, dLn). Indeed, it is well known that λ0(Rn) = 0 (see e.g. [38, Example 10.9]).
By Cheeger's inequality and the trivial nonnegativity of the Cheeger constant (or by direct
computation, considering balls of increasing radii as competitors in the de�nition), we also
have h(Rn) = 0.

Example 4.9. An RCD(K, 2) space with �nite measure satisfying λ1(X) = h(X) = 0.
The following example is strongly inspired by [20]. For |t| > 1, let us de�ne the function

f(t) := e−
√
|t|. We consider an extension F : R → R of f such that F ∈ C∞(R), F is even

and F (t) > 0 for every t ∈ R. We denote by S the surface of revolution parametrized by

(t, θ) 7→ (F (t) cos(θ), F (t) sin(θ), t) , (t, θ) ∈ R× [0, 2π).

The surface S is a 2-dimensional Riemannian manifold with the warped product structure
R ×F S1, where the R factor is endowed with the arc-length metric dx2 = (1 + F ′(t)2)dt2

and the S1 factor is endowed with the standard metric.
We claim that S has �nite volume, Gaussian curvature bounded from below and λ1(X) =

0.
Indeed,

vol(S) = 2π

∫ ∞
−∞

F (t)
√

1 + (F ′(t))2 dt <∞ ,

since the integrand is continuous and integrable at in�nity as a consequence of the asymptotic

F (t)
√

1 + (F ′(t))2 ∼ e−
√
|t| as |t| → ∞ .

The Gaussian curvature K can be computed using a classical formula for surfaces of
revolution, i.e.

KS(t, θ) = − F ′′(t)

F (t)
√

1 + (F ′(t))2
.

We thus observe that KS is bounded from below since F is smooth, strictly positive and

− F ′′(t)

F (t)
√

1 + (F ′(t))2
= −

√
|t|+ 1

4|t|3/2
√

1 + e−2
√
|t|

4|t|

> −1

2
, for |t| > 1 .

Thus S is an RCD(K, 2) space, for some K ∈ R. It remains to show that λ1(S) = 0 (which
will imply in turn that h(S) = 0 by Cheeger's inequality). In order to prove this, it is
su�cient to show (see also [44, Section 3])

µS := lim sup
r→∞

1

r
log
(

vol(S)− vol(Br)
)

= 0 ,



THE EQUALITY CASE IN CHEEGER'S AND BUSER'S INEQUALITIES ON RCD SPACES 23

where Br denotes the geodesic ball of centre (0, 0) and radius r.
Since by elementary considerations

vol(S)− vol(Br) ≥ 2π

∫
|t|>x

F (t)
√

1 + (F ′(t))2 dt

where x is de�ned so that

r =

∫ x

0

√
1 + (F ′(t))2 dt ,

we obtain

µS ≥ lim sup
x→∞

log
( ∫∞

x F (t)
√

1 + (F ′(t))2 dt
)

∫ x
0

√
1 + (F ′(t))2 dt

and the limit superior in the right hand side is actually a limit equal to 0. To see this, one
can apply twice L'Hospital's rule and then use the explicit expression of F (x) for x > 1.
Since it trivially holds that µS ≤ 0, we have µS = 0 and the claim follows.

Example 4.10. An RCD(−1, 2) space with in�nite measure satisfying λ0(X) = 1
4h(X)2 >

0.
We claim that the hyperbolic plane H2 realizes the equality in Cheeger's inequality with

the additional property, with respect to Example 4.8, that the bottom of the spectrum
and the Cheeger constant are non trivial. Of course, the volume of the hyperbolic plane is
in�nite.

Let us recall that, as proved for instance in [48], on the hyperbolic plane (equipped with
the canonical volume measure) it holds λ0 = 1/4.

Let us verify that the Cheeger constant of the hyperbolic plane equals 1. In order to do
so we recall the isoperimetric inequality

Per(A)2 ≥ 4πm(A) + m(A)2, (75)

for any set of �nite perimeter A ⊂ H2, see [18, 54, 59] dealing with sets with smooth bound-
ary, the extension to sets of �nite perimeter can be obtained with standard approximation
arguments. Moreover, we recall that geodesic balls realize the equality in (75). From (75)
we easily deduce that

Per(A)

m(A)
≥ 1,

for any A ⊂ H2 with �nite perimeter. This proves that h(H2) ≥ 1. To prove that h(H2) = 1
we just observe that geodesic balls with radii going to in�nity verify

Per(Br)

m(Br)
→ 1,

as r → ∞, by direct computation or by equality in (75). This proves that h(H2) = 1 and
therefore equality holds in Cheeger's inequality.

Example 4.11. An RCD(−1, 2) space with �nite measure satisfying λ1(X) = 1
4h(X)2 >

0.
We claim that an example of (actually smooth) metric measure space with �nite reference

measure, verifying the RCD(−1, 2) condition and the equality in Cheeger's inequality is given
by the symmetric three-punctured sphere with hyperbolic metric, that we shall denote by
D. Moreover in this case

λ1(D) =
1

4
h(D)2 > 0 . (76)
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The example is strongly inspired by [22] where sharpness of the Cheeger inequality was
pointed out exhibiting a family of compact Riemannian manifolds almost attaining the
inequality.

Let us brie�y recall how a hyperbolic metric on the three-punctured sphere can be built,
referring to [31, Section 10.5] for a more detailed construction and all the relevant background
on hyperbolic geometry.
This hyperbolic manifold can be seen as a degenerate pair of hyperbolic pants, with cusps
in place of the three boundary components. More in detail we can also obtain it considering
a degenerate hexagon on the Poincaré disk model of the hyperbolic plane (i.e. we consider
three points on the boundary of the disk equidistant with respect to the standard metric and
connect them with hyperbolic geodesics) and gluing it with itself along the three boundary
components (i.e. we consider the double of the starting triangle T). Observe that the
resulting Riemannian manifold, that we shall denote by D, is a non compact, complete
hyperbolic manifold. In particular it has constant sectional curvature −1 and therefore it
is an RCD(−1, 2) metric measure space when endowed with the canonical volume measure
vol.

We claim that D has �nite volume, in particular it holds that vol(D) = 2π. We just
provide a sketch of the strategy to verify this conclusion, since the result is well known.

The more direct way to check this conclusion is by directly computing vol(T) = π, using
the explicit formulas for the Poincaré disk model, and then to argue that vol(D) = 2π,
since D is the double of T. Alternatively one can rely on a general version of Gauss-Bonnet
formula [41] taking into account the fact that D is homeomorphic to the sphere with three
punctures and therefore it has Euler characteristic χ(D) = −1. Therefore, denoting by KD
the Gaussian curvature,

−vol(D) =

∫
D
KD dvol = 2πχ(D) = −2π.

We divide the veri�cation of (76) in two steps.
First let us prove that h(D) = 1. In order to do so we rely on the study of the isoperimetric
problem on hyperbolic surfaces pursued in [1]. Since D has three cusps (corresponding to
the three punctures of the sphere), by the last part of the statement of [1, Theorem 2.2] (see
also the remark after its proof) we get that, for any value of the area 0 < v ≤ π = vol(D)/2,
it holds that

Per(A) ≥ vol(A) = v,

for any set of �nite perimeter A such that vol(A) = v. Moreover there are sets for which
equality is attained in the above inequality (neighbourhoods of cusps bounded by horocy-
cles). Therefore, by the very de�nition of the Cheeger constant, it holds h(D) = 1.

We are thus left with the veri�cation of the identity λ1(D) = 1/4. Observe that thanks
to Cheeger's inequality it is su�cient to prove that λ1(D) ≤ 1/4, the other inequality will
follow from our estimate on the Cheeger constant. In order to do so we exhibit a sequence
of Lipschitz functions fn : D→ R such that∫

D
fn dvol = 0,

∫
D
f2
n dvol = 1,

for any n ∈ N and ∫
D
|∇fn|2 dvol→ 1/4, as n→∞ .

The conclusion λ1(D) ≤ 1/4 will follow from (2).
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Let us denote by λD1 (Ω) the �rst Dirichlet eigenvalue of the Laplacian on a smooth domain
Ω contained in a Riemannian manifold. Recall that there is a variational characterization
for λD1 analogous to (2).
As we already observed, D has constant Gaussian curvature −1. Therefore Cheng's inequal-
ity [27, Theorem 1.1] applies and yields that for any x ∈ D and for any r > 0 it holds

λD1 (BD
r (x)) ≤ λD1 (BH2

r (x̄)) , (77)

where BH2

r (x̄) is the ball of radius r and centre x̄ in the hyperbolic plane. Moreover it is
known (see for instance the top of [27, p. 294]) that

λD1 (BH2

r (x̄)) ≤ 1

4
+

(
2π

r

)2

, (78)

for any r > 0. Combining (77) with (78) we infer that for any ε > 0 there exists r > 0 such
that for any x ∈ D it holds

λD1 (BD
r (x)) ≤ 1

4
+ ε. (79)

Next we choose points x1, x2 ∈ D such that d(x1, x2) > 2r, where we denoted by d the
Riemannian distance induced by the hyperbolic metric on D. By (79) and the variational
characterization of the �rst Dirichlet eigenvalue we can �nd non negative Lipschitz functions
f ε1, f

ε
2 with compact support in Br(x1) and Br(x2) respectively and such that∫

D
(f ε1)2 dvol =

∫
D

(f ε2)2 dvol = 1 (80)

and ∫
D
|∇f ε1|2 dvol ≤ 1

4
+ ε,

∫
D
|∇f ε2|2 dvol ≤ 1

4
+ ε. (81)

Next we observe that we can �nd coe�cients aε1, a
ε
2 ∈ R such that, setting f ε := aε1f

ε
1 +aε2f

ε
2,

it holds ∫
D
f ε dvol = 0,

∫
D

(f ε)2 dvol = 1

and ∫
D
|∇f ε|2 dvol ≤ 1

4
+ ε.

Since f ε is an admissible competitor in the variational de�nition of λ1(D) and ε is arbitrary
we infer that λ1(D) ≤ 1/4, as desired.
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