SHAPE OPTIMIZATION PROBLEMS FOR FUNCTIONALS WITH A
BOUNDARY INTEGRAL

GIUSEPPE BUTTAZZO AND FRANCESCO PAOLO MAIALE

Dedicated to Umberto Mosco for his 80th birthday

ABSTRACT. We consider shape optimization problems for general integral functionals of
the calculus of variations that may contain a boundary term. In particular, this class
includes optimization problems governed by elliptic equations with a Robin condition on
the free boundary. We show the existence of an optimal domain under rather general
assumptions and we study the cases when the optimal domains are open sets and have
a finite perimeter.
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1. INTRODUCTION
Let D C R? be a bounded open set with a Lipschitz boundary. In this paper, we are
interested in the following shape optimization problem.
Problem. Find a domain € which solves the minimization problem
inf {7(Q) : QC D, Q Lipschitz},
where the shape functional J is defined by
J(Q) = min{/ j(x,u, Vu) dx+/
Q o0

Here p > 1, H%~! is the (d — 1)-dimensional Hausdorff measure, and the integrands
j and g satisfy suitable properties.

g(z,u)dH¥! 1 e Wl’p(Q)} .

The prototype of our class of integral functionals can be obtained by solving the PDE
with Robin boundary condition

{—Au:f in Q 11

Bu+ dyu=0 on 9N

and minimizing the corresponding energy

1
/ |Vu|2dx—/fudm+6/ u? dH,
2 Jo Q 2 Joq

among all domains 2 C D with prescribed Lebesgue measure |2|. This corresponds to the
integrands
: 1 p
]($,S,Z):§|Z‘2—f(l')8+6, 9(13,5):532,
where c is the Lagrange multiplier associated to the measure constraint on §2. The stability
of solutions of elliptic equations under Robin boundary conditions, with respect to the
variation of the domain, has been studied in [§].
When the Robin boundary condition is replaced by the Dirichlet condition

u = 0 on 0,
1
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and g(z,0) = 0, the boundary integral disappears, and the corresponding shape optimiza-
tion problem has been considered in [9]. The shape optimization problem under Robin
boundary condition on 92, in a general form, was first studied by Bucur-Giacomini in
[7]. They considered the right-hand side f = 0 but with a Dirichlet condition of the form
u = ug on a prescribed part Dy of D. The addition of a zero-order term in our frame-
work is the natural variational formulation of problem and raises several technical
difficulties.

The key idea, introduced in [7], consists in extending all functions u € W1P(Q) to the
whole R? by setting u = 0 outside €. In this way, the Sobolev property of the extension is
clearly lost; however, the extended functions belong to some SBV space, which allows us
to write the boundary integral corresponding to a function u as an integral on the jump
set of u. In this way, the dependence on the domain €2 can be removed, and the problem is
reduced to the minimization of a functional of the calculus of variations which includes a
standard integral term and an additional integral term over the jump set of the competing
functions u.

The main result (see Section for more details) of our paper is the existence of an
optimal shape 2 which is open and has finite perimeter. To achieve this result we first
consider the relaxation of our initial problem to the family of sets

A(D) := {Q C D : Qopen, dQ is H? T-rectifiable and H?~1(90) < oo}
by setting for € A(D)

= in (z,u, Vu) dx z,ut T,u- =1 .
@)= it A [ i vodes [ lgeat)sotean] a0

where Vu, ut, u~ will be defined in Section Next, we show that the shape optimization
problem can be reformulated in terms of the following free discontinuity functional

= (z,u, Vu) dx T, u T, U d—1 .
.mwﬁwxﬂvm+ﬂwjﬂw«>wﬂ, (1.3)

defined on the set of functions
Fp = {ueSBV(Rd) : UZOOan\D},

where J,, denotes the jump set of u. The paper is organized as follows:

(1) The relaxed shape optimization problem reduces to a problem of the calculus of
variations; more precisely, we consider

min {F(u) : ueFp}. (1.4)

Indeed, if Q is an optimal shape for the minimization problem associated to the

relaxed functional (1.2, then © coincides (see Lemma with the set {a # 0},
where @ is a solution of the variational problem .

(2) The functional in is not coercive on Fp; thus, to obtain lower semicontinuity
and compactness, we extend the functional to the functional space

Xp:={u:uVve, un(-¢) e GSBV(R?) Ve > 0, u =0 on Rd\D},
where GSBV(R?) is the space of all functions u such that
wA M and uV (=M) are in SBV (R%) for every M > 0.

In this extended framework, we prove (see Theorem [2.12)) that, under some as-
sumptions on the integrands j and g, the minimization problem

min {F(u) : u€Xp}

admits a solution % € Xp which, a priori, may not belong to SBV(R%).
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(3) The next step is achieved as a consequence of Theorem which asserts that
la| > a >0 where @ # 0,
and, as an immediate consequence, that @ € GSBV(R?). This solution is then
proved to be more regular, i.e.,
% € SBV(R?) with @ =0 on R?\ D

as a corollary of Lemma which tells us that @ € L>®(R?). In particular (see
Theorem [2.13)), the optimal shape Q has finite perimeter.
(4) Using an argument concerning the Mumford-Shah-type functional

MS(u):= [ f(z,Vu)de+HTT,)
R4
in Theorem we prove that the optimal shape Q = {u # 0} is open (and thus
belongs to A(D)) and there holds

J(Q)=inf{T(Q) : Qe A(D), Q Lipschitz}.
2. PRELIMINARIES AND MAIN RESULTS

Throughout this paper, we indicate by |- | the d-dimensional Lebesgue measure and by
H?1 the (d —1)-dimensional Hausdorff measure. We use x g to indicate the characteristic
function of a subset E of R?, defined by

w1 ek
XEW =0 ife¢ B

We denote by Du the distributional derivative of a function u and by B, (z) the open ball
centered at x with radius 7.

2.1. Lower semicontinuity and compactness in SBV(R?). The natural framework of
our paper is the SBV space, the class of special functions of bounded variation which was
introduced by De Giorgi and Ambrosio in [I1] and used by De Giorgi, Carriero and Leaci
in [12] to successfully solve the free discontinuity minimum problems. Before giving the
formal definition, we recall some well-known notions and we refer to [I] and to the book
[3] for all details.

Definition 2.1. Let A C R? be an open set. Given a function u € L'(A), the total
variation of u in A is defined as

/\Du! —sup{/udiv((ﬁ)dx : ¢ e CHARY, qu”oogl}.

The space BV(A) of all functions with bounded total variation in A is then

BV(A) := {u c LY(A) : /A|Duy < —i—oo}.

In other words, a function u € L'(A) belongs to BV(A) if and only if its distributional
derivative Du belongs to the space of finite vector-valued Radon measures.

Given a function u : R* — R the precise representative of u, which belongs to the same
class in L'(R?), is defined by setting

u(x) := lim u(y) dy.
@ =t f

If w € Whp (]Rd), 1 < p < o0, the limit above exists up to a set of p-capacity zero (shortly
Cp-a.e., where C), denotes the p-capacity), while if u € BV(R?) it exists up to a set of
H! measure zero. If u € BV(A) we denote by Vu the part of the measure Du which is
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absolutely continuous with respect to the Lebesgue measure, and by D®u the corresponding
singular part. The asymptotic values of u near a point of discontinuity, are defined by

u” (z) = sup {tGR : lim {Br(x)ﬂ{u = tH :0},

r—0 ‘BT<$)’
u(z) = in : lim |Br(x)ﬂ{u>t}} =
0 =int {1 i PO <0,

and the jump set J, is the set where u™ # u™.

Definition 2.2. Let A C RY be an open set. The class SBV(A) of special functions with
bounded variation on A consists of all w € BV(A) such that the total variation of the
singular measure D%u is given by

|D%u| = |ut —u” [HILL .

As mentioned in the introduction, the space SBV(Rd) is the natural one to solve the
minimization problem (T.4). However, the coercivity in SBV(R?) of the functional F in
(1.3) is not guaranteed because pathological behaviors are, in principle, still possible.

Definition 2.3. Let A C RY be an open set. The class GSBV(A) is defined as the set of
functions u such that

uAM and uV (—M) are in SBV(A) for every M > 0.

In other words, a function belongs to GSBV(A) if and only if any truncation that makes
the L>™-norm finite is an element of SBV(A).

Following the strategy proposed in [6] and taking into account that we do not have a
natural constraint on the L°°-norm, we need first to work on the space

Xp:={u : uVve, uA(—e) € GSBV(R?) Ve > 0, u:Ooan\D}.

In this way we may avoid wild oscillations near {u = 0} and, at the same time, we may
work with the bounded truncations u A M, uV (—M). Going back to the main framework,
we need to introduce the weak convergence in SBV(R?) N L>(R9).

Definition 2.4. Let A C R? be an open set. A sequence {un}nen converges to u weakly
in SBV(A) N L (A) if the following properties are satisfied:

(1) up(z) = u(zx) at a.e. x € A,

(2) Vu, — Vu weakly in L'(A),

(3) both ||unlloo and HEY(Jy, ) are uniformly bounded.

The lower semicontinuity of functionals defined in SBV(A) was first studied by Ambrosio
in [2] and will be crucial in the following.

Theorem 2.5 (Ambrosio). Let ¢(x,s,2) be a Carathéodory function on R% x R x R? and
let ¥(x,a,b) be a continuous function on R? x R x R. Suppose that:
(i) the function (x,s,-) is conver;
(ii) there is v > 1 such that the estimate
o(z,s,2) > |2
holds true for all z € R%, all s € R and a.e. v € R%;

(7ii) the function 1 is nonnegative and satisfies the triangular inequality, namely

Y(x,a,b) < Y(x,a,c) + P(x,c,b).
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Then for every open set A C R the functional

F(u) = / o(x,u, Vu)de + [ bz, ut u)dH??
A Ju

1

1oc(A) convergence.

is lower semicontinuous in SBV(A) with respect to the L

Remark 2.6. In [2] the result above was actually obtained under weaker assumptions on
 and . However, in our case, we have

B [g(u™) + g(u™)] < v(z,uh um) < Ba [g(u™) +g(u)]

with (1, B2 positive, and g positive; hence the triangular inequality is automatically satis-
fied in view of the assumptions in Section

Remark 2.7. In Theorem the assumption ¢(z, -, ) continuous for a.e. x can be weak-
ened. Indeed, using an approximation argument and Beppo Levi’s monotone convergence
theorem, one can require ¢(z, -, ) to be lower semicontinuous only.

Remark 2.8. Note that this result also applies to sequences u,, in GSBV(A). Indeed, using
the same notation, we can write the functional as

F(u) = / o(x,u, Vu) dx —I—/ Pz, ut,u) dHT + 0(1) = Fi(u) + o(1)
Anflul<M} Jul{|ul<M}

which means that F is lower semicontinuous in SBV(A) with respect to the Ll (A)
topology. In particular, we have

lim inf Fy (uy,) > Fi(u)

so that, by taking the limit as M — oo, we easily deduce that the same is true with F' in
place of F}.

We conclude this section with a few results giving the coercivity of functionals in SBV(A)
and GSBV(A). The first one was proved by Ambrosio in [I].

Theorem 2.9 (Ambrosio). Let A be an open bounded set in R?, let ¢ : [0,00) — [0, 0]
be a convexr non-decreasing function satisfying the condition

lim M—

t—oo o ’

and let © : [0, 00] — [0, 00] be a concave non-decreasing function such that

lim —G(t) =00
t—0t+ 1

Let (un)neny € SBV(A) N L™®(A) be a sequence such that |uy|p~ < C for a suitable
constant C, and

sup {/ O(|Vun|) dz +/ O(luf — uy ) d?-ld_l} < 0. (2.1)
neN A Jun

Then there exists a subsequence converging in measure to a function u € SBV(A)NL>®(A)
such that

Vuy, — Vu weakly in L'(A).

Remark 2.10. If we take the concave non-decreasing function

o) = 0 ?ftzo,
1 ift>0,
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and the convex non-decreasing function ¢(t) = |¢|%, then condition ([2.1)) reads as

sup {/ |Vu,|?dz + Hd_l(,]un)} < 00. (2.2)
A

neN

The functional appearing in (2.2)) is usually known as the Mumford-Shah functional and
we will use it again to show that optimal domains €2 are open.
Lemma 2.11. Let (up)neny € GSBV(A) be a sequence of functions and assume that the
following properties hold:

(1) there exist c1,c2 > 0 and g > 1 such that ||[un||Laay < c1 and [|[Vug| paay < c2;

(2) there exists c3 > 0 such that fJu [ |7+ Juy, 9] d’Hd b <es;

(3) there exists cy > 0 such that H1(J,,) < c4.
Then u, converges, up to subsequences, strongly in L1(A) to a function u € GSBV(A)
that satisfies the properties (1), (2) and (3) with the same constants above.

Proof. Using (1) we immediately deduce that u,, converges up to subsequences to some u
weakly in LI(A) which satisfies the inequality

||u||Lq(A) < hmlnf ||unHLq ) < et

Therefore, using a standard result in functional analysis, to prove that wu, converges
strongly to u in L%(A) it is enough to prove the convergence of the norms:

/]un|qu nzee, /]u|qd:€
A

Now notice that the weak derivative of u, can be written as the sum of the absolutely
continuous part and the singular one; namely, we have

Duy, = Vuy, - dx + (u) —uy ) vy - dHHL Ty,

where v, is the normal unit vector to J,,,. Let wy, := |u,|?. A simple computation shows
that for its weak derivative we have

[Dwal = gl [V - dr 4 [ |7 — s ] - a4 L,
so that its total variation as a measure is given by

/wwww/mmﬂwwm+/ [
A A J.

un

<q/ [[un|? + [ Vun|] dm+/ [Ju |+ Ju, 7] dH?
A w

n

< q[c] +cf] + 3 =: Cy.

This means that w,, converges to some w in BV(A) and, in particular, it converges strongly
in L'(A) to w. Finally, we notice that

Duy,| = Vun dx + uf — | dHET
| n n

s/u+w%mw+/ (U |7+ g |7) !
A u

n

gw+%*%m»ﬁ/wme+/ [t |7+ g |7] dHe=!

Un

<|Al+eca+c+e3=:Cypa
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which means that wu, converges strongly to u in L'(A) and weakly in L(A). Therefore,

using the fact that
/|un|qdm:/ |wn]d;vTH—OO>/ |w]| dz,
A A A

we easily deduce that |u|? = w, concluding the proof of the result. ([

2.2. Assumptions on j and g. We will now briefly describe the assumptions on j and
g that are sufficient to obtain our main results. The model integrands are respectively

j(@,u, Vu) = [Vul” — f(z)u+1,
where f is a function that belongs to a Lebesgue space, and
g(@,u) = Blul?
for some 5 > 0 so that for p = ¢ = 2 we obtain the Robin-type problem (|I.1]). In particular,

we require that j satisfies some (or all) of the following properties:

(1) = + j(x,s,&) is measurable for all (s,&) € R x R?, (5,&) — j(x,s,£) is lower
semicontinuous for almost every z € R? and & — j(z,s,¢) is convex for all s € R
and almost every z € R?.

(j2) The function j(z, 0,0) belongs to L'(R?) and for a.e. € R? we have j(z,0,0) > 0.

(j3) There are p > 1 and L > 0 such that

j(.T,S,g)-j(.%,S,O) 2L|£‘p> (23)
and functions f € L®°(RY), a € L'(RY), and 1 < q < p for which
j(@,5,0) = = f()[s|]! — a(x), (2.4)
holds for a.e. x € R%. Furthermore, the function f satisfies the estimate
L
11l oo (may < 2*q)\51/L,q(BD), (2.5)

where f; is introduced in assumption (g3), Bp is any ball of volume |D| and for
a > 1 and b > 0 we define

Aba(B) = min fB Vul* do + bfaB |u|® d’Hd_l.
) ueWle(B)\{0} fB [ul® da

(j4) There exists 9 > 0 such that for a.e. x € R? there holds
j(x,8,0) — j(z,t,0) >0 for all s <t < eg.

Furthermore, if ¢ is the exponent given in (j3), then

(p—1) 2

p

p>q>max{ 1, p+ (2.6)

2p—1 (d—1)p 4(p—1)

T4+ (d—1)p

(j5) The lower bound (£2.3) is an equality, namely
j(x, 376) —j(w,s,O) = L|§‘p
Furthermore, there are My > 0 large and a positive constant C; such that

j(x,s,0) — j(z,t,0) > =Cj|s|? forall s >t > M. (2.7)

In a similar fashion, we require that g satisfies some (or all) of the following properties:

(gl) =+ g(z,s) is measurable for all s € R and s — g¢(z, s) is lower semicontinuous for
a.e. v € R
(g2) For every z € R? we have g(x,0) = 0.
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(23) There exists a continuous positive function £ : R? — (0, 00) such that
g(x,8) = Br(x)[s[? (2.8)

for a.e. z € R? and all s € R, where ¢ is as in (j3). Furthermore, £ :=
min,cga B1(x) > 0.
(g4) There exists a continuous positive function £y : R — [0, 00) such that

Ba(z)|s]? > g(z,8) = Pr(z)]s|?
for a.e. x € R? and all s € R, where ¢ is as in (j3). Furthermore, £ :=

mMaX,cRrd ﬂz(l’) > (.

2.3. Main results. The first step, the existence of a solution @ for the minimization
problem (1.4) with Xp in place of Fp, is obtained under very mild assumptions:

Theorem 2.12. Suppose that j and g satisfy (j1)-(33) and (g1)-(g3) respectively. Then
the minimization problem

min {F(u) : ue Xp}
admits a solution u € Xp. Furthermore, the relazed shape optimization problem associated
to the functional (1.2)) is solved by 2 := {u # 0} on the class
{QC D : Q measurable} D A(D).

The proof of the second assertion is an easy consequence of Lemma [3.1] However, the
solution u only belongs to Xp so we need an additional effort to show that u € Fp or, in
other words, that @ has finite L*°-norm (see Lemma and also that it is bounded from
below by a positive constant (see Theorem .

Theorem 2.13. Let j and g be as in Theorem [2.12| If we further assume (j4) and (g94),
then @ solves (1.4) and u > 0. In other words, u € Fp and, consequently, Per(§2) < oo,
so that the optimal shape ) = {u > 0} belongs to the class

{Q C D : 9 is Hi L -rectifiable with HI1(8Q) < oo} D A(D).

Finally, following the strategy in [7], we prove that Q is open and therefore it minimizes
J on the class A(D) which we recall to be defined as

A(D) := {Q c D : Q open, 89 is H -rectifiable with H41(9Q) < oo} .

The key point here is the essential closedness of the jump set associated to the optimal
function u and, obviously, having |||« finite plays a fundamental role here.

Theorem 2.14. Let j and g be as in Theorem [2.12| If we further assume (34), (94), and
(j5), then the optimal set Q@ = {u > 0} is open. Moreover, it turns out that

J(Q) =inf {T(Q) : Qe AD), Q Lipschitz}.

3. PROOF OF THE MAIN RESULTS

The goal of this section is to give a proof of the main results and, at the same time,
introduce all the technical tools we need to carry out our analysis. The main references here
are [9] for the existence of optimal solutions in the case of Dirichlet boundary conditions,
and [6l [7] for the other properties and a Poincaré-type inequality.
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3.1. Reduction to the auxiliary problem. In order to address the minimization of the
functional ([1.2]), we now consider the already mentioned free discontinuity functional

= (z,w, Vu)dx T, U T, U d-1
Flu) ~—/{u¢0}ﬂ(a Vuydat [ o)+ glo,u)] du

u

Our goal is to show that the minimization problem
min {F(u) : u€ Fp}

is, under mild assumptions on j and g, equivalent to the minimization of J among all €2
in A(D) in such a way that the following holds:

i = argmin, .5, F(u) = min{J(Q) : Q€ AD)} =T ({u # 0}).

The reason we introduce another functional is that it is much easier to deal with the
minimization with respect to functions rather than sets.

Lemma 3.1. Assume that j and g satisfy (j2) and (92). If @ is a minimizer of the
auziliary functional given in (1.3)), which we recall to be

u) = (x,u, Vu) dx x,u’ T,u d=1
F(u) /{u#O}J(HV)d +/u[9(, ) +g(z,u”)] dH,

then the shape optimization problem
min {7(Q) : Q€ AD)}
admits a solution of the form Q = {u # 0}.

Proof. Let u € WHP(Q2) and extend it to zero outside of Q. It is easy to verify that

/j(x,u,Vu)da::/ j(x,u,Vu)dm—/ j(z,0,0)dx
Q R4 RI\Q
~ [ i vayde+ [ j@0,0ds~ [ i(.0.0)ds
R4 Q

Rd

=/ j(xvuavu)d:ﬂ—l-/j(x,0,0)dx
{uz#0} Q

> / J(@,u, Vu) X fuzoy dz
R4

since j(x,0,0) > 0 by assumption (j2). In a similar fashion, one has

/8(2 gz, u) dH! :/ [g(x,u+) —{-g(m,O)] dH! —/ g(x,0) dH!

u o0

= / g(m,u+) dH!

u

as a consequence of assumption (g2). If u is not regular enough, we obviously replace the
latter integral as in the formula for F, namely

/ [o(z,u™) + g, )] dHeL,

u

since u~ might not be equal to zero. Now, if % is a minimizer for F, setting  := {u # 0},
the inequalities above give for every Q € A(D)

J(Q) > F(a) > T (Q),
which concludes the proof. ]
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3.2. Proof of Theorem [2.12; existence of a minimizer. We now prove that the
auxiliary functional F has a minimizer @ in the class Xp, namely that the problem

min {F(u) : u€Xp}

admits a solution . However, both the SBV-regularity and the L*°-regularity of @ are
unclear at this point and will be dealt with in the next section. To prove the existence in
the class Xp, the first ingredient is a Poincaré-type inequality that was proved in [6] with
p=2and o € [1,2].

Lemma 3.2. Let p > 1, a € [1,p] and b,m > 0. For every u € SBV(RY) that satisfies the
inequality |{u # 0}| < m, there holds

p/a
[ wupdso [P p) a2 xa() ( / u|adx) RENER)
R4 Rd

u

where B is a ball of measure m and N, o(B) the first Robin eigenvalue. Moreover, the
equality holds if and only if u is the first eigenfunction associated to

VulP dz +b P AU

Ap.o(B) := min Jp Vel do + b Joyy '7‘ e WHP(B)\ {0} ¢

(/ lulo dz)™®

Remark 3.3. This inequality can be extended to any value of p > 1 because in [6] one can
work with SBV'/?(R%) in place of SBV'/?(R%) making minimal changes.

We are now ready to prove the existence of a solution in the class Xp using the lower
semicontinuity and compactness results obtained in Section [2.1

Proof of Theorem [2.12] We divide the proof into two steps, but first we recall that the
notion of convergence on Xp is the following one:

GSBV(R?)
Xp Up Ve —Huve
Up —> U = 4 for all € > 0.
GSBV(R?)
Up N (—&) ————> u A (—¢)

Part 1: Coercivity of the functional F
Let (un)nen be a sequence in Xp such that F(u,) < C for a suitable positive constant
C. The function u, is not in SBV(R?) so we cannot apply the Poincaré-type inequality
mentioned above directly. However, by definition, the truncated function defined as
Une = (Up —€) VO + (up+€) A0

belongs to GSBV(R?) for all ¢ > 0; to replace u, by v, . we first notice that combining
(2.3) and (2.8)) with F(u) < C leads to a more precise estimate, namely

L[ Vuldesp [ il ant e [ eun,0)de,
R4 . {un#0}

where f1 := mingcpe f1(z) > 0. Using assumption (2.4) on the right-hand side, we
immediately deduce that

L/ |Vug|P dz + 51/ (|9 + |uy 7] dHE < Oy —i—/ f(@)|up|? de, (3.2)
Ré u R

n

where
Cy = C'+/ a(x) dzx.
Rd

Now Vu, . coincides with Vu,, in {|u,| > ¢} and is equal to zero otherwise so that the
following inequality is satisfied:

/ |Vuy,|? de 2/ |Vupe|P dz.
R4 R4
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Furthermore, it is easy to notice that
[Tttt @tz [ Qg ) dne

since Jy,, C Jy, for all € > 0 and |u,| > |v,c| by construction. By assumption (2.5) f

is in L*° so that, using the fact that |v,. £ €| > |uy,| when u, is respectively positive or
negative, we obtain

/ F (@)l iz < [ f1] g / |7 dz
Rd Rd

<1 fll oo (mety [/ vmg—i-sqda:—i-/ |Upe — €l dx]
{un=>0} {un<0}

<l | [ et ao+ D).

Therefore, from (3.2]) we obtain a similar estimate for v, . that reads as

L[ Voo py [ ot o] e
Fore (3.3)
< C1+ gl fllpoo mey [/Rd |Un |7 dx + 54|D|] .

The assumption p > ¢ comes into play here because of the Poincaré-type inequality and
of the fact that 1+ |Vu[P > |Vu|?, which gives

L/ Vul? dx + L|D| > L/ V| da. (3.4)
Rd Rd
Now plug (3.4) into (3.3) and let Cy := C} + L|D| to obtain

/d Vel dz + ﬁLl/ “UTJ{@‘(I + |U;,€|q] A"
R

Oy qllfllpooma
< 24— &) /R |vn.c |9 da + 4D | .
The Poincaré-type inequality (3.1)) - which holds for GSBV functions as well - allows us
to bound the left-hand side from below so that the estimate above leads to
QHfHLOO(Rd) QHfHLOO(Rd)

ol Aoy o(B) = THEED | < o 4 I oy

which, taking into account that QquHLoo(Rd) < LAg, /1,4(B) by assumption (2.5), gives
H'UTI,EHL‘Z(]Rd) < ég = él + 028.

This means that v, . is uniformly bounded in L4(R%) as the constant on the right-hand
side is independent of n. It follows from (3.2)) that

él + 026
G

If we now denote by Juzf the set of all jumps of u,, which are bigger than (or equal to) ¢,
namely the set

/ Tt |e + fuj 9] dHe" <

n

It = Ju, N ({u) < —e}U{u, >e}),
then the estimate above can be rewritten as
) < C1 + Cye

e M (J5E
( T 25

Un
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since |u,|? 4 |u,, |7 > 2e? by definition. Therefore, for € small enough we have

i
er 1 J>€ q,
(Ji) < 55
and, using the fact that J,, . = JZ¢ leads to
Cy
HI (Jy,,) < 5 e
() < 51

The right-hand side is uniformly bounded with respect to n, and hence we can apply the
compactness Theorem (more precisely, Remark [2.10) to infer that

Uy e koo, Us € GSBV(Rd)

with respect to L' (R?) convergence. We do not achieve SBV-regularity because Ambrosio’s
theorem requires a uniform bound on the L°°-norm. Nevertheless, a diagonal argument
and pointwise convergence show that there exists some 4 € Xp such that u. =uV e.
Part 2: Lower semicontinuity of the functional F

Let (un)nen C Xp be a sequence converging to u and let v, . be defined as in the first
step. With no loss of generality we may assume F(u,,) < C for a suitable positive constant
C. We first rewrite F(u) = Fi(u) + F2(u), where

Fi(u) == /Rd (j(x,u, Vu) — j(x,u,0)) dr —i—/J [g(a:,uﬂ —I—g(az,u_)] dH 1

Fo(u) = / j(x,u,0)dz.
R4
We now apply Ambrosio’s lower semicontinuity Theorem [2.5] to infer that the F; is lower
semicontinuous in GSBV(R?), which means that
lim inf .7:1 (Un7€) Z .7:1 (UE),
n—oo

where v is the limit of v, . in GSBV(R?) for € > 0 fixed. It remains to prove that F is
lower semicontinuous or, in other words, that

/ j(x,ve,0) dx Sliminf/ J(z,vp6,0) da.
R4 R4

n—o0

We first apply Fatou’s lemma taking into account the estimate (2.4)) and deduce that

/j(m,va,O)dx—l—/ —f(2)|ve|? da
R4 Rd

Sliminf/ Jj(x,vpe, 0 da;—i—hmmf/ —f(z
R4

n—o0 n—oo

7

and the conclusion follows if we are able to prove that v,. — v, strongly in L?. Using
the same argument of the coercivity step, and the fact that F(u,) < C, we apply Lemma
2.11| to vy, . to deduce the strong convergence in L4 (RY) to v, concluding the proof. [

Remark 3.4. The function @ obtained so far is not, a priori, in SBV(R?) and not even in

GSBV(R?), because the estimate
e

Hd_l<J )

does not provide any upper bound to Hd_l(
L*-norm of u is bounded so that

.= (@ —e)VO+ (a4¢) A0 € SBV(RY).

S
n)-

We will prove in next section that the
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Next, under additional assumptions for which u will be a nonnegative function, we will
also show that

u(z) > a>0 for a.e. x € {x : u(x) # 0},
which gives @ € SBV(R?), hence @ € Fp.

We conclude this section by giving a sufficient condition on the function j such that the
solution u can be taken positive. This is important in the proof of Theorem [2.13

Corollary 3.5. Under the same assumptions of Theorem if the integrand j also
satisfies (74), then the solution @ is nonnegative, and therefore
Q={u#0}={u>0}

Proof. Let E := {a < 0} C Q and define @ as the function that coincides with @ in R\ E
and is equal to zero in E. Then (taking L = 1 for simplicity) we have

F@) = Fap) > [ [0, 90) = j2,0.0] do

> / (IVaP + j(z,a,0) - j(z,0,0)] de,
E

and the latter is nonnegative because j(zx, u,0)—j(x,0,0) > 0 as j(z, s,0) is nonincreasing
with respect to s and @ < 0 in E. O

4. PROOF OF THEOREM [2.13} Q HAS FINITE PERIMETER

So far we have been able to prove that a solution to the shape optimization problem
exists and has the form 2 = {u # 0}. By the implication

i€ L®RY) = @A (—¢), aVeeSBV(R? for all € > 0,

our goal becomes to prove that @ € L>°(R?) and, under additional assumptions on the
integrands j and g, @ is SBV-regular because this gives (see Section [4.2) the property

Per(f2) < oo. This is achieved by finding o > 0 such that @ > « almost everywhere in
{u # 0} in Theorem Consequently, we deduce u € Fp and €2 has finite perimeter.

4.1. Minimizers of F are L>™-regular. To prove that () has finite perimeter, we first
need to show that any minimizer @ of the functional (1.3)) in Fp is bounded from above.

Lemma 4.1. Let j, g and u be as in Theorem [2.12| and further assume that j satisfies the
assumption (j4). Then there exists M > 0 such that ||t)lcc < M. In particular, u belongs
to the functional space

{u cuVe, uA(—e) € SBV(RY) Ve >0, u=0 oan\D}.

The proof is based on the argument of [4, Theorem 12], but here Poincaré inequality
(3.1) plays a key role. To fix some notation, consider the rescaling function

DV .
T(M) ::W’ where QM :QQ{U>M}7
and the scaled set Q]\#4 :=7r(M) - Qs in such a way that \Qﬁ\ = |D|.

Proof. Choose )y := uAM as a test function (recall that « is nonnegative as a consequence
of assumption (j4)) and use the minimality of @ to write

F(u) < F(uNM).
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‘We obtain

/ (i, Va) — j(z, M, 0)) d + / l9(e, @) + gz, a)] dH!
Qs Jaﬁ{ﬂ7>M}

+ / gz, ut)dH"" <0,
Jan{a—<M<ut}

and we notice that the last addendum is positive. By assumption ({2.8]) we get

/ l9(z, ™) + g(x,u™)] dH" > By (a2 + @ ]7] dan®".
JaNQas JaNQas

Similarly, we can write

/ (j(:v,ﬂ,Vﬂ)—j(ac,M,O))dx:/ (2, V) + (2, 3,0) — j(x, M,0)) dz
Qs Qs

and, using assumption ([2.3)) yields
/ (j(z,u,Vu) — j(x,u,0)) de > L/ |VaulP de > L/ |Va|?dx — L|Qpy|.
qu QM QM

Putting all these inequalities together gives
L/ V| dz + 51/ [[a*|? + |~ |9] an*?
Qp JaNar
<Ll + [ GG 200) - (2. 5.0)) da,

Qnr

which, as a consequence of (2.7)), gives

/ \Va|? do + Bl/ (a7 + a7 dH! < <1+Cqu> Q1.
Qs L JaNQ s L

Let v := max{u — M,0}. A simple computation shows that

/ |Vu|?dx = / |Voul?dz, Jy = Ja N Qs
Qs R4

/ fart)e + Ja=|7] dpe z/ (oo + [0~ |9] dHe.
JaNQpr

v

We can therefore apply Poincaré inequality (3.1]) to the function v and infer that

/ |Vu|qu+61/ [t + |a~|9] dHP™! > Np, (QM)/ v|? da,
QIM JﬁmQ]W T’q R4

and the right-hand side can easily be rewritten by noticing that

/ o] da :/ @ — M| da.
R4 Qs

Now apply Holder’s inequality to estimate the latter from below, namely

q
/ la— M|9dz > Q74 [/ (aM)dx} .
Q]\{ Q]W

Let f(M fQ]M M) dz and put everything together to rewrite the inequality as

C.
Ao/ (@) FOM)T < (1 ‘ LJMq) Qe
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The inequality is not precise enough because f(M) and |Q2y/| have the same exponent, so
the idea is to now introduce the scaling Q}é and write

C.
Asur(ant-a/1,q () (M) r(M)? < (1 + LJM‘I> Q]
which, using the definition of r(M), gives

_ Cj
Mo/ (OO0 < (14 Dot ) o1/,

Since [Qpr| = —f/(M), we can rewrite the inequality as
r _ d/(gd+1)
f'(M) Cippa) 4 ()-! 1/(ad+1
(M)l D > {1+ ijq Agyr(anyr=a/L,q ()T (M)? | D[M/(at+)
- o 1 d/(qd+1)
> <1 + Lqu> )\ﬁlr(M)lq/L,q(B)T(M)q_ll | D|/(ad D)

where B is a ball of volume |D|. Indeed, the eigenvalue \p4(-) is minimized (at fixed
volume) by the ball, so

)\b,q(QM) > )\b,q(BM)a with |BM| = |QM|
On the other hand, given a domain C' and a positive parameter ¢, it is
Mg (tC) = t720,4(O),

and therefore A 4(B,) is monotone decreasing with respect to the radius r, hence with
respect to the volume. In particular, taking into account that Qs C D, we have

)‘Blr(M)lfq/L,q(Q]\#/[) > )‘Blr(M)lfq/L,q<B)'
Integrating in M between 0 and T < ||u||~ and taking into account that f is a positive
function yields

T
FO > e, |
0

The left-hand side is bounded because f(0) is bounded from above by [|@| 11 (ra); as for
the right-hand side, we apply [4, Lemma 13] to infer that

o, 1 d/(qd+1)
<1 + LJM4> Agyr(M)1-a /L,q(B)r(M)q—ll dM.

C. -1 C -1
i (14 Z07) s BronT = (14 Plal) S

M= ||t]loo

This yields ||@]|c < 0o as a consequence of the fact that gqd/(¢d + 1) € (0,1), concluding
the proof. 0

Remark 4.2. Thanks to the L* estimate above, we deduce that @ given in the proof of
Theorem belongs to

{u: uve, u A (—) € SBV(R?) Ve > 0, uzOoan\D}.

4.2. Bound from below. To prove that 4 is bounded away from zero, we follow the
approach of [7, Theorem 3.5].

Definition 4.3 (Supersolution). We say that w € Fp N {u > 0} is a supersolution for
the functional

L(u) := /Rd [7(z,u, Vu) — j(x,0,0)] dz +/ [g(z,u") + g(z,u™)] dH a1

u

if for every v € Fp N{u > 0} with 0 < w < v we have
L(w) < L(v).
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Lemma 4.4. Let j and g be as in Theorem [2.13| and let u be the solution given in
Theorem [2.12, Then the positive and negative parts u>¢ :=uV 0 and i<g := (—u) V0 are
supersolutions for L.

Proof. Suppose that u>¢ is not a supersolution of £ and let v € Fp be a function with
0 < u>¢ < v satisfying the strict inequality £(v) < L(u>p). To find a contradiction we
define the function

and we obtain

Fla) - F(o) > /{ 0 a0 de

+ / [9(z,a*) + g(w,u7)] dHT — / [9(z,v%) + g(a,07)] dHT!
{a>0}NJa {a>0}NJ,
because 4 = v on {u < 0}. Finally, we use the inequality £(v) < L(u>0) to infer that
F(a) — F(v) >0,

which is in contradiction with the fact that @ is a minimizer for F.
A similar proof can be done for the function @< too. O

Remark 4.5. Despite the fact that both u>¢ and —tui<g are supersolutions for F, we still
need to assume that (j4) holds so that

u>0 = u=1u>p (see Corollary [3.5).
In particular, in our case u is itself a supersolution for the functional L.

Theorem 4.6. Let j and g be as in Theorem [2.13| and let u be a supersolution in the
sense above. Then there exists a positive o such that

u>a ae on{u>0}. (4.1)
Proof. Let ¢ > 0 be such that u. := max{u,e} € SBV(R?). Then u. € Fp and, by

comparison with u, we find that

/ [7(z,u, Vu) — j(z,0,0)] dz +/ [g(ﬂs,u+) +g(x,u_)} dH!
Rd

u

< [, V) = i, 0.0)] det [ gt ud) + gt c)] i

Ug

Using (j2), (g2) and (g4) we infer that

/ (YUl + j(z, 4, 0) — j(x,e,0)] dz + by / [t} + Ju~|9] dme!
{u<e} Ju{u~<ut<e}

< BoetHATL (0%{u > e} \ Ju),

because the jump part on {u~ > e} N J, is the same while

Joo, oo gt et
u— <e<u u

only appears on the left-hand side of the inequality so it can be estimated from below by
0. Finally, assumption (j4) gives that j(z,-,0) is decreasing, so that

/ [j(z,u,0) — j(xz,e,0)] de >0
{u<e}
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and this term can be removed from the estimate above. It follows that
L/ |VulP dx + 51/ [t |7+ |u™|9] dH! < BoeHT (0%{u > e} \ Ju).-

{u<e} {u=<ut<e}ndy
This means that for almost every § with 0 < § < € we have

L / IVl da + B16THY (995 < u < €} N J) < Boc®H (9{u > £} \ Ju),

{u<e}
in such a way that, setting
E(e) = / VuP de,  (5,e) = HE (5 <u < e} M),
{u<e}

h(e) :=HI1 (0u> e} \ ),
we can rewrite the inequality as

B2 4

0%y(d,¢) < —5 h(e). (4.2)

E(e) + %

At this point one can simply adapt the proof of [7, Theorem 3.5], but there are a few
differences due to the fact that

1/p B 1/p
LE(e) < paeth(e) = [/ |Vul? dac] < (L2> e1/Ph(e)/P,
{

u<e}

We will now go over the proof presented in [7], pointing out the main changes we need to
make and why ([2.6)) plays a key role in our case.
Part 0: Setting of the problem.

For n > 0 set
5 27 2 27
g 1= 677—1— 5 n and 51':517— 5

so that g; = €4 1= %17 and §; — s := %n as 1 — oo. If we define

Qd,e) ={d <u<e}

n

then we only need to show that there exists 79 > 0 such that
Eoo
12 (000, £00) | / h(s)ds =0 Vn < no. (4.3)
doo
Indeed, the isoperimetric inequality applied to £2(4,¢) gives us
12(6,) "D/ < Cy (h(e) + h(8) +(5,2))
and applying (4.2) with /2 < § < e < n yields

1Q(6, )|/ < 22 0 (1429 [h(e) + h(5)]. (4.4)

——
=:Cq,

This together with (4.3) is enough to infer that [(dso, £00)| = 0, which means that v must
be at least %770 > 0 almost everywhere on its support, concluding the proof of (4.1)).

Part 1: The main inequalities.

Let us set for 7 € N

€i
aj == / h(s)ds and bi := [Q(d;, ).
d;
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We claim that there are positive constants ¢y, ca such that
i\ d/(d—1)
’ 2° _
ai—lbii(ldp) and bi < e () s
n

where p’ = p/(p—1) is the conjugate exponent of p. The estimate of b; is obtained exactly
as in [7, Theorem 3.5]. As for the a;, the main difference (797~ in place of 7,°) lies in the
fact that the coarea formula gives

1>
/ h(s) ds = / Vul dz < 19206,)[7 |Vl po(ase
5 Q(5¢)

i

a; < ¢1——
nl q/p

1/
< i@ e () eney
1
< 190,91/ Custr-+ 20 ()7 e) + @) et

1/p
< 1906,2) /@) [Caat + 2 (52) ) + 1)

where we have used (4.4). Integrating both sides of the inequality with respect to € on
[€i, €i—1] and to § on [0;—1,0] leads to

[ w (B2\" V() gafp | Lo
a; [62 177] < [Cap(1 42977 <L> |Q(i—1,€i-1) P VP {62 177} i1,
and this concludes the proof of the claim.

Part 2: Combining the main inequalities.
We claim that we can find o > 0 such that U; := af'b; satisfies the inequality

c
Ui s S ara@rati=am

where ¢, A > 0 and ¢ > 1. This is once again obtained as in [, Theorem 3.5] by taking «
and ¢ solutions of the system

AiUiﬂ—lv

oz+i:19a

d—
a = Jdp’,
which gives
dp’ 4
=—|1 14+ —— 4.

and consequently

« 1 4
=" ="(1+ 1+ —"]>1
iy 2( " +<d—1>p')>
Part 3: Decay for E(e).

We now show that there exist €g, cg > 0 such that
E(e) < ¢oePla=D/(=1) Ve < gp. (4.6)
Indeed, using the inequality E(e) < BL—Q&qh(a) and the coarea formula yields
2e 62 2e
eE(e) < E(s)ds < qugq/ h(s)ds
g

_ P20 / V| dz < @zqeqm(a 2) |7 E(2¢)'/7.
L Q(e,2¢) L
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Taking eo so small that (82/L)27€(0, 250)|'/7" < 1 gives
E(e) < e 1E(2:)Y/P for all € < g,
and now an iterative argument (see, e.g., [7, Lemma 3.6]) proves ({4.6).

Part 4: Conclusion.
We claim that we can find n such that

Uy < &1/ 01 g=1/(0=1)% (a=1)/(p=1) o, (4.7)
where « is given in Step 2. To verify (4.7]), we notice that

Uy = |2 <g,77) /777/72 h(s) ds] = ‘Q <g,77>’ [/Q(g,n) |Vu| dx
Q <gn) [E(n)l/p (Q (gn) ‘UPT

=[e(50)] " B

so that, thanks to the decay estimate (4.6]) obtained above, we conclude that

«

IN

Uo < co ‘Q (g,n> ‘Ha/pl @D/ (=D,

This means that (4.7)) is achieved if 1 is so small that
co ’Q (g n) ‘”“/”' < V01 4-1/0-1)?

so all it remains is to use induction on ¢ and finally prove that
lim U; = 0.

1—00

A simple computation shows that

- n_ 99" —1)—nd+n
U, < &%ty e e (1-8)] 4 T ()

so U, 222 0 if we can prove that the quantity inside the parenthesis is strictly smaller
than 1 for n sufficiently small. More precisely, we require

g—1 ¢ d
I S T B )
a<p—1+p ) i1~

and this is exactly condition ({2.6]) since « is given by formula (4.5)). In particular, thanks
to assumption (j4) we conclude the proof. O

Remark 4.7. The assumption ([2.6) seems rather restrictive, but looking at numerical
simulations suggests that
-1 d
a(q+q—1> -2 50
p

holds in a significant portion of the plane. Indeed, in Figure[I| we take d = 2 and introduce
the function
p (p—1)? 2

p+
d—1 P 4(p—1)

q(p) = 1
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in such a way that ro(p) is exactly the lower bound in (2.6). The range of admissible
values of p and ¢ in which (2.6) holds is given by the portion between the two lines.

—r_1(p)=p
r_2(p) = max{1,q(p)}

FIGURE 1. The range of admissible values ¢ for d = 2.

We are now in a position to conclude the proof that € := {@ > 0} has finite perimeter.

Proof of Theorem [2.13] If @ is the solution given in Theorem then (4.1)) gives u =
%V a for some o > 0. However, we know that the function @ V & belongs to SBV(R?) and
therefore using the bound from below and the chain rule in SBV we get

7 € SBV(R?) = Per(Q) < oco.
Indeed, by definition, we have
- Jo ifala=0,
XTN dtatas,
1

which means that xq and o~ 1@ are supported in the same set, namely Q. It follows that
the perimeter can be estimated by

Per() = sup [ divtéhnads < a” fullpvie,
l]loc <1 JRE

and this last quantity is finite because 4 € SBV(RY) € BV(R?) and « > 0. O

5. PROOF OF THEOREM [2.14} THE SET € IS OPEN

5.1. Essential closedness of the jump set. The goal of this section is to exploit the
results obtained in [7, Section 4] and adapt them to deal with our functional, taking into
account that our model function is

J(@,u, Vu) = [Vul? = f(z)u+1,

which leads to several issues related to the linear term — f(z)u. From now on, we shall
always assume that j satisfies the assumption (j5), which asserts that

j(x,u, VU) - ](-'L', u, 0) = L’vu|p

Consider the associated Mumford-Shah functional
MS(u) =L / IVl de +H ()
Rd

in which the linear part does not appear. We start by recalling the notion of almost-quasi
minimality for the Mumford-Shah functional:
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Definition 5.1. Let u € SBV] (R%) be a function such that u = 0 in R?\ D. We say
that u is an almost-quasi minimizer for the functional M S(u) with Dirichlet boundary
conditions if there are A > 1, a > 0 and ¢, > 0 such that

/ LIVul? dz + H (J, 0 B,(x0))
By (o)
< / LIVv[P dz 4+ AR (Jo N By(xo)) + cap® 1T
By (z0)

for all B,(wo) CC D and for every v € SBVL (R%), v =0 in R*\ D and

loc
{v # u} C By(xo).

The following result was proved in [7, Theorem 2.3] with a function f(z, Vu) in place
of j(z,u, Vu) — j(x,u,0) under suitable assumptions which are satisfied with

f(z,Vu) = C|VulP.

Theorem 5.2. Let u € SBV], (D) be an almost-quasi minimizer of M .S(u) with Dirichlet

boundary conditions according to the definition above. Then
Hdil ((ju \ Ju) N D) =0,
which means that the jump set of u is essentially closed in D.

Proposition 5.3. Suppose that j satisfies (j1)-(j5) and g satisfies (g1)—(g4). Let u €
SBV N L>®(RY) be the minimizer of F given in Theorem [2.12. Then

u>a ae on{u>0}

for some a > 0, and the function (251)1/%412 s an almost-quasi minimizer of the Mumford-
Shah functional

MS(u) := L/ \VulP de 4+ HL(T,)
R4
with Dirichlet boundary conditions on D.

Proof. The existence of the constant « is given in Theorem so let B,(xo) C D and
take any v € SBV),(D) satisfying {v # u} C B,(zo). Without loss of generality we can
replace v with w := (v A M) V 0, where M > |||/ is the constant given in Lemma
Comparing @ and w we get

F(a) < F(w),
which immediately translates to

/ L\Vaypder/ j(:c,a,O)d:c+/ [g(z,a") + g(x,a)] dH
R4 R4

Uu

g/ L\Vw[pd:r—i-/ j(x,w,())dx—i—/ [9(z,w™) + glz,w™)] dHI™
Ré Rd

w

Since @ and w coincide outside of B,(xg), we find that

/ L|ValP dx + / [j(x, @, 0) — j(z,w,0)] de+ 261a?HI1 (Ja N By(wo))
Bp(fo) BP(mO)

< / LIVwl|? dz + 2B MIHT (T, N By(w0)) + ywap®.
Rd
We now apply assumption (2.7)) to infer that

[ 1a,0) = i w,0)] do = = CylBy(ao) [l g, = ~Cl
By (o)
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and since we have

/ LIVaP de + 28109 (Ju 1 B,(x0))
Bp(xO)

< / LIVw|? dz + 28, MM (T N By(20)) + (Ywa + Cj)p%,
Rd
this leads to the conclusion. OJ

5.2. Proof of the main result. We now use Proposition [5.3|to prove that Q = {u # 0}
is open and thus belongs to the class A(D). As a consequence, we also show that

inf {7(Q) : Qe A(D), Q Lipschitz} = 7(Q).
Proof of Theorem [2.14] Let % be the minimizer given in Proposition [5.3] Then
H*((Ja\ Ja)N D) =0, (5.1)

which means that J; is essentially closed in D. Also, the lower bound (1)) gives H™*(J3) <
oco. If © is the connected component of D\ J; on which % does not vanish (we have just
one component by minimality), then 9 C (Jﬂ N D) U dD implies € open. Moreover, we
have

/ [9(z,a") + g(z,a™)] HP' =0
00\ Ja

since ([5.1)) implies

HI((0Q\ Jz) N D) =0,
while @ = 0 almost everywhere on the portion on the boundary of D, because the latter
is Lipschitz and hence &~ = 0 almost everywhere on 0D. To prove that

inf {7() : Q€ A(D), Q Lipschitz} = J(Q)
we use Proposition [5.4] to find for each & > 0 a function w € Fp with J,, C D such that
F(w) < F(u) +e.

We now follow the approach of [7]. By [10, Theorem 3.1}, we can find a sequence wy, € Fp
with Jy, essentially closed and polyhedral, wy € WYP(D \ J,, ) and such that

W LN strongly in LP(RY),

Vuwy, LintNg v/ strongly in LP(R?),

F(wg) koo, 7 (w).
The set D\J_wk is open, but the boundary is only Lipschitz outside of a H?~1-measure zero
(because Jy, is essentially closed) subset A C Jy, \ Ju,. We can cover A by arbitrarily
small “holes” with polyhedral boundary By, ..., By in such a way that

N
Hy, := Jy, U ( U Bj)
j=1
has polyhedral boundary (thus Lipschitz). Now the set Q := D\ Hj belongs to A(D)

and has a Lipschitz boundary, and therefore the restriction of wy to 2x is a competitor
for the functional J(-). We can consider holes so small that

T(u) < /

S V) do+ [ gl a1 < Flw) £ < T@) + 2
Q

aQy,

holds for k sufficiently large so, by taking a sequence &, — 0 and a corresponding sequence
of k,, for which the inequality above holds, we obtain the thesis. O
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Proposition 5.4. Let v € Fp N L®(R?Y) with H¥"1(J,) < oo. For all ¢ > 0 there is
w € Fp N L®(RY) such that

JoC D,  H"TY(J,) <oo,  F(w)<F)+e.

The proof follows the same argument as in [7, Proposition 3.12], with B = &, but there
is an important difference which is the definition of v$. More precisely, we set

£(y) m LU0+ ) if ya < fily) — €,
‘ lvllootbs (¥, fi(y') i ya > fi(y') = &,

where 1); is the partition of unity introduced in the reference paper. The rest of the proof
follows in the same way because the term

/Rd [j(a:,vf,o) — j(x,v,0)| dx

can be easily estimated by a constant when & > 0 is sufficiently small, taking into account
3

7

v

that the support of v; is as close as we want to the one of v; by definition.

6. FURTHER COMMENTS AND OPEN PROBLEMS

In this section we raise some question that look, in our opinion, very interesting and that
could help to better understand the shape optimization problems with Robin conditions
at the free boundary.

Question 1. We obtained under very mild assumptions the existence of an optimal
domain Q in the class of measurable subsets of D. Under some slightly stronger assump-
tions we showed that Q has a finite perimeter and that € is actually an open set. It would
be very interesting to investigate about further regularity properties of ). For instance,
according to the results in [5], the boundary of  cannot have too sharp cuspids, and also
Q does not have too many internal fractures. The question if boundary cusps or internal
fractures may actually occur for an optimal domain € is still open.

Question 2. The investigation on the higher regularity of optimal domains is also
interesting. Taking the model case

(5,2 =2 — f@)s+1,  glw,s)=|s]?  withp>1 (6.1)

is it possible to obtain C® regularity of the free boundary assuming f nonnegative and
bounded?

Question 3. In our model case a key assumption in order to show the existence
of optimal sets {2 that are open and with finite perimeter is the nonnegativity and bound-
edness of the datum f. It would be interesting to see if our results still hold with weaker
assumptions on f, such as

3E,, By C D, |Ey|,|Es| >0 : f}E1>O and f\E2<0,

or some LP-norm of f is bounded while the co-norm is not. A similar question for Dirichlet
boundary conditions has been recently considered in [9] by constructing right-hand sides
f e W= (D) N L'(D) such that the optimal set  can be any p-quasi open set Q C D.
We expect a similar behavior in our case, even if some new technical difficulties arise due
to the fact that solutions of a relaxed Robin problem of the form in a general domain
) may have internal discontinuities.
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