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1. Introduction

We are interested in the anisotropic mean curvature flow of sets with positive anisotropic mean curva-
ture. More precisely, following [12, 10] we consider a family of sets ¢ — E(t) governed by the geometric
evolution law

V(J?,t) = —¢(VE(t))/€%(t)($)7 (1)

where V(z,t) denotes the normal velocity of the boundary OE(t) at x, ¢ is a given norm or, more
generally, a possibly non-symmetric convex, one-homogeneous function on R¢, H%( " is the anisotropic
mean curvature of OE(t) associated with the anisotropy ¢, and v is another convex, one-homogeneous
function, usually called mobility, evaluated at the outer unit normal vg ) to OE(t). Both ¢ and v are
real-valued and positive away from 0. We recall that when ¢ is differentiable in R%\ {0}, then x% is

given by the tangential divergence of the so-called Cahn-Hoffman vector field [15]
K = div, (Vo(vi)), (2)
while in general (2) should be replaced with the differential inclusion
m% =div, (n%) , n, € 9p(vg).
It is well-known that (1) can be interpreted as a gradient flow of the anisotropic perimeter

Py(E)= [ ¢(vg)dH™ ",
OFE
and one can construct global-in-time weak solutions by means of the variational scheme introduced by
Almgren, Taylor and Wang [2] and, independently, by Luckhaus and Sturzenhecker [16]. Such scheme
consists in building a family of tme-discrete evolutions by an iterative minimization procedure and in
considering any limit of these discrete evolutions, as the time step h > 0 vanishes, as an admissible
solution to the geometric motion, usually referred to as a flat flow. The problem which is solved at
each step takes the form [2, §2.6] E}' := ThE}Z*l, where T), F is a solution of

1 )
min Py(F) 4+ — [ d% («)dz, (3)
F h Jp

where d}ge is the signed distance function of F, with respect to the anisotropy 1°, which is defined as
% (z) := inf ¢°(z —y) — inf Y°(y — ). 4
p (2) = inf §°(z —y) - inf ¥°(y —2) (4)

t
Here ¢°(z) := supy(¢)<; £ is the polar of . In [2] it is proved that the discrete solution Ej,(t) := E,[L"],
with ¢ = |- | and ¢ smooth, converges to a limit flat flow which is contained in the zero-level set of the
(unique) viscosity solution of (1). Such a result has been extended in [12, 10] to general anisotropies

¥, ¢. In the isotropic case ¢ = 1 = |- | it is shown in [16] that E}(t) converges to a distributional
solution F(t) of (1), under the assumption that the perimeter is continuous in the limit, that is,

T T
lim [ P(En(t)dt = / P(E(®)  for T >0, (5)
h—0 Jo 0

Recently, it has been shown by De Philippis and Laux in [13] that the continuity of the perimeter
holds if the initial set is outward minimizing for the perimeter (see Section 2.1), a condition which
implies the mean convexity and which is preserved by the variational scheme (3).



In this paper we generalize the result in [13] to the general anisotropic case, where the continuity
(in the limit) of the perimeter was previously known only in the convex case [6], as a consequence of
the convexity preserving property of the scheme. Such result is obtained under a stronger condition
of strong outward minimality of the initial set, which is also preserved by the scheme and implies the
strict positivity of the anisotropic mean curvature. As a corollary, we obtain the continuity of the
volume of the limit flat flow and, the convergence of the perimeters. Using the regularity theory for
anisotropic minimal surfaces [21, 22|, we can then extend, in low dimension and under smoothness
assumptions, the results of [16] to the anisotropic setting (Theorem 3.2).

The plan of the paper is as follows: In Section 2 we introduce the notion of outward minimizing set,
and we recall the variational scheme proposed by Almgren, Taylor and Wang in [2]. We also show that
the scheme preserves the strict outward minimality. In section 3 we show the strict BV -convergence of
the discrete arrival time functions, we prove the uniqueness of the limit flow, and we show continuity in
time of the volume. We prove also there our extension of the results of [16] (existence of a distributional
anisotropic mean curvature flow). In Section 4 we give some examples. Eventually, in Appendix A we
recall some results on 1-superharmonic functions, adapted to the anisotropic and crystalline setting.
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2. Preliminary definitions

2.1. Outward minimizing sets

Definition 2.1. Let ©Q be an open subset of R? and let E CC Q be a finite perimeter set. We say
that E is outward minimizing in §2 if

Py(E) < Py(F) YF > E,FCCQ. (MC)

Note that, if E, ¢ are regular, (M C) implies that the ¢-mean curvature of F is non-negative.
We observe that such a set satisfies the following density bound: A classical proof shows that there
exists v > 0 such that, for all points « € F satisfying |B(z, p) \ E| > 0 for all p > 0, it holds:

|B(z,p)\ E|
Blrp)] -

whenever B(z,p) C . As a consequence, whenever x € E is a point of Lebesgue density 1, there

(6)

exists p > 0 small enough such that |B(z, p) \ E| = 0. Therefore, identifying the set E with its points
of density 1, we always assume (unless otherwise explicitly stated) that E is an open subset of R?.

Conversely if E C R? is bounded and C?, ¢ is C?(R?%\ {0}), and its mean curvature is positive, then
one can find Q DD F such that E is outward minimizing in 2. More precisely, if E is of class C? then,
in a neighborhood of 0F, d%o is C?, while in a smaller neighborhood we even have div V¢(Vd%o) >,
for some § > 0. Let  be the union of F and this neighborhood, and set n‘g = VqS(Vd%O): then if
ECFcCcCqQ,

Py(F) > / n% cvpdHT = 7/ n% -Dxr
O*F Q



while by construction Py(E) = — [, n$ - Dxp. Hence,

Py(F) > Py(E) — /Qn% -D(xr — xg) = Ps(E) + /F\E divng > Py(E) 4 6|F \ E|.

Observe (see [13, Lemma 2.5]) that equivalently, one can express this as:
P,(ENF) < Py(F)—4|F\E| YFCCQ. (MCs)

Clearly, condition (MCj) is stronger and reduces to (MC') whenever § = 0.

Remark 2.2 (Non-symmetric distances). As in the standard case (that is when ¢° is smooth and even),
the signed “distance” function defined in (4) is easily seen to satisfy the usual properties of a signed
distance function. First, it is Lipschitz continuous, hence differentiable almost everywhere. Then, if x
is a point of differentiability, d%o () > 0 and y € OF is such that ¥°(z —y) = d;’go (z), then for s > 0
small and h € R? d}go (x4sh) > ¢°(x+sh—y) > °(x—y)+sz-h for any z € 0¢°(x—y) and one deduces
that 0y°(x —y) = {Vd%o (x)}. If d;go (z) < 0, one writes that ¢¥°(y —z) = —d%o (x) for some y € OF
and uses ¥°(y—x —sh) > ¢°(y—x) — sz - h for some z € 9Y°(y —x), hence d}éo (x+sh)—dy(z) < sz-h
to deduce now that OyY°(y — z) = {Vd%o (z)}. In all cases, one has w(Vd%O ())=1a.e. in {d}éo # 0}
(while of course Vdgo () =0 ae. in {d}éo = 0}), and Vd}go () - (z—y) = d%e (x), which shows that
y € x — dy (2)06(Vdy (2))).

2.2. The discrete scheme

We now consider here the discrete scheme introduced in [16, 2] and its generalization in [8, 6, 12, 11].
It is based on the following process: given h > 0, and E a (bounded) finite perimeter set, we define

Ty F as a minimizer of

min Py (F) + 1 / d%o (x)dx (ATW)
F h Jp

where dﬁo is defined in (4). If E CC Q satisfies (MC) in €, it is clear that for A > 0 small enough,
one has T, E C E. Indeed, for h small enough one has TpE C Q, and it follows from (MC') (more
precisely, in the form (MCjs) for § = 0) that

1
P¢(ThE N E) + */

° 1 o 1 )
d¥ (z)dz < Py(ThE) + - / d¥ (x)dx — - / d¥ (x)dz, (7)
Th ENE ThWE Th

E\E

which implies that [T, E \ E| = 0. We recall in addition that in this case, T E is also ¢-mean convex
in 2, see the proof of [13, Lemma 2.7]. If E satisfies (M Cjs) in Q for some § > 0, we can improve the
inclusion T, E C E.

Lemma 2.3. Assume that E CC Q satisfies (MCs) in , for some 6 > 0. Then for h > 0 small
enough, it holds
ThE+{y° <déh} CE.

In particular, d#:E > dléo 4+ 0h and T, E C {d}go < —d0h}.

Proof. Let h > 0 small enough so that T, E C E and E + {¢° < dh} C Q. Choose T with °(7) < §h
and consider F' := Ty F + 7. We show that also F' C E. The set F' CC 2 is a minimizer of

P¢(F)+l/ d%o(x—T)dx
hJp



among all finite-perimeter subsets of R?. In particular, we have

P¢(F)+1/ dg’(x—T)dmgP(,)(FmE)Jrl 4% (x — 7)dx
h F h FNE
1 o 1 °
§P¢(F)+f/d1,§ (m—T)d:E—/ —dY (x — 1)+ ddz.
h Jp F\Eh

By definition of the signed distance function, for z ¢ E, dﬁo (x—7) > —¢p°(x—(x—7)) = —¢°(1) > =6h
so that if |F'\ E| > 0 we have a contradiction. We deduce that T, FE + {¢)° < éh} C E.

In particular, if z € T,E and y ¢ FE is such that d}éo (x) = —¢°(y — z), then ¢y = y — éh(y —
2)/v°(y — x) ¢ Ty hence dy, , > —¢°(y —z) = dy (x) — 0h. f & € E\TLE, dy (z) = —(y — @)
for some y € Q\ E, and d:‘ﬁ:E(x) = ¢(x — y') for some y € TpE. Since ¥(z —y') + v(y — x) >
¥(y —y') > 6h we conclude. Eventually if z ¢ E, for y € T, F with d%iE(x) = ¢°(z — y) we have
y + dh(x — y)/¢°(x — y) € E, so that d}éo () < ¢°(x —y) — 6h = d%oE(x) — 0h. This shows that
dy, ;> dy + oh. m

Corollary 2.4. Under the assumptions of Lemma 2.3, for anyn > 1, we have T,:’HE +{y° < h} C
TP E and dy, p > djy + dnh.

Proof. The first statement is obvious by induction: Assuming that for 7 with ¢°(7) < éh one has
TWE+71 C T,;“lE which is true for n = 1, applying T} again and using the translational invariance
we get that T,TLLHE +7 C T} E. The second statement is obviously deduced. Indeed we can reproduce
the end of the previous proof to find that d;ﬁ; 5> d%:_l = +6h, the conclusion follows by induction. [
Remark 2.5 (Density estimates). There exists v > 0, depending only on ¢ and the dimension, and
ro > 0, depending also on v, such that the following holds: for x such that |B(z,r) N T E| > 0 for all
r > 0 one has |B(z,7) N TR E| > yr? if r < roh. For the complement, as T}, E is ¢-mean convex in €,
we have as before that for = such that |B(x,r)\ T, E| > 0 for all 7 > 0, one has |B(z,7) \ T, E| > ~yr?
for all r with B(z,r) C , ¢f (6).

2.3. Preservation of the outward minimality

In the sequel, we show some further properties of the discrete evolutions and their limit. An interesting
result in [13] is that the (MCs)-condition is preserved during the evolution. We prove that it is also
the case in the anisotropic setting.

We first show the following result:

Lemma 2.6. Let § > 0 be such that there exists a set E CC Q satisfying (MCjs) in Q. Then
O|F| < Py(F) for any F CC Q, that is, the empty set also satisfies (MCs) in 2.

Proof. By (MCjs) we have 0|F| =§|FNE|+|F\ E| <J|FNE|+ (Py(F)— Py(FNE)), so that it is

enough to show the result for ' C E. For s > 0, we let E, be the largest minimizer of

1 o
Py(E) + / ay d, (®)
S E,

which is obtained as the level set {ws; < 0} of the (Lipschitz continuous) solution ws of the equation

—sdiv zg + ws = dﬁo, zs € 0p(Vwy), (9)



see for instance [8, 1] for details. A standard translation argument shows that the function w; satisfies
PY(Vws) < w(Vd%O) =1 a.e. in R We also let E’, := {w, < 0} be the smallest minimizer of (8). By
construction, the set Fy is closed while E! is open.

By Lemma 2.3 it follows that there exists sg > 0 such that F;, CC FE for all s < sg. Moreover,
being E an open set, we also have |[E;AE| — 0 as s — 0. Indeed, given x, p with B(x,p) C E, by
comparison we have that z € E for all s < cp?, where ¢ > 0 depends only on d, ¢ and °.

Since Py(Es) < P4(E), by the lower semicontinuity of Py we get that lim,_,o Pp(Es) = Py(E). We
also claim that

lim Py(F N E,) = Py(F). (10)

s—0
Indeed, it holds
P¢(F U ES) + P¢(F n ES) < P¢(ES) + P¢(F),

and |E\ (FUE;)| — 0 as s — 0, so that

Py(E) + lim sup P,(F N E,) < lim sup (Py(F U Ey) + Py(F N Ey)) < Py(E) + Py(F),
5— 5—
which shows the claim.

Again by Lemma 2.3 we know that d%o < —s6d on OE; = {w; < 0}. If z € E; and y € OF;,
ws(x) > ws(y) —¢°(y — ) = —°(y — x) (using Y(Vw,) < 1). If z ¢ E and y € [z, 2] N OE;, by one-
homogeneity of ¢° we get one has °(z —z) = ¥°(z —y) + ¢¥°(y — ), so that 0 < ws(z) +¥°(y—xz) =
ws(x) + ¥°(z — ) —¢°(z — y) < ws(z) + ¢¥°(2z — x) — 8§. Taking the infimum over z, we see that
s6 < wg(x) — d%o (). Hence divzs > § a.e. in F, so that

Pd)(FﬂES) > / CliVZSXFmE'5 > 5|FOES| (11)
Q

The thesis now follows recalling (10) and letting s — 0 in (11). O

Remark 2.7. Notice that the constant ¢ in Lemma 2.6 is necessarily bounded above by the anisotropic
Cheeger constant of Q (see [9]) defined as

: Py(F)
hy(QQ) := f .
s() FCCI?LF#Z) |F|

We can now deduce the following;:

Lemma 2.8. Let 6 > 0, E CC  satisfy (MCs) in Q, h > 0 small enough, and let T,E C E be the
solution of (ATW). Then ThE also satisfies (MCs) in 2.

Proof. We remark that the sets E;, E defined in the proof of Lemma 2.6 satisfy E, C E., for s > ¢'.
This follows from the fact that the term s +— d}éo (x)/s < 0 is increasing for € E. As a consequence
E,\ El = 0E, = OF! and is Lebesgue negligible, for all s but a countable number. Also, if s, — s,
sp < s, then B, — E,, while if 5, > 5, Q\ E{ converges to Q\ E{. Moreover, as the sets satisfy
uniform density estimates (for n large enough), these convergences are also in the Hausdorff sense. In
particular, we deduce that £\ E, = Uy, <,(Es \ E},) (we recall By \ B}, = {wy = 0}).

Let € > 0. From the proof of Lemm372.6, for h small enough so that Lemma 2.3 is valid, we
know that divzs > ¢ a.e. in Es. In addition, since wy in (9) satisfies ¢(Vw,) < w(Vd}éo) =1 ae,
then div zs is (C/s)-Lipschitz for a constant C' depending only on ¢. We deduce that there exists
n > 0 (depending only on &,1) such that for any s € (0,h), in Ny = {x : dist(z, Es) < sn}, one has
divz, > —e.



Let h > 5 > s > 0, with 5 and s chosen so that OFE, = 0F; and OE!, = 0E, . The set E, \ Ef is
covered by the open sets N, = {z: 0 < dist(z, E!) < dist(z, Es) < §n/2§> C Ny, 8/2 < s < h. Indeed,
for z € E, \ E., either z € E,\ E', C N, for some s € [s, 5], or & is approached by points in z, € E,,
$n 1 5, so that dist(z, E,,) < s1/2 for n large enough and = € N, .

Hence one can extract a finite covering indexed by s; > so > --- > sy_1. We observe that
necessarily, h > s; > 5 and we let sy := s. In addition, for 1 <7 < N —1 one must have OFE C Nsi.

Si+1

Indeed, OFE. . N NS]. = for j >i+1, whileif x € OE. N st for some j < i, since OF, is in

Si4+1 - Si4+1 _ -
between OE;; and OE; one also has x € N;,. In fact, we deduce E,  \ E's; C Ny,
Let F cC Q and up to an infinitesimal translation, assume H?~1(9*F N OE[,)=0fori=1,...,N.

One has for i € {1,..., N},

Py(E;,,, NF)—Py(E,,NF) =

/a* (BL,,  NFNE,

> / Zs;  V[FAE, \E! ] dH1 :/ div zs,dx > (§ — 5)|FﬂE;i+1\ E. |.
9*[FNE! i1 FNE,, \E, '

’
Lon VL] .

In the first inequality, we have used that zs, € 0¢(vg; ) so that zs, - vE, = ¢(vg, ) a.e. on OE;, (and
zs, - v < ¢(v) for all v), while in the last inequality, we have used divz,, > § — e in N,,. Hence,
summing from i = 1 to N, we find that (recalling that Ej = E, up to a negligible set)

Py(EL, N F) < Py(Ey N F) — (5 — )|(E, \ BL,) N F.
Since Ej is outward minimizing, Ps(Es N F) < P4(ENF) < Py(F) — (§ —¢)|F \ E|, so that:
Py(E;, NF) < Py(F) = (0 —)(|F\ E| + [(Es \ E,) N F).

Sending § < s1 to h and s to 0, we deduce that Py(E, NF) < Py(F) — (6 —¢)|F'\ Ej| hence the thesis
holds, since ¢ is arbitrary. O

Remark 2.9. Let us observe that both in Lemma 2.3 and in Lemma 2.8, as well as in Corollary 2.4,
the conclusion holds as soon h is small enough to have T, E C € (since in this case (7) holds and
ThE C E), and E + {¢° < éh} C Q. In particular, in all these results if E/ C E is another set
satisfying (M Cs) and h is small enough for F, then it is also small enough for E’.

3. The arrival time function

Consider an open set  C R? and a set E° CC Q such that (MCjs) holds for some § > 0. As
usual [16, 2] we let Ej(t) := T,[f/h] (EY), here [] denotes the integer part. Being the sets T7*(E°)
mean-convex, we can choose an open representative. We can define the discrete arrival time function
as

up () := max{tx g, (z),t > 0},

which is a Ls.c. function! which, thanks to the co-area formula, satisfies

/Q o(~Duy) < /ﬁ 6(=Dv) (12)

"We can say that uy, is a function in BV(2) with compact support and such that its approximate lower
limit w, is lower semicontinuous.



for any v € BV(RY) with v > uj, and v = 0 in R¢\ Q. In particular, uy is (¢-)1-superharmonic in
the sense of Definition A.1. One can easily see that (up,)s is uniformly bounded in BV () so that a
subsequence uy, converges in L(£2) to some u, which again is (¢-)1-superharmonic.

In addition, since E satisfies (MCj), thanks to Corollary 2.4 we have that wuy, satisfies a global
Lipschitz bound. More precisely, for x,y € 2 there holds

¢°(y — )
e

Indeed, one has up(z) =t = up(x+7) > t—h for any t > 0 and 7 with ¢°(7) < dh. The claim follows
by induction.

up () —up(y) < h+

As a consequence we obtain that wj, converges uniformly, up to a subsequence, to a limit function
u, which is also Lipschitz continuous, and satisfies

¢°(y — )

u(w) — u(y) < S

(13)

for any x,y € Q. Moreover, recalling Lemma 2.8, we have that the functions u, and u are (¢, §)-1-
superharmonic, in the sense of Definition A.1 below.

We now show that the function u is unique, and is the arrival time function of the anisotropic
curvature flow starting form E°, in the sense of [10]. In particular, there is no need to pass to a
subsequence for the convergence of u, to u in the argument above.

Theorem 3.1. Under the previous assumption on E°, the arrival time function u;, converge, as h — 0,
to a unique limit u such that t — {u <t} is a solution of (1) starting from E°. Moreover it holds

Jim [ o-Du) = [ 6(-Du).

Proof. For s > 0 we let E® := {u > s}. Notice that, since E? is open, as in the proof of Lemma 2.6
Es =E°

s>0 .

As a consequence of the existence and uniqueness result in [12, 10], for a.e. s > 0 the arrival time

]

we have | J
functions uj < uy, of the discrete flows T}[f/ Mps converge uniformly to a unique limit °. In particular,
considering the subsequence wup,, one has u® < w. On the other hand, thanks to Corollary 2.4,
given s > 0 one can find 75 > 0 such that T}[LTS/h]E0 C FE?°, and such that 7, — 0 as s — 0. Then,
T,L[LTS/h]'ir"E(J C T E* by induction so that u, —7s—h < uj. If v is the limit of a converging subsequence
of (up), we deduce v — 75 < u® < u. Sending s — 0 we deduce v < u. Since this is true for any pair
(u,v) of limits of converging subsequences of (uy), this limit is unique and wup, — w.

The last statement is already proved in [13] in a simple way: One just needs to show that

im sup /Q 6(—Dup) < /Q o(~Du).

Since (up)p converges uniformly to u, given € > 0, one has up < u + ¢ for h small enough. On the
other hand, since all these functions vanish out of E°, it follows u;, < u + expgo. Hence, being uy,
¢-1-superharmonic,

/Q b(—Dup) < / H(—D(u + expo)) = / 6(—Du) + e Py(E)

for h small enough, and the thesis follows. O



Theorem 3.1 shows that the scheme starting from a strict ¢-mean convex set always converges to a
unique flow, with no loss of anisotropic perimeter. In particular, in dimension d < 3 and if ¢ is smooth
and elliptic (that is, ¢?/2 is strongly convex), following [16] one can show that the limit satisfies a
distributional formulation of the anisotropic curvature flow.

More precisely, we say that a couple of functions (X, v), with

X :Qx[0,4+00) = {0,1} € L®(0, +00; BV(Q)), v:Qx[0,+00) — R € L0, +o00; L' (2, [DX(1)])),

is a BV -solution to (1) with initial datum E° if the following holds: For all T > 0, ( € C*°(Q x
[0, T];RY) with ¢|oax(o,r1=0, and & € C*(Q x [0, T]) with &|oax(o,r1=0 and £(T) = 0, we have

/OT UQ (diVC +Vo (— éﬁ&) V¢ |g§8|> S(~DX (1)) + v - DX(1)| dt =0, (14)

T T
/ / X O dudt + | €(x,0)da = —/ / vEY(~DX(t))dt. (15)
0o Ja E© 0o Ja
Reasoning as in [16, Theorem 2.3] one can prove the following:

Theorem 3.2. Let d < 3 and assume that ¢ is C* and elliptic. Let u be the limit function in
Theorem 3.1, and let X (x,t) := X{u>e} (). Then there exists v € L*(0,+o00; L*(2, [DX (t)|)) such that
the couple (X,v) is a BV-solution to (1).

Proof. We only explain the adaptions to [16] required to prove this result. Most of the proof remains
unchanged, as it relies on estimates (such as basic density estimates) which remain valid in the new
setting. However some difficulties arise in Section 2 of [16] and in particular in the proof of Proposi-
tion 2.2, which uses the regularity theory for minimal surfaces. Indeed, one first should assume that
the dimension d < 3, ¢ is elliptic and C%*® for some a > 0, in order to benefit from the regularity
theory for anisotropic integrands (see[21, 22]) and be able to use the Bernstein argument at the end
of page 265 of [16]. This allows to show (15), which is a small variant of [16, Eq. (0.5)] (here f = 0)
whith the signed distance function replaced with the 1°-signed distance function.

In order to show (14), the Euler-Lagrange equation [16, Eq. (0.7)] has to be modified, with the
curvature term on the left hand side replaced by the first variation of Py, which can be found in [18,
Ex. 20.7].

O

Remark 3.3 (Continuity of volume and perimeter). As is well-known for general flat flows (see [16, 7]),
the limit motion ¢ — {u > t} is 1/2-Hélder in L!(€2), in the sense that, for s >t > 0,

{s>u>t}NQ <Ot — s/2, (16)

where C' depends on the dimension and on the perimeter of the initial set. In particular, |{u =¢}| =0
for all ¢ > 0, so that up to a negligible set, {u >t} = {u > ¢}. In other words, no “fattening” occurs
at positive time ¢ > 0. For ¢ = 0 it may happen that |0{u > 0}| > 0, as shown in the second example
below (see Section 4.2).

In addition, since the sets {u > t} satisfy (M Cj) for t > 0, for s >t > 0 we have that

Py({u>s})+d{s>u>t} =Py({u>t}),

so that ¢t — Py({u > t}) is strictly decreasing until extinction. Since J,.,{u > s} = {u > t} we
also get that ¢t — Pg({u > t}) is right-continuous. Whether this function could jump or not remains
an open question in this generality, however the continuity has been proven in [19] in the classical

isotropic case ¢(-) = () = |.



We close this note with two examples: the first one (Section 4.1) shows that if the initial set is not
strictly mean-convex, then, in the crystalline case, the arrival time function might have discontinuities.
The second example (Section 4.2) is the construction of a stricly mean-convex set in the plane with
a dense reduced boundary, in which case our construction builds an evolution which remains in the
interior of the initial set and converges in the Hausdorff sense to a “fat” set at ¢t = 0.

4. Examples

4.1. The case 6 =0

If the initial datum E° satisfies only (M C) we shall consider two cases: If ¢ and 1 are smooth and
elliptic and OE? is smooth, then there exists a smooth solution to (1) on a time interval [0, 7), for some
7 > 0 (see [17, Chapter 8]). Then, by the parabolic maximum principle, the solution E(t) becomes
strictly mean-convex for ¢t € (0,7). In particular, for any € € (0,7) there exist 6. > 0 and an open
set €. such that E(t.) CC Q, 6. — 0 as ¢ — 0, and E(t) satisfies (MCs_.) in Q. for ¢t € (¢,7). As a
consequence, the previous results hold in all the time intervals [e, +00), so that the limit function wu is
unique and continuous, and it is locally Lipschitz continuous in the interior of E°.

On the other hand, for an arbitrary anisotropy ¢, the function u could be discontinuous on the
boundary of E°. As an example in two dimensions, we take (&,n) = ¢(£,m) = |€| + |n| and the
cross-shaped initial datum

E% .= ([-1,1] x [-2,2)) U ([-2,2] x [~1,1]) C RZ%.

It is easy to check that E° is outward minimizing, so that E(t) C E° is also outward minimizing for
all ¢ > 0. Moreover, the solution E(t) = {(z,y) : u(x,y) >t} is unique (see for instance [14]) and can
be explicitly described as follows (see Figure 1):

(L1 x [-2+6,2—t)U([-2+t,2—1] x [-1,1]) for t € [0,1],
E(t)=< [—V1-2(t—1),y/1-2(t—1)] x [—/1=2(t—1),/1-2(t—1)] forte1,3/2],
0 for t > 3/2.

(17)
In particular, the function u € BV (R?) is discontinuous on OEY \ 9([-2,2] x [-2,2]).

We observe that Formula (17) for E(t) can be easily obtained by finding explicit solutions to (ATW),
starting from Ej, = ([-1,1] x [-L,L]) U ([-L, L] x [-1,1]), L > 1. A “calibration” is given by the
following vector field z, defined in Ep:

(zy) if o[ <Lyl <1,
2z,y) = (x,£1) if o <L1<+y<L,
(£1,y) ifl1<zxx<L |yl <1.

One has divz = 1+ xj_1 12 in Ep, z(z,y) € {¢° < 1}, and Py(Ey) = faEe z-vdH! forany 1 < £ < L.
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E(t)

Figure 1: The evolving set E(t).
Hence, if L — h > 1 and F C Ef, we have
dy dy
P¢(F)+/ L 2/ v zdH! +/ B dy
r b oF r b
d)O

1 1 dg
= vezdH — v-zdH + Py(Er—p) + Ldx
oF OEL 1 r b

dy, dp,
= [ 2 (Dxg,_, — Dxr) + Ps(EL—p) + : dr + : (P = XB, )= = d2
L—h L
dy, dy,
Er EL
:P¢(EL,h)+/ 5 dx—f—/ (XF — XEL_)) 5 +1+X[_171]2 dz.
Er_n Er

Now, the last integral is nonnegative, since d}{i /h+1 < 0in E;_p, and is positive outside. As a
consequence, Er_p, solves (ATW) for E = Ep,, and one deduces the first line in (17). The proof of
the second line in (17) is a standard computation (see for instance [6]).

4.2. Continuity of the volume up to ¢t =0

We provide, in dimension d = 2, an example of an open set F satisfying (M Cj) for some 6 > 0, and
such that |0{u > 0}| > 0. The set is built as a countable union of disjoint disks.

Let ()n>1 be a dense sequence of rational points in Q := B(0,1) C R?. We shall construct
inductively a sequence (ry,)n>1 of positive numbers with )" 7, < 400 such that the following property
holds: Letting Fy = 0 and E,, = E,_1 U B(zp,ry) for n > 1, the sets F, all satisfy (MCjs) in Q for
some ¢ > 0.

Notice first that there exists ¢ > 0 such that each ball B(x,r) C  satisfies (M Css) in . Choose
now r; > 0 in such a way that Fy = B(xz1,r1) C Q, then F; satisfies (M Cas). Assume now by
induction that E, satisfies (M C(141/5)5). Then, if d,, := dist(2p11, ) = 0 we let 7,41 = 0, so that
E,+1 = E,. Otherwise, if d,, > 0 we choose 7,41 € (0,27") in such a way that

1/1 1 §d? d
<min(=[=- no
T”+1—mln<2 (n n+1> 2rC”’ 6)’ (18)
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where the constant C' > 0 will be chosen later in Case 3. Let also N' C N be the (infinite) set of
indices such that r,, > 0.
Assuming that E, satisfies (MCj,5/,,), which is true for n = 1, Let us check that E,; satisfies

(MC5(145/(n+1)))- We consider a set I of finite perimeter such that £, 1 C F' C 2, and we distinguish
three cases:

Case 1. |F N B(zn41,dn)| > d2%/C. In this case we have

P(F) > P(En)+<1+711>5F\En|

1 1 1

> P(Ep+1)+ 1+L S|F\ Epta] + ER— %—Qr
= n+1 n+1 n+1 n n+1 C TTrn+1

n+1

> P(Bu) + (1 n )6|F\En+1,

where in the last inequality we used (18).

Case 2. |[FNB(xp11,d,)| < d?/C and HY(FNOB(xny1,7)) = 0 for some 7 € (rn41,dy). In this case,
we write F' = Fy U Fy, with Fy = FNB(xp41,7) D B(®nt1,7nt1) and Fo = F\ B(zp41,7) O E,, and
we have

P(F1) > P(B(Tpt1,7n41)) + 20[F1 \ B(Tnt1,mn41)]
PR) = P(B)+ (141 )0F\ Bl

Summing up the two inequalities above, we get

P(F) = P(F1)+P(Fy) > P(Enq)+ (1 + 711) S (|F1\ B(wpy1,mng1)| + [F2 \ Exl)

1
= P(Eny1)+ (1 + n) O|F\ Entil-

Case 8. |F N B(zny1,dy)| < d2/C and HY(F NOB(xp11,7)) > 0 for ae. 7 € (rng1,dy,). In this case,
by co-area formula we have

dn

E dp, dn d?
. HYF NOB(zpy1,7))dr = ‘Fﬂ <B <xn+1,3> \ B <$n+1, 6))‘ < 6”

6

It follows that there exists p; € (d,,/6,d,/3) such that

D

dn

Similarly we have

dn 2d,, a2
HY (FNOB(zpg1,7))dr = |FN | B@nt1,dn) \ B | Tnt1, — <

2dy,
3

and there exists pgy € (2d,,/3,d,,) such that

w

3dn
ik
Using that HY(F N OB (xp41,7)) > 0 for all 7 € (r,,41,d,) we deduce that

H' (FNOB(wn41,p2)) <

12



e cither for a.e. r € (py, p2), it holds H*(0* FNOB(x41,7)) > 2, and it follows that P(F, B(xn11,p2)\
B(znt1,p01)) = 2(p2 — p1) = 2dn /3,

e or for a set of positive measure of radii r € (p1, p2) one has HY(F NOB(xy11,7)) = 27r. In this
case, observe that for a.e. y € 0B(xn11,p1) \ F, the ray from z,1 to dB(x,4+1,r) through y
crosses O*F at least once outside of B(x,11,p1) so that the projection of 9*F N B(zpy1,p2) \
B(zpy1,p1) onto OB(Zpn41,p1) has measure at least 2wp; — 6d,,/C. Hence,

P(F, B(zn+1,p2) \ B(Zn+1, 1)) = 2mp1 — 6dy, /C > dyp(7/3 —6/C) > 2d,, /3

provided we have chosen C' > 18/(7 — 2).

Then, proceeding as in the previous case we let F; = F N B(xp41,p1) and F» = F\ B(xp41, p2),
and we have

P(F) = P(Fy) + P(Fy) = H(F 1 0B(@ns1, 1)) = HA(F 1 0B (i1, p2)
+ P(F, B(znt1,p2) \ B(Znt1,p1))

—_

5|F\En+1|7

1 9d,  2d,
> P(Bpi1) + (1 + n> 6 ([F1\ B(Tnt1, mng1)| + [F2\ Enl) — -t
1 1\ .2 9d 2d
> — _ - “n n n
> P(Eny1) + (1 + n> O|F\ Ent1] <1 + n) -t
1 2049 2d,,
> P(Ey, 1+ = |§|F\Epyr| - ——d, + =2
> P( +1)+<+n>5| \ Ep1] . + 3

> P(Ept1) + (1+n

as long as we choose C' > 3(25 +9)/2.
We proved that E,, satisfies (MCjs) for all n € N, therefore also the limit set

E:=J E.= | Bzn, )

neN neN

satisfies (M Cps) in . In this case, the solution u in Theorem 3.1 is explicit and it is given by

U,(J?): Z (’rn_‘m_l‘n| )+.

neN 2

Notice that we have

Hu>0}=0F =DB(0,1)\ E,
so that |0{u > 0} =7 — |E| > 0.

A. 1-superharmonic functions

The goal of this appendix is to recall some results proved in [20] on 1-superharmonic functions, to give
precise statements in the anisotropic case, and to propose some simple proofs, when possible.

Definition A.1. We say that u is (¢-)1l-superharmonic in 2 if {u # 0} CC Q and for any v with

v>wu, {v#0} CCQ, one has
[ ot-u) < [ o(-Du,
Q Q
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or, equivalently, for any v with compact support in €2,
[ et=pnoy < [ o(-po) (sH)
Q

Given § > 0, we say that u is ((¢, d)-)1-superharmonic in € if {u # 0} CC Q and one has:

/Q¢(—D(u Av)) < /Q¢(—Dv) - 5/9(1} _uytde Vv, {v#£0} cC Q. (SHj)

/qu(—Du)—(S/Qudx,

with respect to larger competitors with the same boundary condition.

Equivalently, u is a minimizer of

Obviously then, u > 0 (using v = u™ in (SH)). Notice that xg is 1-superharmonic if and only if
the set E is outward minimizing.

Observe that, in this case, the set E° = {u > 0} has finite perimeter and satisfies (MCjs). Indeed,
for E C F CC €, letting v = exp for € > 0, we have

/ d(—D(uNexr)) = /E Py({u > s} N F)ds
Q 0

<ePy(F) =5 [ (exr—u)tds = ¢ <P¢(F) _ 5/9(XF _ u/e)mx) .
Hence:

/1 P¢({u>ts}OF)dt§P¢(F)—5/(Xp—u/s)+dx.
0 Q

Sending € — 0, we deduce (MCs).
In particular, it follows from Lemma 2.6 that for any v € BV (Q) compactly supported, ¢ [, [v|dz <
Jo #(=Dv). We then deduce that if u satisfies (SHjs), also u A T does for any T > 0. Indeed,

P(=D((uAT)Av)) < A H(~=DAT)) =6 | (vAT)—u)"da

Q Q

On the other hand,

/Q H(-D(wAT)) = /Q é(~ Do) - /Q o(~D(v—T)*) < /Q o(~Dv) — /Q (v —T)* d,
and it follows
—D((u v —Dv) — v—(u tdx.
/Q¢< D((wAT) A ))s/ﬂm Dv) 6/9( (WA T))*
Then, the following characterization holds:

Proposition A.2. Let u satisfy (SHs). Then there exists z € L™ (Q;{¢° < 1}) with divz > 4,
[z, Dut] = |Dul| in the sense of measures (equivalently, [, u*divzde = [ ¢(—Du)), and divz = § on

{u =0}.
Corollary A.3. Let u satisfy (SHs). Then for any s > 0, {u™ > s} and {ut > s} satisfy (MCs).

Here, u™ is as usual the superior approximate limit of u (defined H%!-a.e.) and [z, Du™] the pairing
in the sense of Anzellotti [4].
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Proof. For n > 1, let v, be the unique minimizer of

ir(l)ilalﬂ/(b —Dw) / —(v—uAn)? —dvdr. (19)

(the boundary condition is to be intended in a relaxed sense, adding a term [, [Tro|p(vo)dH? ™! in
the energy if the trace of v on the boundary does not vanish). The Euler-Lagrange equation for this
problem asserts the existence of a field z, € L (€; {¢° < 1}) with bounded divergence such that

div z, + nv, =n(uAn)+46

a.e. in Q, and [, div z,v, dx = [, ¢(—Dvy,). On the other hand [, ¢(—Dv,) < [, ¢(—D(u An)) <
Jo #(=Du) and we have v, — u, [, ¢(—Dv,) = [ ¢(—Du) as n — oco.
We show that v, < uAn. Indeed, [, p(—=D(vn AuAn)) < [, ¢(—=Dvy) =6 [,(vn — (u An))Tdz,

while [, (v, — (wAn))2dz > [o((vy AuAn)— (uAn))?. Hence,

/Q¢(—D(vn/\u/\n))+g/ﬂ((vn/\u/\n) (uAn)) 6/ vy AuAn)d

n
Duv,) + = n— 2de — 6 nd
qb( Un) + 5 /Q(U (uAn))dx Qv x

Uy — |V un—v—un+x
+5/Q<n (vn At A)) = (v — (uAn))*d

:/§2¢(—Dvn)+%/ﬂ(vn— (u/\n))Qdm—é/Qvndx

and as the minimizer v,, of (19) is unique, we deduce v,, = v, AuAn. In particular, it follows div z,, > .
(Observe that since v, > 0, one also has div z,, < § +n(uAn), in particular div z,, = § a.e. in {u = 0}.
Also, |, {(u>0} div z,, < P4(E"), hence (div z,),>1 are uniformly bounded Radon measures. Hence, up
to a subsequence, we may assume that z, — z weakly-* in L>(Q; {¢° < 1}) while divz, — divz
weakly-* in M1(Q; R, ), that is, as positive measures.

We now write

/ ¢(—Dwv,) = / v, div z, do < /(u An)div z, dr = / / div z,, dxds,
Q Q Q 0 J{u>s}

hence, since v,, — u,

qb —Du) < hmsup/ / div z,, dxds S/ lim sup/ divz, dx | ds
n—00 {u>s} 0 n—oo J{u>s}

thanks to Fatou’s lemma (and the fact f{qu} div z,, dz < P,(E") are uniformly bounded).

We now study the limit of f{qu} div z, dz, for s > 0 given, assuming {u > s} has finite perimeter
(this is true for a.e. s, and in fact one could independently check that s — Py({u > s}) is nonincreas-
ing).

We consider a set F = {u > s} with finite perimeter, and we recall Dy is supported on the
reduced boundary 0*F. By inner regularity, given € > 0, we find a compact set K C 9*F with
|IDxr|(Q2\ K) < e. We observe that H% !-a.e. on K (which is countably rectifiable), x has an upper
an lower trace, respectively X; =1 and xz = 0. By the Meyers-Serrin Theorem (or its BV version,
cf [5] or [3, Theorem 3.9]), there exists ¢ a sequence of functions in C*°(Q\ K;[0,1]) with ¢, — xF
and

/ Hd_l({m €N\ K : pp(x) =s})ds = / |Vorlde — |Dxp|(Q\K) <e
0 O\K

15



Moreover, by construction the traces of ¢y in K coincide with the traces of xr (see [3, Section 3.8]).
We choose for each k si, € [1/4,3/4] such that HI1(0{pr > sk} \ K) < 2e. We then define the
closed (compact) sets Fj, := {¢ > sp} UK. One has [, |Dxr — Dxp| = [ i |DxF — DXp,| < 3.
(This shows that F' can be approximated strongly in BV norm by closed sets.)
Then, one has limsup,, [, divz,dz < [ divz as the measures are nonnegative and xr, is scs. On
the other hand, | [, div z,(xr — xr,)dz| < 3¢, so that

limsup/ divzndxg?)s—i—/ divz—&—/(XFk —Xp)divzg?)s—i—/ divz—&—/(XFk —xr)tdiv 2.
F F F

n—oo

Notice that it is important to specify precisely the set F' that we consider in the last inequality: We
pick for F' the complement F'* of its points of density zero, equivalently F'™ = {u™ > s}. In that case,
up to a set of zero H¢ l-measure, yg := (Xp, — xp+)t = XF,\F+ Vvanishes on K pointwise, moreover
at H% 1-a.e. x € K, G has Lebesgue density 0. Hence G coincides H% '-a.e. with a Caccioppoli set
strictly inside  and with [, [Dxq| < 3e. Thanks to [23, Thm 5.12.4] it follows div 2(G) < Ce for C
depending only on ¢ and the dimension (see also [20, Prop. 3.5]). As a consequence, since ¢ > 0 is

limsup/ div z,,dx §/ div z.
n—=o0 J{uz>s} {ut>s}

/Q¢(—Du) g/Qqudivz.

The reverse inequality also holds thanks to [20, Prop. 3.5, (3.9)], and can be proved by localizing

arbitrary,

‘We obtain that

and smoothing with kernels depending on the local orientation of the jump. We also deduce that, for
a.e. s >0,

/ divz = Py({u > s}).
{ut>s}

Note that s — div z({u™ > s}) is left-continuous, and s — div z({u™ > s}) is right-continuous, whereas
s+ Py({ut > s}) is left-semicontinuous, which implies the thesis. O
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