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ABSTRACT. This paper concerns a class of optimal control problems, where a
central planner aims to control a multi-agent system in R? in order to minimize a
certain cost of Bolza type. At every time and for each agent, the set of admissible
velocities, describing his/her underlying microscopic dynamics, depends both on
his/her position, and on the configuration of all the other agents at the same time.
So the problem is naturally stated in the space of probability measures on R?
equipped with the Wasserstein distance. The main result of the paper gives a new
characterization of the value function as the unique viscosity solution of a first
order partial differential equation. We introduce and discuss several equivalent
formulations of the concept of viscosity solutions in the Wasserstein spaces suitable
for obtaining a comparison principle of the Hamilton Jacobi Bellman equation
associated with the above control problem.
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1. INTRODUCTION

There has been an increasing interest of the mathematical control theory commu-
nity for the so-called multi-agent systems, i.e., systems on a reference space X that
are composed by a number of agents so huge, that at each time only a statistical
description of the state is available. A common way to model such kind of system is
to consider a macroscopic point of view, where the state of the system is described
by a (time-evolving) Borel measure on X, i.e. the underlying space where the agents
move.

If 11y is a measure on X, and A is a Borel subset of X, the quantity p,(X) measures
pe(A)

p (X
the fractions of the total amount of agents that are present in A at the time ¢. The
case in which the system is isolated, i.e., the total amount of agents is fixed in time,
is of relevant interest. Indeed, in this case, since u,(X) is constant, we can always
normalize the measure p; assuming p(X) = 1, ie., py € P(X) the set of Borel
probability measures on X. Thus the macroscopic evolution is described by a curve
t + p1; in the space of probability measures. In the case X = RY, a stronger mass-
preservation property (i.e., that locally there are neither creation nor destruction of
agents, ), can be obtained assuming that the trajectory g = {4 }+cpo,r) of the system,

the total number of agent of the systems at time ¢, and the quotient represents
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seen as a family of measures on X indexed by the time parameter, is expressed by
the continuity equation

(11) 8tut + div(vt,ut) = 0,

where v,(+) is a time dependent Borel vector field on R? and the PDE must be
understood in the sense of distributions.

Under mild integrability properties on v.(-), it is possible to prove that every
solution t — u; of the above PDE possesses a continuous representative, where
continuity is taken w.r.t. the weak* topology induced by the duality with continuous
and bounded functions on R, thus it make sense to couple the PDE with an initial
condition in order to study the macroscopic evolution of the system.

It is natural to introduce now a cost function on the system, and study various
kinds of optimization problems. More precisely, we are interested in studying the
optimal control problem where a central planner try to minimize a given cost function
on the system by acting on the agents. Another interesting problem - out of the
scope of the present paper - concerns the Nash equilibrium configurations when each
agent try to minimize its individual cost, possibly depending by the configuration
of all the other agents. This case is a mean field game problem, in the sense of
[7,10,24].

The individual motion of each agent can be suject to nonholonomic constraints
coming from both local conditions, i.e., depending only on its instantaneous position,
and from mnonlocal conditions, i.e., depending on the overall configuration of the
agents present in the system. The simplest possible case of nonoholonomic constraint
coming from local conditions is the presence of a mazimum speed for the agents
depending on its instantaneous position. In this case, the admissible velocities for
the agents passing through the point x € R? are contained in a closed ball F'(z) =
B(0,g(z)) € RY, where g : RY — [0, 4+00] is a function pointwise giving the speed
limit. Anisotropic speed limit, i.e., limits depending not only on the position but
also on the direction, can be modeled similarly replacing the profile of the ball with
a suitable compact convex set.

In general, in presence of nonholonomic constraints on the dynamics of the agent,
for instance when the dynamics of each agent is expressed by a set-valued map F'
with values in RY, a natural requirement on the macroscopical vector field v,(-) is to
be a selection of the same set-valued map F' .

One of the most interesting features of the generalized control problem in the
space of probability measures in this formulation, which does not appear in the
classical formulation, is the possibility to take into account internal interactions
between the agents, usually leading to nonlocal nonholonomic constraints. Indeed,
in the analysis of multi-agent systems, like e.g., cell populations, fish swarms, insect
colonies, human crowds, bird flocks, the collective behavior is deeply influenced by
complex interactions that usually arise among the subjects. These interactions can
be added both in the cost function, and in the dynamics. In the latter case, this
amounts to allow the set-valued map to depend not only on the position in R?, but

also by the current state of the system, i.e., considering set-valued maps F' defined
on Z(RY) x R? with values in R%.

An example can be given by penalizing the speed of the agents if the overall current
configuration is far from a fized ideal travelling configuration which, for instance,
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guarantees the safety of the swarm/collective. Denoted by p® = {u*}ieor) the
ideal travelling configuration, we can consider for instance

1
F =B1(0
(b 7) ( ’1+W§<u,uﬁ>)’

where Ws(-) denotes the Wasserstein distance between probability measures, and
study the problem to achieve a desired configuration in minimum time. The optimal
strategy in this simple case will be a compromise between reaching first the ideal
travelling profile to travel at the fastest speed possibile (in this case 1), and letting
the single agents free to move toward the goal as fast as they can (in general, with
speed less than 1).

Summarizing, in the general case the dynamics of the system consists of the
continuity equations (1.1) coupled with

1.2 v (x) € F(uy, x) for ps-almost x € R? and for a.e. t > 0.
(1.2) (x) i 1

This feature leads to the conclusion that, in presence of interactions, the description
of the collective behavior cannot be reduced by the simple superposition of individual
behaviors.

Indeed, in [16] it was addressed the problem to identify with geometrical tools
and study the macroscopical dynamics of a system where the microscopical agents
were subjected by a nonholonomic constraint modeled by a differential inclusion.
However, it was made the strong simplifying assumptions of no interactions between
the agents, and therefore the map F' was assumed to depend only on the variable
x € RY 1In this paper, among the other results, we provide an exension of the
superposition principle to microscopical dynamics governed by differential inclusions
also in the case with interactions. Comparing to [16], this extensions requires the
use of appropriate fixed point argument, due to the fact that the evolution of each
agent is affected by the evolution of the others. This difficulty did not appear in the
case treated in [16].

The problem of rigorously approximate the control problem for the real-world
multi-agent discrete system with its mean field limit, i.e., the corresponding prob-
lem stated in the space of measures, is of fundamental importance both from the
theoretical and from the applicative point of views. This problem can be traced
back to [27], and a systematical survey of related results can be found in [26]. This
problem was addressed also in [13] for some models coming from flocking models, in
order to reduce the dimensionality of the problem of the kinetic formulation. In [20]
and [19] it is rigorously justified the use of mean-field approximations in optimal
control of multiagent systems of first order. The reader can find a comprehensive
overview of the literature about kinetic formulation and applications, together with
some insights on research perspective, in the recent survey [1].

Closer to the problem studied in the present paper, in [8] and in [9] necessary
conditions are studied for control problems in the Wasserstein space. The first
paper still in connection with mean-field limit and the second one directly in the
Wasserstein space. Both papers provide such conditions in form of an extended
Pontryagin Maximum Principle in the Wasserstein space, however in order to obtain
well-posedness of the adjoint equation heavy regularity assumptions on the problem
are needed.
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Instead of a mean-field approximation approach, we study directly control systems
stated in the space of probability measure. This is motivated for instance by the case
of incomplete information on the state space, where we can model our knowledge
of the state of the system by a probability measure and study the corresponding
evolution. This may occur even when the evolution is purely deterministic (as in
[12], [14]), or when we consider games with incomplete information (see [11,12]) or
repeated games with signals (see [28]).

In this paper we will consider a Bolza-type problem, i.e., the minimization of a
functional J(-)

(13) i o) i= [ £(u)di+ 9 (ur) € RU {00}

on trajectories p = {1 }+e[s 7] satisfying the continuity equation (1.1) with an initial
datum g, and subject to the constraint v,(x) € F(u, x) for a.e. ¢ € [s,T], us-a.e.
r € R,

A relevant class of bounded uniformly continuous functional £ which are inter-
esting for the applications is provided by

=[] Fepdpen .,

where K € CO(R?x R?). In terms of multi-agent systems, K (z,y) describes the cost
of the interactions between an agent located at the point x and an agent located at
the point y. In its simplest form, it can be expressed by K(z,y) = k(|x —y|), where
k : [0, +o0[— [0, +00] is continuous with compact support. The boundedness of the
support of k express in this case the fact that each agent is not influenced by the
agents located too far away from him/her.

For the problem (1.3), a notion of value function can be given in analogy to
classical Bolza problem in optimal control, and our main goal is to characterize it
as the unique solution of a first-order Hamilton-Jacobi-Bellman equation (HJB in
short) in the space of probability measures. To this aim, we will use a convenient
notion of viscosity sub/superdifferential, and prove a comparison principle for first-
order HJB equations.

The theory of HJB equation in the space of measures could be considered as a
part of a more general theory in metric spaces (see, e.g. [2,22]), but, since the
space of measures enjoys a much richer structure, specific tools were later developed
in [12,14,21]. Using the representation of the space of probability measures as a
subspace of L? function on a sufficiently “rich” probability space (see [10,24]), it was
also developed a theory of generalized differentiation and viscosity solution in the
space of measures by adapting the concepts of viscosity theory in infinite-dimensional
spaces (see [17]).

In this paper the main result consists in proving that the value function is the
unique viscosity solution of a HJB equation in the Wasserstein space. For this task,
we introduce a suitable notion of sub/super differential in the Wasserstein space
(which is very much inspired from [12,25]) which leads to a definition of viscosity
solution. Then we prove a comparison principle for viscosity solution of first-order
HJB equations, by adapting a doubling of variables argument used also in [12], [25],
extending the previous results to cover Hamiltonian function arising in the study of
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multi agent type. We also give several equivalent formulations of sub/super differ-
ential which give equivalent definitions of viscosity solutions. It is worth pointing
out that here our intent is not to give abstract results comparing subdifferentials in
Wasserstein space (for this, the reader can refer to the recent paper [23|), but only
to define and study a subdifferential well-adapted to obtain a comparison result of
the HIB associated to our multiagent control problem. Compared with [12], the
comparison principle in this paper requires milder regularity assumptions on the
Hamiltonian (just a sort of uniform continuity), while in [12] was asked a much
stronger positive homogeneity in the second variable and a Lipschitz conditions.
This is reflected by the fact that the comparison principle in [12] (and of [25], which
was an extension of [12]) provides uniqueness only in the class of Lipschitz continu-
ous function, while the comparison principle of the present paper leads to uniqueness
in the bounded and uniformly continuous case. Anyway, the regularity of the value
function in our case is enough to authomatically guarantee the consistency between
the multiagent system and the mean field formulation. Furthermore, for such kind
of result we do not need the regularity assumptions of [9] or [§].

The paper is structured as follows: in Section 2 we introduce the basic notation
and background, in Section 3 we describe the properties of the set of admissible
trajectories, establishing some results of existence and representation formulas, in
Section 4 we analyze the optimal control problem in the Wasserstein space, studying
the regularity property of its value function, and prove a dynamic programming
principle, and finally in Section 5 we provide the main results of the paper, namely
a comparison principle for viscosity solution of first-order HJB equation, and the
characterization of the value function of the Bolza problem as the unique viscosity
solution of a suitable HJB equation. At the end of the section, we also discuss
several equivalent formulations of the definition of viscosity solution in this context.

2. PRELIMINARIES AND NOTATIONS

We will use the following notation.

B(x,r) the open ball of radius r of a metric space (X, dx),
ie., B(z,r) :={ye X :dx(y,z) <r};

K the closure of a subset K of a topological space X;
I (") the indicator function of K,
ie. Ig(x)=0ifx e K, Ix(z) =+ if z ¢ K,
dr(+) the distance function from a subset K of a metric space (X, d),

ie. di(z):=inf{d(z,y) : y € K};
CYUX;Y) the set of continuous bounded function from a Banach space X to Y,
endowed with || f||co = sup |f(x)| (if Y =R, Y will be omitted);
rzeX

CYUX;Y) the set of compactly supported functions of Cp(X;Y),
with the topology induced by CP(X;Y);
BUC(X;R) the space of bounded real-valued uniformly continuous functions defined on X

Iy the set of continuous curves from a real interval I to R
I the set of continuous curves from [0, T] to R?;
e; the evaluation operator e; : R x T';
defined by e:(z,v) = 7(¢) for all ¢ € I;
2(X) the set of Borel probability measures on a Banach space X,

endowed with the weak* topology induced from Cp(X);
A (R%GRY)  the set of vector-valued Borel measures on R? with values in R?,
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endowed with the weak* topology induced from C?(R9; R%);

V| the total variation of a measure v € .Z (R4 R%);

< the absolutely continuity relation between measures defined on the same
o-algebra;

, ma () the second moment of a probability measure p € Z(X);

riu the push-forward of the measure p by the Borel map 7;

U Ty the product measure of p € &(X) with the Borel family of measures
{mz}zex € P(Y) (see Definition A.1);

pr; the i-th projection map pr;(z1,...,xx) = z;;

II(p,v) the set of admissible transport plans from p to v;

I, (p, v) the set of optimal transport plans from u to v;

Wo(u, v) the 2-Wasserstein distance between p and v;

Py(X) the subset of the elements &(X) with finite second moment,
endowed with the 2-Wasserstein distance;

1 the Lebesgue measure on R?;

v

— the Radon-Nikodym derivative of the measure v w.r.t. the measure y;

m
Lip(f) the Lipschitz constant of a function f.

Now we give some preliminaries and fix the notation.

Given two nonempty sets A, S, we will denote by {ss}sca C S the images of a
map 0 — ss defined from A to S, seen as a subset of S indexed by the elements of
A. In particular, when A = N, {s, }en € S will denote a sequence of elements in
S. When the set A, S have more structure, we will refer to reqularity properties of
{ss}sea € S meaning the regularity properties of the underlying map § — s;.

Given Banach spaces X,Y, we denote by Z(X) the set of Borel probability
measures on X endowed with the weak* topology induced by the duality with the
Banach space C(X) of the real-valued continuous bounded functions on X with
the uniform convergence norm. The second moment of p € (X) is defined by

mo(p) = /X |z||% du(), and we set Po(X) = {p € P(X) : my(R?) < +o00}. For

any Borel map 7 : X — Y and p € Z(X), we define the push forward measure
riu € P(Y) by setting riu(B) = u(r~'(B)) for any Borel set B of Y.

We denote by .Z(X;Y) the set of Y-valued Borel measures defined on X. The
total variation measure of v € .#Z(X;Y) is defined for every Borel set B C X as

I(B) = sup {3 (Bl } .
{Bi}ien
where the sup ranges on countable Borel partitions of B.
We now recall the definitions of transport plans and Wasserstein distance (cf for
instance [31]). Let X be a complete separable Banach space, py, s € Z(X). The
set of admissible transport plans between py and ps is

(1, p2) = {m € P(X x X) s pryfmw = p;, i = 1,2},

where for i = 1,2, pr; : R x R? — R? is a projection pr,(z1,22) = z;. The inverse
7! of a transport plan w € II(u,v) is defined by w~! = iftw € II(v, u), where

i(x,y) = (y,x) for all z,y € X. The Wasserstein distance between uy and po is

W3 (py, o) = inf / 21 — 20| drv (21, 2).
XxX

WEH(,U'LMQ)
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If py, pe € P9(X) then the above infimum is actually a minimum, and the set of
minima is denoted by

Ho(HhMQ) = {ﬂ' S H(M1,/~L2) : sz(,uhm) = / ’$1 - $2|p dﬂ'@h%)}-
X

xX
Recall that Z25(X) endowed with the W,-Wasserstein distance is a complete sepa-
rable metric space, moreover for all 1 € Z5(X) there exists a sequence {u" } yeny C
co{d, : = € supp p} such that Wy(u™, ) — 0 as N — +oo.

To maintain the flow of the paper we postpone to an appendix the statement of
the Disintegration Theorem and of the Superposition principle which will largely
used throughout the article.

3. THE SET OF ADMISSIBLE TRAJECTORIES AND ITS PROPERTIES

Here the admissible trajectories are the solutions of a continuity equation with
constraints in the flux. From a multi-agent system point of view, we have the
following properties

e during the evolution, the total mass of the agents is preserved: we have
neither creation nor loss of agents;

e the dynamic of each agent is subject to non holonomic and possibly nonlocal
constraints

e the macroscopic evolution will be the result of the superposition (average)
of the microscopic evolution of the agents.

We will focus now on the properties of the set of admissible trajectories.

Definition 3.1 (Admissible trajectories). Let I = [a,b] be a compact real interval,
= {uter € PoRY), v = {v;}er C A RERY), F 2 P2y(RY) x RE = RY be a
set-valued map. We say that wp is an admissible trajectory driven by v defined on [
with underlying dynamics F' if

the map ¢ +— i, is Borel (see Definition A.1);
\v| < g for ace. t € I

() = &(x) € F(uy,x) for ace. t € I and py-a.e. v € RY

t
the map (¢, x) — v;(z) is Borel and

/||vt]|L3 dt < +o0;
7 it

Oips + div vy = 0 in the sense of distributions on |0, T[xR?, equivalently
4
dt Jpa
in the sense of distributions in ]0, 77 (see (8.1.3) in [3]).
Given 1 € P,(RY), we define the set

() djug() = / (Veo(a), vu(x)) dpe(z), for all € CL(RY)

Rd

adF () = {u = {11 }ier CP(RY) ¢ there exists v = {1 }er € 4 (R%RY) such
that p is an admissible traj. driven by v,

defined on I with underlying dynamics F' and p, = ,u}.
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We recall that, by Lemma 8.1.2 of [3], by possibly changing the family {z;}es
on a Lebesgue negligible subset of I, we may always assume that ¢t — g, is nar-
rowly continuous. Therefore given {u;}ier € &F (1) we will assume always that
it is continuous without loss of generality. Moreover, by Theorem 8.3.1 in [3], the
map t — i, is actually absolutely continuous from I to & (R?) endowed with the
Wasserstein metric.

Conversely, for any absolutely continuous curve ¢ — p; defined on I = [a, b] with
values in 2, (R?) endowed with the Wasserstein metric there exists a Borel vector
field (¢, x) — v,(z) such that

/I”UtHLit dt < 400,

and Oy + div(ve;) = 0 holds in the sense of distributions on ]a, b[xR?.

An alternative characterization is of the admissible trajectories is given by the
following

Remark 3.2. Define S5 : P5(RY) x A (R%EGRY) — [0, +00] and F : P5(RY) =
M (RE:RY) — R U {+00} by

4 .
[ 1m0 (200 dute), it < g
Ilp,v) =4 °F

400, otherwise.

F(p) :={v e #RYRY : Ip(u,v) < +oo},

we have that g € @/ (1) if and only if there exists a Borel family v = {v; };c; such
that Oy + divy, = 0 in the sense of distributions, u, = p, and v, € F () for a.e.
t € I. Given p € P5(R?), we say that v € F(u) is an admissible measure-valued
velocity at .

We first show a result about the closedness of set of trajectories. To this aim, we
consider the following property of the dynamics
(F1) F : 25(R?Y) x R = R? is continuous with convex, compact and nonempty
images, where on Z,(R?) x R? we consider the metric

d gy mayxra (1, T1), (H2, T2)) = |21 — Ta| + Walpir, p2).
We obtain the following result

Proposition 3.3. Assume that F satisfies (F1). Let {u™},cn be a sequence of

admissible trajectories defined on I such that p(™ = {ugn)}tg for alln € N, and let
= {uitier € Po(RY), v = {vi}es C A (RERY) be Borel curves.
Suppose that

o for all n € N we have that p(™ is driven by v™ = {ytn) = vt(")ug")}tg,

where v\ (z) € F(u(™, ) for a.e. t € I and pp-a.e. x € RY;

L (n) .
o liminf i vy HLiin) < +00;

o 1™ — 1 in the sense of distributions on I x RY, and for a.e. t € I we have
Walp" s ) = 0 as n — +o00;
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e (™ — v in the sense of distributions on I x R%, and for a.e. t € I we have
™ sy as n = +oo;

Then p s an admissible trajectory driven by v.

Before proving the above Proposition we state a Lemma which is a consequence
of well-known results of lower semicontinuity for functional depending on measures.

Lemma 3.4. Assume (Fy). Let {pu™},en be a sequence in Py(R?) Wa-converging
to fi and {v™},cn be a sequence in A (R%RY) w*-converging to v. Then

(i, 7) < liminf Fp(u™, ™).

n——+o0o

Proof. We have Zp(pu™, v™) € {0, +oc}. In the case Ip(u™, ™) = 400 for all
but a finite number of indexes n, there is nothing to prove. Thus without loss of
generality, we may assume that .Zp(u™, ™) =0 for all n € N,

Let (1,2) € 25(R?) x RY. By the upper semicontinuity property of F, for all
e > 0 there exists 0., > 0 such that if
dﬁg(Rd)XRd((ea y)) (ﬂ7 l’)) S 56,;L,xa
then

F(0,y) C F(i,x) +eB(0,1).

Let {z;}i>0 be a countably dense sequence in R%. We set §; = Oc iz, and B, =
B(z;,min{0;/2,1/i}). Clearly, we have

/Rd Tr(p,) (%(x)) dig(z) = sup /Bilp(u,@ (%(x)) di(z)

There exists 7 > 0 such that for all n > 72 we have Wy (i, u™) < §;/2, in particular
for any ¢« € N we have

()

()

1%

():/ T (—(x)) dﬂ(”)(l’)Z/ Ip () +e (—(1’)> du™ ()
B e\ o) 5 PR +eBOI) | 1)

According to e.g. Theorem 2.34 in [4], we have that for all i € T

(n) %
. v " v )
it [ o (@) 60 2 [ Ty o (2 dit)

i

and so for fi-a.e. x € B; we have

U

~(x) € () + B0, 1).

Fix now a density point Z for . By density of the sequence {z;};cn, there exists a
subsequence x;, such that z € B;, for all &, thus for k large enough we have

%(x) € F(fi,r;,) +eB(0,1) C F(i,z) + 2¢B(0, 1).
by letting e — 07 and recalling the arbitrariness of the density point Z, we conclude

that Z(x) € F(pi,z) for a.e. z € R%, so Sx(fi,7) = 0. The proof is complete. O
u
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Proof of Proposition 3.3.

1. Since for all n € N the trajectory pu(™ is an admissible trajectory driven by
v for all n € N we have

Ayl™ + div ™ = 0.

Recalling that by assumption (™ and (™ converges in the sense of distributions
to u™ and v, respectively, by passing to the limit in the sense of distributions
we have

Oty + divy, = 0.

2. We denote by 4 C I the set of t € I where uﬁ”) does not Ws-converge to p; or

yt(") does not w*-converge to v;. By definition, we have that .4 is negligible. Since
the trajectories of the sequence are admissible, we have for all n € N

/ﬂf@@w@)ﬁ:a
I

thus, by Fatou Lemma and Lemma 3.4 we have

0 = lim inf/ I (Mgn)’ Vt(n)> dt > / lim inf jF(Ml(gn)a ylgn)) dt
A I

n—-+o0o \/V n—-+o0o

> fmmmﬁz/JMmmﬁZO
Ny I
Thus we have |1 < i and v(z) = &(ZL‘) € F(u,x) for a.e. t € I and -
He
a.e. x € R% Moreover, since t — p; and t — 1, are Borel maps, we have that

(t,z) — v () is Borel.
3. We recall that the functional

14

—()

; dp(x)

is l.s.c. w.r.t. the weak* convergence of measures (see e.g. Theorem 2.34 in [4]). In
particular, for all ¢ ¢ .4 we have by Fatou’s lemma

(1, v) =
Rd

Vg

—(x)

e

dp" ()

2
du(z) < liminf/ ——
R4

n—-+00

) (o) = |

R4

R I (n)|12
= tminf e le,

Taking the square root and integrating on I we have

e () L (n)
< < .
[l it < [ timint i, i < limint it i, i <0

According to the previous steps, we obtain that

e 1 is a narrowly continuous curve, satisfying the continuity equation Ou; +
div v, = 0 in the sense of distributions;
v

o 1] < i for ae. t € I, and v(z) = —=(x) € F(uy, x) for py a.e. x € R? and
1

t
a.e. tel;

e it holds
/HthLg dt < +o.
I 1237



OPTIMAL CONTROL IN WASSERSTEIN SPACE 11

Thus p is an admissible trajectory driven by v. This ends the proof. 0

Before stating our existence result for admissible trajectories we first need some
more assumptions on the set-valued map F'

(F'5) there exists a continuous increasing function 7" : [1, +00[—]0, +o00[ and 6y > 0
such that
e the Cauchy problem

0(s) = T(6(s))8(s), for s > 0,
(3.1)
6(0) =1+ 6,.
has a solution 6(-) defined on [0, T7.
o F(p,x) CT(1+my ()1 + [2)B(0, 1).

(F'3) there exists L > 0, a compact metric space U and a continuous map f :
Py (RY) x R x U — R satisfying
[f (i, 1, u) = f(p2, 22, w)| < L(Walp, p2) + |21 — 22]),
for all u; € P25(R?), x; € RY, i = 1,2, u € U, such that the set-valued map
I can be represented as

Fp, x) = {f(p, z,u) -u € U}

Assumption (F'y) is strictly related to the construction of an a priori upper bound
on the second order moment of the time-evolving measure ¢ — p;. Indeed, in order
to prove the existence, we aim to construct a relatively compact invariant domain
and to apply a fixed-point iterative procedure to build a sequence of curves in the
space of probability measure converging to an admissible trajectory.

Remark 3.5. We notice that actually (F3) implies (F3). Indeed, assume (F3). Then
for all p € Z5(R?) and z € R4, set

C:=max{l, L - max{|y| : y € F(do,0)}},
we have
F(u,@) CF (80, 0) + L(Wa(p, &) + |«[)B(0, 1) € C(1 4 my"(n) + |2]) B(0, 1),
CC1+my* ()1 + [2)B(0, 1),
hence we can take 1'(r) = Cr, leading to existence of a solution to (3.1) in [0, 7]

ith T < ————.
W C(1+6p)

Now we state the main result of this section

Theorem 3.6 (Existence and representation of solutions). Let T > 0 and assume
(Fy — Fy). Then for all p € P5(RY) with ma(u) < 0%, where 0y is as in (3.1), we
have that there exist p = {phcor) S P2(RY) and v = {vi}hepr C A4 (R%GRY)
such that p € M[({T] (1) is an admissible trajectory driven by v. Moreover, there
ezists 1 € P(R? x T'r) such that

(1) ps = esfin for all t € [0,T);
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(2) for n-a.e. (z,7v) € R x 'y, we have

V() € Fledn,v(1)), for ae. t €0, T];
7(0) = .
Conversely, if n € P(R? x T'p) satisfies (2) above, we have that p = {u; =
edintecpom € 4245}1 (1) is an admissible trajectory driven by v = {vfis }reo,r), where
for a.e. t €10,T] and py-a.e. y € RY
v(y) = / V() diey(,7),
e ' (v)

and n., 15 giwen by the disintegration m = [y @ 1.

The measure n € Z(R? x I'7) can be identified with a measure on the space of

continuous paths in R?. In analogy to Theorem A.3, the macroscopical behaviour
of the system is reconstructed as a (weighted) superposition of paths.

Before proving this theorem we need two Lemmas

Lemma 3.7. Let C,T >0 and w : [0,T] x R? — R? be a map satisfying

(1) & — w(x) continuous for all t € [0,T7],

(2) t — wi(x) measurable for all x € RY,

(3) |wi(z)| < C(1+ |z|) for all t € [0,T], z € R
Then

e there is a Borel map x +— 7y, from R? to Uy such that for all x € R* we have
72(0) = = and 4,(t) = w(1.(1)) for we. t € [0,T).

o for every p € Po(RY), set n = p® 9, and p = {p}icor) with p = efn,
we have that Oy + div(wypy) = 0 and g = p.

Proof. Assumption (3) yields the existence of solutions of the Cauchy problem () =
w(y(t)) with v(0) = z defined in [0, T for all z € R<.

We notice that if 4(t) = w(v(t)) with v(0) = x, then

p01 < b+ [ a6l ds < el +€ [ 1+ hs)) s,
and so, by Gronwall’s inequality,
L+ @) < @+ ]2])e < (14 [2])e"
We define the following map g : R? x I'py — I'p

g(z,y)(t) :=x + /Ot wg 0 y(s) ds — ().
Notice that g is continuous. Consider the set-valued map H : R? — I'y defined by
H(z) := {7 € Bxo(0, (1 + |2])e") : g(x,7) = 0},
where, given r > 0,
Boo(0,7) = {y € AC([0,T];R?) : |5(t)] < r for all ¢ € [0,T]},

i.e., the r-ball of the sup norm centered at the origin. The first assertion of the
thesis now follows from Theorem 8.2.9 in [5], while the second one is trivial. O
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Lemma 3.8. Let T' > 0 and assume (Fy — Fy). Let 0(-) be a solution of (3.1)
fulfilling all the properties in (Fy), and set {(u) =1+ mém(,u) for all p € P5(RY).
Define

(32) D= {p = {(whicwn € AC(D, T Zo(RY) : C(yu) < 0(0),
and C(pe) < 6(t) for all t E]O,T]}.
For all 1t = {jiz}scom € D we sel

Q(fr) :== {u = {1} e : there exists a Borel map (t,x) — vi(x)
(3.3) such that Oy + div(vypey) = 0, g = fig, and

vi(x) € F(f, x) for a.e. t €[0,T] and py-a.e. x € Rd}.

Then we have ) # Q(fa) C D.
In particular, given p = {j}cpm € Q(f1), the map (t,x) — v,(x) associated to
w can be chosen also satisfying

T
/ vy (2)|? dpy dt < +o00.
0 Jrd

Proof. We first prove that Q(f1) # (). Since the set-valued map (¢, z) — F(fi, z) is
continuous with convex closed values, it possesses a continuous selection v,(z). By
assumption, we have

()] < V(L +my* (7)) (1 + J2]) < V(O(0)) (1 + [2]) < T(OT))(1+ |a]),

recalling that 6(-) is increasing since 7°(+) is nonnegative. In particular, we have that
every integral solution of §(t) = v(7y(t)) is defined on [0,7]. By Lemma 3.7, there
exists a Borel map = + 7, such that for all x € R? we have 4,(t) = v;(7.(t)) in
10,7 and ~,(0) = x. Then, set 7 = fig ® 6,,, it = e 47, ¥y = vifiy, we have that
B={l}iepn € Q) thanks to ¥ = {D}ejo,)-

We consider now any p = {1 }icjo,r) € Q(f). Since fig = pig, we have my(po) =
ms (fig) < 3. Moreover, there exists v = {vyu }reo ) such that

Oppy + divopy = 0,
and v,(r) € F(fi;, z) for a.e. t € [0,T] and for p-a.e. x € RY. In particular, we have
(3.4) [0z, < T(O@))(1 + ma(s))

According to Proposition A.3, there exists n € 2(R? x I'r) concentrated on the
pairs (z,7) where 7 is an integral solutions of 4(s) = vs(v(s)) satisfying v(0) = =z,
such that p, = e fm for all ¢t € [0, T7.

For n-a.e. (7(0),7) € R¢ x 'y, and for 0 <t < s < T we have

() < ()] + /t (1 +my () (1 + (7)) dr

By taking the L% norm, and applying Jensen’s inequality, we have

() < () + [T+ )1+ )
t
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1/2(

so if we set z(s) = 14+m,’ " (us), we obtain that z(+) is a continuous function satisfying

z(s) < z(t) + /ts T (z(1))z(7) dr,

2(0) < 6(0).

Given 0 <t < s < [0,7], we have

0(s) — z(s) 2 0(t) — =(1) + /t [T(0(7)0(7) = T(2(7))=(7)] dr.

Since 6(0) > z(0), we can define
s=sup{T € [0,7]: 6(t) > z(t) for all t € [0, 7]} > 0.

We want to prove that § = T. Assume by contradiction that § < 7. According to
the above relation, we have

0(5) — z(5) > 0(0) — 2(0) + /OS [T (0(7))0(7) — T(2(7))2(T)] dT > 6(0) — 2(0) > 0.

in particular, by continuity, there exists ¢ > 0 such that s+ <7 and (1) > z(7)
for all 7 € [5,5 + ¢, thus contradicting the maximality of 5. Thus, we have that
z(s) < 0(s) for all s € [0,7], and the inequality is strict at s = 0, hence pu € D.
Recalling (3.4), the increasing character of 7°(-) and 6(-), and the definition of D,
we have also

/0 » vy ()| dp dt < T(Q(T))/O (1 4+ mo(pe)) dt < +o00.
0

Proof of Theorem 3.6. The existence will be proved by a fixed point argument. We
define by induction a sequence y, = {,ut }te[o 71 € D as follows.

° We set p,g ) = w1 and yt = 0 for all t € [0,7]. By assumption, we have that

= {Mto }te[OT e D.
3 leen p™ = {u" }te[OT € D, we choose pu"™) € Q(u™) C D. The choice
is possible thanks to Lemma 3.8.

We notice that, by definition of Q(-) and by Lemma 3.8, for all n € N it exists a
Borel map (£,2) — w!™ (z) such that

o Oy + div(w ™) =0, g = p,

o w"(x) € F(u"”,x) for pi*l-ae. w € R and ae. t € [0, 7],

/ / |wt )2 du? dt < +oo.

Thus, recalling (F3),
wf™ ()] < 71+ my (")) (1 + [2]) < TO0)) (1 + |=]) < TOT)(1 + |a]),
hence, by applying Theorem A.3, we define a sequence {n™}, oy € Z(R? x I'y)

satisfying pu, M) — efn®™ for alln € N, t € [0,T]. Moreover, for n™-a.e. (z,7) €
R? x I'r, we have 7(25 = w" )(7( t)) and v(0) = z, then

(01 < b+ [ Gl ds < ol + 700 [ 1+ R ds
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and so, by Gronwall’s inequality, for all ¢ € [0, T]
(L4 y(@)]) < 1+ |2 T < (1 4 [z])e" DT,
and for a.e. t € [0,T]
B0 = i ()] < YO+ [1O]) < TOT)" (L + fa]).
This yields

1/2
w2 ) = ([ (ol + ) an o))
XL

<my* (1) + (1 + my’* (1)) OOT < foo,

and

[, Wil dn® ) <2 ([ e an® o))

—1(O(T))e" T (1 4 ml2(ulY)
<T(O(T))e™ T (1 + ml? (),

XFT

recalling that 4 = p for all n € N,
Defined the functional € : R? x T'y — [0, +00] by setting
2 ? + 73 + [1¥llzes, if v € AC(I) and 4 € L=(1),
E(z,7) =

400, otherwise,

we have that £ has compact sublevels in R? x I'; and

neN

Sup/ E(x,7) dn™ (z,7) < +o0.
RdXFT

By Remark 5.1.5 in [3], the sequence {n(™},cy is tight. In particular, up to a
subsequence, there exists n € Z(R? x I'r) such that n™ —* 5. By the continuity

of e;, we have that u§"> —* g = e for all t € [0, T).
Indeed, given 0 < s <t < T we have

1/2
Wa(u), u™) < [ [ e - es(x,v)\2dn(”)(xm)]
RdXFT
1/2
_ { [ o =a)ra® <x,v>]
RdXFT

1/2
<t—s- [ [ dn<n><z,v>}
RdXFT

<Jt — s| - T(OT))e" T (1 + my(u”))
=|t — s| - T(O(T))e" OO . (1 4 my(p)),

recalling that ué") = for all n € N. Therefore we have that { (™ },,cy is a sequence
of equiLipschitz continuous curves in &, (R?) w.r.t. W-distance. Since they satisfy
also u(()") = u for all n € N, the sequence is also equibounded. By Ascoli-Arzela

Theorem, up to a (non relabeled) subsequence, it converges uniformly to a Lipschitz
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continuous curve. By the uniqueness of the limit, we have that (™ converges
uniformly to p.

By Proposition 5.1.8 in [3], we have that for all (x,v) € suppm there exists a
sequence {(,, V) }nen such that (x,,7,) € suppn™, z, — x and |7, — [/ — 0.
By the estimates on w,@ (x), we have for n sufficiently large and for a.e. t € [0, 7]

[T (O] <TO(T) (X + [al) <TO(T))(2 + [2]),

50 {Vn }nen having uniformely bounded Lipschitz constants, thus «y is Lipschitz con-
tinuous. Moreover, for a.e. ¢t € [0,T] we have

t) € ﬂm{%(t):mm}cﬂcou ™ ().

Recalling the continuity of F' and the fact that F' is convex valued, for any ¢ > 0
there exists n. sufficiently large such that if n > m > n. we have F(ME"),fyn(t)) -
F (g, y(1)) —i—&?B(O 1), thus

) € ¢o U " 4, (1) C Fpg, y(t)) +eB(0,1).

n>m

In particular, by letting ¢ — 07, we have that 7 is supported on the set of (z,v) €
R? x Ty, where v € AC([0,T];R?) such that 4(¢t) € F(us,y(t)) for a.e. t € [0,T].
Define now v = {v; }1cjo,r) by v = vy with

we) = [ 3Ot
where {1, }+cpo, is the Borel family of probability measures obtained disintegrating

zER
n wrt. e, ie, n = g ® n,. Notice that v(x) € F(u, x) by the convexity

assumption on F'(uy,z), thus p is an admissible trajectory driven by v.

Conversely, if 1 is supported on (x,v) € R? x T'p, where v € AC([0, T]; R?) such
that §(t) € F (e, y(t)) for a.e. t € [0,T7], we define o = {11 }1e0,r) and v = {4 }iepo.1
by setting p; = e;im, and v, = vy, with

vi(w) = /_1( )W(t) 2 (y;7),
6t x

where 7 = pi; ® n,. As before, v(x) € F(u,x) by the convexity assumption on

F(p, x), thus p is an admissible trajectory driven by v. The proof is complete. [J

Remark 3.9. The convexity of the images of F' is essential in the proof of Theorem
3.6. Roughly speaking, from a multi-agent point of view it means that the macro-
scopical mass diplacement can be faithfully represented by the mass transported by
the agents at the micoscopical level. Indeed, when the convexity assumption on the
images of [ fails we have two main consequences:

e at the microscopical level the trajectories of §(t) € F(u,y(t)) are dense
in the set of the trajectories of the relaxed differential inclusion 5(t) €
€0 F'(pg,7y(t)) for the metric of uniform convergence by Filippov - Wazewski
Relaxation Theorem (see e.g. Theorem 10.4.4 in [5]), provided that F' is
Borel and Lipschitz w.r.t. z. In particular, at the microscopical level, the
difference between working with I’ or ¢o F' can be made arbitrary small, if
no derivatives of the trajectories are involved.
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e at the macroscopical level we loose the link between the function v,(-) and
the set-valued map regulating the dynamics of the agents, since the formula
providing v;(-) as weighted average of the velocities of the concurrent char-
acteristics induces intrinsecally a convexification for the macroscopical flux
Ut fbg -

In this sense, an example of such a situation was already provided in Example 1
of [16], for an F' independent on p, where the velocities of a nonnegligible set of
microscopical trajectories were different from the mean field v, for a nonnegligible
amount of time. Therefore in order to face meaningfully problems where the images
of F' are not necessarily convex, it is necessary to distinguish between the micro-
scopical dynamics (governed by F) and the macroscopical vector field which in any
case must be allowed to belong to co F.

Combining the above Theorem 3.6 with Lemma 3.4, we have the following com-
pactness result.

Corollary 3.10. Assume (Fy) — (F2). Let S C U ;zf[ém’T] (), where Oy is as in

peP2(R%)
mo () <62

(3.1). Then S is relatively compact in C°([0,T]; Po(R%)) w.r.t. the uniform norm
(endowing P»(RY) with the W-distance).

Proof. Let {u(™},cn be a sequence in S. In particular, there exists a sequence

{v(™}, cy such that for every n € N it holds pu™ = {Mgn)}te[o,ﬂ, v = {yt(”) =
( )uﬁ")}tem] C (R RY) with 9,1 + div(v!™ ™) = 0 and v\ (z) € F(u{™, z)

for a.e. ¢t € [0,7] and prae. x € RL Moreover, my(pl”) < 62. Thus p®™ €

Q(p). According to Lemma 3.8, we have that (™ € D. In particular, there exists
n™ ¢ P(R? x I'y) such that uﬁ”) = ¢, in™ for all t € [0,7] and for n(™-a.e.
(r,7) € R? x 'z it holds v(0) = z and #(t) = o™ o v(t) € F(etﬂugn),y(t)) for a.e.
t € [0,T]. Thus, recalling (F3),

o™ ()] < T(1 +my*(u{™)) (1 + |z]) < TO)(1 + |2]) < TOT))(1 + |=]),
As done in the proof of Theorem 3.6,

t
O < el [ 1660 ds < 1ol + 706 <T>>/ (14 B ds
0
and so, by Gronwall’s inequality, for all ¢ € [O T
(L4 @)]) < (1+ |2])e T < (14 [a] )OO,
and for a.e. t € [0,7]

B = [0 (v < TOD) (A + [y(E)]) < TOT)e™ PTIT(1 + |a]).
This yields

1/2
/2 () — ( J AT dn“"(%m))
dxTp

<mg (™) - (14 g (™)) eT OO < g + (14 G)eT O

and

[, Wil dn® ) <2 ([ e an®e) )

XFT
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<TOT)e™ (14 my (g1g”))
<Y (O(T))e" @M Tg,.
Considering again the functional £ : R? x I'y — [0, +-00] defined by setting

2 + V)15 + ¥llLee, if v € AC(I) and 4 € L>(1),
E(x,v) =
400, otherwise,

we have that £ has compact sublevels in R? x ' and

sup [ &) dn™ (2,7) < +ox.
neN RdXFT

By Remark 5.1.5 in [3], the sequence {n(”)}neN is tight. In particular, up to a
subsequence, there exists n € Z(R? x I'r) such that n™ —* 5. By the continuity

(n) _.

of e;, we have that pu, * g = eyfin for all t € [0, T]. Furthermore, we have

1/2
WQ(Mz(tn)aM(sm> S |:/Rd Rd ’et(xa’y) - 65(1’,’}/>|2 dn(n)(xﬁ)}
X

1/2

_ [ [ =@ w}

RdxRa

1/2

<Jt—s| [ [ dn<n><w,v>}

RexTp

1/2
<l [ TSI o) an® o, )
RdXFT
<[t — sY(O(T))eTOOIT(1 4 6y).

So the sequence {u(™},cn is equibounded and equiLipschitz continuous, hence p
is Lipschitz continuous in 92(R%). Arguing as in the proof of Theorem 3.6, we
have that m is supported on pairs (z,v) € R? x T'y such that v(0) = z and 5(t) €
F(ein,~(t)) for a.e. t € [0,7], thus p is an admissible trajectory. O

Remark 3.11. Assume (Fy) — (F3). Given any continuous curve g = { i }tejo,r], We
set g, (t, z,u) == f(pe, v, u) and let Y := {u(-) : u(-) measurable and u([0,7]) C U}.
Recalling e.g. Lemma 7.3 in 18],

e the map R? x U — 'y associating to (z,u(-)) the unique solution v* = of

(E,'M()
A(t) = g(t, z,u(t)), v(0) = x is continuous w.r.t. both the variable when on
U we put the metric of the convergence in measure;

o the set Dy, := {7, u(-) €U, v € R} is closed.
If we define the set-valued map G : D, = U
Guly) ={uel: 75(0)@(-)(0 = ~(t) for all t € [0, 7T},

we have that G admits a Borel selection v — u, (see e.g. Theorem 8.2.9 in [5]). In

particular, for all v € D,, we have v = 75(0) ury ()

As in classical control, it is crucial to be able to construct an approximation of

a given trajectory starting from an initial data by another trajectory starting from
another initial data.
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Proposition 3.12 (Gronwall-Filippov type estimate). Assume (Fy) — (F3). Let
,uo,,uéG) € P(RY), and p = {ptepr € ,@f[é?T](,uo) be an admissible trajectory.

Then there exists an admissible trajectory p(@ = {,UlgG)}te[O,T] € %57’] (,ugG)) such
that for all t € [0,T] we have

G eLT G
Wapu 1) < P74 W, ),
where L is as in (F3).

Proof. We will proceed by defining by recurrence a sequence converging to the de-

sired trajectory. Set u(® = pu = {MEO’}te[O,T] and 7 € Ho(pgo),u(()G)). By assump-

tion on F and since u(® is admissible, there exists n(® € Z(R? x I'y) such that

MEO) = e, in'® for all ¢ € [0, T] and for n(®-a.e. (x,7) € R? x I'y there exists a Borel
map u, : [0,7] — U such that v — u, is also Borel and

(t) = F(” 1(t), us(2)), for ace. t € (0,71,
7(0) = 2.

Given y € R?, we define a map 7, ,, : 't — 't by letting 7, ,(7) be the solution of
(1) = " (1), 1,(1)), for ae. t €[0T,
7(0) =y.

for n(@-a.e. (v(0),7) € R? x I'y.

In other words, given 7 such that (7(0),7) € suppn® we consider the control
strategy u.,(-) generating it, and use the same control strategy to construct a curve
T,,u Starting from y.

Define two maps ¥, ¢ : R? x R? x T'p — R? x I'p by setting ¢(z,y,7) = (z,7)
and ¥, (2,9,7) = (4,7, u@(7)). Notice that ¥, (z,y,7) is well-defined only for
n©@-a.e. (7(0),v) € RY x I'y and all y € RY

Written (@ = 1\ @ n{” for a Borel family {n\"},cra, set
" = f (7 ® ),

and let () = {Mgl)}te[o,ﬂ be defined by ,ugl) .= e,in. Notice that, by construction,
we have n© = ¢f (71' ® ng([;o)). Thus (see e.g. formula (7.1.6) in [3])

(3.5) Wi, 1Y) < |leco d — er 0 ¥ HL2® :
For  ® ng-a.e. (z,y,7) € R? x R? x 'y, recalling (F3), we have

(3.6) leco ¢z, y,7) —ero oz, y,7)| =
x—y+é[ﬂ%n@%%@»—fm&@mwwwxwwﬂds

ﬂw—m+é\ﬂ%n@%%@ﬁ—fw&mmwwwhwdes

<o =l +L [ () =0 ()(0)] s
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t
o=yl + L [ levo d(e.5.9) - 0 by )] ds
0
Recalling that, by the optimality of 7,

[ eesdmen® ) = [ le-yPinty)
RIXRAXTp R4 xRd

0 G
=W, 1u$?),

taking the L? norm of (3.6) w.r.t. @ ® 7, and using Jensen’s inequality yields

t
H6t0¢—€to¢u(0)HL2 o < WQ(N80)7M((JG))+L/ HeSO(b—eSowu(o)HL2
TN 0 ks

ong”)
By Gronwall inequality, and recalling (3.5), we obtain

0 1 0 G
Wa(ut”, My < et Wa(ul”, ul”

We construct now a sequence by induction.

ds

0 G
) < T Wyl ul.

Assume to have defined n®*) € Z(R? x '), k=1,...,n— 1, in such a way that
for n(®)-a.e. (z,7) € R? x Ty there exists u,, : [0,T] — U such that

Y(t) = fledin®V, (1), u,(t)), for ae. t €[0,7],
7(0) =z,

and satisfying

k—1
Wa(edn®0, eitn®) < 7 Wy, u6™) (k—1)’

forall k = 1,....,n — 1 and t € [0,T] (recall that 0! = 1). Then for n(® D-a.e.

(x,7) € R? x 'y we define ¢,(z,v) = (x,7,(7)) where 7,, : T+ — I'p, and for
nD-a.e. (7(0),7) € R? x 'y, we have that 7,(7) is the solution of

i(t) = f(etjjn(”_l)ﬂ(t),uv(t)), for a.e. t € [0, 7],
7(0) = =,

and we set n™ := ¢,in™1. We have

Wz(etﬁn("_l), etﬁ'fl(n)) < lles—ero ¢”|’L2(n_1)’
n
Since

ler(z,7) 1 0 ul,7)] <
< [ 1em™D 260, 6) = Fen ™D m () )., 3) s
<t [ Walein® e ) s+ L [ s = n (o)) ds

¢ ¢
:L/ W2(€sﬁ77("_2), estm(n—l)) ds + L/ les(x,v) — es 0 dn(,7)]| ds,
0 0

taking the L? norm w.r.t. (=1 and using Jensen’s inequality, we have

le;—es o CanLf](n_l) >



OPTIMAL CONTROL IN WASSERSTEIN SPACE 21

t t
<1 / Wa(eutn ™2, e ™) ds + L / les — €30 dulle ds
0 0 n"

(n—=1)

By Gronwall inequality, we obtain

t
Walen™ D, extn™) <lec = cvo dullia,,_, < LV [ Waleutn® 2, e m™) ds
n 0

t —2
< LT A AMORAC) S d
=€ /Oe (Mo » Ho )(n_2)| 8§
LT (@) !
et Wy .
(MO y Ko ) (n . 1)|
In particular since
[ee] —
W (n) LTW
Ztgléi% 2(etn ™Y, e,tn™) < 2 No aMo ; n—l
LT 0
_LTHT 'W(Ng)7ﬂ(() ))7
the sequence of continuous curves p(™ = {Mgn)}tE[O,T] is a Cauchy sequence in

C°([0,T]; 2(R%)), hence it converges uniformly to a continuous curve p™ = {1{°}rejo17,
where /~Lo = u( ). In particular, a measurable selection theorem (see e.g. Theorem

8.2.11 in [5]) yields
n) = ([ sup [l + e dn™ (2,7)
Rdx Ty t€[0,T]

T eod // 2% + e ()2 dn™ ()
te[0,T] RexDp

< sup 2my(edn™) =2 sup m2(ﬂ§n))'
tef0,7] t€[0,T]

We recall that

1/2 (Mtn)) W2(50a /~Lt )’

and so the sequence of continuous maps {t — m}'*(1{™)}nen uniformly converges

to the continuous map t — rnl/ (ug°) (recalling also the Lipschitz continuity of
W3(dg,-)). For n sufficiently large we then have

my(n™) <4 sup my(1°) < 400,
t€[0,T]

where the finiteness of the right hand side is ensured by the continuity of u® on
the compact [0, 7.

Since
F(p,x) C F(8o,0)+L(Wa(do, )+ |z[)- B(0, 1) = F (b0, 0)+(Lmg () + Llz[)- B(0, 1),
we have also that for n™-a.e. (v(0),7) € R x I'y

(0] < | max o]+ L (") + Ly (0)]

Taking the Lfl(n) norm yields

< Johax |w|+2L(1+m2(,u( )

W)z, <
n
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< max |w|+2L(1+ sup mo(p))
weF(80,0) s€[0,T7]

2
T
/ Hﬁ(t)H%z( )dt <T ( max |w|+ 8L(1+ sup mo(u° ))) < +o0.
0 n"

weF (00,0) s€[0,T)

We have

[ TP+ I+ 1E:] dn®20) =
RdXFT

-~ /‘ L/ (O] dt dn™ ()
RdXFT 0

=mxwmw+/ / SO dn™ (z, 7) dt
0 RdXFT

T
—ma(n®)+ [ O d
0 n

2
<4 sup mo(p;°) + 7 | max |w|+8L(1+ sup mo(u’)) | < +oo.
te[0,T] weEF(30,0) 5€[0,T

Hence, again by Remark 5.1.5 in [3|, there exists n®° € Z(R? x I'r) such that, up

to a subsequence (™ —* n°°. By the continuity of the operator e, on R% x I'p,

and recalling that ME") = ¢,in™), we obtain p°® = e,n>. Moreover, by Proposition

5.1.8 in [3], for n®-a.e. (z,v) € R? x ['y there exists a sequence {(,,¥,) }nen such
that (2,,,7,) € suppn™, 2, — 2 and ||y, — V||ee — 0. For a.e. t € [0, T] we have

(B7)  Aul) € F(up™ () € (5, 0) + L(n()] + Wa(uy™, 15°) B0, 1))

Thus, for n sufficiently large, we have Wg(,ugn),ufo) < 1and |y,(t) —v(t)] <1 for
all t € [0, 7], and so

Y (t)] < C+ Ly (t)] < C + L(||7]loe + 1),

where C' := L +max{|v| : v € F(u®,0),t € [0,7]}. So ~ is Lipschitz continuous.
By passing to the limit in the equation (3.7) , for a.e. t € [0, 7] we obtain

it = F(52,A(E), 1 (1), Tor ace. ¢ € [0,T], and 7(0) =
In particular, set u(® := p>, we have that p(%) is an admissible trajectory satis-
fying all the requested properties. O
Ezxample 3.13. Possible choices for 7°(-) are

e 1'(r) =C -logr for any C' > 0 and 7" > 0. In this case we can also choose
0o > 0 arbitrarily, and 6(t) = (1 + 6)<""
e 1'(r)=C-r*for a> 0. In this case we have
1+ 0o
(1 — aCt(1 + )"/’

o(t) =

thus we require aCT(1+ 60)* < 1
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Remark 3.14. A possible variant of (Fz), is to consider instead of (3.1), the existence
of a solution 6(-) defined in [0,77] to

(3.8) {€§s> = 2(0(s),0(s)), for 5 > 0,

where = : [1, +00[x[1, 4+00[—]0, +00[ is a continuous function such that r — Z(r,r)
is increasing, and ry — (7’1,7“2) is convex for all 1. In this case, if 6(-) is such a
solution, we have also to assume that

Y(s) =Z(0(s),7(s)),
7(0) ==z

has a solution defined on [0, 7] for all z € R?, while in the previous setting this was
granted by the sublinear growth of =(ry,72) = 7(r1)ry w.r.t. the second variable.
The proof of Lemma 3.8 in this new setting requires only a straighforward adaption
of the previous proof. Moreover, in the case of (F3), this yields to existence for all
initial conditions 6, and all times 7T

4. THE VALUE FUNCTION AND ITS PROPERTIES

Let T > 0, £ : Z5(RY) x (R RY) — RU{+o00} and 4 : P (R?) — R. Given
p = {ptiesm) € (1) driven by v = {v}eis ) C M (R RY) we define the
functional J(-) by

T
Jis (1, V) = / L(pe,ve) dt +9 (ur).

In particular, we say that 1 = {fi }1cs) € ,Qf[fﬂ(,u) is an optimal trajectory starting
from p at time s if there exists 0 = {J; }e(s1) € A4 (R%R?) such that fi is driven
by ¥ and

Jism(f,0) = inf {Jomy(p,v) - p € (1) driven by v}
This enables us to define the value function V : [0,T] x P5(R?) — RU {+0c0} by
(4.1) V(s,p) :=inf {Jsm(p,v) : p e sz/[ij](,u) driven by v} .

Recall that one can concatenate admissible trajectories as follows: Let I; = [a, 1],
I, = [b,d with a < b < ¢. Given p¥ € & (p® driven by v, i = 1,2 with
pH e P,(R9) and p® = u(l) set (g, ) = (,ug ) ) for t € I; \ {b}, 1 = 1,2, and
(py, ) = (uél), vy )). Then p = {1} icraq € Jz:/a C]( (1) is an admissible trajectory
driven by v = {t4}iepp,q, that will be Called the concatenation of (™, M) and
(' @), We will denote u by u™ © p® and v by vV © 3.

Proposition 4.1 (Dynamic Programming Principle). We have for every T € [s, T,

(12)  V(s,p)=int { [ Byt + Vi) s (w) € a@@)}

In particular, given any p € sz[sT( ) driven by v, we have that the map

T = by (T) = / L, vp) dt + V (1, pr)

is nondecreasing on [s,T|, and it is constant if and only if V (s, ) = Jjs (s, v).
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Proof. Denote by W (s, 1) the right-hand side of formula (4.2).
Take e >0, s <7<T, p¢€ ﬂgﬂ(u) driven by v. Let 1 € sz[fT](,uT) driven by v
be such that
S (B, D) —e < V(T p1z).
We set i = ;) © i1, ¥ = V|5 ;] © U, and notice that i € mf[iﬂ(u) is driven by D.

With this choice we have
Vis) < J2) = | Llum)dt + 1) < [ Lluv)des Vinp) 4=

By letting ¢ — 0%, we obtain

Visn) < [ Ll de+ Vi),
for all s < 7 < T. By the arbitrariness of u € @/@T](u) driven by v, we obtain
Vs, p) < W(s,p).
Fix now € > 0, and let 7 € [s,T] and p € &f[iﬂ(u) driven by v be such that

Wiss) +e > [ Llum)dt+Vr)
As before, let fi € %fT] (pr) driven by & be such that

Jrr(, D) —e S V(T pir).
Define f1 € %[fﬂ (15) and D by setting fi = [, 1 © fir and D = v, ;1 © D, and notice
that fi is driven by ©. This leads to

Wiss)+ 25 > [ LQuow) dt+ V() +e> [ Lluv)di+ S (. 9)
:J[S,T]<i:l'7 ﬁ) Z V<S, M)7
and so V (s, u) = W (s, u).
We prove now the assertions on the map h(W,)(-). Let s <71 <1 <T. We have

T1
By (1) = / L) dt + V(1. 1)

S/ ﬁ(ﬂtﬂ/t) dt+/ ‘C(/Ltayt) dt+v(727/1/T2) = h(p,,u)(7—2)7

T1
where we used the fact that V' = W and p,, o € LsZ/[th] (ttr,) is driven by vy, 1.
This proves that 7 + h(,,)(7) is nondecreasing.

To conclude the proof, we notice that
h(p,,u)<5) = V(‘S?N)v

T T
u (1) = [ Llotews) e+ V(Topir) = [ L)t + g(r) = I,

Thus V(s,p) = J(p,v) if and only if hy,u)(s) = huw)(T) which, recalling the
monotonicity property of h,.)(-), is equivalent to say that h,,(-) is constant. [

We will now focus our attention on the special case where £ depends only on p.

From Corollary 3.10, we may deduce the existence of optimal trajectories



OPTIMAL CONTROL IN WASSERSTEIN SPACE 25

Corollary 4.2. Assume F| - Fq, that L depends only on u, and that L, are lower
semicontinuous. Then we have that the infimum (4.1) is actually a minimum, i.e.,

for all (s, ) such that 1+ mé/z(,u) < 0(s) there ezists an optimal trajectory starting
from p at time s.

Proof. Since £ depends only on i, we have that the functional Jj 1 defining V'(-)
reduces to

ﬁwMOz/lmmﬁ+%mﬂ

and it is L.s.c. By Corollary 3.10, we have that ,Qf[ij](,u) is compact, therefore Ji 71(-)
admits a minimizer in eng[f:T] (u), i.e., there exists an optimal trajectory. O

We also obtain the following regularity property of the value function

Proposition 4.3. Assume Fi - F3, that L depends only on i and that L£,9 are
bounded and uniformly continuous with modulus w. Then the value function is
bounded and uniformly continuous.

Proof. Let g, 0y € P5(R?). Given an optimal trajectory pu € Jaf[fT](uo), by Propo-
sition 3.12 there exists admissible trajectory 6 € saf[fT](Qo) such that for all ¢ € [s, T

Wz(ﬂt, Ht) < 6LT+T6LT : W2(M07 90)-

Thus we have
T
Vis.00) = V(suo) < [ [£00) — £u)] di+9(0r) ()
By the uniform continuity of £ and ¢, we have
Vi(s,00) = V(s,po) < (T — S)W(BLT+T6LT - Wa(pto, 00)) + W(eLT+TeLT - Wa(pto, 0o)).
Switching the roles of 6y and pg, we obtain a similar estimate, yielding

[V (5,00) — V(s o)l < (T = s)w(e 7 - Wy(po, 0)) + w(e™ T Wa(uo, o)),

i.e., the continuity w.r.t. the u-variable. We prove the continuity with respect to ¢.
Let p € 25(R%). Assume that 0 < s; < so < T. By taking an optimal trajectory
= {fu}iefsm) € ‘Q{[Q,T] (i), the dynamic programming principle yields

V@mﬁ—W&w%=Uwﬁwmﬁ+W@w@ V(s )

S1
52

<[ L) dt + (T = sp)w(e T Wap, pey))+

51
+ w(eLT+T6LT ' W2 (N? M82)>7

and the right hand side tends to 0 as |s; — s3] — 0 by the continuity of £ and p.
If instead 0 < s, < sy < T, by taking an optimal trajectory p = {i}recfssm €
L, (1), we have

Wawwwwmm:w&ww[/ﬁammwwwh%n

EP)

=" / L(pe) dt+ (T — s1)w(e T W, o))+

o LT
+ w(eLT+T : WQ(Ma ”S1))a
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and the right hand side tends to 0 as |s; — sg| — 0 by the continuity of £ and .
In particular, we obtain that for any s, sy € [0, 7] the difference V (s, pn) — V (s2, 1)
is bounded from above by a quantity which tends to zero as |s; — s3] — 0. By
switching the roles of s; and s,, we obtain the desired continuity. 0

5. CHARACTERIZATION OF THE VALUE FUNCTION

We first introduce a notion of super/sub differential and associated viscosity so-
lutions for HJB equation. The relevance of this notion is demonstrated later by
obtaining a comparison result and the characterization of the value as the unique
solution of the HJB equation.

5.1. Viscosity Solutions of Hamilton Jacobi Bellman Equation. We will first
proceed the construction of the sub/superdifferential. Before this we introduce the
following definition (Section 8.5 in [3])

Definition 5.1 (Optimal displacements). Let 1 € 25(R?). A function p € L7 (R?)
is called an optimal displacement from p if p = Idga — T where T is an optimal
transport map between p and THu. In particular, we have

W3 (s = p)o) = W3 T80 = [ ) ),

We will use extensively the following characterization of optimal displacements.

Lemma 5.2 (Characterization of optimal displacements). Let u; € P(R%), p €
L2 (R). The following are equivalent:

i. pis an optimal displacement from pq;
ii. there exists po € P5(RY) and w € 1, (1, 2) such that

p(z) =z — /Rd ydm.(y),

where {m, }era is the family obtained by the disintegration © = g & m,;
iii. there exists po € P5(R%) and w € W,(p1, p2) such that

/}Rd Rd<¢($),x —y)ydm(z,y) = /Rd<¢(x),p(:p)> i (),

for all ¢ € L2 (RY).

Proof.
(1.) = (i7i.). We easily get (iii.) by setting w = (Idge X (Idga — p))fp; and
p2 = (Idza — p)tpn.

(i4i.) = (4i.). We have
| o@a@dnt) = [ (o).a = dn(ay)
= [ e = dmda@) = [ @@.a~ [ yinm)du
for all ¢ € L> (R?). Thus p(z) =z — / ydm,(y) for p-a.e. v € R%

(ii.) = (i.). Let pp € P5(RY) and m € 1L,(puy, 12) such that

—x—/ydwx , for py-ae. x € RY,
Rd
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with 7w = puy ® m, € T, (11, p2), and set
T(x) = / y dr,(y) for j-a.e. v € R
Rd

we have to prove that T is an optimal transport map between u; and THu;. By
Section 6.3.2 in [3], we have that supp 7 is cyclically monotone, i.e.,

(5.1) Z(%y& < Z(%‘;yiﬂ%

.....

family such that x; ¢ N for all i = 1,..., N then for m,, — a.cyy,... T, — a.e.y,
the inequality (5.1) holds. Thus, by integration, taking all x; € N:
N N

St TGw) = > o [ idma(w)

i=1 i=1 R

/.
< /W( N

- Z<ZE“ /Rd Yi+1 dﬂ—xiﬂ (yi—i-l)) = Z<$“ T($i+1)>,

i=1

(i, y») ey (Y1) - - Ay (y)

M= 1[M]=

=1

(4, yi+1>) Az, (Y1) -+ - dey (YN)

hence graph T is cyclically monotone outside N, so T is an optimal transport map.
O

Lemma 5.3 (Optimal displacements and W). Let u, jiy, fis € Po(R?) and 7 €
I, (11, fi2). Then, considered the disintegration ® = [y @ 7 of ™ w.r.t. the first
marginal, and defined

pa)=a— [ v dw(y

we have that p is an optimal displacement from fiy and for all @ € TI(fiy, ) it holds

1 _ 1 o
§W22(M7M2) - §W22(M17#2)

< [y = ayante.p) +o (( [ e- y|2dw<x,y>)l/2) .

Proof. p(-) is an optimal displacement by Lemma 5.2 (ii). By disintegration of
write:
=i @7
Then build a transport plan 7 € II(y, fig) by setting for all ¢ € C?(R? x R?):
[ ewadiwa = [ o) dr @i Gda()
Rd xRd R4 x R4 x R4

Then, it holds:

1

_ 1 o
2W22(ILL,'LL2) - 5 22(/’“7,“2)
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1 - 1 _
S_/ \y—z|2d7'r(y7z) - _/ ’.T—Z|2dﬂ'(y, Z)
2 Rd xRd 2 Rd xR

1

1
=—/ ly — @+ 2 — z? dn®(y)da®(2)djn (x) — —/ |z — 2|*d7 (y, 2)
2 JrixRxRd 2 Jrdxpd

1
=—/ﬁ Iy—ﬂ%ﬂ@w)+/ (2 — 2y — z) dn*(2)dm(z, y).
2 Jrdxra R x R4 xRe

The conclusion follows by moving the integral in z inside the scalar product. 0

We now define the following notions of generalized gradients

Definition 5.4 (Super/sub differentials in R x %%,). Let w : [0, T] x Z5(R%) — R be
a map. Given (t, 1) € [0,T] x Z5(R?) and ¢ > 0, we say that (pg,pz) € R x L2 (R?)
is a d-viscosity superdifferential of w at (¢, 1) if

(1) pz is an optimal displacement from f;

(2) for all p € Py(RY), t € [0,T] and = € I1(ji, ) ,

wlto) = wl ) < pilt =0+ [ i),y = o) d(ag)+

1/2
+5\/|t—ﬂ2—i—/ |z — y|2dm(z,y) + o0 (!t—f|+ </ |Jz—y|2d7r(x,y)) ) )
R4 R

We denote by Dfw(t, 1) the set of such d-superdifferential (pz, pz). Similarly the set
of d-viscosity subdifferentials Dy w(t, 1) is given by Dy w(t, i) = — Dy (—w) (¢, ).

We consider an equation in the form
(5'2) 8tw(tnu) +%(N7Dw(tnu)) =0,
where 2 (p1, p) is defined for any € Z,(R?) and p € L% (R?).

Definition 5.5 (Viscosity Solutions). A function w : [0, T] x Z5(RY) — R is

e a subsolution of (5.2) if w is upper semicontinuous and there exists a map
C : P5(R?) —]0, +o00[, C(-) bounded on bounded sets, such that

pe+ A (p,pu) > —C(p)d,

for all (¢, u) €]0, T[x P2(R?), (ps,pu) € Dfw(t, p), and § > 0.
e a supersolution of (5.2) if w is lower semicontinuous and there exists a map
C : P5(R?) —]0, +o00[, C(-) bounded on bounded sets, such that

Pt + %(M7p,u) S C(,LL)&,

for all (¢, ) €]0, T[x P2(R?), (ps,pu) € Dy w(t, ), and § > 0.
e a solution of (5.2) if w is both a supersolution and a subsolution.

Given py, py € P5(RY), and denoted by & € II, (uy, it2) the unique solution of
the minimization problem

min{/Rd x—/Rdydm(y)

2
dpn () : =y @7, €11, (MDMZ)} ;
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we disintegrate @ = 1 ® 7, (see Theorem A.2) and define py, ., € L7, quypuy € L2,
by
Psl@) = o [ ydr(o),
R4
(5.3)

%m@zlh/wﬁﬁﬂ
Rd
1

where w71 € I1, (2, j11) is the inverse of the transport plan 7, disintegrated as ! =
o & 7‘ry_1. Notice that, according to Lemma 5.2, p,, ,, is the optimal displacement
from g1 to po of minimal norm.

From now on, the space X := [0,T] x P, (R?) is endowed with the metric

dx ((s1,10), (52, 12)) = \/ (51— 2)2 + W3 (g1, o),

and we notice that (X, dy) is a complete metric space. We endow X x X with the
metric

dxxx(21,22) = dx ((s1, 1), (82, p2)) + dx ((t1, i), (t2, fi2)) ,
for all z; = (s, pi, i, f1;) € X x X, i =1,2. Again, we have that (X X X,dxxx) is
a complete metric space.
We now state and prove the following comparison result

Theorem 5.6 (Comparison). Let wy,wy € BUC(X;R) be a viscosity subsolution
and supersolution of the equation (5.2). Assume that there exists a continuous non-
decreasing map wy : R? — [0, +00[ such that wy-(0,0) =0 and

[ (1D, Ap) ) = A (1P A u@)| < wae (Wa(p, n®), W5 (u, 1))
for all X >0, u™M, u® € 2y (RY). Then

inf {wQ (t7 ﬂ) —w (ta :u)} = inf {w2 (Tv :u) —w (T7 ,U)} :
(tp)eX HE P> (RT)

In particular, the equation (5.2) coupled with a terminal condition w(T,u) = g(u),
admits at most one continuous and bounded solution.

We will need the following Lemma, of independent interest.
Lemma 5.7. Let wy,ws € BUC(X;R). Given e,n,0 > 0, we define the functional
O : X x X — RU{+o0} by setting
1 o o .
wa(t, p2) — wi(s, ) + %dg( ((s, 1), (t, p2)) — ms + Sty Wfst#0
+00, if st =0.

(s, p,t, p2) =

Let & > 0 and assume that zZ = (5, i1, t, i) € X x X with §,t €]0, T satisfies
(5.4) O(2) < D(2) + ddxxx(z,2) for all z = ((s, 1), (t,12)) € X x X.

Then
s—t o P
_77___27]2>€D(;rw1(§7ﬂ1)7
(5:5) gifq v _
=1 €D t, [
c 78) 5IU2(,[L2),

where p = pu, p, and § = g, j, ore as in (5.3).
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Proof. The proof follows from the same argument of Claim 1 of Theorem 3.4 in [25],
we repeat it for sake of completeness. By taking (¢, u2) = (¢, fi2) in (5.4), we have

@(Z) < (I)(S, M1, E? ﬂ2> + 5dX((87 :ul)7 (57 ﬂl)), for all (Snul) € X,
which, recalling the definition of ®, yields

wl(shul) _wl(g, /7,1) <
1 (W3, fio) — W3 (i, i) + (s — £)> = (5 —1)*] +

<
~2e

1 1

5/ W, i) + s — 52 = n(s —5) +o (=== .

+ \/ 3 (p1, ) +|s = 51> = n(s 5)+U<S 5)

(5.6)

Observing that

1 1 1 _ _

P —?(3—3)+0(|5—5|)
and using Lemma 5.3 we obtain formula (5.5). The proof of the second relation of
(5.5) follows a symmetric argument. O

Proof of Theorem 5.6. Set
A= inf  {w(T,pn) —wi (T, 1)},
pE P2 (RY)
and notice that since 77 does not involve w, we have that w; — A is still a subsolution.
Thus without loss of generality we can assume A = 0. Assume by contradiction that

—¢ = inf {wa(s, p) —wyi(s, )} <0,
(s,1)€[0,T] x P (Re)

and choose (to, i1o) € [0,T] x P5(R?) such that

£
wa(to, o) — wi(to, po) < 5

We notice that, by continuity of w; and w,, we can always assume that t, # 0,

§

2
moreover we fix o > 0 such that t_a < 3 Let R > 0.
0

Given €,m > 0, we define the functional ®., : X x X — R U {400} by setting
1
ey (s, 1V, 1, p @) = wa(t, 1) —wi (s, 1) + i ((5,10), (1, 1®)) = s + Ty %
€ S
if st # 0 and Wa(uo, u9) < R, i = 1,2, while ®_,(s, uV ¢, u®) = 400 otherwise.
Define zy = (o, o, to, fto) € X x X. Since ®,, is lower semicontinuous and bounded

from below and (X x X,dxxx) is complete, by Ekeland Variational Principle, for

any 6 > 0 there exists z,; = (ssng,ug%,tmg,ug&) € X x X such that for any

z=(s,uM,t, u?) € X x X we have
(I)an(zmﬁ) < @En(zo),
(5.7)
(I)sn<zsn6) S q)en(z) + 5dX><X<Z> ané)a

moreover we set p.,5 = dx <(557,5, usi)é), (tens, ui%)), and notice that s.,s # 0, and

W2(M07/“L£*25) < R7 L= 17 2.

1
Claim 1. For all 0 < n < 1 we have lim —pgné = 0.
£,0—0t €
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Proof (of Claim 1).In the second inequality of (5.7), we choose

(1) )

1 2 2
21 = (357767 ;uin)& Send ILL5775 @) @) )a

2y = (t€n5? /’Lgn(s) t£7]67 ME’[’](;

thus obtaining

q)en(zenzi) - (I)en(zl) S 5dX><X(Z17 Z€n6)7
Rens) — d

q)sn( ) 517(22) S 5dXXX(327 Zsr]&)a

and so

20, (2ens) — Pen(21) — Pey(22) < ddxxx (21, Zens) + 0dx x x (22, Zens)

Recalling the definition of ®,, this implies

2 1 2 1
(58) w2(t51767 :U’in)d> - w2<561757 Ni&s)] + [wl <t5n6> /ngn)(s) - wl(SET]5J ,uin)&) +

1
+ gﬂgms < 26pens + N(Sens — tens) < Pens(20 +1).

We prove first that hm+ pens = 0 for all n > 0. To this aim, we fix n > 0 and

£,0—0
distinguish two cases:
e assume that there exist & > 0 and sequences {e, }nen, {0n }neny With &, 8, —
0" such that lim p. .5, = 2c. Then there exists 7 > 0 such that for all

n——+00
n > n sufficiently large, we have a < p., s, < 3c, and so

2
«
=2 (lwrfloe + [lwalloc) + = < 30(20n + 1),

n
leading to a contradiction since the left hand side tends to +oo, while the
right hand side is bounded.
e assume that there exist sequences {&, }nen, {0n}neny with &,,0, — 07 such
that EIE Penns, = +00. Then there exists 7 > 0 such that for all n > n
o0

n

such that €,,d, < 1/2
=2 ([lwr oo + lwalloo) + 202,15, < 2020m605

leading to a contradiction.

Thus for all 7 > 0 we have limsup p.,s <0, and so lim p.,; = 0 for all n > 0.
£,6—0+ €,6—0%

We conclude now the proof of the Claim noticing that (5.8) implies

1 2 1 2 1
gpgné < (2041m) pens + [wa(tens, Min)é) — Wa(Seps, Nin)aﬂ + w1 (tens, Nin)é) — w1 (Seps, Nin)é) B

Since peps — 0 as €,6 — 07, by the continuity of wy, ws we conclude that the right
hand side tends to 0, thus proving Claim 1. o
Claim 2: For ,0,n > 0 sufficiently small, we have s.,s, .5 ¢]0, 7.

Proof (of Claim 2). We argue by contradition, assuming that s.,s,t.;s €]0,7[. By
Lemma 5.7 we have

Sens — lens O Dens
= c = - n— 82_7 Z? > € D;_wl (857]57MS7)5> )
(5.9) end

Send — tsné Qens — (2)
c ) c ) 6 D5 w2 (tEU(S? /’65776 )
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where peps = p o) ) and Geps = ¢,0) @ -
end 5 ens 57]5’/’1’5775
Since w; and we are a sub- and super-solution, respectively, and noticing that
Wg(,uo,ug?(;) < Rforalle,n,d >0,7=1,2, we have

_O5 < Senﬁ_tsné_n___'_jf( (1) p€n§>
- 5 e /)’

os > Sens — 5775 + 4 < QEn6>
€ e /)’

where C' = sup{C(u) : Wa(, o) < R}, and C(p) is as in the definition of viscosity
superdifferential (Definition 5.5). By combining the above relations, we have

o (S 20 ) — o (i P20) < 205 - — - <2C6 -,
e g

end’
Ssné

By assumption, we have

2
2) Gens 1) Pens Pens
H <:U'£77)§7 Z] ) - (;uin)é? 277 > > —Wu (p5n57 %) )

and so
—W (pam% pzné) < 2C0 — n,

leading to a contradiction, since - recalling Claim 1 - the limit for £,0 — 07 of the
left hand side is 0 for all n > 0, while the limit of the right hand side is strictly
negative. o

Claim 3: For e,6,n7 > 0 sufficiently small, we have s.,s # T and t.,s # T
Proof (of Claim 3). We notice that, by definition of ¢ and recalling (5.7),

20. 20’
—é + — >ws(to, pto) — wi(to, o) — nto + — = Pey(20)
2 4 to
1 o o
2 1
> (2e5) = Watensy 1) — Wi (Sens, L05) + = P25 — Nenp + —— +
e 85175 tené

1
1 1
> — WQ(pané) + w2(8€n57 :uin)&) - w1(557757 :uin)&) + gpgné -7,

where wy(+) is the continuity modulus of ws(:). Given 0 < n < £/(87), we can
choose ¢, > 0 such that

1 20 5
(510) WQ(pan(S) - gp?mg + nT + E Z
and so
£ §
(511) _5 > _Z + w2(557]67 /vbfc;)&) - w1(86n67 /LE:;)(S)

We prove the assertion by contradiction, assuming first s.,s = 7. In this case,

since we have assumed A = 0, we have wy(T, ,ug%) — wy (7, ug)é) > 0, leading to a
contradiction with (5.11), thus s.,s # 1. The proof of the case t.,; = T" can be done

in the same way.

By Claim 2 and Claim 3 and the choice of o, we have s..s,t.5 ¢ [0,T], against
the definition of £&. Thus we have £ = 0 and the proof is complete. U
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5.2. Main Result. Now we characterize the value function as unique viscosity so-
lution of a suitable HJB equation.

We consider a set-valued map F' satisfying (Fy) — (F3), and assume that £ and
¢ are bounded and uniformly continuous, and define the following Hamiltonian
function for all 4 € Z5(R?), p, € L%(R?),

(5.12) H (1 pu) = L(p) + inf / (Pu(2), v(x)) dp(z).
v(-)eLZ(RY) Rd
v(z)EF (u,x) p-a.e.x

We recall that, as observed in Remark 4.2 in [25], from Theorem 8.2.11 in [5] we
have indeed

(s pp) = L(p) + 75 (11, D),

where

Hiup) = [ int (,(0).0) dute).

R veF (p,x)

Theorem 5.8. Consider a set-valued map F satisfying (F1) — (F3), and assume
that L and ¢ are bounded and uniformly continuous. Then the value function V :
[0,T] x P5(RY) — R of the Bolza problem is the unique bounded and uniformly
continuous viscosity solution of

atu(t7 :U’) + %(M7 Du(t7 /“L)) =0,
(5.13)

u(T, 1) =9 (1),
where the Hamitonian € is defined by (5.12).

Proof. We will proceed in several steps.

Step 1. The Hamiltonian J of Definition(5.12) satisfies the assumptions of The-
orem 5.6.

Let p1, 2 € P5(RY) be given, and pu, iy, @y e @ in the statement of Theorem
5.6 defined by 7 € II,(u1, 12), L as in (F3). From a measurable selection theorem
(see e.g. Theorem 8.2.11 in [5]), we have

(11, Py ) = Inf {/
Rd

:/ inf <U1,13_y> dﬂ($>y>7
R

d v1€F(pu1,z)

(v(z),z —y)dm(z,y) : v(-) Borel selection of F(uy, )}

it ) =0t { [ (000). = 0 a2 9) 5 0() Borelselction of Fia, )}
R4
=inf {/ (v(x),z —y)dm(z,y) : v(-) Borel selection of F(pus, )}
R4

—/ inf  (vg,x — y)dm(x,y).
R4 va€F (p2,x)

Set 0 = LWy (1, o). Given any € > 0 let w. € F(uy,z) + dB(0,1) be such that
inf  (vg,x —y) >inf {(w,x —y): w€ Fuy,x)+ 0B(0, 1)}

va€F (u2,x)
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2<w€,l‘ - y) —&.

In particular, there are v§ € F(uy,z) and v* € B(0, 1) such that w. = v] 4 6v° and
S0

inf  (vg,x —y) >(f,x —y) +0(v°, 2 —y) —¢
v € F(u2,2)

>(vi,x —y) —0lx —y| —e.
We then have

inf  (v,z—y)— inf  (vg, 2 —y) <LWo(py,po) |z —y|l+e¢
v1E€F (u1,z) v2 €F (p2,x)

L
=3 (W5 (pa, p2) + |z = y*) +e.

By integrating w.r.t. 7 (and recalling that 7 is optimal),

(11, Dy o) — HF (M2, Qo ) <

§/ [ inf  (v;,z—y)— inf <v2,x—y)] drm(z,y)
RIxR4

v1€F (p1,2) v2E€F (u2,x)

L
< [ |5 V) 41— o) +e) dmte
R x R4
=L - W5 (1, pi2) +¢.
Letting ¢ — 07 and switching the roles of juq, us yields

|%F(Ml>pu1,u2) - ‘%(U% qu1,u2)| S L- sz(,ub,“2)'

Since £ : #,(R%) — R is uniformly continuous with modulus w,, and 5% (u, Ap,) =
AF (1, py,) for all A > 0, we have

|%<M17 )‘pm,uz) - %(M% )‘qﬂl,w)l < wﬁ(WQ(:u’lv IU’Q)) + LA~ WQQ(IU’D /1’2)7

hence the assumptions of Theorem 5.6 are satisfied by taking w_»(r, s) = we(r)+ Ls.
This proves the statement of Step 1. o

Step 2. The value function V' is a viscosity solution of (5.13).
Claim 1: V is a subsolution of (5.12).

Proof (of Claim 1). Take (¢, 1) €]0,T[xP5(R?), 6 > 0, (pr,pa) € DIV (L, ).
Given any admissible trajectory {iu}ieir € &f[gT] (@), and 7y € TI(f, p1¢), set

Ay = \/(t—f)“r/ | = y[* dmy(2,y).
Rd xRd

By the Dynamic Programming Principle in Proposition 4.1, we have for any m; €
H(ﬁ’) :ut)

03Wm@—V@@+lcwmw

<pi(t — 1) +/

R4 xR4

(pa(z),y — z) dm(2,y) +0 - Ay + 0 (Ay) + /{t L(ps) ds

Hence, dividing by t — ¢ > 0,
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A 1
t_t{'éépt__l_— (pa(x),y — x) dme(x, y)+

t - Z Rd xR
1 t O(At) At
— | L(us)d -
Rl AR UR L ey v
Fix ¢ > 0 and let v§(-) be a Borel selection of F'(fi,-) such that

Aded<Pu(x),vS(x)> di(r) < inf /Rded@”(x)’U(x» di(z) + 2,

v

(5.14) —

where the inf is taken on all the Borel selections of F'(fi,-). By Filippov’s Theorem
(see e.g. Theorem 8.2.10 in [5]), we can find a Borel map u® : R? — U such that

vg(x) = f(fi, ,us). Choosing {p}ecirr) as pe = em with i supported on

Y(t) = f e, (1), ),
V() =z,
and 7 = (eq, ep)in, leads to

tim —— [ (op(e),y — 1) dm(a,y) = lim (p(a), L=, )

tttt — 1 RIxRE t—tt Rd XF[E,T] —

_ / (pa(x), v5(x)) dn(z, )
RIxT7 1)

<int [ {pula). o)) i) +

where we used the fact that for n-a.e. (x,7), we have that v € C([t,T]) and
Y(t) = f(i, 2, ug) = v5(x).

Similarly,
. : (1) =@ |
lim ——— —yl?d =1 — |
tl_I}% (t_ﬂg RixRA |ZL‘ y| ﬂ-t(‘ruy) tl—>ntl RIXR t—1 "7(%7)
= [ luita)Pdn(z. )
Rd x R4
2
g/ ( max |w[+LW2(5O,ﬂ)+L\x]> dn(z,7)
RdxRd \WEF(80,0)
<3- 2 4 2L my ([
< (wé[?%f,o) jw]” + mz(u)>,
leading to

t—t t — weF (80,0

A
lim tf < \/1+3- ( max )|w|2+2L2m2(,u)) =: C(f).

Notice that the function C(-) defined above is bounded on every bounded set. In
particular, by taking the limit as ¢ — ¢* in (5.14), and recalling the continuity of
t — u; and of L, we have

~CES < protinf [ (pu(o).vla)) dite) + < + L)

v

By letting ¢ — 07, we have p;+ .7 (1, pa) > —C(f1)d, which ends the proof of Claim
1. o
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Claim 2: V is a supersolution of (5.12).

Proof (of Claim 2). Take (t, i) €]0, T[x Z25(RY), § > 0, (ps,pu) € D; V (¢, ). By
the Dynamic Programming Principle in Proposition 4.1, given an optimal trajectory
p = {piteirr) € iy () we have for all w; € (i, 1)

0=Vt ) — V(i) + / £(u,) ds

t
Splt=0+ [ ala)y—a)dmloy) =3 Acro(d) + [ Ll ds
R4 x R4 t
where A, is defined as in Claim 1. In particular, we have
Ay o(Ay) 1 I
— - |0 — ——= — i —x)yd —— | L(us)ds.
A [ Szt [ o)y men) + 2 [ L) ds

By taking the liminf for ¢ — ¢, we have

1
Clm -5 pr+limint —— [ {py(o).y 2} dmu(w. ) + (5,
Rd xR4

t—it

where C(j2) is defined as in Claim 1. Let n € Z(R% x jz)) be such that p;, = e fin

and that for n-a.e. (z,7) € R xT'z7) we have y(f) = z and 4(t) = f(pe, v(t), ux(t)),

where u,(t) is a suitable Borel selection with values in U. By choosing 7 = (e, €7)fn

and 1 = i ® n,, we have
1

L[ @)y — ) dmy(ay) = / (pa(),
t—t Rd xR RdXF[tT]

= L 0 [ 5 dant )
_t_t/ /RM” UEFf,ify ))<pﬂ(w),v> dn(z,7) ds

_t_t/ /Rdxl“t:r [vellmnpftx)<pu($)7v>_58|p“(x)|] d’l’)(iv,’y)d&

where 65 = L(Wa (s, ) +|v(s)—x|). By inverting the order of integrals and applying
Fatou’s Lemma, we have
1
liminf —— (pa(z),y — x) dmy(z,y) >

tsit t—1 R xR

1 t
> / lim inf —— [ inf <pu($),v>—5s|pu(x)|] dn(z, ) ds
RdXF[ {

p t—t+ 1 — vEF (fi,7)

7 ) dn(z,v)

:/R inf <p,a($)7v>dla($)v

d veF (i,x)
by the continuity of s — d,. Thus we have obtained
Cwo =it [ int (pale). b di(o) + £01) = i+ )
Re veF (fi,x)

and the proof of Claim 2 is ended. o
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Step 8 Since V' is a viscosity solution to (5.13), in view of Step 1 we deduce from
Theorem 5.6 that V' is the unique BUC solution to (5.13). The proof is complete. [

5.3. Equivalent formulations of viscosity solutions. In this section we discuss
several equivalent definitions of sub/superdifferentials which leads to equivalent def-
initions of viscosity solutions.

The following Lemma shows that in Definition 5.4 we can restrict to w € I, (f, v).

Lemma 5.9. Let u : 25(RY) — R, 6 > 0, and let p € L%(]Rd;]Rd) be an optimal
displacement from i € P5(R%) such that for all v € P5(R?) and v € 1, (ji,v) we
have

u(v) —u(fi) < /

(@), y — ) dy(z,y) +5\//d [z =y dy(x,y) +o (Walp, v)).
R R
Then p € D u(f).
Proof. By Theorem 8.5.1 in [3], there exists a sequence {©, }neny € C?(R?) such that
Ve, = pin L2(R%R?). For any z,y € R, there exists € {Az+ (1 - ANy : A €
[0,1]} with
Puy) = en(z) = (Vu(@),y — 2) + (D*0u(0)(y — 2),y — )

and

Pa(y) = n(@) = [1D*pulloc - Iy — 2* < (Vipu(2),y — 2) <
< @n(y) = en() + [ D*¢nlloc - ly — .

Given 7 € II(f1,v) and ~ € I1, (1, v) we have

/Rd Rd(Vgon(x),y—x> dy - (Vop(x),y —x)dr <

R xR4

< / only) dvy - / on(z) dy — / only) dm + / on(z) dret
R4 xRd R4 x R4 R4 x R4 R4 x R4

D%l ([ -l dm W)
R4 xR4
1Dl ([ aftam 4 W3 ).
R4 x R4
For all 01,0, € II(fi,v), and ¢ € L2(R% R?) set

u(v) — u(j) - / ((x),y — ) A1 (x, y)

R xR4

1/2
([, o= ePasatoa)
X

Set 7= [pa pa |y — x|> d7w, we have:

A91792 (@D) =

OSWQ(ﬂay)Sra
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then

Dl ([, lu= ol o+ WHE0))
X

1/2
(/ ly — l’\2d7f>
R xRd

SA'y,ﬂ-(VSOTL) + 27‘HD2g0nHoo.

Arx (Ven) SA%‘A’ (V) +

This implies
Arnp) <Amn(Vipn) + (Vo0 — pllz2
<Ay x(p) + 27| D% pnlloo + 21 Vion — pll 12
We recall that by assumption limsup A, , (p) < 4. Thus

V=

ly — 2| dm(z,y) "
(o)

Aﬂ'ﬂ'
’ (p B WQ([‘?”)
+ 2] D2l + 21V — pllz2
=max{0, Ay 4 (p)} + 27| D*¢ulce + 2/ Vi — pll 12

-max {0, A, -(p)} +

In particular, we have

lim sup Az (p) < max{0, limsup A, 5 (p)} + 2r[| D*@nllce + 2[Von — pll 12,

V=l Vil
and by letting » — 0 and n — +o00, we deduce
limsup Ax »(p) <6,

V—[i
ie. p € Diu(p). O

We present here another approach in the computation of generalized gradient
in the Wasserstein space, which is frequently used in Mean Field Game theory.
Following [10] and [23], the main idea is to represent the Wasserstein space as the
space of the law of random variable of a certain probability space, and to use the
linear structure of the space of random variables in order to define derivatives. We
want to perform a comparison between these two approaches.

Consider (€2, B,P) be a probability space, where €2 is a complete separable metric
space, B is the Borel g-algebra, and P an atomless Borel probability measure on
(,B).! Given a random variable X : Q — R? on (2, B,P), we denote by X#P €
P (RY) its law, i.e., XiP(B) = P(X~1(B)) for every Borel set B C R?. We recall
(see e.g. [29]) that, by the assumptions on P, for every u € 25(RY) there exists
X € L*(;RY) such that p = XfP. Conversely, for every X € L%*(Q;R?) we have
XtP € P (R%). Moreover

WQ(,UD,UQ) = Hlf{”Xl — XQHL%, . X,Lﬂ]P) = My, 1= 1,2} .

for instance, (Q,B,P) = (Rd,Bor(Rd),Z‘[iO 1]d), where .,Zj‘[l denotes the restriction of the

! 0,1]¢
Lebesgue measure on [0, 1]%.
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Given u : 25(RY) — R, we recall (see [10]) that its lift U : L3(;RY) — R is
defined by U(X) = u(XP) for all X € L3(Q;R?). We also recall that a function U :
L3(Q;RY) — Ris called law-dependent if U(X,) = U(X,) for all X, Xy € L3(Q2; R?)
5.6, XP = X,tP.

Clearly, every lift of functions defined on 92,(R?) is law-dependent.

Lemma 5.10. Let X € Li(;RY), and define
Hx :={¢poX € L;(QRY) : ¢ € L5 p(RY)}.
Then Hx is a closed linear subspace of L2(€;RY). Moreover, the map
X, 1 L p(RY) — Hx
defined as X.(¢) = ¢ o X is a linear isometry.
Proof. Let ¢ € Hy. Then there exists a sequence {p, o X },eny € Hyx such that
nglfoo [pn o X — f”LD%(Q;Rd) = 0.

In particular, we have that there exists C' > 0 such that

1|23, retima) = [lPn © X 2200y < C,

XnJP
thus, up to subsequences, we may assume p,, — p weakly in Lg(ﬁp(Rd) for a certain
pe Lqu(Rd)- Given any ¢ € L3,p(R?), we have

0= lim (6, —p)iz, = lim (6o X,poX —p,o X}z = (60X, poX — &)

A P) e
Thus for all po X € Hx we have (poX,poX —§) 2 =0, hence (®,po X —&) 2 =0

for all ® € Hy. Hence po X — & € Hy. But since po X — ¢ € Hx and because
Hx N Hyx = {0} we deduce that ¢ = po X € Hy. The last assertion follows from
the fact that ¢ — ¢ o X is obviously linear, moreover, set y = X{P, we have

60 X0 = [ I00 X@PdPW) = [ 0@ dutz) = ol

LE(Q)

X*_loﬂ-HX// lﬂ'f‘[x

-

Li(Rd) Hyx

*

FIGURE 1. The map X, is a linear isometry from L”(R?) to Hx. The
map 7y, denotes the projection on Hy in the Hilbert space L3(12).

Our aim is to find a convenient representation of the sub/super differentials of
Definition 5.4 by using the set Hx defined in Lemma 5.10. We state it only for the
superdifferential, for the subdifferential the argument is symmetric.

Proposition 5.11. Let U : [0,T] x L3(Q2) — R be a map, t € [0,T], X € L3(Q),
§ >0, (p;, &) € RxL3(Q). Assume that U(-) and £(+) satisfy the following properties:
(1) U(t,-) is law-dependent;
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(2) there exists Y € Hx such that { = X —Y and Wo(X{P, YEP) = [|£] 12
(3) for all Z € L3(Q) we have

Ut,2) — U X) < pilt — 1) + / (), Z(w) — X(w)) dP(w)+

Rd

+ 8\ flt =7+ 1X = ZI2; + o (It =+ X = Zllz2)

Then, defining u : [0,T] x Po(RY) — R by u(t,pn) = U(t,Z) for all Z € L3(Q)
such that Z8P = p and t € [0,T], and setting i := X{P, we have that there exist
pu € L2(RY) such that £ = wy, (€) = pa o X and (pg, pp) € D u(t, ).

Conversely, given u : [0,T] x Po(RY) — R, its lift U : [0,T] x L3(Q) — R,
(t, @) € [0,T] x P5(RY), (pr,pu) € Diu(t, i), there exist X,Y € LE(Q) such that
(X, Y)iP € I, (2, (Id—pp)tiz), moreover & = ppoX and U(-) satisfy all the properties
(1-2-3) above.

Proof. Property (2) implies that £ = mpy, (§) = po X for a certain optimal displace-
ment p € L2(R?) from fi, since Y € Hy. Exploiting properties (1) and (3), given
v € P5(R?) and chosen Z € L2(Q) such that U(t, Z) = u(t,v), we obtain

ult, v) — u(f, ) < prlt — ) + / (pa(a),y — 7) dm(z,y)+

R4
1/2
+5\/|t—f|2 _|_/ lx —y]2dm(z,y) + 0 (!t—ﬂ + </ |x_y|2d7r(x,y)) ) .
R4 Rd
by setting 7 = (X, Z)4P. The converse is trivial. O

We conclude this section by giving a characterization of superdifferentials with
specific test functions from L2(2) — R whose gradients belong to the superdiffer-
ential. For sake of simplicity we omit here the ¢ variable.

Definition 5.12. [Quadratic test functions| Given Y € L3(f2), we define the smooth
map Qy : L3(Q) — R by setting for all Z € L3(Q)
1 2
Qv(2) =12 = Yllz;-
For all X € L2(Q2) we consider the set T'(X) of all maps Qy such that
(5.15) Y € Hy and Wy(XtP,YP) = | X — Y| 2.
Proposition 5.13 (Superdifferentials with test functions). Let U : L3(Q) — R be

a law-dependent map, § >0, X € L3(Q), Y € Hx such that (5.15) holds true, and
Qy € T(X) such that for any Z € L3(Q)

U(Z) = Qy(2) SUX) — Qv(X) +4]|Z — X,
i.e. U—Qy has a local §-mazimum at X. Then, denoting by & € L3(Q) the gradient
in L3(Q) of Qy at X, and defining u(SP) = U(S) for all S € L3(RY), we have that
E=mp (&) =po X withp € Diu(u).
Conversely, given u : P5(R?) — R and denoted by U : L3(Q2) — R its lift, given

p € Diu(u), set £ =po X, there exists Q € T(X) such that for all Z we have that
U — Q has a local §-mazimum at X and DQ(X) = £ € L(Q).
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Proof. Assume that U—Qy has a local §-maximum at X. Thus, for every Z € L3(Q)
we have
U(Z) = U(X) <Qv(2) = Qv(X) +[|Z = X[z + o([|Z = X[|12)
=62 = X) +0|Z = Xl|zz + o([|Z = X[|z2),

where we used the smoothness of ()y. The first assertion now follows from Propo-
sition 5.11.

We prove now the second assertion. According to the last part of Proposition
5.11, it is possible to find Y such that

U(Z2) = U(X) <& 2 = X) + 0|2 = X[z + oll| 2 = X]|12)
=X =Y, Z-X)+0-Z = X|[rz + 0|2 = Xl|r2)

1 1
=512 =Y = 5IX =YI* +6- 12 = X1z + o(l|1Z = Xl 12),
thus it is enough to take @ = Qy(+) to conclude. O

Remark 5.14. Let U be a bounded upper semicontinuous law-dependent map. Given
any Y € L2, if we fix C = Bpa(X,7), we have that f 1= Qy — U is a lower
semicontinuous function on C' bounded from below. Since L2(f2) is an Hilbert space,
we can apply Stegall’s variational principle (see [10]) obtaining for all 6 > 0 an
element X} € (L2(Q))’ such that f+ X} has a (strong) minimum in C and || X}|| < .
In particular, there exists X5 € C such that for all Z € C

Qy(X;) — U(X5) + (X5, Xs) < Qv(Z2) = U(Z) + (X5, Z).
Rearranging the terms, we obtain for all Z € C'
U(Z) = Qv(2) < U(Xs) — Qv(Xs) + (X5, Z — X5).

We can extend this inequality to the whole of L2 by adding a term on the right hand
side which vanishes as Z — X, thus for all Z € L2 we have

U(Z) = Qv(2) SU(Xs) — Qv(Xs) + (X5, 2 — X5) + o([| Z — X])),
< U(Xs) = Qv (Xs) +0[1Z2 — Xl + o[ Z — X))

i.e., U — @y has a local )-maximum at Xj.

Remark 5.15. We notice that in the definition of T(X) it is required, beside the
optimality condition Wo(X{P, Y{P) = || X — Y2, also that Y € Hx. In this way,
we have that the L%-gradient at X of any Q € T(X) is a law-dependent function,
which is coherent with the fact that, to have a suitable notion of super/sub-tangent
test function at X € L2 for a law-dependent function, their gradient at X must
actually define univocally an element of Li where u = XtP.

On the other hand, to restrict Z € Hx in the lifted function (i.e., considering
less possible variations from the point of interest X) is equivalent to consider in the
original function only measure v which can be reached from p by transport maps. In
this case, even if Y ¢ Hy, the projection g, (§), where ¢ is defined as in Proposition
5.11, define an element of the d-superdifferential (restricted in this sense). This was
essentially the case considered in [12].
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Remark 5.16. It is worth pointing out that even if the equivalent definitions of
section 5.3 are given in L3(2), they do not reduce to the classical definition of
viscosity solution [17] in the Hilbert space L3(Q2). In particular the comparison
theorem of [17] does not apply. This is why we needed to state a new comparison
theorem (Theorem 5.6) in the context of our optimal control problem. For other
definitions of viscosity solutions where the uniqueness and comparison results of [17]
may be used, we refer the reader to [23].

Remark 5.17. Several different notions of the sub/superdifferentials have been intro-
duced and studied in the space of probability measures (see for instance [2,3,12,14,
21-23,25]). Our goal is not to give a comparison between these sub/superdifferentials
and the sub/superdifferential introduced in the present paper which is well adapted
to obtain a comparison result for Hamilton Jacobi equation and thus to obtain a
characterization of the value of the studied optimal control problem which is the aim
of the article. A more detailed comparison between existing sub/superdifferentials
and its relevance for Hamilton Jacobi equations will be discussed in a forthcoming

paper.
APPENDIX A. SOME RESULTS ON MEASURE THEORY
We refer to Section 5.3 in [3] for the following preliminaries of measure theory.
Definition A.1 (Borel families of measures and generalized product). Let X, Y be
separable metric spaces and let X > z — 7w, € Z(Y) be a measure-valued map.
We say that = — 7, is a Borel map (equivalently, that {7, }.cx is a Borel family)
if x — 7,(B) is a Borel map from X to R for any Borel set B C Y, or equivalently

if this property holds for any open set A C Y. This implies also that for every
bounded (or nonnegative) Borel function f: X x Y — R. the function defined by

xH/yf(Ly)dm(y)

is Borel. Thus given any Borel probability measure y € 2(X), we can define
uniquely a measure p ® m, € P (X x Y), called the generalized product between p
and the family {7, }.cx by setting

/X elry)d(pe ) (r.y) = /X { /Y oz, ) dw)] ()

for all ¢ € CY(X x Y). Notice that the first marginal of p ® 7, is p.
The following result is Theorem 5.3.1 in [3].

Theorem A.2 (Disintegration). Given a measure p € P (X) and a Borel map
r: X — X, there exists a family of probability measures {1, }rex € P(X), uniquely
defined for rip-a.e. v € X, such that p (X \ r=(z)) = 0 for rip-a.e. z € X, and
for any Borel map ¢ : X x Y — [0, +00] we have

[e@antr= [ [ cedns)| dom

We will write = (1) @ pe. If X=X xY and r Y (z) C{x} xY foralz e X,
we can identify each measure p, € P (X X Y) with a measure on Y.

We also recall an adapted version of Theorem 8.2.1 in [3].
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Theorem A.3 (Superposition principle). Let p = {jt}icor) be a solution of the
continuity equation Oy + div(viuy) = 0 for a suitable Borel vector field v : [0,T] x

R? — RY satisfying
T
|ve()]
dp(x) dt < 400.

Then there exists a probability measure n € PR x T'r), with Ty = C°([0, T]; RY)
endowed with the sup norm, such that

(i) m is concentrated on the pairs (z,7) € R x Ty such that vy is an absolutely
continuous solution of

F(t) = v (y(¢)), for Lt-a.et e (0,T)

(ii) pe = e for all t € [0,T].

Conversely, given any n satisfying (i) above and defined p = {p}ecpo,r) as in (i)
above, we have that Oy, + div(vips) = 0 and pp—o = v(0)in.
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