INTEGRATION OF NONSMOOTH 2-FORMS: FROM YOUNG TO
ITO AND STRATONOVICH
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ABSTRACT. We show that geometric integrals of the type fQ fdg! Adg? can be
defined over a two-dimensional domain Q when the functions f, g, g?: R? - R
are just Holder continuous with sufficiently large Holder exponents and the
boundary of Q2 has sufficiently small dimension, by summing over a refining
sequence of partitions the discrete Stratonovich or It6 type terms. This leads
to a two-dimensional extension of the classical Young integral that coincides
with the integral introduced recently by R. Ziist. We further show that the
Stratonovich-type summation allows to weaken the requirements on Holder
exponents of the map g = (¢!, g?) when f(x) = F(z,g(z)) with F sufficiently
regular. The technique relies upon an extension of the sewing lemma from
Rough paths theory to alternating functions of two-dimensional oriented sim-
plices, also proven in the paper.

1. INTRODUCTION

The scope of the present paper is constructing explicitly, via the appropriate
discrete approximations, the extension of the classical notion of the integral of the
differential 2-form fdg' A dg? over any sufficiently nice oriented planar domain
Q) C R? (one might think for simplicity of £ being just an oriented polygon, or even
simpler, a triangle) to the case when the maps f: R? = R, g := (g1,92): R?> — R?
are only Holder continuous, so that one might only put the word “differential”
above in quotation marks, because g might have no derivatives. If g is sufficiently
smooth and f just continuous, then fdg' A dg? can be understood in the modern
differential geometry language as fg*(dx! Adz?), where dz* are coordinate 1-forms,
1 =1,2, and ¢g* stands for the pull-back via g, or, alternatively, in a more analytic
language,

019 (z)  Oq9'(7)
1.1 dl/\d2:——/ zdet( ! dz,
(1.1) /S;f g g Qf( ) 8192(1‘) 8292(93)
0; standing for partial derivatives in the coordinate direction z;, i = 1,2. The latter

integral is the natural building block for integrals of classical (smooth) differential
2-forms over smooth parameterized 2-dimensional surfaces in R™ via pull-back.
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One comes therefore inevitably to the problem posed when trying to integrate even
a very smooth differential 2-form w in R™ over a parameterized Holder surface
0: QCR2 = R, o(z) = (p(x))",, letting formally

/ w ::/cp*w,
() Q

where ¢*w stands for pull-back of w via ¢, i.e. p*w:= 37, ;(a;; o ©)dp? Adp? when
w=>y, j a;;dz’ A da’.

1.1. History.

1.1.1. One-dimensional integrals. The one-dimensional prototype of this problem,
that is, extending the integral of a differential 1-form udv over an interval [a, b] of
the real axis to the maps u,v: R — R that are only Hélder continuous, has been
solved by L.C. Young [22] and independently by V. Kondurar [10]. They defined the
respective integral fab udv as a limit in k of a converging sequence of Riemann sums
of the type Zi:ol u(a;)(v(ai+1) — v(a;)) over an appropriate sequence of refining
partitions of the interval [a,b] by consequtive points ag :=a < a1 < ... < aj := b,
thus mimicking the definition of the classical Riemann integral. This provides an
extension of the latter to the case u € C*(R), v € C#(R) when a + 8 > 1 (later
several generalizations of this result for wider classes of functions were provided,
see e.g. [23] as well as the recent paper [21] and references therein). It is worth
remarking that the original proof of Young [22] was quite “handmade”, just by the
repetitive use of Holder inequality. Rather, nowadays it is a custom to do it in a
more “automated” way by using the so-called one-dimensional sewing lemma [4,
lemma 2.1], which together with the construction of this integral, now usually called
Young integral, is one of the basic pillars of the modern theory of Rough paths [5, 6] .

Note that in the summands u(a;)(v(a;+1) —v(a;)) one could replace u(a;) by, for
instance,

Ulazas] "= i(u(al) +u(air1)),

thus leading to a different notion of integral. Minding the obvious analogy with
stochastic Ité (resp. Stratonovich) integration, we will further call these two con-
structions Ito (resp. Stratonovich) summation. The general conditions on functions
u and v for the limits in each of these cases to exist have been studied in [15] (in the
subsequent paper [19] even more general weighted averages of u in place of g4, ]
were considered). Finally, V. Matsaev and M. Solomyak constructed in [12] a sim-
ilar integral substituting [,q,,,] by the integral average f[ai)aiﬂ] u, which extends
the classical integral of a smooth differential 1-form udv over an interval to the
case when v € C#(R) is Hélder continuous and u belongs to the Besov space B,
with o + 8 > 1. In all the mentioned cases the result is the same for v € C*(R),
v € C#(R) with a + 8 > 1, but may be different for more general functions.

LA historic curiosity: the modern construction of the Young integral via sewing lemma is closer
to the original one used by Kondurar in [10] although his contribution to the subject seems to be
unfortunately not so well-known.
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1.1.2. Multidimensional integrals. Subsequently, several ways were proposed to ex-
tend the above mentioned one-dimensional constructions to multidimensional cases,
notably [17, 3], which however lack the very important geometric property of the
classical integral of multidimensional forms, namely, that of being alternating, i.e.
changing sign with the change of domain orientation (although we also have to
mention quite a different and purely geometric approach of [8] allowing to treat in-
tegration of smooth differential forms over nonsmooth domains, e.g. having fractal
boundary, and a quite curious recent construction of [20], reducing the multidimen-
sional integral to a one-dimensional one involving a Peano-like curve).

A different approach to the definition of a multidimensional integral of non-
smooth “differential forms” has been taken by R. Ziist [24]. Applied to the 2D
situation which is of interest in the present paper, it shows that the integral (1.1)
defined over smooth maps, admits the unique extension by continuity with respect
to the natural topology of pointwise convergence with bounded Holder constants
to a multilinear continuous functional

(f.g",9%) € C*(R?) x CP(R?) x CP*(R?) — I(f,g",9°)

vanishing over degenerate rectangles and triangles (namely, those having zero area)
and alternating in the last two entries, if o + 81 + B2 > 2. This functional can be
therefore naturally called an integral

/ fdg' Adg? = I(f.0", 0.
Q

and can be approximated by sums over triangles forming the sufficiently fine dyadic
decomposition of € of the functions of three variables (which can be better thought
as functions of a triangle) (p,q,r) € (R?)? — 1,4, defined by

(1.2) Npgr -= fp/ gldQQa
Olpgr]

where f, := f(p), the integral above being intended in the sense of Young (note that
in [24] a slightly different language was used with rectangles instead of triangles;
the current language is taken from [16] where a unified approach for integration of
multidimensional nonsmooth “differential forms” called “rough differential forms”
up to dimensions 1 and 2 was suggested). R. Ziist himself has further successfully
employed this integral in several remarkable geometric problems in [25].

It is easy to observe that the definition of the integral of fdg' A dg? through
the limit of sums of terms (1.2) over sequences of refining partitions, is a clear
generalization of the construction of the one-dimensional Young integral described
above. It is inherently based upon integration by parts, i.e. is made so that the
Stokes theorem

dgl/\dg2:/ g1d92
Q o0

almost automatically be satisfied for appropriate @ C R? (rectangle in [24] or
triangle in [16]). This is however not how one usually expects the integral to be
defined: in fact, the Young integrals over the sides of the triangle [pgr] in (1.2) have
themselves to be defined either indirectly as continuous extensions of integrals of
smooth differential forms approximating the “rough differential form” g'dg? or as a
limit of sums of appropriate discrete approximations (on the contrary, the abstract
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extension of (1.1) from spaces of smooth functions to Sobolev or Besov spaces can
be done via the techniques from [13, 2, 9] dealing with weak Jacobians).

1.2. Our contribution. It seems therefore more natural to define the integral of
the “rough differential forms” fdg' A dg? by purely discrete approximations. To
this aim for f € C*(R?), ¢* € C%(R?), i = 1,2, with a + 1 + B2 > 2, we write

o L(fpt o+ [r 5911)(] 69;7”
stratpq, 1= 2 ( 3 det Sy oge )

09pg 09y, 2
fpdet < 5912”] 59§r for [pgr] C R,

(1.3)

1tOpqr =

where we write f, instead of f(u) and dg%, = ¢*(v) — g*(u), i = 1,2. We refer to
strat and ito seen as functions of three variables (better viewed as functions of a two-
dimensional simplex) as Stratonovich germ and to the latter one as Ité germ because
of their obvious similarity with discrete constructions of the respective integrals in
stochastic calculus. The terminology of “germs”, meaning just functions of finite-
dimensional simplices, is borrowed from “germs of rough differential forms” [16],
which is in turn inherited from the Rough Paths theory [6].
In this paper we show that

(A) if Q is an oriented simplex (i.e. a triangle), then summing either It6 or
Stratonovich germs over any sufficiently nice family of its refining trian-
gular partitions (in particular, dyadic ones) with the appropriately chosen
orientation will still lead to the same integral defined by Ziist, and esti-
mate the rate of convergence (Theorems 4.4, 5.1). The respective integral
may be called both It6 and Stratonovich, and in fact generalizes the one-
dimensional Young integral.

It is worth emphasizing that this result might seem counterintuitive. In
fact the integral should clearly vanish over degenerate triangles Q (i.e. those
having zero area), while neither the Stratonovich nor the Itd6 germ possess
this property (which we will further call nonatomicity), as opposed to the
germ 7 defined by (1.2), nor they are in some obvious way asymptotically
close to some nonatomic germ (unless of course the functions g; and g2 are
differentiable). It is therefore not at all clear how can one expect to be
nonatomic a limit of sums of germs which are essentially not so;

(B) the integral defined in such a way can be extended to a large class of
bounded open sets  C R? having sufficiently small box-counting dimension
of the topological boundary (Theorem 6.2), and in particular can be defined
in a very natural way for  a simple polygon (Proposition 6.1).

These results give a partial answer to the curious and important question
that can be termed informally as follows: along what kind of “surfaces”
(or, more generally, against which de Rham currents) can one integrate
the “rough forms” of the type fdg' A dg? with just Holder f, g', ¢%. It
is clearly inherently related to the recent work of R. Ziist on “functions
of fractional bounded variation” [26] and of J. Harrison on continuity of
integrals with respect to the domain [7], though is essentially beyond the
scope of the present paper. As a pure speculation however we may suggest
that further investigation in this direction would surely lead to extension of
Stokes’ theorem to weak classes of surfaces/currents which may be helpful
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e.g. in extending the classical Frobenius intagrability theorem and Chow-
Rachevsky theorem to irregular vector fields or forms like e.g. in [14, 11, 18];

(C) when f has a particular form f(z) = F(x, g(x)), then the conditions of the
existence of the integral extending the classical one (for smooth forms), i.e.
the requirements on Hélder exponents of g°, may be significantly relaxed
at the price of requiring F': R? x R? — R to be sufficiently regular (Theo-
rem 7.1) by employing Stratonovich germs. This is however a very partic-
ular feature of Stratonovich but not of It6 summation as can be seen also
in the one-dimensional situation (Remark 7.4). The resulting Stratonovich
type integral is shown to satisfy the classical chain rule (Proposition 7.6)
and may be identified with the “second order Riemann-Stieltjes” integral
introduced in [24], the respective identification leading to a curious conti-
nuity estimate for the degree of Holder maps (Remark 7.10).

We also give an interpretation of these results in geometric terms of the
existence of continuous extensions of De Rham currents associated with
the graphs of smooth maps ¢g: R? — R? to those associated with graphs of
Holder maps with sufficiently large Holder exponents, the continuity being
intended in the weak (pointwise) topology of currents (Proposition 7.7).

The key role in the proofs will be played by the observation that both the integral
and the Stratonovich germ are alternating, i.e. they change sign when the triangle
over which they are defined changes the orientation. In fact, our basic instru-
ment will be the natural generalization of the two-dimensional sewing lemma and
stability theorem from [16] to abstract alternating germs (Lemmata A.1 and A.3
respectively).

An open, though im our opinion rather technical question is extending the above
results to n-forms of the type fdg! A ... A dg™ with arbithrary n € N. The major
technical difficulty one encouters here is the absense of natural nice subdivisions
of m-dimensional simplices with generic n € N similar to dyadic subdivisons of
segments and triangles (i.e. 1- and 2-dimensional simplices) that we successfully
employ in the present paper.

2. NOTATION AND PRELIMINARIES

Spaces. Let D C R™ be an open set. For an a € (0,1) we will write C*(D)
(abbreviated just to C* when there is no possibility of confusion) for the Holder
space with exponent . For an f € C%(D) we denote by [6f], its Holder seminorm,
and [[flla = [|flloo + [0f]a its Holder norm, where || - || stands for the usual
supremum norm in the space of continuous function C(D) (usually abbreviated to
C). The notation C1(D) (or just C* for brevity) will stand for the usual space of
continuously differentiable functions.

Simplices, chains, germs and rough differential forms. For an ordered (k +
1)-uple of points S = [pops - .. px] € DFT! we write conv S := conv{pgp; . ..px} and
diam S for the convex envelope and the diameter of the set of points {po,...,px}
respectively, and call S an (oriented) k-simplex in D, if conv S C D, the set of such
simplices being defnoted by Simp*(D). For a k-simplex S € Simp*(D) we denote
by |S| its k-dimensional volume. A (real polyhedral) k-chain in D is an element of
the real vector space Chain® (D) generated by k-simplices in D. A k-simplex can be
identified with the “geometric” simplex conv S with a chosen base point pg and the
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chosen orientation given by the order of the points in the list, so that 0-simplices
correspond to points, 1-simplices to oriented segments and 2-simplices are pointed
oriented triangles.

A k-germ (of a k-differential form in D) is a function w: Simp® (D) = R,

S = [pOpl o 'pk] = Ws = Wpop,...pp, -
We also often write (S,w) instead of wg. A k-cochain in D is a linear functional
w: Chain®(D) —» R,
Cw— (Cw).
For instance, O0-germs are just functions po — f(po) = fp, = ([pol, f)-
The boundary S of an S € Simp®(D) is the (k — 1)-chain defined by

k
Ipop1 - .., px] = Z(—l)Z[PO o Di Pl
i=0
the notation p; standing for removal of the respective element from the list. The
operator 0 is naturally extended by linearity to k-chains. The coboundary of a
k-germ w is the (k+ 1)-germ dw defined by duality with the boundary of simplices,
namely,

(S, 0w) := (0S,w) .

For instance, for a 0-germ f one has (6f)yq = fq — fp, and for a 1-germ w one has
(0w)pgr = war — Wpr + Wpq-
A k-germ w is called

e nonatomic, if it vanishes on degenerate k-simplices S (i.e. on those having

zero k-dimensional volume |S| = 0). For instance, the germ 7 defined
by (1.2) is nonatomic, while the germs strat and ito defined by (1.3) are
not;

e alternating, if

([popr - - pil; 0w) = (=1)? {[o(po)a(p1) - .- o (pr)], w) -

for every permutation of vertices o: {po,p1...px} — {pop1-..pk}, (1)
standing for the sign of permutation (positive for even and negative for odd
permutations). For instance, among the germs defined by (1.2) and (1.3),
strat is alternating, while n and ito are not.

Finally, a k-germ w is called a rough differential k-form, if it is continuous (as a
function of vertices of a simplex), and both w and dw are nonatomic. An example
of a rough differential 1-form (written g*dg? for g* € C%, i = 1,2, with 8 + 2 > 1)
is given by the Young integral over the line segment [pq], that is,

{[pq], g"dg?) ::/ g'dg”.

[pq]

An example of a rough differential 2-form (written fdg! Adg? for f € C®, g* € CP:,
i=1,2, with o+ 81 + B2 > 2) is given by the integral defined by R. Ziist in [24],
namely,

([pqr], fdg' A dg?) := [ ]fd91 Adg?.
pqr
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The cup product (called external product in [6]) between a k-germ w and a
h-germ @ is the (k + h)-germ w U@ defined by

([pop1 - - - PEDK+1 - - - Phn],w U @) == ([pop1 - - - P, W) ((PrPr+41 - - - Prtn], @)

The cup product is associative but in general not commutative, and the following
Leibniz rule holds [16]: for w € Germ® (D), & € Germ” (D) one has

(2.1) S(wU®) = (dw)Ud + (=1)Fw U (6@).
3. ESTIMATES ON GERMS
We start with the following useful algebraic lemma.

Lemma 3.1. One has
(3.1) 2 095q  09pr 2 095, 09g: 2 g%, 092,
= "4(591 U 592)pqr7

where A stands for the antisymmetrization operator

1
ABUY) =5 (6UD—pU9).
In particular,
(3.2) itopgr = (f UA(0g" U69?))pgr-
Proof. 1t suffices to calculate
1 1 1 1 1 1 _ 5.1
det( 59,2,q 59,2w ) 3 det( 59,2,q 5g%r ) _ det( 59,2;q 59;27r 59%r )
691"7 691” 6gpq (5qu 691711 (5ng - 6gqr
09y, 09, >
= det q bl ) =
( AR
to show the first equality in (3.1); the third one follows then from the definition of
A. The second equality is quite analogous from

1 1 1 1 1 _ 5.1 1
det( gggq gggr ) _ det( gggq gggr > _ det( gggq 07 gggr )
gpq gp'r grq gpr gpq - g'rq gp’r
1 1
det( gggp gggq > =0,
9ap  %9pq
concluding the proof. O
Notice that A(5g* U dg?) = én with n = 3 (¢*6g* — g%0g").

Lemma 3.2. One has

(3.3) |itopgr — Stratpge| < 2[0flal0g"]s, [09%] 5, diam([pgr])@+Fr+5z
(3.4) [stratpqr| < || £l [09']5, [69%] 5, diam([pgr])™ 72
(3.5) |6Stratpqm| < 8[5f]a[591]61 [592]62 diam([pqrs])a+ﬁl+ﬁ2

and strat s alternating, namely,
stratyq, = strat,pq = straty,p = —strat,gp = —straty,.q = —straty,q.
Remark 3.3. Clearly, (3.4) holds even for every f € M, where M stands for the

space of bounded (not necessarily measurable) functions over R? equipped with the
supremum norm (still denoted by || - |00 )-
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Proof. The estimate (3.4) as well as the alternating property of strat is immediate
from the definition of strat. To show (3.3), we calculate

i 1 f + f + fr 591 6917-
[itopqr — Stratygr| = 3 ‘ (173‘1 _ fp) det < 5911%3 5g§r
[0£]al0g"]5, [09%] 5, diam (pgr)®+o 02

as claimed. Thus, (3.5) would follow once one proves

(36) |(5it0pqrs| < [5f]a[§gl]ﬁ1 [(592]62 diam([pqrs])a+51+ﬁ2,

IN

To show the latter inequality, we use Lemma 3.1: namely, by (3.2) one has

1
(3.7) ito = 3 ((fudg' Usg®) — (fUSg>Usg)) .
Therefore, using the fact that
3(dg" Udg”?) = 89" U8(3g%) — 6(dg") U dg® =0,

and analogously 6(5g? U dg') = 0, from (3.7) we get
dito = = (6(f U 5gt Udg?) —6(fuUdg? U (591))

(6fUdg' USg®) — (6f Udg*Udgh)).

(3.8)

N =N =

Since clearly,

|(0F U8g" Udg%)pqrsl = 16 pal 109" )ar| - |(56%) s
< [5]0}04[591]51 [592]52 diam([pqrs])o‘+51+527

and analogously

|(8f U 9> U g )pgrs| < [f1al0g")5,[69%] 5. diam([pgrs])*+o 72,
from (3.8) we get (3.6), and therefore (3.5), hence concluding the proof. O
Later in section 7 we will need also the following curious algebraic identity which

is a peculiar property of only the Stratonovich germ strat and not of the It6 germ
ito, and could have been also used for an alternative proof of (3.5) in Lemma 3.2.

Lemma 3.4. One has

1 6f117<1 szlﬂr 6f11)s
(Ostrat)pgrs = 8 det 5915(1 6ggr 6955
00pq  09pr 0ps

Proof. By Lemma 3.1 one has

6stratyg,
dgl  bglk. ) ( dgl  bgk. ) ( dgl  bglk. )
= f det Pq ) 4+ £ det Pq ")+ f Pq 4
fpde ( sap, o0 ) I ogty oan ) I agly dal,
= (fUdgtUdsg® — fUBSG* Ubg")pgr + (39" U fUGG? — 897 U fUSG" ) pgr
+ (0g* Udg? U f — 89> Udg' U fpgr-
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Hence,
6(dstrat) pgrs = (0f Udgt Udg? — 5f UGG Ubgh)pgrst
(=8¢ USf US> + g UdfU 5gl)pqrs+
(0g" Ubg> Udf — 9> Udg' UbS)pgrs

Ofpg Ofqr Ofrs 1 Ofpg  Ofpr Ofps
=det [ dg,, 09t 69t | ==det| dgp, Ogp. 09y,
0gpg 095, 097, 09pg OGO

7

where the latter identity follows by adding the first column to the second one and

subsequently the second column to the third one.

4. RIEMANN SUMMATION OVER DYADIC PARTITIONS
Recall [16] the dyadic decomposition of a 2-simplex [pop1ps] € Simp?(D)
dya[pop1p2] := [90q192] + [q190p2] + [g2P190] + [PoG2q1],

O

where g; := (p; + pr)/2 for {i,j, ¢} = {0,1,2}. Write also cut[pop1] := [poq] + [gp1]

and filllpop1] := [pogp1], with ¢ := (po + p1)/2 (naturally extended to chains).
For n € N define the n-th Stratonovich sum strat™, the side corrector S™ as
as the Ité sum ito™ respectively by the formulae

n—1
(4.1) straty,,,. := (dya"[pgr|,strat), S, = ; (fill cut’[pg], strat)
ito,, := (dya"[pgr], ito) .
Lemma 4.1. One has
(@2) IS = S5l < Ol 69", 66%], ciam(fpg)) P Pe2n 58,
\(qur}, (strat™ — §S™) — (strat™t! — 55" 1))
(43) 1 21, di a+B1+B2on(2—a—p1—Ba)
< C[6f]al0g"]5,(997]p, diam([pgr])*T72 7722 e

with C' > 0 a universal constant. In particular, if o + 1 + P2 > 2, then

(4.4 S = i 55
’ Vopgr == nlLII;O strat,,,, = nler;o(strathr —68Sp,) + 0S5,

are well defined continuous alternating germs with
Spg: COx CPr x CP2 5 R, Vpyr: C*x CPr x P2 5 R
continuous and
(45) 1S5 = Spal < 1]l 199715, 169%], diam(([pg]) P+ +F22n 1= =2),
|straty,,. — Vigr — 0(S™ = S)pgr| <
0 16110159 o 5%, s+ rgna=o=a=)

(A7) [strat]y, — Vor| < Ol fllal69" )5, [59°)s, diam([pg]) #2155,

Remark 4.2. As one easily deduces from the proof, in view of the Remark 3.3,

well

one

has, with the notation of the latter, that in fact S, itself may be defined over the

larger space M x CP' x CP2 and is continuous there when just 31 + B2 > 1.
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Proof. We apply Lemma A.1 to our germ strat (which is continuous and alternating
by construction) recalling that it satisfies both (A.1) and (A.2) with

=01+ B >1, Ci:=|flly[09"5[09% 5.,
V2 = + Bl + BQ > 2a 02 = 8[f]0¢[5gl}51 [592][32

in view of Lemma 3.2. This gives (4.2) and (4.3), as well as the existence of limit
germs alternating continuous S and V in (4.4) satisfying (4.5), (4.6) and (4.7).
Finally, the continuity of Sp, (with fixed [pg]) as a functional follows from (4.2) and
implies the continuity of §.S,,: C° x CP1 x CP2 — R. Continuity of

Vigr — 0Spqr 1= lim (strat]l, . — 657 ): C% x CPr x CP - R

n—00 par

follows from (4.3), hence implying the continuity of V', and therefore concluding
the proof. O

We will need also the following Lemma already formulated in [16, example 4.7].
Lemma 4.3. If 1 = 82 =1, then

Vpgr = fdg' Adg? = fdet(Vgh, Vg?).

[pqr] [par]

We are now at a position to prove the first principal result of this paper.

Theorem 4.4. If a+ 1 + B2 > 2, then

(4.8) nlin;o strat,,, = fdg' Adg?
[pqr]
(4.9) = nangoltqur.

In particular, the latter integral is

(A) nonatomic, i.e.
/ fdg' Adg* =0 when |[pgr]| = 0,
[pqr]

(B) continuous and alternating in [pgr], and
(C) additive, in the sense that when

k
[par] =Y A+ N +0R,
i=1
where A; are oriented 2-simplices, N is a polyhedral 2-chain consisting of

degenerate 2-simplices (i.e. having area zero), and R is a polyhedral 3-chain
in R?, then

k
fdgt Adg? = Z/A fdg' Adg?.
i=1Y A

[par]

Moreover,
(4.10)

swatyy, — [ dg' A dg?| < CIS1L 109"}, 59%)s, diampap]) 12270,
par
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(4.11)

itop,, — fdg' Adg?
[pqr]

for some C' = C(a, 51, P2) > 0.

< C £l 695, 0975, diam([pgr])™*+F22n (=51 =52)

Proof. By Lemma, 4.1, the limit

n

Vyor := lim strat
pgr += AL pqr

exists and is a continuous multilinear functional over C® x C%' x C#2 and

qur(fvglv.QQ) = /

[par]

fdg't Adg? = / fdet(Vg',Vg?) dzx
[pqr]

when f € CY, ¢* € C', i = 1,2. However the unique continuous extension of the
latter functional defined over C° x C! x C! to C® x CPt x CP2 is the Ziist integral,
which implies the claim (4.8), (4.10). Properties (A), (B) and (C) are now in fact
the properties of the Ziist integral (theorem 4.10 of [16] where they are stated by
saying that the Ziist germ (1.2) is sewable).

The claims (4.9), (4.11) follow now from (3.3). O

Remark 4.5. One also has the inequality (4.6) which can be rewritten, in view of
the above Theorem 4.4 as

strat,,, — /[ ]fdgl Adg? —5(S™ — ) pgr
pqr

< CIf 1. [69']6,[69%] 5, diam([pgr])*F o+ oa2nEmafi=i)

(4.12)

with C = C(a, f1,82) > 0. Thus, in order to improve the convergence rate one
should better approximate S™ — S. This is the case e.g. when on the boundary of
[pqr] either f is null or one of the g* is constant: in fact, in these cases S™ = 0 and
hence also S = 0.

Remark 4.6. The 2-germ f U g U 6g? in general does not provide an integral
even when f, g' and g% are smooth. In fact, let f = 1, g'(z1,22) := 24, i = 1,2,
p = (0,0), ¢ = (1,0), » = (0,1). Then (dya"[pgr], f U dg* Udg?) — 2|[pqr]| while
(dya™[pqr], f Udg? Udg') — 0 as n — oo, i.e. the limit is not alternating.

Remark 4.7. As mentioned in the introduction, the above theorem allows to define
the integral of a differential 2-form w = fdg' A dg? on R"™ over a parameterized
Holder surface p: Q — R™, p(z) = (p'(x))™,, letting

/ fdg' Adg? ::/ (fop)d(g' o @) Ad(g? o),

»([par]) [pgr]

provided that f € C*(R"), g* € CP(R"), i = 1,2, ¢ € C7(R?%R") with
’y(a + b1 Jr,Bz) > 2.

Notice however that the above integral differs from the integral obtained par-
titioning the triangle [¢(p)p(q)p(r)] with an order diam([pgr])?#1+%2) and not
diam ([pgr])¥(@+F1+82) see [16, proposition 4.29].
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Corollary 4.8. If there is an h € C%, B3 € (0,1], such that both g' and g* are
h-differentiable in the sense

(59i)pq = a;(ah)pq +o(lp—gql), i=12
for every p € D as ¢ — p, and, moreover,
(4.13) |(59i)pq - a;(éh)pﬂ <Clp- (I‘H_%

for some y; >1—B3,i=1,2, and C > 0, then dg' Adg? =0 in the sense

fdg* Adg? =0
[par]

for every f € C* with a + 31 + P2 > 2 and every [pqr] C D.

Proof. Let
p;q = (09 )pg — a;(‘sh)pq-

Then

(4.14)

1 09p,  09p Ly oh oh Lo Ppq OR

“det 21 %% ) = Zgla2det( Oa Ofer )y 12 qeq( Ppe Ofer

2 (6912,,1 8592, 2P N Shyy  Shyy T 5apapde P, Ohpr
11, <5h ,01) 1 <p1 ,01)

+ —aya; det Papro) 4 —det | "BT BT ).

27 hpg P 2 e Ppr

Letting v := y1 A ¥2, from (4.13) we get

1
‘det ( P a 5hp7" ) < 2C[h]63 diam([pqr])1+ﬂ/+ﬂ37

Png  ONpr
1

det ( Oty Ppr ) < 2C[h), diam([pgr])* +775,
Jhpq ppr

Pra Py
det( A ) < 2C diam([pgr])*T 2,

pq pPT

so that by (4.14) one has
|stratygr| < 2C||fHOO(Ha1||<>0||a2||00[h]ﬁ3 diam([pqr])l""Y"‘ﬁS + diam([pqr])Q""“""VZ)7

which concludes the proof since 1 + v+ 83 > 2 and 2 + v, + 72 > 2. O

Remark 4.9. In particular, if g' is g2-differentiable and, moreover,

(4.15) |(591)pq - ap(692)pq| <Clp— Q‘Hﬁ

for some v > 1 — 35 and C' > 0, then dg' A dg? = 0.

5. GENERAL PARTITIONS

Theorem 4.4 shows that the integral f[pqr] fdg' Adg? can be obtained as a limit
of sums of the Stratonovich germs over dyadic partitions of the the simplex [pgr].
Here we show that it can be obtained by a similar summation of such germs over
more general partitions.
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Theorem 5.1. Assume that the simplex [pqr| be partitioned in a finite number of
disjoint simplices {A;}N., not belonging to the sides of [pqr] so that

(5.1) [pgr] — ZA —8P+ZQ],

where P € Chain®(D) and each Q; € Simp?(D) is a degenerate simplex reduced to
a line segment belonging to some side of [pqr| such that two sides of each Q; are
sides of some A; (with opposite direction). Then

(5.2)
N

Z (A, strat) — fdg* A dg?

i=1 [pgr]

<C|fll, 696,695 Zdlam yathithz o Zdlam Q,)P P
j=1

Proof. The estimate (4.12) applied to each A; with n := 0 gives

’<Ai,5trat> 7/' fdgl A dg2 — <A“§(SO . S)>|
A
< C|fll., [69"]5, 6% 5, diam(A;)*FF1F5z2,

Summing the latter estimates over ¢ = 1,..., N, and recalling that

N
feg' nag? =3 [ sag' nag?
im1 7 A

[par]

in view of (5.1), we get
(5-3)
M

N
Z (A, strat) — fdg' Adg® =) (g;,8° - 5)

[par] =1

<C ”fH [59 16, 59 B Zdlam )O‘+51+52

=1

where ¢; € Simpl(D) is the side of @); which is not a side of any A;: in fact, when
summing the terms

(8i,6(5° - 8)) = (0A;,5° - 5)

over i, we have that every side of some simplex of the partition which is not one of
g; (i.e. does not belong to a side of [pgr|) appears in this sum twice and in opposite
directions, and hence is cancelled out from this sum. Moreover, from (4.5) applied
with ¢; instead of [pg] and n := 0 we get

1 {q;,S° = )| < [|fll. [59"]5, [69%] 5, diam(g;)?+72,

which together with (5.3) gives (5.2) since diam ¢; = diam Q). O
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6. INTEGRATION OVER GENERAL DOMAINS

In section 4 we defined the integral of the “rough differential form” fdg' A dg?
over an arbitrary oriented simplex [pgr| in the domain of definition of f and g.
Here we show how the latter can be naturally extended to more general domains
Q C R~

First, consider the case when € is an oriented simple (i.e. not self-intersecting)
polygon with vertices ag, . . . , ar, enumerated according to the orientation of  (say,
counterclockwise). We will write in this case = [ag . .. ax]. Consider the triangu-
lation of Q in two-dimensional simplices {A;}/, oriented in the same direction of
Q. We set then by definition

(6.1) / fdgt Adg? = Z/ fdg* Adg?.
[ao...ak] i=1 A1

The following statement is valid.

Proposition 6.1. Under conditions of Theorem 4.4 for every b € R? one has

(6.2) / fdg* Adg? = Z/ fdg* Adg?,
lag...ak] laja;41b]

where k+1 := 0. In particular, the definition (6.1) is correct (i.e. independent on the
particular triangulation {A;}), the above integral is alternating (i.e. preserves/resp.
changes sign with odd/resp. even permutation of the vertices), nonatomic (i.e. zero
on polygons of zero area), and the map

(f.g". 9% H/ ]fdglAdg2
agp...ag

is a continuous multilinear functional over C* x C%1 x CP2 continuous also in the
vertices ag, .. .,a (i.e. continuous with respect to the simultaneous convergence of
both functions involved and of the vertices).

Proof. Writing A, := [a}a?a?], one has

m m m
Z@[ba}a?a?] = Z ataial Z [baZad] Z [bag o) Z
i=1 i=1 i=1 i
so that taking into account (6.1), and recalling that
<8[pqrs], fdgt A dgz> =

we get

/ fdg' ndg® =
lao.

Z / fdg* Adg? — / fdg* A dg? +/ fdg* Adg? | =
; [baZa?] LI LEHEH

=1

m
> (/ fdg* Adg? +/ fdg" Adg® +/ fdgt A d92> :
i=1 \”loiai?] [a2a?b) [adaly]

the latter equality being due to the alternating property of the integral. Every
one-dimensional edge [pq] of the triangulation not belonging to the boundary of 2
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belongs to exactly two simplices of the triangulation leading to two terms in the
right-hand side of the latter equality, f[qu] fdg' A dg? and f[qpb] fdg' A dg? which
cancel out due to the alternating property of the integral. Therefore, the right-hand
side of the latter equality contains only terms of the type f[qu] fdg' Adg? with [pq]
belonging to the boundary of £2; due to the additivity property of the integral they
all sum up to the right-hand side of (6.2). The rest of the statement follows now
immediately from (6.2) together with the respective properties of the integral over
simplices. U

If Q is a finite union of disjoint simple oriented polygons €1, ...,€); then it is
natural to set

l
(6.3) / fdg* Adg? = Z/ fdg* Adg?,
Q i=1 Qi

so that the above integral clearly exists under the conditions of Theorem 4.4.

Finally, we able to define naturally the fQ fdg' Adg? for quite general bounded
open sets 2 C R? with a chosen orientation. To this aim for every k € N let P, be
the union of open squares with vertices in 27%Z? contained in €. Clearly this is a
bounded open set which is a finite union of simple polygons. We assume all Pj to
be oriented in the same way as €2. The following result holds true.

Theorem 6.2. Under conditions of Theorem 4.4, if additionally Q C R2 is a
bounded open set satisfying

(6.4) dimpex Q2 < B1 + B2,
where dimyeyx stands for the upper boz-counting dimension, there is the limit
(6.5) / fdg* Adg? :=lim fdgt Adg?.

Q k Jp,

In this case the map
(F.96%) > [ Fég* ndg?
Q
is a continuous multilinear functional over C* x CP x CP2.

Proof. Take a d € (dimp 092, B1 + B2). The set Py, \ P can be naturally covered
by triangles by dividing along the diagonal each of the squares of sidelength 2~ (++m)
with disjoint interiors composing it. The total number of such squares is estimated
from above by the number of squares with vertices in 27%Z? touching 052, hence
by C(2%)? where C' > 0 depends only on 9. Hence the number of triangles in the
chosen cover of Py, \ Py is estimated by 2C(2%)4(2™)2. Each triangle A in this
cover has diameter D := 2=(*+™) and therefore by (4.10) together with (3.4) one
has

< C' DPt +/52’

/ fdg(z) A dg?(z)
A

where C’ > 0 depends only on || f|la, [9']4,, (%], Thus

< Qc(zk)d(gm)20/2*(k+m)(ﬁ1+ﬁ2)

/P fdg' (@) Adg?(@) — [ fdg(z) A dg?(x)

Py

—0 ask— 40
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(even uniformly over bounded sets of C* x C%1 x CP2) because of the assumption
81+ B2 > d. This shows that the sequence of integrals {fpk fdg' Adg?}y is Cauchy,
and hence the existence of the limit as claimed. This limit is clearly multilinear
on (f,g',g?) since so is the integral over simple polygons, and its continuity over
C® x CP1 x CP2 follows from that of the integral over polygons and of the fact that
the above convergence is uniform over bounded sets of C® x C#1 x CP2. O

Remark 6.3. Clearly under the condition (6.4) the integral fQ fdg' Adg? coincides
with the classical one if f, ¢! and g2 are smooth.

Remark 6.4. Combining Theorem 5.1 and Proposition 6.1, we have that the integral
fQ fdg' Adg? in Theorem 6.2 may be also approximated directly by sums of either
Stratonovich or It germs over sufficiently fine triangulations of Py (for sufficiently
large k).

Remark 6.5. If in the construction used in Theorem 6.2 one substitutes the dyadic
grids 27772 with some other ones (e.g. rotated and/or with sidelength of the cubes
converging to zero with different speed), one would obtain under conditions of
Theorem 6.2 in exactly the same way the existence of the limit in (6.5) (but now with
different meaning of Py), and its continuity and multilinearity over C* x C%t x Oz,
Since this limit for smooth f, g* and g still coincides with the classical integral, we
get therefore that it also coincides with fQ fdg* Adg? over the whole C x CP1 x P2,
and hence the role of the particular sequence of grids in the definition (6.5) is not
essential.

7. STRATONOVICH TYPE INTEGRALS OF MORE IRREGULAR FORMS

We consider in this section the integrals of the type
| Flogle)ig @) n dg o)

defined for Holder functions g := (g%, ¢%): R? — R? when F': R? x R? — R. In fact,
it happens that if one uses a Stratonovich-type construction, i.e. employs alternating
germs strat,,, defined for f(z) := F(z, g(x)), then the above integral may be defined
under much less restrictive requirements than those given by Theorem 4.4. In
particular, we are able to trade regularity of g for the higher regularity of F'. Here
we only limt ourselves to the case when the domain of integration Q C R? is an
oriented simplex (i.e. triangle [pgr]), since the case of more general domains can be
easily treated as in section 6.

Theorem 7.1. Let F: R? x R? — R such that
(i) u+ F(u,-) € C(R%CY(R?)), v € (0,1],
(i) u— F(-,u) € C(R?%C%),
and let f(x) := F(x,g(x)), where g(x) = (¢*(z), ¢*(x)). If B1 + B2 > 1 and
a+ P+ >2,
(L+MBi+Bi+p2>2, i=12,

then, with the notation of (4.1) the limit

(7.1)

n

Vipgr(g) = nh_{rgo strat,,,
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exists. Moreover, it is continuous and alternating as a function of [pqr] fived g*
and g2, nonatomic in the sense that

qur(g) =0 when Hqu” =0,

and continuous as the functional of g, so that it is reasonable to denote
/[ Flasgl))dg" (7)1 0°(2) = Vo 9)
par

Remark 7.2. Tt is worth observing that (7.1) implies 5; > 1/3, i = 1,2. In fact,
assuming without loss of generality 81 < 2, we get from (7.1) (2+ )51 + B2 > 2,
and hence

2— By S 1

> 24~ 73
On the other hand, 8; > 1/2, i = 1,2, is clearly sufficient for the second inequality
in (7.1) to hold. Note also that if 8; = B2 = 8, and F(z,y) := F(y) for every
(z,y) € R? x R?, then the first inequality of (7.1) is automatically satisfied since
we may take « to be arbitrarily close to 1, and therefore (7.1) is equivalent to
B>2/(3+7) (e.g. B>1/2 when F € Ct1), which is far less restrictive than what
is asserted in Theorem 4.4 (the latter requires in this case 8 > 2/3, since f € CP).

Remark 7.3. It follows from the proof that the limit germ
Vo= [ F(@g@)dg' (@) 7 dg* @)
pyr

is continuous also with respect to F' (with respect to a topology compatible with (i)

and (ii)).

Remark 7.4. We notice that an analogous result is easy to obtain in the one-
dimensional case. Namely, roughly speaking, if g € C?(R) is Holder continuous
and F: R x R — R is C%(R) in the first variable and C*7(R) in the second one,
then the Stratonovich-type sums
1
> 5 (F(@i, g(22)) + F(2it1, 9(i11))) (69)wii1a

over a sequence of partitions (z;); of [a,b] converge as sup; |z;+1 — ;| — 0 when
(7.2) a+B>1and B(2+7) > 1.

This can be deduced at once starting from the calculation

_1 0fpg  Ofpr
00pqr = 5 det ( Sdma O

with f, := F(p,g,) and 0pq := % (f, + f4) 0gpg.- The assumptions on f give the
Taylor expansion

8 fpq = apdgpg + O(lg — p|* + |g — p[PT+7)

so that a cancelation occurs in the determinant providing [66,,.| = O(|qg — p|**# +
lg — 1)\5(2"’7))7 which gives the possibility to apply the one-dimensional sewing
lemma [4, lemma 2.1] if (7.2) holds. In particular, we notice that if @ = v = 1, then
B > 1/3 is allowed, which is well below the threshold of Holder exponents for the
existence the Young integral (defined for 5 > 1/2). It is worth emphasizing that
this is the peculiar feature of the Stratonovich integral, not of the It6 one. In fact, if
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we take just F(x,y) := y, then the integral reduces to f[pq] gdg, and for g € C?(R)
with 8 € (1/3,1/2] it is a limit of the sum of Stratonovich germs but in general
not of Itd germs. This is the case for instance when g has infinite total quadratic
variation, because the difference between the two germs over [pq] is (dg)2,/2, so
that if the integral existed as the limit of sums of either of the germs, then the total
quadratic variation of g had to be finite.

Proof. Let f,(t) := F(u,z +t(y — z)) for {u,x,y} € R%. Writing
Flu,y) = fu(l)
— f(0)+ / () () ds = £u(0) + (£)'(0) + / ((Fa)'(5) — (£)'(0)) ds
0 0
= F(u,2) + VF(u,)(z) - (y — o)

1
+ / (VE(u,-)(z + s(y — x)) = VF(u,)(2)) - (y — x) ds,
0

we get with = := g,, ¥ := ¢, the relationship
(7.3)
(6F)uv = (0F (-, v))uv + (6F (u,+))g,g,

= (5F('7gv)uv + 5gzlwalF(ua ')(gia QZ) + 5912Lv82F(u7 ')(9711793) + Rum
where

1
Ry, = 5giv/ (01F (u, ) (g0, + 8698y, 92 + $6g2,) — O F (u,-)(gh, 92)) ds
0

1
+ 6931} / (82F(ua )(9111, + 85911“1’ 912;, + Ség’?w) - 82F(u7 )(gilu 9121,)) dS,
0
so that
|(6F('ugv)uv| S Clv - u|a7
2
(Ruol < C (10981 +1662,1)) ((693,)% + (62,)%) "

for (u,v) in a bounded set (the constant C' > 0 depending on this set). From
Lemma 3.4 one gets therefore

(6F(,99)pg  (OF(,9:))pr  (OF(,95))ps

1
(5Strat)pqm :6 det 691;(1 69%7« 69%3 +

(7.4) 94 o e

U R A

gdet | Ogp, Ogp gy |,

09ry 005 00ps

and hence
7 1050l < € (diam(fpars]) 0 + diam([pgrs]) 14200000 402)

< C diam([pqrs])?

with d:= (e A (14+7)(51 A B2)) + 51+ B2 and C > 0 depending continuously on F'
(with respect to the topology compatible with (i) and (ii)) and on [d¢‘]s,, i = 1,2.
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Recalling (3.4) from Lemma 3.2, and that strat is alternating by the same Lemma,
while d > 2 because of (7.1), we have that Lemma A.1 applies with

=01+ B >1, Ci:=|flly[09"509% s,

Y2 =d>2, Cy:=0C,
yielding the existence of continuous alternating germs
= i n
Spa =l S
Vopgr = 7L11_>n;o straty,,. = nh—>Holo (straty,,. — 0Sp,,.) + 05,

It remains now to prove that fixed [pgr], the map
g € CP x CP2 5 Vo (9)

is continuous. To this aim let {gx} C CP' x CP2, converging to g pointwise as
k — oo, and [6g}]s, + [097]p, < C < +oo for all k € N. Let fi, Ry, S2, Sk, strat?,
straty, Vi be the same as f, R, S™, S, strat™, strat, V respectively but with gi, g7
instead of g*, g%. Clearly, as in (7.5) we have

(7.6) |(Sstraty,)pgrs| < C diam([pgrs])®.

The claim follows now by Lemma A.3 with v2 :=d, y1 = 1 + 82 (in fact, (A.2) is
given by (7.6), and (A.1) is just (3.4) from Lemma 3.2). O

Remark 7.5. One could strengthen the above Theorem 7.1 by proving the existence
and continuity with respect to the data of a more general Stratonovich type integral

F(z, h(z))dg' (x) A dg?(z),
[par]

where F is as in Theorem 7.1, ¢ € C?7(R%;R?), v € (0,1], bt € CP(R?), ¢* :=
Pioh, i = 1,2 with h := (h',h?), ¢ = (¥1,9?) and 3; > 1/2, i = 1,2 and
satisfy the first inequality of (7.1). In fact, letting f(x) := F(x, h(x)), and using
the notation of (4.1) we would have the existence of the limit

lim strat, . =: F(z,h(z))dg*(z) A dg?(x).

nee [par]
To show this, we adapt the arguments of the proof of the above Theorem 7.1,
changing (7.4) with

(7.7)
1 (OF(,99))pq (OF(,9r))pr  (OF (-, 9s))ps
(dstrat)pgrs =—det | dgp, dgl, 89y +
6 B 5 5g2
9pq pr ps
1 Rpg  Rpr  Rps
5 det | bgp, 0g). dgpe |+
09pq O9pr O9ps
1 Vth(p, hp) : 5hpq vth(pa hp) : 6hpr Vth(pa h;D) : 6hps
5 det | 7 , Tpr , Tps , +
thp - Ohpg Vz/;hp - Ohpy Vz/)hp < Ohps
1 th(pv hp) : 5hpq th(pa hp) : 6hpr VhF(pa h;D) : 5hps
—~ det vwilzp ~0hypq vd’}%p “Ohypy Vz/’}bp “Ohps
6 2 2 2
T'pq Tpr Tps
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where

=00k — (Vin, - Ohuw, 1=1,2.
Then the first two terms in (7.7) are estimated by C diam([pgrs])% with d; > 2 as
n (7.5) because of (7.1) (the second inequality of which is automatically satisfied
in view of Remark 7.2 due to the requirement §; > 1/2, ¢ = 1,2), while the other
two are estimated by C diam([pgrs])® with dy := 4(31 A B2) > 2, because

[Pl < Clu— o22052)

and thus |dstrat,,.s| < C diam([pgrs])¢, the constants in all the above estimates
depending continuously on the data. This allows to proceed as in the proof of
Theorem 7.1 showing the existence and continuity with respect to the data of the
above integral.

Proposition 7.6 (chain rule). Let F be as in Theorem 7.1, 1 € C*7(R%;R?), v €
(0,1], h* € CP(R?), and g' :== ' o h, i = 1,2, where h := (h', h?), ¢ = (P!, 9?).
If B; > 1/2, i = 1,2 and the first inequality of (7.1) holds, then

F(z,h(z))dg" (z) A dg*(z)
(7 8) [pqr]
= F(x,h(z))det Dy(h*(x), h*(x))dh* (z) A dh? ()
[pqr]
Note that the integral on the right-hand side of (7.8) exists, is continuous and

alternating as a function of [pgr] fixed h' and h?, and continuous as the functional
of h', h? by Theorem 7.1.

Proof. The equality (7.8) is true when g* are smooth. The general case follows from
continuity of the integrals on the left and righthand sides of (7.8) with respect to the
pointwise convergence of ¢*, i = 1,2 with uniformly bounded Holder constants. [

We may give an interpretation of the above results in the spirit of theorem 3.2
from [1]. Namely, a smooth (say, C') function g = (g1,92): [pgr] C R? — R?
can be naturally identified with the smooth surface representing its graph, and
therefore, with the De Rham 2-current T}, over [pgr] x R? (endowed with orthogonal
coordinates (z,y) := (z*, 2%, y*, y?)) defined by

(7.9) T,(Fdz' A dz?) = /[ | F(x,g(x))dz' A da?,
(7.10) T,(Fdz" Ady’) = o F(z,9(zx))dz’ Adg? (),
T L ) = [ Pg)d @) 7k ),

for every f € C?%([pqr] x R?).
Proposition 7.7. If g* € C%, i =1,2, with
(712) 3ﬂ1 + 62 > 23 352 + 51 > 27

then the map g — Ty, between C([pgr]; R?) and the space Dy([pgr] x R?) of 2-
currents in [pgr] x R? endowed with its weak (pointwise) topology admits the unique
continuous extension to the space C* x CP2 (the continuity being intended, as usual,
with respect to pointwise convergence with uniformly bounded Hélder constants).
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Proof. 1f g* € O i = 1,2, then the formulae (7.9), (7.10) and (7.11) still make
sense for an F' € C2([pgr] x R?) if one interprets the integrals involved in the sense
of Stratonovich. Namely, one defines the integral

(A) in (7.9), say, in the usual Riemann (or Lebesgue) sense (which in this case
is equivalent to the Stratonovich integral),

(B) in (7.11) in the sense of Theorem 7.1 (with o := 1, v := 1), and

(C) in (7.10) again in the sense of Theorem 7.1 but with 2% in place of g', ¢
in place of g2, and F in place of F, where F is defined by

_ F(at, 22 g (2).07), i= 1§ =2
1,21 ,2y._ U NG ’ ’
F(l‘ LYY ) T { F(xl,l'nylagz(x))v i1=27=1

and with v := 1, a := 1 and 1 in place of 3; for the case i =1, j = 2 or
« = B9 and 1 in place of By for the case i =2, j = 1.
Note that (7.12) makes Theorem 7.1 to be applicable with such data.

Continuity of the map g — T, between CP x CP2 and the space of currents
endowed with its weak (pointwise) topology is given by Theorem 7.1. The fact that
it is the unique continuous extension of its restriction to C! x C! follows from the
density of C! in any Holder space (with respect to the uniform convergence with
bounded Hoélder constants). (]

Remark 7.8. The proof of Proposition 7.7 shows that the formulae (7.9), (7.10)
and (7.11) still make sense for the current 7, with g € C®* x CP2 when F €
C?([pgr] x R?) (in fact, even for F' € C'H1), if one interprets the integrals appearing
there in the sense of Stratonovich, i.e. as in Theorem 7.1 (in particular, in (7.9) it
may be interpreted as the usual Riemann or Lebesgue integral).

Remark 7.9. Theorem 3.2 from [1] says that the map g — T, defined by the formu-
lae (7.9), (7.10) and (7.11) between C*([pgr]; R?) and the space of currents endowed
with its weak topology admits a unique continuous extension to the Sobolev space
Wltnl ([pgr]; R?) (even sequentially weakly continuous one). It is worth noting that
the extended current may be then defined for continuous differential forms (i.e. with
F just continuous), while here we have to require that the forms be smoother (in
fact, requesting F to be C?, we are guaranteed only that the extended current T}, be
defined over twice continuously differential forms). One may weaken the regularity
requirement for forms (e.g. requesting that F' might be less regular than C?), but
this will inevitably strengthen the requirement of (7.12) on the regularity of Tj.

Remark 7.10. In order to identify the extension with the “second order Riemann-
Stieltjes” integral introduced in [24], we extend by continuity the identity

(7.13) f(z)deg ((h', h?), [pgr],z) dz = f(h', h?)dRh" A dh?
R2 [pqr]
for every f € O from smooth functions (h',h?) to hy € CP, hy € RP2. In
combination with [24, theorem 4.3] this identifies the two integrals. Formula (7.13)
follows by continuity and approximation.
We also notice that continuity of the right hand side in (7.13) gives the following
quantitative continuity of degree of Holder maps:

/R f(a) (deg (b, 02), [par), @) — deg (k" k), [par, ) do < |1, I — K
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APPENDIX A. EXISTENCE, UNIQUENESS AND STABILITY OF INTEGRALS

In this section we assume that w be an abstract 2-germ in D C R? (i.e. not
necessarily the one defined by (1.3) satisfying

(A1) lwpgr| < Cy diam([pgr])™,
(A.2) |(6w)pgrs| < C2 diam([pgrs])™,
with positive constants 71, v2, C1, C2 independent on [pgr| and [pgrs]. We define
then w™ and S™ by
n—1
(A3) Whgr = (dya” [pgr],w), Sy, = Z (fill cut’[pg], w) .
i=0
‘We prove here the existence of limits lim,, w™ and lim,, S™ and their basic stability
properties. Note that we do not prove here that the respective germs are nonatomic

and additive (although in fact this could be proven), as it is usually done in the
sewing lemma.

Lemma A.1l. Under the conditions (A.1) and (A.2) if w is alternating, then
(A.4) |SpFt — S| < C diam([pg]) 2",

q
(A:5) [{[pgr], (" = 65™) = (@"F' = 35" 1))| < C diam([pgr]) 22"~
with C > 0. In particular, if v1 > 1 and vo > 2, then the germs

Spq := lim S
pq n—soo PO

Vogr == lim & = lim (w2, — 65" )+5S"
par n—oo PI" n~>oo( pqr pqr) par

are well defined, continuous (if so is w), alternating and

(A.6) |qu - Spq‘ < Cdiam([pg])™ 2”(1*%)7
(A7) |wgqr = Vogr = (8™ = S)pgr| < Cdiamn([pqr])722”(2—72)7
(A.8) |qur — Vigr| < Cdiam([pqr])'Yl/\'YZ gn(1-mA72)

Proof. For the readers’ convenience we organize the proof in several steps.
Step 1. To prove (A.5), observe that for some geometric map p: Simp?(D) —
Chain®(D) one has

wéoplm - wgomm = <dya[p0p1p2]’w> - <[p(]p1p2]vw>
(A.9) = (0p([pop1p2)),w) — (filllpop1],w) + (fill[pip2], w) + (fill[papo], w)

= (p([pop1p2]), dw) + (fill O[pop1p2), w) .

Moreover,

4
p([p0p1P2]) = ZQ’L" QZ S SlmpB(D), diam Q’i S dlam([poppo]),z = Oa ey 2a

i=1
and therefore by (A.2) we have

(A.10) | {p([pop1p2]), ow) | < C diam([pop1p2])™,

with C' := 4Cy. Writing then dya[pgr] = 222:1 A; with A; € Simp?(D) being
dyadic simplices equal up to translations to to 27;" [pgr], we get from (A.9)

<Ai,w1> — <Ai,w0> = (p(4A;),0w) + (illOA;, w),
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and summing the latter expressions over i = 1,...,2%", we arrive at
2277,
n+1 n o __ . 1,0
Wpar — Wpgr = § :<A“w w’)
—
(A.11) ’
22n

= 3 {pli),0) + (il ent” Dlpar), ),

since if A; and A; have a common couple of vertices, say, po and pi, then by
alternating property of w one has

(filllpop1], w) = — (fll[p1po], w) ,

i.e. the respective terms cancel out from the above sum, while the terms coming
from the sides of dyadic simplices belonging to the boundary of [pgr] remain, their
sum giving rise to (fill cut™ d[pqr|,w). Observing that

(fill cut™ J[pqr],w) = <[pqr], st — 5S">
and rewriting (A.11) with this help, we arrive at

2271,
(A.12) (Wit — (88" ) pgr) = Wiy — (65™)par) = D (p(Ay), 6w) .
=1
Therefore,
2271
|(wgqt,1 - (5Sn+1)pqr) - (wgqr - (5Sn)pq7“)| S Z ‘ <,D(A1), 5w> |
1=1
22n
< CY diam(A;)? by (A.10)
=1
. Y2
< con <OMH<M>
2n
as claimed.

Step 2. The estimate (A.4) follows with C' := C just observing that
n+1 _
Spd = Spy = (fill cut™[pq],w) ,

while in view of (A.1) and of the definition of fill cut™ one has

| {fillcut™ [pq], w) | < C12" (dim;g[pq]yl :

Step 3. Existence of S and V follow now from (A.4) and (A.5) respectively.
Since w is alternating, then so are w™ and S™, and therefore also V' and S. Now,
the continuity of w implies that of S™ and w™ for each fixed n € N, and hence
the continuity of S and V follow from (A.6) and (A.8) respectively once they are
proven. E.g. to prove continuity of S, for [pg] C D and [rs] C D with D bounded,
given an € > 0, we choose an n € N such that C diam D2"(1=7) < £/3, so that

|Spq - ST3| < |Spq - qu| + |qu - S:}s'| + |S7T"Ls - S""S|

<2e/3+ Sy, — Sys| by (A.6) and the choice of ¢,
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so that it is enough to find a 6 = d(n,e) > 0 such that [S}, — S| < /3 once
Ip—q|+|r—s| < d to get |Spqy — Srs| < €. The proof of continuity of V' is completely
analogous (with the use of (A.8) instead of (A.6)).

Step 3. Finally, we prove (A.6), (A.7) and (A.8). The inequality (4.5) is proven
by the chain of estimates

Sy = Spal = | Y (Sky = Spy )| < Cdiam([pg])™ Y 2871 by (A4)
k=n+1 k=n-+1
on(l-m) "’
< O 1=y, diam([pq))

Analogously, (A.7) follows from

‘qur - qur - 5(571 - S)qu| = |(w;lqr 5qur) - (qur - 5SPQT’)‘
= Z (( Wpgr 555(17") - ( pqr 5S1I;qr1))
k=n-+1

< Cdiam([pqr])” Z 2k(2=72) By (A.5)
k=n-+1
gn(2—72) N
P — ] 2
< C1 — = diam([pgr])
Finally, (A.6) gives
15(S™ = S)pqr| < C diam([pgr])*2" =7,

which together with (A.7) implies (A.8) for diam([pgr]) < 1 (which is enough since
D is assumed bounded), thus concluding the proof. (I

As a result of Lemma A.1 we have that V' and S satisfy

|Spq| < € diam([pq])™,
|wWpgr — (V' = 6.5)pgr| < C diam([pgr])™.
In particular, if ;3 > 1 and 75 > 2 this implies
(A.13) |Spq| < o(diam([pg])) as diam([pg]) — 0,
(A14)  |wpgr — (V = 68)pgr| < o(diam([pgr])?) as diam([pgr]) — 0.

Moreover, since

Z ﬁll cut’[pq], >
=0

then one has

(A.15) (68)prqg = Wprq when r = 214,
Finally,
(A.16) (dyalpgr], V) = ([pqr], V) -

The following curious result, though not used elsewhere in this paper, gives the
uniqueness of such a couple (S, V) for a given w.

Lemma A.2. Given an w € Germ?(D), the couple of germs (S,V) € Germ' (D) x
Germ?(D) satisfying (A.13), (A.14), (A.15) and (A.16) is unique.
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Proof. Suppose that there are two couples (S;, V;) € Germ'(D)xGerm?(D), i = 1,2
satisfying (A.13), (A.14), (A.15) and (A.16). Then for S := S; =S and V :=V; -V,
we get

(A.17) |Spql < o(diam([pg]) as diam([pg]) — O,
(A.18) (V= 68)pgr| = o (diam([pgr])®), as diam([pgr]) — 0, and
(A.19) (68)prq = 0. when r = 24,

For each n € N dividing dyadically the line segment [pg] by consecutive points
J J ,
=1-= ~—q, =0,...,2",
we get

on

Spq = E :STjTj+1
=0

by (A.19), and hence,

on

n [ IPdl
Sl < 3 181,001 < 2% (B2) = palo 1)

=0

as n — 0, by (A.17), and taking the limit in the above inequality as n — oo, we
get Spqy = 0. Then (A.18) is reduced to

(A.20) [Vigr| = o (diam([pgr])®)  as diam([pgr]) — 0.

Recalling that ((dya)™[pqr], V) = ([pgr], V) for every n € N (because both V; and
V4 are assumed to satisfy (A.16)), we get using (A.20) the estimate

n diam([pqr])?
Vo | =ty par V) | = 220 (2200
= diam([pgr])®o(1) — 0
as n — o0o. This implies V' = 0 concluding the proof. (]
Consider now a sequence of continuous alternating germs {wy} C Germ?(D)
satisfying
(A.21) |(wWk)pgr| < C1 diam([pgr])™,
(A.22) |(dwi) pgrs| < Co diam([pgr])™?,
with positive constants y; > 1, 75 > 2, Cy, Cs independent on [pgr], [pgrs] and k.

n—1

(A.23) (WP)pgr == (dya" [pgr],wk), (SE)pg := Z (fill cut’[pq], wy ) -
i=0

Lemma A.1 guarantees the existence for each k& € N of continuous alternating germs
(Sk)pq = nlggo(sl?)pqy

(Vi )pgr = nlggo(wl?)pqr = nler;O((wﬁ)pqr — 0(SE )par) + (5% )pgr-
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Suppose further that wy — w pointwise. Then clearly the latter satisfy (A.1)
and (A.1) and thus Lemma A.1 provides the existence of continuous alternating
germs

Spg := lim S”

Pq n— 00 pq’
Vogr == lim w” = lim (W, . —8S" )+ 6S"
pqr n— o0 pqr n%oo( par pqr) pqr,

where w™ and S™ are defined by (A.3). The following stability statement is valid.

Lemma A.3. Under the above conditions one has S = limy Sy, and V = lim; V},
pointwise.

Proof. We note first that

di Y1
(S)pq — S| = |(fill cut™[pq], w — wi)| < C12" (mm([pq})) o

2n

as n — oo uniformly in k, which implies S = limy S pointwise via the standard
estimate

|(Sk)pg — Spal < 1(Sk)pg — (SK)pal +1(SE)pg — Spal +15pg — Spql-
Writing
(Vi = 88) — (V = 85) = — (] — Vi — (S} — S)) +
(W" =V =46(5"—29)) — (" —wi —d8(5" = 5¢)),

and evaluating the latter relationship at [pgr], using

@E)par = (Vidpar = 85 = Si)par| < €27,
WP = Vogr — 6(S™ — 8) pge| < C27(2772)

pgar
with C' > 0 independent of n and k, we arrive at the estimate

(A.24)

|(Vie = 6Sk)pgr — (V = 6.)pgr| < 202" ’wn — (Wi )pgr — (5™ — Sl?)pqr‘ :

par

Given an € > 0 we fix an n = n(e) € N such that the first term on the right-hand
side of (A.24) does not exceed €/2, and since lim S} = S™ and lim; W} = w™
pointwise, we get that also the second term on the does not exceed /2 for all
sufficiently large k. This means

V - 38 = lim(V — 55

pointwise and therefore V' = limy Vi pointwise since limy Sy, = S, concluding the
proof. O
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