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Abstract

We consider the nonexistence of minimizers for the energy containing a nonlocal perimeter
with a general kernel K, a Riesz potential, and a background potential in RY with N > 2
under the volume constraint. We show that the energy has no minimizer for a sufficiently large
mass under suitable assumptions on K. The proof is based on the partition of a minimizer
and the comparison of the sum of the energy for each part with the energy for the original
configuration. This strategy is based on [6] and [11].

1 Introduction

We study the minimizing problem for the following fuctional:
Fk,4)(E) = Pg(E) + Vi(E) — AR(E) (1.1)

under the volume constraint |E| = m where E C RY, N > 2, is measurable, and A > 0. Here
Pg(E) is the nonlocal perimeter with a general kernel K defined by

Py (E) = / K(z —y)dzdy, (1.2)
EJEe
where E¢:= R \ E and the kernel K satisfies the following conditions:
(K1) K(x) >0, and K(—x) = K(x) for any = € RV,
(K2) K € LY(B§(0)).
(K3) there exists § > N + s such that

<—2 <14+ (1.3)
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~ K(x+h) |z|
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]

for any z, h € RV with # # 0 and 0 < |h| < 1.

Moreover, in our study, we further impose either of the following assumptions:

(K4) there exists constants 0 < s < 1 and € > 9¥:=1 — 1 > 0 such that, for any 0 < |z| < 1 +¢,
K(z) < |z|~(N+9) and, for any |z| > 1+ ¢, |z|K(z) < (14 )" NV+s—1),

(K4)’ there exists constants 0 < s < 1, € > ONTT — 1 > 0, and A > 1 such that |z[~(V+s) <
K(z) < Mz|~0*9) for any 0 < |z| < 1+ ¢ and |z|~ V=D < |z|K(z) < (14¢)~WV+s=D for
any |z| > 1+e.

*Scuola Normale Superiore, Piazza Cavalieri 7, 56126 Pisa, Italy. E-mail: fumihiko.onoue@sns.it



For instance, a kernel K (z) := |z|~(V*9) is one of the examples satisfying all of the above conditions
on K. Indeed, we may easily show that K satisfies (K1), (K2), (K4), and (K4)’. Moreover, from
the Taylor expansion of |z|V** we have that K satisfies the assumption (K3). From the above
conditions, we can roughly illustrate the shape of K in Figure 1 and 2.

Moreover, V7 is the Riesz potential and is defined by

1 1
VI(E) := 2/E/E P dx dy, (1.4)

for any measurable E C RY. Specifically, in the case of N = 3, V] is said to be the Coulombic
repulsive potential. Finally, R(FE) is defined by

R(E) = /E |x1’ da, (1.5)

for any measureble E C RV,
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Figure 1: Graph of K with (K4) Figure 2: Graph of K with (K4)’

The study of the variational problem of (1.1) is one extension of a series of the previous works
[8, 10, 12, 13], in which they treated the classical perimeter instead of the nonlocal one. Especially,
when N = 3 and A = 0, it is important to consider this minimizing problem in physics. It is known
as the liquid drop model, introduced by Gamow [7] to model the stability of atomic nuclei and
nuclear fission.

In this paper, we consider the nonexistence of the minimizers for (1.1) all over the measurable
sets in RV with the volume constraint. Note that, considering the general Riesz potential V,
instead of Vi, which is defined by

1 1
Vo(E) = 2/E/E|x_y|adxdy (1.6)

for any E C RY and some a € (0, N), we are not able to show the nonexistence of minimizers so
far. This is because we do not overcome the technical difficulties in estimating V,, to obtain the
claim (see the proof of Theorem 2.2 for details).

If we consider each term in (1.1) separately and we choose a function |z|~(N*%) as the kernel
K, then it is known that, by the isoperimetric inequality for the nolocal perimeter, a ball is the
only minimizer for P all over the sets with finite volume and, by Riesz rearrangement inequality,
a ball is the only maximizer for both V, and R under the volume constraint. Thus, it is not
trivial whether the minimizing problem of (1.1) has a solution under the volume constraint or



not. Moreover, we may not expect the existence of a minimizer for (1.1) if m is large. Indeed,
considering the rescaled set A E/, we observe

Fire, yy(NE) = AV78 P (E) + XN V(E) — AN TTAR(E). (1.7)

Thus, when \ is large, the dominating term is A2~ =1 V; (E), however Vi does not admit minimizers.
Note that, if X is sufficiently small, then the dominating term is AN=% Py (E) because of s < 1.
Especially, in the case that K (z) = |z|~(V*9), it is known that Px admits a minimizer and it is
actually a ball. This implies that, if A is small, then there may exist a minimizer for (1.1) and it
should be a ball in RY.

Now let us briefly review the previous works concerned with our problem. In the case of the
classical perimeter and the general Riesz potential V,, instead of Px and Vj in (1.1), Kniipfer and
Muratov proved a series of the results stated in [9, 10] as follows; if N =2, a € (0, 2), and A = 0,
balls are the only minimizer under the volume constraint |E| = m for sufficiently small m > 0.
In addition, for sufficiently large m > 0, there are no minimizers. Finally, in higher dimensions,
if 3 < N <7anda € (0, N—1), then the balls are the only minimizers for sufficiently small
m > 0. In addition, Bonacini and Cristoferi extended some of the above results to the case N > 3
in [1]. Especially, regarding to the nonexistence of minimizers, not only Kniipfer and Muratov
but also Lu and Otto showed in [13] the following result; if N = 3 and A # 0, then there exists
a number mgy > 0, which is explictly obtained, that for any m > mg, the minimizing problem
min{P(F) + Vi(E) — AR(E) | |E| = m} has no solution. In the case of the nonlocal perimeter,
Figalli et al. in [4] considered the isoperimetric problems with K (x) = |z|~N+%) in the presence
of the Riesz potential if N > 2. Precisely, they showed that, if m is positive number less than
some number mg, then the problems

1—s 1
inf P (E)+ VNn_olE)||E|l=m,, PsFE ::// ———dx dy, 1.8
{2 rm v ip =), rE= [ [ a0

where wy_1 is the volume of the unit sphere SV~!, admit balls of volume m as their (unique up
to translation) minimizers for any s € (sg, 1) and o € (ap, N) with some uniform lower bounds
S0, ag > 0.

In this paper, we established the general results of the nonexistence of the minimizers in the
case of nonlocal perimeter. Precisely, we obtain the following two results; the first one is that,
if we assume that K satisfies (K1), (K2), (K3), and (K4)" and assume A > 0 and m > 0, then
every minimizer F of F(g 4) is bounded. The second one is that, if we assume that K satisfies
(K1), (K2), and (K4) and m > mg(N, s, ), A, then min{F g, 4)(E) | |E| = m} has no bounded
solutions. Accordingly, if we assume that the conditions (K1), (K2), (K3), and (K4)’ are valid,
then we may have that min{F g 4)(E) | |E| = m} has no solutions. We emphsize that our result
is one complementing result shown in [4]. Indeed, if we set A =0 and K () = |z|~+%), then our
result gives us the solution to the nonexistence problem for the functional Ps(E) + Vi(E) under
the volume constraint |E| = m, while the authors in [4] considered the existence of minimizers for
the functional Ps(E) + Vo (E) where a € (o, N) for some o > 0 under the volume constraint.

Our idea for proving the boundedness of minimizers is based on [2]. First, we will show that
the energy (1.1) is stable under some sufficiently small peturbation near a point in the measure-
theoretic boundary of a minimizer. This stability is what we call “Almgren’s lemma”. Secondly,
if we suppose that a minimizer is not bounded, this stability and the minimality make it possible
that one can derive an integral inequality of the volume of a minimizer outside of some ball,
which leads to a contradiction. On the other hand, the idea for proving the main theorem, i.e., the
nonexistence of minimizers is based on [8, 14, 6, 11]. First of all, we recall that, if K (z) = |z|~(V*+9),
then Kniipfer and Muratov showed in [9, 10] the nonexistence of minimizers by the following idea;
first, they showed that the minimizers with large volumes must be long and thin; otherwise the
Riesz potential can gain the energy. Thus, they cut the minimizers for large masses into two
parts by some hyperplane. Then, they moved the two parts far away from each other to reduce



the energy. As a result, they can compared the energy of the sum of the two sets with that of
the original configuration, to find that it can be represented as a differential inequality for the
volumes of a cross-section of the minimizer by different hyperplanes. In our case, however, due to
the last term of (1.1), even if we cut the minimizers into two parts and move them far away from
each other, there is a possibility that one may decrease the total energy. Thus, the idea in [9, 10]
might not work in our case. Instead, we will take the following strategy; first, we separate RY
into two parts by a hyperplane which is parametrized by a directional parameter v € S¥~! and a
tranlating parameter [ € R. Then, taking any minimzer of (1.1) and considering the intersection
of the minimizer by each separated part (either of them can be an empty set), we compare the sum
of the energy for each intersetion with that of the original set. Integrating the resulitng inequality
with respect to [ and then v, we can obtain the inequality of the mass of a minimizer to find that
it actually shows the upper bound of the mass.

This paper is divided into four sections. In Section 2, we state the two results, one is on the
boundedness of minimizers and the other is on the nonexitence of minimizers. In Section 3, we
first show the boundedness of minimziers under the assumptions (K1), (K2), (K3), and (K4)’ on
the kernel K (z). In Section 4, we next prove the nonexistence of minimizers. Before proving the
nonexitence, we first show the weak subadditivity of the infimum of the energy (1.1) with respect
to the mass m > 0. Finally, in Section 5, we state one possible generalization of the energy and
the proof of the nonexistence of minimizers for it. This is obtained by a simple modification of
the proof done in Section 4.

2 Statement of results

Our main results in this paper is as follows; the first one is on the boundedness of the minimizer
and the second one is on the nonexistence of the minimizers.

Lemma 2.1 Suppose that N > 2 and K satisfies (K1), (K2), (K3), and (K4) and let A >0 and
m € (0, 00). Then, for every minimizer E of Fk, ay, E is bounded.

Theorem 2.2 Suppose that N > 2 and K satisfies (K1), (K2), and (K4) and let A > 0. Then,
there exists a critical mass me > 0 given by

Me 1= G - (1+5)1N+s_1> - (TN_‘; (1+e)*+ A> (2.1)

such that, for any m > my,

min{F g 4)(F) | £ C RY measureble, |E| = m} (2.2)

has no bounded solutions.
In addition, if we impose the conditions (K3) and (K4)’ instead of (K4) on K, then, for any
m > m. where m. is the same critical mass as (2.1), (2.2) has no solutions.

The proof is based on [6, 11], however, we need to pay more attention on the calculation of
the nonlocal perimeter in order to obtain the explicit lower bound of the mass.

3 Boundedness of minimizers

In this section, we prove Lemma (2.1), i.e., the boundedness of minimizers for the functional (1.1)
under some conditions on a kernel K. First of all, we start to show a generalized version of so-called
Almgren’s lemma (see [15] for the classical results, [5] in the case of an anisotropic perimeter, or
[2] in the case of a nonlocal s-perimeter).



Lemma 3.1 Suppose that K satisfies (K1), (K2), and (K3). Let E C RY be a measurable set
with Px(E) +Vi(E) + R(E) < co. Let zg € RN and rg > 0 be such that

By (z0) NE| >0, | By (20) N E°| > 0. (3.1)

Then, there exist ko, C' > 0 such that, for any k € (—ko, ko), there exists a measurable set Fy, C RN
such that Pg (Fy) + Vi(Fy) + R(Fy) < oo and the following properties hold:

1. EAF, € By ()
2. || — |E| = k
8. | Fik, a)(Fr) — Fi, 4)(E)| < Ck.

Proof. From the density assumption, we have that there exists a function T' € C}(B,,(z); RY)
such that

M = /EdiVT(m) dx > 0. (3.2)

Otherwise, by the definition of the classical perimeter, it holds that P(E, By,(zo9)) = 0. How-
ever, by the classical isoperimetric inequality, we have |E N By, (x¢)| = 0, which contradicts the
assumption of FE.

For any t € (—1, 1), we define the maps ¥;(z) := x + tT(x) for all x € RY. Then, we may
easily see that there exists dp € (0, 1) such that the maps ¥; are diffecomorphisms from R onto
itself for any ¢ € (—dp, dp). Moreover, we have that det(VU;(z)) = 1 + tdivT'(z) + o(|t|) for any
t € (=60, ). By the definition of Wy, we also have EAW(E) cC RY and thus, applying the
change of variables,

|V (E)| = /E | det VW (z)| dx = /E (1 +tdivT'(z) 4+ o(t)) dx = |E| + tM + o(|t]), (3.3)

for sufficiently small ¢ € (—do, dp). Therefore, there exists a constant kp > 0 such that, if we set
Fy = Wy, (E), where t(k) := k/M +o(|k|), for any k € (—ko, ko), F}. satisfies the first and second
properties in Lemma 3.1.

Now, from (K3) and since W;(x) # W(y) for sufficiently small ¢t and x # y, it holds that

T) — -8 () — Uy T) — —#
(141 T TN KO Bl (TGN

for any z, y € RY with = # y and sufficiently small |{| > 0. From the compactness of the support
and the regularity of T', there exists a constant Cp = Cy(T") > 0 such that

K(z —y)

T=Coltl)? (3.5)

K(x —vy)
AT cilt? <Kz —y+tT(x)—T(y)) <

for any z, y € RY with  # y and sufficiently small ¢. Moreover, the inequality (3.5) holds even if
x = y since all the sides in (3.5) take values of infinity. Thus, by applying (3.5), we may compute
the difference of the energies, i.e., |[F(x, 4)(Fk) — F(k, a)(E)| as follows; first of all, from (3.5), we
may have

[ (W1(@) = Wi(y)) | det V()| det V4 (y)] - K (2 — )
= |K(@ =y +H{T() = T)) (1 +HdivT (@) + divT(y)) + o(t]) — K (x — )
< [t(Co(T) + lo(V)]) K (& - ). (3.6)



for any z, y € RV with = # y where Co (T') > 0 is some constant. Hence, it holds that

|Pr (Vi(E)) — Pk (E)]

/ / K@) — wiy) et PO (@) | det VOy)| - K (@ — )| dwdy
<l [ [ e re-pddy
< O1(T) |t| P (E) < oo, (3.7)

where C(T") > 0 is some constant. Secondly, we also have that

Vi(U4(E)) — Vi(E |<// e ||05:(V)‘|I’t( vl _ |xy|‘ dx dy
1+ t(divT'(z) + divT'(y)) +o(ft) 1 ' iz dy
lz —y+t(T(x) - T(y))| lz —y]
\t\ o(|t])
//<\x—y \x—y\)d‘”dy
< [t C3(T) Vi(E) < o0, (3.8)

where Co(T'), C3(T) are positive constants independent of ¢. Finally, we estimate the difference of
the potentials R(V.(F)) and R(E). Since t is sufficiently small, there exists a constant co(7) > 0
such that |z|(1 — co(T) |t]) < |z 4+ tT(x)| < |z|(1 + co(T) |t]) and we have that (1 4 co(T) |t]) =

1+ co(T) |t] + o(]t]). Hence, we obtain
o< [ (DM oAD)
E\ |zl kd

< [t C5(T) R(E) < o0 (3.9)

1+ tdivT'(z) + o(]t]) 1
|z +tT(z)] ||

[R(,(E)) — R(E)| < /E

where Cy(T), C5(T) are positive constants independent of t. Therefore, (3.7), (3.8), and (3.9)
imply that the set Fj, satisfies the third property in Lemma 3.1 and this completes the proof. [J

Before starting to prove Lemma 2.1, we need the following isoperimetric inequality of the
nonlocal perimeter Px for sets with small volumes if K satisfies the conditions (K1) and (K4)’.

Lemma 3.2 Suppose that K satisfies (K1) and (Kj)'. Then, there exists a constant C' =
C(N, s, \) > 0 such that, for any measurable set F C RN with 0 < |F| < wn(1 + &)V, we
have

C|F|"~" < Px(F). (3.10)

Proof. If Px(F) = oo, then the lemma is proved. Thus, we can assume that Pg(F) is finite.

1/N‘F‘1/N

Setting p 1= wy € (0, 1 4 ¢], we may compute the nonlocal perimeter Pk (F') as follows:

/ K(w—y)dmdy—// K(x—y)dmdy—i—// K(z —y)dzdy
F JFe F JFenB,(y) FJEN(Bp(y))°

1
N+S/ IFCﬂBp(y)Ider// K(z —y)dzdy. (3.11)
PR F JFen(B,)°

Here, by the assumption of F', we have |F| = wnp"™ = |B,(y)| for any y. Thus, it holds that

|A°N By(y)| = [By(y)| — [AN By(y)|
= |A] = [AN By(y)| = [AN (By(y))] (3.12)



for any y € F. Thus, from (3.11) and (3.12) and recalling the assumption of K and the fact that
A>1and p < 1+ ¢, we obtain the following inequalty:

1
| [xe-wdsdyz o [1ra@mrias [ | K (s - y) dody
F JF¢c Fen(By(y))©
—N-—s+1 —(N4s—1)
Z<1+€> // (1+¢) iz dy
Fr( BHs(y)) [z =yl
dx dy
/ /Fm (B5NBise(y)) P N+S
—i—// K(x —y)dxdy
F JFen(B, ()
1
// K(m—y)dwdy—i—// K(x —y)dxdy
AJp FN(B,(y))° F JFen(By(y))°
1// K(z —y)dzdy
A JE J (B, )

1 / / 1
- . drdy 3.13
A JF (B, |7 = yINT (3.13)

Moreover, by applying the change of variables, we can further calculate the last term in (3.13) in
the following manner:

1 > 1
. drdy— \F!le/ —
/F/<Bp<y>>c |z —y|Nt p T

N —
= |F| =t = SN

v

v

= 3.14
j (3.14)
Therefore, from (3.13) and (3.14)we obtain
wN—lwi N_s
Pg(F) 2 — - |F|'F (3.15)
SA
which is a required inequality. O

Now we are prepared to prove Lemma 2.1 by applying the above two claims. The proof is
based on the strategy shown in [2] for instance.

Proposition 3.3 Suppose that K satisfies (K1), (K2), (K3), and (K})’. Every solution E of
min{F (g, 4)(E) | E C RY measurable, |E| = m} (3.16)
1s bounded.

Proof. Let E be a minimizer of min g F(g, 4)(£). For any 7 > 0, we define f(r) := |E\ B.(0)|.
Then, by the continuity of measure and |E| = m, f is a non-increasing function and converges to
zero as r — oo. Moreover, the coarea formula implies

f'(r) = -HN"YENB,(0)). (3.17)

We now show that there exists R > 0 such that f(r) = 0 for all » > R. This implies the
boundedness of minimizers because F(x 4y(E) coincides with Fx 4)(E') if E\ E' is a set of
Lebesgue measure zero and thus we can identify E with E’. Suppose by contradiction that
f(r) > 0 for any » > 0. Without loss of generality, we can assume that |E' N B1(0)] > 0 and
|CE N B1(0)] > 0. Choosing k¢ as in Lemma 3.1, we may fix Ry > 0 such that f(r) < ko for any
r > Ro. Then, by Lemma 3.1, for any r > Ry, there exists F,, C RY such that the followings are
true:



1. EAF, cC B1(0) C B(0).
2. [Fr| = |E| + f(r).
3. |Fk, a)(E) — Fik, 4)(Fr)| < C f(r) for some constant C' > 0 independent of r > 0.

Now, letting G, := F,, N B,(0) and recalling the first and second properties of Lemma 3.1, we have
that |G,| = |E|. Here, in the same way as in [3] for instance, one can prove the equality for a
nonlocal perimeter

Pr(U) + Pg(W) :PK(UUW)—i—Q/ /WK(x—y) dx dy. (3.18)

for any measurable sets U, W C R" such that |U N | = 0. Moreover, we also have the equality
for a potential functional

Vi(UUW) =W(U)+ V(W //W P— dz dy. (3.19)

for any measurable U, W C R¥ such that |[U N W| = 0. Therefore, by the minimality of F and
using (3.18) and (3.19), we obtain

Fk, a)(E) < Fig, 4)(Gr) = Pr(Gr) + Vi(Gr) — AR(G)
< Pg(Fy) — Px(Fy \ B, (0)) + Vi(Fy) — Vi(£F5 \ B,(0))

—AR(FT)+AR(FT\BT(0))+2/F\B /FOB K(z — y)dody

< Fk, a)(E) +Cf( ) —

+A dx+2/ / K(x —y)dzdy. (3.20)
F\By |z \B, J F-NB,

Note that we also used the third property of Lemma 3.1 in the last inequality of (3.20). Since
E\ B,(0) = F, \ B;(0), it holds that

/ dx = / dr < — |E\BT| = M (3.21)
F\B, !fvl E\B, |SU\ T

By the assumption of K and using the coarea formula, we have that

/ / K(x—y)dxdy:/ / K(x —y)dxdy
F\B, JF,NB, E\By JENBrNBie(y)
+ / / K(x —vy)dxdy
E\B, JF.NB;NB{, _(y)
< / / K(z —y)dzdy
E\B; J BrNB14:(y)
/ / —y)drdy
E\B, JF.NB§ (y)

1+4+e¢

<A / / dx dy
E\B, |NJrS

—_— F.|d
+(1+€)N+S/E\ [Frldy

Awn—1 / 1 .
=T dy + fr
s e, ([ =7)° (I +o)N+s (r)

E|

8



<
<= /T(t—r)SH (E N OB(0))dt +

AWN -1 / < 1 , m
— t)dt + —————f(r). 3.22
el B L e R (3:22)
(We may compute this integral in a more generalized way under as few assumptions as possible.
First we assume that K is a continuous function on RY into (0, +oc) and satisfies the following
conditions:

—~

(K1) K(z) >0 and K(—z) = K(z) for any z € RV,

#f(r)

(K2) K e L'(B§(0)).
(K3) ®x(1) < +oo.

(K4) Assumptions on K which ensure that the isoperimeteric inequality for Px holds are satisfied.
(= for example, )

Here we define ¢ (r) by ¢px (r ch ) dz (it can happen that ¢ (0) = [pn K(2) dr = +00)

and @ (r) by the primitive of gZ)K, ie. <I>K fo ¢k (t)dt. Remark that, from (K2), we may
have the inequality that ||K|[11(pe()) < HKHL1 Bs(0)) + [maxxeaBl(O)K( x)]|B1 \ Br(0)| for any

0 <r <1, and thus K € LY(B¢(0)) for each r» > 0. Moreover, from (K3), we may also derive
D (r) < +oo for each 7 > 0. Indeed, since ¢px > 0, @y is a nondecreasing function and thus we
have that, for any r > 1,

1
i (r) < /0 brc(t) di + dp(1) (r — 1) = Brc(1) + (1) (r — 1) < o0,

—~

Note that ¢x(r) is finite for every r > 0 from (K2).

We now compute the integral f F\B, f F.AB, K(z — y) dxdy as follows; by the coarea formula and
the assumptions on K, we have

/ / K(x — )dmdy</ K(a:— y) dx dy
T\BT rNBy E\Br B'r

/ / —y)dxdy
E\B,(0

I\T

/ / x)dx dy
ENB(0) / Bf, _

— [ oxul-rdy
E\B;(0)
/ bxc(t — ) MY (E N OBy(0)) dt
/ S (t—r) f'(t)dt (3.23)
for a.e. r > 0. Then, by combining (3.20) and (3.23), we obtain

PK(E\BT( ) < C7f / ¢K t—’l” ( ) dt (324)

for a.e. r > 0.
= By taking several steps and from (3.24), we may have

S

N— too
CLf(r)w < - / oic(t—r) f(t) dt (3.25)

9



for a.e. 7 > 0 and some C? > 0.)
Substituting (3.22) in (3.20), we obtain

/\wN_l & 1 /
Pg(E\ B (0)) < C7 f(r) — f(t)dt (3.26)
S r (t - 7-)5
for some constant C7 > 0 independent of r > 0. For sufficiently large r > 0, we can assume that
|E\ B-(0)] < wy(1+¢)Y and thus, by the isoperimetric inequality stated in Lemma 3.2, it holds
that N
C’8 |E \ Br(o)

(E\ B(0)), (3.27)

where Cg is a positive constant independent of 7. Thus, combining (3.26) with (3.27), we have

AWN -1

Cs f(r)~ < C f(r) —

/ - Z _1r)s F(t) dt. (3.28)

s
Recalling the fact that f(r) — 0 as r — oo, we can choose Ry > Ry such that

N—s

C
Co f(r) < 5 f(r)°S (3.29)
for any r > R;. Therefore, for all r > R;, we obtain
5Cy N_s /OO 1 ,
ry N < — t) dt. 3.30
e ) <= [ e (3:30)

We integrate over (R, co) where R > R; and then we exchange the order of integration to obtain
oy ARLCRICE R A A =
1WN-1 JR
/ / — t)drdt = / f(t R)'=%dt. (3.31)
(Integrating the both sides over r € (R, +00) and exchanging the order of integration, we have
e [T ar<— [ [T onte—r) s drar
R R r
00 t
- [ [ oxtt=ryarpwa
t— R
— [ [ extnar s

— /R D (t — R)f'(t)dt (3.32)

t) dtdr

for all R > 1 and some constant C§ > 0.)
Moreover, recalling f(r) — 0 as r — oo, we have that

15 fred _ 1-s 1-s
f dt = POE- R d - [ faE— RS
R+1
< f(R)— f(R+1) — / ')t —R)Y % at
<R+ [ Fa- - R
R+1
<HR)+(1-s) [ FO-R)dt < f(R /f (3.33)
R+1
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for any R > 1.
(We may further compute as follows:

00 R+1 +00
/ @K(tR)f’(t)dt:/ @K(tR)f’(t)dt/ O (t — R) f'(t)dt

R R R+1
+oo
< @((F(B) ~ f(R+ 1)~ [ " @ilt=R) f(0)
R+1
00
— (1) f(R) + /R T O@x() - k(e - R)de

< O (1)f(R) +[f(1) (Px(1) — x(t — R))], SRy

+f W extt - Ryt

R+1
“+00
<ex(OIR)+ox(V) [ J0d (3.34)
R
for any R > 1. Therefore, by combining (3.34) with (3.25) and (3.32), we have
+oo N—s *+o0
Ch [0 dr < o)+ ox() [ s dr (3.35)
R R

for any large R > 1. Recall that ¢x (1) = [|K||L1(pe(0)) < +o0.
= It holds that

oo [ 509 ar< sim) (3.36)
r r .
k(1) Jr B
for sufficiently large R > 1 and some C, > 0. Note that +oco > ®x (1 fo fBC x)drdr >0

since K > 0 in RY and (I?(ﬂ holds.)
Thus, substituting (3.33) with (3.31), we obtain

)\Zigl/ fr / fr (3.37)

Since f(r) is small for sufficiently large R > R;, we may assume

2/ frydr < 20 / fr (3.38)
R AwWN 1
for any R > Ry and some Rs > R;. Therefore, we conclude that, for any R > Ro,

Cu [~ fr (R). (3.39)

where Cig = Clo(N S, )\) sCo > 0.

2 AN _1

Let R > Ry be fixed such that wy = |E'\ Br(0)| > 0 is sufficiently small. For any k € Z with
k>0, we set o := —k and wy, := f(Ry). Then, from (3.39), we have that
Ry — Roo := R+ 1 as k — oo and

Cro 2~ *Hwe | <y, (3.40)
for any k. Then, by iterating this estimate and recalling that wy can be chosen sufficiently

small, we obtain that wpy — 0 as k& — oco. However, by the assumption, we also have that
limg oo wr = f(R+ 1) = |E \ Br+1(0)| > 0, which is a contradiction. O

11



4 Nonexistence of minimizers for F g g

In this section, we show the proof of Theorem 2.2. First of all, we define the quantity
Fig, ay[m] := inf{F g a)(E) | |E] =m, E : bounded} (4.1)

for a given number m € (0, o). Because of the last term of the functional (1.1), we cannot expect
the subadditivity of the functional F(g, 4). Moreover, if we decompose the Riesz potential Vi(E)
into two parts V1 (F1) and Vi (FE2) where E = E; U Es, then we usually gain the energy while
the nonlocal perimeter Py is not the case. This also implies the invalidity of the subadditivity.
However, since we can move the two bounded sets far away from each other to decrease the extra
potential energy arising from the decomposition, we may have a weak version of the subadditivity
in terms of the quantity (4.1) as follows:

Lemma 4.1 Suppose that K satifies (K1) and (K2). Let my and mg be a positive number. Then,
it holds that

Fig, alm1 +ma] < Fig, aylma] + Fix, o) [ma]- (4.2)

Proof of Lemma 4.1. The proof can be done in a similar way with in [13], and thus, we basically
follow their strategy. Let € > 0 be an arbitrary number. Then, by the definition of (4.1), there
exist bounded subsets E1, Fo C RV with the volume constraints |E;| = m; and |Es| = mg such
that

Fk, a)(E1) + Fi,0)(E2) < Fg, aylma] + Fig o)[me] + €. (4.3)

Since Fj, Fo are bounded, we can find a sufficiently large number d = d(¢) > 0 such that
dist(E1, (E2 +dep)) > d/2. Then, from (3.18) and (3.19), we may calculate as follows:

F(K,A)(El U (EQ + d€1)) = PK(EI U (EZ + del)) + V1(E1 U (EQ + del)) — AR(E1 U (E2 + del))
< Pg(E1) 4+ Pr(Es+dey) + Vi(Er) + Vi(Ex +deq)

1
+/ / ——dxdy — AR(E)
E1 JE>+de; ‘1. - y’

2mim
< Fix, 4)(E1) + Fx,0)(E2) + ; :

Note that Px and Vj is invariant under translations and |z — y| > d/2 for any z € E; and
y € Es + de;. Hence, by the definition of (4.1), we obtain

(4.4)

2mq mo
d
Letting d — oo, and then € — 0, we conclude that the lemma holds. ]

Fii, ay[m1 4 ma] < Fig ay[ma] + Fig,oy[ma] + ¢ + (4.5)

Proof of Theorem 2.2. First of all, we prove the former claim of the main theorem. To do this, we
assume that K satisfies (K1), (K2), and (K4). We suppose that there exists a bounded minimizer
E C RN with |E| = m of (4.1) for given m. Then we will show that m actually satisfies the
opposite ineqality to (2.1). In order to divide RY into two parts, we define the hyperplane H,
by Hy, ;= {z € RN | 2 -v =1} for any parameters v € S¥~1 and | € R. Moreover, we set

Hf ={xeR|z.v>1}, H, :=RV\H (4.6)
and

+ +
Ef=ENH

v,

B, ==ENH,, (4.7)

for any set £ C RY for any v € SV~! and I € R. Next, we want to compare the sum of the
energies for EJr y and E, with the energy for E. To do this, we apply the Lemma 4.1 and use the
minimality of E and then we have

Fik, n)(E) = Fi ay[m] < Fe, m[1ES ]+ Fig, ol Bl < Fe (B ) + Fio) (B, ), (4.8)
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Thus, it can be rewritten as
Pg(E)+Vi(E) = AR(E) < Px(E;} ) + Vi(E)) — AR(ES ) + Px(E, ) + Vi(E, ). (4.9)

Therefore, from (3.18) and (3.19), we obtain

/ / ! da:dy<2/ K=y dedy + 4 7—dx (4.10)
E, , |z =yl E, E, |z

By the layer cake formula and Fubini’s theorem, we may obtain the following integration result:

/ dac—/ / Xar W) g
e T Mo
// Xav<ty(@) 4oy / / L e (4.11)
- || E;, 7]

Integrating the inequality (4.10) with respect to [ from —oo to 0 and substituting (4.11) for (4.10),
we have

/ / / d:cdydl<2/ / Kz — )dxdydl+A/ 2V (419)
E,, ’ E,, 0 ||
By interchanging the role of E;r ; and E,,in the above calculations, we obtain
T
0 E} JE,, |z =y

e |z - v|
<2 K(z —y)drdydl+ A dzx. (4.13)
0 el JE,, E}, |z

Thus, summing up (4.12) and (4.13), we have that

+o00 1 +o00 |:L‘V|
/ / / drdydl < 2/ / K(zx —y) dxdydl—i—A/ dr (4.14)
oo JE! JE;, lz -yl - JE JE,, e |7

Now, using the layer cake formula and Fubini’s theorem again, we have that

+00 +o0
/ / / dZL‘ dydl = / / / X{z- 1/<l} X{y uZl}(y) dl dz dy
E,, ‘ |z =yl

///+ X{xr;lj:T}(l)dldxdy
// +d dy. (4.15)

For any fixed € RV, by the spherical polar coordinates with z located on the z y-axis, we obtain

dx dy dl

/SNI(:U V) dHN TN w) = /SN2 /02 |z| cos @ df dHN 2 = wn_o |z]. (4.16)

Since v € S¥~! is any element, we have, by using Fubini’s theorem again and (4.16), that

/SN// +d dy 1Y () ///SN |x_y| W=D V)t ¥-1(1) da dy

= wyn_2|E3. (4.17)
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Moreover, by Fubini’s theorem and (4.16), we also obtain

/ /‘x'”‘ dz dHY 1 (v) = 2wn_» | B]. (4.18)
sN-1JE

]

Now we consider the third term in (4.10). By the three assumptions on K, and applying the
calculation in (4.15) and Fubini’s theorem, we may also compute as follows:

+o0
/ / / - K(z—vy) dx dy dl dHN "1 (v)
sN-1J—oo JEI JE,,

~ L[ =00 K= e dy
szz//!w—y!K(x—y)dmdy-

< wn_ 2// ]x—y]K x—y)drdy+wn_ 2// \x—y\K(m—y)dwdy
Bite(y ENB¢

1+€

< wn_ 2// L dytwn 2//d:xdy
Bri-(y) ’.CI?— ’N-‘rs 1 1+¢ N+s—1

L v
=WN-2 - 5 or W v

= me (4.19)

Therefore, integrating the both sides in (4.14) with respect to v in S¥~! and substituting (4.17),
(4.18), and (4.19), we obtain

2wN_2

2WN_9 WN_ _
wy-2 |E[% < %(1 +e)' 70 |B| + W’Eﬁv +24Awn 2 |E]. (4.20)
€)
Hence, recalling |E| = m, we conclude that
1 1 WN-1 (1+€)1_s
- — T < A. 4.21
<2 (1+5)N+8—1> = 1—s (421)

Note that, by the definition of ¢, it holds (1 + )V*s~1 > 2,

The second claim of the main theorem is readily obtained in the following manner; if we
assume that K satisfies (K1), (K2), (K3), and (K4)’, then, by Lemma 2.1, every minimizer of the
functional F(x, 4) under the volume constraint is actually bounded. Then, applying the argument
shown in the above, we may derive the same result. O

5 Generalization of results

In this appendix, we slightly modify the energy (1.1) and consider the nonexistence of its mini-
mizers. The modification energy of (1.1) denoted by F(k. 4 - is defined as follows:

1

Tk, A, (E) = Pg(E) + Vi(E) — A /Ewdx, (5.1)

for any measurable £ C RY with a volume constraint, where v € [0, N + 1). Note that, if y = 1,
then we may obtain the same results as discussed in the above. If v # 1, then we may also obtain
the similar results stated in our main theorem, although the explicit value of the critical mass
cannot be obtained. Indeed, if v € [0, N 4 1), then, by the symmetric rearrangement inequality,

it holds that
—dx < / dx 5.2
A e (5:2)
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where E* is the symmetric rearrangement of any measurable set F£ with a finite volume. Thus,
setting rz > 0 as a radius of the open ball E* with wy (rg)" = |E| = m and taking v < N + 1,
(4.14), (4.16), and (4.18) into consideration, we may compute as follows:

|33'V| N—1 / 1
dx d = 2wn_ —d
/s/ e WA W) =28 | pnede

TE 1
= QwN_g/ d”HN_l/ —ITN_I dr
SN—-1 o T

o NeaWNo1aoagt (5.3)

11—
(N+1=—7y)wy ¥

Thus, following the argument of the proof of Theorem 2.2 as above and using (5.2) and (5.3), we
have that

]_ 1 2 WN -1 1— WN-1 71+L_1 ]__L_l
- < (1 5 A——-— N . 5.4
(2 (1+5)N+1—8>m ST e TmA AR Dwy s T omew (54)

Here we set p := L](,l € [—%, 1) and define constants C7, Cy, C3 > 0 as

1 1 WN-1 1— WN-1 —1422
Cir=|lz——————1],Cy:= 1 5,03 1= ———— N 5.5
1 <2 (1+6)N+1s>’ 2 l—s( +¢e) % Cs N+177WN (5.5)
Now, considering a profile of the function ¢(z) := Cy 2P — CyaP — AC3 for any z > 0, we

may obtain that there exists a unique number m, > 0 such that ¢(m,) = 0 and ¢(m) > 0
for any m > m,. Therefore, imposing the same assumptions as in Theorem 2.2 for instance,
we have that there exists a critical mass m, > 0 such that, for any m > m,, the problem
min{F(x, 4,4)(E) | |[E| = m} has no solutions.
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