ON HARDY AND CAFFARELLI-KOHN-NIRENBERG
INEQUALITIES

By

HOAI-MINH NGUYEN AND MARCO SQUASSINA*

Abstract. We establish improved versions of the Hardy and Caffarelli—
Kohn—Nirenberg inequalities by replacing the standard Dirichlet energy with some
nonlocal nonconvex functionals which have been involved in estimates for the topo-
logical degree of continuous maps from a sphere into itself and characterizations
of Sobolev spaces.

1 Introduction

In many branches of mathematical physics, harmonic and stochastic analysis, the
classical Hardy inequality plays a central role. It states that, if 1 < p < d,

d— P
(—p)"/ ﬂdng IVulPdx,
p Re | x|P R

for every u € C!(R?) with optimal constant which, contrary to the Sobolev in-
equality, is never attained. Another class of relevant inequalities is given by the
so-called Caffarelli-Kohn—Nirenberg inequalities [14, 15]. Precisely, let
p=>2l,g>1,7t>0,0<a<1,a, B, y € Rbe such that
Z’ l + g’ l + é > 0’
d  p d qg d

(1.1)
l+§ =a(l+a_1)+(l—a)(é+§),

and, with y =ac + (1 — a)p,

O0<a—o
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and

a—1

1 1
—o<1 if= Z
oa—0o < if —+ p+ p

7
T d
Then, forevery u € C Cl (Rd ),

1—
172l ety < Cl*Vatll el el i

for some positive constant C independent of u. This inequality has been an object
of a large amount of improvement and extensions to more general frameworks.
In the non local case, it was shown in [18, 19] that there exists C > 0, indepen-
dent of 0 < ¢ < 1, such that
)4
(1.2) c/ OV e < Ty,
R4

|x|P?

for all u € C!(R9), where
Ts(u) = (1 — 5)// lu) = uI” )
R2

|x _ |d+p()

In light of the results of Bourgain, Brezis, and Mironescu [3, 4] and a refinement
of Davila [17], we have

1
lim J5(u) = Kd,p/ |VulPdx, forue W'P(R?), Kap := —/ le - ol do,
oN O R4 P Jsd-

for some e € S?~!, S?~! being the unit sphere in R?. This allows to recover the
classical Hardy inequality from (1.2) by letting 6 v 0. Various problems related
to Js are considered in [7,9, 10, 12,33,34]. The full range of Caffarelli-Kohn—
Nirenberg inequalities and their variants were established in [30] (see [1] for partial
results in the case a = 1).

For p > 1, set Q a measurable set of RY, and u € L. (Q),

51’
Is(u, Q) := — __ dxdy.
(o, £2) /Q/Q b — yjar

{lu()—u(y)|>6}

In the case Q = R?, we simply denote Is(u, R%) by I5(u). The quantity /5 with
p =d has its roots in estimates for the topological degree of continuous maps from
a sphere into itself in [5,22]. This also appears in characterizations of Sobolev
spaces [6,11,12,21,24] and related contexts [8, 11, 12,23, 25,26,28,29]. It is
known that (see [21, Theorem 2] and [12, Proposition 1]), for p > 1,

(1.3) lim 75(u) = K4, / |VulP dx, forue C!(RY)!
oNO R4

n the case p > 1, one can take u € WLP(R?) in (1.3). Nevertheless, (1.3) does not hold for
u € WEHI(RY) in the case p = 1. An example for this is due to Ponce presented in [21].
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and, forp > 1,
(1.4) I5(u) < cd,p/ |Vul? dx, foru e W'"P(RY),
R4

for some positive constant C, , independent of u.

The aim of this paper is to get improved versions of the local Hardy and
Caffarelli-Kohn—Nirenberg type inequalities and their variants which involve non-
linear nonlocal nonconvex energies I5(u«) and its related quantities. In what follows
for R > 0, By denotes the open ball of R? centered at the origin of radius r. Our
first main result concerning Hardy’s inequality is:

Theorem 1.1 (Improved Hardy inequality). Letd > 1, p > 1,0 <r < R,
and u € IP(R?). We have
(1) if 1 <p <d and suppu C Bg, then

/ OOV e < Csu) + RIPoP),
re |x[?

(ii) if p > d and suppu C R? \ B,, then

p
/ o) dx < C(Is(u) + r'=ror),
rRe |x|?

(iii) ifp =d = 2 and suppu C Bg, then

/Rd\g, @ Ind Ry & = € (o) + INER/1)O),

(iv) ifp =d > 2 and suppu C RY \ B,, then

/BR e @y S € Uew)+ InC2R/r)o%),

where C denotes a positive constant depending only on p and d.

In light of (1.3), by letting 6 — 0, one obtains variants of (i), (ii), (iii) and (iv)
of Theorem 1.1 where the RHS is replaced by C [, |Vu|? dx; see Proposition 1.1
for a more general version. By (1.3) and (1.4), Theorem 1.1 provides improvement
of Hardy’s inequalities in the case p > 1.

We next discuss an improved version of Caffarelli-Kohn—Nirenberg in the case
the exponent @ = 1. The more general case is considered in Theorem 3.1 (see also
Proposition 3.1). For p > 1, a € R, and Q a measurable subset of R, set

Pl x|P?
Is(u, Q, ) = / / |x5—|X|| T dxdy,  foru € L, ().
{lu()—u()|>5}

If Q = RY, we simply denote I5(u, R?, a) by I5(u, o). We have
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Theorem 1.2 (Improved Caffarelli-Kohn—Nirenberg inequality for a = 1).
Letd >2,1 <p<d,t>0,0<r <R, andu e L’ (R?). Assume that

loc

a—1

M d

and 0<a—7y<l.

Q=

1
=—+
p

QU=

We have
(1) ifd — p+pa > 0 and suppu C Bg, then

p/t
(/ IXI“Iu(x)Ide) < CUs(u, o) + RI7PHP757),
Rd

(i) ifd —p +pa < 0 and suppu C R? \ B,, then

p/t
(/ IXI“Iu(x)Ide) < CUs(u, a) + r=rresp),
Rd

(i) ifd —p+pa =0, 7 > 1, and suppu C B, then

X7 |u)|” . \P'*
(/R"\Br In"2R/|x]) dx) < C(I5(u, a) + In(2R/r)o"),

(iv) ifd —p+pa =0, 7> 1, and suppu C R? \ B,, then

X7 ||\
(/B In*2|x|/r) dx) < C(I5(u, o) + In(2R/1)5").

Here C denotes a positive constant independent of u, r, and R.

Remark 1.1. In contrast with Theorem 1.1, in Theorem 1.2 we assume that
1 < p < d. This assumption is required due to the use of Sobolev’s inequality
related to I5(u, Q, 0) (see Lemmas 3.1 and 3.2).

Remark 1.2. Using the theory of maximal functions with weights due to
Muckenhoupt [20] (see also [16]), one can bound /s(u, «) by C fR,, [x|P* |V ul|P dx
for—1/p < a < 1—1/pand getanimprovement of the Caffarelli-Kohn—Nirenberg
inequality for @ = 1 via Theorem 1.2 and for0 <a < land0 < a —o¢ < 1 via
Theorem 3.1 in Section 3. The details of this fact are given in Remark 3.3 (see
also Remark 3.2 for a different approach covering a more general result).

We later prove a general version of Theorem 1.2 in Theorem 3.1, where
0 < a < 1, which implies Proposition 3.1 by interpolation. As a consequence
of Theorem 3.1 (see also Remark 3.2) and Proposition 3.1, we have
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Proposition 1.1. Letp > 1,g>1,7>0,0<a <1, a, f, y € R be such

that 1 1 a-—1 1 p
;+§=a(l—7+ p )+(1—a)(5+3),

and, with y = ac + (1 — a)p,

O<a—o

1 ) 1 a—1
.
— <1 — 4+ L =— 4 .
o o lf =

We have, for u € CL(RY),
(A1) if1/t+y/d > O, then

1/7
1—
( /]R ) |x|”|u|’dx> < ClXI“ Vel gy P ull G

(A2) if 1/t+y/d < 0and suppu C R? \ {0}, then

1/z
1—
( /R ) |x|”|u|’dx> < Cl“ Vel gy P el -

Assume in addition that o — o < 1 and © > 1. We have
(A3) if 1/t +vy/d =0 and suppu C Bg for some R > 0, then

[x]”* Ve B..(1—a)
( - mlul’dx < Cllxl*Vull gy 161 ull g gay»
(A4) if1/t+y/d =0 and suppu C R? \ B, for some r > 0, then
[x]”* 1/1 B (1—a)
( - erdx < Cllx*Vull gy 61wl g ay -
Here C denotes a positive constant independent of u, r, and R.
Assertion (Al) is a slight improvement of the classical Caffarelli-Kohn—

Nirenberg. Indeed, in the classical setting, Assertion (A1) is established under
the additional assumptions

1/p+a/d>0 and 1/g+ f/d> 0,

as mentioned in (1.1) in the introduction. Assertion (A2) witha = 1 and t = p was
known (see, e.g., [18]). Concerning Assertion (A3) with a = 1, this was obtained
for d = 2 in [13] and [2] and, for d > 3, this was established in [2]. Assertion
(A4) with @ = 1 might be known; however, we cannot find any references for it.
To our knowledge, the remaining cases seem to be new.
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Analogous versions in a bounded domain will be given in Section 4.

The ideas used in the proof of Theorems 1.1 and 1.2, and their general version
(Theorem 3.1), are as follows. On one hand, this is based on Poincaré and Sobolev
inequalities related to /5(u, Q) (see Lemmas 2.1 and 3.1). These inequalities have
their roots in [25]. Using these inequalities, we derive the key estimate (see
Lemma 3.2 and also Lemma 2.1) for an annulus D centered at the origin and for

A >0,
T 1/7
(£, ot el =)
AD D

< CAP"I5(u, AD) + 6P)¥/P (][

AD

(1.5)

q (I1-a)/q
u —][ u dx) s
D

for some positive constant C independent of u and 4. On the other hand, decom-
posing R? into annuli <7, which are defined by

= {x e RY: 2k < |x] <21y,

and applying (1.5) to each <, we obtain

(I1-a)/q
(f u—f " W) ,
Ay p72

A similar idea was used in [15]. Using (1.5) again in the cases (i) and (ii), we can

T 1/z
dx) < CQ™PRIs(u, o) + 6P (f
=7

derive an appropriate estimate for

T

oul.
ez

This is the novelty in comparison with the approach in [15]. Combining these two
facts, one obtains the desired inequalities. The other cases follow similarly. A

2(yr+d)k

similar approach is used to establish the Caffarelli-Kohn—Nirenberg inequalities
for fractional Sobolev spaces in [30].

We now make some comments on the magnetic Sobolev setting. IfA : RY — R?
is locally bounded and u : RY — C, we set

Wo(x,y) 1= €CVAEu0),  xy e RY
The following diamagnetic inequality holds:
1] = ] < [Wulx, x) = Wulx, )], forae. x,y e R’
In turn, by defining
5P| x|
s = ————dxd
a(l/t,a) /Rd/Rd |X—y|d+p xay,

(1% (e, ) — W (x,0)|> 6}
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we have, for a € R,
I5(Jul, @) < I (u,a) forall 6> 0.

Then, the assertions of Theorems 1.1 and 1.2 keep holding with 74 (u, 0) (resp.,
Ig‘(u, o)) on the right-hand side in place of I5(u) (resp., Is(u, a)). For the sake
of completeness, we refer the reader to [27] for some recent results about new
characterizations of classical magnetic Sobolev spaces in the terms of Ig‘(u, 0)
(see [27,32,35] for the ones related to Js).

The paper is organized as follows. In Section 2 we prove Theorem 1.1. In
Section 3 we prove Theorem 3.1 and Proposition 3.1 which imply Theorem 1.2
and Proposition 1.1. In Section 4 we present versions of Theorems 1.1 and 3.1 in
a bounded domain Q.

2 Improved Hardy’s inequality

We firstrecall that a straightforward variant of [25, Theorem 1] yields the following:

Lemma 2.1. Letd > 1, p > 1 and set
D:={xeRd:r<|x| < R}.

Then

P
dx < C,g(I5(u, D)+ 6?), forallu e LP(D).

]i u(x)—]iu

As a consequence, we have, for A > 0,

(2.1) ]gD u(x) —]gD u

where AD :={lx : x € D}. Here C,p denotes a positive constant independent of
u, 0, and A.

p
dx < C.r(AP~I5(u, AD) +6"), forallu € [P(AD),

The following elementary inequality will be used several times in this paper.

Lemma 2.2. Let A > 1 and t > 1. There exists C = C(A, 1) > 0, depending
only on A and t, such that, forall 1 < c < A,

C
2.2) (la| +1b))* < cla|* + mlbl’, foralla,b € R.
c— 1)~
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Proof. Since (2.2) is clear in the case |b| > |a| and in the case b = 0, by
rescaling and considering x = |a|/|b|, it suffices to prove, for C = C(A, 7) large
enough, that

C
(2.3) (x+1)" < ex + m, forall x > 1.
Set c
f(x)=(x+1)r_cxr_m for x > 0.
c— 1)~
We have

£ =1+ D) —cx™! and  f'(x) =0ifand only if x = xg := (c™1 — 1)\,
One can check that

2.4) xli)glw fx) = —o0, P_r)r} f(x) <0if C = C(A, 7) is large enough,

and

- C
(2.5) flxo) =exih = it

Ifc=1 > 2, then xo < 1 and (2.3) follows from (2.4). Otherwise 1 < s := e < 2.
By the mean value theorem, we have

sTl—1<(G—1Dmax(r— 12 forl<s<?2.
1<1<2
We derive from (2.5) that, with C = A[max;<;<2(7 — D21,

f(x0) <O.

The conclusion now follows from (2.4). U
We are now ready to give the
Proof of Theorem 1.1. Let m,n € Z be such that

2" < R < 2" and 27" <r<?2m!,

Itis clear that n —m > 1. By (2.1) of Lemma 2.1, we have, for all k € Z,

]ik u(x) —]ik u

Here and in what follows in this proof, C denotes a positive constant independent

P
dx < CQ™"PkI5(u, o) +67).

of k, u and 6. This implies

2Pk /Q{k u(x) — ][Q{k u

P
dx < C(I5(u, @) +2197P%6P).
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It follows that

(2.6) 2Pk / lu(x)|P dx < C21—Pk + CUs(u, ) +29PksPy,
f=72

!' P
ga7

e Proof of (i). Summing (2.6) with respect to k from —oo to n, we obtain

[u(x)|P z d—p)k P
(2.7) / dx < C 2d=p) ][ u
8 > 9

|x[?
since d > p. We also have, by (2.1), for k € Z,

‘.; J-
Q{k =Q{k+l
Q{k ,ka.,.]

Applying Lemma 2.2, we have

P
’.; J
p=78 i

It follows that, with ¢ =2/(1 +2¢77) < 1,

P p
Q{k fQ{k-H

We derive that
(2.8) D ok <C Y Is(u, U ) + C297P"5P.
k=—00 k=—0o0

+ Cls(u) + 24P sP,

k=—o00

< C(Z_(d_p)kl(;(u,ssz U%+1)+5p)l/p-

This implies

< + CQ™U PR 5, o U i) + 0P)P.

2d—p+1

< i + CQ™ P 5(u, o U Hpr) + ).

(d—pk < (2d=p)k+D)

+ CUs(u, i U yyy) + 297K,

!' P
(7

A combination of (2.7) and (2.8) yields

d
/ OOV <l + c2@Pmgr,
ra  |x]¢

The conclusion of (i) follows.
e Proof of (ii). Summing (2.6) with respect to k from m to +0o, we obtain

2.9) /R ,, O 4 < ¢ Z 2=k ][ "

[x|P
since p > d. We also have, by (2.1), for k € Z,

Q{k fQ{k+l

+ Cls(u) + C2¥=—Pmsp

< CQTYUPHs(u, A U opr) + 5P) VP
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This implies that

‘][Q{)ﬁl

Applying Lemma 2.2, we have

’][ 4 1+2dP][ P
u

- d 1

Fa 24770 | o,

It follows that, with ¢ = (1 +2977)/2 < 1,

p p
I 1
<Q{k+] 'fyk
We derive that

+00 )4
(2.10) PAE ][ u
k=m e

A combination of (2.9) and (2.10) yields

+ CQ™U PR 5, oy U i) + OP)P.

ka

+ CQ™U PR 5 (u, o U SHpar) + OF).

2d=pk+D) < 2U=Pk + CUs(u, Fi U pr) +297PK6P).

< Cls(u) + C2U=Pmsp,

P
/ WOF 11 < Clyuy + c2t-rm e,
R4

|x?

The conclusion of (ii) follows.
e Proof of (iii). Let > 0. Summing (2.6) with respect to k from m to n, we
obtain

/ [ ()|
(2 <) <2n) x4 In“*L 2R /|x])

- 1
<C _—

We also have, by (2.1), for k € Z,

(2.12) ’]i@ u fq{m u

By applying Lemma 2.2 with

2.11) d

+ CLs(u) + C(n — m)o<.

o
ke

< + C(Is(u, i U 1) +0).

_ (n—k+1)
T (n—k+1/2)*
d 1

S—][ u
(n—k+1/2)~ Tt
+C(n —k+ DI Us(u, A U r) +0%).

it follows from (2.12) that, form < k < n,

o
i

1 d

(2.13)  (m—k+1)
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We have, form < k < n,

1 1 1
n—k+ 1% (n—k+3/2)%  (n—k+ 1o

(2.14)

Taking o =d — 1 and combining (2.13) and (2.14) yields

o
i

From (2.11) and (2.15), we obtain

d

" 1
< Cl;(u) + C(n — m)d?.

@15 2 k1Y

k=m

d
/ % dx < Cl;(u) + C(n — m)d“.
{Ix>2m) |x|4 In“ (2R/|x|)

This implies the conclusion of (iii).
e Proof of (iv). Let & > 0. Summing (2.6) with respect to k from m to n, we

o
ez

obtain
(2.16)
d
+ Cls(u) + Co4.

|u(x)] & 1
dx < C -
/{2’”<|x|<2”} | x|4 1n“+1(2|x|/R) - Z (k —m + 1)a+!
We have, by (2.1), for k € Z,

k=m
2.17) ‘][ u ][ u
fQ{k+l Q{k

By applying Lemma 2.2 with

< + C(Is(u, U 1) +0).

=k 1)y
T —k+12%
1

el o = IA
—_— u D ——— u

(2.18) k—m+ 1)~ T, T (k—m+1/2)* e
+ Clk —m+ D71 Us(u, A U igy) + 07).

it follows from (2.17) that, form < k+1 < n,

d

We have, form < k+1 <n,

1 1 1
k—m+1¢ (k—m+3/2)% (k—m+ 1)

(2.19)

Taking @ =d — 1 and combining (2.18) and (2.19) yields

o
i

n 1 d
> AT, | = G+ Cim .

k=m

(2.20)
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From (2.16) and (2.20), we obtain

d
/ % dx < Cls(u) + C(n — m)s®.
(27 <jx <2} |x|4 In*(2|x|/R)

This implies the conclusion of (iv).
The proof is complete. O
3 Improved Caffarelli-Kohn—Nirenberg inequality

In the proof of Theorem 1.2, we use the following result:

Lemma 3.1. Let 1 < p < d, Q be a smooth bounded open subset of R?, and
v € [P(Q). We have

lullp @) < Cols(w)'? + |lull 1y + ),
where p* :=dp/(d — p) denotes the Sobolev exponent of p.
Proof. For 7 > 0, let us set
Q. :={x e RY : dist(x, Q) < 7}.

Since Q is smooth, by [12, Lemma 17], there exists ¢ > 0 small enough and an
extension U of u in Q, such that

(3.1) I5(U, Q) < Cls(u, Q) and ||Ull@, < Cllullr@),
for0 < ¢ < 1. Fix such a 7. Let ¢ € C'(R?) such that
suppp C Qo;3, @ =1inQ;3, 0<p<1 in RY.

Define v = U in R?. We claim that

(3.2) Ls(0) < CUs(u, Q)+ lull],q)-
Indeed, set
4
Jeey) = S Hrw-vwl-20)-

We estimate I»5(v). We have

//Qde fC,y)dxdy < //Q,/sxfzf/s S(x,y) dxdy + //Q,de f(x,y) dxdy,

{lx=yl>7/4}
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and, since v = 01in Q; \ Qy;3,

/ / Fx, y)dxdy < / / Fx, y) ddy
(RI\Q,)x R4 (RI\Q,)x (RI\Q,)

v /Q | Ty,

{Ix—y|>17/4}
/ / Fx, y)dxdy < / / Fx, y) ddy
(Q\Q)XRI QA X(Q\Q)

//r/zxﬁ,/z S(x, y)dxdy + //,x f(x,y)dxdy.

{lx—yl>7/4}

It is clear that, by (3.1),
(33) I rwyaay < crsw o,
Q,/3 XQ,/3

by the fact that p =0in R \ Q,,

(3.4) / / £, y) dxdy =0,
(RI\Q,)x (R\Q,)

and, by a straightforward computation,
3.5) // f(x,y)dxdy < Co”.
Q. xRd
{lx—yl>7/4}

We have, for x,y € R4,

0(x) —o(y) = @) (UXx) — UW)) + Uy (px) — ().

It follows that if |o(x) — v(y)| > 20, then either

[Ux) = U] = lpx)(Ux)—Uy)| > o
or

ClUWIIx =yl = [UOM(p(x) — p(y))] > 0.
We thus derive that

or

// fx,y)dxdy < / —————dxdy
(QADX(QA\Q) @\ J@\Q [x —y|¢*?P
(U@-UMI>3)

5P
A
@\@ Jao [x —y|“P

{lx—y|>Co/IlUMN

3.6)

13
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A straightforward computation yields
or or
[ ] e[ o L,
@\ J@\@ [x =yl a.  Jiw—yi=copwon X =y
{Ix=yl>Co/IUMI}
~c [ wora.
Q,
Using (3.1), we deduce from (3.6) that
3.7 // fC,y)dxdy < Cls(u, Q) + C||u||p,(g).
(€2:\ Q)% (£2:\Q2)

A combination of (3.3), (3.4), (3.5), and (3.7) yields claim (3.2). By applying [25,
Theorem 3] and using the fact suppov C Q,, we have

(3.3) 0l ey < Chs(@)'? + C6.
The conclusion now follows from claim (3.2). U
Remark 3.1. The assumption p > 1 is required in (3.8).
As a consequence of Lemmas 2.1 and 3.1, we obtain
Corollary 3.1. Letd > 2,1 <p <d,0 <r <R,and A > 0, and set
AD :={JxeR?:r < |x| <R}.

We have, for 1 < g < p*,

(£, o1,

where C.r denotes a positive constant independent of u, 6, and A.

q 1/q
dx> < Cor(AP~Is5(u, AD) + 57)VP,  for u e LP(AD),

Here is an application of Corollary 3.1 which plays a crucial role in the proof
of Theorem 3.1 below.

Lemma3.2. letd > 1,1 <p<d,gq>1,t>0,and0 < a < 1 be such that

baabodyaize

LetO <r <R, and A > 0 and set
AD :={JxeR?:r < |x| <R}.
Then, for u € L'(AD),

(£, =1,

for some positive constant C independent of u, A, and 9.

T 1/t q (1-a)/q
dx> < COP Us(u, AD) + 6P)Y/P (f dx>

AD

M—][ u
AD
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Proof. Let 7,0, t > 0, be such that

1—a

>
t

+

8=
SHES

We have, by a standard interpolation inequality, that

T 1/z o ajo t (1—a)/t
(][ u —][ u dx) < <][ u —][ u dx) <][ u —][ u dx) .
AD AD AD AD AD AD

Applying this inequality with 0 = p* and ¢t = g and using Corollary 3.1, one obtains

the conclusion. O
We also have, (see [31, Theorem on page 125 and the following remarks])

Lemma 3.3 (Nirenberg’s interpolation inequality). Letd > 1, p > 1, g > 1,
>0, and0 < a <1 be such that

bbbyt

Let O <r <R, and let . > 0 and set
ID :={ixeR?:r < |x| <R}

Then, for u € L'(AD),

(£ =1

for some positive constant C independent of u, A, and 9.

T 1/1’
1_
dx) < ClIVullzr;pyCllull zaipy

We prove the following more general version of Theorem 1.2:

Theorem 3.1. Letp >1,g>1,7> 0,0 <a <1, a, f, y € R be such that

(3.9) l+Z=a(%+"‘d_l)+(1—a)($+§),

Set, for k € Z,

Is(u, U ey, a) + 2K@P¥d=P)§P  if | < p < d,
(3.10) Lo 0) := s(u, A U ey, @) fl<p

P .
X * Vel o) otherwise.

We have, for u € L

loc(]Rd) andm,n € Z withm < n,
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() if1/t+y/d > 0and suppu C Bou, then

1/t
( / |x|“|u|fdx) (
R4\ Bym

(i) if 1/t +y/d < 0 and suppu C RY \ Byn, then

Ve - s (1-a)
T N /B —a
(/B |77 |ul a’x) < C<k§ I5(k, u)> (el 2l oy »

=m—1

S Ik, u>) It al )

k=m—1

(i) if1/z+y/d =0, T > 1, and suppu C By, then
x|’ v S s
o) = (2 ntkm) i,
(iv) if 1/t+y/d =0, > 1, and suppu C R? \ Byn, then
Ao X> < C( I5( ,u)) 1”2l
Bon lnr(2n+1/|x|) = 14 Li(R4)*
Here C denotes a positive constant independent of u, d, k, n, and m.
Proof. We only present the proof in the case 1 < p < d. The proof for the

other case follows similarly, however instead of using Lemma 3.2, one applies
Lemma 3.3. We now assume that 1 < p < d. Since a —o > 0, by Lemma 3.2, we
have

(I—a)/
(3.11) <]£¢ u—]iu |u|’1> q.

Using (3.9), we derive from (3.11) that

/ 1|7 |ue|* dx gczwf“’)k][ u
(3.12) A A

+ CUs(uy Sy )+ 24D SN | |1 ]|

T 1/t
dx) < CQ7YPk(u, ) + 6P)YP (][

EA

T

e Proof of (i). Summing (3.12) with respect to k from m to n, we obtain

(3.13) .
f.-

n
/ |x|yr|u|‘tdx SCZZ()’H—d)k
{|x]>2"}
n
+C Y (s, iy ) + 2P P SPYP | |x P u| 5

k=m
Li(ty)
k=m
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By Lemma 3.2, we have

Q{k Q{kﬂ

Applying Lemma 2.2, we derive that

Q{k f§2¢k+l

+ CQY PR 5, ot U cpyy) + OF )P (f |u|‘1>
MUQ{/(H

l—a

< + CQY PR (u, ot U etiyy) + OP)YP (f W) "
MUQ{/(H

2yr+d+1 T

STvormd

(l1—a)t

It follows that, with ¢ = 2/(1 +27™*) < 1,

T
Q{k fQ¢k+l

+ CUs(u, U ey, o) + 2K g0YaP || | Py || ot

T

2(yr+d)k yr+d)(k+1)

§c2(

This yields
Zz(yrﬂi)k][ u i
(3.14) "

— 1—
<C Z(Ia(u, G U ey, o) + 2KV IR x| Py |Gt L

k=m

Combining (3.13) and (3.14) yields

/ 7l dx
{1x|>2m}

n
— 1—
< C Y (s, AU S, 0) + 2XP DY |1 ul| )ty -
k=m—1

(3.15)

Applying the inequality, for s > 0,7 > O with s+¢ > 1, and for x; > 0 and y; > 0,

St (£a) (£0)-

=m

tos =ar/pandt = (1 — a)r/q, we obtain from (3.15) that

n ar/p
(3.16) /{ gy Tl C(Zla(k, u>> el el ey
x|>2m k=m

since a/p + (1 —a)/q > 1/t thanks to the facta —o — 1 < 0.
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e Proof of (ii). The proof is in the spirit of the proof of (ii) of Theorem 1.1.
The details are left to the reader.
e Proof of (iii). Fix £ > 0. Summing (3.12) with respect to k from m to n, we

obtain
/ L
———|X u X
{lg>2m In"*e (¢/|x])
n 1 T
<cS —
(3.17) = kzzn:](n_k_,_l)nﬁ ]iku

n
+ C Y Ust, Sy )+ 25PN x| .

k=m

By Lemma 3.2, we have

Q{k Q{kﬂ

Applying Lemma 2.2 with

l—a
q
=

+ CQY PR (u, ot U etjyy) + OP)YP (f |u|‘f>
mugfkﬂ

(k1Y
T —k+12%

we deduce that
(3.18)

1
(n—k+1)f‘]£¢ku

T

i 1
< - -
= n—k+1/2)% ‘][m “
+Cn—k+ D)™ 7 QTP Ly (u, A U i) + 0P) P

(1—a)c

! q
G Ay

Recall that, fork < nand & > 0,

1 1 1
n—k+1F  (n—k+3/2F  (n—k+ Dl

(3.19)

T n

l_
<> s, )PP ull G -
k=m

Taking & = 7 — 1, we derive from (3.18) and (3.19) that
~ 1
3.20 ek
( ) Z mn—k+1)

o
k=m L

Combining (3.17) and (3.20), as in (3.16), we obtain

[x]7® n az/p P
/{|x|>2m} mlulrdx <C( > Iik,u R i

k=m
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e Proof of (iv). The proof is in the spirit of the proof of (iv) of Theorem 1.1.
The details are left to the reader.

The proof is complete. (]

Remark 3.2. For p > 1, we have (see [21, Theorem 4])

Is(k,u) < C [x|P*|Vul? dx fork € Z,
,kaU,ka.,.l

for some positive constant C independent of k and u. This implies
n 1/p
( > Istk, u)) < Cllx“Vull o).
k=m—1

From Theorem 3.1, one obtains an improvement of Caffarelli-Kohn—Nirenberg’s
inequality for the case 0 < a —o < landfor1 <p < d.

Using Theorem 3.1, we can derive

Proposition 3.1. Letp > 1,g>1,7>0,0<a < 1, a, f, y € R be such
that

=a(]l)+ad_l)+(l—a)(é+§),

and, with y =ac + (1 — a)p,

l+a—l
p d

1
o—o>1 and —+Z;£
T d

We have, for u € C/(R?),
G) if 1/c+y/d > 0, then

1/t
( /]R ) |x|”|u|’dx> < CIlxI*Vull gy | x|
(i) if 1/t +7y/d < 0 and suppu C R? \ {0}, then

"l d 1/z <C AV B, (1—a)
iy )" |uel|” dx < Cll|x| Mlly(Rd)|||X| u”Lq(Rd)a

for some positive constant C independent of u.
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Proof. The proof is in the spirit of the approach in [15] (see also [30]). Since

1 a—1 ,1 p
+ p #5+E’

by scaling, one might assume that
I1x1*Vull ey =1 and |||x|ﬁu||Lq(Rd) = 1.

Let O < a; < 1 be such that

(3.21) |a, — al is small enough,
and set | |
a —a
— =242 and 9 =aa— 1D+ —a)p.
72 p q
We have
Loy 1 a-—1 1 B
(3.22) T—2+E—a2(;+ y )+(1—a2)(;+3).
Recall that
Ly /1 a—1 1 B

(3.23) ;+E—a(;+ y )+(1—a)(5+3).
Since @ > 0 and a — o > 1, it follows from (3.21) that

1 1 1 1
(3.24) ———=@-a)(---)+S@—oc-1>0.

T 0 p q/ d

We first choose a, such that
.1l a=1 1 B
3.25 f— -+ =
( ) a < a 1p+ p <q+d’
1 -1 1

(3.26) a<a if;+“d >;+§.
Using (3.21), (3.25) and (3.26), we derive from (3.22), and (3.23) that

L oy 1 7 | AYARNYE
3.27 —+ L < —+ = d (-+&)(—+%= 0.
( ) T+d 12+d an (1+d)(12+d)>

It follows from (3.24), (3.27), and Holder’s inequality that
”lxly””LT(R"\Bl) < CllIx"ull o2 ga)-
Applying Theorem 3.1 (see also Remark 3.2), we have

1
X120l ooy < UKV ullf2 o NPl o) < C,
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which yields
(3.28) 1 wll Lerars,y < C.

We next choose a, such that

1 -1 1
(3.29) a<a ifLe "L 1P

p qg d

1 -1 1
(3.30) w<a i1+ =118

p d q d
Using (3.21), (3.29) and (3.30), we derive from (3.22) and (3.23) that

L oy 1y | AV 2

(3.3D) g <y ad (?+3)(72+7)>°-

It follows from (3.24), (3.31), and Holder’s inequality that
Ixl ull e,y < ClIxIull o ey

Applying Theorem 3.1 (see also Remark 3.2), we have

2 ull ey < CUX Vel s 1P ul i) < C,
which yields
(3.32) Ixl”ull ererg,y < C.
The conclusion now follows from (3.28) and (3.32). ]

Remark 3.3. Using the approach in the proof of [21, Theorem 2], one can
prove that, forp > 1,

(3.33) Is(u, ) < C/ / [x]P* 1Mo, Vu)(x)|P do dx,
Rd Jsd-1

where 1
M(o, Vu)(x) :=sup p |Vu(x + so) - o| ds.
0

r>0
We claim that, for —1/p <a <1 —1/p, we have
(3.34)

/ [x]P* | M (o, Vu)(x)|Pdodx < C/ |x|P*|Vu(x) - o|Pdx, forallo e S9!,
Rd R?

for some positive constant C independent of ¢ and u. Then, combining (3.33) and
(3.34) yields

(3.35) Is(u, a) < C/ [x|P*|Vul? dx,
Rd
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as mentioned in Remark 1.2. For simplicity, we assume that
c=e =(0,...,0,1) e R?

and prove (3.34). We have, for any bounded interval (a, b) and for any x’ € R,

b b p—1
(3.36) ][ (x'] + sy d5<][ (x| + ISI)_"“/“’_“dS) <C,

for some positive constant C independent of (a, b) and x'since —1/p < a < 1—1/p.
Applying the theory of maximal functions with weights due to Muckenhoupt [20,
Corollary 4] (see also [16, Theorem 1]), which holds whenever the weight satisfies
(3.36), we obtain

/ P M, V)P dx
RY

IA

¢ /R /R(WI + x| I Meq, Vi), x0)IP dixg d’

IN

c / / (W] + e P10 s x0)P g i’
Ri-1 JR
< C/ [x[P* |V ul? dx.
Rd

The claim (3.34) is proved.

4 Results in bounded domains

In this section, we present some results in the spirit of Theorems 1.1 and 3.1 for a
smooth bounded domain Q. As a consequence of Theorem 1.1 and the extension
argument in the proof of Lemma 3.1, we obtain

Proposition 4.1. Letd > 1,1 < p < d, Q € Bg a smooth open subset ofRd,
and u € [P(Q). We have
) if1 <p <d, then

Ju()1”
/Q i dr < Cally(e, @)+ lull g + ).

(ii) ifp > d and suppu C Q\ B,, then

lu)|” N
/Q X dx < Co(ls(u, Q) + ”””Z)(Q) +rdPsPy,

(i) ifp =d > 2, then

|u(x)] .
———————dx < Cqo(Is(u, Q) + ||u||} . + In(2R/7)5%),
/Q\B,. x4 Ind 2R ) S Callolt D+ lullyyq) + In@R/r)O%)
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(v) ifp =d > 2 and suppu C Q\ B,, then

/ '”‘si dx < Ca(s(u, Q) + |lull},q, + In(2R/r)5).
angg |x|91In“(2x|/r)

Here Cq denotes a positive constant depending only on p and Q.

Using Theorem 1.2, we derive

Proposition4.2. Letd >2,1 <p<d,g>1,71>0,0<a<1l,a,p,y€R,
0 € Q C By a smooth bounded open subset of R, and u € LP(Q) be such that

R

and, with y = ac + (1 — a)p,

We have
() if1/t+y/d > O, then
1/t .
(Luwww@) < CUs(u, ©, 0) + [ullfyq + Il ull o),

(1) if1/t+y/d < 0 and suppu C Q\ {0}, then

1/z
]_
(Luwww&) < CUs(u, Q, 0) + [[ullfyq) + )Pl ull o)

(i) if 1/t +y/d =0and t > 1, then

el v
Tilulfdx>
(meamm>

< Cs(u, Q, a) + [[ull} g, + 0 mQ2R/r)?||1xPull s s,

@Gv) if1/z+y/d =0, T > 1, and suppu C Q\ B,, then

I
(ﬂﬁm@uVﬂw'do

< CUs(u, Q, @)+ [ull},q) + 07 M@R/r)P |l 1xPull -

Here C denotes a positive constant independent of u and 9.

Proof. Let v be the extension of u in R? as in the proof of Lemma 3.1. As in
the proof of Lemma 3.1, we have, since 0 € Q,

hs(v, a) < C(I(;(u, Q,a)+ ||M||U(Q))-
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We also have, since 0 € Q,

X170 | aggay < CllIP ull zoy-

The conclusion now follows from Theorem 3.1. O
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