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Abstract

We prove criteria for H*-rectifiability of subsets of R™ with C1'® maps, 0 <
«a < 1, in terms of suitable approximate tangent paraboloids. We also provide
a version for the case when there is not an a priori tangent plane, measuring
on dyadic scales how close the set is to lying in a k-plane. We then discuss the
relation with similar criteria involving Peter Jones’ 5 numbers, in particular
proving that a sufficient condition is the boundedness for small r of r =S, (z,r)
for H*-a.e. x and for any 1 < p < oo.
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1 Introduction

A Borel subset E C R" is said to be countably H"*-rectifiable (or in short H*-
rectifiable) if there exist countably many k-dimensional Lipschitz graphs I'; that
cover E up to an HF-negligible set, that is H* (E\ U2, T;) = 0. Here with k-
dimensional Lipschitz graph we mean the graph of a Lipschitz map over any k-
dimensional subspace of R”. Analogously, we say that E is H*-rectifiable of class
C1@ (or simply C1® rectifiable if the dimension k is clear from the context) if I'; can
be chosen to be graphs of C® maps. It is a classical fact that H*-rectifiability is
equivalent to C10 HF*-rectifiability [Mat95, Theorem 15.21]. Here we are interested
in obtaining criteria that, starting from some geometric conditions on the set F,
allow to conclude that E is C1* rectifiable.

The main geometric objects used throughout the paper are the a-paraboloids:
for any linear k-plane V' in R™, any number A > 0 and any = € R", following [AS94]
we define

Qa(z, V,A) == {y € R : |Pyi(y — 2)| < APy (y —2)|' T} (1)

where Py denotes the orthogonal projection on V.
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The following is the first main result. Throughout the paper we tacitly assume
for simplicity that all sets appearing in the statements are Borel. We also define for
simplicity go(k) := 2+¥2407F~1.

Theorem 1.1 (Cl@-rectifiability from approximate tangent paraboloids). Fiz k €
{1,...,n—1} and 0 < a < 1. Consider a subset E C R™ with H¥(E) < oo such
that for HF-a.e. © € E there exists a k-plane Vy, and X\ > 0 such that

lim sup Tik’l-lk (ENB(z,r)\ Qalw, Va, ) < eo(k). (2)

r—0
Then E is CY® HF-rectifiable.
The converse of Theorem 1.1 is also true in a slightly stronger form.

Proposition 1.2 (Converse). If E is a CY rectifiable set with H*(E) < oo then
for HE-a.e. x € E there exist a k-plane Vi, and X\ > 0 such that

lim L H* (B 0 B(z,r) \ Qal, Vi, 1)) = 0. (3)

r—=0r

In the case when oo =1 we can take any A > 0 arbitrarily small.

We call a paraboloid satisfying (3) an approximate tangent paraboloid of E at x.
The second main result concerns a more general version of Theorem 1.1, where
roughly speaking we allow the plane V' to depend not only on x but also on the scale
r, and moreover we don’t require that it passes through x. The basic geometric
objects we consider are n-neighbourhoods of k-planes, which we call cylinders, that
is sets defined by

B(V,n) :={y € R" : dist(y, V) < n}.

In particular we will consider sets of the form B(V, A!T%) N B(z,r) where V is an
affine k-plane and \,r >0, 0 < a < 1.

Theorem 1.3 (C'“rectifiability from approximate tangent cylinders). Fiz k €
{1,...,n—1} and 0 < a < 1. Consider a subset E C R™ with H*(E) < 400 such
that for H*-a.e. x € E the following conditions hold:

OFE,z) >0 (4)

and there exist A > 0 and for every r > 0 an affine k-plane V, , such that

lim sup rikak (ENB(z,r) \ B(Vyy, 1)) < (1 - 27F)go(k)OF(E,2).  (5)

r—0

Then E is CY® HF-rectifiable.



Remark 1.4. (i) Observe that if V,, does not depend on r, requiring (2) or (5)
is essentially equivalent up to considering different values for A (see Lemma
2.3). The real difference in the latter case is the possible dependence of V, ,
on 7. We will refer to the first case as fized planes, because they do not change
from scale to scale, while to the second as rotating planes, because a priori
they could change from scale to scale.

(ii) This time the lower density assumption (4) is necessary in the proof and it is
not clear whether we can remove it.

(iii) All the results are stated in terms of a set E, that is for measures of the
form H*LE, but the same results hold for Radon measures p satisfying 0 <
0**(u,xz) < oo for p-a.e. x (and ©F(u,z) > 0 in Theorem 1.3). Indeed by
standard differentiation results for measures the restriction of u to the set
{z: M~ < ©*F(u,x) < M} is equivalent, up to constants, to H* restricted
to the same set, and by locality the density of a subset remains the same H*-
almost everywhere. The density assumptions from above (or from below in
Theorem 1.3) are all we need to make the proof work. The only difference in
this case would be in the explicit value of ¢ (k).

(iv) Conditions (2) and (5) could actually be required to hold only along a geo-
metric sequence of radii 7; = rop’, with 0 < p < 1, thanks to the properties of
[ numbers (see Lemma 2.4).

To prove Theorem 1.1 and Theorem 1.3 we will actually prove some more quan-
titative statements. We refer to Proposition 3.1 and Proposition 3.2 for the precise
statements, but since they are a bit technical we limit to state here a simplified
version in the case of an Ahlfors-David regular set, that is a compact set £ C R"
such that 6r% < H*(E N B(x,7)) < Mr* for every r < diam(E) and for two fixed
constants §, M > 0.

Proposition 1.5 (Quantitative statement). Fiz k € {1,...,n—1} and 0 < a < 1.
Fiz moreover X\, 0, M > 0 and consider a set E C R™ such that

or* < HM(E N B(x,r)) < Mrk  for every 0 < r < diam(E). (6)
Suppose moreover that for every x € E there exists a k-plane V, € G(n, k) such that
HYENB(z,7)\ Qu(z, Ve, N)) < eo(k)ort  for every 0 < r < diam(E)  (7)
where eo(k) is the same as in Theorem 1.1. Suppose in addition that
diam(E) < 7y = (AXN(2 + 417%) +8C(n, 6, M, X))V,

where C(n, 0, M, \) is the constant of Lemma 3.5(ii). Then E can be covered by one
k-dimensional graph of a C map.



As a corollary we recover, under some weaker assumptions, a result proved by
Ghinassi [Ghil7, Theorem I]. To state the corollary let us recall (a version of) the
£ numbers, introduced first by Peter Jones in [Jon90]:

1 dist(y, V) \? k .
Bp(z, )P = H‘}fﬁc / <r> dH"(y) ifl1<p<oo (8)
ENB(z,r)
Boo(x,7) := inf Hk—esssupw
EnB(z,r) r

where the infimum is taken over all affine k-planes V' (not necessarily containing x).

Corollary 1.6 (C1®-rectifiability from a bound on 8 numbers). Fiz k € {1,...,n—
1}, 0 < a < 1. Consider E C R"™ with H*(E) < co. Suppose that for H*-a.e x € E
there exists 1 < p < oo such that

limsup r~*B,(z,r) < oo. 9)
r—0

Then E is CY® HF-rectifiable.

The proof of the above corollary of Theorem 1.3 relies on Theorem 1.9 below,
which is used to obtain the positive lower density assumption (4). We could avoid
using it if we assume directly that ©%(FE, z) > 0 for HF-a.e. = € E.

Remark 1.7 (C'“-rectifiability). We stated the results for C1 rectifiability, but
actually with a totally analogous proof (see Remark 4.2) we can prove the fol-
lowing result regarding more general moduli of continuity: consider a positive se-
quence (Aj)jen such that >, \; < oo and consider the tail sequence given by

Wy = Z;’im Aj. Fix a geometric sequence r; = rgp/, 0 < p < 1, and define
for any » > 0
)\(T) = )‘j(r)a w(r) = Wj(r) where T(r)+1 <r< Ti(r)

If we replace the left hand side in (2) or in (5) with

. 1
lim sup —
r—0 T

HE(E N B(x,r) \ BV, A(r)1))

then E is O HF-rectifiable, meaning that up to an H*-negligible set it can be
covered by countably many graphs of C'' maps whose derivative has modulus of
continuity w. Theorem 1.3 corresponds to the choice \; = rj“, or equivalently up to
constants to A(r) = r, which indeed gives w(r) = Cr®.

Let us now compare the above criteria with previously known results. First of
all we compare them with the following classical rectifiability criterion. Given s > 0
and x € R™ we define the cone

X(z,V,s)={y e R": |[Py.(y — 2)| < s|Pv(y — )|}

The following result is a consequence of [Mat95, Corollary 15.16] (we underline the
slightly different definition of the cones X (x,V,s) in the reference above).



Theorem 1.8 (Rectifiability from approximate tangent cones). Given a set E C R"
with H¥(E) < 400, suppose that for H¥-a.e. point x € E there exist a k-plane V
and s > 0 such that

. 1 1 1 k
hr;fgp (2r)’fH (ENB(z,r)\ X(z,V,s)) < S510F T (W) . (10)

Then E is HE-rectifiable.

We can view Theorem 1.1 as a direct analogue of Theorem 1.8 obtained by re-
placing cones with paraboloids. Observe that under the assumptions of Theorem 1.1
the set E is HF-rectifiable, since we can take s small enough so that (10) is satisfied,
and thus Theorem 1.8 applies.

Anzellotti and Serapioni [AS94] already considered criteria of C1® rectifiability
in terms of approximate tangent parabolic sets. However their approach is a bit dif-
ferent. In fact they prove that the C1® rectifiability of a set is equivalent to a certain
condition involving non-homogeneous blow-ups, together with the (approximate) -
Holder continuity of the tangent planes. One feature of Theorem 1.1, instead, is that
we do not require any a priori Holder continuity of the planes V, since we deduce
it from the geometric condition (2) and natural density bounds for the Hausdorff
measure. Essentially if the planes were not Holder continuous then the measure
would locally concentrate too much around (k — 1)-dimensional subspaces, which is
prevented by the density estimates for the Hausdorff measure, see Lemmas 2.1 and
3.5. Moreover the non-homogeneous blow-ups prevent the possibility of obtaining
the converse result [AS94, Remark after Theorem 3.5], which instead we obtain in
Proposition 1.2. Finally we give a quantitative result where we cover the entirety of
the set with one single C1 graph, without an additional negligible set.

We now compare our theorems with similar criteria involving S numbers defined
in (8). We could roughly summarize the difference by saying that instead of re-
quiring an L?-closeness to some k-plane at every scale we just require closeness in
measure. The following is a characterization of H*-rectifiability using 8 numbers
due to Azzam and Tolsa (see also [Paj97] for a previous result assuming a lower
density assumption). The original result is about Radon measures with positive and
finite upper density, but we state it in the case of sets, i.e. for measures of the form
H*_E for some set E.

Theorem 1.9 ([AT15],[Tol15]). Let E C R™ be an H* -measurable set with H*(E) <
00. The set E is HF-rectifiable if and only if

! dr k
/ ,32(33,7“)27 <oo for H'-a.e. x € L.
0

This essentially captures rectifiability by measuring in a scale-invariant way,
using an L? gauge, how close a set is to lying in a k-plane. Ghinassi [Ghil7] proved
a sufficient condition for a Radon measure on R™ to be C1®-rectifiable, 0 < o < 1,
using a similar condition which involves the § numbers.



Theorem 1.10 ([Ghil7, Theorem 1I]). Let E C R™ such that 0 < O (E,x) < oo
for H* a.e. x € E, and let o € (0,1). Assume that for H*-a.e. x € E

1 2
[ s a

Then E is CY® k-rectifiable.

We recover this result from Corollary 1.6: condition (11) (together with Lemma
2.4) implies (9), and therefore Corollary 1.6 applies. A remarkable feature of The-
orems 1.9 and 1.10 is that there is no a priori condition on the choice of k-planes,
which can vary from scale to scale. Corollary 1.6 weakens a bit the assumptions of
Theorem 1.10, requiring only a bound on 7“3, instead of an integrability condition.
We remark that Ghinassi was also interested in [Ghil7] in obtaining a biLipschitz
parametrization of the set which is C1® in both ways, under some Reifenberg-flatness
assumptions, building on previous work by David and Toro [DT12, Tor95]. With
the present work we intend to show how a more “classical” approach, that follows
the lines of similar criteria for standard C! rectifiability just replacing approximate
tangent cones with paraboloids, is capable of giving a relatively simple proof of the
C1@ rectifiability.

We also remark that the key property that makes the proof work is the summa-
bility of r{, or more generally of (Aj)jen in Remark 1.7 (equivalently, the integrabil-
ity on (0,1) of A(r) in 4¢), which is for instance implied by the summability of the
Boo(z,7;) and which we exploit to obtain the convergence of V, . to the tangent plane
V. This is in contrast with Theorem 1.9 where instead just the square summability
of the # numbers is required, but at the cost of a more complex proof. A similar
difference of assumptions between summability and square summability can be seen
between [ADT16] and [ATT18], this time involving the o numbers. Since we want
to obtain the CM® rectifiability anyway we take full advantage of the summability
of rf.

We finally mention that in more recent years there has been a growing inter-
est in conditions for higher order rectifiability related to Menger-type curvatures
[Koll7, GG19], in the spirit of the original result by Léger [L.é99] and its general-
ization to higher dimension [Meul8]. The connection established in [LW09, LW11]
by Lerman and Whitehouse reveals the similarities and transference of methodology
in the literature on criteria involving the Menger-type curvatures and those of the
beta numbers. This further suggests investigating weaker assumptions as we have
explored with regard to the beta numbers for the results on Menger-type curvatures.
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2 Preliminaries

We denote the Euclidean norm in R” by |-|. We denote by G(n, k) the Grassmannian
of linear k-planes in R", and given V € G(n,k) we define Py as the orthogonal
projection on V. In the following we often identify R¥ with the span of the first k
standard basis vectors in R”, and R"* with the span of the last n — k, and we write
a vector in R” as y = (/,%") with 3/ € R*, o/ € R"*. On G(n, k) we consider the
metric
d(Vv, W) = ||PV - PWH = Sup ‘(PV — Pw)l‘|
=

We will also consider the following equivalent expression for the distance d:

d(V,W) = sup dist(v, W) = sup | Py L] (12)
i1 i1

where dist(v, W) = inf,ew [v — w|. For a proof of the equality (12) see [AGI3,
Section 34]. We note that by compactness all suprema are attained. We also note

the following: if V is a k-plane which is the graph of a linear function L : R¥ — R?*,
that is V = {(v/,y") €e R" : 4/ = Ly'}, then

d(V,R¥
av,RY < o) < ——2LR) (13)
T d(V, RO
Indeed
d(V,R*) = sup dist(y/,V) < sup |Ly/| = || L]|.
y/ERk y’ERk
ly'|=1 ly'|=1

We also consider the space A(n, k) of all affine k-planes in R". Given V' € A(n, k) we
can always write in a unique way, V € A(n, k) as, V =V 4 a with V € G(n, k) and
a € V. We define the (pseudo)distance d(V, W) := d(V, W) where V,W € G(n, k)
are the linear k-planes associated to V, W as above.

Given V € A(n,k) and n > 0 we define the n-neighbourhood B(V,n) := {z €
R™ : dist(z, V) < n}.

We denote by L™ the Lebesgue measure in R™ and following [Mat95] we define
the k-dimensional Hausdorff measure of a set E C R™ by H*(E) = %i_)r% HE(E) where

HE(E) = inf {Zdiam(Ei)k : EC UE“ diam(E;) < (5} :

i

Note in particular that there is no normalizing factor so that in fact in R™ we have

H"(B(x,r)) = (2r)".



Given a subset F C R™ we define the upper and lower k-dimensional Hausdorff
densities respectively as

O**(E, z) = limsup (2r) *H*(E N B(z,7))

r—0

O%(E,x) = lim iélf(Qr)*k’Hk(E N B(z,r))
r—

and when they coincide we denote the common value by ©%(E,z). By [Mat95,
Theorem 6.2] if H*(E) < oo then for H*-a.e. z € F

27F <OF(E,x) <1 (14)

Moreover if E is H*-rectifiable then for H*-a.e. = € E it holds that O%(E,z) = 1
[Mat95, Theorem 16.2].

Throughout the paper we will often refer to a geometric sequence of radii defined
by rj = rop’, where ro > 0 and 0 < p < 1 are fixed.

We will keep track of the constants in order to be able to prove some quantitative
statements, but we will not try to optimize them in any way.

The remaining of this section could be skipped at a first reading and used only
when referenced later. The only notion required for the sequel is that of slanted
paraboloids (15).

2.1 Intersection of cylinders around planes

Lemma 2.1. Consider two linear k-planes V,W € G(n,k) and set 0 = d(V,W).
Then there exists a (k — 1)-plane Z such that for any positive number n we have

2
B 0B < 8 (2.%7)
Proof. We first observe that there exists e € W+ with |e| = 1 such that |Pye| = 6.
Indeed we have d(V,W) = ||Py — Pw| = ||[Pyr — Py1| = d(V+, W) and then by
(12) we obtain
0=d(V,W)=d(V+, W)= sup |Pye|.

eEW+

le|]=1
Now we consider any orthonormal basis exi1,...,e, of V4 and we define Z :=
span{e, €x41,...,e,} . Then dim Z = k — 1 and for any = € B(V,n) N B(W,7) we
have

|z el <n fori=k+1,....n
|z e| <1 '

— Pye
|Pvel

Then for any = € B(V,n) N B(W,n) by triangle inequality we have

! x - <e— Z (e'ei)ez)

|x - Pye| = =
i=k+1

We now set e’ :

and consider the orthonormal basis {€/, e, 1,...,e,} of Z+.

—_

-] =

Sa(n—k—i-l)n

| Pye| 0




and finally
- 1 on
|Pyoia| < |z-€|+ Zk;l - el < 2(2n =2k + 1)n < .
1=

This concludes the proof. ]

2.2 «-paraboloids

For technical reasons we now introduce a variant of the a-paraboloids defined in
(1) which takes into account the possibility of slanting the paraboloid with a linear
map. Given V € G(n, k), a linear map L : V — V+ and A > 0 we define

QE(V.A) = {y € R": |[Pyry — L(Pyy)| < A[Pyy|'**} (15)

and then for any z € R" we set Q%(z,V,\) = 2 + Q%(V, \). These are paraboloids
with a linear perturbation parametrized over V. If the linear map L is constantly
zero then we recover the definition (1).

We now proceed to show that these sets and the a-paraboloids introduced in (1)
are, in fact, locally equivalent. Since this property is invariant under rigid motions,
without loss of generality in the proof we consider the case where the k-plane in (15)
is R¥.

Lemma 2.2 (Local equivalence of paraboloids). Let V € G(n,k) be given by the
graph of a linear map L : R¥ — R"* and suppose that ||L| < % Then for any
given A > 0 we have that

Qa(z,V,\) N B(x,r)) C QL (x,R¥, X)
where 7y = (4\) "% and N = 6 - 4\,

Proof. We can suppose without loss of generality that * = 0. Take any y €
Qa(0,V,A\) N B(0,ry). We want to show that

| Pan-ry — LPgiy| < X|Pry|'+.
Since y € Q4(0,V,\) N B(0, 7)) then
1
[Prayl S APry[HH < Ayt < 1y

which implies [Pyy| > |y| — [Py 1y| > 3|y|. Using that d(V,R*) < ||L| < 3 it follows
that

1 1
|Prey| > |Pyy| — [(Prr — Py )y| > Z\yl > ZIvaI- (16)

On the other hand since Pyy € V we have that Pgn—« Pyy — LPre Pyy = 0 and thus

3
| Prn—#y — LPpiy| = [Ppn—Pyry— LPpi Pyoy| < (1+|| L) | Py oyl < §|Pvly\~ (17)

9



Putting together (16) and (17) we finally obtain
3 3 1+a « 14+«
| Prn-y — LPgry| < SPyry| < SAPvy[™ < 6 4%A| Prey[ ™

O]

Lemma 2.3 (Relation between cylinders and paraboloids). Fiz V' € G(n, k) and r
and suppose that for every r < rg,

HF(E N B(x,r) \ B(V,\rit)) < erk,

Then for every r < ry:

HH (B 0 B, 1)\ Qale, Vo) € 5

where N = 41\,
Proof. A computation gives that for sufficiently small r we have
(B(x,r) \ B(z, %)) \ Qu(z,V,\) C B(z,r)\ B(V, \r1te)

As a consequence we obtain

B(z,r)\ Qu(x,V,\) = U (B(x, 37) \ B(2, 551)) \ Qa(z, V, X)
c|JB, 5)\B (V,)\ (§)1+‘Y) .
J

Using the assumption we obtain that

HE (ENB(z,7)\ Qalz,V, X)) Zs( ) = 62_k7“k.

J

2.3 Properties of § numbers

We provide two lemmas regarding § numbers. The first allows to control the values
of f(x,r) at smaller scales with those at bigger scales. The second shows that it is

equivalent to require the summability of f(x,r) along a geometric sequence of radii

or its integrabiity in % near the origin.

Lemma 2.4. For anyt € (0,1)

Ba(z,tr)? < tljﬂﬂg(.%' r)?

10



Proof. We consider a k-plane V,,, that realizes the infimum for Sa(z,r) in (8) and
use it as a competitor in the definition of Sa(x,tr). Then

B, tr)? < — / (M)Qd%k(y)

(tr)k tr
ENB(x,tr)
1 1 dist(y, Vi) 2 i
< tk+2r7k: / < r ) dH (y)
ENB(z,r)

1
— W&(w,r)?

Lemma 2.5. Fiz 0 < p < 1. Given rg € (p, 1] define rj = rop’.

(i) If for some 1o we have » 22, Ba(z,77)* < 0o then fol ﬁQ(JI,T)z% < 00.

(ii) Conversely, if fol Ba(z, 7")2% < 00 then for every choice of ro in (p, 1] we have
>0 Ba(z,75)? < o0.

Proof. By Fubini and the change of variables r = rop’

1 o o 1
/ Zﬁ2($,ropj)2 d?“[) = Z/ ﬁg(x,’l“opj)2d’l“o
P j=0 j=0 P

— Z/p ﬁg(x,r)Qplde‘

j:0 p]+1
1 oo 1
= 62(x,7“)2 Z;l[pj+17pj)(7“) dr
0 =
9p(7)

Since g,(r) < 1 we obtain that the series converges for #!-a.e. choice of ro in (p, 1],
but by Lemma 2.4 once it converges for one choice of ry it converges for all choices,
and thus we obtain (7). On the other hand we use the fact that for any ¢ € (0,1)
Ba(x,tr)? < tk%ﬁg(x,r)Q and that g,(r) > £ to obtain (7). O

2.4 Whitney’s extension theorem

In the following we will need a Whitney-type extension theorem. We quote a version
that can be found in Stein’s book [Ste70, VI.2.3, Theorem 4], which in the particular
case of C1® extensions reduces to the following simplified statement:

Theorem 2.6 (C1® extension). Consider any subset F C R* and a function f :
F — R?. Then the following are equivalent:

11



(a) f admits a bounded C** extension f : RF — R? with bounded derivatives;

(b) there exist M > 0 and for every x € F linear maps Ly : R¥ — RY such that
for every x,y € F

(i) |f(x) = f(y) = Loy — 2)| < Mz —y|'+;
(ii) [|La — Lyl < M|z —y|*;
(1) [f ()], || Lall < M.

3 Fixed planes

In this section we prove Theorem 1.1 and Proposition 1.2. We start from the latter.

Proof of Proposition 1.2. Let E be C1* rectifiable, thus H* (E\ J;ey I'i) = 0 with
I'; graphs of C1® maps. In particular F is H* rectifiable and for H*-a.e. 2 € E
there exists a tangent plane V, and ©F(E,z) = 1 . By locality properties of the
density, for H*-a.e. x € E; := ENT; we have ©F(E;, 2) = 1 and thus

OF(E\ E;,z) =0 for H*-a.e. z € E;. (18)

Now by Lemma 2.2 and Lemma 2.6, for some A > 0 we have that E; N B(z,7) \
Qa(z, Vi, N) = 0 for every x € E; if r is sufficiently small. Putting together the
latter fact and (18) we conclude. O

We now pass to the proof of Theorem 1.1. We will prove the following more
quantitative result, from which Theorem 1.1 will directly follow.

Proposition 3.1 (Quantitative statement). Fiz k € {1,...,n—1} and 0 < a < 1.
Fixz moreover ro, A\, 8, M > 0 and consider F' C F C R™ such that for every x € F

HF(F N B(z,r)) < Mr*  for every 0 < 7 < rg. (19)
Suppose moreover that for every x € F'
HE(F O Bz, 7)) > 6rF  for every 0 < 7 <1y (20)
and there exists a k-plane V, € G(n, k) such that
HFF N B(z,7)\ Qu(z, Vi, \)) < er® (21)

with € < 4,6—115. If diam(F') < rq = (4XN(2+4"F2) +8C) "V then F' can be covered

by one k-dimensional graph of a C** map, where C = C(n, 8, M, \) is the constant
of Lemma 5.5(ii).

A version of the above for the case of rotating planes is also true:

12



Proposition 3.2 (Quantitative statement for rotating planes). Fiz k € {1,...,n—
1} and 0 < a < 1. Fiz moreover ro, \,0, M > 0 and consider F/ C F C R" such
that for every x € F and for every 0 < r < rg we have

HE(F N B(z,7)) < Mrk. (22)
Suppose moreover that for every x € F' and for every 0 < r < rg we have

HE(F N B(x,7)) > ork, (23)
and there exists a k-plane V, . such that

HE(F N Bz, 1) \ B(Vir, M T2)) < er® (24)

with e < 14;%:5. If diam(F') < ry = (4\(2+41F) +8C) =V then F' can be covered
by one k-dimensional graph of a C* map, where C = C(n,d, M, \) is the constant

of Lemma 5.5(ii).

We start with a geometric lemma used to cover the totality of a set with the
graph of a C1® map. It is a geometric version of Whitney’s extension theorem.

Lemma 3.3 (Geometric lemma). Fiz \,C > 0 and consider a set E C R"™ with
diam(E) < min{(4C)~* (4X)~Y/*} such that for every x € E there exists a k-
plane V, such that

E\ Qa(z, Vi, N) =10

and moreover d(Vy,Vy) < Clz — y|* for every x,y € E. Then E can be covered by
one CY% k-dimensional graph.

Proof. Thanks to the assumption on diam(FE), for any fixed xy € E we have that
d(Viy, Va) < Clz — 20| < %, hence V, can be parametrized as a graph of a linear
map L, over Vy, with ||L,|| < & by (13). We now assume without loss of generality
that V,, = R*. By Lemma 2.2 for every z € E

E \ Qéz(x7Rk7 6- 404)\) = (2)7 (25)

We can thus apply Whitney’s extension theorem given by Lemma 2.6: clearly
(25) implies that E is a graph of a function f : R¥ — R"~¥ since the projection Py
is injective on E. Assumption (i) is trivially satisfied. Assumption (i) follows from
(25) and the definition of slanted paraboloids (15), while (iz) holds by assumption.

O

The following is the key lemma where we essentially prove that the Holder conti-
nuity of the tangent planes is a consequence of the paraboloid condition (2) together
with the positive lower density and the finite upper density.

Remark 3.4. In the statement and in the proof below, given a point x and pa-
rameters 7, A > 0 and an affine k-plane V,, we use the simplified notation CJ,(x) to
denote B(V, ArlT®) where A > 0 is fixed.
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Lemma 3.5. Consider a set FF C R" and fix M, \,0,r > 0. Suppose that for every
z € F and for every 0 < s < 5r we have

HF(F N B(z,s)) < Ms. (26)

Consider any two points x,y such that |x —y| < r and two k-planes V,, V,, € A(n, k)
satisfying

HF(F N B(x,r)) > 6rF (27)
HF(F N B(y,r)) > ork
and
HF(F N B(x,2r)\ Ch(z)) < er®
(28)
HME N By, 2r) \ Ci(y)) < er*
where € < g. Then:
()
HE(F N Cl(x) N CL(y) N B(x,r)) > §r*
and in particular B(z,r) N CL(x) N ChL(y) # 0
(i)

d(VYZ, Vy) < C(n, 5, M, )\)ro‘
where C(n,d, M, \) = 20" 12nMX

dwn

Proof. (i) Let us define A = F N C}(x) N B(x,r). From assumptions (27) and (28)
we have that H¥(A) > (6 — ). Moreover since

AN\ Coly) € FNB(y,2r)\ Co(y)
from assumption (28) it follows that H*(A\ C”(y)) < er®. Therefore we obtain
(6 —e)r® < HM(A) = HNANCLy) + HE(A\ CLy)) < HE(ANCL(y)) +er”.

This implies

T

NS

HMANCL(y) = (6 —2e)r* >

which concludes.
(i) We set C = C(n,d, M, \) for simplicity. Suppose on the contrary that
0 := d(Vy,Vy) > Cr®. We first claim that there exists an affine (k — 1)-plane W
such that
Cr(x) N CL(y) € W(4nAriTe/9). (29)

If V, and V,, intersect then the conclusion follows directly from Lemma 2.1. If
on the other hand they do not intersect we consider two points 2 € V,,y € Vj
realizing the minimum distance, i.e. such that A = |z — g| = inf{|]2’ —¢/| : 2’ €
Ve, € Vy}. Then & — g L V,,V, and we translate both V and Vj, in direction

14



# — § obtaining two k-planes V, and f/y both containing the midpoint f;g Since
by point (i) Cg(z) N C4(y) # 0 we necessarily have A < 2)\r1T® and therefore

Cr(x) = B(Vy, A\rtt®) C B(V,, 2Ar'™®) and similarly for y. In conclusion we obtain

B(Vy, M) 0 B(V,, et t) € B(Vy, 221 7%) 0 B(V,, 2M\1 )

where V, and f/y now intersect and we conclude again by Lemma 2.1.
Define now 71 := 4nAr'™®/0 and F, := F N B(z,r) N B(W,n). First of all we can
assume that n < r, for otherwise we obtain

Ap\rite
0

which contradicts the assumption we made that 8 > Cr®.
We now claim that

>r = 0 < 4An\r®

20 In M

—r"
Cwy,

B(xz,n) and by Vitali Covering Theorem we extract a disjoint

" (Fy) < (30)

Indeed F), C Uxan
finite subfamily (B(z;, 77))7];\;1 such that

N
=1

Then on one hand from the uniform upper density assumption (26) we have

N
1 (F,) <Y HME, 0 B(wi, 5n)) < N5*Mn*. (31)
=1

On the other hand we can bound N from above: indeed
N
| Blwi,n) € W(20) O Bla,r +n) € W(2n) 1 B(x,2r).
i=1

and therefore since the balls are disjoint

NL(B(x,n)) < L"(W(20) N B(z,3r)) < (4r)* (4n)"

N <T>“. (32)

Wn \7
Putting together (31), (32), the definition of n and the assumption that 8 > Cr® we
obtain

which implies

n k=1 nek
4m5k M
HE(F,) < N5FMnF < = (T) BEMpk = —2 k]
AN Wn r

nek «@ n+lek n+1
_ASEM et ASRMA 20N
0 Cwy, Cwy,

Wn

15



which is claim (30).
On the other hand by point (i) and (29) we have the lower bound H*(F,) > grk
which together with the previous upper bound implies

20 In M
< —r

7Tk S Hk(F'ﬂ) C’w

which is a contradiction by the definition of C. O

Remark 3.6. We will apply the above lemma twice: the first time with r = |z — y|
to obtain the Holder continuity of the planes in the proof of Theorem 1.1 and
Proposition 3.1. The second time in the proof of Theorem 1.3 and Proposition
3.2 with = = y to obtain the rate of tilting of V,, from one scale r; to the smaller
one r;41 in the case of the rotating planes, and to conclude that the planes stabilize.
As a consequence H*-a.e. point has an approximate tangent paraboloid as per (2)
and we can conclude by applying Theorem 1.1.

The following is an elementary lemma used in the proof of Proposition 3.1 and
Proposition 3.2.

Lemma 3.7. Fiz A\ >0 and a € (0,1]. Let a,b,w > 0. Suppose that

1
a2+b2:w2, a> M"Y and a< .
2\

Then a > %wHO‘.

Proof. Using the hypotheses we obtain that

2 2 2 2 _2 2a __2 _2 __2
w Sa +)\ 1+agldta = gl+a (a1+a -i—A 1+a) §a1+a2)\ 1+a

Hence we have that

az o(1+a)/2

3.1 Proof of Proposition 3.1

We put together Lemma 3.5 and Lemma 3.3 to obtain the proof of Proposition 3.1.
The estimate (33) below is similar to the conclusion of [AS94, Lemma 3.6], but since
in our case the proof is a short application of Lemma 3.7 we write down the details.

Proof of Proposition 3.1. Since

B(z,r) N Qulz, Vi, A) C CL(x)
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we also have that H*(F' N B(x,r) \ C%(z)) < er® whenever (21) holds. For any pair
of points x,y € F’' we apply Lemma 3.5 with r = |z — y| to obtain that the map
x + V, is a-Holder when restricted to F”, that is

d(Vy, V) < Clz —y|* for every x,y € F’

where C = C(n,d, M, \) is the constant of Lemma 3.5. Observe that |z — y| <
diam(F") <7y < % so that in Lemma 3.5 assumption (26) holds.

We now claim that for a sufficiently large N’ > A\ (to be chosen later) we have
the stronger condition F’\ Qu(z, V;, A') = (). Indeed suppose by contradiction there
are x,y € F' such that y € F'\ Qqa(z,V, \), and set r = 2|z — y|. We claim that
(see Figure 1)

B(y, §) N Ci/*(y) € B(x,r) \ Qalx, Vi, N). (33)
Indeed, using Lemma 3.7 with w = |y — 2|, a = [Py, (y — 2)[, b = [Py (y — z)| we
have that for every z € cr/ 4(y)
|Pyi(z—a2)| = |Pyo(y— )+ PVyL(Z —y)+ (P — PVyL)(Z - )l
> |Pya(y— )| = [Pyr(z =)l = |(Pyr — Py1)(z —y)|
)\/

> Sl - yl"t = APy, (z — y)|"T* = Cla — y|*|z — y

25 (5) AT e ()
> At > N\ Py (2 — x)|H T

where we have chosen \' = 2C + (1 + 41T\ > W.
Thus we deduce (33) and hence obtain that
k
(6-e)(5) <HENBE 5N CH W) < HEF N Bl,1)\ Qale, Va, V) < er

1

which is a contradiction since € < oy

6. We have thus proved that
F'\ Quo(x, Vi, N) =0 for every x € F'.

We can thus apply Lemma 3.3 to the set F’ to obtain the desired conclusion. O

3.2 Proof of Theorem 1.1

As a consequence of a standard decomposition argument and Proposition 3.1 we
finally obtain the first main result.

Proof of Theorem 1.1. Observe that by Theorem 1.8 we obtain that the set E is
HF-rectifiable. Therefore for H*-a.e. = € E it holds that ©%(E,z) = 1 [Mat95,
Theorem 16.2].
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(y)

B(x,r)

Figure 1: Reference for the proof of Proposition 3.1.

Let A,rg > 0 be arbitrary but fixed and define Ej ,, as the set of all x € E such
that for every 0 < r <rg

Hk(E N B(z,7) \ Qal, Vi, \)) < mrk
Clearly H*(E\UJ Ao Earo) = 0, and moreover the union can be taken among count-
ably many values for the parameters. Hence it suffices to show that each F) ,, is
C1 rectifiable.
We further decompose E) ,, and define

ES ., i={x € Expy : H* (B N Bz, 7)) > 3HH(E N B(a,r)) for every 0 < r < t}.

Again H* (Ex,ro \ U, Eﬁ\m) = 0 because by a standard density result the relative
density of a subset is 1 almost everywhere on the subset [Mat95, Corollary 2.14],
and the union can be taken among countably many values of ¢. It is thus sufficient
to prove that each Ef\m is O rectifiable.

Now we can directly apply Proposition 3.1 with M = 21 § = 2k=1 and F' =
Et ., F = E),, to obtain the conclusion. O

)\77”0’

4 Rotating planes

We now pass to the proof of Proposition 3.2, Theorem 1.3 and Corollary 1.6. The
idea is the following: under the assumptions of the proposition, for a fixed z € E

18



Lj+1 \\

Figure 2: Reference figure for the proof of Lemma 4.1.

the planes V., actually have to converge with a precise rate as r — 0, so that in fact
at H*-a.e. x € E estimate (21) holds for a certain V,, and we can apply Proposition
3.1. Theorem 1.3 will follow as a consequence of Proposition 3.2.

In the following lemma we prove that under the conclusions of Lemma 3.5 we
can prove the convergence of V., to a certain V, with a precise rate r*. Let us fix
as usual a sequence of radii r; = rop’ for some rg > 0 and 0 < p < 1. For simplicity
we consider the case where z = 0.

Lemma 4.1. Consider a sequence of affine k-planes V; € A(n, k) and suppose that
there exist constants A\,C > 0 such that for every j € N

BV, Arit) 0 B(Vip, Arjt) 0 B(0,75) # 0 (34)

and
;= d(V}, Vi) < Crf. (35)

Then there exists a linear k-plane Voo € G(n, k) such that for every j € N

BV, Ar**) N B(0,75) € B(Veo, A1 7%) (36)

where " =X+ C + fj‘p"{fa.

Proof. (i) For every j € N we call ; the unique point in V; nearest to the origin.
We first claim that |z; — zj41] < (2A + C)TJHO‘.

Fix j € N. By (34) we can find two affine k-planes W; = 7; + V; and W1 =
Tj+1 + Vjq1 such that W; N W, N B(0,r;) # 0, where |75, |Tj41] < )\le»+a. Let
x; € Wj and 254 € Wj41 be the respective points of minimum distance from the

/

origin. Then |2, — ;| < ATJHO‘ and |54 — zj41| < )\TJHO‘. Let also y; be any point
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in W; N W11 N B(0,7;), so that Vj := W; —y; and Vj41 := Wj41 — y; are k-planes
containing the origin, and the projections Pf/j and Pf/j ., are linear maps. Then we
obtain

i~ @l = 1@ —yy) — @ — vl = [Py, (=) — Py, (=)l

=(Py, = Py, )(~yy)l < Crj*e

Jj+1

|z

and thus
|2 — x| < 20T+ [T — Ejpa| < 2+ C)rj e

so that the claim is proved.
In particular, since the points x; are converging to the origin, we obtain

e} e’} rl—l—a
7] < Z |z — T | < 2(2)\ +O)r T = (2A + C)l—]W' (37)
j=i i=j
Finally we prove (36). Given any z € B(V}, )\TJHO‘), by triangle inequality and using
(34), (35) and (37) we have that

[Pygzl < Py (z —a)| + (P — Py)(z = 2)) + [Py ()]

< APy, (z — :cj)|1+°‘ + Crflz — x| + |2

A+ C Y\ 1ia
§<)\+C+1_p1+a>r]’ .

4.1 Proof of Proposition 3.2 and Theorem 1.3

Proof of Proposition 3.2. We essentially want to replace (24) with an approximate

paraboloid estimate that allows us to pass to Proposition 3.1.
Let x € F'. Taking y = 2 in Lemma 3.5 and V, = V; := V., Vi = Vigy i= Vi
and r = rj;1, we obtain the conditions (34) and (35) of Lemma 4.1 and hence an

affine k-plane V, o, such that
BV, Ayt ) N B(w,75) € B(Vioo, A5+,

where N =X+ C + 12_)‘;% (as in Lemma 4.1). By Lemma 2.3 it follows that

Hk(F N B(.’L‘, 7") \ Qa(-ra Vac,om 41+Oé)\”)) S 1 _82—k rk'

This reduces to the setting of Proposition 3.1 and hence the result follows. O
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Proof of Theorem 1.3. Since H*(E) < oo by (14) for H*-a.e. point x € E we have
O**(E,x) < 1. Given 9,0, A > 0, let E,, ) 5 denote the set of points in E such that
for every 0 < r < r¢ the following conditions hold:

HF(E N B(z,r)) < 2(2r)k.
HM(E N B(x,r)) > §(2r)F
HFE N B(z,7) \ B(Vyy, Airtt)) < mérk
Then clearly, H*(E \Urg.0.6 Erone) = 0 and the union can be taken among countably
many positive values for all the parameters, hence it is enough to establish claim for
each of the sets E, » s.

We further decompose the sets: for any ¢ > 0 define Efﬂo)\’ 5 as the set of those
points x € E, s such that

HE(Epyas 0 B(z,r)) > %’Hk(E N B(z,r)) for every 0 < r < t.

As in the proof of Theorem 1.1 it is sufficient to conclude that Eﬁo WL che

rectifiable, but this reduces to Proposition 3.2 applied to the sets F/ = E! S
0,7\
F=FE.s.

Remark 4.2. We briefly go through the modifications needed to obtain the more
general version of Theorems 1.1 and 1.3 stated in Remark 1.7. First of all Whit-
ney’s extension theorem holds for general moduli of continuity [Ste70, VI.4.6]. An
analogous proof of Lemma 3.5 gives that d(V;,V,) < CA(r) < Cw(r) whenever
|z —y| < r. In particular for a fixed  we have d(V}, Vj41) < CA(rj) < Cw(r;) and
thus the analogue of Theorem 1.1 follows.

Regarding the case of rotating planes, a modification of Lemma 4.1 then gives
that since } ; A(rj) < oo there exists a limit plane Voo and d(Veo, Vi) < Cuwp.
Finally B(Vj, A(1;)1;) € Voo(Cw(r;j)r;) and therefore the application of the above
generalization of Theorem 1.1 gives the conclusion.

4.2 Proof of Corollary 1.6

Proof of Corollary 1.6. First of all observe that by [DS91, (5.4)] and by Hélder in-
equality
2 2
Bo(w,7) < Boo(,7)? S Bula, 7)1 S Bp(w,r)wit
for any 1 < p < oo, where < denotes an inequality up to constants depending
only on n and (increasingly) on ©*F(E, x). In particular by (9) we have that

Ba(x, 1) < Cr=1° for some constant C and for all > 0 sufficiently small. Therefore
fol Ba(x, r)Q% < oo for all points where ©**(E, z) < co and where (9) holds, which
is true for #*-a.e. € E. Thus we can apply Theorem 1.9 to conclude that E is
HF-rectifiable, and in particular ©%(E, z) > 0 for H*-a.e. = € E.
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Fix now 2 € E where ©F(E,z) > 0 and where (9) holds for some p. If p = oo we
conclude immediately by Theorem 1.3. Suppose then 1 < p < oco. For every r > 0
consider a minimizer V,,, of 8,(x,r). Then

1
Bolar, )P = HM (B0 Bla,r) \ B(Var, M) ()P
thus using (9) and taking A sufficiently big we obtain
1 1 »
limsup 4 (B0 B, 1)\ B(Var, Ar ) < limsup & 200

o0 T rs0 TR APPe
< (1=2"Meo(k)OF(E, z).

Now we conclude using Theorem 1.3. O
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