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ABSTRACT. We study the atomistic-to-continuum limit of a class of energy functionals for crys-
talline materials via I'-convergence. We consider energy densities that may depend on interactions
between all points of the lattice and we give conditions that ensure compactness and integral-
representation of the continuum limit on the space of special functions of bounded variation. This
abstract result is complemented by a homogenization theorem, where we provide sufficient con-
ditions on the energy densities under which bulk- and surface contributions decouple in the limit.
The results are applied to long-range and multi-body interactions in the setting of weak-membrane
energies.

1. INTRODUCTION

The passage from atomistic to continuum models is of major interest in the description and
understanding of many physical phenomena. Even for those atomistic systems which are driven by
simple energies, the choice of the method to analyse their asymptotic behavior as the interatomic
distance tends to zero is nontrivial and it may lead to different results. Compare for instance the
results obtained by taking pointwise limits ([7, 8, 30]) to those obtained by variational methods
(see [15, 12] for an overview).

In this paper we work within the variational framework, which amounts to analysing the as-
ymptotic behavior of discrete sytems in terms of I'-convergence. This has proven to be a powerful
tool not only in material sciences to describe the effective behavior of atomistic systems, but also in
computer vision to provide discrete approximations of given continuum energies that might be used,
e.g., for numerical simulations. In the context of material sciences such a discrete-to-continuum
variational analysis may help to predict or better understand the macroscopic response of a material
to microscopic deformations. Fixing € > 0 one describes the atomistic deformation of a material oc-
cupying an open bounded domain 2 C R™ through a map u : Z.(2) — R?, where Z.(2) := QNeZ"
denotes the set of e-spaced material points (or simply atoms) of the system. In the most general
case one can assume such a system to be driven by an energy of the form

F.(u) = Z 5n¢f({ui+j},jezg(ﬂ—i))~ (1.1)

1€Z: ()

Here the functions ¢ : (R%)Z=(?=9) — [0, +00) should be thought of as the potential energies
at scale € describing the interaction between the atom at position ¢ and the whole configuration
{u7};ez. (). As a consequence, energies as in (1.1) can model systems which are (at the same time)
non-homogeneous, multi-body, non-local and multi-scale.
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1.1. Aim of the paper. In this paper we are interested in the variational description (via T'-
convergence) of the limit of F. as the lattice spacing ¢ vanishes while the density of the atoms
is kept constant thanks to the scaling factor €. We refer to such a coarse-graining procedure as
discrete-to-continuum limit. As a matter of fact a fine description of the discrete-to-continuum limit
of physical systems driven by energies as those in (1.1) turns out to be a very challenging task unless
the potentials are explicitly known and take some very special form. Until now the most general
result in this direction has been obtained in [17], where the authors establish a set of assumptions
on the potential energies ¢5 which ensure that up to subsequences the I'-limit of energies as in (1.1)
is an integral functional defined on a Sobolev space. The aim of the present paper is the extension
of such a general result to the setting of special functions of bounded variations, that is to find
sufficient conditions on ¢ under which the variational limit energy of the sequence (F:) is of the
form

F(u) = / f(z,Vu) dz —|—/ glz,ut —u=,v,) dH" (1.2)

Q Su

defined on those u (here we use the same notation u for both microscopic and macroscopic fields) be-
longing to SBV (Q2; R?). Energies of this type are usually referred to as free-discontinuity functionals
and are widely used to model a number of phenomena in fracture mechanics, image reconstruction
or in the theory of liquid crystals, to make only a few examples (ADD citations). The discrete-
to-continuum analysis performed in the present paper thus provides a very general framework on
the one hand for atomistic systems whose macroscopic behavior can be studied in the context of
fracture mechanics and on the other hand for possible discrete approximations of energies used in
image reconstruction, such as for instance the approximations studied in [23, 24, 16, 32].

The assumptions on the potentials ¢ that are needed to restrict the class of possible discrete-
to-continuum limits to functionals of the form (1.2) are carefully listed in Section 2. Here we
limit ourselves to highlight the main ideas behind them in the case that u represents the elastic
deformation field of a physical system to be studied within the theory of fracture mechanics. In
this case the two energy terms in (1.2) can be interpreted as follows. The bulk integral represents
the (hyper-)elastic energy stored in the system due to the contribution of bounded microscopic
deformation gradients, that is of deformations with |u? — u/|/e of order one. The surface term
represents the energy the system needs to produce the fracture S, in 0 with opening u* — u~.
Such an energy is instead due to microscopic deformation gradients of order 1/e. In the simplest
possible case f(x, M) = |M|P and g = const the bulk and surface energies are proportional to the
p-th power of the LP norm of the macroscopic deformation gradient Vu and to the length of the
fracture, respectively.

Within this framework the assumptions on the potentials ¢; read as follows.

(H1) invariance under translations in w: This ensures that the integrand f in (1.2) does not
depend explicitly on u and g depends on u* and u~ only through their difference;

(H2) monotonicity in the strain: the potential energy is assumed to be a non-decreasing in the
finite differences |u’ — u| - in the simple case of pairwise interactions this translates to the
fact that the elastic energy increases as the modulus of the deformation gradient increases;

(H3) weak Cauchy-Born type upper bound: only the potential energy of a microscopic affine
deformation is bounded from above by the p-th power (p > 1) of the norm of its gradient;

(H4) lower bound that allows to deduce that the limit is defined on SBV (£2): Keeping in mind the
above interpretation of finite differences as deformation gradients, ¢¢({u?*7}) is assumed to
be bounded from below by |(u? —u/)/e|P whenever this quantity is of order 1, and otherwise
by 1/¢;
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(H5) mild non-locality: the potential energies ¢$ of different deformations that agree in a cube
of side length « centred at a point ¢ are comparable up to an error that vanishes for large
«a as € — 0 uniformly in ¢. This ensures that the I'-limit is a local integral functional,

(H6) controlled non-convexity: the energy stored by a convex combination of two deformations is
asymptotically controlled by the sum of the energies corresponding to each single deforma-
tion. This technical assumption allows us to use the abstract methods of I'-convergence (see
below) and is needed here to tame the effect of the possibly diverging number of multi-body
interactions.

We take the discrete-to-continuum limit of the energies in (1.1) under this set of assumptions. To
this end we regard a discrete field u as belonging to L*(£2; RY) by identifying it with its piecewise
constant interpolation on the cells of the ¢ lattice. Outside this set of functions we extend F; to
LY (S R?Y) by setting it equal to +0o. We then define the discrete-to-continuum limit of F. as its
I'-limit as € — 0 with respect to the strong L'-convergence.

1.2. Main results, methods of proof and comparison with existing results. In this paper
we prove compactness, integral-representation and homogenization results for energies of the form
(1.1). More precisely, in Theorem 3.1 we show that, up to subsequences, the discrete energies F;
I-converge to a free-discontinuity functional of the type (1.2). Using this integral representation
we then prove the homogenization Theorem 4.3. There we show that under additional assumptions
on ¢ which will be discussed at the end of this section the whole sequence (F;) I'-converges to

Fhom (1) = / From(Va) da + / Ghom ('t — u™,va) dH (13)
Q Su

where fhom and gpom are some homogenized bulk and surface-energy densities, respectively.

The proof of Theorem 3.1 relies on the so-called localization method of I'-convergence (see [28,
Chapters 14-20] and also [11, Chapter 16]). Following this method we consider the energies F; as
functions defined both on u and on the open subsets of 2 by defining for every pair (u, A) with
u: Z:(Q) — R? and A C Q open the localized energy FE.(u,A) according to (1.1) where now
the sum is taken only over i € Z.(A). We then prove a general compactness result (Theorem
3.11) which ensures that for every sequence of positive numbers converging to zero there exist a
subsequence (¢;) and a functional F' such that for every A C 2 open and with Lipschitz boundary
the localized energies I, (-, A) I'-converge to F'(-, A). Subsequently, thanks to assumptions (H1)-
(H6) we recover enough information on F' both as a function in v and as a set function to write
it as a free-discontinuity functional of the form (1.2) by using the general integral-representation
result in [9]. Before we comment on the homogenization result below we give a short overview on
the use of the localization method in the context of discrete systems.

The method was originally proposed by De Giorgi and has been successfully used in the context
of homogenization of multiple integrals in the continuum setting (see [14] and references therein).
It has been first adapted to study discrete-to-continuum limits in [1] in the context of pairwise-
interacting discrete systems modelling nonlinear hyper-elastic materials and giving rise to continuum
functionals finite on Sobolev spaces of the form fQ f(z,Vu)dz. After that the application of the
localization method to discrete systems at a bulk scaling has been extended into several directions
including stochastic lattices [4, 25], more general interaction potentials [21, 19, 17] and has also been
combined with dimension-reduction techniques [3]. The most general result for discrete systems on
deterministic lattices with limit energies on Sobolev spaces is by now contained in [17].
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At the surface scaling the analysis of discrete systems has required the use of the abstract method
for the first time in [5]. This paper derives the continuum domain wall theory in ferromagnetism
from pairwise interacting Ising-type spin systems on (possibly stochastic) lattices (see also [20] for
thin films). The extension of this result to more general magnetic interactions has been considered
in [2]. There the authors give examples of systems not satisfying (the analog of) assumption (H5)
whose discrete-to-continuum limit is a nonlocal functional (see also [10]). A first general result for
discrete systems with multi-body and long-range interactions at this scaling has been obtained in
[13] in the context of spin-like systems with spatially modulated phases.

We point out that in the above mentioned papers the discrete energies under consideration
involve either a pure bulk or a pure surface scaling. In order to obtain a I'-limit of the type (1.2)
one needs to consider discrete energies where both scalings are present at the same time. In this
case, however, it becomes more difficult to find the correct set of assumptions which makes the
localization method applicable. A first result in this direction has been obtained in [32], where
the author considers energies of the form (1.1) on a possibly stochastic lattice. The interaction
potentials ¢ however are independent of ¢ and ¢, have finite range and depend on finitely many
particles uniformly in e. Moreover, they depend on the configuration {u’ }; through the set of
discrete differences {|u’ —u’|}; ;. This type of dependence is essential to decouple the contribution
of bulk and surface scalings in the continuum limit, which finally allows to prove the full I'-limit
result (without extraction of a subsequence) in the case of a stationary stochastic lattice. This
is done by exploiting for the first time in the discrete setting the theory of maximal functions
introduced in [31] and used in [18] in the context of homogenization. This technique turns out
to be useful also in the proof of the present homogenization result Theorem 4.3, which we finally
describe below.

Theorem 4.3 falls into the framework of periodic homogenization and thus requires the restriction
to a special class of periodic interaction-energy densities. As our interaction-energy densities at a
point i may depend on the whole configuration {u"*7},c 2 (_;) the meaning of periodicity needs
to be clarified. A proper definition of periodicity (at least in the interior of ) is possible when
restricting to finite-range interactions. This modelling assumption also helps to decouple the bulk
and the surface scaling in the I'-limit, which is central to characterize the homogenized integrands
fhom and gnom in (1.3). We highlight that even under the finite-range assumption this task still
requires a major effort due to the lack of a gradient structure in the interaction potentials. In fact, a
crucial step in proving the homogenization result consists in establishing sufficient conditions on the
potential ¢ (without enforcing an explicit gradient structure) which make it possible to distinguish
between the discretization of a macroscopic affine deformation of the form wuy/(x) = Max with
M € R¥™"™ and of a macroscopic jump, that is, a mapping of the form uc (21, Tn) = (X{w,>0}
with ¢ € R%. More in detail, to derive formulas for the homogenized integrands fuom and gnom in
(1.3) it is essential that the potentials ¢; reflect the different scaling properties of uas and ue when
passing from the scaled lattice eZ™ to the integer lattice Z". Indeed, the affine function wy; satisfies
upm(j) = euns(j/e) for every j € €Z", while for the jump function u, there holds u¢(j) = uc(j/e)
for every j € €Z™. It thus seems natural to require that for a given discrete function u : Z" — R?
and ¢ € Z™ asymptotically there holds

el ({ew/F}) ~ el ({u?}),  e"¢S({u/F}) ~ "y ({uf)),

for some discrete bulk and surface potentials wf, 7. This heuristic argument is made rigorous in
Section 4.1, where we carefully state the correct hypotheses on the interaction potentials and we
refer the reader to this section for more details.
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1.3. Plan of the paper. The paper is organized as follows. In Section 2 we recall some basic
notation and we introduce the discrete functionals under consideration together with the precise
assumptions on the potential ¢5. Section 3 is then devoted to the proof of the integral-representation
Theorem 3.1 and to the treatment of Dirichlet boundary problems. The latter allows us to obtain
asymptotic minimization formulas for the integrands f and g in (1.2) (see Remark 3.13), which are
a key ingredient to prove the homogenization result Theorem 4.3. This is done in Section 4, where
we also state precisely the periodicity- and the separation-of-scales assumptions. We conclude the
paper by giving some examples that fall into the framework of our discrete energies in Section 5.

2. SETTING OF THE PROBLEM

Notation. Let n > 1 be a fixed integer and 2 C R™ an open, bounded set with Lipschitz boundary.
We denote by A(2) the family of all open subsets of Q2 and by A"9(Q2) the family of all open subsets
of Q0 with Lipschitz boundary.

Let {e1,...,e,} denote the standard orthonormal basis in R™. If v,£ € R™ we use the notation
(v, &) for the scalar product between v and £ and by |v| := /(v, V) and |[V]s = SUP;<p<p |V, k)]
we denote the euclidian norm and the supremum norm of v, respectively. Moreover, we set S”~ 1 :=
{v € R": |v| = 1} and for every v € S"~1 we denote by I, := {z € R": (x,v) = 0} the hyperplane
orthogonal to v and passing through the origin and p, : R™ — II,, is the orthogonal projection onto
II,. Further, Q" denotes the unit cube centred at the origin and with one face orthogonal to v,
and for every xop € R™ and p > 0 we set Q) (v0) := zo + pQ”. If v = e, for some k € {1,...,n} we
simply write @ and @, (o) in place of Q°* and Q%* (o).

For every A C R™ we write | A| for the n-dimensional Lebesgue measure of A, while H"~! denotes
the (n — 1)-dimensional Hausdorff measure in R™. If p € [1,4+o00] and d > 1 is a fixed integer we
use standard notation for Lebesgue spaces LP(Q;R?) and Sobolev spaces WP (2; R%). Moreover,
SBV (£2;R?) denotes the space of R%-valued special functions of bounded variation in Q (see, e.g.,
[6] for the general theory). If u € SBV(Q; R?) we write Vu for the approximate gradient of u, S,
for the approximate discontinuity set of v and v, is the generalised outer normal to S,. Moreover,
ut and u~ are the the traces of u on both sides of S, and we set [u] := vt —u~. We also
consider the larger space GSBV (Q;R?) defined as the space of all functions u :  — R? such that
pou € SBWVue (2 R?) for every ¢ € C1(R?;R?) with supp(Ve) CC R For p € (1, +00) it is also
convenient to consider the spaces

SBVP(Q;RY) := {u € SBV(Q;RY): Vu € LP(Q;RY™), H"1(S,) < +oo}
and
GSBVP(;RY) := {u € GSBV (4 RY): Vu € LP(Q;R™), H"71(S,) < +oo}.
Notice that GSBV?(Q;R?) is a vector space and for every u € GSBVP(Q;R?) and ¢ € C*(R%; R?)
with supp(Vy) CC R? there holds p o u € SBVP(Q;R?) N L (Q; R?) (see, e.g., [29, Section 2]).

For 29 € R*, v € S, ¢ € RY and M € R¥™" we will frequently consider the jump function

uf po R — R? and the affine function ups ., : R® — R? defined by setting

¢ if (v —xo,v) >0,
v = d @ = M(x — xzg), 2.1
U¢ 2o (I) {0 i <I — o, V) <0, an UM, o(x) (:C 1'0) ( )
for every z € R™.

Setting. In all that follows € > 0 denotes a parameter varying in a strictly decreasing sequence
of positive real numbers converging to zero. For any ¢ > 0, u : R® — R%, ¢ € Z" and 2 € R" we
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denote by
Dbu(z) = u(z + €€) — u(x)
el¢]
the difference quotient of u at x in direction &. If ¢ = e;, for some k € {1,...,n} we write DFu(z)

in place of D¢ u(x).

We now introduce the discrete functionals considered in this paper. To this end, for every A C R™
let Z.(A) :== ANeZ" and set A (QR?) := {u : Z.(Q) — R9}. It is then convenient to identify
discrete functions u € A.(Q;R?) with their piecewise constant counterpart belonging to L!(Q;R?)
defined by setting

u(z) == u(i) = u' for every x € i+ [0,¢)", i € Z.(Q). (2.2)

If (u.) is a sequence in A (€2; R?) we say that (u.) converges in L (£2; R?) to a function u € L'(Q;R?)
if the piecewise constant interpolation of (u.) defined as in (2.2) does so.

Finally, for every i € Z.(Q) it is convenient to consider the tranlated set ; := Q —i. We
then consider functions ¢5 : (R%)%<(%%) — [0,400) and we define the discrete functionals F. :
LY (3 RY) x A(Q) — [0, +00] as

> e ({u Y ez o) if u € A(QRY),
F.(u, A) := { i€z.(4) (2.3)
+o0 otherwise in L'(Q;R%).

In the case A = Q we omit the depedence on the set and simply write F.(u) in place of F.(u, ).
With the identification as in (2.2) and the corresponding L' (£; R?)-convergence we aim to describe
the I-limit of the functionals F. in the strong L!()-topology under suitable conditions on the
energy densities ¢5. Namely, we assume that the functions ¢ : (R%)Z=(2) — [0, +00) satisfy the
following hypotheses for every ¢ > 0 and i € Z. ().

(H1) (translational invariance) For all w € R? and z : Z.(£;) — R4,
¢ ({z7 + whjez.) = ¢ ({z'}jez.n);

(H2) (monotonicity) for all z,w : Z.(€;) — R? with |27 — 2!| < |w? — w!| for every j,1 € Z.(;)
we have

({2} ez ) < 65 ({w'}jez )

(H3) (upper bound for linear functions) there exist ¢; > 0 and p € (1, 400) such that for every
M € R¥*"™ we have

i ({(Mz)'}jez. @) < ar(|MP +1),

where by (Mx) we denote the linear function defined by (Mz)’ := Mj;
(H4) (lower bound) there exists ¢ > 0 such that

¢;({z'}jez.(a,)) = c2min {Z |DE2(0)[P, i} ;

k=1
for all i € Z.(Q) with i + eej, € Z.(Q2) for every k € {1,...,n} and every z : Z.(Q;) — R%

Moreover, we require that the following is satisfied.
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(H5) (mild non-locality) For every € > 0, a € N, j € Z.(R") and { € Z™ there exists ¢Z§, > 0 such
that for every i € Z.(Q) and for all z,w : Z.(€;) — R? with 2/ = w’ for all j € Z.(eaQ)
there holds

05 ({2} jez. ) < 0 ({w'} ez n)
Z Z CJ mln{|D5 ()|1’714_"2(]-"_65)_7~U(¢7""5'f)}7

g
jeZ.(Q) cenn
j+e£e;

and the sequence (%)) satisfies that following:
hmsup Z Z Z cgi < +00 (2.4)
a€N jeZ. (Rn) EELN
and for every n > 0 there exists a sequence (Mf;) with eM, — 0 as ¢ — 0 such that
lim sup Z s < (2.5)
e—0 1. ’
max{e,1|j],1€} > M

(H6) (controlled non-convexity) there exists c3 > 0 and for every € > 0, j € Z.(R") and § € Z"
there exists ¢Z'¢ > 0 with

lim sup Z Z At < +oo (2.6)

20 ez (Rn)Eein

such that for all i € Z.(Q), every z,w : Z.(€;) — R¢ and every cut-off ¢ : R — [0,1] we

have
o ({@’27 + (1 — )’} ez ) < e3 (85({27 }jez. () + 0§ ({w’ ez )
+ R (2,w, ¢),
where

R(z,w, )= Y. > ng< sup Iwa(l)l”IZ(ijsé“)—w(j+6£)|”>

jE€Ze (Q ) gezn lEZE(Qz)
j+eEeQ; Re{l,n}

DD c“<mm{|Df<>| o mn {iguP f§}>;

JEZ.(R) E€T™
Jt+ege;
Remark 2.1. Hypotheses (H1) together with (H3) imply that for every € > 0, i € Z.(Q2) and for
any constant function z : Z.(Q;) — R%, 27 = w for all j € Z.(Q;) we have

05 ({2} jez. ) = 61 ({05 + w}jez. o) = ({05 }jez. ) < + 1. (2.7)

Notice that the condition on the decaying tail of the sequence (¢£%,) in (H5) is slightly more genereal
then the corresponding conditions in [1] and [17]. In fact, therein the authors choose for every n > 0
a constant M, > 0 uniformly in € such that the analog of (2.5) is satisfied. Here we show that this
assumption can be weakened by allowing My to depend on ¢ as long as eM, — 0. This weaker
condition makes it possible to rephrase an example considered in [10] in our framework (see Section
5.3).
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Remark 2.2 (Smooth truncation). In order to apply (H2) we will need to truncate R%-valued func-
tions in a suitable way. To this end, following the approach in [22] we consider ¢ € C°(R)
with o(t) =t for all t € R with [¢t| < 1, ¢(t) = 0 for all ¢ > 3 and ||¢||ec < 1 and we define
¢ € C(R%; RY) by setting

ol iHCAD,

6(C) = e

0 if(=0.
The function ¢ is 1-Lipschitz [22, Section 4] and for every k € N the function ¢ defined as
ox(C) == kd)(%) is also 1-Lipschitz. In particular, since ¢ (0) = 0, we have

|1 ()] < [¢| for every ¢ € RY. (2.8)

For every u : R® — R? we now define the truncation Tyu := ¢ (u) and we observe that thanks to
(2.8) and the 1-Lipschitzianity of ¢y, (H2) yields

Fs(Tku7 A) < Fe(u» A)a (2'9)

for every k € N, ¢ > 0, A € A(Q) and u € A.(Q;R?). Moreover, for every u € GSBV?(£; R?) and
every k € N the truncation Tju belongs to SBVP?(Q; R?) N L>(Q;RY) and || Tul r~ < 3k. Finally,
if u € GSBVP(Q;RY) N LY(;RY) there holds (see [32, Lemma 2.1])
(i) Tyu — v a.e. and in L'(Q;RY) as k — +oo,
(ii) VTpu(z) = Vor(u(z))Vu(z) and in particular |VTiu(z)| < |Vu(z)| for a.e. x € Q and
every k € N,
(iii) St C Sy and ([u],v) = ([Tku],vru) H" t-ae. on St up to a simultaneous change
of sign of [Tyu] and vr,,, and by Lipschitzianity |(Tju)™ — (Thu)~| < |ut —u~| for every
k € N. Moreover limy_, 1 oo H" 1(S70) = H" " 1(S4)-

Remark 2.3 (I-liminf and I'-limsup). In all that follows we use standard notation for the I'-liminf
and the T-limsup, i.e., for every pair (u, A) € L*(Q;R?) x A(£2) we set

F'(u, A) :=T- limi(l)lf F.(u, A) := inf{lim iglf F.(ue, A): ue — uin L* (R},
E— E—

F"(u, A) := I-limsup F;(u, A) := inf{limsup F.(uc, A): ue — u in L*(Q;R%)}.
e—0 e—0
If A=Q we write F'(u) and F"(u) in place of F'(u,Q) and F”(u, Q).

The functional F’ is superadditive as a set function [28, Proposition 16.12] and both the function-
als F” and F" are increasing as set functions [28, Proposition 6.7] and L!(2; R%)-lower semicontinu-
ous in u [28, Proposition 6.8]. Moreover, from (2.9) it is easy to deduce that F'(Tpu, A) < F'(u, A)
and F"(Tyu, A) < F"(u, A) for every (u, A) € L*(Q;R?) x A(Q) and k € N. Hence the L!(Q;RY)-
lower semicontinuity together with (i) in Remark 2.2 ensure that

lim F'(Tyu, A) = F'(u, A),
k——+oco

lim F"(Tyu, A) = F" (u, A). (2.10)
k— 400

Finally, we also consider the inner regular envelopes of F’ and F" defined as
F' (u, A) :=sup{F'(u, A"): A" € A(Q), A" ccC A},
F"(u, A) :=sup{F"(u, A"): A" € A(Q), A" cC A}, (2.11)

respectively. Then F’ and F” are inner regular by definition, increasing and L'(2;R?)-lower
semicontinuous [28, Remark 15.10].
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3. COMPACTNESS AND INTEGRAL REPRESENTATION

In this section we state and prove the first main result of the paper, which is the following
integral-representation result for the I'-limit of the functionals F..

Theorem 3.1 (Integral representation). Let F. be as in (2.3) and suppose that ¢f : (R?)Z=(%) —
[0,4+00) satisfy (H1)-(H6). For every sequence of positive numbers converging to 0 there exists a
subsequence (g;) such that (F.,) I'-converges to a functional F : L*(Q;R?) — [0, +00] of the form

n=l p(Q). R4 1. d
Flu) = /Qf(:c,w)dwr/ 9(@, [u],v) dH if u € GSBVP(Q; RY) N LY(Q;RY),

u

(3.1)
+00 otherwise in L'(Q;R?).

Here, for every xg € R*, v € S"~1, ¢ € R? and M € R*¥*™ the integrands are given by the formulas

: 1 v . 1 v v

f(@o, M) = limsup —m(unre,, @y (20)),  g(@o,(,v) = limsup ——m(u ., Q(70)), (3.2)
p—0 P p—0 P

where un gy, uf ., are given by (2.1) and for every u € SBVP(Q;RY) and every A € A™I(Q) we

have set

m(i, A) == inf{F(u, A): u € SBVP(A;R?), w =14 in a neighborhood of DA}. (3.3)

In particular, g(z,t,v) = g(x, —t,—v) for every (z,t,v) € Q x R? x S"~1. Moreover, for every
A€ A™9(Q) and every u € GSBVP(;RY) there holds

- lim F. (u,A) = / f(z, Vu) dx + / g(x, [u],v,) dH™ 1. (3.4)
Jotoo A S,NA

We will prove Theorem 3.1 gathering Propositions 3.2 3.3, 3.5, 3.7 and 3.9 below which together with

the general compactness result Theorem 3.11 ensure that the I'-limit F' exists up to subsequences

and that a suitable perturbation of F' satisfies all hypotheses of [9, Theorem 1]. As a first step we

show that F” (-, A) is local for every A € A"9(Q).

Proposition 3.2 (Locality). Let ¢5 : (R%)%(2%) — [0, +00) satisfy hypotheses (H1)-(H6). Then
for any A € A79(Q) and u,v € GSBVP(;RY) N LY (Q;R?Y) with u = v a.e. in A we have

F"(u, A) = F"(v, A).

Proof. Let A,u,v be as in the statement. Thanks to (2.10) it suffices to consider the case u,v €
SBVP(Q;RY) N L= (2 RY). Let us show that F”(u, A) < F”(v, A). To this end, choose u.,v. €
A (;RY) converging in L' (€;R?) to u,v, respectively and satisfying

. o . R/
611_% F.(ue, A) = F"(u, A), gl_r}(l) F.(ve,A) = F" (v, A). (3.5)

Up to considering the truncated functions T, te; T
Bllull Lo, el < 3llullz~.

For fixed 7 > 0 and every € > 0 let Mg > 0 be given by (2.5) and define w. € A.(€;R?) by
setting

Lo Ve We can assume that [|uc|/ze <

b if disteo (4, A) < eMg,
~ |ul otherwise in Z.(Q).
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Since the sequences (u.), (v:) are bounded in L>(; R?) uniformly in ¢ and v = v a.e. in A we
have
lwe — UHLI(Q) < |lve — 'UHLI(A) + ||ue — u||L1(Q\A) +ce"#{i € Z.(Q): dist(i,04) < EMZ}
Moreover, since 0A is Lipschitz it admits an upper Minkowsky content, hence
(eMy)"'#{i € Z(Q): dist(i,04) < eMy} < cH" 1 (DA) + ocpr: (1).
Thus, the assumption on My ensures that we — u in LY (€;R?%), which implies that

F"(u, A) < limsup F.(we, A). (3.6)

e—0

We now come to estimate Fr(we, A). For every i € Z.(A) we set
ac (i) == sup{a € N: w! = v! for every j € Z.(i + eaQ)},
so that condition (H5) yields

FE(U)Ea A) < Z €n¢5<{vé+j}j€Zs(Qi))
iGZs(A)

1 4 [witi+e — yiti+e| } 57

+ Z en Z Z ci”ia(i) min{|D§wi+]P7 -
1€Z:(A)  jEZ(Q) EEL
j+ee;

We observe that by construction a. (i) > My for every i € Z.(A). Estimating the minimum in (3.7)
with (1 + w7+ — ¢iti+¢]) /e and using the uniform bound on ||v.||z~ and ||w.||z~ thus gives

Fe(we, A) < Fo(ve, A) + (L4 3llullpe +3[lvllze) D D D ebe""#{i € Zo(A): ac(i) = a}.
a>M¢ jeZ. (Rr) E€Ln
Moreover, the Lipschitz regularity of A yields
eV € Z2(A); (i) = a} < H(0A) + 0.(1),
which in view of the choice of My and (2.5) gives

lim sup F.(we, A) < limsup F.(ve, A) + cn.

e—0 e—+4o0

Gathering (3.5) and (3.6) we thus obtain
F'(u, A) < F"(v, A) + en,
and the desired inequality follows by the arbitrariness of n > 0. a

As a next step towards the proof of Theorem 3.1 the following two propositions show that F”
and F" are finite only on GSBV?(£;R%) N L}(Q; R?) and satisfy suitable growth conditions.

Proposition 3.3 (Lower bound). Let F. be given by (2.3) and suppose that the functions ¢S :
(R} %) 5 [0, 4+00) satisfy (H4). Let A € A™9(Q) and u € L'(%RY) with F'(u, A) < +oo.
Then u € GSBVP(A;RY) and
F'(u,A) > ¢ (/ |VulP doz +H" (S, N A)) (3.8)
A

for some ¢ > 0 independent of u and A.
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Proof. Let (u,A) € L'(;R?) x A™9(Q) be as in the statement and let (u.) C A:(Q;R?) be a
sequence converging to u in L'(€2;RY) and satisfying sup, F.(u., A) < +oo. In view of (H4) we

have

RS o 1

Fo(ue, A) > co Z 5"m1n{Z|D§uE(z)|p,E}, (3.9)
1€Zc(A) k=1

hence [32, Lemma 3.3] applied to £ = Z" and f(p) = min{[|p|1, 2} together with the uniform

bound on F_(u., A) yield u € GSBVP(A;RY). Moreover, from [32, Lemma 3.3] and (3.9) we also

deduce

lim inf F.(u., A) > ¢ (/ |VaulP dz +H" (S, N A))
e—0 A
for some ¢ > 0 independent of u and A, hence (3.8) follows. O

In order to prove an upper bound for F”(u) we need to restrict to a suitable dense class of func-
tions. To this end, it is convenient to introduce the following definition of a regular triangulation.

Definition 3.4. Let A C R™ be open, bounded and with Lipschitz boundary. We say that a
family (U;)i=1,...,v of pairwise disjoint open n-simplices Us, ..., Uy is a regular triangulation of A
it AcC Ufil U, and if for any (I,I') € {1,...,N}? the intersection S, := U, N Uy is either the
emptyset or an (n — k)-dimensional simplex for some k& € {1,...,n}. The (n — 1)-dimensional
simplices S;;» are called the faces of the triangulation and by ¢ € (0,7) we denote the minimal
angle between two faces of such a triangulation.

Proposition 3.5 (Upper bound). Let A € A™9(Q) and u € GSBVP(A;R?) N LY (4 RY) and
suppose that the functions ¢S satisfy (H1)-(H6). Then

Flan<e( [ (i [ gt e e et e) e
A S.NA
for some ¢ > 0 independent of u and A.

Proof. Let © C R™ be any open bounded set with Lipschitz boundary such that Q cc Q.
Step 1: As a preliminary step we prove the existence of some constant ¢ > 0 such that for any
u € SBVP(Q; RY) N L>®(;RY) and any A € A™9(Q) there holds

F”(u,A)<c</A(|Vu|p+1) d:r+/ (1+|u+(y)—u—(y)|)dH”—1(y)>. (3.11)

S,NA
We first prove (3.11) for A polyhedral set.

Thanks to [27, Theorem 3.1] (see also [26, Theorem 3.9]), employing a standard density argument
it suffices to prove (3.11) for u € SBV?(;R?) N L>°(Q; R?) such that S, is essentially closed (i.e.,
H"1(S, \ Su) = 0), S, is the intersection of £ with a finite union of (n — 1)-dimensional simplices
and u € Wh°(Q\ S,;R%). Moreover, since u € Wh>°(Q\ S,;R%), arguing again by density we
may assume that u is piecewise affine on Q \ Sy

More precisely, we may assume that there exist a regular triangulation (U;);=1,.. n of Q and
My,...,My € R*™*" b, ... by € R? such that u satisfies the following.

(i) w(z) = S Xpyna (@) (Miz + by) for any z € QN U, Uy

(i) S, =Qn Uszl Sty » where (Slk,l;)k=1,4..,K is a collection of faces of the triangulation;
(iii) for any face Sy with (1,1") # (I, 1},) for every k € {1,..., K} we have

U(I) = Mz + b, = Mpx + by for every x € SU"
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Since A is a polyhedral set, up to refining the triangulation and renumbering the simplices we may

also assume that
L
a-Un
=1

for some L < N. Finally, we can assume that Ul,l, Siw NeZ™ = 0, since otherwise we may
consider the shifted lattice eZ™ + & for a suitable sequence . — 0. We then define a sequence
(ue) C A(;RY) by setting

ul :=wu(i) for every i € Z.()

€

and we notice that u. — u € L'(€;R%). Moreover, we write

L
Fe(ug, A) =Y Fe(uz,Uh), (3.12)
=1

and we estimate F.(ug,U;) for every I € {1,...,L}. To this end, for | € {1,...,L} fixed and for
i€ Z.(Up) set
al(i) :=sup{a € N: ul = Mj + b, for every j € i +eaQ}.
Thanks to (H1) and (H5) we deduce
F(us,U) < ) e"¢i({(M)(i + )} ez o)
1€Z.(Uyp)
: : o L fu(i 4 g+ e€) — (M +b) (i +j +
+ Z e Z Z C;:ig(i) min {|D§U(Z+])|pa u(é g +e6) = (Mi it E£)|}

3
i€Z:(Ur) jE€Z:(Qi) §€L”

JHe€eQ);
=1, +1,. (3.13)
Moreover, (H3) gives
Ly<er > e(MP+1)= cl/ (|[VulP +1) dz + o(1), (3.14)
ieZa(Ul) Ul

so that it remains to estimate I% ,. To do so, we need to introduce some notation. In what follows
fore >0,i€ Z(U)), j € Z.(Q;) and £ € Z™ we use the abbreviation

1+ |u(i+j+¢€f) — (Ml$+bl)(i+j+af)|}
5

m”3u (i) := min {|D§u(z + )P,

67

Further, by

N(@):={l'e{1,...,N}: S;p is an (n — 1)-dimensional simplex }
we denote the set of all indices which label the “neighbouring” simplices of U;. Moreover, for n > 0
fixed and every € > 0 we choose M,, > 0 such that

lim sup Z céi <,
e—0
mac{ e, 271, €]}> Mz
and we find m. € N such that em. — 0 and m, > 4]{;’:(‘339, where 0 € (0,7) is as in Definition 3.4.
Finally, for any I’ € N (1) set

IV = {i € Z.(U)): distos(i,Up) < em.}
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and
Tt = Z.(U)\T!.
Setting Uy := {z € U;: distoo (2, R" \ U;) > e} we get

N 7' =z.p).

UVeN(l)
For I’ € N(I) we also set
Eé/ :: ﬂ jél/
U""eN()
l//#l/

and we rewrite I! 2 as

12,2: Z " Z Z ea(z) elu()

1€Z:(UF) JEZ () L™

jtegeqy
D DD DR DR D i A
U1 eN(l) ieTlt nzg”m J€Z:(Q) ger”
VAL Jtetes

+ 3 Y Y Yt pmbul). (3.15)

VeEN()iez!nLl jE€Z:(Q;) €er”
J+ege;

In order to estimate the first term in (3.15) we notice that
e i € Z.(UF): k(i) = a} < cH" 71 (0U)) + 0-(1)

for every a € N. Moreover, for every i € Z.(UF) we have al(i) > 2m.. Thus, the estimate
mifu(z) < (2|uljpe + 1)t yields

T
> > > dipmiinG)
iEZE(Uf) JEZ. () Een™

j+egeq;

S@42ullpe) Yo Y > die T #{i € Zo(UF): ok(i) = o}
a>2m jeZ. (R™) EEZ™
< c(u) > cl%,. (3.16)
max{a,L]j],1§]}>M¢g
To bound the second term in (3.15) we observe that for every I',1” € N(I) with I’  I" and every
o € N we have

En_l#{i S Ié/ ﬂIé”: ala(l) = OZ} S EmecC (Hn_l(sl’l/) + Hn_l(sl’lu) + OE(1>) .
Hence, as in (3.16) we obtain

Yoo X X digmiiu()

U'eN() ieTt ng”m JEZ: () L€
VA ' JHegeq

< (14 2|ul|ze) Z Z Z Z 035 "lieT ﬂIg,/m: al(i) = o}

U'1"eN () aeNjeZ (R") E€Zn
l;él”
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c(u,n)em Z Z Z cgg —0ase—0. (3.17)

aENjeZ. (Rn) E€Zn

Finally, the last term in (3.15) can be estimated as follows. If j € ¢Z™ and £ € Z™ are such that

max{1j], ¢} > ’chzlsne‘g then the choice of m. allows us to deduce that

Z Z e" Z C;i (z) 55“’( )

VITeN ) i€l Nl max{Ljl,1€]}> 555
l/#[//

<+2ull=) > Y > dientylie 7V n Ll ol(i) = a}
U0 eN (1) a€Nmax{L1|j|,|¢[}>M;
l/¢l//
< c(u,n) > s (3.18)

max{e, 2[5],1€]}>Mg
where in the last step we have used that
e lufie IV n Ll ol(i) = o} < eH N (S1) + 0 (1).

Otherwise, for every I’ € N(1), i € TV N LY and j € Z.(Q;), £ € Z" with max{1|j|, ¢} < mesing
we have [i + j,i + j + &£ C Uy UUp. We now distinguish between the case where S;,;» does not
belong to S, (i.e., (I,I") # (I, 1) for every k € {1,..., K}) and the case where (1,I') = (Iy,1},) for
some k € {1,...,K}.

In the first case we have u € W1>°(U; U Up; RY), hence the inclusion [i + 7,7+ j + &€& € Uy U Up
together with Jensen’s inequality yield
P

1
mifu(i) < 1DSui+ ) = | [ Vali+i+ et)gdr
0

n
P

1 1 ) )
< |§|p/ V(i + 7 + et P[P dt < [|Vull L w,uv, v
0

so that
N3 3E€. (s
Z Z Z C'; ,ak (i )6 me,lu(l)
i€V NLY  JEZ: () gez”
em. sin 6 me sin 6

1< 4 cos 6 lel< 4 cos 6

= Z Z Z IVull Lo (0,00, R4 CjE e"#{ie Il ﬂljl ol (i) = a}

aeN jez. (Rn) E€Zn

< ec(u) Z Z Z cg:a —0ase—0. (3.19)

aeNjeZ. (Rn) E€Ln

Suppose finally that S;;» = S, ;; for some k € {1,...,K}. Then we may estimate E”mi’fu(i) as
follows,

Ju(i) < e"THL A [(My @+ by ) (i + j + €€) — (M@ + by, ) (i + j + €€)])
(1+|( My @ + by ) (py, (i) + dist (i, 11, ) + j 4 £€)
(Mlkx + blk)(pw( )+ diSt(Z’,H,,k) +J +5£)|)

_ . . sin 0
< e (1 My (8) + by, — (Mypu (1) + by,)| + [Myg, — My | (v + 4COSG>6mE)
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<cf (1 1My o (0) + by, = (Moo (8) + bu)| + eme| My = My, ) a1~ (y)
Py, (D) +[0,8)" T

< C/ ()4[0.0) (1+|Ml;y+bl; — (M y + bi,)| +e(me + 1)[ My, *Mzk|> aH ().
Py, (1)+[0,6)™ 1

Note that My y + by, = ut(y), My y + by, = u=(y) for H" tae. y € St 1p.- Hence, we obtain

B3 7€
Z Z Z Cz:a (1)5 m! Ziul(i)
iezlkmcl;“ ez () gEL”
€ eme sin 6 ‘£|<m5 sin @
1< 4 cos @ 4 cos 6

e Y oys X [ (et ) e @) e )

€N jeZ, (Rn) E€Zn IRY

€Tk Lk
alk () =a
<(ef Q) - w D)+ clemH T S)) S S S e (320)
Agl,k,l;C a€NjEZ (R™) EELN

Eventually, summing up over [ and gathering (3.12)-(3.20), thanks to the choice of M and m. we
deduce that

fimsup F(ue, 4) < ¢ ( [ vy as [ ) = ) cm"-%y)) T efupn,

hence (3.11) follows by the arbitrariness of n > 0.
In the general case A € A™9(Q) we choose A’ polyhedral with A cC A’ cC Q. Since F” is
increasing in A we then obtain

Pl d) < Py <e ([ 0vap e s [ ar e - e mhane).

and (3.11) follows by letting A’ \, A.

Step 2: We now prove (3.10) for A € A™9(Q) and u € SBVP(A;R%) N L>®°(A4;R?). Thanks
to the Lipschitz-regularity of A, using a local reflection argument we can extend u to a function
@ € SBVP(Q) N L>(Q) in such a way that H"'(Sz N dA) = 0. Thus Step 1 together with
Proposition 3.2 give

F"(u, A) = F' (i 4, A) SC</A(|VU|”+1) dx+/SmA<1+|u+(y)—u‘(y)|>d“rt"‘1<y))
¢ ( J v ass [ et - u<y>|>cm“<y>) .

Step 3: We finally remove the assumption v € SBVP?(A;R?) N L>®(A;R?) by considering
the truncated functions introduced in Remark 2.2. More precisely, for any u € GSBVP(A;R%) N
LY(Q;RY) and any k € N consider the truncation Tyu € SBVP(A;R?) N L>(2;RY). Combining
Step 2 with (2.10) we then obtain

1" 1 "
F'u, 4) = lim F(uy, 4)

< climsup (/ (IVTiul? +1) dx +/ (4 [(Thw) ™ (y) - (TkU)(y)l)dﬂnl(y)> :
A SrypunA

k— 400
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hence (3.10) follows by Properties (ii) and (iii) in Remark 2.2. O

As a next step we establish an almost subadditivity of the functionals F”’. As a preliminary step
we prove a version of [1, Lemma 3.6] adapted to our setting.

Lemma 3.6. There exists ¢ > 0 depending only on n such that for any u € A.(Q;R?) and any
&€ Z™ we have

- i 1
min D5 ‘P } min DFyiP = %
‘GZZ(Q) {| " ezz(;e {Z| - 5}
1€, 1€Z.(BR) k=1

i4+e£€Q

where Br C R™ is any open ball with Q CC Bpg.
Proof. Following the same procedure as in [1, Lemma 3.6] for £ € Z™ and i € Z.(R™) we set
TE(i) = {j € Z-(R"): (j + [-e,e]") N [i, i +e€] # 0},
and for i € Z.(Q) with ¢ + £ € Q we choose a sequence (ih)‘h&‘:lo C Z&(i) satisfying
i =1, fdg, =i+, in=ipn_1+ ey for somei(h) € {1,...,n},

so that
€11

Eu i) ‘ €| Z Dz w(in—1)
As in [1, Lemma 3.6], applying Jensen’s 1nequahty we obtain

z €]
DS < g 32 D uCi

hence the fact that min is non-decreasing y1elds
p €

. . 1 . nz i . 1
i {|D§u<z>|’n |§} <min§ £ > DX u(in )l g
h=1

€11 D
[3F! n: k (95
= mm Z|Dl(h w(in—1)|, 7 ¢ < Z Z|D e, D
e¢In® € jeTs (i) k=1 “el¢ln®
g
min DFu(j)P, mlp , 3.21
= Iel; Z {Z' ' leinE (3.21)
JEZLe (4)

where in the last step we have used the subadditivity of min. Let Br C R™ be any open ball with
Q cC Bg. Notice that for £ € Z", i € Z.(Q) with i + £ € Q and ¢ sufficiently small there holds

Z8(i) C Z.(Bg). Thus, from (3.21) together with the fact that ||€|1 <1 we deduce

|&|n2

> {Dﬁu(i)?’,l} e ¥ A10) {Z } (3.22)
e elél = I€h ies(Br) Pt
i+e€EN

where for any j € Z.(Bg) we have set
JEG) ={i € Z(Q):i+e£€Q, jeT()}.
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In [1, Lemma 3.6] it has been proved that #75(j) < ¢(n)|¢] for some ¢(n) > 0 independent of ¢, 5, ,
hence the result follows from (3.22) taking ¢ = ¢(n)n? upon noticing that |£| < |€];. O

Proposition 3.7 (Subadditivity). Let u € GSBVP(Q;RY) N LY RY) and A,B € A(Q) and
suppose that ¢5 satisfy (H1)-(H6). For every A',B" € A™9(Q) with A’ CC A and B’ CC B we
have

F'(u, AU B < F"(u,A) + F"(u, B). (3.23)

Proof. Tt suffices to prove the result for u € SBVP(Q; RY)NL>(Q;RY), then the general case follows
by arguing as in Step 3 of Proposition 3.5. Moreover, we can assume that F"(u, A) + F"'(u, B) <
+00, otherwise the inequality trivially holds. Let (u.), (v.) C A-(€2;R?) be two sequences converg-
ing in L'(2;R?) to u with

lim sup F-(ue, A) = F"(u, A) < +o0, (3.24)
e—0

limsup F.(ve, B) = F"'(u, B) < +0. (3.25)
e—0

Thanks to (H2), upon considering the truncated sequences (Tasuc), (Tarve) with M = [Jul| o (ra)
we can always assume that ||uc||pera), [[Vel oo (ire)y < 3[ullpe(oure) for every e > 0, which

implies that u. — u, v. — u also in LP(Q;R?). Moreover, in view of (H4) we get

S 1
sup Z e" min {Z | DFl P, 5} < 00, (3.26)

e>0

i€Z.(A") k=1
sup €" min |Dk : < 00, (3.27)

for every A” CC A, B” CC B.

Step 1: We first replace (ue) and (ve) by sequences (u.), (0e) satisfying (3.26) and (3.27)
with Bg in place A” (respectively B”), where B C R™ is an open ball with Q@ cC Bg. To
do so, arguing as in Proposition 3.5 we extend u € SBVP(Q;R?) N L>®(Q;R?) to a function @ €
SBVP(Bg;RY) N L>(Bg; R?) with

F'(t0,Q) < ¢ (/Q(|Vu|p +1)dx +/ (1+ |u™(y) — u(y)|)d7—l”1(y)> < +oo0. (3.28)

In view of (3.28) there exists a sequence (w.) C A< (Q; R?) converging in L' (Q;R?) to @) = u with
limsup F (we, Q) = F" (00, Q) < 400.

e—0
Arguing again by truncation we can assume that |[we || (qra) < 3[[ul| oo (o;re) for every e > 0 and
thus w. — u in LP(Q; R%). Moreover, appealing once more to (H4), upon extending w. by 0 outside

of 2 we get
-
sup Z €" min {Z |DEwl P, E} < +00. (3.29)

€20z (Br) k=1

We now choose A” A" B" B" € A"9(Q) with A’ cCc A” cc A” cc Aand B’ cc B” cC
B ccC B and cut-off functions ¢4 between A” and A" and pp between B” and B". Set

Ue := @aue + (1 — pa)we
Ve = opve + (1 — p)w..
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We still have @i, 9. — u in LP(Q; R?), so that

1 ny _ 5P =
lim > i —v.P =0, (3.30)
1€Z:(Q)

Further, for every i € Z.(Bg) and every k € {1,...,n} there holds
DRl = (i 4 eep)DFul 4+ (1 — (i + cep)) DFw! + DFp (i) (v — w?).

Thus, (3.27) and (3.29) together with the equi-boundedness of ||vc||p»(q;rd), [|we e (o;re) and the
fact that {¢4 > 0} CC A yield

sup Z € mm{z |DEai|p, 5} < +o00. (3.31)
k=1

€20z (Br)

Anlogously we also obtain

sup Z € m1n{Z| oiP, } < +o0. (3.32)

€20z (Br)

Step 2: For fixed n > 0 we now construct a sequence (1.) C A.(€;R?) converging to u in
L' (;R?) and satisfying
limsup Fe (., A" U B') < (14 n)(F"(u, A) + F"(u, B)) + c(u, A’, B')n, (3.33)
e—0

then (3.23) follows by the arbitrariness of n > 0.
Let n > 0 be arbitrary and for every e > 0 let M7 > 0 be as in (2.5) in (H5) with

lim sup Z cgi <

e—0
max{a,L|4],1¢|} > Mg

Moreover, set d4 := dist(A’,R™ \ A”), choose L € N and for every [ € {1,..., L} set
l
A= {a: e A" dist(z, A') < iA },
and let Ag := A’. Notice that up to choosing A” such that d4 is small enough the sets A; have
Lipschitz-boundary for every [ € {1,..., L} and satisfy H"~1(04;) < H" 1 (0A") + 1.

For every [ € {1,...,L — 1} let ¢; be a cut-off function between A; and A; 1, so that ¢; =1 on
A, 1 =000 Q\ Ay and [Ver|| e pny < 2E.

We also set dp := dist(B’,R™ \ B”) and we choose g9 > 0 such that e\/nM; < min{dp, 9
for every € € (0,e9). For every | € {1,...,L — 3} and ¢ € (0,g9) we then define a function
we; € Ac(Q;RY) by setting

e = @@)ag + (1 — (i)

and we notice that w.; — w in LI(Q' R?) as ¢ — 0. Moreover,
(wsl,A/UB) (wsl,Al 1)+F(wsl,(Al+2\Al 1)ﬁB>+Fs(wsyl,B/\Al+2). (334)

We estimate the three terms on the right hand side of (3.34) separately. We start with the estimate
for F,(we,;, A;—1). To this end, for every i € Z.(A;_1) we set

al(i) :=sup{a € N:i+eaQ C A}
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Since ey/nM; < 94, we have al (i) > Mg for every i € Z.(A;_1). Further,
wétj =4t =4 for every j € Z.(cal (1)Q),
and for every a € N we have
"Ml € Z(A1-1): ol (i) = a} < HPTH(OA)) + 0.(1) < c(H"HOA) +1).
Hence, (H3) yields

Fe(wer, i) <0 Y e ({ult ez o)
1€Z:(A1—1)

L w64+ (it
+ oy > aal(zmin{Dgwe,l(i—i—j)pv T fwea(6 44+ ed) U(H‘HEO'}

€
1€Z.(Aj—1) JEZ(Q;) E€L™
j+efe;

< Fe(ue, A)+ (L46ulz=) Y > Y i #{i € Z(Ain): ol(i) = a}

a>M; jeZ. (Rn) E€Zn

< Fe(ug, A) + c(146uf o) (H"H@A) +1) Y >0 D s, (3.35)

a>M;g jeZ. (Rr) E€Ln

Analogously, for every i € Z.(B’ \ Aj42) we set

BL(i) :==sup{B € N: i +eQ C B"\ Aj41},
and we observe that 8L(i) > Mg for every i € Z.(B'\ Aj42) and

wiﬁj = 91T = for every j € Z.(efL(1)Q).
Thus, an analogous computation as in (3.35) leads to

Fe(wey, B'\ Aiy2)

< Fo(ve, B)+ (1+6[ufz=) D D> Y i i € Z(B'\ Arpa): BL(0) = B}

B>Mg jeZ. (R™) E€Zn
< Fo(ve, B) + c(1 4+ 6|[ul| ) (H" 1 @A) + HHOB) +1) > >0 > S (3.36)
B>Mg jeZ. (R™) E€Z™

Finally, in view of (H6) we have

FE(we,lv(Al+2\Al—l)mB/)§c3< > (it ez + Y €"¢f({5§+j}jeza(m))>

i€Z-(S1) i€Z:(S1)
+ Z Ean (’ELE; Vg, @1)7 (337)
ieZs(Sl)
where S; := (Aj42 \ A1) N B’ and

p
Rf(ﬂ“@“m:(M) S Y i el) — .+ )]

da JEZ(Q2) ez
jHege

+ Z Z cl=hE (mln{|D5qu H}+min{|D5v3|p 5|1§|})

JEZ(Q) tezm
j+eceq
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Notice that the same computations as in (3.35) and (3.36) lead to

Y i ez ) < Felue, 81) +e(u, &) Y oLt (3.38)
i€Z:(S1) a>Myg jeZ:(R™) Ee2n

and

S ({0 Y ez ) < Felve, S) +e(w, AL B Y YT N e, (3.39)

i€Zc(S)) a>Mn jeZ.(Rn) E€Zn

respectively. Moreover, Lemma 3.6 together with (3.31) and (3.32) give

: 1 . 1
sup sup Z e” (min {|D§ﬂg|p, €|£|} + min {|D§1~)§.|p, €|£|}) <M (3.40)
JEZ:(R)
j+egen

for some M > 0. For every [ we have #{I' # 1: S;N Sy # 0} < 5. Thus, gathering (3.34)-(3.40),
summing up over | and averaging we find I(g) € {1,..., L — 3} such that

Fg(wgﬁl(e) A'uB ) < — ZFs(we,laA/ UB/)

< (1+ L5f34) (Fe(ue, A) + Fe(ve, B)) +c(u, A B) 00 > Y,

a>M: jeZ. (Rr) £€Zn

+L54(<Zii> > Yo D T ef) — (e

i€Z.(A"NB') jeZ.(2) &£eL™
jteceq

+7Li4 Z Z Z cl- 15(mln{|D5u1|p 1£|}+m1n{|D5v7|p |1£|}>

ieZE(A”mB') JEZ(Q) ELez™
j+e€en

( L5C3 ) (F.(ue, A) + F.(ve, B)) + c(u, A, B Z Z Z cgi

a>Mg jeZ. (Rn) EEZM

L . o o
() 6 o) — 0. + O
ez zEZE(R“)

JE€EZ:(R)
j+egen

O_.

5 . a I , o1
frg Y X oat B o (mn{pser g femin {iosir o)
EEL™ zeZ (R™) JEZ- (D)
Jj+ee

g(ufﬁl) (Fe(ue, A) + Fe(ve, B) +e(w AL B) 3° 30 3 cdf

a>M; jeZ. (Rn) E€Zn

=1t l DI SIS DR ol D

EEL™ zeZ . (R™) i€Z: () EEL™ zeZ - (R™)
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hence (3.24),(3.25) and (3.30) together with the choice of M, yield

5
limsup F.(w. i), A UB") < [ 1+ e (F"(u, A) + F"(u, B)) + c(u, A", B')n + <
e—0 ’ L—4 L—14

It remains to choose L € N sufficiently large such that L5£34 <mnand 55 <, then w. 1= w, () is
the required sequence satisfying (3.33). (]

Remark 3.8 (Extension). As a last step we establish the inner regularity of F”/(u,-) on Lipschitz
sets. To this end it is convenient to extend the functionals F.(-, -) to A (€; R?) x A(Q) — [0, +00) for
QCR® open bounded and with Lipschitz boundary such that Q CC Q similar as in [17, Proposition
3.6]. More precisely, for every e > 0 and i € Z.(Q2) set Q; := Q — i and define ¢¢ : (R?)Z=(@) by
setting

o5 ({(z10) }iez. ) if i € Z.(Q),

01} jez @) = {min (S DEz()F, 2} ifi € Z(Q\ Q).

Then, for every (u, A) € A.(Q;R?) x A(Q) we set
Fe(u, A) = Z 5“&?({uiﬂ}jezg(§zi))- (3.41)

€7 ()

Notice that the functions qNSf still satisfy (H1)-(H6) with Q in place of Q and ¢y, ¢, ¢3 replaced by
max{cy,v/n}, min{cs, 1} and max{cs,3?~1}. In particular, Propositions 3.5 and 3.7 hold true also
with Q and F in place of Q and F. Moreover, for every u € A.(Q:R%), @ € A.(Q; R?) with @ = u?
for every i € Z.(€2) and A € A(Q) the definition of ¢¢ implies that

F.(@i,A) = F.(u, A).

Thus, for every u € GSBVP(Q;RY) N LY(Q;RY), @ € GSBVP(;RY) N LY(Q; RY) with @ = u a.e.
in © and every A € A(Q)) we obtain

F" (i1, A) = F"(u, A). (3.42)
The extension described above allows us to proof the following result.

Proposition 3.9 (Inner regularity). Suppose that ¢5 : (R?)Z<(%) — [0, 4+00) satisfy (H1)-(H6).
Then for every (u, A) € GSBVP(Q;RY) N L (;RY) x A™9(Q) there holds

F'(u, A) = F” (u, A),
where F”' (u, A) is as in (2.11).

Proof. Let (u, A) € GSBVP(;RY) N LY (;RY) x A™¢9(£2). Since F" is increasing as a set function
it suffices to prove F"'(u, A) < sup{F"(u, A"): A’ CC A}. A standard way to prove this inequality
consists in using the subadditivity together with the upper bound. In order to apply the same
reasoning in our case we need to consider an open bounded set Q ¢ R™ with Lipschitz boundary
such that Q cC Q and extend F. to a functional F. : A.(€;RY) x A(Q) — [0, +00) as described in
Remark 3.8. Then we apply Proposition 3.5 and Proposition 3.7 to F.

Let Q be as above; arguing as in Step 2 and Step 3 in the proof of Proposition 3.5 we can assume
that u € SBVP(A;RY) N L®(A;R%) and extend u to a function @ € SBVP(;R%) N L®(Q;RY)
satisfying H"~1(Sz N 9A) = 0.
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Let n > 0 be fixed; since A has Lipschitz boundary and H"~!(Sz N 0A) = 0 we can find open
bounded Lipschitz sets

UccU’'ccV ccV'ccAcc AcQ
such that A\ T” € A™9(Q), A\ U € A™9(Q) and
Jo T D [ ) @) e ) <
Notice that A\ U” CC A \ U’. Thus, appealing to Propositions 3.5 and 3.7 with F and  in place
of F' and {2 we obtain
F" (1, A) < F"(a, (A\U"YUV") < F"(u, A\TU") + F(a,V")
<c (/ (IVal” +1) dz +/ (A+at(y) - ﬂ_(y)l)d“rl"_l(y)> +F(a,V")
AU San(A\T7)
<sup{F"(@,A"): A’ cC A} + en.
Thanks to (3.42) we deduce that
F"(u, A) < sup{F"(u,A"): A" cC A} +en
and we conclude by the arbitrariness of n > 0. ([
Remark 3.10. Notice that Proposition 3.9 holds true also when F”(u, A) is replaced by
sup{F"(u,A"): A" € A™9(Q), A’ cC A}.

On account of Propositions 3.2, 3.3, 3.5, 3.7 and 3.9 we can now prove the following compactness
result.

Theorem 3.11 (Compactness by I'-convergence). Let F. be as in (2.3) and suppose that ¢5 :
(R4)Z=(2) — [0, +00) satisfy (H1)-(H6). For every sequence of positive numbers converging to 0
there exist a subsequence (g;) and a functional F : L*(€;RY) x A(2) — [0, +00) with

F(,A)=F' (-, A)=F"(-,A) on GSBVP(Q;R%) N L' (Q;RY). (3.43)
Moreover, F' satisfies the following properties:

(i) For every A € A(Q) the functional F(-, A) is lower semicontinuous in the strong L*(£; R%)-
topology and local;
(ii) there exists ¢ > 0 such that for every (u, A) € GSBVP(Q;RY) N LY(Q;RY) x A(Q) we have

E (/ |Vul|P de + H" (S, mA)) < F(u, A)
c A

<c(/A(|Vu|p+1)dx+/S M(1+|[u}|)d}z”1>;

(iii) for every u € GSBVP(Q;RY) N LY (Q;RY) the set function F(u,-) is the restriction to A(S2)
of a Radon measure;
(iv) for every A € A™°9(Q) there holds

F(,A) = F'(-,A) = F"(-,A)  on GSBVP?(Q;RY) N L' (Q;RY).

(v) F is invariant under translations in u.
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Proof. Thanks to the general compactness theorem [28, Theorem 16.9] we obtain a subsequence
(¢;) and a functional F satisfying (3.43). Moreover, Remark 2.3 yields the (L'(Q; R?)-lower semi-
continuity, while Proposition 3.2 combined with Remark 3.10 ensures that F(-, A) is local for every
A € A(Q). Further, for every u € GSBVP(Q; RY)NL(Q;RY) the estimates in (i) are a consequence
of the corresponding estimates for regular sets in Propositions 3.3 and 3.5 together with the inner
regularity of the set functions Fy(u,-), F5(u,-) defined as Fy(u, A) := [, |VulP dz + H""1 (S, N A)
and Fy(u, A) := [,([VulP + 1) dz + [ 4 (1+ [[u]|) dH" .

Since the set function F(u,-) is inner regular by construction, increasing and superadditive
(Remark 2.3), in order to obtain (iii) it suffices to prove that F'(u,-) is also subadditive, then the
claim follows thanks to the De Giorgi and Letta measure criterion and the upper bound in (ii). Let
u € GSBVP(Q;RY) N LY (Q;RY) and A, B € A(Q) and U € A(Q) with U CC AU B. We now show
that F"'(u,U) < F(u,A) + F(u, B), then the subadditivity follows by passing to the supremum
over U. To this end we notice that we can find A’, A”, B’ B" € A™9(Q) with A’ cC A” cC A
and B’ cC B” cC B such that U cc A’ U B’. Thus, since F" is increasing as a set function from
Proposition 3.7 we deduce

F'"(u,U) < F"(u,A"UB") < F"'(u,A") + F"(u, B") < F(u, A) + F(u, B).

Finally, in view of Proposition 3.7 we have F”(u, A) = F(u, A) for every (u, A) € GSBVP?(Q;R?) N
LY (S RY) x A™9(Q), hence (iv) follows by (3.43) together with the trivial inequality F’ (u, A) <
F'(u,A) < F"(u, A). It remains to notice that (v) is a direct consequence of the fact that thanks
o (H2) the functionals F. are invariant under translation in w. O

We are now in a position to prove Theorem 3.1.

Proof of Theorem 3.1. Let (g;) and F' be as in Theorem 3.11. Then Propositions 3.3 and 3.5 ensure
that the domain of F coincides with GSBVP(Q; R?) x L(Q; R?). Moreover, in view of Theorem 3.11
the restriction of the functional F to SBVP(Q;R?) x A(Q) satisfies all hypotheses of [9, Theorem
1] except for the lower bound. In order to recover the lower bound we use a standard perturbation
argument, that is, for every o > 0 we consider the functional F, : SBV?(£; R%) x A(Q) — [0, +00)
defined as
Fuuw A)i= Pl A) o [l dbe .
S.NA
We observe that for every o > 0 F, satisfies all hypotheses of [9, Theorem 1] which thus provides
us with two functions fg : Q x R? x R¥*" — [0, +00) and g : Q@ x R x R% x §7~1 — [0, +00) such
that
Fy(u,A) = / 1§ (x,u, Vu) dx —|—/ 9§ (z,ut u™ v, dH L,
A S

wNA

for every u € SBVP(Q;R?) and A € A(Q2). Moreover, since F' and then also F, is invariant under
translation in u, formulas (2) and (3) in [9, Theorem 1] imply that f§ does not depend on u and g§
depends on the values u™ and w~ only through their difference [u], i.e., f§(z,u,&) = f7(z,£) and
g8 (x,a,b,v) = g7 (x,a — b,v) for some functions f7 : Q x R¥*™ — [0, +00), g7 : Q x R x §n~1 —
[0,400). Finally, formulas (2) and (3) in [9, Theorem 1] also imply that f7 and ¢g° decrease as
o decreases. Hence, setting f(z,&) := lim,_,o+ f7(x,£), g(z,t,v) := lim,_,g+ ¢g° (z,t,v), from the
pointwise convergence of F,; to F' and the Monotone Convergence Theorem we deduce

F(u, A) :/Af(x,Vu) dx+/s g(z, [u],v,) dH™ 1,

WNA
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for every u € SBVP(Q;R?) and A € A(Q). In particular, thanks to Theorem 3.11 (iv) we deduce
that (3.4) holds for every u € SBVP({;R%) and A € A™9(Q2), and choosing A = Q in the formula
above we obtain the desired integral representation on SBVP(Q;R?). We finally observe that
formulas (2) and (3) in [9, Theorem] imply that the integrands f and g are given by (3.2).

Eventually, we show that the integral representation also extends to GSBV?(€; R%) N L' (; RY).
To this end, for every u € GSBVP(Q;R?Y) N L'(Q;RY) and every k € N we consider again the
truncation Tru as in Remark 2.2. Using (ii) and (iii) in Remark 2.2 together with (2.10) and
appealing to the Monotone Convergence Theorem we get

I~ lim F (u) = lim F(Tpu)= lim (/fx VTu) daz—i—/ g(z, [Tku],uTku)d”H"_1>
s

j—+o0 k—+o00 k—+o0 Ty

:/Qf(:v,Vu)dm—i—/S g(z, [u], va) dH" L.

u

O

3.1. Treatment of Dirichlet problems. For further use in Section 4 we study here the asymp-
totic behavior of minimum problems for F; when suitable Dirichlet boundary conditions are taken
into account. More precisely, for every § > 0, every A € A"9(Q)) and every pointwise well-defined
function @ € L*(Q; R?) we consider the minimization problem

m® (i, A) = inf{F.(u, A): u € A%(a, A)},

where

Al(a, A) := {u € A (U RY): w(i) = a(i) if dist(s, R™\ A) < 6},
and we study the asymptotic behavior of m? (%, A) when first ¢ — 0 and then § — 0. For our purpose
it is sufficient to consider boundary data @ € SBV?(£2; RY)NL>(Q; R?) satisfying H" 1 (SzNOA) =
0 and such that

4. — @ in LY(Q;RY), limsup F. (., B) <c (/ \Va|P do + H" 1 (Sq mB)> (3.44)
e—0 B
where @, € A.(Q;R?) is defined by setting u’ := (i) and B € A"9(€). For u as above we can

prove the following convergence result.

Lemma 3.12. Let ¢5 : (R)Z(%) — [0, +o0) satisfy hypotheses (H1)~(H6) and let F;, be the
subsequence provided by Theorem 3.1. Moreover, let A € A™9(Q) with A CC Q. For every pointwise
well-definede function i € SBVP(Q;RY)NL>(Q;RY) with H" 1 (SaNAA) = 0 and satisfying (3.44)
we have

lim lim inf m? (@, A) = lim lim sup m? (@, A) = m(u, 4),

6—0 j—+oo 020 j 5400
where m(a, A) is as in (3.3).

Remark 3.13. Lemma 3.12 together with (3.2) provide us with asymptotic formulas for the inte-
grands f and g given by Theorem 3.1. Indeed, for 2o € Q, v € S~ ! and p > 0 sufficiently small
we have Q) (z9) CC Q. Moreover, for every ¢ € R? and M € R4*" the functions UMz, UE 5z, S 1N
(2.1) satisfy the hypotheses of Lemma 3.12. Thus, passing to the upper limit as p — 0 we obtain
the following formulas for f and g

1 1
f(zo, M) = limsup — lim lim inf m?® ,(uarey) = limsup — lim lim sup m’ S (unrzg),
p—0 P =0 j—+oo p—0 P I=0 jteo ’
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g(zo, ¢, v) = limsup lim lim inf m (UC o) = limsup

lim lim su m U
p—0 P71 650 jo+oo 0 P P (Caco)

n—1 50 j—+oo

Proof of Lemma 3.12. Let A, u be as in the statement. Observe that due to monotonicity the limit
as § — 0 existb We show that m(w@, A) is both an asymptotic lower and an asymptotic upper
bound for m? ,(@, A).
Step 1: We first establish the inequality
m(@, A) < lim lim inf m? (@, A). (3.45)

6—0 j—+oo

To this end, let § > 0 be fixed and let u; € A.,(;R?) be admissible for m? , (@, A) with
F. (uj, A) = maj (u, A).

Thanks to Remark 2.2 we can assume that |u;|/z~ < 3||@||z. In particular, the sequence (u;) is
equi-integrable, hence (H3) together with [32, Lemma 5.6] yield the existence of a subsequence (not
relabeled) converging in L'(Q;R?) to some u € GSBV?(A;R?) N L' (A;R?). Since u; = ., ond
OA + B;(0), (3.44) ensures that u = @ on 0A + Bs(0), hence u is admissible for m(a, A). Thus,
Theorem 3.1 yields
m(u, A) < F(u, A) < hmmfF J(uj, A) = lim inf m? ,(@, A4)
— 400 Jj—4o00
hence (3.45) follows by letting 6 — 0.
Step 2: We now prove that

lim lim sup m? (@, A) <m(u, A).
6—0 j—~4o00
To this end, for fixed > 0 we choose u € SBVP(A;R?) with u = % in a neighborhood of dA
and F(u,A) < m(@,A) + n. Thanks to Proposition 3.2 we can extend u to Q \ A by @ without
changing F'(u, A). Moreover, Theorem 3.1 provides us with a sequence of functions u; € A, (©; R%)
converging to u in L'(€2;R?) and satisfying
limsup F;, (u;, A) = F(u, A). (3.46)
j—+oo
We now modify u; to fulfill the required discrete boundary condition. Since v = @ in a neighborhood
of 9A, we can find A’ € A™9(Q2), A" CC A such that w = @ on A\ A’ (and by extension u = @
on '\ A’). Since moreover H"1(Sz N AA) = 0 we can choose further sets A”, A € A™9(Q) with
A'cc A" cc Acc Aand

/ IValP de +H" 1 (San A\ A) <
A\AY
Arguing as in the proof of Proposition 3.7 we can construct a sequence (w;) with w; = u; on A”,
wj =1 on 2\ A and
limsup F;, (w;, A) = limsup F_, (w;, A” UA\ A”)

Jj—+oo Jj—+o0o

<(l1+mn) (lim sup I, (uj, A) + limsup F¢ (uy, A\ A’)> +n, (3.47)

J—+o0 Jj—+o0o
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where @; is as in (3.44) with ¢; in place of . In view of (3.44) and the choice of A’, A we have

lim sup F, (u;, A\A) <c / |ValP de 4+ H 1 (Sa N A\ A) | <en.
Jj—+oo A\ A’

Moreover, for ¢ sufficiently small w; is admissible for mgj (@, A). Thus, gathering (3.46)—(3.47)
thanks to the choice of u we deduce that

(8, 4) < limsup ., (w5, A) < (1 +n)m(@, 4) +

Jj—+oo

lim lim sup m®
620 j 400

J

and we conclude by the arbitrariness of 1 > 0. O

4. HOMOGENIZATION

In this section we consider a special class of periodic interaction-energy densities ¢ for which
we can show that the I'-limit provided by Theorem 3.1 does not depend on the I'-converging
subsequence, which in turn implies that the whole sequence (F.) I'-converges. We first need to
specify what periodicity means in the case of interaction-energy densities ¢f : (R%)Z=(%) — [0, 4-00)
that may depend on the whole state {27} ;¢ . (q,). This difficulty is also present in [17, Section 5].
To avoid the dependence of ¢ on §; in [17] the authors use a sequence of periodic finite-range
interactions ¢¥ defined on the entire lattice (R%)%" whose range increases as k increases and which
converge for every i € Z" to a long-range interaction-energy density ¢; : (R))%Z" — [0, +00) as
k — 4o0. For i € Z.(2) the functions ¢5 are then obtained by a rescaling of a suitably chosen

77, where ek(e) is proportional to the distance of ¢ to the boundary of Q. Since the energy
densities ¢S that we consider here contain both a bulk and a surface scaling the approach in [17]
cannot be adapted to our setting. Instead, here we consider functions %5 : (R4)Ze R®") [0, +00)
defined on the entire scaled lattice eZ™ which have only finite range. This finite-range assumption
will be crucial to decouple the bulk and the surface scaling in the I'-limit.

We now state our precise hypotheses. Let K € N, L € N and consider functions ¢ : (R?)Z=(®") —
[0,400) which are eK-periodic in i and satisfy hypotheses (H1)-(H6) with Z.(€2;) replaced by
Z-(R™); where in addition the sequences (¢, and (¢Z¢) provided by (H5) and (H6), respectively,
satisfy
=0 if max{e,2[L|e, 2|0, 2|1 + €|} > L, 1)

0 if max{2/Z]ec, 200, 20T +Eloc} > L. '
In particular, whenever z,w : Z.(R™) — R? are such that 2/ = w7 for all j € Z.(eLQ), we have

Ui ({#}jez. 1) = Vi ({w'}jez. 1g))- (4.2)
We also set
QL = {2z € Q: disto(x,00) > Le}
and we define ¢5 : (R%)%<(%%) — [0, 4-00) by setting

wf({szgLQ}jeZg(R”)) if i € Z.(QF),

(4.3)

min

Ay ) = n
¢; ({#' }iez.) { 3 |D§z(0)lp,§} if i € Z.(2\ QF),
k=1

cer€Q;
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which is well-defined thanks to (4.2). By construction, ¢¢ : (R%)%=(%) — [0, +00) satisfy hypotheses
(H1)-(H6). We now aim to prove that for ¢f : (R%4)Z=(%) — [0, 4+00) defined as in (4.3) the
integrands f and g provided by Theorem 3.1 are independent of the position z.

Proposition 4.1. Let F. be as in (2.3) with ¢5 : (R*)% (%) — [0, +00) given by (4.3), where
Y5 - (R Z®") [0, 4-00) are eK -periodic in i, satisfy (H1)—(H6) with Z.(S%) replaced by Z.(R™),
and (4.1). Let (¢;) and F' be the subsequence and the functional provided by Theorem 3.1. Then F
is of the form

F(u):/Qf(Vu)dx—i-/S g([u], v) dH™ 1, u € GSBV?(Q;RY), (4.4)

for some functions f : R>*™ — [0,4+00) and g : R x S~ — [0, +00) possibly depending on the
I'-converging subsequence. Moreover, for every A € A™9(Q) and u € GSBV?(;R?) there holds

- lim st(u,A):/ f(Vu)d;v—i—/ G([u], vy) dH™ L.
A S.NA

Jj—+oo

We prove 4.1 by adapting a well-known argument (see, e.g., [18, Lemma 2.7]) to our setting showing
that the minimization problem m(@, A) defined in (3.3) is invariant under translation for a suitable
class of functions . We start by introducing some notation. For every A € A(Q) and y € R™ we
set 7,A := A+ y. Moreover, for every u : {2 — R? and every A € A(f) with T, A C Q we define
ryu: 7, A — R? by setting 7,u(x) := u(z — y) for every z € 7, A. For our purpose it is sufficient to
consider pointwise well-defined functions @ € SBV{ (R™; R?) which satisfy

Tyt — 1,4 in LY(Q;R?)  for every y € R™, (4.5)

where for every y € R™ the function 7t € A:(€2;R?) is defined by setting 7,u’ := 7,u(i) for every
i € Z.(R™). We now prove the following auxiliary lemma.
Lemma 4.2. Suppose that ¢ : (R)%<(%) — [0, 400) are given by (4.3), where 15 : (R?)%®")
[0,400) are e K -periodic in i, satisfy (H1)—(H6) with Z.(Q;) replaced by Z.(R™), and (4.1). Let A €
Ae9(Q) with A CC Q and let uw € SBVE_(R™;R?) be a pointwise well-defined function satisfying
(4.5). For any y € R™ with 1,A CC Q there holds

m(a, A) = m(r,a, 7,4),
where m(a, A), m(r,a, 7,A) are defined according to (3.3).
Proof. Let A, 4 and y be as in the statement and let us prove that

m(7,u, 7yA) < m(a, A). (4.6)

To this end let u € SBVP?(A;RY) be admissible for m(#, A) and A’ CC A with u = @ in A\ A’.
In view of Proposition 3.2 we can extend u to Q \ A by @ without changing F'(u, A). In order to
simplify notation we still denote the subsequence provided by Theorem 3.1 by € and we choose a
sequence (u.) C A (Q;RY) converging to u in L' (€; R?) and satisfying

Ell_I)I(l) F.(uc, A) = F(u, A).

We now construct a suitable sequence (v.) converging to 7,u in L*(Q;R?). We choose A”, A" €
A™9(Q) with A" cc A” cc A” CC A and ¢ sufficiently small such that for all e € (0,&¢) the
following conditions are satisfied.

(i) AUT,A C QF;
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(ii) r,A" c 7, A" and 7, A" C 7, A, where y. := K| % |;
(iii) eL < distoo(A”,0A™).
For ¢ € (0,2¢) we then define v, € A.(Q;R?) by setting
i Jultve ifie Z(m, A",
Tyu(i) if i€ Z.(2\ A",
which is well-defined thanks to the second inclusion in (ii).

Since u = @ in Q\ A’, thanks to (4.5) it is immediate to see that v. — 7,u in L'(£2; R?). Moreover,
for all i € Z.(1,A”) and j € Z.(¢LQ) assumption (iii) yields ¢ + j € 7,A"’, and hence

,Ué+.7 — uZE*strJ
Thanks to the locality property (4.2) and the periodicity assumption we thus obtain
Fo(ve,ryA") = > " ({ul Xl o tiezomn) € Y ™ ({uixl o biez. )
i€Z:(myA”) i€Zc(A")

< 3 s ({ult ) jezn) = F(ue, A),

i€Z.(A)

where in the second inequality we have used the first inclusion in (ii). Together with the fact that
F(-,7,A") =T-lim. F.(-,7,A") and v. — 7yu in L*(Q; R?) the above inequality allows us to deduce
that

F(ryu,7,A") <lim i(I)lf F.(ve, 7y A") <lim F, (u., A) = F(u, A).
E—r g
In view of Proposition 3.9, Remark 3.10 and the arbitrariness of A” CC A we finally get
F(ryu,myA) < F(u, A). (4.7

Hence, since 7,u is admissible for m(7, @, A) and u was arbitrarily chosen we obtain (4.6) by passing
to the infimum on both sides of (4.7). To deduce the result it then suffices to notice that the opposite
inequality follows by applying (4.6) with 7_,. O

On account of Lemma 4.2 we now prove Proposition 4.1.

Proof of Proposition 4.1. Let F be as in Theorem 3.1. We claim that the integrands f and g as
in (3.2) are independent of the position zg, then F' can be written in the form (4.4). To prove the
claim we fix xo,yo € 2 and choose p > 0 sufficiently small such that Q}(zo) U @} (yo) CC Q. For
every M € R¥"™ and every ((,v) € R? x S"~! the functions us ., and ug ,, defined as in (2.1)
satisfy the hypotheses of Lemma 4.2. Thus, we obtain
m(uz,y(ﬂ QZ(yO)) = m(TyO*wouZ,xm TyO*onZ(l‘O)) = m(uz,a:()?QZ(xO))
and
m(uMﬁt}o’QZ(yO)) = m(TyO*wouM@m TyU*IOQZ(:EO» = m<uM,$07 QZ(‘rO))

We conclude by letting p — 0. ]
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4.1. Separation of bulk and surface effects. In this subsection we give sufficient conditions on
the functions ¢f under which a separation of energy contributions takes place in the limit. We state
the precise hypotheses after introducing some notation. For every ¢ > 0, every u : Z.(R") — RY
and every i € Z.(R™) set
n i _ o, i4e€
. ; e i ) ut —u
Veul(i) ==Y (1D’ + [DZ*u']),  [Vepul(i) = Y |———

k=1 £€Z:1(LQ)

We then assume that for every i € Z" there exist 1%, ¢ : (R)%" — [0, 4+00) such that the following
holds.

(Hy1) For every n > 0 and every A > 0 there exists & = &(n, A) > 0 such that for every € € (0, &),
for every i € Z" and for every z : Z" — R? with |V 12/(0) < A we have

W5({e25 ez @n) — ¥P({z'}jezn)| <.
(Hy2) For every n > 0 there exist A(n) > 0 and € = £(n) > 0 such that for every € € (0, é), for
every i € Z" and every z : Z" — R? with e |V1.2|(0) > A(n) or |V1,12]|(0) = 0 we have

i ,
levii({ze ez mm)) — 07 ({27 Fiezn)| <.
Moreover, we assume that the functions v satisfy the following continuity hypotheses.

(Hy3) There exists a constant ¢, > 0 such that for every z,w : Z" — R? with |V1,12/(0) > 0,
[V1,Lw|(0) > 0 and for every i € Z™ there holds

05 ({27} jezn) =i ({w'}jezn) S e ) > AT Wl
J€Z1(QL(4)) §€21(QL (7))
J+E€QL(4)
The main result of this section is the following theorem which states that under the additional
assumptions (H,1)—(H,3) the bulk and surface interactions decouple in the I'-limit. As a conse-
quence we obtain asymptotic minimization formulas for the bulk and the surface energy density
that are independent of the I'-converging subsequence.

Theorem 4.3 (Homogenization). Assume that ¢5 : (RY)Z(%) — [0, +00) are given by (4.3),
where ¥ : (RY)Z=®") 5 [0, +00) are e K -periodic in i, satisfy (H1)~(H6) with Z.(S%) replaced by
Z:(R™), and (4.1), and suppose that in addition (Hy1)-(Hy3) are satisfied. Then the functionals
F. : LY RY) — [0, +00] defined as in (2.3) T'-converge in the strong L*(€2;R®)-topology to the
functional Fyom : L' (Q;RY) — [0, +-00] given by

v n=l .md
Fhom(1) = /sth°m(v“)dx+[gugh°m([“}’ AR ifu e GSBYP(QRY),

+o0 otherwise in L*(£;RY),
where fuom : RX™ — [0, +00) and gnom : R? x S"1 — [0, +00) are given by
fronO) = m Lt Y w(@ e u e 4V TQ)) (@)
= i€2:(1Q)
and
1 "
_ N ; S(f,+3 . . VnL v
Jhom (C, V) = Tl—lgfoo T mf{ Z ¥ ({u™ }ezn ) ue AV (ue,,, TQ )} (4.9)

i€Z1(TQY)
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The proof of Theorem 4.3 will be established in Sections 4.1.1 and 4.1.2 below in which we treat
separately the bulk and the surface energy density. As a preliminary step it is useful to compare
the two operators |V, 1| and |V,|.

Lemma 4.4. There exist constants ¢1,¢e > 0 depending only on n,p and L such that for every
u: Z(R") — R and every i € Z.(R™) there holds

Verul() <én Y Vel ()), (4.10)
]GZs(QsL(i))
and for every A C R™ we have
1 1
. piiy 1) < s . py 11 .

| Z min {\ngLu| (1), 6} < c? Z min {|V5u| (i), s} (4.11)

i€Z:(A) 1€Z. (A+eL[-1,1]")
Proof. Let u: Z:(R") — R? and i € Z.(R"). By Jensen’s inequality we have
wt — ites p

Vel () < BZ QY Y
£€Z1(LQ)

(4.12)

9

Moreover, for any € Z1(LQ) there exists a sequence of lattice points i, ..., %, € Z:(Qcr(i)) with
the following properties: ig = i, ij¢), = £ and for every h € {1,...,n} there exists i(h) € {1,...,n}
such that iy € {in—1 + €j(n),in—1 — €;(n)}- Thus, using again Jensen’s inequality we obtain

1€l (35
*ein) - tein) /- .
—\ZD “in)| <I€|“§:|D )P <IEF DD Vel ().

JE€Z:(Qei(4))

ui _ z+s£

Summing the above estimate over £ € Z;(LQ) from (4.12) we deduce

. _ nPLP ‘
Verul’ () < GHZ(LQ)"™ D R Do IVaul’ () < - Zi(ZQ)” D [Veul' (),
§€Z1(LQ) jE€Z(Qer (1)) 7€Z:(QeL (7))

which gives (4.10) with & := 2L (#(Z1(LQ))P.
Now (4.11) is a direct consequence of (4.10). In fact, using (4.10) together with the subadditvity
of the min, for any A C R™ we obtain

Z mln{|vsLU|p *} Z mm{c1 Z |V£u|p(j),%}

i€Z.(A) i€Z:(A) J€Z:(Qer(4))

< Z Z mln{01|v ul?P(j), }<max{c1,1} Z Z m1n{|V ulP(i + €7), 1}

1€2:(A) j€Z:(QeL (7)) J€21(LQ)i€Z-(A)

< max{é, 1}#71(LQ) Z min {|Vgu|p(i)7 é},

i€Z:(A+eL[—1,1]")

hence (4.11) follows by setting ég := max{é, 1}#7:(LQ). O
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4.1.1. The bulk energy density. In this section we show that the bulk energy density f in (4.4)
coincides with fhom as in (4.8). This will be done by comparing our functionals with a class of
functionals that fall into the framework of [17]. More precisely, we introduce rescaled interaction-
energy densities wf’b : (R4 Z(2) [0, +00) given by
V({22 xTobienn) i€ Z:(),
e,b j L n
v beze@0) == ST DE2(0) ifi e Z.(Q\ QF),

k=1
cer€Q;

and we consider the functionals G, : L' (2;RY) x A(Q) — [0, +oc] defined by setting
Ge(u, A) = Y "5 ({u ™} ez a,),  for u € A(QRY), (4.13)
1€Z-(A)
and extended to +oo on LY(Q;RY) \ A.(Q;RY).

We show that the functions ¥? have the same properties as the functions ¢¥ : (R%)%" — [0, +00)

defined in [17, Section 5] for k¥ = L fixed. In addition, they satisfy a suitable upper bound (see
(H,7) below).
Lemma 4.5 (Properties of ¢?). Suppose that 15 : (RY)Z<(R") — [0,4+00) are eK-periodic in i,
satisfy (H1)—(H6) with Z.(S;) replaced by Z.(R™), and suppose that in addition (4.1) is satisfied.
Assume moreover that there exists 1 : (RY)%" — [0, +00) such that (H,1) holds true. Then the
functions ¢? are K-periodic in i and satisfy conditions (H1)—(H3) with Z.(Q;) replaced by Z™.
Moreover, the following holds true for every i € Z™.

Hp4) (lower bound) For every z : Z™ — R? there holds
(
V({2 }jean) 2 2 Y [DF2(0)P;
k=1
(Hp,5) (locality) for all z,w : Z™ — RY with 27 = w? for all j € Z1(LQ) we have
Ui ({7} jezn) = ¥} ({w' }jenn);

(Hp6) (controlled non-convexity) there exists cy > 0 such that for all z,w : Z" — R and every
cut-off ¢ : R™ — [0, 1] we have

V({7 + (1= N} jezn) < es(V2 ({27} jezn + ) ({w’}jezn)
te Y Y (sw [DROPIEG+E) —wli+ &P + DL + [Dfw());
jez1(1Q) eez1(L) ~ [€Z1(EQ)
j+eerq  REiL-ond
(H,7) (upper bound) there ewists cs = c5(n, L,p) > 0 such that for all z : Z" — R? there holds
({7} jezn) < e5(IV1,22[P(0) + 1).

Proof. We first show that 1? is K-periodic in 7. Fix > 0 and let z : Z" — R? be arbitrary. We
find £ = &(z,m) > 0 corresponding to (Hy1) with A, = |V, 12](0) < 400 such that for all € € (0, £)
and for all + € Z™ we have

S{ez Y jemmm) — 0 < (WY jezn) < 52 Yiez@mmy) + 1. (4.14)
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Thus, for all k& € {1,...,n} the K-periodicity of ¢¢; together with the fact that (4.14) holds
uniformly in ¢ ensure that

Uy ke ({27} iezn) < WSy ker) ({627 ez @m) + 1 = 5 ({25 Y jez. @) + 1 < P ({27 }iezn) + 20,

Using the first inequality in (4.14) the same argument as above then leads to

Vi ({27} jezn) — 20 < Uiigce, ({27 jezn) < 07 ({# }ienn) + 20,
and we conclude by the arbitrariness of n > 0.
An analogous argument shows that (H1)—(H3) transfer from v¢; to ¥ and that (H,5) follows
from (4.2). Moreover, for every n > 0 and z : Z" — R9 there exists & = &(z,7) > 0 such that for all
€ € (0,€) and every i € Z™ we have

1

U i) > Val{et biezera) —n 2 comin{ SIDEO), 2} =1 =2 3 IDE(O)P —n,
k=1 k=1

hence (Hp4) follows again by the arbitrariness of n > 0.
We continue proving (Hy,6). Let (cZ'¢) be the sequence provided by (H6). In view of (2.6) there
exists €9 > 0 such that

C4 = Sup Z cg’g < +o00.
€(0:20) je7.(cLQ) €€2:(LQ)
jte€€elQ

Fix n > 0; for any z,w : Z" — R% and ¢ : Z" — [0,1] we find & = &(z,w, p,n) € (0,&0) such that
for all € € (0,€) and for all 4 € Z™ there holds

PI{P 2 + (1= @'} jezn) S 95z + (1 - 9% )ew? bz @n) + 1,

vsi({ez® Yezo@m) + 5 {ewt Yez.@n) < WPH# Yiezn) + ¥ ({w! }yezn) + 1.
Then (H6) together with (4.1) yield

G2 + (1= @' }jenn) < es(WF ({27} jezn) + 0P ({w}jezn) + 1) + R (z,w,0) + 1,
where
R(zw,0)= > S 5 sup  [DRe)Pla(L + &) — w(l + )

. 1€Z,(LQ)
JE€Z:(eLQ) £€Z1(LQ)
j+6§1€€LQ ke{l,...,n}

+ S (IDS=(D)P + [Diw(D)P).
Since & € (0,e0) we have cl* < ¢, for all ¢ € (0,8), j € Z.(¢LQ) and £ € Z;(LQ). Hence

Rewg) e 3 3 (s Dbl +6) —ul +OF + DG+ IDfu))
. €1
sent@enia) (<0
and (Hy,6) follows by the arbitrariness of n > 0. _
Using a similar argument we eventually verify (H;,7). We consider the sequence (cZ¢,) provided

by (H5) and we notice that thanks to (2.4) there exists g9 > 0 such that 7

Cs := sup Z Z cifl < +00. (4.15)
€€(0:0) jez (cLQ) ¢€Z:(LQ)
Jjte€€el@Q
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For any z : Z" — R? we choose & = £(z) € (0,&¢) such that ¥? ({27} jezn) < ¥E;({e27/°}jez. mn)) +1
for every ¢ € (0,Z). Moreover we define a constant function 2 : Z" — R by setting 27 := 2% for
every j € Z". Since & < g9, (H5) and (2.7) in Remark 2.1 yield for any e € (0, ) the estimate

VY({2'}jezn) <1+ 2+ Z Z c;§|D§ )\p<cl—|—2+05 Z Z |D$ 2
JE€Z:(eLQ) £€Z1(LQ) JE€EZ1(LQ) £€Z1(LQ)
jtegeel@ J+EELQ

Finally, the last term in the estimate above can be bounded via

S S DG < 22 (1 + #20(LQ))| Ve, 2P(0),

JE€Z1(LQ) £€Z:1(LQ)
JHEELQ

hence we obtain (H},7) by setting 5 := max{c; + 2,¢52°P 1 (1 + #7Z1(LQ))}. O

Remark 4.6. The arguments used to verify (Hy,7) also show that for all ¢ € (0,g9) with g9 as in
(4.15), for all i € Z.(R™) and for all z : Z.(R") — R< there holds

Ui ({27} jez.mm) < es(IVe,LzlP(0) +1).
Thanks to Lemma 4.5 the following is a consequence of [17, Theorem 5.1].

Theorem 4.7. Let G. : L'(;RY) x A(Q) — [0,+00] be given by (4.13) and suppose that the
functions ¢5 : (RH)Z=R") 5 [0, +00) are eK -periodic in i, satisfy (H1)-(H6) with Z.(Q;) replaced
by Z.(R™), and the locality condition (4.1). Assume that in addition Hypotheses (Hy1) holds true.
Then G. T'-converges in the strong LP(Q2;R%)-topology to the functional G : LP(£;R%) — [0, +o0]
given by

/ from(Vu)d u € WHP(Q;RY)

and extended by +oo in LP(Q;RY) \ WLP(Q;RY), where the integrand fuom is given by (4.8). In
particular, the limit defining funom exists and is independent of the I'-converging subsequence.

Remark 4.8. Notice that Theorem 4.7 holds also locally, i.e., for every A € A(Q2) and every u €
WP(€Q;R?) we have

I'- lim Ge(u, A) = / from(Vu) dz
e—0 A

Moreover, thanks to the finite-range assumption (4.1) the width of the boundary layer in the
definition of fuom can be chosen as \/nL (instead of v/T as in [17, Theorem 5.1]).

Thanks to (H,1) we can compare the two discrete energies F. and G, following a smimilar
strategy as in [32]. To this end it is convenient to recall the notion of discrete maximal function
and some of its properties that have been proved in [32] (see also [31]).

Givene > 0,v : Z.(R") — R and r > 0 we define the maximal function MZv : Z_(R"™) — [0, +00)
by setting

r . 1 ]
MZu(i) == sup T Z v,
€On #2:(Bs () jez.@lh )

where ELll(i) is the closed ball of radius s around ¢ with respect to the |- [;-norm. The following
lemma is a consequence of [32, Lemma 5.16 and Remark 5.17].
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Lemma 4.9. There exists a constant ¢ > 0 such that for all ¢ > 0 and for every u : Z.(R") — R?
there holds

lu' —u?| <éli — 4| (/\/lg‘i_j‘1 |Veul(i) + M=k |V6u\(j)) for every i,j € Z.(R").

Moreover, the following result has been established in [32, Lemma 5.18].

Lemma 4.10. Let 2o € R™, A\ > 0 and suppose that u. : Z.(R") — R? satisfy
sup Z |Veue P (i) < 400,

<=0 1€Z: (B(3462m)x(20))
where € is as in Lemma 4.9. Then there exist a subsequence (¢1,) and functions wj : Z, (R™) — R?
such that |V, wp|P is equiintegrable on Bax(xo) and

hEI-sl-loo en#{i € Z., (Bax(wo)): ue, Z wp on FL}‘; (i)} =0. (4.16)
Remark 4.11. Let the sequences (uc), (€5) and (wp,) be as in Lemma 4.10. Then we also have
lim ep#{i € Z., (Ba(x0)): ue, #we, on Z., (Q.,1(i))} =0. (4.17)
h—+o00

To verify (4.17) we denote by Uy, the set in (4.16) and by U the set in (4.17) and we notice that for
every i € Ul there exists j; € Qc, 1 (i) such that ufi # wyj’. Since i € By(xo) we have j; € By (o)
for h sufficiently large, so that j; € Up. Hence for h sufficiently large we get

ENHUF < en Z HlicUlF:jeQ., (i)} <cL"el#U, — 0ash — +oo.
JjEUR

We are now in a position to prove the following result.

Proposition 4.12. Let the sequence (F.) be defined according to (2.3) with ¢5 : (R%)%=(%) —
[0,+00) as in (4.3) and assume the functions ¢ : (RY)Z<®") [0, +00) are eK -periodic in 1,
satisfy (H1)—(H6) with Z.(S;) replaced by Z.(R™), the locality condition (4.1), and (Hy1). Then
F(M) = from(M) for every M € R¥™ where f is as in (4.4).

Proof. The strategy used to derive the formula for f follows closely the one used in [32, Proposition
5.19]. A main difference with respect to the situation in [32] is the fact that the interaction-energy
densities ¢¢ are bounded from below only in terms of |V.u|, while they can be bounded from
above in terms of the finite-range gradient |V, pu|. To circumvent this additional difficulty we will
frequently use Lemma 4.4.

The proof is divided into two major steps establishing separately a lower and an upper bound of
f in terms of fuom-

Step 1: f > fhom
Fix M € R™" and let g € Q and p > 0 with B,(zg) CC Q. Then

= 1
|Bl|f(M) = pan(quo,Bp(:L'(])).

We now estimate F(ups o, B,(z0)) from below. Without loss of generality we assume zg = 0 and
for fixed py > 0 with B,, CC 2 we choose functions u. € A.(€2;R?) converging in L' (2;R?) to up,
and satisfying

21_% Fs(ua’ BPO) = F(UM’ BPO)'
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Then (u.) is a recovery sequence for uy; on B, for every p € (0, pg), since
F(quBP) = F(quBPo) *F(quBﬂo \E)
> ehg(l) F.(uc, Byy) — ligrgnga(uE, B,, \ B,) > hr;ljgpFa(us’ B,),

where in the first step we used that F(uar, B,) does not concentrate on the boundary of B,. In
particular, we have

- 1
|B1|f(M) > o lims(Lle F.(ue, B,) for every p € (0, po). (4.18)
e—

We now introduce a constant k > 0 satisfying
k> 3+ 6ev/n+ | M|,

where € is as in Remark 4.9. Since |up| < |[M|p < kp on B, the truncated functions T}, ue converge
to ups in Ll(Bp,]Rd). In particular, in view of Remark 2.2 they still provide a recovery sequence
for upr on B,,.

Fix n > 0 and for every p € (0, (3k?)"1po) let £, = &(n, @%Ap#Zl(LQ)) be given by (Hy1)
with A, to be chosen later. We choose

_P_ disteo (B, , 02
., <mm{p2,p,}_17§mw}

L
non-decreasing in p and satisfying
Fe, (Tg ue,, Bagz,) < c(|M[P +1)p", (4.19)
1
Ty ue, — up|P de < pPTL. 4.20
|Bl|pn/;p|kp €p M| >p ( )

Here the first estimate can be realized thanks to (4.18) and the fact that f(M) < c(|M|P + 1).
Observe that since p < (3k?)~!py our choice of £, implies that Bgje, C By, C QELP and hence

Fsp (T/::puapaB3l_c2p) = Zggwisp( uijjxgpLQ}jGZEp(R")> = Zggw::i({gpvzi_j/ap}jGZsp(R"))?
iEZEp(BSEQP) 1€Z1(Bgj2 )
€p
(4.21)

where v, : Z" — R? is defined by setting

1 i Ept .
= E—T,;puizlng , foreveryieZ".

p

i
Yp

Substep la: Construction of Lipschitz-competitors -
We now aim to replace v, by a Lipschitz function v, with Lipschitz constant at most kA,. To this
end we introduce the sets of regular and singular points defined as

. k2 . .
R, :=A{i¢€ ZI(BEP/E{)): My p/sp‘vlvp| <AL Sp={i € Z": |V1v,|(i) = A, /2},
respectively. Notice that for every ¢,j € R, thanks to Lemma 4.9 we have the Lipschitz estimate

. . .2 1.2 —
o = w3l < ev/mli = 1 (MY V1, |G) + MY 910, 1()) < A i = .
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Using Kirszbraun’s extension theorem we thus find a function v, : Z" — R? coinciding with v, On
R, and satisfying |v), — v}| < kA,|i — j| for every 7, j € Z". In particular, we have

[V1.L0,](1) < @EAP#Zl(LQ) for every i € Z". (4.22)

In addition, by truncation with the operator Tz, /. ~we can assume that |[7,[lsc < ep/e,.
In the remaining part of this substep we bound the number of points in which v, and ¥, do not
coincide, that is the cardinality of Z1(Bj,,.,)\R,. We first observe that for every i € Z1 (B, /., )\ R,

there exists s; € (0,k?p/e,) such that
— L, )
MNAHZBG) S Y IVigl().
jez1(BL (1))
Applying Vitali’s covering lemma we find Z, C Zi(Bj,/.,) \ R, (finite) such that the family
(E!l (i))iez, is disjoint and

\I
Z1(Bipe,) \Rp C | B
i€Z,

hence

#Z(Br,e,) \ Ry < #Zl( U BLl ) <547, ( U F'S'Jl(i)). (4.23)

i€z, i€,

To estimate the cardinality of Z; (J; ELJI (i)) we distinguish between the lattice points in | J; ELJI (1)

belonging to S, and those that belong to its complement. In fact, since the balls ELJI (i) are disjoint,
the definition of S, implies that

rM#z(UBE@) < Y el Y vl + 2424 ( U B 6).
i€z, jEZl(UiEL'ill (i) jEUiEL'Jl (NS, i€z,

hence

#n(UBLO) <y X Dwlo) (1.24)

i€Z, JGU Bl |1( )ms

We aim to bound the term on the right-hand side of (4.24) via F. (T} ,ue,, B3gz,). To this end we
introduce the set of jump points

o= {i €2 (Vi P (i) 2 1/2, )

and we use Holder’s inequality to obtain the estimate

S vl < (#HUB 005 5) 7T (X 9ere). @)

jeU, BLI' )ns,\J, €L iel, B,* (1)ns,\7,

Then by definition for every j € |, B| ‘1( )NS, \ J, we have

V10,7 (§) = min {|V1v,[P(4) } (2n)P~ 1(m1n{Z|D }+mln{Z|Dkv3 | ;})’
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where in the second step we used the subadditivity of min. Moreover, for every j € |J B‘ ! (7) there
holds
j—eve |J B () C Byjaye, forevery k€ {L,...,n}. (4.26)
i€Z,
Thus, from (H4) together the energy bound (4.19) we infer
, p”
> [ViwlGy =2 Y0 min{ Z | D} vplp —}<en (4.27)
iU, BL.1()NS,\ 7, €21 (Baxz, /e ,) 8
where the additional factor 2 comes from the fact that each term is counted at most twice. Finally,
since |Viv,| > % on S,, (4.27) gives
Apy\P Al , "
(F)#UBl@ns\g < 3 [ViolG) < (4:28)
i€z, jeU; BLlMns,\7, .
(4.29)

Gathering (4.25), (4.27) and (4.28) we eventually deduce that
D IVawl() < P
p

2
A _
jelU; BLI @)ns,\7,
To estimate the remaining contributions in (4.24) we observe that for every j € J, there exists
n} such that either \D’fvﬂp > 1/e,(2n)P or |D’fvg’€k|p > 1/e,(2n)P. Using once

k(j) € {1,...,
more the inclusion in (4.26) we then obtain
1 ) n
#(UBH()OJP) Z mln{Z|D vj|p— ¢
J€Z1(Bszz,).,) P

P
£p(2n) i
where the additional factor 2 results again from a possible double counting of interactions. Moreover
the uniform bound on v, implies |D]fvfo| < ckp/e, for every j € Z"™, so that the above estimate
(4.30)

Viwl) < ek L (U B ) g,) < oon
p

P

yields
2
A, > 7= AN
jeU; BL 0)nJ, €Ly
Combining (4.23), (4.24), (4.29) and (4.30) and choosing A, = pl » we finally deduce that
_ p_p"
B(Z1(Biyye,) \Ry) < clphy? + A7) 2 = cpits & (4.31)
p
Substep 1b: From Lipschitz continuity to equiintegrable gradients
In this substep we show that the rescaled functions ¥, obtained by setting
b= _;”l for every i € Z=, (R™)
P
— %
==L

P
p
satisfy the hypotheses of Lemma 4.10 with A = 1 and g = 0 along the vanishing sequence o, :=

We start observing that v, satisfy the following conditions

(0) 9ol < 9
(ii) |05 — 0| < kAp|i — ] for all 4,j € Z,, (R™)
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(ii)) ¥}, = ;T ul’ if Zi€R,.
Note that (ii) implies that |V, 0,[P(i) < cAb for every i € Z,, (R™). We thus obtain the estimate

n n n

B . € & . €
PECANACALO RS ;ﬁ > \DspT,;pum+cAzp%#<Zl<BEp/gp>\Rp>.
i€Z5,(By) i€Zc,(Bg,) k=1
ieR, é%*ekGRp
€p

(4.32)

Thanks to (4.31) we can bound the second term on the right-hand side of (4.32) by a constant.
Moreover, the definition of the maximal function together with the choice of the set R, implies
that for all i € Z.,(By,) with i/e, € R, we have

- g . _r_ 1

D IDE Tiul [P < Ve, Trpue, [P(6) = [Viv [P < Ab = pT7 < "

k=1
where in the last step we have used that e, < pﬁ. Hence we can bound the first term on the
right-hand side of (4.32) by the energy and use (4.19) to deduce that

i c
Z 0, Vo, 0[P (i) < p—anp (Tgptie,, Bg,) +c < c.
’L’EZaﬂ(B,;)

Thanks to our choice of & Lemma 4.10 then provides us with a subsequence (p;,) and functions
wp, : Zg, (R™) — R? such that |V,, wp|P is equiintegrable on By and

i o7l #{i € Z, (Ba): B, # wn on By =o, (4.33)
— 400

where we have set oy, := 7,,. Moreover, upon truncation we can assume that [[wp||ec < 27k.
Substep 1c: Conclusion of the lower-bound inequality

We continue by proving that the sequence (wjy) obtained in Substep 1b converges to ujys in

LP(By;RY). To simplify notation we set e, := €,,. We start estimating

1 1
lwh = wm e (B, ey < llwn — p*hchphUsh (on )l Lr(Byre) + HETE%UE}L (Pn) — untl| e (B, ra)-

By a change of variables and (4.20) we obtain

1 1
HpihTEph,ush (pn) — UM”ZL)P(Bl;Rd) = p”ﬂ’/ Tpy, ten — unr|” dw < pp — 0 as h — +oo.
h Ph
Moreover, we denote by Uy, the set in (4.33) and we notice that for all i € Z,, (Bz2) \ Up, with
i/on € R, we have wj, = 1/py Ty, uf**. Thus, the uniform bound on ||wp |« together with (4.31),
(4.33) yield

1 n n T
=~ e (o0 5,y < M (U + (21 (B j20) \ R ) < el MIP (o U] ),

where the second inequality follows from (4.31). Thanks to (4.33) we conclude that wj, — ups in
LP(By;RY).

We finally show that up to a small error 1/p} Fy, (ue, , B, ) is asymptotically bounded from below
by |B1|fhom- Then the required inequality follows from (4.18) by letting h — +o00. We start by
introducing the sets

Z/{;f = {Z € ZUh(Bl): ’[}Ph ?_é wp, On foh,L(i)}ﬂ
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Vi = {Z € Zl(BPh/Eh): Zl(QL(Z)) C RPM ont € foh (Bl) \uif}
and by observing that Remark 4.11 and (4.31) yield
Oh#(Z1(By, se,) \ Vi) < of (#Uy' + cL"#(Z1(Bg,, j-,) \ Ryp,)) — 0 as h — +o0. (4.34)
Moreover, thanks to the locality property (4.2) we have

1 1 it
TFE;L (UE;L’BML) > 7F8n (TﬁphuamBPh) > Z Uﬁ¢§£i({5}LUPh " }jEZah(R”))
Ph Ph 1€V
> > opt({tiH Yiezn) — m,
%S

where the last inequality follows from (4.22) and (H, 1) together with the fact that e, < &,,. By

n(

construction 17}')‘:3' =1/ ohwz 9 for every i € V,, and every j € Z1(LQ), hence we obtain

1 n 1 1+ong n 1 op (i+7
— 1%, (ue,, Bp,) > Z Uhlbl;({;w;r "Yjezn) — Z th?({;whh( J)}jGZ") -n
Ph i€z, (By) 0" i€Z1(B,, /2, )\Va h

> Go,(wn,B1) —¢s Y 01 (Ve LwnlP(oni) +1) =7
iGZl(Bph/E}L)\Vh

> Go(wn,B)—cs . i D [Vounl()+1)—n,  (435)
i€Z1(Byp, 1e, \Vh  §€Z0;, (1 QL(3))
where ¢ is given by (4.10). In order to further estimate the second term in (4.35) we consider the
set
Wh :={j € Z,, (33/2): Jie Zl(Bph/Eh) \ Vi s.t. j € onLQ(i)}
and for every j € W, we define
(7)== #{i € Z1(By,/e,) \ Vi: j € onLQ(i)}-

Then for h sufficiently large we have
Yoo D IVawnlPG) € Y ok mi)IVa,wnl? () < c(n, L) > oV, wilP(5),
i€21(By, /e, \Vh 1€Zs), (01,QL (7)) JEWn JEWn

(4.36)

where in the second step we used that v, (j) < #Z5, (Qo,(3)) < cL™ for every j € Wy,. We even-
tually observe that #W, < cL"#(Z1(B,, c,) \ Vr) = 0 as h — 4o00. Hence the equiintegrability
of |V, wp|P on Bs yields the existence of some h, > 0 such that

eséie(n, L) Z o\ Ve,wr|P(j) <n for every h > h,,.
JEWh
As a consequence, combining (4.35) and (4.36) we obtain

1
pTFEh (uEh’ BPh) > GUh (whv Bl) - 650—2#(21 (Bp;L/Eh) \Vh) - 277a (4'37)

h

for all h > h,,. Thus, since wy, — up in LP(By,RY), from (4.18), (4.34) and (4.37) together with
Theorem 4.7 and Remark 4.8 we deduce that

|B1|f(M) > %glingah(wh’Bl) — 21 > G(unr, Br) — 20 = | B1| fuom (M) — 21
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and we conclude by letting n — 0.

Step 2: f < fhom
In order to prove the opposite inequality we choose a sequence (u.) converging to uys in LP(Q;R?)
and satisfying

gg% Ge(ue, Bl)o) = G(quBPo)'

Fix p € (0, (3k%)~1pp); then the truncated functions T} e still provide a recovery sequence for uy
on B,. In particular, we obtain

| B1| from (M) = inG(uM,Bp) > in limsup Ge (T, ue, By). (4.38)
1Y P e—0

In order to use (H,1) to pass from G. to F. we need replace Ty,, by a sequence of functions

with equiintegrable discrete gradients. This can be done by using Lemma 4.10 along the vanishing

sequence £ with A = p. We start observing that thanks to (Hp4) the functions Tj, pUe satisfy the

assumptions of Lemma 4.10. In fact,

C2

2n)P

for some ¢ > 0 uniformly with respect to e. Thus, Lemma 4.10 ensures the existence of a subsequence
&5, and functions wy, : Z., (R") — R? (possibly depending on p) such that |V, wy|P is equiintegrable
on By, and such that

n
Z e"|VeTg uel"(i) < 2 Z e” Z |DfT,—€pué|p < Ge(ue, By,) < cp™,
iGZE(BEp) iEZE(BQEp) k=1

i ef#{i € Z., (Boy): Tryue, % wy on By =o. (4.39)

Moreover, upon truncation we can assume that ||wy, |- < 9%. Denoting by U, the set in (4.39) the
uniform bound on [|T ue, [|oc and [Jwp || together with (4.39) give
lwn —unllLe(s,ray < lwh — Tipte, | Lo B,y + [ Thpte, — unl|r(B,;ra)
1
<c|M|(ep#U:, )P + ||T,;pu5h — ’U;MHLP(BP;Rd) — 0 as h — +oo.

Hence, Theorem 3.1 implies that

= 1 1
|B1|f(M) = p—nF(uM, B,) < p—n liminf F, (wp, B,), (4.40)

h—+oo

and it remains to compare F;, (wn, B,) and G, (Tj,ue,, B,). We start comparing G, (T, ue, , B))
and Ge, (wy, B,). To this end we introduce the sets

Ut = {i € 2.,(B,): Tpue, # wp on Qc, (i)},
Vi ={j € Z.,(Bsy2): Ji €U st.j € Qe(i)},
and we notice that as in Substep lc one can show that
: n L : n L
lim eyp#U;, =0, hgr-ir-loo en#Vz, =0.

h——+o0

Thus, arguing as in (4.36) and using the equiintegrability of |V, wx|P on By, we deduce that there
exists hy = hy(n, p) > 0 such that for all h > h; we have

c . cs . n .
SN (Ve () + 1) € Sere(n, L) 3 e (IVe,wnl? () + 1) <.
ieul, P ievh
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As a consequence, thanks to the upper bound (H},7) we obtain

1 1 1 e
—Ge, (Tl_cpusme) > —Ge, (wn, By) — ey Z EZQpr({iwlfsu}jEZ")
p p = o
€h
1
> —Ge, (wp, By) —n for all h > hy. (4.41)
p

We finally estimate from below G, (wp, B,) in terms of Fy, (wp, B,). For every A > 0 we set
(A) :={i € Z, (Bzy): [Ve,,Lwnl?(i) > A}.

For every i € S, (A) Lemma 4.4 gives

A<|VepuonfP(@) e Y IVownlP() S@#2i(LQ)  max Ve, wnl”(j)-

. J€Ze, (Qey (D)
Jezah(QshL(l))
In particular, for every i € S;, (A)NB, there exists j; € Z., (Ba,) with |V, wp, [P (ji) > A/ (é1#Z1(LQ)).
Setting ¢ := ¢1#2Z1(LQ) this gives
o IVeuwnlP() < Y Ve wnlP()#{i € 8o, (8): 5 € Qe (i)}

<, (MNB,, JESe, (A/2)

SHZ(LQ) Y. Vel ().

JES:, (A/2)

€S,

Thus, for fixed n > 0 the equiintegrability of |V, wy,|P on Bz, ensures the existence of A = A(n, p) >
0 and hy = ha(n, p) > 0 such that for every h > hy we have

c , c

S VeumlO+) S SHZCQ Y G(Vawl @) <n (142
i€Se, (MNB, JE€Se, (A/2)

In addition, since |V, rwy|(i) < A% for all i € Ze, (By) \ S, (M), in view of (H,1) there exists

hs = h3(n, p) > 0 such that for all h > h and for all i € Z., (B,) \ Se, (A) there holds

h ? 77
95" ({wy, Y jez., @) — ¥ ({51, wy, M Yiezn )| < B (4.43)
Combining (4.42) and (4.43) in view of Remark 4.6 we deduce that for all & > max{hsg, h3} we have
1 1 € i+j
pTLGEh (wh, Bp) > p7 Z 52(%h({whﬂ}jezsh(R")) )
i€2Zz;, (Bp)\Se,, (An.p)
1 c
> L E By —n—ole) - Y (Ve LwlP (@) + 1)
p i€S., (AM)NB
1
> Py (w0, By) =20 = o(e1). (1.44)

Eventually, gathering (4.40), (4.38), (4.41) and (4.44) we obtain

1
|B1‘fhom( ) > pihm_‘l_anEh(wh7 )737]> ‘Bl|f( )737]7

hence we may conclude letting n — 0. ]
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4.1.2. The surface energy density. In this section we finally characterize the surface-energy density
of the I'-limit. We start proving some properties of the unscaled interaction-energy densities ;.
Since these properties can be obtained in a similar way as the corresponding properties of 1/}%’ in
Lemma 4.5 we only sketch the proof.

Lemma 4.13. Suppose that ¢5 : (RY)Z®") 5 [0, 400) are eK -periodic in i, satisfy (H1)—(THG6)
with Z:(Q;) replaced by Z.(R™), and suppose that in addition (4.1) is satisfied. Assume moreover
that there exists 5 : (RY)Z" — [0,400) such that (H,2) holds true. Then the functions ¢ are K-
periodic in i and satisfy Hypotheses (H1)—(H2) with Z.(€);) replaced by Z™. Moreover, the following
holds for every i € Z".

(Hs3) (upper bound for constant functions) For all z : Z" — RY with z = w for some w € RY we
have ({2’ }jezn) = 0;
(Hg4) (upper bound) there exists cg = c(n, L) > 0 such that for all z : Z" — R? there holds
U ({2 }jezn) < ezl L= () +1);
(Hg5) (locality) for all z,w : Z" — R% with 27 = w’ for all j € Z1(LQ) we have
Ui ({7 }jezn) = ¥ ({0’ }jezn).
In particular, f({z?}jezn) = 0 for all z : Z" — R? with z = w on Z1(LQ) for some
w € RY.
Proof. The periodicity of ¢7, (H1)-(H2) and (Hs5) follow from the corresponding properties of ¢
as in the case of 1?. Thus, we only prove (H.3) and (H.4) here. To this end, fix > 0 and suppose
that z : Z" — R? is such z = w for some w € RY. Then [V1,,2](0) = 0 and according to (H,2) we
find € = &(n) > 0 such that ({27 },ezn) < E¢§i({2%}jezs(Rn)) + n for every € € (0,¢) and every
i € Z"™. Thus, (2.7) gives
Ui ({# }jezn) <eler +1) +,
and we obtain (Hg3) by letting first ¢ — 0 and then n — 0.
We continue proving (H.4). Let €9 and ¢ be as in (4.15) and let z : Z" — R?. Note that either
.
|V1,22/(0) = 0 or we can find £(z) € (0,¢9) such that ETP|V1’LZ|(0) > A(1) for any € € (0,(2)).
Thanks to (H,2) there exists £ € (0,£(z)) such that ¥F({z7}jezn) < 51/13({2]2}]»625(]1@71)) + 1 for
every € € (0,¢) and every ¢ € Z". Arguing as in the proof of Lemma 4.5 to obtain (H},7) we deduce

. 1+ Z%-F&_ZO
G ) <cla+ D) 4ldee Sy AEET A

JEZ1(LQ) €€Z1(LQ)

JHEELQ
<e(er+1) + 1481+ 2]zl 1 (1orn) (#A(LQ))?,
hence (Hg4) follows by setting cg := 2 max{¢s(#21(LQ))?,1} and letting € — 0. O

Remark 4.14. Thanks to (Hs3) and (HJ5) the continuity assumption (H,3) reads as follows. For
every z,w : Z" — R? with |V 12|(0) > 0 there holds

wf({zj}jezn) > z/;f({wj}jezn) — ¢ Z Z |szrg — wItE| for every i € Z".
J€Z1(QL(4)) §€Z1(QL (7))
J+HEEQL(4)

On account of Lemma 4.13 we now prove the following proposition.
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Proposition 4.15. Let F. be given by (2.3) with ¢5 : (R?)Z=(%) — [0, +00) as in (4.3) and assume
that the functions ¢5 : (R)Z=®") [0, +00) are eK -periodic in i, satisfy (H1)—~(H6) with Z.(;)
replaced by Z.(R™), and the locality condition (4.1). Suppose in addition that there exist 7 :
(RHZ" — [0, 400) such that (H,2) and (H,3) are satisfied. Then for each pair (¢,v) € R x §7~1
there exists the limit defining gnom n (4.9) and gnom (¢, v) = g(¢,v), where g is as in (4.4).

Proof. Having at hand Lemma 4.13 the existence of the limit in (4.9) can proved as in [13, Propo-
sition 4.5] and we thus omit its prove here.

Let (¢,v) € R% x S™~! be fixed and let us show that g({,) = ghom(¢,v). To reduce notation
for every T' > 0 we set

gr(Cv)=inf{ 3 wI({u ) v e A (u, TQM

1€Z1(TQV)

so that ghom (¢, v) = limp 1/T" g (¢, v).

Step 1: g(ga V) > ghom(Ca V)
Let g be as in (4.4); thanks to formula 3.2 in Theorem 3.1 and Proposition 4.1 there exists zg €
such that

g(¢,v) = limsup lim lim sup nl—l inf{F.(u,Q}(w0): u € Aﬁ(ugymo, Q) (o))}
p—0 020 c50° P

Note that to simplify notation we do not relabel the I'-converging subsequence. Moreover, from now

on we assume xg = 0. We fix a number « € (0, (p—1)/p) whose meaning will become clear later and

for every p > 0 we denote by N, := [p~“| the integer part of p~®. We further write ¢ = (¢',..., (%)

and we choose p € (0,1) with Qq, CC Q such that 2/N, < || for every m € {1,...,d} with

¢™ #0. Let § € (0,p/2) and for every € > 0 with ey/nL < ¢ let u. € Ag(ug, Q}) be such that

Fe(ue, Q) < Fo(uf, Q) < cp . (4.45)

Since ey/nL < 6 < p/2 and Q2, CC Q we can extend u. by 0 outside Q without modifying
the energy or changing the boundary conditions. Moreover, by truncation we can assume that
el < 3(cl-

Let us fix > 0; in the remaining part of this step we construct functions w. : Z" — R?
which are admissible for the minimum problem defining gr. (¢, v) with T, = p/e and satisfying for
¢ sufficiently small (depending on 7)) the estimate

1 1%
FF5<U57 Qp) > F

ST U {witYea) - Rep) — en, (4.46)

1€Z1(T-QV)

where the reminder R(e, p) is such that lim, lim. R(e, p) = 0 and the constant ¢ depends only on
n, L and (. Passing to the limit first in € then in § and finally in p, thanks to the arbitrariness of

Ue € .Ag(uz, Q}) we may then deduce that

_ .. 1
g(Ca V) Z llgigglf FQTE (Ca V) - = ghom(c; V) — C, (447)

which will eventually give the desired inequality by letting n — 0.
To obtain the required sequence (w.) we carefully combine the arguments used in [32, Proposition
5.21] in the discrete setting with those used in [18, Proposition 6.2] and [22, Theorem 5.2(d)] in the
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continuum setting. We start introducing some notation. For every m € {1,...,d} we denote by
(ul)™ the m-th component of u. and for every ¢t € R we consider the superlevel set

SI(t) = {i € 2.(QY): ()™ > t}.
Further we introduce the set
RI(t) ={i€ Z(Qp): 3 € Z1(LQ) s.t. i+ e € Z(R") \ S'(t), 1 € S*(t) or vice versa}.

Let finally N € N with 3|¢| 4+ 1/N, < N; notice that for any ¢t € [-N, N] and any m € {1,...,d} a
point i € Z.(QY) belongs to R7'(t) if and only if ¢ € [(ul)™, (ult<¢)™) or t € ((uft=¢)™, (ul)™] for
some § € Z1(LQ). Thus, for any i € Z.(Q}) we have

N
/ X (o (1) dt < €|V puc](0). (4.48)
N

We choose A(n) according to (H2) and denote by

A(n)P

~—

Je = {l € ZE(QZ): ‘VE,LUEV)(i) >

}

the set of jump points. Without restriction we assume that A(n) > 1. Summing up (4.48) over all
i € Z:(Q}) \ Je from Holder’s inequality we deduce that

™

N
o [ RREONT A Y V)

€2 (QY\T-
n(p=1) y 2 N\ 7
< (#(Z@\ ) > IVesul()
i€2(QY)\Je
<eAmp™ 5 (X tmin {|Ve ), 2}) (4.49)

i€2(Q)
Moreover, thanks to Estimate 4.11 in Lemma 4.4 and (H4) we have

Z gnmin{\VE,LuE\p(i),%}§262 Z 5”min{Z|Dfui|p,%}

1€Z:(QY) 1€Z:(Q4+eL[-1,1]") k=1
o 1 v no. s < v(; 1
cowm(lreee)s ¥ cmn{Yobeorl}).  aso
2 €2 (QY+eL[-1,1]"\QY k=1

where in the second step we used the boundary conditions satisfied by u.. Notice that the last term
on the right-hand side of (4.50) can be bounded by

e" i € Z(Q) +eL[-1,1))\ Q)+ dist(i, IT,) < e} < ¢(L)e.

Inserting the above estimate and the energy bound (4.45) in (4.50), the estimate in (4.49) can be
continued to

_ N n(p—1) _ 1 np—1 n(p—1) 1
en 1/N#(R?(t)\»’75)dt§d\(n)p (P re)T <eAm)(p T+ ev).



FREE-DISCONTINUITY FUNCTIONALS FROM DISCRETE TO CONTINUUM 45

Hence for every integer [ with —NN, <1 < NN, there exists t;" € [[/N,, (I +1)/N,) such that

NNp—l N . A
et S THRIE\ T) <IN, / AR\ To)de < ) (075 e )
I=—NN, -
(4.51)

Note that « was chosen such that (np —1)/p — a > n — 1. Moreover, since |luc|/f~ < N —1/N,
the sets S (") \ S (¢} ,), m € {1,...,d}, l = =NN,,..., NN, — 1 form a partition of Z.(Q7).
Thus, we can define a discrete function v. componentwise by its restriction to S (/") \ SI"(tj% )
setting

0 ifgr<o<an,

WS nsrap, = ¢ HHT <" <t
" otherwise.

Notice that v, is well-defined since 2/N, < [¢™] if ("™ # 0, so that in this case {" and 0 can not
belong to the same interval [t;", ]} ;).

We claim that the required sequence (w.) is obtained by setting w! := v® for every i € Z".
First notice that by construction the functions v. satisfy the required boundary condtions, i.e.,
ve € Ag(uz ,QZ). Thus, since eL < § the rescaled functions w. are admissible for the minimum
problem defining g7 (¢, ). We finally show that there exists € = £(n) > 0 such that for all € € (0, €)
the functions w, satisfy (4.46). To this end we show that ¢35 ({wi*7};czn) essentially only gives a
contribution to the energy when ¢ € J., in which case it will turn out to be comparable to
etf ({us™7} ez (rny) thanks to (Hy,2) and (Hy3). We start by introducing the rescaled functions
fie defined by setting @’ := uS’ for every i € Z" and we observe that for i € Z;(T.Q") with €i € J.
we have

£ 7 |V pie|(i) = 7 | Ve pug|(ed) > A(n). (4.52)

Hence, from (H,;2) we deduce the existence of € = £(n) > 0 such that for every e € (0,€) and every
i € Z™ with i € J. there holds

e; ({uz" Yjezon) = V5 ({ul ez @m) 2 7 ({H Yien) — (4.53)
We now compare ¢ ({a}jezn) and ¥F ({wit7}ezn). By construction we have

) 2v/d o
lwe = el zoe = |lve =tz < = < 4V dp~. (4.54)
P

For every i € Z™ with |Vy t.|(¢) > 0 (4.54) together with (H,3) and Remark 4.14 gives

U Yezn) = V3wl Yezn) — e Y > witE — @t > ({wit Y jezn) — p®,
JE€Z1(QL(4)) £€EZ1(QL (i)
JHEEQL (1)
(4.55)

where ¢ > 0 depends only on n, d and L. In particular, (4.55) holds for every i € Z"™ with e € J.
thanks to (4.52). Gathering (4.55) and (4.53) we thus obtain

n—1

1 . "
FFE(%’QF;)Z — Z edf ({ult} ez )

1€Z:(Qy)NTe
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1 s i+j (e gnil v
> —— Y Wi{wiYem) = (0 +n) S #(Z(Q) N TL). (4.56)
€ €2, (T-Q") P
gi€Je

Moreover, since 1/e < |V, pu|P(i) for every i € J., we can argue as in (4.50) to bound the
cardinality of the set Z.(Q)}, ) N J. via

n—1
—#(Z:(Q,)) N J:) < p" — Z e" min { |V, pu.[P(i), }

1€Z:(QY)NTe

9
pr

C
pn—l

v ce
(Fs(u67Qp) +€) S c+ Fv

(4.57)

where the last inequality follows from (4.45). It then remains to show that the contributions of
3 ({witi}ezn) for ei ¢ J. are negligible. First notice that for every i € Z;(T.Q") with w. = w
on Z1(Qr(i)) Hypotheses (Hi5) gives ¥5({witi},ezn) = 0. On the other hand, if i € Z;(1.Q")
is such that w. # w’ on Z;(Qr(i)) then i belongs to R™(t") for some m € {1,...,d} and [ €
{-NN,,...,NN, —1}. Thus, we have

NN,—1
1 (2

= . G{wiY}em) < T" - Z 3 S i), (458)
€ 1€Z1(T-QY) m=11=—NN, eic R (t/")\J-

VE

We finally observe that (4.54) and our choice of p imply that |Jw.||z~ < 4[¢|, so that we can use
the upper bound in (H¢4) together with (4.51) to bound the sum on the right-hand side of (4.58).
In fact, we have

NN,—1 NN,—1

- IZ > X ) < af Z S #HREE\ )

m=11=—NN, eicR™ (t7")\ J- m=11=—NN,
<cA() ("7~ +evp T ). (4.59)
Gathering (4.56)-(4.59) we deduce that the sequence (w,.) satisfies (4.46) with

R(g,p) = cA(n)(p™ +ep' ™" + P T 4 65p7_") — 0 as first ¢ — 0 and then p — 0,

where the convergence of R(e,p) is guaranteed by the choice of a € (0,(p — 1)/p). Thus the
argument in (4.47) concludes this step providing us with the inequality § > ghom.

Step 2: g(Ca V) < ghom(Ca V)
In order to prove the opposite inequality we construct a recovery sequence for uf 4, ON Qz (z0),
where zo € 2 and p > 0 are such that Q}(zo) CC (2. To simplify the exposition we only consider
the case v = e, here and we assume that zo =0 and p = 1. We fix n > 0 and set

Q) = (—1/2,1/2)" " x (—n/2.1/2).

Moreover, we choose T' = T'(n) € N as a multiple of K with 1/T < n and ur € AE/HL(UZ",TQ)
satisfying

Z V7 {UT }JEZ") < Ghom (¢, €n) + 1. (4.60)

1€Z1(TQ)

Starting from ur we now construct a sequence (u.) converging in LI(Q Rd) to uC and satisfying

lim Sélp Fe (UEa Q(n)) < ghom(Cv en) + cn, (461)
e—
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where the constant ¢ > 0 depends only on L,n,(. Then Proposition 4.1 gives
9(Cren) = Fluem, Q(n) < liminf Fr (ue, Q1) < gnom (€, €n) + e,

and we obtain the required inequality thanks to the arbitrariness of > 0.
As a first step we define a function @y : Z" — R¢ which is T-periodic in the directions
(e1,...,en_1) inside the stripe {|(x,e,)| < T/2} by setting

~ uiT*Tj/ if i € Z1(T§' + TQ) for some j' € Z"1 x {0},
ur = e . . . n

u¢ (i) otherwise in Z".
For every ¢ > 0 and every i € Z.(R™) we then set ul := u;{E and we observe that as ¢ — 0 the
sequence (u.) converges in L'(;RY) to u¢". It remains to show that (u.) satisfies (4.61). To this
end, for every € > 0 we consider the stripe

S (T) :={z € R": [{x,e,)| < T/2}.

For ¢ < n/T we can rewrite the energy as

]
_it en(+ .
Fo(us,Qm) = Y. "5y “Yezm)+ Y, e W({ul i+ )} jezomn).  (4.62)
i€Z1(1/eQ)NS1(T) 1€Z:(Q(n)\S:(T)

Thanks to the upper bound for constant functions (2.7) the second term on the right hand side of
(4.62) is at most proportional to n. In fact we have

> e ({uin (i + 9)}ez.@m) < (e + De"#{i € Z:(Q)} < en (4.63)
1€Z:(Q(n)\Se(T)

with ¢ depending only on n. We continue estimating the first term on the right-hand side of (4.62).
Since T is fixed, the function @y takes only finitely many values. Thus, there exists g = €o(T,n) > 0

such that for every e € (0,e9) and every i € Z™ we either have EFTP|V17L12T\(1') > A(n/T) or
|V rar|(i) =0, where A(n/T) is given by (Hy2). As a consequence, setting €1 := min{eo, é(n/T")}
with €(n/T) again given by (H2), for every € € (0,¢1) and every i € Z™ we obtain

7 ({ar Yyezn — 05 ({ir Yez.@nl < 7

Combining the above estimate with (4.62) and (4.63) we deduce that for every e € (0,¢;1) there
holds

Rl Q) € 3 e {af hes) + 2 HACQNST) b (464)
1€21(1/eQ)NS1(T)

Notice that there exists a constant ¢ > 0 depending only on n such that

6"*1#(Z1(§Q) NS1(T)) < T, for every € > 0.
Thus, setting

Z(T):={j €z2" ' x{0}: eTj' +eTQ N Q # 0}
the estimate in (4.64) can be continued to

Fe(ue, Q) <™t ) > wi{ar Yenn) + on. (4.65)

J'€Z(T) ic 2y (T§'+TQ)
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Notice that for every j' € Z.(T) and for every i € Z,(Tj’ +TQ) we have
ﬂ;ﬂ = uiT_leH for every j € Z1(LQ). (4.66)

In fact, the above equality holds true by definition of @y if i € Z1(Tj' + TQ) is such that Qr (i) C
T +TQ. Ifinstead i € Z1(T§’ +TQ) is such that Qr (i) N (R"\Tj' +TQ) # 0, then the boundary
conditions satisfied by ur together with the fact that (j',e,) = 0 ensure that

a5 = g (i 4 ) = w7
Moreover, in combination with the locality property and periodicity, (4.66) gives
i T4
> wi{ar e = Y wfur T T em) = ) ¢ ({ur e
i€Z1(T§'+TQ) i€Z1(T§'+TQ) i€21(TQ)

Thus, since #2.(T) < (| 2] +1)"7!, from (4.65) we deduce that

Flwe, Q) < (| ] +1) T i X0 v ) +en

i€Z1(TQ)

e Y U ) +en

1€Z1(0TQ)

< (eT)"*l(LlTJ - 1)%1 (ghorn(Cv en) + 1+

where to establish the second inequality we also used (4.60) and the boundary conditions satisfied
by ur. We finally notice that for every i € Z;(9TQ) with [(i,en)[ > L/2 the function ug" (i + -)
coincides with the consant function sign(i,e,) on LQ, so that 1f({u*7},cz-) = 0. If instead
|(i,en)| < L/2 we use the upper bound in (H3) to deduce that ¥f({u"™},ezn) < cs([C] + 1).
Hence, we obtain

1 . c
o 2 UG+ Dhen) S HAOTQN |l ea)| < L/2)) < 7 < en,
1€Z1(0TQ)
where the constant ¢ depends only on n, L, (. Letting ¢ — 0 we eventually find
lim S(l)lp Fe(ue, Q) < gnom (¢, en) + cn,
E—r
that is, the sequence (u.) satisfies (4.61) and we may conclude. O

Proof of Theorem 4.3. The result follows combining Theorem 3.1, Proposition 4.1, Proposition 4.12
and Proposition 4.15. O

5. EXAMPLES

5.1. Pair interactions. In the special case of interaction-energy densities ¢ that take into account
only pairwise interactions of the point ¢ with the remaining lattice points Theorem 3.1 provides an
analogous result to [1, Theorem 3.1] in the GSBV -setting (see also [16] and [24] for the case of
interaction-energy densities that are independent of the position i). More in detail, our result can

be applied to energies of the form
Yoot Y D),

1€Z:(Q) cezn
i+e£EQ
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i.e., when ¢f : (R?)Z=(%) — [0, +00) are given by

o5 ({#'}jez. ) Z f4(i, DE20)
cezn
i+e£€EQ

Here we assume that for every e > 0 and every i € Z.(Q) the function f&(i,-) : R? — [0, +00) is
increasing in the sense that

fo(3,6) < fo(i, G) for all 1, ¢ € R with || < [ ol (5.1)

Moreover, we suppose that there exist constants a$,aé > 0 and b, b? > 0 such that for every € > 0
and every £ € Z™ we have

Im%gmpé}gﬁ@O§HM{ﬁME%}bmmw@QeZﬂbxW, (5.2)

where the constants a,aé, b¢, b¢ satisfy the following hypotheses.

gr-e

(Hpwl) (upper bound) We have

lim sup Z £+ b8) < 400 (5.3)
e—0 tezn

and for every n > 0 there exists M, > 0 such that

lim sup Z Z (af +bE) < n; (5.4)
aeN cez™
|€]oo >min{eg e 22}

(Hpw2) (lower bound) there exist a,b > 0 such that at* > a, bS* > b for every € > 0 and every
ke{l,...,n}

(Hpw3) (relative control) there exists v > 0 such that for every e > 0 and every ¢ € Z™ with a¢ # 0
there holds [£]b¢ < vas.

Under the above assumptions it can be immediately verified that ¢; satisfy hypotheses (H1)-(H6).

In fact, (H1) is automatically satisfied, since ¢$ depends on {z7 }iez. (q.) only through differences

27 — 2! and (5.1) ensures that (H2) holds true. Moreover, for ¢ small enough the upper bound (H3)

is satisfied with ¢; := limsup, ), aé + 1, which is finite thanks to (5.3). The lower bound (H4)

holds true in view of (Hpy2).

To verify the mild non-locality condition (H5) we observe that for any ¢ > 0, i € Z.(Q2), « € N
and z,w : Z.();) — R? with 2/ = w’ for all j € Z.(eaQ) we have

d)?({zj}jEZg(Qi)): Z f&‘(i7D§ 0 Z fa Dg 0

§€21(aQ) [€loo>
i+s§€ﬂ
€ J ; 481 DEL0|P i)g
<6 ({w'hjes)+ Y, min{af|DE, =],

i+e£€Q
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where the second inequality follows from the positiveness of the f¢ and (5.2). Thus, the required
sequence cl'¢, in (H5) is obtained by setting

R {&§+b§ if |Eloe > 9, j =0,
e, T

0 otherwise,

which satisfies (2.4) and (2.5) thanks to (5.3) and (5.4), respectively.

It remains to establish (H6). To this end, let z,w : Z.(Q;) — R? and ¢ : Z.(€;) — [0,1] a cut-off
and set v := @z + (1 — p)w. Let us show that ¢5({v'};ez_ (q,)) < Ri(z,w, ) with R (z,w, ) as in
(H6). We start observing that

D500 = D520 4 (1 — ) DEw® 4 DS (2°¢ — w®®) for every & € Z™. (5.5)
Thus, (5.2) together with the convexity of | - [P and the subadditivity of the min ensure that
&
g

e

S

. . . Y .
i ({v'}jez. ) < Z mm{aﬁ\Dgzo\p, }+m1n{a§|D§w0|p,;€}+a§|D§<pO|p|zef—w€§|p.

gez”
i+e£€Q
Eventually, from (H,,,3) we deduce that for every £ € Z™ there holds
e B
min {d§|D§zo|p, —E} = 45 min {\Dgzo\p, %} < a8 min {|D§zo|p, l},
€ aze el¢|

and the same estimate holds with w in place of z. Since moreover

|IDEQPP < sup | DEQ!P for every € € Z" with i 4 € € Q, (5.6)
1€Z:(Q)
ke{l,...,n}

we obtain ¢5({v7'}ez.(a,)) < RS (2, w,¢) with
R (z,w,0) = Y_a€(y + 1) (min {|DE2p, -1} + min {|DSw0(, L1 + sup [ DEGP[25€ — w|r).
ez el¢] el€l) ez
i+e£EQ ke{l,...,n
It then suffices to notice that (2.6) is satisfied due to (5.3) to conclude.

5.2. Multibody weak-membrane energies. A prototipical example of functinals F. as in (2.3)
where the interaction-energy densities ¢ do not depend only on pairwise interactions of ¢ with i+&¢
but on multiple interactions of ¢ with ¢ +&&y,...,i + &€y for some N € N are so-called generalized
weak-membrane energies, that have been studied in detail in [32]. In our setting a generalized
weak-membrane energie can be written as in (2.3) with ¢$ given by

Gl hemon) =10 > Y D), (5.7)
§€2Z1(LQ) jEZ:(eLQ)
Jjtegcel@

where L € N is the maximal range of interaction, ¢ > 0 for every ¢ € Z;(LQ), and for every ¢ > 0
and ¢ € Z.(9) the function f.(7,-) : [0,400) — [0, +00) is increasing and satisfies

i i

min {aét, be—e} < fe(i,t) < min {dit, be—e}, (5.8)

for some a’,at, bi,bi > 0. By construction the functions ¢¢ satisfy (H1) and (H2). To ensure that
Hypotheses (H3)—(H6) are fulfilled we assume that the following holds.
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(Hym1) There exist a,a,b,b € (0,+00) such that a® > a, b. > b, 4% < a, b. < b for every € > 0 and
every i € Z.(Q);

(Hwm2) for every k € {1,...,n} there holds ¢ > 0.
The uniform bounds on a¢ in (H,,1) together with the upper bound in (5.8) imply that (H3) holds
true with ¢; := amax{c*: £ € Z1(LQ)}(#Z1(LQ))?, while thanks to the uniform bounds on al, b}
in (Hyml), (Hym2), the lower bound in (5.8) and the monotinicity of f.(,-) Hypotheses (H4) is
satisfied with c¢p := min{a, b} min{c®: 1 <k <n} > 0.

Moreover, the mild-nonlocality condition (H5) holds true by construction, since only finite-range

interactions are taken into account. More precisely, in view of (Hy,,1) we can choose the sequence
J€ i :
clt, in (H5) as

J& .
et

max{a, b}t ifa <L, £ € Z1(LQ), j € Z.(cLQ),
~]o otherwise,

which satisfies (2.4) and (2.5).
Eventually, for every z,w : Z.(€);) — R? and every cut-off ¢ : Z.(Q;) — [0,1] we can combine
(5.5) and (5.6) with the upper bounds in (5.8) and (Hy,,1) to deduce that

({2 + (1= ) w'}jez.(0,) < max{d, b} Z C&( Z sup [ DEGP%E — P
€€2:(LQ) \ jeZ.(eLQ) [EZe()
jtecceLQ e{1,....,n}

+min{|D§zj|p, é} +min{|D§wj|p, i}),
which gives (H6) by setting ¢/¢ := max{a,b}c¢ for £ € Z(LQ), j € Z.(cLQ) and /¢ := 0
otherwise.

Under the above assumptions the functionals F. defined according to (2.3) with ¢5 as in (5.7)
satisfy all the assumptions of Theorem 3.1 and thus I'-converge up to subsequences to a free-
disonctinuity functional of the form (3.1). We eventually give sufficient conditions under which the
sequence (F;) satisfies the assumptions of Theorem 4.3. The first condition is e K-periodicity of f.
in 4, that is f.(i + eKey, ) = f(i,-) for every k € {1,...,n}, every ¢ > 0 and every i € Z.(2). We
then extend f. to Z.(R™) x [0, +00) by periodicity and in the same way we extend ¢$ to (R%)Z=®")
Moreover, we can assume that a’,at, b, bi are e K-periodic in i. We finally show that (H,1)~(H,3)
are satisfied if we assume that in addition for every i € Z;([0, K)™) there exist a’, b > 0 such that

st = at, oSt —»at and b b bW o b ase — 0, (5.9)

that is, the functions f.(i,-) approach a single truncated potential. By periodicity (5.9) extends to
i € Z". We claim that the required functions ¥?, ¢ : (R))%" — [0, +00) are obtained by setting

W(lFYen) =d' Y D> DI,
£€Z1(LQ) j€Z1(LQ)
JHEELQ
0 if 27 = 2% for every j € Z — 1(LQ),
b*  otherwise.

i ({#}jezn) = {

First notice that (Hy3) is automatically satisfied. We next establish (H,1). Let n > 0, A > 0 and
suppose that z : Z" — R? is such that |V 2[(0) < A. Set zJ := ez¢ for every j € Z.(R™). Arguing
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as in Lemma 4.5 to establish (H},7) we deduce that
S Y App= Y > DS <2t max 51+ #Z1(LQ))AY

) ) £€Z1(LQ)
§€2Z1(LQ) j€Z:(eLQ) £€21(LQ) j€Z:1(LQ)
jtegeel@ JHEELQ
(5.10)
Let us choose € = &(n, A) > 0 sufficiently small such that
. b S P
Ag :=2071 S+ #Z,(LQ)AP < — goal< L godl< L, (511
0 gegié(lf@c( HHZ(LQIN < —, o' —a' < A |ag" —a'| < Ag (5.11)

for every € € (0, and every i € Z1([0, K)™). The first condition in (5.11) together with (5.10) and
(Hym1) ensure that

. . bai
aZ’ Z Z t|DEIIP < ? for every i € Z".
§€Z1(LQ) jeZe(cLQ)
Jjtegeel@

Thus, (5.8) gives
o Y Y SIDEP <L) jenm) <6 Y, D, SIDELP

E€Z1(LQ) jEZ:(eLQ) E€EZ1(LQ) jE€EZ:(eLQ)
jt+e€elQ jt+e€elQ

which in view of the second and third estimate in (5.11) and (5.10) finally gives

W ({7 }jezn) — 0521} jez.@n))| <.
It remains to show that 7 satisfies (Hy2). We start choosing A > 0 such that

AP min c* -
1<k<n b
a’

where ¢ is the constant provided by Lemma 4.4. Moreover, given n > 0 we choose € = £(n) small
enough such that [bEf — bi| < 7, |b5F — b| < 5 for every € € (0,€) and every i € Z;([0, K)"). Let
£ € (0,4) and suppose that z : Z" — R? satisfies €FTP|V1’LZ|(O) > A. Then Lemma 4.4 together
with Jensen’s inequality yield

n
AP < sl_p\Vl,LzV"(O) < 51_p61np_12p Z Z |lezj|p.
k=1 jeZi(LQ)
jter€LQ
In particular, the rescaled functions Z. obtained by setting Z. := 2% for every j € Z.(R™) satisfy
n n Aplir}fiil c* 1
ek DF29|P > =P min ¢k Dk i > =nEn
ZC A Z | 525| = 1I§nk‘lgnc Z ‘ Z ‘ 17 | Z élnp*12p 57
k=1 jeZ.(eLQ) k=1 jeZ:(LQ)
jteer€el@Q JjterelQ

hence the choice of A in (5.12) and (Hym,1) ensure that

el A | . bel

I . AN Z z 123

= —min{aZ Y e Y IDEEP D} < 05 ({H Y jes@n) < =
k=1 jGZs(eLQ)
jteer€el@Q
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for every i € Z.(R™). Eventually, since ¢ € (0,£(n)), this gives
b = < b < egi({E)jezmny) SO <B4,
If on the other hand z : Z" — R% is such that |V 12](0) = 0 we immediately obtain
¢z ({2 }jez.&m) = 0 = ¥} ({z' }jezn)
for every i € Z", and we conclude that the functions ¢ satisty (H2).

5.3. Weak membrane with long-range small-tail interactions. In [10] the author studies the
asymptotic behavior of weak-membrane energies of the form

5 1
Fe(u)=Y " Y ep(et —i)min {|Dsu’|?, =}, (5.13)
EEL i€Z.(Q) <
i+e£EQ

where Q C R is an open, bounded interval. Assumimg only a locally uniform summability condition
for the functions p. : eZ — [0, +00) it is shown that the I-limit is a non-local integral functional.
Moreover, the author provides examples of specific functions p. including very long-range interac-
tions with small tails, for which the I-limit is a (local) free-discontinuity functional. Among them
are the discrete functionals as in (5.13) with p, : €Z — [0, 4+00) given by

1 ift=¢,

p=(t) =4 Ve ift= gl_ﬁjv
0 otherwise,

which are shown to I'-converge to the functional

F(u) = /Q |u'|? dt + Z min{1 + [u™(t) —u~ ()%, 2}.

teSy,

We observe that thanks to our very mild non-locality condition (H5) the above example can be
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recast in our framework by setting
21
|}
g2 Lﬁj €

Indeed, it is immediate to check that ¢S satisfies (H1)—(H4) for every € > 0 and every i € Z.(Q).
Moreover, (H5) is satisfied with the sequence (c?c.g) defined by setting

2 —z

2 1
)+ veming

o ({#}jez. ) = min{

3

1 fa<2 j=0 =1,
g =veE fa<2[z] j=0, &= 5]
0 otherwise.

The sequence (c£4,) fulfills the required summability condition (2.4), since

2|
Z Z chji:2+ Z Ve <4 for every € > 0.
a€N jeZ. (R) €T a=1

Moreover, the decaying-tail condition (2.5) is satisfied since ¢§, = 0 for every a > 2 L%J Thus, for

every 1 > 0 the sequence (M) can be chosen independently of 1 as M, = 2 Lﬁj, which satisfies the
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constraint eME — 0 as ¢ — 0. Eventually, (H6) can be verified by using expression (5.5) together

n

with the convexitiy of z — 2P and the subadditivity of the min.
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