REGULARITY OF QUASI-MINIMIZERS
FOR NON-UNIFORMLY ELLIPTIC INTEGRALS

STEFANO BIAGI, GIOVANNI CUPINI, ELVIRA MASCOLO

AsstrAcT. In this paper we consider a class of non-uniformly elliptic integral
functionals ¥ and we prove the local boundedness of the quasi-minimizers of F.
As regards the integrand function f defining F, we require that

M) €1 < f(@,u,8) < p(@) (1§17 + [ul?) + a(=),
where A, pu, a are measurable functions satisfying suitable integrability assump-
tions. Our approach is based on a suitable adaptation of the celebrated De Giorgi
proof, and it relies on an appropriate Caccioppoli-type inequality.

1. INTRODUCTION

In the present paper we shall be concerned with a class of non-uniformly elliptic
functionals F of the Calculus of Variation taking the following form

loc

F:WhH Q) = [0, 00], Fu) := / f(z,u, Vu) dz, (1.1)
Q

where 2 C R” is a bounded open set and f is a real-valued Carathéodory function
on Q x R x R™ (precise assumptions on f will be given below). Our main aim is
to prove, via a suitable adaptation of the celebrated De Giorgi’s method, the (local)
boundedness of any quasi-minimizer of F (see Definition 2.1 in Section 2).

As is well-known, the development of the theory of regularity for single equations
and scalar integrals is strictly connected with the pioneering result established by
De Giorgi [8] in 1957. Indeed, in his celebrated paper De Giorgi considered a linear
elliptic equation (with associated quadratic functional) of the form

"9 0
> 5 (w@g—@) =0 (@eacr; (1.2)
1,7=1 J
where the functions a;;’s are measurable and bounded in €, and the n x n matrix
A(x) = (aij(x))i; is symmetric (for all z € ). Assuming that, for some A > 0,
n

D ai(@)€& = NEP VEER”

i,j=1
and for a.e.xz € Q, De Giorgi proved that any weak solution u of (1.2) is locally
bounded and, further, locally Holder continuous. One of the crucial points in the De
Giorgi proof is the following Caccioppoli inequality on the super-level sets of u:

/ |Vu|? dr < L/ (u—B)*de  (valid for all 0 < p < R), (1.3)
Ag., (R=p)" Jasn
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where R > 0 is such that B(xg, R) € Q and, for any 8 € R, we have set
Ap r:={x € B(zo,R) : u(z) > B}

It is out of doubts that De Giorgi’s regularity result [8], together with the subsequent
results by Moser [20] and Stampacchia [21], produced a decisive progress in the theory
of regularity. Starting from these seminal works, several improvements (regarding the
scalar case) have been achieved: for example, in the series of papers [11, 12, 13]
Giaquinta and Giusti proved the Holder regularity for the minimizers of a class of
non-differentiable scalar functionals as in (1.1) (where no Euler-Lagrange equation is
available), assuming that the integrand function f satisfies

[Vul? < f(z,u, Vu) < C(1+ |Vul|)? (with p > 1).
We refer the reader to [14] for a comprehensive treatment of this topic.

In [22], Trudinger started the study of the regularity for non-uniformly elliptic
equations. More precisely, he considered the equation (1.2) and assumed that the
measurable functions a;; satisfy the non-uniform elliptic condition

A@)[E* < Y aij(2)é&&; < n’u()| (1.4)
i,j=1
for a.e. z € Q and every £ € R™. Here, A(z) is the minimum eigenvalue of the sym-
metric matrix A(x) = (a;;(z)) and p := sup;; |a;;|. The main novelty in Trudinger’s
result (which also highlights the non-uniformity of (1.4)) relies in the assumption that
2

)
n

(L.5)

loc

11
AMNle Ll () and pp =M€ LT (Q) with — 4+ = <
T g

hence the ratio p/A is not necessarily bounded in 2. Under conditions (1.4) and (1.5),
Trudinger proved that any weak solution of (1.2) is locally bounded in €.

As is well-known, the equation (1.2) is usually called degenerate when the a;;’s
fulfill (1.4) but A\=! ¢ L°° (), whereas it is called singular when p ¢ L>(Q). It is
worth emphasizing that the theory of regularity for (1.2) under assumption (1.4) is
significantly complicated by the z-dependence of A and p; in fact the problem of find-
ing optimal additional conditions on A and g which guarantee the Holder continuity
of the solutions of (1.2) is still an open problem.

The literature concerning non-uniformly elliptic problems is quite extended, and
it is beyond our scopes to present here an exhaustive list of references on this topic;
we limit ourselves to highlight the series of papers [1, 5, 6, 7, 9, 10, 15, 17, 18, 19, 23]
and the references therein.

We now turn to describe more closely the main result of this paper. As anticipated,
we aim to prove the (local) boundedness of any quasi-minimizer for the functional F
n (1.1). In our context, we require the integrand function f to satisfy a generalized
version of Trudinger’s assumption (1.4), namely we assume that

(a) f is a Carathédory function on €2 x R x R™ (where 2 C R™ is an open set);
(b) f(z,-,-) is convex on R x R™ for every fixed = € ;
(c) f satisfies the growth condition

A@) €7 < f(@,0,€) < () (6 + ul?) + (o), (L6)

where ¢ > p > 1 and A, yu,a : © — R are non-negative measurable functions such that
Az) < kp(z) for a.e.x € Q and some positive constant k.

While we postpone to Section 2 the statement of our result in its full generality,
we now give the statement in the particular case when (1.6) holds with ¢ = p.
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Theorem 1.1. Assume (1.6) with ¢ = p, and
>\71 6 L’l"OC(Q)7 /"t E Lla(')C(Q)7 a e Li’—OC(Q), (1'7)
for some r € [1,00], 0 € (1,00] and T € (1,00] fulfilling

1 11 1
+max{,}<p and r>—— ifpe(1,2). (1.8)
r o'T n p—1

If u € Wl’l(Q) is a quasi-minimizer for the functional F in (1.1), then u is locally

loc

bounded in €.

We refer to Theorem 2.2 for the general case 1 < p < ¢, and for a somehow
quantitative estimate of the L°°-norm of the quasi-minimizers.

Although being inspired by Trudinger’s result, our Theorem 1.1 is significantly
different from the one exhibited in [22]: in fact, we consider quasi-minimizers of
integral functionals and our proof relies on a suitable version of De Giorgi’s approach
in [8], the crucial step being a suitable Caccioppoli-type inequality, see Section 3.

We conclude this Introduction by explicitly highlighting that our result applies to
several energy integrals which are nowadays receiving great attention in the literature;
this is the case, e.g., of the double phase energy integral

F(v) = /Q (hl(x)|Vv(x)|3 + h2($)|Vv(x)|p) de  1<s<p, (1.9)

with non-negative functions hy and hy. A deep study of such functionals was recently
carried out under many different aspects, see e.g. [2, 3, 4].
It is straightforward to check that the integrand function

f(@,€) := ha(2) [§]° + ha(2)[¢]”
fulfills the growth condition (1.6) with
AMz) = ha(z),  plx) = (ha(x) +he(z),  alz):=h(z).
As a consequence, if we assume that
hyt e LT (), (hi +hy) € LE ()  and  hy € LT (Q)

loc loc loc
for some r € [1,00), 0 € (1,00), T € (1,00) satisfying the relations (1.8), we infer
from Theorem 1.1 that any quasi-minimizer of ¥ is locally bounded.
Another application of Theorem 1.1 is the following (see also the more general
Example 2.3 in Section 2): consider the functional

F(v) = / W) ([Vo(@) P + lu(@)P?) de, (1.10)
Q
where p > 1 and h is non-negative on 2. If we assume that
hte LI () and  he L. ()

loc loc
for some r € [1,00), 0 € (1,00) satisfying
1 1 1
7+7<£ and rzmax{Z,i}
roo n p—1
then the quasi-minimizer of F are locally bounded.

Plan of the paper. A short plan of the paper is now in order.

e In Section 2 we shall give the needed preliminary definitions, the statement
of our result in its full generality, Theorem 2.2, together with some useful
remarks concerning our main assumptions.

e In Section 3 we shall prove a Caccioppoli-type inequality for the quasi-mini-
mizers of F, which is the fundamental tool for the proof of Theorem 2.2.
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e In Section 4 we shall set up the De Giorgi iterative method, by means of
which we shall be able to provide the proof of Theorem 2.2.

2. PRELIMINARY DEFINITIONS AND STATEMENT OF THE MAIN RESULT

As anticipated in the Introduction, throughout this paper we shall be concerned
with integral functionals of the following form

F:Wh(Q) — [0, 00], F(u) = / f(z,u, Vu) dz, (2.1)
)

loc

where 2 C R" is a fixed open set and f : 2 x R x R™ — R is a Carathéodory function
satisfying the following assumptions (already presented in the Introduction):

f(z,-,-) is convex on R x R™ for every fixed z € {; (2.2)
and, for every z € Q and every (u,&) € R x R™, one has
(@) 6 < f(tu.€) < ple) (IE17 + ul?) + al2), (2:3)
where ¢ > p > 1 and a, A\, u : Q© — (0,00) are measurable functions such that
Az) < kp(zr) a.e.in Q, (2.4)
for a suitable constant k > 0. Furthermore, we require that
AU E Q). pe LT(Q), ae LT, (Q), (2.5)
for some r € [1,00], o € (1,00] and 7 € (1, 00| fulfilling the relations
1—|—max{1,1}<p, and 7"2L if pe(1,2). (2.6)
T oT n p—1

Since we aim at proving the local boundedness of the quasi-minimizers of the functio-
nal F, we remind the precise definition of this concept.

Definition 2.1. We say that a function u € WL (Q) is a quasi-minimizer of F in

(2.1) if 2 — f(z,u,Vu) € L, (Q) and there exists a real @ > 1 such that

/ f(,u, Vi) dz < Q f(@,u+ o, Viu+ ) de, (2.7)
supp ¢

supp ¢
for every ¢ € WH1(Q) with supp ¢ € €. In the particular case when (2.7) holds with
Q =1, we say that u is a local minimizer of F.

With simple computations (see e.g. Proposition 3.1 in [7]), for every open set €’
compactly contained in Q we deduce that

”)\71”23(9’) ||Vv||i%m/;w) < /Q, f(z,v, Vv) dz. (2.8)
From (2.8) and the classical Sobolev embedding theorem, we then get
whHE(Q) > W) (2.9)
where W17 (') denotes the set of maps u with finite F-energy on ', that is,
WEH(Q) = {u e WHHQ) : F(u; Q) < o0}

It is clear that if we impose appropriate conditions at the boundary of a fixed open set
Q' € Q, then from standard direct methods of the Calculus of Variations we derive
the existence of minimizers in the Sobolev space

Wiod 7 (€).
provided that pr > r + 1. Furthermore, if u € V[/Iicl () is a quasi-minimizer of ¥, it
follows from (2.9) that

1,-B-

u€ W, T ().

loc
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For the sake of simplicity, we will explicitly assume this in our statements and we also
introduce the following notation:
pr
vi= —— 2.10
r+1’ (2.10)
with the convention v := p if r = 4+00. It should be noticed that, from our assumptions
onr (thatis,r >landr>1/(p—1)if 1 <p < 2), we easily infer that

pr
1l (2.11)

Throughout the sequel, given any ¢ € [1, 0], we shall adopt the following notation:
we indicate by 9 the conjugate exponent of ¥, that is,

0,
—, ifYe(l :
/ g1 | € (1, 00);
V= q oo, if 9 =1;
1, if 9 = co.
Moreover, we denote by ¥* the Sobolev exponent of ¥, that is,
nY
v if
e A if ¥ <n,

any number ¢t > ¢, if ¢ > n.
Our main result is contained in the following theorem.
Theorem 2.2. Let us consider the functional F in (2.1), and let us suppose that its
integrand function [ satisfies (2.2), (2.3), (2.4), (2.5) and (2.6), with

qgo' < v (2.12)
Let u € VVIOJ+1 (Q) be a quasi-minimizer of F.
Then u is locally bounded in Q2. Furthermore, it is possible to find a constant ¢ > 0,
only depending onn,p,q,r,o,7 and on k and Q, with the following property: for every
fized xo € Q and every Ry € (0,1] satisfying B(zo, Ry) € 2, one has

H V*ii*qﬂ' V*(q:erp/a)
ull o (Bry ja(zo)) < € R (L [Jull o= By y) 7720 (2.13)
where
141/ 1/

H:= (1 + ”)\ HLrpB(wo,Ro))) (1 + ”aHL"pB(wo,Ro) )(1 + HMHL" (B(zo, Ro))) (2'14)

and , )
= min{l—%,o'(l—f—%)}. (2.15)

v T v

We observe that, in the particular case when ¢ = p, Theorem 2.2 reduces to Theo-
rem 1.1 stated in the Introduction.

Example 2.3. Let us consider the functional

- / h(@) ([Vo(@)P + [u(z)]) de, (2.16)
Q
where 1 < p < ¢ are real and h is non-negative on 2. If we assume that

(i) h=' e LI () and h € LT (), with
1 1
7+—<£ and erax{Q L}
r o n 1
(i) ¢ < v*/o’ (remind that v = pr/(r + 1) and v* is Sobolev exponent of v),

we infer from Theorem 2.2 that the quasi-minimizer of F are locally bounded.
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Remark 2.4. Here, we list a few consequences of (2.6) and (2.12) which are of general
interest.

(1) The first inequality in (2.6) implies

po' <v*  and 1-L1_2 5y (2.17)
T v

(2) The assumption on g, see (2.12), together with the last inequality in (2.17),
implies a > 0.

(3) If the function a in the growth condition (2.3) is a locally bounded function,
i.e., T = 400, we obtain

t,loe (2.18)
r o n
It should be noticed that, in the particular case p = 2, the above (2.18) is
precisely the assumption made by Trudinger in [22] (see indeed (1.4)).

(4) From the first inequality in (2.6) we get 7 > n/p. This bound from below for
7 coincides with the condition in order to gain regularity for the minimizer in
the standard case when A, p are constants.

(5) We notice that if r = 0 = 400, i.e., \™1, u € L™, then (2.12) reduces to the
well-known assumption ¢ < p* (see for example Giusti [14]).

(6) If r =0 =7 = +00 and p = ¢, then

vi(g—p+pa) _
(7 — o)
and the estimate (2.13) becomes

D
E3

H p*—p
lullny o < (3 ) (L Bl g, )

3. CACCIOPPOLI-TYPE INEQUALITY FOR F

Throughout the sequel, we shall make use of the following notation: given any
function v in VVlicl(Q), if 2o € Q and R > 0 are such that B(zo, R) € Q we set
Asr = Ap r(u) = {z € B(zg,R) : u(z) > B}, B eR. (3.1)

A fundamental tool for proving the local boundedness of the quasi-minimizers of & is
the Caccioppoly-type inequality contained in the next Proposition 3.1. In the proof
of this proposition we shall exploit a very classical lemma, see Lemma 3.2 below.

Proposition 3.1. Let u € lecm(Q) be a quasi-minimizer of the functional F in
(2.1); moreover, let xg € Q and R € (0, 1] be such that B(xzo, R) € Q. Then, for every
p € (0,R) and every 5 € R with 8 > 1 we have

" flz,u, Vu)de < A {(R—lp)P /AmR p(x) ((u —B)P + 5(1) de o

1—1
+llallzr (Bo.r) - [As.e| 7 }
where A > 0 is a constant only depending on p and Q.

Proof. Let p, 8 be as in the statement of the proposition, and let s,t € (0, R) be such
that p < s < t. Moreover, let n € C°(R™,R) be a cut-off function satisfying the
following properties:
(i) 0<n<1onR"
(ii) suppn € B(zo,t) and n =1 on B(xo, s);
(iii) |Vn(z)| <2/(t— s) for every z € R™.
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Setting w := (u — )+ = max{u — 3,0}, we finally define
p: Q- R, o(x) = —nP(z) w(x).
It is easy to check that
0 € Wh(Q) and Ag ; Csuppy C Ag, € (3.3)

furthermore, we have
Vw = Vu on supp ¢. (3.4)

Since u is a quasi-minimizer of F with constant () > 1, and since f > 0, one has

/ f(xau7vu)dx < / f(x,u,Vu) dz
Ags

supp ¢
<Q flrz,u+ o, V(u+@))de
supp ¢
3.4 _
0 f(x,(l — P )u+ 0P8, (1 —nP)Vu+ 1P (pwn 1Vn)) da
supp ¢
(2.2) »
< {(1 —0P) f(z,u, Vu) + 1P f(z, 8, pwn Vn)}dx-
supp ¢

We now introduce the notation

I; ::/ (1-=17") f(z,u,Vu) dz,
supp

Iy := / n” f(z,B,pwn~" Vn) dz,
supp ¢

and we proceed by giving an estimate of them.
As regards Iy, since n = 1 on B(zg, s) and since 0 < 1 < 1 on the whole of R", we
immediately obtain

(3.3)

'z /A (1—7) f(z,u, Vu) da
Bt

- [ -
Ag +\Ag,s
S/ f(z,u, Vu) dz. (3.5)
Ap\Ag
We then turn our attention to Io. On account of (2.3), one has
< [ {uto) (o) a4 5) + alo) s
supp

< /Supwmas) ()" (90 + ) dot [ afa)do = (o

supp ¢

moreover, by using the estimate for |Vn| in (iii) and since 0 < t —s < R < 1 and
p > 1, we get

() < /suppw p(z) (Wwp + Bq) dz +/ a(z)dz

(t - S)p supp ¢

(2p)? /supp(p () (wp + 511) dx Jr/ a(z)dz =: (2%).

o (t - S)p supp ¢
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By applying Holder’s inequality, using (3.3), (2.5) and noting that w = (u — 8), we
finally get

(2p)”
(2%) < G—s)r /AM
)p

)
2p)P 1
o) (w2 57) ol e Al
8.t
()

wP + Bq> dz + /A a(z)dz

Bt

<
“(t—s

B (t@—p?:;p /A

Gathering together (3.5) and (3.6), we then obtain

1—L
(u— B+ 5%) da + |- (5o iyl Asn| T (36)

f(x,u,Vu) dz < Q f(a?,u,Vu) dz
Ag,s Ap,t\Ap,s
(2p)?
~@ (G255 [, 0 (o)

1—1
+ llall - (B(wo.r)) | A5.R| 7)'

By the hole-filling method, this last estimate clearly implies that

Q
n f(z,u, Vu)dr < Q+1l/.,, f(x,u, Vu)dz
(2 [ o (s ) a 67)

1—-1
ol sy 48] 7).
We are now entitled to apply Lemma 3.2 below, with

w:[p, Rl = R, w(t) = f(z,u, Vu) dz,
ABJ

and the constants 9, k, A and B given, respectively, by

b= g w=n A= [ u (- ay ) de,

Q+1

1—1
and B := ||aHLr(B(xOVR))|Ag’R| 7.

Thus, we find a constant A > 0, only depending on x = p and on @, such that

wip)= [ fla,u,Vu)da
Aﬁ,p

< A{(R_lp) /. ) ()

1—1
+ llall - (Bwo, r) | As,R| }
The proof is complete. O

We now state the classical lemma used in the proof above. We refer, e.g., to [14,
Lemma 6.1] for a demonstration of this result.
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Lemma 3.2. Let [a,b] C R and let w : [a,b] — R be non-negative and bounded. We
assume that there exist constants k, A, B >0 and 9 € (0,1) such that

w(s) <dw(t) + —+ B, foreverya<s<t<b.

A
(t—s)

It is then possible to find a constant C' = C(9, k) > 0 such that
A
w(p SC’{—FB}, for everya < p < R<hb.
A =T

4. PROOF OF THEOREM 2.2

Now we proceed towards the proof of our Theorem 2.2 by setting up the celebrated
De Giorgi iterative method. In what follows, we tacitly understand that all the
assumptions and the notation introduced in the previous sections do apply.

_pr_
Let u € VVIE’CTJr1 (©) be a quasi-minimizer of F in (2.1). Taking into account Remark

2.4, we fix a point zy € Q and a real Ry € (0,1] in such a way that

B(zo,Ry) € and / [ulP dz < 1. (4.1)
B(:E(),Ro)
For every fixed R € (0, Ry, we then define the following (decreasing) sequences:
R 1
pni= (14 =) and p, = 2P e NUO). (4.2)
2 2h 2
Moreover, given any real number 8 > 1, we consider the (increasing) sequence
1
Finally, we define a sequence (J},),>0 of non-negative numbers as follows:
Jp = / (u— Bp)P? dz. (4.4)
App.op,

We explicitly observe that, since (pp)n is decreasing and (f8p); is increasing, the
sequence (Jp)p, is decreasing: in fact, we have

Jht1 = / (u— ﬁh+1)p0’ dz < / (u— 5h+1)pal d
A

A

Bh41:Pht1 Bh41:Ph (4‘5)
< / (u— Bp)P? da < / (u— Bp)P? dz = Jp.
Appy1.on App.on
Moreover, on account of (4.1) (and since pp, < R < Ry), we have
Jp = / (u— B da < / |u|p", dz
App.on Asp.on (4.6)

< / \u|p‘7/ dz < 1.
B(wo,Ro)

Finally, by taking into account the definitions of J,, 85 and pj, we have

Jp = / (u— Bh)pal dzr > / (u— Bh)p", dx
4 Aonrion b’ (4.7)
> (Bhs1 — 5h)p0/ |A5h+1,ph| = <2h5+2> |Aﬁh+17ph|,

The following proposition is the key tool for the proof of Theorem 2.2.

BhPh
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Proposition 4.1. Let the above assumptions and mnotation do apply. Then, there
exists a constant C > 0 such that, for every R € (0, Ro] and every 3 > 1, one has

8po_/2h

Jh+1 <C (1 + Hu”(q—P)U, ) .

1+«
Lv* (B(:EO,R)) 9o’ Jh V h S N U {0}7 (48)

Rpe’ o' 1—52)
where v is as in (2.10) and « is as in (2.15). Furthermore, the dependence of C' with
respect to A\, i, a can be explicated as follows:

’

C= C{||)\_1\|LT(B(IO,RO)) (T el (B@o, o)) - (1+ ”MHL“(B(Q:mRo)))} (49
where ¢ > 0 is constant depending on n,p,q,r,0,7, on k in (2.4) and on Q.

Before proving Proposition 4.1 we need a couple of preliminary lemmas. The first
one, whose proof can be found, e.g., in [7], can be stated as follows.

1,20
Lemma 4.2. Let u € W, /7" (Q). Then, for every open set Q' € Q we have

pr o T
/ |Vu| 7T dz < ”)‘_1”;:;9/) </ f(x,u, Vu) da:) . (4.10)
Q/ Q/
The second preliminary lemma is the following (see [7], Lemma 3.2).

Lemma 4.3. Let p > 1 be fized and let r > max{1, p%l} As usual, we set

__pr
o+l
Then, there exists a constant cs > 0 such that

p/v”
(/ [v|” dx) <cs ||)\_1HLr(B)/)\(:r)|Vv|pdx, (4.11)
B B

for every ball B € Q and every function v € WOL%(B).
Now, we can provide the proof of Proposition 4.1.

Proof of Proposition 4.1. Let (nn)n>0 be a sequence in C2°(R™) such that
(1) 0 <mp <1onR™
(i) suppnn € B(wo,pp) and 1, = 1 on B(zo, pr+1);

2h+4
(i) Vo] < .
We remind here that
_ _pr
r+1"

Since po’ < v* (see Remark 2.4-(1)), and reminding that
NMh = 1 on ABh,+1yPh,+1 and Supp 7 c B(‘rOvﬁh)

we have

Jh1 = / (u— B )P7 da
A

Bh41:Pht1
1- 22
— U
- |Aﬁh+1,Ph+1| (/
A

po
il

1-2% i
< |Aﬂh+1,ph+1‘ ’ (u - Bh-&-l) dx
Bh41:Ph+1
po’
i

M (u = Bri1)” dx)

Bh41:Ph41
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po
’ E3

1-29

< |Aﬂh+17ph+l| v (/B( B )Uh(u — ﬁh-‘rl)f dx) = (*)
Z0,Ph

To proceed further we observe that, by the fact that n, € C°(B(zo,p),)) (see (ii)),
we certainly have v := 9y (u — Brs1)s € Wy (B(w0,7,)). We are then entitled to
apply Lemma 4.3, with Q' := B(z,7,,) € B(zo, R). If we denote

K = AT (B0, R0y

we have (here cg is the embedding constant in Lemma 4.3)

/

’ 171";,
(*) < Cg K’A6h+17ph+1| v

([, 2Ot ) ar)

1—2g/

< Cg/K|Aﬁh+17Ph+l ’ X

’

P o
X (/B( ~ ))\(x) {|V77h| (u— Bry1)+ +nn |Vul XAﬁhH«ﬁh} dx) =: (2%).
Z05Pp

By the estimate for |Vny| in (iii), using 7, < 1 and inequality (2.3) we get (here and
throughout, we indicate by ¢y, co, ... different positive constants only depending on
the Sobolev constant cg, on n,p,q,r, 0,7, on k in (2.4) and on Q)

P

[ @ {ml=s)s +mlValxa,, ,, | de
B(zo,py,)

2h+4 p
<
<{(%) |,

2h+4 P
<
(7)),

Collecting the above inequalities and by exploiting the Caccioppoli-type inequality

(3.2) established in Section 3, we then obtain

(2.3)
(2%) <

A(@) (u— By )P da + /

i Az) [VaulP dz}

Bh+1:Ph Bh+1:Ph

M) (u = ) o+ [

A

f(z,u, Vu) d;v}.

Bh4+1:Ph Bh41:Ph

1—L'*/ 2h+4 P
clK’Aﬂthlxﬂhﬂ‘ ! [( R ) /A )‘($>(u_ﬁh+l)pdx

Bh+1:Ph
+ /
A

(by (3.2), with p =p,, and R = py)

’

f(z,u, Vu) dx] ’

Bh+1:Ph

1_%0*/ 2h+4 P »
<a K|A[3h+17ph+1 | R N A@) (u — Bpt1)” d

Bh41:Ph

A[(5) [ w0 (e s+ 8 o

Bh+1:Ph

’

1-1 7
ol @yl s |} =60
Let us now recall that (2.4) holds and R < 1. Therefore, setting

Ky =K- (1 + HG/HLT(B(IO’RO)))O- and Ky := K- (1 —+ HMHLU(B(M)‘RO)))U ,
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by Holder’s inequality we obtain

/

1—7“1/ 2h po
(3*) <co K1|Aﬂh+1al)h+l| Y (R) X

A,

1—pg/

2h po
< C2 Kl ’A,Bh+1,Ph+1 ‘ Y (R) X

Bh41:Ph

/

1
P

x |:||ILLL°'(B(3B0,R)) (/ ((u — Bry1)? + BZ+1) d:v)
Bh+1:Ph

’

1—1}0

AN
= X
(%)

+ |A[3;L+17Ph

< c3 Ko |Aﬁh+17ph+1 |

.

It holds that

Bh41:Ph

/A ((u—ﬂh+1)1’+62+1)0/ dr < ca/{/A (u = Bp+1)"”

Bh41:Ph Bh41:Ph

+/ 5h+1 }
Appy1.en
Let us now estimate the last integral. Since
Bl Apnd < [ el do <l e
Bh41:Ph
we have (remind that 8, < 8 for any h > 0)
(@—p)o
* D 1—
/ ”Bh-i-l doe = (/BZ+1|A5;L+1,%|) h+1‘ABh+17l)h|
A/3h+1>ﬂh
(4-p)o’ / 1-ta=pe’
< ||u||LV*(B(g;O,R))ﬂpG |Aﬁh+17ph| v
Therefore
O_I
[ (et a
Api1.on
_ po’ (¢g—p)o’ po’ 1—
<er | e et Bl B
h+1:Ph

(a— p)(7

< Ca’Jh + Cor Hu“L” (B(lo R))ﬂpg ‘A6h+17ph|1

where in the last inequality we used (4.5). Now, owing to (4.7) we get

oh+2\ P’ , /9h\ P
‘Aﬁh,+1,ph+1| < |A5h+17ph| < ( B ) Jp =477 (5> In;

o o/(1-1)
((U - Bthl)p + 5%4.1) dz + |A3h,+1’Ph| }

(a— p)(7

’

#(x) ((u - ﬂh+1)p + 524_1) dz + |Aﬂh+17/’h|17:|

: (4%)

(4.12)

(4.13)
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this, together with (4.12) and the assumptions ¢ > p and J, < 1, implies

o’ o/(1—1
((u - 6h+1)p + ﬁZJrl) dx + |A/8h+17Ph =)
Aﬂh+1«f)h
o’ _(a=p)o’ o —po’ _(q—;;)a’ 7((1—1;)0'
e (14 LT ) {2 ) o (),
2
gh\ PO (1-1) 11
+(5) o »}
hpo'? plg—p)o’” p)
< C4 (1 + HuHLV (B zo, R))) 2 B Jhu

where we have introduced the constant

f— min{l f (q_yif)gl,al(l _ i)}

Thus, we get
92po’?h 1-22 pla=po’? g
(%) < 5 Ko (1+Hu”L” (B(wo, R))) " Rpo Ao 7B
, 12
(113) 237 Ch GESET g b
a—p)o’ 1+0—-2%
< Ko (1 + HUHLV (B(zo, R))) " T Rpo’ ﬂpo/(l,L h
(a—p)o gy 1 1465
< oo Ko (14 [lull 205 zo’R))) [T h .

Since, by the very definition of 6, we have
/

/ _ / 1 /
=07 i [y WD Ty Ly pol
v* v* v* T v*
by collecting the previous chain of inequalities we get (4.8) with
C= Cg KQ

= 6 { Al (teosno - (1 + Nl seo,man) - (1+ e (3o, mon) }
This ends the demonstration. O
With Proposition 4.1 at hand, we are ready to provide the proof of our main result,

namely Theorem 2.2. Before doing this, we remind the following very classical lemma
of Real Analysis (see, e.g., [14, Lemma 7.1]).

Lemma 4.4. Let (z1,)n>0 be a sequence of positive real numbers satisfying the follow-
ing recursive relation

zh <LC"2 T (he Nu{0}), (4.14)

1

where L,y >0 and ¢ > 1. If 2o < L™ ”C +* | then
zn < C_?ZO for every h > 0.
In particular, z, — 0 as h — co.

We now prove Theorem 2.2.

Proof of Theorem 2.2. Let u € V[/licﬁ(fl) be a quasi-minimizer of the functional F
n (2.1), let g € Q be fixed and let Ry € (0, 1] be such that B(zg, Ro) € Q. Moreover,
let 8 > 1 (to be chosen later on) and let (J5)n>0 be the sequence defined in (4.4).
Owing to Proposition 4.1 (with R = Ry), we have the estimate
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Jpar < L) g (heNU{0}), (4.15)
where « is as in (2.15), that is,

1
a::min{l—g,a’(l—f—ﬁ)},
v* T v*

and the constant L is given by

L:C’]<1>m.
5170’(1—“””*/) Ry

We remind that, in its turn, we have

C'=C(1+|ul
{||)\ |l - (B(zo, Ro)) (1 + llall-(B(o,Ro)) - (1 + ||u||L"(B(m0,RO))>} X

(g—p)o
< (L4 ull e *(B(wo, RO)))

(g—p)o’ )
L™ (B(x0,R0))

where ¢ > 0 only depends on n,p,q,r, 0,7 and on k and Q. We now claim that it is
2
possible to choose 3 > 1 in such a way that Jy < L~/ (807 )_1/0‘2, that is,

JO:/AB (u_g)po "

7 Fo

—1/a
(g— P)C’ 1 1 ? o'?\—1/a?
{ (L llz. B(roRo»)'ﬁpa/(l—?ﬁ’ (Ro) } ey
(4.16)

In fact, by definition of Jy (and since u € L o’

loc

(Q), see Remark 2.4), we have

Jo < / |u‘pa dz = [[ul[?? . < o0;
B(zo,Ro) Lpe" (B(zo,Ro))

thus, reminding that Ry < 1, the claimed (4.16) is clearly fulfilled if we choose

1
O 2 _ ’ ’ ’ 1,‘10,
— po’“\1/a (g—p)o . poa po’(1- %
7= {1 TR (B (U el o, o) - 1 Lw%Bm,Ro))}
(4.17)

With (4.16) at hand and 8 > 1 as in (4.17), we are entitled to apply Lemma 4.4. As
a consequence, we obtain

lim Jj, = lim (u— Bp)P? dz = / (u— B)P" dz = 0. (4.18)
h—oo h—o00 Aﬁh,yph A[‘I,RO/2

Since, by definition, u — 8 > 0 on Ag g, /2, from (4.18) we then conclude that
|Ag Ros2| =0, whence u < f3 for a.e.x € B(wg, Ro/2).

To prove that w is also bounded from below by —/ it suffices to observe that, setting
v:= —u, then v € Wlicl(ﬂ) is a quasi-minimizer of the functional

G(w) == / g(z,w, Vw) dz,

Q

where g : Q x R x R™ — R is the function defined by

g(x,w,f) = f(l', —w, _f)

As a consequence, since g clearly satisfies assumptions (H1) and (H2) (with the same
functions A, pt), by the above argument we deduce that

|A5’RO/2<’U>‘ =0, whence —u < g for a.e.x € B(xg, Ro/2).
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Summing up, we have proved that, if 8 > 1 is as in (4.17), one has
lu(z)| < B, fora.e.xz € B(xg, Ro/2). (4.19)

We now observe that, by Holder’s inequality (since po’ < v*), we have

(Ll e Dl gy < €L Tl (5 )7 P47,

with ¢ > 0 independent of u. This, together with (4.17), Ry < 1, ¢/® > 1, allows us
to conclude that there exists a constant ¢ > 0, depending on n,p,q,r, 0,7 and on k
and @, such that (here, H is as in (2.14))

i y*ii*qa/ 9—ptpo
1-49
B<c (R) (1t lull o ()55
This inequality and (4.19) give exactly estimate (2.13). O
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