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OF THE p-LAPLACIAN ASSOCIATED WITH
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ABSTRACT. In this paper we prove the existence of an optimal set for the minimization of the k-th
variational eigenvalue of the p-Laplacian among p-quasi open sets of fixed measure included in a box of
finite measure. An analogous existence result is obtained for eigenvalues of the p-Laplacian associated
with Schrodinger potentials. In order to deal with these nonlinear shape optimization problems, we
develop a general approach which allows to treat the continuous dependence of the eigenvalues of the
p-Laplacian associated with sign-changing capacitary measures under ~y-convergence.
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1. INTRODUCTION

In the last few years, shape optimization problems for the eigenvalues of the Dirichlet-Laplacian have
been a very studied topic in many fields of mathematics, see [31] for a general overview. Recently, there
has been an interest in extending these results also to the case of the eigenvalues of the p-Laplacian
for p # 2 (often called nonlinear eigenvalues). Given an open subset 2 of RY with finite measure and
1 < p < oo, we say that A > 0 is an eigenvalue of the p-Laplacian if there is a nonzero weak solution u,
called eigenvector, of the problem

—div (|Vu|P~2Vu) = AulP~2u in 2,
u=0 on 0%}.
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The eigenvalues can be characterized as the critical values of the functional

fWaP(Q) - R, f(u):/Q|Vu|pd£N,

on the manifold M = {u e W, P (0 / |u|p ach = 1}. The first eigenvalue can be proved to be a

minimum, while higher eigenvalues (if p # 2) are less understood. More precisely, one can obtain a
nondecreasing sequence of eigenvalues by the minimax procedure
(1.1) AL ()= inf sup f(u) for all integer m > 1,

Kekm ek
where KC,,, denotes the collection of compact and symmetric subsets K of M such that i(K) > m and ¢
denotes a suitable index, e.g. Krasnosel’skii genus, (see [28]). Unfortunately, it is still a major open
problem to understand if all the eigenvalues of the p-Laplacian are of this form. In the present paper we
focus on the “variational” eigenvalues arising from the minimax procedure described above.

A first shape optimization result for these eigenvalues was recently obtained by Fusco, Mukherjee and
Zhang in [27, Theorem 1.2].

Theorem 1.1 (Fusco-Mukherjee-Zhang). Let 1 < p < oo, © be a bounded and open subset of RV,
c €]0,LN(Q)] and F : R? — R be a function nondecreasing in each variable and lower semicontinuous.
Then the problem

(1.2) min { F(\}(A), \5(A)) : A is a p-quasi open subset of Q with LN (A) = c}
admits a solution.

We note that, also when A is only a p-quasi open set, it is possible to define the space WO1 P(A) and
then the variational eigenvalues AP, (A) again by (1.1)

The main aim of this paper is to extend this existence result also to higher nonlinear variational
eigenvalues and to nonlinear eigenvalues associated with Schrodinger potentials. Actually, we follow a
unified approach based on the concept of p-capacitary measure. The reason for which the above existence
result was proved only for the first two eigenvalues is that a lower semicontinuity result for nonlinear
eigenvalues with respect to an appropriate convergence was not known, as the typical arguments, relating
convergence of quasi open sets and linear operators (see e.g. [9, Chapter 6]), cannot be adapted to the
case p # 2. Let us collect the key results (see [27, Corollary 4.5 and Proposition 4.6]) involved in the
proof of Theorem 1.1.

Theorem 1.2 (Fusco-Mukherjee-Zhang). Let 0 be a bounded and open subset of RN and (A,) be a
sequence of p-quasi open sets y-converging to a p-quasi open set A in Q.
Then we have

AP (A) < liminf AP (A,,) form=1,2.
n—oo

In particular, the technique used in [27] in order to show the desired lower semicontinuity for m = 2
is based on a mountain pass characterization of the second eigenvalue of the p-Laplacian on p-quasi open
sets, and extending this approach to the case m > 3 seems out of reach. Thus, a key issue is to understand
the continuity properties of the higher nonlinear variational eigenvalues with respect to the y-convergence
of p-quasi open sets.

In this paper we investigate in depth this question, developing the more general framework of p-
capacitary measures, in which a lower semicontinuity result for nonlinear eigenvalues under y-convergence
is proved, see Proposition 9.1. Then, in Theorems 9.2 and 9.3, we provide some related optimization
results, still in the setting of p-capacitary measures.

In the special case of p-quasi open sets, we deduce that Theorem 1.2 holds for all m > 1, see Corol-
lary 9.5. As a consequence of Theorem 9.3, we can prove the following extension of Theorem 1.1 to higher
nonlinear variational eigenvalues. This result provides also a theoretical setting for performing numerical
simulations, as recently done in [3].

Theorem 1.3. Let k> 1,1 < p < 0o, Q be an open subset of RN with finite measure, ¢ €]0, LN (Q)] and
F :R* = R be a function nondecreasing in each variable and lower semicontinuous.
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Then the problem
(1.3) min { (A} (A),..., A} (A)) : A is a p-quasi open subset of Q with LN (A) = c}
admits a solution.

We now briefly describe the motivations for working in a class wider than p-quasi open sets and the
other new results that we obtain. First of all, the works from the 1980s and 1990s of Buttazzo, Dal Maso,
Mosco, Murat [11, 17, 19, 20] suggest that the natural setting for spectral problems in the line of (1.3)
is the space of p-capacitary measures, i.e. Borel measures in {2 that vanish on sets of zero p-capacity.
One can consider A to be an eigenvalue associated with the p-capacitary measure pu if there is a nonzero
solution u of the problem

—Aju 4 [ulP2u = MulP~2u in Q,
(1.4) { pU + [ul |ul

u=20 on 082,

where the formal writing above should be read through the variational formulation described in [20].
On the other hand, also on the right hand side of the eigenvalue equation (1.4) things can become
more complicated and more interesting. In particular, the study of eigenvalues with an L sign-changing
weight on the right hand side arises naturally in many problems from population dynamics (see [13] for an
overview) and the existence of eigenvalues of the p-Laplacian was studied in [39] in the sign-changing case.
We generalize also this sign-changing weight on the right hand side to be the difference of two non-negative
p-capacitary measures and we set the problem in the whole RY (with some additional assumptions on
the measures). Summing all up, given three (non-negative) p-capacitary measures p, v1, V2, we study the
variational eigenvalues A2, (p, v1,v2) of the problem

—Apu+ |ulP2up = Mu|P~2u(vy — va) in RV,

/|u|p dvy < /|u\p dvy,

with a homogeneous Dirichlet-type condition at infinity, noting that, in order to set the problem in
a bounded and open subset  of RY, it is enough to replace y with oopnv\q + #. The motivation for
considering the case of RY as ambient space is in view of a possible extension of the existence Theorem 1.3
for nonlinear spectral functionals to the case Q = R, which is a difficult open problem that we plan to
investigate in the future and that has been only recently solved in the case p = 2 (see [8, 10, 36]).

Thanks to the general theory developed, we can also prove an extension to nonlinear eigenvalues of [12,
Theorem 4.1] which deals, in the case p = 2, with the optimization of Schrédinger potentials, that is, of
capacitary measures absolutely continuous with respect to the Lebesgue measure in RY.

Theorem 1.4. Letk > 1,1 < p < 0o, Q be an open subset of RN with finite measure, v be a p-capacitary
measure in 2, U : [0,+00] — [0,+00] be a strictly decreasing and continuous function such that there
exists a > 1 with s — U=1(s%) convezr on {s > 0: s* € ¥([0, +0])},

0<c<U0)LN()

and F : R¥ — R be a function nondecreasing in each variable and lower semicontinuous. Denote by V
the set of LN -measurable functions V : © — [0, +00] such that

/ T(V)dLN <c
Q
and such that there exists u € W(}’p(Q) satisfying

/|u\”Vd£N < 400, /|u|de </\u|Pch.
IfV # 0, then there exists a minimizer V for the problem
(1.5) min {FAY(V),...,\0(V)): V eV}
satisfying
/ U(V)ydeh =c,
Q
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where AP (V') is associated with
—Apu+ VulP~2u = AMulP~2u — AMul[P~2uv in Q,

u=20 on 0N,

/|u|pd1/</ lufP dc™ |
Q Q

The most interesting examples of the function ¥ for which the assumptions of the above theorem hold
are U(s) = e P for all B> 0 and ¥(s) = s~” for all B > 0.

The abstract theory developed in this paper allows us also to prove an upper semicontinuity result for
nonlinear eigenvalues of p-capacitary measures, under very mild assumptions, Theorem 7.4. Though this
is not needed for the shape optimization problem that was our motivation, we believe it is a very important
property and it involves an interesting reduction to finite dimensional spaces in the inf-sup procedure.
Moreover, it could be useful when dealing with spectral problems with non-monotone functional.

according to Section 8.

The paper is organized as follows. After the Introduction and Section 2, where we recall the main
notions of p-capacity, p-quasi open set, p-fine topology and I'-convergence, the paper is divided into an
abstract and an applied part.

The abstract part is developed in Sections 3 and 4, where first we study the behavior of sup functionals
and of inf-sup values in a topological vector space and we prove suitable lower and upper semicontinuity
results under I'-convergence, then we study nonlinear eigenvalue problems involving a sign-changing
weight in a reflexive Banach space.

The applied part of the paper is organized as follows. Section 5 is devoted to the study first of con-
vergence properties of p-capacitary measures and then of convergence of related functionals in L}, C(RN ),
in the line of [19]. In Section 6 we define, in the LF (RY) setting, the variational eigenvalues involving
sign-changing p-capacitary measures, we provide general conditions for existence of a sequence of (finite)
variational eigenvalues and we provide an inf-sup characterization by means of suitable finite dimensional
spaces. Section 7 is devoted to the study, still in the Lfoc(]RN ) setting, of lower and upper semicontinuity
properties of the variational eigenvalues defined in Section 6. So far, the variational eigenvalues are just
inf-sup values. In Section 8 we prove that they can be also defined with respect to a suitable reflexive
Banach space where the results of Section 4 apply. In particular, each inf-sup value is an eigenvalue with
a corresponding eigenvector. Finally, in Section 9, we apply the theory developed in the previous sections
to the case of p-quasi open sets and of Schrédinger potentials, thus proving the main results of the paper,
Theorems 1.3 and 1.4.

2. NOTATIONS AND PRELIMINARIES

Throughout the paper, we fix an integer N > 1 and 1 < p < co. We denote by £V the N —dimensional
Lebesgue measure and, if p < N, by p* = NN—_’; the critical Sobolev exponent. We will usually write f
instead of fRN' For every real number s, we denote by s* := max{=+s,0} its positive and negative parts.
If (X, d) is a metric space, we set B.(z) := {y € X : d(y,z) < r} and we denote by B(X) the family of
Borel subsets of X.

Capacity, quasi open sets and fine topology. We need to introduce the notion of p-capacity; we
refer to [30, Chapter 2], to [29] and to [33] for more details.

Definition 2.1. For every subset E of RY, the p-capacity of E in RY is defined as
cap,(E) = inf {/ (|VulP + |ulP) dcN 2 w e WHP(RY),
0<u<1rLNae onRY, u=1LN-ae. onan open set containing E} ,
where we agree that inf ) = +-00. If E C RV, we say that a property P(x) holds cap,-quasi everywhere

in E, if it holds for all z € F except at most a set of zero p-capacity. We will write q.e. in F instead of
cap,-quasi everywhere in F for the sake of simplicity.
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Definition 2.2. A subset A of RY is said to be p-quasi open if, for every € > 0, there exists an open
subset w. of RY such that cap,(w:) < & and AU w, is open in RV,

Remark 2.3. First of all, we note that the open sets w. in the above definition can be chosen to be
nondecreasing, i.e. if 1 < €9, then w., C w,,. Then, for every p-quasi open subset A of RY it is possible
to check from the definition that there exist two Borel and p-quasi open sets G1, G5 and two sets of zero
p-capacity E7, Es such that A = G; U By = G5\ E». For example, with w. as in Definition 2.2, one can
take G1 = A\ (HJEN wl/]) = U]EN((A U wl/]) \(.(.)1/]), E1 =AnN (ijN wl/j), G2 = njeN(A U (.L)l/]) and
Ey =G\ A

Definition 2.4. A function u : RN — R is said to be p-quasi continuous (p-quasi lower semicontinuous,
p-quasi upper semicontinuous, resp.) if for every ¢ > 0 there exists an open subset w. of RV with
cap,, (we) < € such that u|RN\w is continuous (lower semicontinuous, upper semicontinuous, resp.).

Remark 2.5. It can be proved (see [5, Proposition IV.2 (d)] for the case p = 2) that a function v :
RY — R is p-quasi lower (resp. p-quasi upper) semicontinuous if and only if the sets {z € RY : u(z) > ¢}
(resp. {z € RN :u(z) < t}) are p-quasi open for every ¢ € R.

For every u € Wllo’f (RM), there exists a Borel and p-quasi continuous representative @ : RY — R

of u and, if @ and @ are two p-quasi continuous representatives of the same u, then we have & = 4 q.e.
in RY. In the following, for every u € Wllo’f (RM), we will consider only its Borel and p-quasi continuous
representatives.

Definition 2.6. If A is a p-quasi open subset of RV, we set
WiP(A) = {u e WPRY): u=0qe in RY\ A}

It turns out that the above definition is naturally equivalent to the usual one, if A is an open subset
of RY. In the following, we also denote by W1P(RM) the set of u’s in W1P(RY) vanishing q.e. outside
some compact subset of RY.

From now on in this paragraph, we restrict ourselves to the case p < N, since if p > N every point
x € RN has positive p-capacity, thus p-quasi open sets coincide with Euclidean open sets.

Although p-quasi open subsets do not form a topology on RY (because an uncountable union of p-quasi
open subsets is not always p-quasi open), it is possible to define the p-fine topology, which turns out to
be a useful tool from nonlinear potential theory. In the present work we recall only the basic notions and
properties that we need, and refer to [29, 30] and the references therein for more details.

Definition 2.7. A subset W of RY is said to be p-finely open if for every x € W we have

/1 (cappwr(x) \ W))p“ dr

— < +00.
rN-p r

The p-finely open subsets form a topology called the p-fine topology, which can be equivalently defined
as the coarsest topology making all p-superharmonic functions continuous.

We recall now the properties of the p-fine topology we need. In particular, we refer to [29, Theorem 2.3]
for the quasi-Lindel6f property.

Proposition 2.8. The p-fine topology has the quasi-Lindelof property, that is: for each family W of
p-finely open sets, there is a countable subfamily W' such that

(2.1) capp< U W\ U W>:O.

wew wew’
Moreover, for every subset A of RN, the following are equivalent:
(a) A is Borel and p-quasi open;
(b) A=W UE, with W, E Borel, W p-finely open and cap,(E) = 0;
(c) there ewxists u € Wllo’f(RN) such that A = {u > 0}.

Remark 2.9. From Remark 2.3 and Proposition 2.8 we infer that, for every p-quasi open subset A of RV,
there exist a Borel and p-finely open set W and a set of zero p-capacity E such that A=W U E.
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Basic definitions about I'—convergence. Before stating the definition of I'—convergence, we recall
that, given a topological space X and a function f : X — R, the lower semicontinuous envelope of f is
defined as

sc” f :=sup {g : ¢g: X — R is lower semicontinuous and ¢g < f} .
We start with the topological definition of I'—convergence (see [18]).

Definition 2.10. Let & be a topological space and N (u) the family of all open neighborhoods of a point
u € X. Given a sequence of functions f, : X — R with n € N, we define

I' = liminf f,)(u) := sup liminf inf f,(v forall u € X,
( n— o0 )( ) UeN (u) "o velU ( )

(T —limsup f,)(u) ;== sup limsup inf f,(v) forall u € X'.

n—00 UEN (u) n—oo VEU

At each u € X satisfying
(T = liminf f,,)(u) = (T — limsup f,)(u),

n—o0 n—00

we denote by (I' — lim f,)(u) the common value of (I" — liminf f,,)(u) and (I — limsup f,,)(u).
n— oo n—00 n—oo

Given f: X — R, we say that (f,) is [ —convergent to f in X, if
flw)=(T = lim f,)(u) forallue X.
n—oo

If X is metrizable, then the following properties hold:

e for every u, — u, we have

(T —liminf f,,)(uv) < lminf f,, (un);

n— o0 n—oQ

o for every u € X there exists a recovery sequence u,, — u such that
(T' —liminf f,,)(u) = iminf f,, (un);
n— oo n—oo
e for every u, — u, we have

(T — limsup fy,)(u) < limsup fr(uy) ;

n— oo n—oo

o for every u € X there exists a recovery sequence u,, — u such that

(T' = limsup fy,)(u) = limsup fy, (uy,) .

n— oo n—oo

3. CONVERGENCE OF FUNCTIONALS AND OF INF-SUP VALUES

In this section we develop some results of [22]. We consider an index i with the following properties:

(a) i (K) is an integer greater or equal than 1 and is defined whenever K is a nonempty, compact
and symmetric subset of a metrizable topological vector space X such that 0 & K ;

(b) if K C X\ {0} is nonempty, compact and symmetric, then there exists an open subset U of X\ {0}
such that K C U and

i (I?) <i(K) for all nonempty, compact and symmetric K cU,

(c) if K1, Ko C X\ {0} are nonempty, compact and symmetric, then
Z(Kl UKQ) < Z(Kl) +Z(K2) ;

(d) if Y also is a metrizable topological vector space, K C X\{0} is nonempty, compact and symmetric
and 7 : K — Y\ {0} is continuous and odd, then we have i (w(K)) > i (K);
(e) if X is a real normed space with 1 < dim X < oo, then we have

ifueX: |u] =1}) = dim X
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Well known examples are the Krasnosel’skii genus (see e.g. [34, 37]) and the Zs-cohomological index
(see [25, 26]). More general examples are contained in [4].

Throughout this section, X will denote a metrizable and locally convex topological vector space. We
also denote by K the family of nonempty and compact subsets of X'\ {0} endowed with the metrizable
topology of the Hausdorff convergence (see e.g. [2, Definition 4.4.9]). Finally, for every integer m > 1, we
denote by IC,, the family of nonempty, compact and symmetric subsets K of X'\ {0} such that ¢ (K) > m.

Assume we also have the even functionals

R™ R:Xx\ {0} = [0,40c],  wheren €N,
and define R : K — [0, 4+00] by
sup R™ (u) it K e Kpy s
R$)<K) = ueK
400 otherwise ,

and R,, : K — [0, +00] in the analogous way with R instead of R("™).

The next result is a simple adaptation of [22, Theorem 4.2 and Corollary 4.3]. We provide the proof
for reader’s convenience. Let us point out that [22] extended by a general abstract approach previous
results of [14]. However, the main result of this last paper, namely [14, Theorem 3.3], requires an upper
estimate (assumption (A2)) which is not compatible with the case of moving (quasi-)open subsets of a
given open set 2.

Theorem 3.1. If we have
R(u) < (r ~ liminf R<">) (w)  foralluc X\ {0},

n—oo
then it is
Ron(K) < (r - hmmfR,(g)) (K)  forallm>1and K € K.

n—oo

If we also have that:
e for every strictly increasing sequence (ng) in N and every sequence (u®) in X\ {0} with

sup R™) (uM) < 400,
k

there exists a subsequence (u(kf)) converging to some u # 0,

then it is also

inf R,,(K) < liminf ( inf R,&?(K)) :
Kek n—o00 KeK

inf sup R(u) < liminf [ inf sup R (w)) ,
wf sup R(u) < limin (Klen)cm wer (u)>

for all m > 1, where we agree that inf ) = +o0.

Proof. Let m > 1, let K € K and let (K(™) be a sequence Hausdorff converging to K such that
lim inf R (K (™M) = (r — liminf Rg,tj)) (K).

n— oo n—oo

Without loss of generality, we may assume that this value is not +0o. Let A € R with

A > liminf R (K™,
n—oo

Then there exists a subsequence (K ("#)) such that

sup sup R (u) = sup R (K()) < X,
kEN ye K (nr) keN

In particular, K(") ¢ IC%L’“) so that K also is symmetric.
On the other hand, for every u € K, there exists u(") € K™ with u(") — u, whence

R(u) < liminf R™ (1) < lim inf R (")) < X |
n—r00 k—r 00
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which implies that

sup R(u) < A.
ueK

Let U be an open subset of X \ {0} such that K C U and

z(f() <i(K)
for all nonempty, compact and symmetric subset K of U. Since K ™) C U eventually as k — oo, we
have i (K(™)) < i (K) eventually as k — oo, whence i (K) > m. Therefore, it is K € K,,, and

R (K) = sup R(u) < X.
ueK
By the arbitrariness of A, it follows that

n—oo

Ron(K) < (r ~ liminf Rg;)) (K).
Assume now that, for every strictly increasing sequence (n;) in N and every sequence (u(®)) in X\ {0}
with
sup R (u®)) < 400,
k
there exists a subsequence (u(kf )) converging to some u # 0.

Then the sequence (R™) is asymptotically equicoercive in the sense of [22, Definition 2.3]. From [22,

Proposition 2.5] we infer that the sequence (R,(ﬁ)) is asymptotically equicoercive with respect to the
Hausdorff convergence. From [22, Proposition 2.4] we conclude that

inf R,,(K) < liminf ( inf RW(K)) ,
KeKk n—oo KeK
namely

inf sup R(u) <liminf ( inf R
Kek ool (u) < lim in (Klenicm nen (U))

and the proof is complete. O
Now we consider the particular case in which

(") (y if 1+ () < '™ (u < 400,
w2 [770 o8 () < 1" (w)
400 otherwise ,

where
£, g g5 X = [0, +00]
are even functionals, and R is defined in the analogous way with respect to the even functionals
f7gl792 X = [07—’_00} .

For every E C X, define also Ig : X — [0, 400] by

0 ifueF,

IE(U) =
400 otherwise.

Corollary 3.2. Assume that:

(a) the functionals ff, g%n),gl and gén),gg are positively homogeneous of the same degree o > 0;
(b) we have

(f + 292 + Iig < ocy) (u) < (F — liminf (f(n) + Mgy + I{g;"><+oo}>) ()
for all X >0 and u € X\ {0};



OPTIMIZATION RESULTS FOR THE HIGHER EIGENVALUES 9

(¢) for every strictly increasing sequence (ng) in N and every sequence (u®) in X \ {0} with

sup £ (™) < 400, supggn’“)(u(k)) < 400, gén’“)(u(k)) < ggnk)(u(k)) forallk e N,
k k

there exists a subsequence (u(ki’)) converging in X to some u satisfying

g1(u) > limsup ginkj)(u(kj)) ;
Jj—o0
(d) we have g1(0) =0 and f(u) > 0 for all u # 0 with g2(u) < g1(u) < +0o0.

Then, for every m > 1, we have
. < limi . (n)
R0 < it (R0
inf R(u) < liminf  inf R™ :
w0, sup Ru) < limin (Klgl,cm sup <U>)

Proof. We aim to apply Theorem 3.1.
I) First of all we claim that, if (u(™)) is a sequence converging to u in X \ {0} with

sup £ (u™) < 400, sup ggn) (u™) < +o0, g%n)(u(")) < 4oo for alln € N,

then we have

f(u) < liminf £ (u(M), g2(u) < liminf gén)(u(”)), g1(u) < +o00.
n—oo

n—oo

Actually, by assumption (b) we have g;(u) < +o00 and, for every A > 0,

F(u) < f(u) + Aga () < liminf ( FO ™) 4 Agl™ (u(”)))

n—oo

< liminf f@ (™) + Xlimsup gén)(u(”)) ,

n—00 n—00
1 1 . . n n n n
92(u) < 5 (F(u) + Aga(w)) < 5 timinf (F0)() + Agf" (u™))

1
< X limsup f™ (u(™) + lim inf gén) (u™) .
n— oo

n—oo
By the arbitrariness of A the claim follows.
IT) Assume now that (ny) is a strictly increasing sequence in N and (u(®)) a sequence in X'\ {0} such that

sup R™) (u®) < 400
k

We aim to show that there exists a subsequence (u(¥7)) converging to some u in X \ {0}.
Actually, we have 1 + génk)(u(k)) < g%n’“)(u(k)) < 400 and

sup f") (u®) < 4oo.
k

First we show that (ggn’“)(u(’“))) is bounded. Assume for the sake of contradiction that, up to a subse-
quence,

lim ggn’“)(u(k)) = 400,

k—o0

so that a suitably rescaled sequence (v(*)) satisfies

lim £ 0y =0, génk)(v(k)) < g§nk)(v(k)) =1 for all k € N.

k—o0

By assumption (¢), up to a further subsequence (v(*)) is convergent in X' to some v satisfying g; (v) > 1,
whence v # 0 by assumption (d). Then by step I we have

f(v)=0, g2(v) <1< g1(v) < 400

and a contradiction follows again by assumption (d). Therefore (gi"’“)(u(k))) is bounded.
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Again by assumption (c) we infer that there exists a subsequence (u(*i)) converging in X' to some u
satisfying

1< timsup )" () < g1 (),
Jj—o0
whence u # 0.
IT1) Finally, let v in X'\ {0} and let (u(™) be a sequence converging to u such that

lim inf R™ (u(™) = (F — lim inf R(")) (u).

n—oo n—oo

If
lim inf R™ (u™) < b < 400,

n—oQ

namely 1+ gén) (u™) < ggn)(u(")) < +o0 and
liminf £ (u(™) <b),

n—oo
up to a subsequence, we have
sup f™(u™) <b.
n

Then, as in step II, we infer that (gin) (u(™)) is bounded. From step I and assumption (c) it follows that

f(u) <o, g2(u) < lirr_1>inf gén) (u™), lim sup ggn)(u(")) < g1(u) < 4o00.

n—oo

Therefore 1 + ga(u) < g1(u) < 400 and

From the arbitrariness of b we infer that
R(u) < (T ~liminf ™) (u)  for all uw € &'\ {0}.
Then the assertion follows by Theorem 3.1. g

The next results are a variant of [22, Theorem 4.1]. However, because of the presence of gé"), g2, &

more involved argument is required.
Let us introduce the subfamily K" of K’s in KC,,, such that K is included in some finite dimensional
subspace of X.

Lemma 3.3. There exists a compatible distance d on X such that d(—u,—v) = d(u,v) and such that
B (u) is convez for all u,v € X and r > 0.

Moreover, for every nonempty, compact and symmetric K C X \ {0} and every r > 0, there exist a
finite and symmetric subset F' of K and a continuous map

FxX — [0,1]
(v,u) = Yy(u)
such that
¥y (u) = 0 whenever d(u,v) >,

> y(u) =1 forallu € K,

veF

Zﬂv(u)glforallue)(,
veF
V_yp(u) =y(—u) for allve F andu € X .

Proof. Tt is the first part of the proof of [22, Proposition 3.1]. O

Theorem 3.4. Assume that:

(a) the functionals ™), f, ggn), g1 and gén), go are convex and positively homogeneous of the same degree
a>1;
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(b) we have

(f +Ag2 + Iigy < tooy) (u) > <F — lim sup (f(") + )xg;l) + I{g§n><+w}>> (u)

n—oo

for all A >0 and u e X\ {0};
(¢) for every strictly increasing sequence (ny) in N and every sequence (u'®)) converging to u in X \ {0}
with
sup ) (uF)) < o0, sup gén’“)(u(k)) < 400,
k k

we have
g1(u) < liminf g&n’“)(u(k)) .
k—o0
Then, for every m > 1, we have

inf  sup R(u) > 1imsup< inf sup R(”)(u)> .
KeKhim uek n—oo \KekKii™ uek

Proof. Let d be a distance as in Lemma 3.3, let K € K/ and \ with

sup R(u) < A < 400,
ueK

whence
flu) < Xand 1+ ga(u) < g1(u) < oo for all u € K .
It follows
fu) + Aga(u) < Ag1(w) for all u € K.

On the other hand, if we denote by Y the vector subspace spanned by K, we have that f, g; and g, are
finite, hence continuous, if restricted to Y (see e.g. [24, Corollary 2.3]). Therefore, there exists r > 0 such
that K N B,.(0) = 0 and

f(v) + Ag2(v) < Ag1(w) for all v € K and w € Y with d(w,v) < 3r.

Let F' and ¥ be as in Lemma 3.3 and define an odd and continuous map 7 : K — Y by

m(u) = Z Py (u)v.

vEF
Then
7w(u) € conv{v € F: d(v,u) <r}, d(n(u),u) <rand w(u) # 0 for all u € K,
whence
(3.1) F)+Aga(v) < Agi(m(w)) for all u,v € K with d(u,v) < 2r.

Since F is a finite set, by assumption (b) there exists, for every n € N, an odd map ™ . F — X such
that

lim ™ (v) = v forallv e F,
n—oo
g;n) (1™ (v)) < 400 eventually as n — oo forallve F,
f(v) + Ag2(v) > limsup (f(”)(w(”) (v)) + )\gén)(w(") (v))) for allv € F'.
n—oo

If we define an odd and continuous map 7™ : K — X by

() = 379, (W™ (v),

veF

we have by the convexity of f(™, ggn) and gén)

ggn) (7™ (1)) < +o0 for all u € K, eventually as n — oo,
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lim 7™ w™) = n(u), limsup f™ (7™ (u(™)) < 400,
n—00 n— 00
lim sup gé”)(w(”) (u™)) < 00, whenever u™ — v in K .
n— o0

Therefore, by assumption (¢) and (3.1), there exists m € N such that

r) £0, FOO )+ A @) < A" (" (w) < +oo
foralln >m, u € K and v € F with d(u,v) <r.
By the convexity of f(") + )\gén), we infer that
F (7 () + )\gén) (7™ (u)) < /\ggn)(ﬂ'(”)(u)) < 400 foralln >mand u € K,

whence
gé") (7™ (u)) < ggn) (7™ (u)) foralln >mand u € K.
(n) (n)

If we denote by Y (™ the vector subspace spanned by w(”)(F ), we have again that g; ~ and g5~ are finite,
hence continuous, if restricted to Y (™). If we set

KM — L (u) cue Ky,
(98" () () — g§™) (™ () /o
it follows that K(™ is included in Y (™ and
i (K(”)) > i (K)>m,

whence

KM e fin fM(y) < X and 1—|—g§n)(u) = ggn)(u) < +4ocforalln>7and ue K™,

Then
lim sup ( sup R(")(u)> <A
n—00 ueK )
and the assertion follows by the arbitrariness of . O

Theorem 3.5. Assume that f, g1 and go are convex and positively homogeneous of the same degree
a > 1. Suppose also that:

(a) for every b,a > 0 and sequences (vy) converging to v in
{ue X\{0}: flu) <b, a+g2(u) < g1(u) < +oo}
and (wg) in
{ue X\{0}: flu) <b, ga(u) < b}

also converging to v, we have

lim sup go(vg) < 400,

k—oc0

liminf (g1 (wk) — g2(vg)) > a.
k—o0
Then, for every integer m > 1, we have

inf sup R(u)= inf sup R(u).
Kekm wek (W) Kekii™ uek W

Proof. Let d be again a distance as in Lemma 3.3. Of course, we have

inf sup R(u) < inf sup R(u).
KeKm yek ) Kekli™ uek ()

To prove the opposite inequality, let K € K,, and A with
sup R(u) < A < 400
ueK

and let € > 0 be such that

sup R(u) < (1—g)A,
ucK
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namely
flw) <A —e)dand 1+ ga(u) < g1(u) < oo forall u € K.
Taking into account assumption (a), there exists firstly b > 0 such that
f(u) <band ga(u) <bforallue K
and then r > 0 such that K N B,.(0) = () and
g1(w) —ga2(v) >1—¢ for all v € K and w € X\ {0}
with f(w) <b, ga(w) < b and d(w,v) < 2r.
It follows
F(v) + Ag2(v) < Ag1(w) for all v € K and w € X \ {0}
with f(w) <b, g2(w) < b and d(w,v) < 2r.
Let F' and ¢ be as in Lemma 3.3 and define an odd and continuous map 7 : K — X by
m(u) =Y dy(w)v.
veF
Then we have again
7w(u) € conv{v € F: d(v,u) <r}, d(m(u),u) <rand w(u) # 0 for all u € K .
In particular, by the convexity of f, g1 and g it follows first that
F) + Ag2(v) < Agr(m(u)) < 400 for all v € F and v € K with d(u,v) <r
and then that
f(m(u)) + Agz(m(u)) < Agr(m(u)) < 400 forall u € K.
As before, g1 and go are continuous when restricted to the vector subspace spanned by F. If we set

o w(u) »
k= {<gl<w<u>> g (a(u)ya " E K} ’

it follows that

i(K)Zi(K)>m,

whence
K ekl f(u) < XAand 1+ go(u) = g1(u) < +oo for all u € K .
Therefore
sup R(u) < A
uek
and the assertion follows by the arbitrariness of . O

Remark 3.6. Suppose that f, g and g are convex and positively homogeneous of the same degree
a>1.
Then assumption (a) of Theorem 3.5 is satisfied in each of the following cases:

b) for every b > 0, the restriction of g1 to
(
{u EX: f(u) g b7 gl(u) § b7 gZ(U) S b}

is continuous;
(¢) for every b > 0, the restriction of g; to

{ue X\ {0}: f(u) <b, gi(u) <b}

is lower semicontinuous and g; = 0.



14 MARCO DEGIOVANNI AND DARIO MAZZOLENI

Proof. Let (vg) and (wy) be two sequences as in assumption (a) of Theorem 3.5. If (b) holds, we first
claim that (g1(vg)) is bounded. Otherwise, up to a subsequence, a rescaled sequence (uy) is convergent
to 0 and satisfies f(ur) — 0 and ga(ug) < g1(ur) = 1. On the other hand f(0) = ¢1(0) = ¢2(0) = 0 by
convexity and homogeneity, whence a contradiction. Since
91(wk) — g2(vk) = g1(wy) — g1(v) +a,
the assertion follows.
If (¢) holds, we have
91(wi) — g2(vk) = g1(wr)
with a < ¢g1(v) < 400 and the assertion immediately follows. 0

4. NONLINEAR EIGENVALUE PROBLEMS

This section is devoted to some basic facts concerning nonlinear eigenvalues problems. Up to some
adaptation, our approach is inspired by [39].
Throughout this section, X will denote a reflexive Banach space and

@7w17¢2:X—>R

three even functionals of class C' which are assumed to be positively homogeneous of the same degree
a > 1. We aim to study the nonlinear eigenvalue problem

(4.1) ' (u) = AW (u) = Py (u)).

Definition 4.1. We say that v € X is an eigenvector of (4.1) if ¢ (u) — 12(u) # 0 and there exists
A € R such that (u, \) satisfies (4.1). It is easily seen that

p(u)
Pr(u) — b2 (u)

and A is said to be the eigenvalue associated with w.

In the following of this section, we consider only the eigenvectors u with 17 (u) — 12(u) > 0 and the
associated eigenvalues A. If we set

M={ueX: ¢i(u) = o(u) =1},
it is easily seen that Mis a symmetric hypersurface in X \ {0} of class C! and that X is an eigenvalue if

and only if A is a critical value of <p|ﬁ.
For the next concepts, we refer the reader to [6, 23].

Definition 4.2. Let D C X. A map F': D — X' is said to be of class (5)+ if, for every sequence (u,)
in D weakly convergent to v in X with

lim sup <F(’Um), Up — ’LL> <0,
n—r oo
we have ||u, — u|| = 0.
If Y is a topological space, a map F': D — Y is said to be completely continuous if it is continuous
and, for every bounded sequence (u,,) in D, the sequence (F'(u,)) admits a convergent subsequence in Y.

Throughout this section, we assume that:
(ie)  for every A > 0, we have that
O+ My X = X
is of class (S)4+, while
P X = X'

is completely continuous with respect to the strong topology of X';
(tie)  we have p(u) > 0 for all u # 0 with ¥1(u) — ¥a(u) > 0.
Lemma 4.3. For every b € R, the set

{fue X1 ¢(u) <b, ¥1(u) —o(u) > 0}
18 bounded and we have

inf ¢(u) >0.
ueM



OPTIMIZATION RESULTS FOR THE HIGHER EIGENVALUES 15

Proof. Let us recall that, because of assumption (ie), the functional ¢ + Ao is sequentially lower semi-
continuous with respect to the weak topology for all A > 0 (see also [15, Proposition 3.5]), while 1; is
sequentially continuous with respect to the weak topology.
Let b € R, let (uy) be a sequence in X with ¢(u,) < b and ¥ (un) — ¥2(uyn) > 0 and assume, for the

sake of contradiction, that

lim ||u,| = +o0.

n—oo
Then a suitably rescaled sequence (v,,) satisfies

lim ¢(v,) =0, Ya(vn) < P1(vn), |lon]l =1 for all n € N.

n—oo

Up to a subsequence, we may also assume that (v,,) is weakly convergent to some v. For every A > 0, it
follows that

Ap(v) +12(v) = A ((v) + A7 2(v)) < Aliminf (p(v,) + A7 2(vn))
= A lim o(v,) + liminf ¢y (v,) = lminf ¢ (v,)
< nlggo Y1 (vn) = Y1(v).

From the arbitrariness of A we infer that ¢»(v) < 91 (v) and that ¢(v) = 0, whence v = 0 by assump-
tion (éie). On the other hand, we have

lim sup (@' (vn) + ¥3(vn), vn) = a limsup ((vy) + P2(vn))

n— o0 n— o0
=a lim ¢(v,) + a limsup ¢ (vy,)
n—00 n—00
<o lim ¢(v,) =ai(v) =0,
n— o0

whence ||v,|| = 0 by assumption (ie) and a contradiction follows.
Now let (uy,) in M be such that
lim ¢(u,) = inf p(u).

By the previous step (u,,) is weakly convergent, up to a subsequence, to some u. If inf ¢(u) =0, arguing
ueM
as before we find

Ap() + o (1) < Tim () = lim (41 () = 1) = a () — 1

for all A > 0, whence a contradiction. Therefore, it is inf ¢(u) > 0. O
ueM

Theorem 4.4. The functional gp’ﬁ is bounded from below and satisfies (PS). for all ¢ € R, namely

every sequence (Uy,) in M satisfying

=0

lim o(u,) =c, lim “(50’1\7)/ (un)

n—00 n— 00

admits a converging subsequence.

Proof. Of course, 30’1\7 is bounded from below by assumption (iie). To prove (PS),, let us recall that
| (el )] = min {1/ (@) = A@i ) w4 - AR} forall ue M,

Let (uy) be a sequence in M and (An) a sequence in R such that

lim p(un)=c, T ¢/ (un) = An( (un) — h(un))]| = 0.

n— oo

By Lemma 4.3 we have ¢ > 0 and (u,,) is bounded hence weakly convergent, up to a subsequence, to
some u. If we set

Zn = 4,0/(“11) - )‘n(wll(un) - ¢/2(un))v

it follows

ap(un) = (@' (un), un) = X (] (un) = 5 (tn), tn) + (2Zns tn) = A + (2n, Un)



16 MARCO DEGIOVANNI AND DARIO MAZZOLENI

whence
lim A, =c¢>0.

n—oo

Up to a subsequence, (¢](uy)) is strongly convergent in X’ and there exists A > 0 such that
lim sup (A — A\p) (¥4 (up), un — u) < 0.
n—oo
Then we have

lim sup (¢’ () + A5 (up), upn — u)

n—oo
= limsup [<)‘n1/}/1(un) + Zn, Un — u> + (/\ - )‘n)<wé(un)aun - u>] <0.
n—oo
From assumption (ie) we infer that ||u, — u|| = 0 and (PS). follows. O

Now let ¢ be an index as in Section 3 and define, for every m > 1,

A = inf {max (u) : K is a nonempty, compact and symmetric subset of M with i(K) > m} ,

ueK
where we agree that j\m = +o0 if there is no K with i (K) > m. It is easily seen that 5\m < 5\m+1.

Theorem 4.5. The following facts hold:
(a) if M # (), which is equivalent to

{ue X hi(u) —a(u) >0} #0,

then inf o(u) is achieved and
ueM

A = min p(u);

(b) if there exists an odd and continuous map
{eR™: [§ =1} = {ue X : ¢i(u) —¥a(u) >0},

then Am < too;
(¢) if Am < 400, then A\, is an eigenvalue;
(d) if
5\»,” == j\m—&-j—l < 400,
then
1 ({u eM: uisan eigenvector with eigenvalue Xm}) > 73

(e) we have

lim ;\m = 400.
m—00

Proof. When M is of class C2, the assertions are well known consequences of Theorem 4.4 (sec c.g. [37]).
The result in the case of manifolds of class C'! follows from [16, 38]. O

Example 4.6. Let ¢, 1,v5 : R? — R be defined by

plu) = ) (u1 + u2)?, Yr1(u) = 5 uf, Pa(u) = = uj
Then the problem
u + us = Auq
Uy + us = —Aug

has no solution with 1 (u) — ¥2(u) # 0 and we have
inf {op(u) : ¥1(u) —2(u) =1} =0, p(u) > 0 for all u with 11 (u) — ¥2(u) #0.

On the other hand, assumption (iie) is not satisfied.
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5. CONVERGENCE OF MEASURES AND OF FUNCTIONALS
In this section we introduce the notion of local y-convergence of measures in RY and study its properties

in relation to the I'-convergence of suitable functionals.

5.1. Convergence of capacitary measures. In the first part of this subsection we take advantage
of the results of [17], where the case p = 2 was considered. On the other hand, taking into account
Proposition 2.8, only minor changes are required in the general case.

Definition 5.1. Let Q be an open subset of RY. We say that a non-negative Borel measure jx in €2 is
p-capacitary if, for every B € B(Q) with cap,(B) = 0, we have u(B) = 0.
A p-capacitary measure p in €2 is said to be outer regular, if

w(B) =inf {u(A) : Ae B(Q), AD B and A is p-quasi open} for all B € B(Q).
Definition 5.2. Two p-capacitary measures j1, fio in Q are said to be equivalent, if
p1(A) = pa(A) for all A € B(2) with A p-quasi open.

We denote by M (£2) the quotient of the set of all p-capacitary measures in € with respect to such an
equivalence relation.

Proposition 5.3. For every p-capacitary measure p in €2, if we set
a(B) =inf {u(A) : A€ B(Q), AD B and A is p-quasi open} for all B € B(Q2),

then [i is an outer reqular p-capacitary measure in Q equivalent to pi.
Moreover, if 1, pa are two equivalent outer reqular p-capacitary measures in §, then py = po.

Proof. In the case p = 2, see [17, Theorems 2.6, 3.9 and 3.10 and Remark 3.4]. ]

Definition 5.4. If y,v € ME(Q2), we write p < v if
uw(A) <v(A) for all A € B(Q) with A p-quasi open.
It is easily seen that this is an order relation in M ().

Example 5.5. Let us provide the two most important examples of p-capacitary measures. The first one
is given by the measure cop corresponding to a subset F of {2, defined as

B) 0 if cap,(BNE) =0, for all B € B(Q)
oog(B) = or all B € .
+00 if cap,(BNE) >0,

The other one consists in a measure absolutely continuous with respect to £V, that is, for a £V -measurable
function V' : Q — [0, +-oc], the measure V £V defined as

(VLNYB) = / vdcN  forall B € B(RQ).
B
On the other hand, let us see that each p-capacitary measure admits a decomposition incorporating

contributions of this particular form.

Definition 5.6. For every p € M{(2), we denote by A, the union of all Borel and p-finely open
subsets W of Q such that (W) < +oo. This is called the set of o-finiteness of .

Since each p-finely open set is p-quasi open, the set A, is well defined and in fact p-finely open.

Proposition 5.7. Let p € M{(Q) and let py, pe be two representatives of p. Then the following facts
hold:

(a) we have
H(A) = +oo for all A € B(Q2) with cap,(A\ A,) >0 and A p-quasi open,
w1 (B) = pe(B) for all B € B(S2) with cap,(B\ A,) = 0;
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(b) we have that
1(B) w(B) if B € B(Q) and cap,(B\ A,) =0,
M =
+o0 if B € B(Q) and cap,(B\ A,) >0,
1s the outer reqular representative of u;
(c) there exists a Borel and p-finely open subset W of A, such that cap, (A, \ W) =0 and, if we set

pe(B) = w(BNW) for all B € B(Q?),

then pe is a o-finite p-capacitary measure in Q independent of the choice of W and of the represen-
tative of .

Proof. In the case p = 2, see [17, Theorem 2.6, Proposition 3.16, Remark 3.13 and Theorem 3.17]. ]

Definition 5.8. For every u € M5(Q), we define a £N-measurable function V,, : Q — [0, +oc] by

du’r

T on4,,
V.=

400 on Q\ A,,

and we denote by jus the singular part of u* with respect to £V.

Proposition 5.9. The following facts hold:
(a) for every p € Mg(2), we have

ILL(B) = OOQ\AH (B) + / VH dﬁN + [Ls(B)
B
for all B € B(S2) with either cap, (B \ A,) = 0 or B p-quasi open; moreover,

oo\ a, + Vi LN + ps

is the outer regqular representative of u;
(b) for every p,v € ME(Q) with u < v, we have

A DA, V,<V, LN-ae inQ;
(c) if Ais a p-quasi open subset of Q0 and p = ooy 4, then
cap, [(A\ A,) U (A, \ A)] =0,
whence
00\A, (B) = oog\a(B) for all B € B(Q);

(d) if V: Q — [0,40o0] is LN -measurable and p =V LN, then

V>V LN a.e. m €,

V=V LN a.e. in A
(€) if V : Q — [0,400] is p-quasi upper semicontinuous and =V LN, then

V.=V  LN.ae inQ.

Proof.
(a) If cap, (B \ A,) = 0, it follows from Proposition 5.7 and the Radon-Nikodym Theorem that

,LL(B) = OOQ\AM(B) + /B VH dﬁN + ,US(B) s

while, if cap, (B \ 4,,) > 0 and B is p-quasi open, we have coq\ 4, (B) = p(B) = +0c0 by assertion (a) of
Proposition 5.7. In particular,

cogna, + Vi LN + ps
is the outer regular representative of p by (b) of Proposition 5.7.
(b) The fact is obvious.
(¢) Since u“v is o-finite, we have u» = 0. Then the assertion follows from (a), as A and A, can be
supposed to be also Borel, up to a set of null p-capacity.
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(d) By the Radon-Nikodym Theorem, we have
Vo=V LN-ae. in Ay,

while it is obvious that
Vo>V LN ae in Q\A,.
(e) For every n € N, the set
{reQ: V(z)<n}
is p-quasi open (see Remark 2.5). Therefore, by Remark 2.9, there exist a Borel and p-finely open set
W, and E, with cap,(E,) = 0 such that

{zre: V(z)<n}=W,UE,.

Then we have
W, N B,(0)C A,,

whence

{reQ: V(z) < +o0} CA,U <U En>
neN
and the assertion follows from (d). O

Example 5.10. Let N =1 and C be a closed subset of R with empty interior and £1(C) > 0. If we set
0 on C,
V =
+o0 on N\ C,
and consider ¢ = V £!, then we have A, =0, whence V, = +o00 Ll-a.e. in R.

Remark 5.11. If y € M2(Q) and u € W,?(2), then the integral

loc
[ 1l
Q
/QIUI” dp = /Omu ({IUI > y””}) dc (y)

and the sets {|u| > yl/p} are Borel and p-quasi open.
Then the space

is well defined, as

Wi (@) @) = {u e Wiz @) s [ du <400
Q
is well defined and, for every u € W,oP(Q) N LP(S2, 1), we have

loc
cap,, ({u] > 0} \ 4,) =0

by (a) of Proposition 5.7.
Again from (a) of Proposition 5.7 we infer that the integral

/ |u|P~2uv dp
Q

is well defined for all u,v € W,LP(Q) N LP(Q, p).

Moreover, if (u,) is a sequence in VV;?(Q) NLP(Q,u) and u € Wlif(Q) N LP(Q, i), then the assertion
the sequence (u,) is weakly convergent to u in LP(Q, u) is independent of the choice of the representative
of p.

Assume now that Q is a bounded and open subset of RY. Here we take advantage of the results of [20].
For every u € M{(£2), we denote by w,(2) the torsion function in § associated with p, defined as the
(unique) minimizer of the functional

1 1
WyP() 30— f/ |Vv|”d£N+f/ |v|pdu—/vd£N.
P Ja pJa Q

Remark 5.12. The sets A, and {w,(2) > 0} coincide up to sets of null p-capacity.
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Proof. From Remark 5.11 we infer that cap, ({w,(Q2) > 0} \ A,) = 0. On the other hand, by the quasi-
Lindelof property (see Proposition 2.8), there exists a sequence (W,,) of Borel and p-finely open subsets

of Q with p(W,) < +o0 and cap, (A“ \ U Wn) = 0. Then we have
neN

cap, (Wn \ {w,(2) > 0}) =0
by Proposition 5.3 and [20, Theorem 5.1], whence cap,, (4, \ {w,(2) > 0}) = 0. O

If we set

KP(Q) = {1} EWIP(Q): v>0ae inQand —Ayw < 1in W7 (Q)} ,

it follows from [20, Theorem 5.1] that K?(2), endowed with the weak topology of VVO1 P(Q), is compact
and metrizable. Moreover, again from [20, Theorem 5.1] and from Proposition 5.3, it follows that the
map
ME(Q) — KP(Q)
12 = wu(Q)

is bijective. Then M§(Q) is endowed with the topology that makes such a map a homeomorphism.
Therefore, M} () is a compact and metrizable topological space.

Definition 5.13. If  is a bounded and open subset of R, a sequence (™) in M5(9) is said to be
y~Ar-convergent to p if it is convergent to p with respect to the topology we have just defined. This

means that (w,m) (2)) is weakly convergent to w,,(£2) in WyP(Q).
In the following, we will simply write v-convergent instead of v~ 2

product of compact and metrizable topological spaces, also

[T M5B (0))

keN

»-convergent. Being a countable

endowed with the product topology is compact and metrizable.

Proposition 5.14. The map
MERYN) = [T ME(Bx(0))

keN
oo (smaon)
is injective with closed image.

Proof. For every € ME(RY) and A € B(RY) with A p-quasi open, we have
u(A) = sup (AN Bg(0)).

Therefore the map is injective.
If (u(™) is a sequence in M§(RY) such that (u(™) ’B(Bk(o))

k € N, it follows from Proposition 5.3 and [20, Theorem 6.12] that vy |B(Bk(0)): vi. If we set

) is y-convergent to v, in M (By(0)) for all

w(A) = sup v (AN Bi(0)) for all A € B(RY) with A p-quasi open
k

and we denote by p the equivalence class of
f(B) =inf {u(A): A€ B(Q), A2 B and A is p-quasi open} for all B € B(RY),

it is easily seen that p € ME(RY) and y B(By(oy= Yk for all k € N. Therefore the map has closed

image. U

Then MJ(RY) is endowed with the topology that makes such a map a homeomorphism between
MBE(RYN) and its image. Therefore, Mb(RY) also is a compact and metrizable topological space.
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Definition 5.15. A sequence (u(™) in ME(RY) is said to be locally y-convergent to y if it is convergent
to p with respect to the topology we have just defined. Taking into account Proposition 5.3 and [20,
Theorem 6.12], this means that (u(™) |B(Q)) is y-convergent to 'LL|B(Q) in M§(€2) for all bounded and open

subset Q of RV,

In particular, if A A are p-quasi open subsets of RY, the sequence (A(™) is said to be locally ~-
convergent to A if p(" = oopn\ a(m) 18 locally y-convergent to p = oopny 4. If A A C Q for some
bounded and open set 2, then this is equivalent to the classical notion of y-convergence of sets.

5.2. Lower estimate and asymptotic equicoercivity for a sequence of functionals. For every
p € ME(RYN), we define a first lower semicontinuous and convex functional

Fu s Lpo(RY) = [0, +o0]

loc
by

1 1
£ ];/|Vu|pd£N—|—}; /|u|pdu if ue WoP(RN),
pl) =

+00 otherwise .

Proposition 5.16. If u € MH(RY) and (u™) is a sequence in VVllof(RN) N LP(RYN 1) satisfying

sup (/ (Vu™Pach + / (™) |P du) < 400

and converging to some u in LY (RYN), then u € Wli‘f(RN) N LP(RY, ) and (u™) is weakly convergent
to u in LP(RN ).

Proof. The sequence (Vu(™) is weakly convergent to Vu in LP(RY; RY) and, up to a subsequence, (u(™)
is weakly convergent to some v in LP(R™, u). If we consider

C = {(w|Bl(O),Vw,w) Cwe WEPRN) N LP(RY, 1) and Vi € L”(]RN;]RN)}

as a convex subset of LP(B;(0)) x LP(RY;RN) x LP(R¥, 1), we have that (“’Bl(o)’ Vu,v) belongs to the
weak closure of C, as (u(™ ’Bl(O)’ Vu( u(™) € C. Then there exists a sequence (w(™) ’Bl(O)’ V™ w™)

in C strongly converging to ) Vu,v). Up to a subsequence, w™ — u qe. in RY, hence p-a.e.

(ul
1(0
in RY. Then v = u p-a.e. in RV, U

Theorem 5.17. If (u™) is locally y-convergent to p in ME(RN), then
fu(u) < (F — linrgio%f fﬂ(n)) (u) for allue LY (RY).

Proof. By Proposition 5.3 we may assume, without loss of generality, that we have chosen for each (™
and for p the outer regular representative.

Let (u(™) be a sequence converging to u in L}, (R™) with

lim inf £, (u®™) = (r ~ liminf fw) ().

n—oo n—oo

Without loss of generality, we may assume that this value is not +00. Up to a subsequence, it follows
that ™, u € WLP(RN),

sup (/ |Vu™ P LN + / (™ [P du(”)> < 400
and (Vu(™) is weakly convergent to Vu in LP(RY;RY).

If we define b : RN —]0, +oo[ by

n

-1
b(x) =277 <1+sup/ |u(”)|pd£N> ifj>0and j<|z|<j+1,
{i<lzl<j+1}
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then b € L°°(RY), with essKinfb > 0 for all compact subsets K of RN, and |u(™|? b, [ulP b € L*(RN) with

n— oo

lim /|u<”> —ulPbdLN =0
Now fix k£ € N and define
n k
ué ) = argmin {p /|u(") —v[PbdLN + fom (v)} )

vEWLP(RY)
as the above minimization problem admits one and only one minimizer. Then u( " e P (RN, ),
k " n n n
= /\u< ) aPP ALY + o (W) < fuio (™)

up to a subsequence (uin)) is convergent in L?

convergent to Vv, in LP(RY; RY). Moreover

/ V™ P2vu™ e dcN + / ) [P=24, ()

(RY) to some vy € WLP(RY) and (Vu,(cn)) is weakly

loc

—k / ™ — a2 — MYy bdeN for all v € WEP(RN) N LPRY, u™) .
Since (|u(™ (n)|p*2( (n) u,(f"))b) is strongly convergent to |u — vy P72 (u — vg)b in Lfoc( Ny, from [20,
Theorems 6.3 and 6.11] we infer that v, € P (RY, 1) and

Tim. [ [Ivureac+ | |u2”’|Pwdu<”>] = [1vupedct + [ jpodu

for all k € N and ¢ € C.(RY).
In particular, if ¢ € C.(RY) with 0 <

¢ <1, we have
- k n n n
lim inf (™) > lim inf {p / () _ PydeN + Jutm (ul(c ))]
T
p

n—oo

> lim inf
n—oo

1 n
—uMPbdLN -+ / IVul™ [P dcN

1 n "
+ 3 [P dn)]
p
k v o1 v o1
> — [ |Ju—vp|PbdLY + = | |Vop|Pedl™ + - [ |ug|Pedu.
b p p
By the arbitrariness of ¢, we infer that vj, € LP(RY, i) and
lim inf £, (u™) / lu —vg|Pbd LN + £, (vg)
n—oo
for all k£ € N, whence
Jim /|u —u|PbdLN =0
In particular, (vx) is convergent to u in LF (RY). By the lower semicontinuity of f,, we conclude that
lim inf f,, e (u™)) > liminf £ (vg) > f, (u)
and the proof is complete. O

Example 5.18. Let p < N and let p(™ = OORN\ B, (0)- Then (™) is locally y-convergent to = 0, but
it is false that

fulw) = (D= lim foo) (@) forall we LY, (RY).

Actually, if we take u = 1, we have f,(u) = 0 but it is impossible to find a sequence (u(™) converging
to 1in LV (RY) with Fum (u(™) — 0, because each u(™ has compact support, which implies that (u(™))
is convergent to 0 in LP" (RY).
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If p > N, we will see by Proposition 5.21 and Theorem 5.24 that the assertion is true.

Proposition 5.19. Let (1) be a sequence in MY(RYN) and p € ME(RN) with p(RN) > 0 and
fulu) < (I‘ — lirginf f#(m) (u) for allue LY (RY).
Then, for every sequence (u(™) in Wllo’f(RN) such that

sup fu,(") (u(n)) < +o0o ’

there exist u € Wﬁ)’f(RN) and a subsequence (u(™)) converging to u in L} (RN).

Proof. 1t is enough to prove that

sup/ ™ P dLN < 4o0.
B1(0)

n

Assume, for the sake of contradiction, that, up to a subsequence, we have

lim ™ P dLN = 400

Then a suitably rescaled sequence (v(™)) satisfies

/ ™ PdcN =1, lim (/Vv(”)|pd£N —|—/|U(”)|pdu(”)> =0.
Bl(O) n—oo

It follows that, up to a subsequence, (v("™)) is convergent to some v in VVle (RY), whence

/|Vv\pd£N+/|v|pdu:0,

so that v is a constant with v = 0, as g(R") > 0. On the other hand

/ loP dL™ =1
B1(0)

and a contradiction follows.

23

O

5.3. Convergence of functionals. In order to relate the local y-convergence of measures in M} (RY)
with the I'-convergence of functionals on RY, we need to introduce, roughly speaking, a homogeneous

Dirichlet-type condition at infinity.
For every pu € Mb(RY), we first define the convex functional

Fuo s L2 (RN = [0, +00]
by
1 N, 1 . 1 N
- — [ |VulPdLY + = [ |ulPdu if u e WHP(RY),
f u,O(“) =P p
400 otherwise ,
then we denote by f, o its lower semicontinuous envelope.

Lemma 5.20. If p > N, there exists a sequence (9,,) in C°(RY) such that 0 <9, <1,

lim 9, =1 uniformly on compact subsets of R
n—oo

lim V43, =0 strongly in LP(R™; R™N).

n—roo

Proof. Consider the space

X = {u e WEPH RN . Vu e LP(RY;RY) n LPHY(RY; RY), /

o udlN =05 .
B1(0)

Then X is a reflexive Banach space, when endowed with the norm

[ull = IVul, + [Vullpta -
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Let ¢ € C°(RY) be such that 0 < ¢ < 1, p(z) = 0 for |z| < 1 and ¢(x) = —1 for |z| > 2. Then define
&n(x) = @(x/n) for all n > 1. Of course ¢,, € X and it is easily seen that (¢,,) is weakly convergent to 0
in X (by the way, strongly if p > N). Therefore 0 belongs to the weak closure of the convex set

conv{p, : n € N}.

Then there exists a sequence (¢,) in such a convex set strongly converging to 0 in X. In particular,

each ¢, satisfies ¢,, = —1 outside some compact subset of R, (V,) is strongly convergent to 0 in
LP(RY;RY) and (¢,) is convergent to 0 uniformly on compact subsets of R, as p+1 > N.
It follows that ¥, = 1 + ¢, has the required properties. O

Proposition 5.21. If p < N, we have
Ju(u) if ue W, P(RN) N L (RV),
fuo(u) =

400 otherwise.

If p > N, we have
fuo(uw) = fu(u) for allu € LZOC(RN) .

Proof. Since f,, is lower semicontinuous, we clearly have

Fuw) < fuo(w) < fuo(u)  forallue L (RV).

Assume first that p < N. Let u € WLP(RV) N LP"(RY) and let ¥ € C*°(R) be such that 0 < 9 < 1,
¥ <0,9(s) =1for s <1and¥(s) =0 for s > 2. If we set ¥, (z) = ¥(Jz|/n), we have 0 < ¥, < Fp4q < 1,
Ipu € WEP(RY) and (9,u) is convergent towin L7 (RM). We also have

fuo0(Pnu) 9o Vu + uVo, [P dchN + IpulP dp .
1,0

It is easily seen that (V4,,) is bounded in LY (RY;RY) and convergent to 0 a.e. in RY. Moreover, for
every € > ( there exists C; > 0 such that

lu(z)é| < Colu(z)|P"/P + |g)N/P for a.a. € R™ and all £ € RV .

It follows (see e.g. [21, Lemma 4.2]) that (uV4,,) is strongly convergent to 0 in LP(RY; RY). By the lower
semicontinuity of f,, o we infer that

. 1 1
a0 < Jim Fuo(00) == [ 19 ac™ > [ 1up du = 1,0,

Now it remains only to show that f,o(u) = +oo whenever u € WLP(RN)\ LP (RN). Assume, for
the sake of contradiction, that f, o(u) < +oo and let (u,) be a sequence converging to u in L} (RM)
with ﬁo(u)(un) — fuo(u), whence u, € WhP(RY) eventually as n — oo. Since (Vuy,) is bounded in
LP(RN:RYN), we have that (u,) is bounded in L?" (RY). Therefore, u € L?" (RY) and a contradiction
follows.

Ifp> N, let u € WEP(RN) N LP(RN, p) with Vu € LP(RV;RN), let (9,,) be a sequence as in
Lemma 5.20 and let (c,,) be sequence of positive numbers increasing to +oo such that |c, Vd,||, — 0. If
we define

u, = min{max{u, —c, 0, }, cp¥,},

we have
[Vu, [P < |VulP + |, VI, P a.e. in RY .
Then we have that (u,) is convergent to u in L} (RY) with u, € WHP(RY) and
o) < Y fuolen) =5 [ 1Vl a2+ > [ fup d = f(w).
whence the assertion. O

Before dealing with the main result of this subsection, we need the following.

Proposition 5.22. Let p,v € M5(RYN) be such that f, 0 < fuo. Then u < v.
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Proof. We have
/|u|p dp < /|u|p dv  for all u € WHP(RY),
whence

/|u|p dp < /|u|p dv  for all u € WLP(RY).

For every Borel and p-quasi open subset A of , there exists u € VVllo’f(RN) such that A = {u > 0} by
Proposition 2.8. It follows

/(min{k ut, 1})Pdu < /(min{k ut, 1})Pdv for all k e N,
Q Q

whence p(A) < v(A) going to the limit as k — oo. O
Corollary 5.23. Let u,v € ME(RY) be such that f,, < f,. Then u <wv.
Proof. Tt follows from Propositions 5.21 and 5.22. O

The main purpose of this subsection is to show that a sequence of measures (,u(")) is convergent to p
in M{(RY) if and only if f,m) o is P—convergent to fy. o in L] (RY) . In the case p = 2 a similar result
was obtained by Bucur in [7, Appendix|; our more general case requires a more involved proof.

Theorem 5.24. A sequence (u\™) is locally ~y-convergent to p in ME(RN) if and only if
fuo(u) = (F - nh_{r;o fmm,o) (u) for allu e LV (RY).

Proof. Again, by Proposition 5.3 we may assume, without loss of generality, that we have chosen for each
1™ and for p the outer regular representative.

Assume first that (™) is locally y-convergent to .
Step 1. T'—liminf inequality. By Proposition 5.21 and Theorem 5.17, we have to treat only the case
p < N. We take a sequence (u(™) converging to u in L} (RY) with

i fyo () = (7 = i fy) ()

and, without loss of generality, we may assume that u(™ € Wllo’f RN) N LP"(RN) with

sup (/ |Vu™ P dch + / [u(™ [P d,u(”)> < 400.

Since (Vu(™) is bounded in LP(RY;RY), we have that (u(™) is bounded in LP" (RY). Therefore u €
LP" (RN) and the assertion follows again from Proposition 5.21 and Theorem 5.17.
Step 2. T'—limsup inequality. Let u € L (RY) with f,o(u) < +oo, let B > f,0(u) and let U be an

open neighborhood of u in L (RN). Let z € UNWLIP(RYN) with f,0(z) < 8 and let R > 0 be such that
z =0 ae. in RV \ Bg(0). For every k € N, define

k
up = argmin {/ |z —vPdL™N +fu,0(v)} ,
veWl?(Br(0)) | P J/Br(0)

as the above minimization problem admits one and only one minimizer. Then, testing with v = 2z we

obtain the upper bound
k

7/ |2 — upl? ALY + fuo(ug) < fuol2) < B,
D JBr(0)

for all k € N. Thus (ug) is convergent to z in LP(Bg(0)). Let us fix k large enough to have uy € U.
Then uy, € W, (Br(0))NLP(Bg(0), 1) and the Euler-Lagrange equation for the minimization problem
defining uy, yields

/ |Vug |P~2Vay, - Vo dCN —|—/ lug [P~ 2upo du
Br(0) Br(0)

_ k/ 2 —upP2(z — wp )oY for all v € WP(Br(0)) N LP(Br(0), 1)
Br(0)
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Now, for every n € N, let
ugcn) = argmin {fu(n),o(v) - k:/ |2 — ugpP72(2 — ug)v dﬁN} ,
vEW P (BR(0)) Br(0)

as again this problem has one and only one minimizer. Then we have u,(cn) € Wy P(Bgr(0))NLP(Bg(0), ™)
and

/ Vul™ P2 e dcN + / ) P24,y )
BR(0) Br(0)

:k/ 12— ugP72(z — ug)v dL for all v € W, ?(Bg(0)) N LP(Bg(0), u™).
Br(0)

From [20, Theorem 6.3] we infer that (u,(cn)) is weakly convergent to uy in Wy (Bg(0)). In particular,

we have uén) € U eventually as n — co. Moreover, it is

1 1 W (n
fumo@ =5 [ wupact e [
P JBr(0) P JBr(0)

k n
= > /B o |z — up|P~2(2 — uk)u,(C )dEN,
R
1 » AN 1 »
Ju0(ug) = - |Vug|PdLY + = |ug|? du
P JBr(0) P JBr(0)
k
:; / )|z—uk\p_2(z—uk)ukd£1v.
Br(0

Therefore, having in mind the topological definition of I'—limsup, we obtain

lim sup (Jlellfl f,L(n),o(U)) < nh_}rrgo fmn),o(u,g")) = fuolur) < B

n—oo

and the assertion follows from the arbitrariness of g and U.
Assume now that

fuo(u) = (I‘ - nlgrolo fu(nm) (u) for all u € L}, (RY).

Up to a subsequence, (1(™) is locally y-convergent to some v in ME(RY). By the previous step, we infer
that

fro(u) = (I‘ - nh_)rrgo f“<n>70) (u) for allw € L} (RN,

whence f, o = f,,0. By Proposition 5.22 we have v = p and the assertion follows. O

We conclude the section by highlighting some further consequences of the local y-convergence.

Corollary 5.25. Let (u™) be locally y-convergent to y and (v(™) be locally y-convergent to v in ME(RN)
with 1™ < (" for all n € N.
Then p < wv.

Proof. Tt follows from Theorem 5.24 and Proposition 5.22. O
Corollary 5.26. If (u™) is locally y-convergent to p in ME(RN), then
LN(A,) < lim inf LY (A,m)

n—oo

/ U(V,)deN <liminf [ (V) dCN,

whenever U : [0,400] — [0,400] is a strictly decreasing and continuous function such that there exists
o> 1 with {s— U1 (s%)} convez on {s > 0: s* € ¥([0, +o0])}.
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Proof. Tf Q is a bounded and open subset of RN and (u(™) is y-convergent to x in M5(£2), then
[,N(A#) < lim inf EN(A“(M),

n—oo

as

LN(A,)) =sup | min{kw,(Q),1} dcV
keN Ja

for all v € M}(Q) by Remark 5.12.
On the other hand, for every v € M§(RY) we have

LN (A,) =sup LY (A, N By(0)) = sup £V (A )
keN keN V‘B(Bk(o))

and the first assertion follows.
When dealing with the second assertion, we follow an argument inspired by [12, Theorem 4.1]. Without
loss of generality, we assume that

sup/\I/(V#(m)dﬁN < 400

n

and we set v, = (¥(V,)))*/*, so that (v,) is a bounded sequence in L*(R™), thus (up to subsequences)

weakly convergent to some v in L*(R¥). On the other hand, by Theorem 5.24, for every u € W?(RY)
there exists a sequence (u(™) in W'llof (RY) converging to u in LF (RY) such that

/\VUP’ ach + / |u|P dp = lim sup (/ (Vu™ P dch + / lu(™ P du(”)) .
n— oo

Combining assertion (a) of Proposition 5.9 with the strong-weak lower semicontinuity theorem of [32],
we infer that

/|Vu|p dch + / |ul? dpy > limsup </ |Vu™ P dch + / (™) PV, dﬁN)

n—oo

= limsup </|Vu(")|pd£N+/|u(")|p\I/1(115) dEN)

n—oo
2/\Vu|p d£N+/|u|p\I/_1(va)d£N,

as the function {s — U~1(s*)} is convex.
By Proposition 5.22, we infer

w(A) > / T (v®)dcN for all A € B(RY) with A p-quasi open,
A

whence V,, > U1(v®) LN-a.e. in RN by (b) and (d) of Proposition 5.9.
Since W is strictly decreasing, we infer that ¥(V,) < v® LN-a.e. in RY, whence

/ U(V,)dch < / v*dLY < liminf / v dLN = lim inf / (Vo) dLN

n—oo n— oo

and the second assertion also follows. O

6. TOWARDS VARIATIONAL EIGENVALUES FOR SIGN-CHANGING CAPACITARY MEASURES

Let 1, v1,v2 € MH(RY). In this section we introduce the candidate “variational eigenvalues” for the
problem

—Apu+ [uP2up = AulP~2u(vy — va) in RV,

/|u|p dvy < /|u|p dvy,

and prove some basic properties.
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Consider an index 7 as in Section 3 and the related families KC,,, and /i with respect to the metrizable
and locally convex topological vector space X = L¥ (RN). Let f,o : L} (RN) — [0,40oc] be the

loc loc

functional introduced in Section 5 and define g1, g2, R : L} _(RY) — [0, +00] by

loc

> fpdy  tue wirey),
gj(u) =4 P
400 otherwise,
{fu,o(u) if 14 go(u) < g1(u) < 400,
R(u) =
400 otherwise .

Then, for every integer m > 1, set

Ay v1,v) = inf sup, R(u).

Remark 6.1. It is immediate from the definition to note that, if puq, us € Mg(RN) with py < o, then
N (1,01, v9) < NP (p2,v1,10) for all vy, v € ME(RY) and m > 1.

Proposition 6.2. For every u € Wll’cp(RN) with

O
fuo(w) < 400, /|u|p dry < +00, /|u\p dvy < +00,

there exists a sequence (uy) in WEP(RN) N LP(RY u) N LP(RYv1) N LP(RY 1y) converging to u in
LP (RN) such that

loc
lim (/ |V, — VulP dC™ + / [y, — u|P dp + / |y, — ul|P dvy + / |tn, — ulP dug) =0.
n— oo

Proof. By Proposition 5.21 we also have f,, 4., 41,,0(u) < +00. Therefore, there exists a sequence (u,) in
WLEP(RN) N LP(RY, ) N LP (RN, vy) N LP(RY, 1y) converging to u in L (R™M) such that

loc
lim (/|Vun|pd/.1N+/|un|pd,u+/|un|pdu1+/unpdyg>
:/|Vu|pdﬁN+/|u|pd,u+/|u|pd1/1—|—/|u|pdz/2.

Taking into account Proposition 5.16, we have that (Vu,) is weakly convergent to Vu in LP(RY;RY)
and (u,,) is weakly convergent to u in LP(R™, ), LP(RY,vy) and LP(RN,vy) with

fim / [V, [P dLN = / Vul?de™, lim / [P dpt = / lul? du,

lim /|un|pd1/1 :/|u|p dvy , lim /|un|pdl/2 :/|u|p dvsy .
n— oo n— oo

Then the assertion follows. O

Proposition 6.3. The following facts hold:
(a) if

{ueWcl’p(RN): /|u|palu<—i—oo7 /|u\pdu2 </|u|pdul <+oo} =0,

then we have AP, (u,v1,v9) = 400 for allm > 1;

(b) if
{uEWcl’p(RN): /|u|pdu<—i—oo7 /|u\pdl/2 </|u|pdul <+oo} #0,

then we have N (p, v1,v2) < +00;
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(c) if
{u c WHP(RY) . /|u\pd,u < 400, /|u|p dve < /|u|p dry < 400,

lim |ulP dvy =0 for allmERN}#(Z),
r—0 BT(I)

then we have AP, (p, v1,1v9) < o0 for all m > 1.

Proof.
(a) From Proposition 6.2 it follows that R(u) = 400 for all u € L} (R"), whence the assertion.
(b) If u € WEHP(RYN) satisfies

/|u|p dp < 400, /|u|p dvy < /|u\p dvy < +o0,

it is easily seen that R(tu) < +oo for some ¢ > 0, whence the assertion.
(c) Let u € WhP(RY) with

/\u|p dp < 400, /|u|p dvy < /|u|p dvy < 400, 1111(1) / |ulP dvy =0 for all z € RY
T Br(m)

and let us choose a representative for u, vy and vs.
By substituting u with
1\t
ug = <u| — k;>

with k large enough, we may assume that « > 0 a.e. in RV and that
v ({z € RN : u(z) > 0}) < +oo, v ({z € RN 1 u(z) > 0}) < +o0.
If we set
(B) =1 (BN{z e RV : u(z)>0}) +v2 (BN{z eRY : u(z) > 0}) for all B € B(RY),

we have that © is a positive Radon measure on RY and there exist two Borel functions n;, 7 : RY — [0, 1]
such that

/njdﬁ:yj (Bn{z eRY: u(z) >0})  forall B BRY),
B

whence
/up(m —1n9)di > 0.
We have
lim uP(m —m2)di < lim uP dvy =0 for all z € RY .
r—0+ B, (z) r—0+ B, (z)

Therefore, if z € RY is a Lebesgue point of u? (; —n2) with respect to © such that u(z)? (n;(z)—n2(z)) > 0
(see [1, Corollary 2.23]), we have #({z}) = 0. Then, for every m > 1, we can find m Lebesgue points
X1y .. Ty Of uP(m1 — 1) with respect to ¥ such that

uP(z;)(m(x;) — n2(xj)) >0 forall j=1,...,m.
Let r > 0 be such that B,(x;) N By(z;) = 0 whenever ¢ # j and such that

/ uP(n1 — ne)dv >0 forall j=1,...,m.
Br(x5)
For every j =1,...,m, let ¥; € C°(B,(x;)) be such that

/(ﬁju)p(nl—ng)dﬁ>0 forall j=1,...,m.
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If we set
m(&) =) &dju,
j=1
_ m(§) , 1
K= 1/p -~ $€ ’
([1m@r an ~ [t i)

we have K € K, and sup R(u) < 400, whence A2, (u, v1,v5) < +00. O

ueK

Example 6.4. Let p > N, j1 = oogn\ p, (0), Y1 = 0o and vo = 0. Since
{u € WhP(By) : u(0) # o} = {u € WhP(By) : u(0) < o} U {u e WhP(By): u(0) > o} :

we have i(K) = 1 for all nonempty, compact and symmetric subset K of L} (RM)\ {0} with

sup R(u) < +oo.
u€K

Therefore, it follows that

AP (,v1,v9) = 400 for allm > 2.

P
m

By the way, a direct computation shows that

p —
)\1<M7 V17V2) - w(())l’*l 3

where w € Wy (B,) satisfies —A,w = d.

Proposition 6.5. Assume one of the following conditions:

(a) if (un) is a sequence in WEP(RN) satisfying

sup </|VunPdEN+/|un|pdu+/|un|pdu1 +/|un|pd1/2> < +00

and converging in LY, (RN) to some u € WP (RN), then

lim /|un\p dvy :/|u|pdl/1;
n—oo

Then, for every integer m > 1, we have

(b) we have vy = 0.

A(psvr,v2) = inf  sup R(u).
KeKi™ ueK

Proof. We aim to apply Theorem 3.5 and Remark 3.6. Actually, assumption (b) of Remark 3.6 follows
from assumption (a) and Proposition 6.2, while assumption (¢) of Remark 3.6 follows from Proposi-
tion 5.16 and assumption (b). O

Proposition 6.6. If we set u(™ = pu+ ooRN\ B, (0) and define R"™) accordingly, then we have

inf sup R(u) = lim ( inf sup R(")(u)> forallm>1.
KeKfi" uek n—=o0 \KekKfi" uek

If either assumption (a) or assumption (b) of Proposition 6.5 is satisfied, then we also have

AP (p,v1,10) = nh_)ngo NP (™) vy, 1) forallm>1.
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Proof. Of course, we have
inf sup R(u) < liminf ( inf sup R™ (u)) .
KeKkli™ uek n—o0 \ KeKii" uek
To prove that
inf sup R(u) > limsup < inf sup R™ (u)) ,
KekKii™ uek n—o0o Kekii™ uek

we aim to apply Theorem 3.4. Assumption (a) is clearly satisfied, while assumption (b) follows from
Proposition 6.2 and assumption (¢) follows from Proposition 5.16. Therefore, the first claim is proved.
Then we also have

NP (g, w1, v0) < liminf A2, (u™ vy, 1)
n—oo
limsup A2, (u™, v1,15) < inf sup R(u).
n—00 Kekiim uek

By Proposition 6.5 the second assertion follows. O

7. SEMICONTINUITY PROPERTIES OF INF-SUP VALUES OF MEASURES

Throughout this section, we consider three sequences (u(™), (1/5")), (I/én)) in M5 (RY), three measures

pvi, v € ME(RY), an index i as in Section 3 and the related inf-sup values )\fn(u(”),u§n),1/§n)) and
AP (u,v1,v9) defined in Section 6 with respect to the metrizable and locally convex topological vector
space X = LP (RY).

loc
We also consider the functionals f,m) o, fu,0 defined in Section 5 and we define

g™, g8 R . P (RN) = [0, +00]

by
1 (n) , Lp (N
— | [u|Pdv;™, if u e W P(RY),
(n) J loc
9; (u) =4 P
400 otherwise ,
: (n) < o™
R(”)(u) Fuom o(u) ifl4+gy (u) <gy ' (u) < 4o,
400 otherwise,
and
91,92, R: LY (RN) — [0, +oc]

in the analogous way with y, v, v instead of (™, VYL), Vé").

7.1. Lower semicontinuity of inf-sup values of measures. Throughout this subsection we assume
that:

(is) if (ng) is a strictly increasing sequence in N and (u'®)) is a sequence in WI?(RN) satisfying

Sup</|Vu(k)|p e +/|u(k)|p dp™) +/\u(k)|p quLk) +/|u(k)|17 dyénk)> < +00
k
and converging in LY, (RN) to some u € WLP(RN), then

loc
limsup/ u ) [P dufnk) < /|u|p dvy ;

k—o0

(iis)  if p> N, we do not have p(RY) = 0 and vo(RY) < v (RY) < +oo;
(7iis) we have
o+ Aga + 1 < (0= timinf (S0 + A0 + Iy oy )) (@)
s {g1<+o0} = 00 w0 2 {97 <+oo}
for all A\ >0 and u € L}, (RY).

loc
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Lemma 7.1. If (ny,) is a strictly increasing sequence in N and (u®)) is a sequence in Wllo‘f(]RN) satisfying
sup fu<,L,c)70(u(k)) < 400, sup/ [uF)|P duén’“) < 400, sup/ [uF)|P dugn’“) < 400
k k k

and converging in L} (RN) to some u € W, ’p(RN) then

loc
liminf f0,0,0(u®) > fuo(w),
lim inf \u(k)|pduénk) Z/|U|pd’/2v
k—o0

limsup/ ) [P du%n"') < /|u|p dvy < +00.

k—o0

Proof. Let d be a compatible distance in LfOC(RN ). By Proposition 6.2, for every k € N there exists
v®) € WhP(RN) such that

(d(v(k)’ u®) + / To® — vu®p acd ¢ / 8 — B p gy ()

1
+/|U<k> — u®p gy —|—/|v(k) — b d;é"”) <1

From assumption (is) we infer that

limsup/ |u ) [P du("’“) = hmsup/ [u(*)|P du(nk /|u\pd1/1.

k—o0

On the other hand, by assumption (iiis) we have
/ |ulP dvy < 400
and, for every \ > 0,
fua(w) < fuaw) A [ Jup dve
< liminf (fu(nk)70(u(k)) + /\/ |u(lc)‘p dyé""))

k— o0

< liminf £, o(u®) 4+ Xlimsup /|u(k)|p dv n’“),
k—oo M ’

k—o0

1
/‘“|p dvy < — (fﬂ,o(u) + )\/ |u|P du2>
< 5 lmin (fuwk),o(u(k)) +>\/|u("”')\p dué"“)

1 n
< 3 limsup f, 0 o(u (®)) 4 lim inf /|u(k)|pd1/§ 2
k—o0

k—o0

N
=

By the arbitrariness of A the assertion follows. 0

Proposition 7.2. If (ny) is a strictly increasing sequence in N and (u®) is a sequence in VVl P(RN)
satisfying

sup fuwk)’o(u(k)) < 400, sup/ () [P dzén’“) < 400, /|u(k)|p dV{n’“) <400 forallkeN,
k k
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then there exists a subsequence (u*)) converging in L} (RN) to some u € Wllo’f(RN) with

hmlnf f (ni)). ( (k')) > fuo(u),

hmlnf/ \u(k )|p dvy (m;) /|u|p dvs ,

J—00

limsup/ |u(ks )|pd /|u|p dvy < +00.

j—o0

Proof. Consider first the particular case in which
sup f#<,nk)70(u(k)) < 400, sup/ |u®) [P d1/2(n’“) < 400, sup/ |u®) [P du{n’“) < 400.
k k k

By Lemma 7.1 it is enough to prove that

k—o0

liminf/ B P dLyN < +oo.
B1(0)

If p < N, this fact follows from the boundedness of (Vuy) in LP(RY;RYN). If p > N, assume for the sake
of contradiction that

lim WP LN = +o0o.
k—o00 Bl(O)

Then a suitably rescaled sequence (v(*)) satisfies
i (k)Y — 713 (k) ip g,,(nk) — T k) p 7,,(nk) _
kllfﬁofu”k%o(“ ) klgr;o/h) [P dvs kll)ngo/w P duy 0,
/ w®PdeN =1 forallk e N.
B1(0)

Up to a subsequence, (v*)) is convergent in W57 (RY) to some v satisfying, by Lemma 7.1,
lim f,o0(v) = /|U|fﬂazy2 —0, /|v|pdy1 < 400, / P dey =1
n—o00 B1(0)

Therefore v is a nonzero constant and p(RY) = v5(RY) = 0, while v; (RY) < +o00. This fact contradicts
assumption (7is).
Now let us treat the general case and suppose, for the sake of contradiction, that up to a subsequence

hm ) |P du(n’“) +00.

Then a suitably rescaled sequence (v(*)) satisfies
m f (ny) O(U(k)) =0, lim /|U(k) P dyénk) =0, /\v(k)|p dy%”k) =1 forall ke N.
k—oo " F ’ k—o0

By the previous step, up to a subsequence (v®)) is convergent in L} (RN) to some v € VVllocp (RY) such
that
fuow) =0, /|v|p dve =0, 1< /|v\p dvy < +00.

It follows that v is a nonzero constant and that u(RY) = 15(RY) = 0, while v, (RY) < +o00. If p < N,
this is a contradiction, as v € LP" (RY). If p > N, a contradiction follows from assumption (iis). O

Theorem 7.3. For every integer m > 1, we have

A (1, v1,v2) < liminf A7 P (™, ™ M)

Proof. We aim to apply Corollary 3.2 with X = L} (R™). Assumption (a) of Corollary 3.2 is obviously
satisfied, while assumption (b) of Corollary 3.2 is just assumption (7iis) and assumption (¢) of Corollary 3.2
follows from Proposition 7.2.
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Finally, if u € Wll’p(RN) \ {0} and f, 0(u) = 0, we infer that u is constant, p > N, u(R™) = 0 and we

oc
cannot have
/|u|p dvy < /|u\p dvy < 400

by assumption (iis). Therefore assumption (d) of Corollary 3.2 is satisfied and the assertion follows. O

7.2. Upper semicontinuity of inf-sup values of measures. Throughout this subsection we assume
that:

(ivs) if (nk) is a strictly increasing sequence in N and (u'®)) a sequence converging tow in L}, (RN)\{0}
with

Sup fu("k),o(“(k)) < +00, SUP/ [u® P dp(™) < 400,
k k
/|u(k)|p dyénk) < /Iu(k)|p dVYLk) forallk e N,

then
/|u|p dvy < liminf /|u(k)|dy£nk);
k—oc0

(vs)  we have

Ju0 +Ag2 + Lig < 100} = (F — lim sup (f#(”)wo + )‘gén) + I{g§”)<+00})> (u)

n—oo
for all A\ >0 and u € L}, (RY).

loc

Theorem 7.4. Assume one of the following conditions:

a) if (up) is a sequence in WHP(RYN) satisfying
c

sup </|Vunpd£N+/|un|pdu+/|un|pdu1+/|un|pd1/2> < 400

and converging in LY (RN) to some u € VVllo’f(RN), then

lim /|un\p dvy :/|u|pd1/1;
n—oo

Then, for every integer m > 1, we have

(b) we have vy = 0.

N2 (1,1, v2) > limsup A2, (™, ™ 5™y |

n— oo

Proof. First of all we claim that, by Theorem 3.4, we have

inf sup R(u) > limsup< inf sup R(”)(u)) .
KeKhim uek n—oo \KEK,™ueK

Actually, assumption (a) of Theorem 3.4 is obviously satisfied, while assumption (b) is assumption (vs)
and assumption (c¢) is implied by assumption (ivs).
A fortiori we have

inf sup R(u) > limsup )\{’n(u("),l/ﬁn), l/én))

Kekfiimuek n— 0o

and the assertion follows from Proposition 6.5. d
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8. EXISTENCE OF NONLINEAR EIGENVECTORS FOR SIGN-CHANGING CAPACITARY MEASURES

Let p,v1,v5 € MS(RN ). In this section we want to show that, under suitable assumptions, the inf-sup
values AP, (i, v1,v9) introduced in Section 6 are true eigenvalues of the problem

—Apu+ [uP2up = AulP~2u(vy — v) in RV,

/|u|p dvy < /|u\p dvy ,

with corresponding eigenvectors. To this aim, we will relate the inf-sup values AP (u,v1,v2) with the
inf-sup values A, (i, v1,vs) defined in a functional setting where standard variational methods apply.
Throughout this section we assume that:

(1) if (un) is a sequence in WP (RYN) satisfying

sup </|VunpdﬁN+/|un|pdy+/|un|pdul+/|un|pd1/2> < 400

(RN) to some u € W P(RN), then

loc

lim /|un\p dvy = /|u|p dvy ;
n—oo

(i) if p> N, we do not have p(RY) = 0 and v2(RY) < 11 (RY) < +oo0.
Taking into account Proposition 5.16, these assumptions turn out to be hypotheses (is) and (iis) of
(n) (n)

=v and v5 ' = vs.

and converging in L7

Section 7, in the case in which p(™) = p, v}

Proposition 8.1. If (uy,) is a sequence in W, ’p(RN) satisfying
sup fu,0(un) < 400, sup/ [un|P dve < 400, /|un|p dvy < 400 foralln € N,

then there exists a subsequence (u(™)) converging in L}, (RN) to some u € W, ’p(RN) with

lim inf f,, o (un,) > fuo(u),

j*}OO

liminf/|u(”f)|p dvy > / |ul? dvs |

Jj—00

lim [ [u™)|Pdy, = / lulP dvy < +00.

]*)OO

Proof. Taking into account Proposition 5.16, it is a particular case of Proposition 7.2. 0
Now we set

X = { e WLP(RN) N LP(RY, 1) N LP(RY )f#o()<+oo}.

loc

Proposition 8.2. We have that X is a vector subspace of Wllo’f(RN) and

1/p
]| = </|Vu|pd£N+/|updu+/|u|pdu1+/|u|pdug)

is a norm on X which makes X a uniformly convexr Banach space.
Moreover, X N WLP(RY) is dense in X and the linear maps

X — LfOC(RN) X — LP(RY, 1)
u u u e u

are completely continuous.

Proof. Tt is easily seen that X is a vector subspace of W,5P(RY) and that [u| is a norm in X. In
particular, assumption (i) guarantees that ||u|| = 0 only if u = 0.
Of course
X — LP(RV;RN) x LP(RN, p) x LP(RN, 1) x LP(RN, 1)

u (Vu,u, u,u)
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is a linear isometry. We claim that its image is closed. Actually, if (u,) is a sequence in X such that
((Vtn, Up, Up, up,)) is convergent to (U, vy, ve,v3), from Propositions 8.1 and 5.16 we infer that, up to a
subsequence, (u,) is convergent in LY (RY) to some u € X with (Vu,u,u,u) = (U,v1,ve,v3) and the
claim follows.

Therefore, X is a uniformly convex Banach space. By Proposition 6.2 we have that X N W2LP(RY) is
dense in X, while the linear maps

loc

X — L (RY) X — LP(RN, 1)
TR U u u
are completely continuous by Propositions 8.1 and 5.16. O

Remark 8.3. We will see that in X standard variational methods apply. On the other hand X depends
on u, v1 and vy, while LfOC(RN ) is a fixed space, hence more suitable for T'-convergence.

If 1 = oopwy 4, where A is p-quasi open, v = LY and v = 0, then X = Wol’p(A) endowed with the
usual structure of uniformly convex Banach space.

We also define g1, g2 : L (RYN) — [0, +00] by

loc

1
; /|u|pd1/j ifueWw ’p(RN)

otherwise ,

and set
@:f/L0|X’w1:91|X’w2:92|X’M:{UEX.1/}1()7 ():1}
Of course, ¢, ¥ and 1) are even, convex, positively homogeneous of degree p and of class C. Accordlng

to Section 4, we denote by IC the family of nonempty, compact and symmetric subsets K of M (with
respect to the topology of X) such that i (K) > m and we set

5‘571(,“7V1vy2): lnf max 90( )
KelCm ueK

where we agree that AP, (1,11, 15) = +o0 if there is no K included in M with i (K) > m.
Theorem 8.4. For every integer m > 1, we have
N (111, v) = N, (1, v2) -
Proof. Let
M={ueX: 1+a(u) < (u)}
and denote by Izm the family of nonempty, compact and symmetric subsets K of M such that i (K) > m.
Of course, the topologies of X and of LfOC(RN ) agree on finite dimensional subspaces. Moreover,

assumption (b) of Remark 3.6 is satisfied by ¢, 1 and 1o in the space X, while assumption (a) of
Proposition 6.5 is just assumption (). Combining Theorem 3.5 with Proposition 6.5, we infer that

inf max p(u) = AP, (u, v1,2).

Kek,, ueK
Of course, we have
inf max ¢(u) < inf max p(u),
KGIC ueK KGIC ueK

as M C M. On the other hand, if K € ICm, we have that

~

- {wl(u) —zmu))w e K}

satisfies K € K, and max (u) < max o(u), whence
uek ueK

inf max < inf max
KGIC ueK QO( ) KGIC ueK QD( )

and the assertion follows. O
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Corollary 8.5. If there exists u € WHP(RY) such that

/\u|p dp < o0, /|u|p dvy < /|u|p dvy < 400, lim lulP dvy =0 for all z € RV,
r—0 Br(x)

then we have j\fn(u,l/l,llg) < +oo for allm > 1.
Proof. 1t follows from Proposition 6.3 and Theorem 8.4. g

Theorem 8.6. The functionals ¢, V1 and ¥y satisfy the assumptions (ie) and (iie) of Section 4. In
particular, the assertions of Theorem 4.5 hold true.

Proof. Since 1] is the composition
X — LPRN,1») — LPRN,p) — X
u u — |u|P~2u = i (u)

the complete continuity of ¢ follows from the complete continuity of the first map and the continuity of
the other maps.
Given X > 0, it is standard (see e.g.[6]) that (¢’ + M) + Apy) is of class (S)4. Then also

¢+ My = (¢ + M + M) — My

is of class (5)4.
Finally, if u € X \ {0} satisfies ¢(u) = 0, then u is a nonzero constant, p > N, u(RY) = 0 and we

cannot have
/|u|p dvy < /|u\p dvy < 400

by assumption (7). O
Example 8.7. Let N=1,p=2, u =0 and
vi(B) = £(Bn)o,1]), va(B) = £Y(BN] - 1,0]), for all B € B(R).
Then we have
inf {o(u) : P1(u) —a(u) =1} =0, p(u) > 0 for all u with ¥ (u) —1a(u) > 0.

On the other hand, assumption (%) is not satisfied.

9. ON THE EXISTENCE OF OPTIMAL CAPACITARY MEASURES

Let p,v € MGRY) and W : RN — [0,400[ be a LN-measurable function. Let also V4, be the
LN -measurable function introduced in Definition 5.8 and set 13 = W LY, vy = v and
M (1) = NP (u,v1,v0)  for all p€ ME(RYN) and m > 1.
If N > 2, we define a convex function 7 : R — R by

k=N
and denote by 7* : R — R its conjugate function, namely

7*(t) = sup (ts — 7(s)) .

s€ER
Since
(2Nt s) > 2V 7(s) for all s € R,
we have
(9.1) m(2t) <2V 7r*(t)  forallteR.

Throughout this section, we assume that:
(uW) e if p < N, we have

/ WNPALN < 400 for all R > 0;
{Vutv <RW}
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o if p= N, we have
inf LN ({VMV < 5}) < +00

e>0

and
/ (W) dLN < 400 forall R > 0;
{Vurr <RW}

o if p> N, we have
inf £ ({Virs <e}) < 4o
and there exists q € [1,00[ such that

/ WadLN < 400 forall R>0.
{Viutv <RW}

Proposition 9.1. The following facts hold:
(a) if (W) is locally y-convergent to p in M{(RN) and p™ > p for alln € N, then pn > p and

AP () < liminf AP (pu(™) for allm > 1;
n—oo

(b) for every p € MH(RN) with p > p, the assumptions (i) and (ii) of Section 8 are satisfied by
(u, W LN v), in particular
N (e, W LN vy = N2 (u, W LN b)), for allm > 1;
(¢) for every u € ME(RYN), we have
AP (p) < 400 forallm>1
if and only if there exists u € WLP(RYN) such that

/|u|pd,u< +o0, /|u|pdu</|u\de/3N < 400.

Proof.
(a) By Corollary 5.25 we have 1 > p. The second assertion follows from Theorem 7.3 as soon as the
assumptions (is)-(iis)-(ziis) are verified. We deal first with assumption (is). Actually, we prove a stronger
statement, which will be useful also in the verification of (7iis).

Let us consider a strictly increasing sequence (ny,) in N and a sequence (u®)) in WP (RY) converging
in L (RN) to u € WLP(RN) with

loc c

sup (/ IVu® P ach + / [u®|P dpme) 4 / luF)|P dV) < 400.
k

We claim that
limsup/\u(k)|de£N < /|u\de£N < 400.

k—o0

Up to a subsequence, (u(k)) is convergent to u £LM-a.e. in RN and we have

sup </|Vu(k)|” ach +/|u(k)|p du+/|u(k)|p dy) < 400.
! H

Since for every R > 0 it is

/ W ® P W N S% (/ u(k)|pd‘u+/u(k)|pdy) 7
(RW<Vi} -

it is enough to show that

(9.2) lim sup / lu® P W LN < / lulP WdLN < 400 forall R>0.
k—oo  J{V, 1., <RW} {Vuqr <RW}

In the case p < N, the sequence (u*)) is bounded in LP" (R™), so that (9.2) follows from assumption (V).
If p > N, first of all by assumption (uW) there exists € > 0 such that

cN ({VHJF,, < 5}) < 400.
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If we set C' = {VEJFV > 5}, we have

sup (/ [Vu® P deN + 8/ |u®)|P dLN) < 400
k RN C

and LN (RN \ C) < +o0. Since
sup LN ($u®| > 1)) < 400,
w £ ({12 1})

it follows that

sup (/ |Vu® P acN —|—/ [uF)|P d£N> < 400.
k RN RN

Now, in the case p = N, according to [35, Theorem 1.1] there exist dn,an > 0 such that
/T (an|v|Y) dc™ < dn whenever v € WY (RY) and / VoV ach + / oV dcN < 1.
Therefore, for every o > 0 there exists j > 1 such that
9-i /T (2—J’ |u(k)|N> AN <o forallkeN.
On the other hand, we have
WPV W <277 7 (2*3‘ |u(k)|N> +270 % (2Y W) a.e. in RN

and

/ ™ (2% W) deN <400 forall R,j
{(Viry <RW}

by assumption (uW) and (9.1). Therefore (9.2) follows.

In the case p > N, we have that (u(®)) is bounded in each L"(RN) with p < r < oo and (9.2) follows
again from assumption (uW). Therefore assumption (is) is satisfied.

Assumption (éiis) follows from the previous step, Theorem 5.24 and Proposition 5.16.

Finally, in the case p > N also assumption (4is) is satisfied, as LV (C) = +oc implies that (u+v)(RY) =
+00.
(b) We argue as in the previous step, noting that assumption (i) is a special case of (is).
(¢) The assertion follows from Proposition 6.3. O

Theorem 9.2. Let U : [0, +00] — [0, +00] be a function as in Corollary 5.26 and let
0<c< /\D(Vﬁ)dﬁN.
Denote by M the set of u’s in ME(RY) such that
w> /\II(VM)CLCNSC
and such that there exists u € WEP(RY) satisfying
/|u|pd,u<+oo, /|u|pdz/</|u\de£N<+oo.

If M # 0 then, for every F : R¥ — R nondecreasing in each variable and lower semicontinuous, there
exists a minimum p € M of

{p=> PO (1), - A2 ()}
satisfying

/\IJ(V“)dCN =c.
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Proof. If
/qf(vﬁ) e =¢,

then y € M is a minimum with the required property. If

/qf(vﬁ) ach > ¢,

let R;sc be the set R endowed with the topology of the lower semicontinuity: a subset U of R is said to
be open if U =]s, +o0[ for some s € R.
For every u € M, we have AP, (1) < 400 for all m > 1 by (c) of Proposition 9.1. Then the map

{r= (N (p), - AL ()}
i

is continuous from M into R}, by Proposition 9.1 and the function F' is lower semicontinuous from R
into R. Therefore the functional

k

lsc

{n—= PO\ (w), ., X))}

is lower semicontinuous from M into R.
Let @ € M. Since F' is nondecreasing in each variable, it is enough to restrict the minimization to

N={peM: N(u) <N (@)} -

Observe that, if (1(™)) is a sequence in ' locally y-converging to u in ME(RY), then A (1) < 400 by (a)
of Proposition 9.1, which implies that there exists u € WP (RY) satisfying

/\u|p dup < 400, /|u|p dv < / lulP W dLN < +oo

by (a) of Proposition 6.3. Combining this fact with Corollary 5.26 and (a) of Proposition 9.1, it follows
that 1 € N, so that N is a nonempty and closed subset of the metrizable and compact space M5 (RY).
Therefore, there exists a minimum pu € M of

{= FOY ()5 AL (1))} -
If
/\ll(VM)dL‘N <ec,
define for t > 0
VO =01 fmin {W(V,), B(V,,) + t exp(~ | ) }]
/J,(t) = OO]RN\Ag + 2 + V(t) LN,

Then V, < v < Vi LN ae. in RY and < pu® < p. Moreover, from (b) and (d) of Proposition 5.9 we
infer that
Viw = v® LN ae. in RY.

In the case t = 0, we have V(0 = V., and V,, LY is g-finite on Ay, whence Vo) = VO £N_ae. in RV,
Ift >0, let
R(t,n) = U (¥(400) + t exp(—n?)) .
Then we have
V® < max {V#, R(t, n)} LN-a.e. in B,(0),

whence A4, = Aﬁ' It follows that
Vﬂm =y® LN a.e. in RN, forallt >0.
If we choose t > 0 such that

/\IJ(VW)) ach =c,

then p® is a minimum with the required property. O
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Theorem 9.3. Let
0<ec<LN(A
and denote by M the set of p’s in Mb(RN) such that
p>p,  LYV(A) <c

and such that there exists u € WEP(RYN) satisfying
/|u|pd,u<+oo, /|u|pdz/</|u\de£N<+oo.

If M # 0 then, for every F : R¥ — R nondecreasing in each variable and lower semicontinuous, there
exists a minimum p € M of

{n = P (), - X ()}
satisfying x e

Proof. If £V (A&) = ¢, then p is a minimum with the required property. Otherwise, assume that
LN (A&) > ¢. Arguing as in the proof of Theorem 9.2, we find a minimum p € M of

{w= PO (), X0 ()} -
If LN(A,) < ¢, consider (") € ME(RVN) defined by
" (B) = w(B N B(0)) + i(B\ B,(0))  forall B € BR"Y),

where [i is the outer regular representative of p given by Proposition 5.3. Then it is easily seen that
p< u(r) < p and that
AM U (Aﬁﬁ BT(O)) - AH(T) .

If p() (W) < 400 for some Borel and p-finely open W, there exists a Borel and p-quasi open A such that
W\ B,(0) C A and u(A) < 400, so that

WB(0)C AN B,(0),  cap, [(W\ B,(0))\ A,] < cap, (4 4,) =0
by (a) of Proposition 5.7. From the quasi-Lindelof property we infer that
cap, [AM \ (AM U (AN BT(O)))} =0,

whence

£V (Ayn) = £V (4,0 (4,0 B(0)))

If we choose r > 0 such that
ﬁN (A'u(r)) =cC,

then (") is a minimum with the required property. O

Now we first consider the particular case in which

) /BAzch if cap,(B\ A) =0,
_ nA

+o0 if cap,(B\ 4) >0,

i for all B € B(RY).

for some p-quasi open subset A of RY and some p-quasi upper semicontinuous function V : A — [0, +oc].

Corollary 9.4. Let U : [0, 4+00] — [0, +00] be a function as in Corollary 5.26 and let
O<c§/ T(V)dch .
A
Denote by V the set of LN -measurable functions V : A — [0, +00] such that

V>V LN-ae inA, / (V)dLeN < ¢
A



42 MARCO DEGIOVANNI AND DARIO MAZZOLENI

and such that there exists u € Wol’p(A) satisfying
/ lulP VdLYN < +o0, / |u|pdu</ lulP W dLN < +o0.
A A A

If V # 0 then, for every F : R¥ — R nondecreasing in each variable and lower semicontinuous, there
exists a minimum V € V of

{Vis FOL(V), ..., X0 (V) }
satisfying

/A\I/(V) ach = ¢,

where NP (V') = AP (1) with
vdchN if cap,(B\ A) =0,
(9.3) w(B) = ¢ /BnA for all B € B(RY).
o0 if cap,(B\ 4) > 0,

Proof. We aim to apply Theorem 9.2. Without loss of generality, we may assume that ¥(+oc0) = 0.
Consider V and each V defined on all R with value +oco outside A. Then the definition of y and (9.3)
can be reformulated as B
E:ooRN\A—i—ZEN, ,u:ooRN\A—FVEN.

For every u € WyP(A) there exists a sequence (u,) in WHP(RN) converging to u in Wh?(RY) with
|un| < |u| q.e. in RY. Combining this fact with Proposition 5.9, we see that, if V' € V and u is defined
according to (9.3), then we have p € M. On the other hand, if © € M we infer again from Proposition 5.9
that V,, € V. Moreover, by (e) of Proposition 5.9 we have

c< /xp(vﬁ) ach .

Let 4 € M be a minimum of
{n = FOM (W), X0 ()}

according to Theorem 9.2. By Proposition 5.9, since F' is nondecreasing in each variable, we have
Since V,, € V, the assertion follows. O

Then let us consider the particular case in which g = cogn\ 4 for some p-quasi open subset A of RY.
For every p-quasi open subset A of RN and m > 1, we set AP, (A) = A5, (copa 4)-
In this case assumption (W) reads:
(AW) e if p < N, we have
/ WNPALN < 400 forall R>0:
AN{V, <RW}
e if p=N, we have
inf LY (AN{V, <¢e}) < 400
e>0
and

/ (W) dLN < +o0 for all R > 0;
AN{V, <RW}

e if p > N, we have
ig% LY (AN{V, <e}) < +o0
g

and there exists q € [1,00[ such that

/ WadLN < +oo for all R > 0.
AN{V, <RW?}

In particular, assumption (AW) is satisfied if LY (A) < 400 and W = 1.
Corollary 9.5. The following facts hold:
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(a) if (A"™) is a sequence of p-quasi open subsets of A locally v-converging to a p-quasi open subset A,
then cap, (A\ A) =0 and

AP (A) <liminf AP (A™)  for allm > 1;

n—oo
(b) for every p-quasi open subset A of A, the assumptions (i) and (ii) of Section 8 are satisfied by

(cornz\ a4, W LN V), in particular

NP (A) = AP

b (0oRN\ 4, W LN v) = xfn(OORN\A, W LN v), for allm > 1;
(¢) for every p-quasi open subset A of RN | we have
AP (A) < +o0 for allm>1

if and only if there exists u € Wol’p(A) satisfying
/|u|p dv < / [ulP WdLY < +oo;

in particular, if W =1, v =0 and 0 < LN (A) < +oo, then the eigenvalues \P,(A) agree with those
defined by (1.1).

Proof. Taking into account Definition 5.15 and Proposition 5.9, it is a particular case of Proposition 9.1.
O

Corollary 9.6. Let c €]0, LN (A)] and denote by A the family of p-quasi open subsets A of R such that
ACA, LNA)<c

and such that there exists u € Wol’p(A) satisfying
/|u|p dv < / lulP WdLN < +oo.

If A # () then, for every F : R¥ — R nondecreasing in each variable and lower semicontinuous, there
exists a minimum in A of

{A= F(X(A),..., A (A)}
satisfying
LY(A)=c.
Proof. We aim to apply Theorem 9.3. By Proposition 5.9, if A € A we have cogny 4 € M. On the other

hand, if 4 € M we infer again from Proposition 5.9 that cap,(4,, \ A) = 0, whence A, N A € A.
Let p € M be a minimum of

{u—= P\ (1), ..., An()}

according to Theorem 9.3. By Proposition 5.9, since F' is nondecreasing in each variable, we have
FNJ(A,NA),.... (A, NA) <FA (), ..., (1) < FAN(A),..., [ (A)) forallAe A.

Since A, N A € A, the assertion follows. O

Proof of Theorem 1.3. Let A =Q, W =1 and v = 0, so that assumption (AW) is satisfied. According
to Corollary 9.5, for every p-quasi open subset A of Q with LV (A) > 0, the eigenvalues A2, (A) agree with
those defined by (1.1). Then the assertion follows from Corollary 9.6. O

Proof of Theorem 1.4. We aim to apply Corollary 9.4. Without loss of generality, we may assume that
veMHRY). Let A=Q,V =0and W = 1, so that p = oogny 4. A fortiori we have V1, = +o0
on RY \ Q. Since ) has finite measure, it is easily seen that assumption (uW) is satisfied. Then the
assertion follows. d
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