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Abstract

It is known, after [J16] and [ACM18], that ODE flows and solutions of the transport
equation associated to Sobolev vector fields do not propagate Sobolev regularity, even of
fractional order. In this paper, we show that some propagation of Sobolev regularity happens
as soon as the gradient of the drift is exponentially integrable. We provide sharp Sobolev
estimates and new examples. As an application of our main theorem, we generalize a regularity
result for the 2D Euler equation obtained by Bahouri and Chemin in [BC94].
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Introduction

We consider the Cauchy problem for the transport equation associated to a vector field b : [0, T] x

T¢ — R? on the flat torus T¢ := R4 /74

Oiu~+b-Vyu=0,

t (Tr)
(0, z) = up(x),

where ug : T — R is a given initial data and u : [0,T] x T¢ — R is the unknown to the problem.
The theory of characteristics establishes a link between solutions of (Tr) and the flow X :
[0,T] x T — T? of b, i.e. the solution of

d
aX(t,;c) =b(t, X(t,x)) xeTtel0,T),

X(0,z) ==x.

(ODE)
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Thanks to the classical Cauchy-Lipschitz theory both problems are well-posed when the drift b is
regular enough, i.e. Lipschitz in the spatial variable uniformly in time. Unfortunately the Lipschitz
regularity is a too strong assumption for applications. Indeed in various physical models of the
mechanics of fluids it is essential to deal with non regular velocity, and this is not just a technical
fact but corresponds to effective physical situations. For this reason in the last thirty years a big
interest has grown on the study of (ODE) and (Tr) under weaker assumptions on the vector field.

In the present paper we study sharp regularity properties, in the scale of Sobolev spaces, of
solutions of (Tr) and (ODE) in a setting that is in between the classical setting of the Cauchy-
Lipschitz theory and the Sobolev setting considered in the DiPerna-Lions-Ambrosio theory [DPL89,
A04]. More precisely, we assume that b admits a spatial distributional derivative satisfying

sup / exp{ B | Vub(t,z)| }dz < oo for some B> 0 and div,be L>([0,T] x T¢).  (HP)
t€[0,T] JTd

We have chosen the ambient space T? instead of R? just because compactness allows to avoid
integrability problems at infinity and to obtain global estimates. This makes statements shorter
and more elegant. It is worth stressing, however, that any result we are going to present holds true
also in the Euclidean space R? provided one suitably localizes the estimates.

The study of (Tr) and (ODE) under (HP) is meaningful for applications to nonlinear partial
differential equations. The 2D Euler equation in vorticity form (see [BM02, L96] for an overview)
provides an important example of PDE where a vector field satisfying (HP) is involved. In particular,
as an application of the main result in this work ( Theorem 1.2 and Corollary 1.4) we obtain a
propagation of regularity result (Theorem 3.1) for solutions of the Euler equation with bounded
initial vorticity enjoying a fractional order regularity. This theorem is a non trivial improvement of
[BCY4, Corollary 1.1] stated in the periodic setting. See section 3 for details on this.

Let us now present the main regularity result of this manuscript underlying, by mean of examples,
its sharpness in the Sobolev scale. We refer to section 1 for more details on our main theorems
Theorem 1.2, Theorem 1.7 and related corollaries, while the examples Theorem 2.1, Theorem 2.2
and Theorem 2.4 are presented in section 2.

First of all it is worth mentioning that, under the assumptions (HP), it is well-known that
(ODE) admits a unique flow in the classical sense. Indeed the velocity field satisfies the log-Lipschitz
property that, identifying the drift with a periodic function from R? to R¢, reads

[b(t, ) = b(t,y)| < Cle — ylmax {|log (jo —y[)[,1}  Va,y e R' ¢t € [0,T). (0.1)

This property implies in turn the existence and uniqueness of the curve t — X;(x) satisfying (ODE)
(look at Lemma A.1 and the discussion in subsection 1.1). Moreover, X; : T — T is invertible for
any fixed time ¢t € [0, 7] and

u(t,x) = uo((Xy)"H(x)) te0,T], withuoe€ LP(T?), (0.2)

provides the unique distributional solution of the Cauchy problem (Tr) in L ([0, T]; LP(T%)), for
p € [1,00] (see Remark 1.3 for more explanations). For distributional solutions we mean weakly
continuous and bounded curves t + u; € LP(T) satisfying

/Td ur(z)p(z) de — /Td uo(z)p(z) de = /0 /Td us(2)(bs(z) - V() — divbs(x)p(z)) dz ds,

for any ¢ € [0,T] and ¢ € C*(T?).

In order to make this introduction as clear as possible we do not illustrate here our main result
Theorem 1.2 for (Tr), since it needs the introduction of a suitable functional class, we refer to
section 1 for this. We prefer instead focusing the attention on the Lagrangian side of the problem
(i.e. the study of (ODE)) that is really the core of our analysis. Indeed any regularity estimate for
the flow X; gives in turn results for the transport equation (Tr) as a consequence of the Lagrangian
identity (0.2). In what follows d denotes the intrinsic distance on the flat torus T¢.



Theorem 0.1. Let b: [0,T] x T — R? satisfy

sup / exp{ 8| Vb(t,z)|}dz = K < oo for some >0 and [|divb|| e o 7)xray = L < 00.
te[0,T) JTd ’

Then, for any x,y € T and t € [0,T], we have
d(Xe(x), Xi(y)) < ge(x)d(z,y)  and  d((Xe) ™ (2), (X0) 7' (y)) < go(@)d(,y), (0.3)

for some nonnegative function g; that fulfills

t2Lcy c

gl oe <€ F (CoE) 7 Ve [0,T), with q =

B
Cht’
where Cp > 0 and Cy > 0 depend only on d.

Theorem 0.1 has to be understood as a quantitative approximation result in the spirit of Lusin’s
theorem for Sobolev functions (see [L77]). Indeed, (0.3) implies that, for any A > 0, the flow map
X; and its inverse are \-Lipschitz if restricted to the set { g; < A }. Moreover, since g; € L% (T%),
by means of the Chebyschev inequality we can estimate the Lebesgue measure of the “bad” set
19211 s < CoKett

DS\

L g =2} <

where we do not control the oscillation of Xj;.

It is well-known since the work [H96] that quantitative approximation properties & la Lusin are
related (and actually characterize) Sobolev spaces for suitable choices of the exponents. This allows
to deduce from Theorem 0.1 that

X, € wha (T4 RY) for any 0 <t < E, where ¢ :=

—_— 0.5
c o (0.5)
together with the quantitative bound
t2Lcy tCy
IVXillLe < Callgllpe < Cae™ 7 (CoK) 7. (0.6)

In other words X; enjoys a definite Sobolev regularity until a critical time that depends only on .
The very same conclusion holds also for (X;)™! (note that Theorem 0.1 gives a symmetric result in
X; and (X;)~!) but, for sake of simplicity, here and in the rest of the introduction we consider just
the flow map X;.

What at the first instance could sound surprising is that (0.5) is sharp: it can really happen that
the flow associated to a vector field satisfying (HP) ceases to be W! regular after a time of order
~ (. In Theorem 2.2 we build a vector field with such a property. However, instead of explain this
example, that is presented in detail in section 2, we want to present a formal computation to convey
the idea that, if we are in a situation in which the Sobolev regularity of X; is neither instantaneously
lost (as in the DiPerna-Lions setting [ACM18]) nor fully preserved (as in the Cauchy-Lipschitz
case), then it reasonably decreases according to (0.5) and (0.6) for structural reasons.

Let us consider a drift b that does not depend on time, so its flow satisfies the semigroup
property X1 = X; 0 X,. If X5 € WP for some small time 6§ and some exponent 1 < p < co then
the Holder inequality suggests that, reasonably, VX,,5 € LP/™ for any integer n < p. Indeed we can
use the semigroup property and the chain rule to write

IV Xns|(2) <[VX5|(Xstn-1)) - [VX6[(X5n—2)) - - - [VX5|(Xs) - [VX5[(2),

and observe that the right hand side is a product of n functions belonging to LP. More precisely
we have
VXXl < 9 [VXsl,0  fork=0,.on—1,

where L := ||div b|| . This immediately leads to ||V X5 p/n < elon® IVX5||7,. Eventually we
set t := nd and rewrite

po—!

VX o <M VXS, for0<t< (0.7)
Lt



Note that (0.7) is perfectly coherent with (0.5) and (0.6).

Theorem 0.1 allows also to describe the Sobolev regularity of X, after the critical time Cﬁl In
this case we can measure the regularity in the scale of fractional Sobolev spaces: what happens,
roughly, is that X; admits a derivative of order % A1 in L' for any t € [0,7T] and again the
conclusion is sharp in the scale of Sobolev spaces. Look at Corollary 1.4 for the rigorous statement
written in terms of solution of the transport equation and to Theorem 2.2 for the example that
underlines its sharpness.

Another simple outcome of Theorem 0.1 is the following: if the gradient of the drift satisfies an
integrability condition slightly stronger than (HP), for instance

sup / exp{ 0| Vb (z)|}dz < o0 for any B >0,
tel0,T] J Td

then X, belongs to WP for any 1 < p < oco. Basically it follows from the explicit expressions of ¢;
and the critical time in (0.5), look at Corollary 1.8 for more details. On the other hand, we have an
example (see Theorem 2.1) ensuring the existence of a drift satisfying a relaxed version of (HP), i.e.

Vb(t, )]
dzr < Va > 0,
i‘i‘é/Bpr{log<1+Vbt<x>|>a e e

whose flow does not belong to any Sobolev space, even of fractional order, for any ¢ > 0. Roughly,
it amounts to say that the exponential integrability condition for Vb;, that we assume in (HP), is a
threshold condition in order to hope for a Sobolev regularity of the flow map.

The examples we have been mentioning in this introduction are the content of section 2; they
are all based on a technique introduced recently in [ACM18] by Alberti, Crippa and Mazzucato.

Let us finally spend a few words on the main idea behind the proof of Theorem 0.1. Our strategy
builds upon the technique introduced by Crippa and De Lellis in [CDLO08] for the quantitative
study of generalized flows in the DiPerna-Lions-Ambrosio theory. The authors of the present paper
have already used similar ideas in [BN18a] to obtain sharp regularity estimates for solutions of the
continuity equation in the scale of log-Sobolev spaces assuming a Sobolev regularity on the drift.
In order to explain a main technical point of the strategy let us recall the standard argument to
prove that flow maps inherit the Lipschitz regularity of velocity fields. When X; is associated to a
uniformly K-Lipschitz vector field b, using the very definition of flow map, we have

d
g Kt (@) = Xe()] < [be(Xe(2)) = be(Xe(y))] < K[ Xe(2) = Xe(y)l Vg € R,
that together with a Gronwall lemma gives
‘Xt(m) - Xt(y)| < |1’ - y|etK V.I‘,y € Rdv te [OaT]

Note that we have identified both b and X with periodic functions in R?.
In order to make a variant of this strategy work in our context we need to consider a weak
version of the Lipschitz inequality

|b:(z) — b (y)| < Kl|x — y| Va,y e RY, t e [0, 77, (0.8)

that is not anymore available assuming just (HP).
In our setting a natural replacement of (0.8) is the log-Lipschitz property (0.1) that, if plugged
in the Gronwall argument above, gives

e—Ct/8

| Xi(z) — Xo(y)| < Clo —y| ; (0.9)

see subsection 1.1 and the discussion therein for more details. Even though (0.9) is sharp in the
scale of Holder spaces (see [BC94]) it is not suitable for our purposes, indeed it cannot give either
integer Sobolev regularity or approximation results by means Lipschitz functions. Moreover (0.9)
cannot even implies our result in the case of fractional Sobolev spaces Corollary 1.4 since in our



case the regularity dissipates in time with rate ~ % (that is the sharp rate) while in (0.9) the
rate is ~ e~ “*/8_ Let us point out that the use of the log-Lipschitz property (0.1) for the study
of (ODE), (Tr) and related problems coming from PDE nowadays is consider standard, see for
instance [BC94, CL95, Z02].

In this paper we adopt a change of prospective. We forget about the log-Lipschitz property and
we take into account a different ingredient that has been already used by Crippa and De Lellis in
the Sobolev setting. They have replaced (0.8) with the well-known inequality

[be(2) = be(y)] < Calz — y|(M|Vbe| () + M|Vbi|(y)), Yo,y €R?, t€(0,T], (0.10)

available for any Sobolev map (see [ST70] for its proof), where M denotes the Hardy-Littlewood
maximal operator. Assuming Vb, € LP for p > 1 one has in turn M|Vb;| € LP (it is a general
property of the maximal function, see [ST93, Theorem 1]) and it leads to a quantitative weak
version of (0.8) that is suitable for the study of the regularity of X;.

Under the assumption (HP) we can write a version of (0.10) as follows: there exists a nonnegative
function h; such that

|be(z) — b (y)| < |2 — y\ght(x) Vz,yeT¢, t>0 and sup / exp {hi(x)}dz < oo (0.11)
B tefo,] JTa

where Cy depends only on d, see Lemma A.2. This technical ingredient is the correct one to replace
(0.8) in the Gronwall argument. We refer to section 1 for more details.

Notations. We denote by T .= Rd/Zd the flat torus of dimension d > 1 endowed with its
geodesic distance d and its Haar measure .#?. We denote by B, (z) the geodesic ball of radius
r > 0 centered at x € T

We often identify T¢ with [0,1)?, in this way we can write

d(z,y) :=min{ |z —y—k| : ke 2z |k <2}, (0.12)

where | - | is the Euclidean distance in R%. Under this identification the Haar measure in T¢ coincides
with the Lebesgue measure on the square, while scalar functions can be identified f : T — R
with 1-periodic functions on R%. We often use the double notation f(t,x) = f;(z) for functions
depending both in the space and in the time variable.

We write )
fran=—= [ ran

M () == sup ]{3 MWl veert

r>0

to denoted the average integral and

to denote the Hardy-Littlewood maximal function.
We often use the expression a <. b to mean that there exists a universal constant C' depending
only on ¢ such that a < Cb. The same convention is adopted for 2. and ~..

1 Regularity results

In this section we present regularity results for flows and solutions of the transport equation
associated to drifts satisfying (HP). Let us begin by introducing a functional class.

Definition 1.1. Let 0 < o < 1 and 0 < p < oo be fixed. We say that f € LP(T¢) belongs to Frif

[flrg = inf {[lgll € LP(T) : |f(z) = f(y)| < d(z,y)*(g(z) + g(y)) for every z,y € T} < oo.

We set ||fHFpa = |fllge + [flrg-



These spaces have already appeared in the literature (see for instance [BC94]) and they coincide
with the Triebel-Lizorkin class Fj',, when « € (0,1) and p > 1 (see [BC94, Proposition 3.2]). The
Hajlasz characterization of Sobolev spaces [H96] gives

Fy = WLP(T4) forany p>1, and F} ¢ WhH(T%). (1.1)
While, for 0 < o < 1, the class F}' is related to fractional Sobolev spaces (see [AF75])

WP(T?) .= { f € LP(TY) : [flwer < o0} ac(0,1), p>1

1/p
_ fath) ~ f@P
[Flwas = (/(O’ud /T i dh) , (1.2)

is the socalled Gagliardo’s seminorm. Precisely we have

where

Wer(T4) c Fe C WP forany 0 <o’ <a <1, p>1, (1.3)

the proof of the first inclusion follows form [BN18b, Proposition 1.13] while the latter can be easily
checked using the definition of F}* and Gagliardo’s seminorm.
Let us finally mention that, the inequality

(@) = FW)| = |f(@) = F)I°1f @) = )0 S dly)*(9(2)" + 9)*) 111

for any 6 € (0,1), f € F* and g competitors in the definition on [f]ps (see Definition 1.1), implies
the interpolation estimate

[flrge SUAIL [f)fs  for any 6 € (0,1),a € (0,1), p>0, (1.4)

that will play a role in the sequel.
This being said we are ready to state our main result.

Theorem 1.2. Let b: [0,T] x T¢ — R? satisfy

sup / exp{ | Vbi(z)|}dz = K < oo for some >0 and |[divb|| (o 1)xTa) = L < 00.
tefo,T] JTd ’

where the derivatives are understood in the sense of distributions. Then, there exist constants
C1 > 0 and Cy > 2 depending only on d, such that for any 0 < a <1, p > 1 and ug € Fy' the
unique solution u € L>([0,T); LP(T%)) of (Tr) satisfies

p

_ 1.
1+ B8~ lapCit (15)

[w)re < [uolpg (" CoK)YPe VL€ (0,T] with p;, :=

Before proving Theorem 1.2 we present a remark and two important corollaries.

Remark 1.3. Let us explain why under the assumption (HP) the Cauchy problem (Tr) admits
ult, x) = uo((Xe) "' (2)) te[0,T], (1.6)

where X is the flow map of b (see the discussion in subsection 1.1 for what concerns X), as a unique
solution in L>([0, T]; LP(T%)), for any p > 1.

First of all notice that u(t,x) := uo((X¢)~!(z)) is a weak solution of the transport equation in
L>([0,T); LP(T9)) when ug € LP(T%) (look at the introduction for the definition of weak solution).
Therefore to prove the sought claim it suffices to show the uniqueness property for (Tr) in the class
([0, T]; L'(T)).

Using Lemma A.1 we deduce that b is Log-Lipschitz continuous and, if we further assume that
divb = 0, then [BC94, Theorem 1.2] grants the uniqueness result we are looking for. It actually
implies uniqueness in the larger class of signed measure, but we are not interested in this general case.
In order to get rid of the assumption divb = 0 we can consider the recent result [CC18, Theorem
1.1 and Remark 1.5] together with the simple observation that in our case forward-backward curves
are always trivial due to the pointwise uniqueness of trajectories in (ODE).



Corollary 1.4. Let b, L, C; and C5 be as in Theorem 1.2. Then for any 0 <« <1, p>1 and
ug € L®(T) N WP (T9) the unique solution u € L°([0,T] x T?) of (Tr) satisfies

1

o (T4 ith =0 —————. L.
ug € W P(T) with ot :=a g T2 TapCit (1.7)
Moreover, if p > 1, for any 1 < p' <p and 0 < o’ < « it holds
- 1 1\ B
c WP (T? t<|=—--) 2. 1.8
wew v < (-2 2 (18)
Finally, if we assume a = 1 the conclusion (1.8) can be strengthen as follows
Lt 1487 p0t 1 1\ B
Vs Sap V0l (HCa) 5 v (2= 2) 2 1.9)

forany 1 <p' <p.

Proof. Using (1.4) with 6; := and Theorem 1.2 we get

1
1+8-lapCit

1-6 0 1-6 0
[ gove S Mluollsg ™ [f1Fs < lluollig™ [uol s (" C2 )P,

since Oy > «ay (1.7) follows from (1.3). Let us address (1.8). If ¢t < (z% - %) aicl then ps > 9/,
thus Theorem 1.2 and (1.3) gives

(1.3) (1.5)
(Wit % g Ll S [l S [uoleg (HCE)'7 V0 <o <a

Repeating the same argument with o = 1 and taking into account (1.1) we get (1.9). O
Corollary 1.5. Let b: [0,T] x T — R? satisfy
sup / exp{ 3| Vbi(z)|}dz < oo for every >0 and ||divb|| e (o 7)xra) < 00
t€[0,T] JTd
where derivatives are understood in the sense of distributions. Then for any 0 < a <1, p>1 and
ug € L®(T4) N W*P(T9) the unique solution u € L>([0,T] x T¢) of (Tr) satisfies
u € WOP(TY  forany 0<ao' <a, tel0,T). (1.10)
In the case oo =1 we also have
u € WH' (T?) forany 1<p' <p, te]0,T]. (1.11)

Proof. Let us first assume p > 1. An immediate application of Theorem 1.2 gives u; € Fj for any
1 < p’ < oo thus the sought conclusions follow from (1.1) and (1.3). In order to extend (1.10) to
the case p = 1 it is enough to apply the Sobolev embedding theorem (1.12) stated below. O

Remark 1.6. The conclusions (1.8) can be extended to the case p = 1 as follows: for any o’ < «
there exists T := T'(&/, o, p, 8, C1) > 0 such that

wy € WP vt < T.

In order to do so it is enough to use the Sobolev embedding theorem:

. dr
Hf”W&r SS»S’,T’T’ ”fHWS’,'r" , with = mv S’S/ € (07 1]7 r, e (07OO>7 (1'12)

where || f|lyar = | fll s + [flwer. We refer to [AF75] and [DDN18] for more details.

The remaining part of this section is dedicated to the proof of Theorem 1.2. As we have
anticipated in the introduction, we carry out a Lagrangian approach, meaning that the core of our
argument is a regularity result for flows, whose proof is based on a technique introduced by Crippa
and De Lellis [CDLO08] in the context of DiPerna-Lions-Ambrosio’s theory [DPL89, A04].



1.1 Regularity of flows

In this subsection we prove Theorem 0.1. It is restated below for reader’s convenience.

Theorem 1.7 (Regularity of the flow). Let b: [0,T] x T? — R? satisfy

sup / exp{ 8| Vb(t,z)|}dz = K < oo for some >0 and [|divb|| e o 7)xray = L < 00.
t€[0,T] JTd )

Then, for any x,y € T¢ and t € [0,T], we have
d(Xi(2), Xe(y) < ge(@)d(z,y) and (X)) (2), (X0) "' (y) < ge(a)d(z,y), (1.13)

for some nonnegative function g; that fulfills

t2LCy

lgel o < e 7 (CoE) T Ve [0,T], with q =

L 1.14
Cit’ ( )

where C7 > 0 and Cy > 0 depend only on d.

Before proving Theorem 1.7, let us recall that, under the assumption

sup/ exp{ S| Vii(x)| }de = K(B) < o0 for some 3 > 0,
t>0 JTd

there exists a unique classical solution of the problem (ODE). Indeed thanks to Lemma (A.1) we
know that b is Log-Lipschitz, namely

|b:(z) — b (y)| < %d(m,y) log (d(gl;d) Y,y € TVt > 0. (1.15)

In particular b satisfies the Osgood condition, so it admits a unique solution for any initial data
r € T
Moreover, by mean of (1.15), it is possible to show that X is Holder continuous:

_eCt/B Ct/B —Ct/B e—Ct/B

(CK)™ d(z,y) < d(Xi(2), Xo(y)) < (CK)'™ 7 d(x,y) ; (1.16)

for some C' > 2 depending only on d. To see this we use again (1.15) obtaining

AN X)) < X)) = b ()] < G X108 ( Gy )
that amounts to q Cr o
1o (o0 o) | < 5 (1

where the constant in the left hand side may be bigger then the one in the previous line but still
depends only on d. Thus (1.17) immediately implies (1.16).
If we further assume ||divb||;~ = L < oo we also deduce

eyl < (X)) p Lt < el pd for any ¢t > 0. (1.18)

In particular when b is divergence-free, X; is a measure preserving map for any ¢ > 0. The property
(1.18) can be checked observing that X coincides with the unique Regular Lagrangian flow associated
to b according to Ambrosio’s axiomatization (see [A04]).

Let us refer to [BC94], [CL95] and [Z02] for further details on well-posedness results for flows
and solutions of the continuity and transport equation associated to Log-Lipschitz drifts.

We conclude this subsection by proving Theorem 1.7 and stating a simple corollary.



Proof of Theorem 1.7. Fix x,y € T4, recalling (0.12) we have

dd<xt<x>,xt<y>>\ <[ (Xe(a)) — bu(Xe ()]

dt
Sd(Xt(l’),Xt(y))% (14 1log (caM (exp {27'B|Vb|}) (Xe(2)))) .

where in the second line we used (A.2) with 8’ = /2. Setting

gt(z) == exp {221/0 (14 log (caM (exp {27 B|Vbs|}) (Xs(2)))) ds} ,

the Gronwall inequality gives (1.13). It remains to prove (1.14). Let us fix ¢ > 0 and set ¢; := Cilt,
using Jensen’s inequality and (1.18) we deduce

/Td g (2)" dz = /Td exp {2 +]£ 21og (caM (exp {2718|Vbs|}) (Xs())) ds} dr
So [ (M (exp {27 BIVBY) (3, (@) dsda
gdetL]é /]Td [M (exp{2—15|VbS|}) (1')]2dsdx,

Exploiting the boundness of the maximal function between L? spaces (see [ST70]) we get the sought
conclusion:

t
/ gr(x)? de <4 etL][ / exp {B|Vbs ()|} dzds < K.
Td o Jre

An immediate consequence of Theorem 1.7 is the following.

Corollary 1.8. Let b: [0,7] x T¢ — R? satisfy

sup / exp{ B | Vby(z)|}dz < oo for every >0 and ||divb|| e o 7yxra)y < 00
te[0,T] JTd ’

Then, for any t € [0,T], X; and its inverse belong to Wl’p(']I‘d;Rd) for every 1 < p < oo.

Proof. Let us fix t > 0. Using (1.14) with 8 = pCit we deduce g; € LP(T%). The sought conclusion
follows from (1.1). O

We conclude the section with the proof of Theorem 1.2.

1.2 Proof of Theorem 1.2

We assume without loss of generality that [ug] re = 1. It is enough to prove that, for any ¢ € [0, 71,
there exists a positive function g; such that

Jue (@) —ue(y)] S d(z,9)*(Ge(2) +Gely))  Va,y €T, (1.19)
and »
g < Oy KM ith p=— """ 1.2
||gtHLPt ~d,p,a (6 Cy ) wi bt 1 _|_6_1ap01t7 ( 0)
where C7 and Cy are as in Theorem 1.7.
As we mentioned before we exploit the Lagrangian representation formula
ug () = uo((X¢) () for any « € T, and t € [0, 7], (1.21)



where X is the solution of (ODE). Note that the inverse of X; is well-defined thanks to Theorem 1.7.
By Definition 1.1 we know that there exists h : T¢ — [0, oo] satisfying

[uo(z) —uo(y)| < d(z,)*(h(z) + h(y))  Ve,yeT? and |h|, <1+e, (1.22)
where 0 < ¢ < 1 is fixed. Building upon (1.21), (1.22) and Theorem 1.7(ii) we get
Jue(2) — ue ()] =luo((Xe) ™ (@) — uo(Xe) ™ ()]
<d((Xe) ™' (), (X))~ ()" (M((Xe) ™ (@) + h((Xe) ™ (1))
<d(@,9)g¢(2)* (M((Xe) ™ () + A((Xe) ™ ())-
Setting q; = Cilt, where C is as in Theorem 1.7, and using the Young inequality with exponents

(L ﬂ) we deduce

ge(2)* (h((Xe) ™' () + h((X0) T ()

% :L-Qt/Pt & -1 T /Dt % qi/pe & -1 /Pt
s(qt (w7 + (0 o) )+(qt )+ 2 () 0) )

=:g¢(x) + Ge(y)-
Thanks to (1.18) and (1.14) we get

_ ap pr L i ap p
ot e <2 N 47+ B I < 3 4 el (Ecomir 4 2)

<(1 4 )P/t (etL Oy )Pt

letting € — 0 we conclude the proof.

2 Counterexamples

In this section we prove that Corollary 1.4 and Theorem 1.7 are optimal in the scale of Sobolev
spaces by mean of three different examples. The first one tries to answer the question whether the
integrability condition

Sup/ exp{ S| Vb(x)| }dr < oo for some 3 > 0,
t>0 JTd
assumed in Theorem 1.2 and Theorem 1.7 can be relaxed.

Theorem 2.1. There exist a divergence free velocity field b satisfying

[Vby ()]
L+ Vb (z)])

a}dx<oo Ya > 0, (2.1)
t>0

suppb; C By Vt > 0; sup/ exp{
Bz log(
and uy € C°(By)2) such that suppu; C Byjp ¥t > 0 and
[ut]wer = 00 YVt >0, Vs >0, Vp>1,

where uy s the solution in L>(]0,00) x RY) of (Tr) with initial data ug.

The second example shows that the conclusions in Corollary 1.4 are sharp in the scale of
fractional Sobolev spaces.

Theorem 2.2. For any m € N and A > 0 there exist a divergence free velocity field b satisfying

suppb; C By Vi > 0; sup/ exp {A|Vb ()|} dz < o0 (2.2)
t>0 Bl/g

and up € C(By 2) such that the unique solution u € L*°([0,00) x R?) of (Tr) with suppu; C By o
for any t > 0 fulfills

10



(1) ||ug|lyia = 00 for any t > c1\;
(ii) [ut]weer = oo for any t >0, where ay == 1 A 22 for any t > 0;
where ¢; > 0 and co > 0 depend only on m and d.

Remark 2.3. An immediate consequence of Theorem 2.2 is that the flow map X; associated to b
satisfies ||V X¢|[ ;1.0 = oo for any t > cA, where ¢ = ¢(d) > 0.

The last example shows that, in general, we cannot hope for the Lipschitz regularity of the
flow associated to b when ||Vb||;~ = 00, even under a very strong integrability assumption (in the
Orlicz sense) on Vb. In particular we cannot extend Corollary 1.8 and (1.11) to the case p = cc.

Theorem 2.4. Let us fix an increasing ® : [0,00) — [0, 00) satisfying ®(0) = 0 and lim,_, o (r) =

o0o. Then there exist a divergence free velocity field b satisfying

suppb; C By YVt > 0; sup/ O(|Vbi(z)|) do < oo, (2.3)
t>0 Bl/g

and ug € C} (B12) such that suppu; C By YVt >0 and
[Vurlpe =00 ViSO,
where uy € L>([0,T) x RY) is the solution of (Tr) with initial data ug.

Let us spend a few words explaining the idea behind the construction of the examples in
Theorem 2.1, Theorem 2.2 and Theorem 2.4. Basically, they are built following a common strategy
that has been introduced for a first time in [ACM14], [ACM18] and recently adopted in [BN18a].
Following this scheme the construction of the vector field b and the solution u; of (Tr) is achieved
by patching together a countable number of pairs v, and p, of velocity fields and solutions to (Tr)
with disjoint supports. They are obtained by rescaling in space, time and size v and p, that are the
fundamental building block provided by Proposition 2.5. Choosing properly the scaling parameters
we get the three different examples.

Proposition 2.5. Assume d > 2 and let Q be the open cube with unit side centered at the origin
of RE. There exist a velocity field v € C°°([0,00) x R?) and a solution p € L>=(]0,00) x RY) of (Tr)
such that

(i) vy is bounded, divergence-free and compactly supported in Q for any t > 0;

(ii) pt has zero average and it is bounded and compactly supported in Q for any t > 0;
(ii) supyso [|velly1.00 gay < 00 for any t =0, for any 1 < p < oo;
(iv) there exists a constant ¢ > 0 such that

||ptHWs,p(Rd) > exp(cst), Vte>0, s>0, 1<p<oo. (2.4)

Proof. As remarked in [ACM18, Remark 10] we can assume d = 2. In [ACM16] the authors proved
the existence of a velocity field v € C*°(]0,00) x R?) and a solution p € L*°(]0,00) x R%) of (Tr)
satisfying (i), (ii), (iii) and

[oell 7= 2y < Cs exp(—sct), for any s € (0,1).
However, from [ACM16, page 33, proof of 6.4], we also have
||Pt||w—qu(R2) Ss,q €xp(—cst) forany 1 <¢g<2, and 0<s<2.

Therefore, thanks to Gagliardo—Nirenberg interpolation inequality (see [AF75]) we obtain (2.4). O

Before going into details with the proofs of Theorem 2.1, Theorem 2.2 and Theorem 2.4 we
present a technical ingredient.
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Lemma 2.6. Let v € (—o0,1) be fized. For every n € N consider an open set Q,, a function
fn € LP(R?) and a parameter 0 < X, < 1/4. Assume that the family {Q, }, oy is disjoint and that
the distance between supp f,, and R?\ Q,, is bigger than X\, for every n € N. Then it holds

[ [ Bl Sl

e

. fala B = @l 2 2\
> dadh — =Y nE). @
= IJ{,njgop — </Rd /Rd |h|d+sp x sp N, Il (2.5)

Proof. Let us call Q, C €, the set of z € R? whose distance from supp f,, is smaller than \,, /2.

Observe that
|12, fale+h) =3, falz)P
/]Rd/]Rd e dz dh

> lim sup / / [ fn (@ + d+€f () dx dh
N—oc0 n=1 B)\ /2 0 ‘h’| P

P
:hmsup / / [fn(z+ 1) = ful@) dzdh
N-oo =7 \Jra Jpe |h|d+sp

p
/ / |f7l x+h’d+s fn($)| dl‘dh)
RI\By, /5 JRY |h|dtsp
On the other hand

/ / | fn (2 — fa(z)P
RA\B,, /2 JRY |h‘d+5p

1 c(d)2r [ 2\
<o nP/ dh < () .
||f ||L:D Rd\BAn/2 |h‘d+sp sp An ||f HLP

Combining these inequalities we get the sought conclusion. O

dx dh

Remark 2.7. The inequality (2.5) in the case p = 2 was proven in [ACM18].

Let us start with the construction of our examples. Let p > 1 be fixed. We consider v and p as
in Proposition 2.5, and a family of disjoint open cubes { @, }, oy contained in B; /4. Assuming that
the cube @, has side of length 3\, and center at z,, € By 4, we set

An t ©T—x, t ©—=x
’Un(t,$) = lv 0 - ) pn(t7x) =P T B )
Tn \Tn  An Tn'  An

for every z € R%, t > 0 and n € N where v,,, 7, A, € (0,1/10) convergence to 0 and

sup A\, /1, < 00.
n

Observe that u, is supported in Q,, and dist(supp u,, R%\ Q,,) > A, for every n € N. Let us set

) = Zvn(t,x), u(t,x) = an(t,a?) Vz e RY Wt >0.

Note that suppb; C By and suppus C By/p. It remains to choose properly the parameters Ay,
Yn, Tn in order to get our three examples.

Proof of Theorem 2.1. We choose

1 1
» = exp {— log(n) log log log 1 T = ;Ao =
= exp { ~log(n) loglogloglog(n)} . o = {0y Tor Toatn) ot/ exp { ot 4

log log log(n)
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for n € N big enough®. It is easily seen that sup, 7, \,;™ + v, < oo for any m, it implies
uy € C(Byj2) and u € L>®((0,00) x R?). Let us check (2.1).

/Bl@ (o0 et 1 rvotee ) 1) &
> /Bm (e"p{logulzT%SfE}xMW} - 1) 4
- Zn: /Bl<o> (exp { log(lzqujsi/)z;:ﬁ)|)“ } B 1} e
cox (o] ] 1)
<Zcexp{c\1og 8 | el DS

log(n )logloglog(n)} 1
<O expqC” ,
> p{ (oglog(m)* J  exp { lostr

logloglog(n)

where C, €’ and C” are positive constants. Observe that for ng € N large enough, we have

,,1oglog log(n) < d 1
(loglog(n))® — 2logloglog(n)

Vn > ng.

Thus,

|Vb(t, z)| } ) 1 1
exp -1 dISCE SE — < 0.
/Blm ( {log(l + |Vb(t, x)|)® ~ pexp {L:(n)} — n?

2 log loglog(n)

Let us eventually verify
[Ut}ws,p = o0 vVt > 0, Vs > 0, Vp > 1.

An application of Lemma 2.6 leads to

wllyey > limsup (1t = L2 (2) oo, )

N—o00 n—1 sp
N
> limsup Y AL ([p(t/Tns Wiyew — Cls,p,d) | p(t/ 0, ) 170)

N—o0 p—
N
> limsup » 42X (C exp {epst/ma} — C(s,p,d) ||poll},) ,

N—o00

n=1

where in the last passage we used Proposition 2.5(iv). Now observe that

-
27,
1 t d—
= —ep7a P {log(n) <C];S logloglog(n) — ploglogloglog(n) — (s@) }
n Sp

log log log(n)

> o exp {2log(n)} = T/ > 1,
n S

for any n large enough. Moreover ZZO=1 YPAL=SP < 00, S0

o
cpst
[ulfyen 2 C" Y exp{ o } —C" = 0.

n>ngo

The proof is complete. O

Tt suffices that loglogloglog(n) > 1, namely n > exp exp exp exp(1)
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Let us now pass to the second example.

Proof of Theorem 2.2. For any m € N positive and any A > 0, we choose

260/\ N, — 1
log(n)logloglog(n)’ ™  exp {log(n)logloglog(n)}’

Tn = /\:an

Tn =

for n > 10'%°, where ¢y := [[v[|;«. Since sup, Y,A\,™ 4+ vn < 00, we have ug € C*(Bj/2) and
u € L>((0,00) x R%). Let us check (2.2). Using the identity )\, = exp(—2coA/7,) we get

/131 (exp {A\|Vbi(z)|} — 1) da = ;/Bl (exp {\|Vu,(t,2)|} — 1)dz

<C Z exp {co\/Tn } )\i
= CZ )\Z_% < oo.
Let us now prove (i).
[l = Z [lon(t s = Z%/\d o/, a2 CZ%V texp {ct /7. }
where in the last line we used Proposition 2.5(iv). Now observe that
CZ VX exp {ct /T, } > C’Zexp {(=2coA(d+m —1)+ct) /Tn} =40

provided —2¢oA(d +m — 1) + ¢t > 0, that is to say
t>c A with ¢; =2¢o(d+m —1)/c.

Let us finally prove (ii). For any 0 < s < 1 we have

s 2 3msn S (It s~ <22 (2) 1)

N—oo n—1
N
> lljgrlsupZ%)\d * e/ ns Miysn — Cs,d) o/ Ty ) 1)
— 00 n=1
> CZ’yanfs exp {est/m,} — C'
n=1

= CZexp{(—?co)\(d +m —s)+cest) /tn} —C',

n
where we used >0, Yy, A47% < co. From the previous estimate we deduce
[ut]wsr = o0 provided — 2¢oA(d+m — s) + cst > 0,
that implies our conclusion with co = 2¢o(d — 1 +m)/c. O

Proof of Theorem 2.4. Let us choose

1 1 An

= T 1N )\n = 5 n = 7 1\
loglog(n)’ n2®(co loglog(n))l/4 7= og log(n)

for n > 10", (2.6)

where ¢y = ||V|| . First of all let us observe that ug € C}(Bj,2), since v, /A, = 1/loglog(n). In
order to check (2.3), we estimate

/Rd (| Vb (x dx—ZAd/ (IVo(t/, )|/Tn)dm—CZ < 00,
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Moreover, using Proposition 2.5(ii) we have

In
IVuell oo = sup 3= [IVot/ 7, )l L

n

> C'sup In exp {ct/m}
n 3

= sup Toglognn exp {ctloglog(n)} = oco.

The proof is complete. O

3 Application to the 2D Euler equation

In this section we present an application of Corollary 1.4 to the study of the 2D Euler equation
with bounded initial vorticity in the class L> N W*P. We prove a propagation of regularity result
that generalizes [BC94, Corollary 1.1].

Let us start by introducing the Cauchy problem associated to the 2D Euler equation in vorticity
formulation. Here we set the problem in the 2 dimensional torus:

8twt —+ div(btwt) = 0,
bt =K x W, (E)
wo = (Da

where @ is the initial data and K is the Biot-Savart kernel.

In this section, we consider only solutions of class L>([0,7] x T?) N C([0,T]; L'(T?)) satisfying
the weak formulation

t
/ wipda —/ wop dx :/ /ws bs - Vo dads Yo € C(T?). (3.1)
T2 T2 0

It is well-known since the work [YUG63] that in this class (E) admits a unique solution (in the sense
of (3.1)). We refer to [BM02, CH98, L9I6, MP94] for a detailed description of the classical theory
for the 2D Euler equation.

Let us state the main result of this section.

L>([0,T) x T?) N C([0,T]; L*(T?)). The following hold true:

Theorem 3.1. Let 0 < o < 1 and p > 1 be fized. Consider a weak solution of (E) w €

(i) if wo € WP(T?) then

1
wy € WP(T?)  with ay = « T O ol ant vt € [0,T), (3.2)
where C > 0 is a universal constant;
(ii) if wo € C(T?) N W*P(T?) with p > 1 then
wy € WP (T?) forany 0 <o <a, Vtel0,T]. (3.3)
When oo = 1 we also have
wy € WHP'(T?) forany 1 <p <p, Vtel0,T); (3.4)

(ii3) If wo € W*P(T?) with p > 2/c it holds w, € W*P(T?) for any t € [0,T].

Remark 3.2. The conclusion (iii) in Theorem 3.1 can be also obtained using the Hélder theory for
the Euler equation (see for instance [BM02]). Indeed, the Sobolev embedding gives W*?(T?) C

Cl_p%('ﬂ‘z) for ap > 2 that implies in turn b € L([0, T); CQ_P%(’]IQ)) and the classical Cauchy-
Lipschitz theory can be applied.
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Before proving Theorem 3.1 let us recall the main properties of the Biot-Savart kernel K in (E).
In the whole space R? it can be explicitly written as
_ly
2w [y’

K(y):
while in our periodic setting has a more complicated form 2 but still satisfies the following properties:
(i) K € L'(T*R?);

(ii) VK : T? — R?*2 is a vector valued Calderon-Zygmund kernel, in particular there exists a
constant C' > 1 such that

_(IVEDI <o
/Tz p{ i }d <C Ve lL®T) (3.5)

(3.5) follows from the fact that Calderon-Zygmund operators map L> in BMO (see [ST70]) and
from the exponential integrability of BMO functions (see [N61]). We refer to [S96] for a detailed
analysis of the Biot-Savart Kernel K in the periodic setting.

The next lemma shows that (3.5) can be slightly improved when f € C(T?). It is basically a
consequence of the fact that Calderon-Zygmund operator map C(T?) to VMO(T?) (the space of
vanishing mean oscillation functions), see [ST93, page 180].

Lemma 3.3. Let K as above. Then for any f € C(T?) and every 3 > 0 it holds

/TQ exp {8 | V(K * f)| }da < C(B, |Kl g1, 1fll <, o7 (C/B)), (3.6)

where pg(r) :=sup{ | f(z) — f(y)|: z,y € T? with d(x,y) < r} is the modulus of continuity of f.

Proof. Let us fix 8> 1 and f € C(T?). There exists f € C°°(T?) such that |f - fHLm < % and
VAl < 217l where C is as in (3.5). Observe that, since K € L!(T2;R?), we have

Py (C/B)
_ _ 2 o [ K| 71
V(K )| = || K= V||, 0 < W. (3.7)
Therefore we can estimate
[ 8190 plar < [ e (81 VUC = Pl+ BV « (7 = Pl }da
o d W IR [ G - Py
gep{ ) }/Tzep{ﬂ (K« (f — )}y do
28 ||f | poe 1K 1 V(K (f = )l
<ex X - dx
_ep{ p;(C/B) }/11‘2ep{ Clf = fll }
281 f 1l pee I K] 1

<O X )
= p{ 07 (C/B) } =

where in the last line we used (3.5). O

2For any function f in T2, it holds

Kxf(@)=Y" / K(z =y +n)f(y) dy.
0

nez Y (0,112

3This constant blows up when 8 — oo
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Proof of Theorem 3.1. Any weak solution wy of (E) is also a distributional solution of (Tr) with
drift by := K * w;. Observe that divb; = 0 and it holds

Sup/ exp{wbtl}dm <C,
t>0 JT2 C”WOHLOO

thanks to (3.5) and the identity [|wt||;« = [[wollp- Applying Corollary 1.4(i) the first conclusion
follows.

Let us now address (ii). First of all observe that if wy € C(T?) then w; € C(T?) for any t > 0.
It follows from the identity w;(z) = wo((X;)~!(x)) where X is the flow associated to by, that is
continuous together with its inverse thanks to (1.16). Therefore Lemma 3.3 infers that, for any
B>0andt>0

/ﬂ‘? exp{ B | Vbi(z)| } da < 0. (3.8)

Exploiting Lemma 3.3 and the fact that the modulus of continuity of w; fulfills supy ;.7 pw, < p
for some nondecreasing p : (0,00) — (0, 00) satisfying lim,_,o p(r) = 0 we can strengthen (3.8) as

sup / exp{ 8| Vb(z)| }dz < oo for any 8 > 0.
T2

0<t<T

We are in position to apply Corollary 1.5 and conclude the proof of (ii). We eventually prove
(iii). Since WP(T2) ¢ C(T?) when p > 2/a we use (ii) to deduce that w, € W< P(T?2) for any
0 <a<a andt > 0. This infers that Vb, € W P(T2% R?*?) for any 0 < o/ < a. Sobolev’s
embedding theorem implies that b; is a Lipschitz vector field with respect to the spatial variable. It
is also clear that this estimate is locally uniform in time, therefore the standard Cauchy-Lipschitz
theory applies and we conclude that X is actually biLipschitz, thus w; = wo(X; ') € W®P(T?). [

A Appendix

In this appendix we collect two technical results concerning functions whose gradient is exponentially
integrable. The first one is a consequence of [AF75, Theorem 8.40], we add its proof for the reader
convenience.

Lemma A.1. Let f € WHL(TY) satisfy

/ exp{ 0| Vf(z)|}dz = K < o0, for some B > 0.
Td

Then f admits a continuous representative satisfying

)~ 1)1 < Gataon (5

5 @ y)d) dry €T A

where C = Cy > 2.

Proof. Thanks to the Poincaré inequality there exists a constant C' > 0 such that

]ézr(m fw) _]{Brm d

for any x € T?, for any r € (0,2) and p > 1. Using the notation f, . := {5 (@) f we deduce from
(A.2)

) ) 1/p
dy < or][ Vf(y)|dy < Cr f ViwPrdy) . (A2
Bar(z) Bar(z)

P
(Ml — feol ) ¢ / BV 4 ypen, ps 1.
Td -

p! = rdwg p!
Taking the sum for p > 1 we conclude

exp (ﬁ |f_fz,r|dy> -1< ¢ (K_ 1)'

d
' B2T(x) "Wy
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This gives

wqrd

KC
‘fz,Qr - fr,r| S][; ( ) |f7 fm,r|dy S ;10g< ) ) (A3)

up to increase C. Thanks to Morrey’s inequality (see [AF75]) we know that f € C(T¢) and thus
f(z) = lim,_ JCBT @) f dy. Using this, (A.3) and a standard iteration procedure we get

> =27k KC C'r KC
_ < R o] < 1 < —1 —
‘fw,r f(x)| — kgo |f$,2 kp f:l),2 k T| — kgo 6 Og ((JJd(Zk'I")d> — ﬂ Og (Wdrd) ’

for some C’ > 0 depending only on d. Observe that when r = d(z,y) we have |f;, — fyr| <
QdeQT(m) |f = fur|dy, therefore

@) — F@)| <If @) — forl + 2d][ 1~ farldy+ [ fyr — F@)]

B, (x)
(2C" 4+ 2%)r KC C CK
< 1 < =d log [ ———
< 5 g\ o) =75 (z,y) log i)
where C' = Cy. O]

Lemma A.2. Let f € WH(T?) satisfy

/ exp{ S| Vf(z)|}dz < oo, for some B > 0.
Td

Then for any 0 < 8/ < B we have

7 11(@) - ) / d
T <141 M R
¢ dlzy) + log (caM (exp {B'|V f]}) (z)) Vz,y € RY,
where cqg > 1 and C1 > 0 depend only on d.

Proof. Let us fix z,y € R%. Using Morrey’s inequality (see [AF75]) we have

1 W—f(zﬂ)p GRS )i .
p! ( Cr <]{3T(w> o 47 Vp>dinteger, (A4)

where C' > 0 depends only on d and r := 2d(z,y). In order to make notation short let us set

_ B f@) = fW)l
A= e de)

Taking the sum in (A.4) for p between d + 1 and co we end up with

A? Al
et —1-A— TR g][ ( )exP {B'|Vfl}dz < M (exp{B'|Vf|}) ().
. . B, (z
Now observe that, when A > 1, we have
2 d
A < a1 A= G ) < (esp {81V 1)) (),

for some constant ¢y > 1, thus we deduce

A
= <loglea (xp {FIVS} = 1) (@) when A> 1,
that trivially gives
A 1
35 < 5 +log (caM exp {'|V f|} (x)),
without any restriction on A. Recalling the definition of A we conclude. O
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