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ABSTRACT. In this paper, we prove the existence of solutions for a class of viscoelastic dynamic systems on
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1. INTRODUCTION

In the theory of Dynamic Fracture, the deformation of an elastic material evolves according to the elasto-
dynamics system, while the evolution of the crack follows Griffith’s dynamic criterion, see [13]. This principle,
originally formulated in [11] for the quasi-static setting, states that there is an exact balance between the
energy released during the evolution and the energy used to increase the crack, which is postulated to be
proportional to the area increment of the crack itself.

For an antiplane displacement, the elastodynamics system leads to the following wave equation

u(t,z) — Au(t,z) = f(t,x) te€[0,T], z € Q\T}, (1.1)

with some prescribed boundary and initial conditions. Here, Q C R¢ is an open bounded set with Lipschitz
boundary, which represents the cross—section of the material, the closed set I'y C Q models the crack at time
t in the reference configuration, u(t): 2\ I'y — R is the antiplane displacement, and f is a forcing term. In
this case, Griffith’s dynamic criterion reads

E(t) + HE (T, \ Ty) = £(0) 4 work of external forces,

where £(t) is the total energy at time ¢, given by the sum of kinetic and elastic energy, and H?~! is the
(d — 1)-dimensional Hausdorff measure.

From the mathematical point of view, a first step to study the evolution of the fracture is to solve the
wave equation (1.1) when the evolution of the crack is assigned, see for example [14, 3, 7, 2, 18] (we refer also
o [10, 6, 16] for the case of a 1-dimensional model). When we want to take into account the viscoelastic
properties of the material, Kelvin—Voigt’s model is the most common one. If no crack is present, this leads
to the damped wave equation

i(t,z) — Au(t,x) — Au(t,z) = f(t,z) (t,x) € (0,T) x Q. (1.2)
As it is well known, the solutions to (1.2) satisfy the energy—dissipation balance

/ / |Va|* dods = £(0) + work of external forces. (1.3)

When we consider a crack in a viscoelastic material, Griffith’s dynamic criterion becomes
t
E(t) +HITI (T, \ Ty) + / / |Va|? dz ds = £(0) 4 work of external forces. (1.4)
0 Jo

For a prescribed crack evolution, this model was already considered by [3] in the antiplane case, and more
in general by [18] for the vector—valued case. As proved in the quoted papers, the solutions to (1.2) on a
domain with a prescribed time-dependent crack, i.e., with Q replaced by Q\ Ty, satisfy (1.3) for every time.
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This equality implies that (1.4) cannot be satisfied unless I'y = I'y for every ¢. This phenomenon was already
well known in mechanics as the viscoelastic paradox, see for instance [17, Chapter 7].

To overcome this problem, we modify Kelvin—Voigt’s model by considering a possibly degenerate viscosity
term depending on ¢t and x. More precisely, we study the following equation

ii(t,z) — Au(t,x) — div(V2(t,z)Va(t,z)) = f(t,z) t€[0,T], € Q\Ty. (1.5)

On the function ¥: (0,7) x 2 — R we only require some regularity assumptions (see (2.7)); a particularly
interesting case is when ¥ assumes the value zero on some points of 2, which means that the material has
no longer viscoelastic properties in such a zone.

The main result of this paper is Theorem 3.1, in which we show the existence of a weak solution to (1.5).
This is done in the more general case of linear elasticity, that is when the displacement is vector—valued and
the elastic energy depends only on the symmetric part of its gradient. To this aim, we first perform a time
discretization in the same spirit of [3], and then we pass to the limit as the time step goes to zero by relying
on energy estimates; as a byproduct, we obtain the energy—dissipation inequality (4.4). By using the change
of variables method implemented in [14, 7], we also prove a uniqueness result, but only in dimension d = 2
and when W(¢) vanishes on a neighborhood of the tip of T';.

We complete our work by providing an example in d = 2 of a weak solution to (1.5) for which the fracture
can grow while balancing the energy. More precisely, when the cracks I'; move with constant speed along
the x;—axis and W(¢) is zero in a neighborhood of the crack tip, we construct a function u which solves (1.5)
and satisfies

t
E(t) + / / |UVa|? deds + H (T \ To) = £(0) + work of external forces. (1.6)
0o Ja

Notice that this is the natural extension of Griffith’s dynamic criterion (1.4) to this setting.

The paper is organized as follows. In Section 2 we fix the notation adopted throughout the paper, we
list the standard assumptions on the family of cracks {I'; }+cjo,7] and on the function ¥, and we specify the
notion of weak solution to problem (1.5). In Section 3 we state our main existence result (Theorem 3.1),
and we implement the time discretization method. We conclude the proof of Theorem 3.1 in Section 4,
where we show the validity of the initial conditions and the energy—dissipation inequality (4.4). Section 5
deals with uniqueness: under stronger regularity assumptions on the cracks sets, in Theorem 5.5 we prove
the uniqueness of a weak solution, but only when the space dimension is d = 2. To this aim, we assume
also that the function ¥ is zero in a neighborhood of the crack tip. We conclude with Section 6, where in
dimension d = 2 we show an example of a moving crack that satisfies Griffith’s dynamic energy—dissipation
balance (1.6).

2. NOTATION AND PRELIMINARY RESULTS

The space of m x d matrices with real entries is denoted by R™*%: in case m = d, the subspace of
symmetric matrices is denoted by R%*¢.  Given two vectors vq,ve € R?, their Euclidean scalar product is

sym*
denoted by v; - vy € R and their tensor product is denoted by vy ® vy € R4¥4; we use v; ® vy € ngxn‘i to
denote the symmetric part of v1 ® vy, namely v; ® vy = %(vl ® vg + vy ®@v1). Given A € R™*4 we use

AT to denote its transpose; we use A; - Ay € R to denote the Euclidean scalar product of two matrices
Ay, Ay € RIX4,

The partial derivatives with respect to the variable z; are denoted by 9;. Given a function f: R? — R™,
we denote its Jacobian matrix by Vf, whose components are (Vf);; := 0;fi, i =1,...,m, j =1,...,d.
For a tensor field F: R — R™*4 by div F we mean the divergence of F' with respect to rows, namely
(divF); := Y0, 0;Fy, fori=1,...,m.

The d-dimensional Lebesgue measure is denoted by £? and the (d — 1)-dimensional Hausdorff measure
by H¢!. We adopted standard notations for Lebesgue and Sobolev spaces on open subsets of R?; given an
open set 2 C R? we use ||-||oo to denote the norm of L>(;R™). The boundary values of a Sobolev function
are always intended in the sense of traces. Given a bounded open set Q2 with Lipschitz boundary, we denote
by v the outer unit normal vector to 92, which is defined H4'-a.e. on the boundary.

Given a Banach space X, its norm is denoted by || - || x; if X is an Hilbert space, we use (-,-)x to denote
its scalar product. The dual space of X is denoted by X', and we use (-,-)x/ to denote the duality product
between X’ and X. Given two Banach spaces X; and X5, the space of linear and continuous maps from X3
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to X5 is denoted by Z(X1; X32); given A € £(X;; X2) and u € X, we write Au € X5 to denote the image
of u under A.

Given an open interval (a,b) C R, LP(a,b; X) is the space of LP functions from (a,b) to X. Given
u € LP(a,b; X), we denote by @ € D'(a,b; X) its distributional derivative. The set of continuous functions
from [a,b] to X is denoted by C°([a,b]; X). Given a reflexive Banach space X, C9([a,b]; X) is the set of
weakly continuous functions from [a, b] to X, namely

CY(a,b]; X) := {u: [a,b] = X : t > (2’ ,u(t)) x+ is continuous from [a,b] to R for every =’ € X'}.

Let T be a positive real number and let @ C R? be a bounded open set with Lipschitz boundary. Let
OpS) be a (possibly empty) Borel subset of 92 and let Iy be its complement. We assume the following
hypotheses on the geometry of the cracks:

(E1) T C Qs a closed set with £4(I") = 0 and H4~1(T' N 9N) = 0;

(E2) for every x € T there exists an open neighborhood U of z in R? such that (U N Q) \ T is the union

of two disjoint open sets Ut and U~ with Lipschitz boundary;

(E3) {T't}ieqo,r) is a family of closed subsets of I' satisfying I'y C T’y for every 0 <s <t < T.

Thanks (E1)-(E3) the space L*(Q \ T';; R™) coincides with L?(Q;R™) for every ¢ € [0,7] and m € N. In
particular, we can extend a function u € L?(2\ T';; R™) to a function in L?(Q;R™) by setting u = 0 on
I';. Moreover, the trace of u € H(Q\T) is well defined on 9. Indeed, we may find a finite number of
open sets with Lipschitz boundary U; C Q\I', j = 1,...m, such that 9Q \ (I' N Q) C UTL,0U;. Since
HI~YT N OQN) = 0, there exists a constant C' > 0, depending only on © and T', such that

lullz200) < Cllullgr@\ry for every u € H'(Q\ I RY). (2.1)

Similarly, we can find a finite number of open sets U; C Q\ T, j = 1,...m, with Lipschitz boundary, such
that @\ I' = UJL,U;. By using second Korn’s inequality in each U; (see, e.g., [15, Theorem 2.4]) and taking
the sum over j we can find a constant Ck, depending only on €2 and I'; such that

||VU||2L2(Q;RdXd) < Ck (||U\|%2(Q;Rd) + HEU‘”%Z(Q;R?;”%)) for every u € Hl(Q \ F;Rd)7 (2.2)
where Eu is the symmetric part of Vu, i.e., Bu = 1(Vu+ Vul).
For every t € [0,T] we define
Vii={u€ L*(Q\TI'yRY) : Bue L*(Q\ [y R}
Notice that in the definition of V; we are considering only the distributional gradient of v in Q \ T'; and not
the one in 2. The set V; is a Hilbert space with respect to the following norm
lellve = ([ull3 + [ Eull})?  for every u € V.

To simplify our exposition, for every m € N we set H := L?(Q;R™) and Hy := L?(OxQ;R™); we always
identify the dual of H by H itself and L?(0,T; L?(2;R™)) by L?((0,T) x Q;R™).
Thanks to (2.2), the space V; coincides with the usual Sobolev space H'(Q \ T';; R?). Therefore, by (2.1),
it makes sense to consider for every ¢ € [0, 7] the set
VP :={ueV, :u=0ondpQ},

which is a Hilbert space with respect to ||-||v,. Moreover, by combining (2.2) with (2.1), we derive also the
existence of a constant Cy,. > 0 such that

lullgy < Chllullvy  for every u € V. (2.3)
Let C,B: Q — Z(R%X4; R*d) be two fourth-order tensors satisfying:

sym) “Ssym

Cijhk,Bijnk € L(Q) for every i,5,h,k=1,....d, (2.4)
Clx)n -ma=m - C(z)n2, B(x)m -ne=m -Bx)ne for a.e. x € Q and for every ny,1m2 € Rg;,i, (2.5)
C(z)n-n>Mnl?, B(z)n-n> Xan* for a.e. x € Q and for every n € ]Rf;,i, (2.6)

for two positive constants A1, Ao independent of z. Consider a function ¥: (0,7) x Q — R satisfying

T e L((0,T) x ), V¥ eL®(0,T)x Q;RY). (2.7)



4 M. CAPONI AND F. SAPIO

Given f € L?(0,T;H), w € H?(0,T; H) N H*(0,T;Vy), g € H'(0,T; Hy), u® € Vp with u® — w(0) € VP,
and u' € H, we want to find a solution to the viscoelastic dynamic system

ii(t) — div(CEu(t)) — div(P2(t)BEu(t)) = f(t) in Q\ Ty, t € (0,7T), (2.8)
satisfying the following boundary and initial conditions
u(t) = w(t) on 0pQ), t € (0,7), (2.9)
(CEu(t) + V2(t)BEu(t))r = g(t) on dxQ, t € (0,T), (2.10)
(CEu(t) + U2(t)BEW(t))r =0  onTy, te€(0,T), (2.11)
u(0) =u’, 0(0) =u'. (2.12)

As usual, the Neumann boundary conditions are only formal, and their meaning will be specified in Defini-
tion 2.4.

Throughout the paper we always assume that the family {I'; };c[o,) satisfies (E1)-(E3), as well as C, B,
U, f, w, g, u’, and u' the previous hypotheses. Let us define the following functional spaces:

Vi={pc L*0,T;Vr): ¢ € L*(0,T; H), p(t) € V; for a.e. t € (0,T)},
VP ={peV:pt) e VP forae. te(0,T)},
W= {uecV:Vic L*0,T;Vy), ¥(t)u(t) € V; for ae. t € (0,T)}.

Remark 2.1. In the classical viscoelastic case, namely when W is identically equal to 1, the solution u to
system (2.8) has derivative u(t) € V; for a.e. t € (0,T) with Eu € L?(0,T; H). For a generic ¥ we expect to
have WEu € L2(0,T; H). Therefore W is the natural setting where looking for a solution to (2.8). Indeed,
from a distributional point of view we have

() Ea(t) = E(U(t)u(t)) — V() @ a(t) in D'(Q\Ty;RLW) for ae. t € (0,7),
and E(¥u), V¥ © 0 € L?(0,T; H) if u € W, thanks to (2.7).

Remark 2.2. The set W coincides with the space of functions v € H'(0,T; H) such that u(t) € V; and
U(t)u(t) € V; for a.e. t € (0,T), and satisfying

T
/0 lu(®)[2, + [ (a(e) |2, dt < oo. (2.13)

This is a consequence of the strong measurability of the maps ¢ — wu(t) and ¢ — ¥ (¢)a(t) from (0,T) into
Vr, which gives that (2.13) is well defined and u, ¥u € L2(0,T;Vr). To prove the strong measurability of
these two maps, it is enough to observe that Vr is a separable Hilbert space and that the maps ¢ — 4(t) and
t — U(t)u(t) from (0,T) into Vi are weakly measurable. Indeed, for every ¢ € C°(Q2\ I'r) the maps

t— Eu(t,x)p(z)dz = —/ u(t,z) ® Vo(x) de,
Q\FT Q\]-—‘T

t E((t,z)u(t,z))e(z)de = —/ U(t,z)u(t,z) © Vo(x)dz
Q\I'r O\I'r

are measurable from (0,7) into R, and C2°(2\ I'7) is dense in L?(Q).

Lemma 2.3. The spaces V and W are Hilbert spaces with respect to the following norms:
lelly = (lelza.rve) + 1€l17202:m)%  for every o €V,
lullfy := (lully + 19l Fa0r0,)*  or every ueW.

Moreover, VP is a closed subspace of V.

Proof. It is clear that ||-||y and |||y are norms on V and W induced by scalar products. We just have to
check the completeness of such spaces with respect to these norms.

Let {pr}r C V be a Cauchy sequence. Then, {p;}r and {¢k}r are Cauchy sequences, respectively, in
L?(0,T;Vr) and L%(0,T; H), which are complete Hilbert spaces. Thus there exists ¢ € L?(0,T; Vr) with
¢ € L*(0,T; H) such that ¢, — ¢ in L2(0,T;Vr) and ¢ — ¢ in L?(0,T; H). In particular there exists a
subsequence {¢y; }; such that oy, (t) — ¢(t) in Vp for a.e. t € (0,T). Since @y, (t) € V; for a.e. t € (0,T) we
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deduce that ¢(t) € V; for a.e. t € (0,T). Hence p € V and ¢, — ¢ in V. With a similar argument, we can
prove that VP C V is a closed subspace.

Let us now consider a Cauchy sequence {ux}ry C W. We have that {uy}y and {¥u;}s are Cauchy
sequences, respectively, in V and L?(0,T;Vr), which are complete Hilbert spaces. Thus there exist two
functions u € V and z € L?(0,T; V) such that uy — u in V and Wiy, — 2z in L2(0,T; Vr). Since 1 — 1 in
L2(0,T; H) and ¥ € L*>((0,T) x ), we also have that Wiy — Wu in L2(0,T; H), which gives that z = W1.
Finally let us prove that W(t)u(t) € V; for a.e. t € (0,T). By the fact that Wiy — Wi in L?(0,T; Vz), there
exists a subsequence { Wiy, }; such that W(t)iy, (t) — W(t)u(t) in Vr for a.e. t € (0,T). Since W(t)ug,(t) € V;
for a.e. t € (0,T) we deduce that U(¢t)u(t) € V; for a.e. t € (0,T). Hence u € W and uy, — u in W. O

We are now in position to define a weak solution to (2.8)—(2.11).

Definition 2.4 (Weak solution). We say that u € W is a weak solution to system (2.8) with boundary
conditions (2.9)—(2.11) if u — w € VP and
T

T T
- / (at), (1)) dt + / (CEu(t), Bo(t))n dt + / (BE(W(t)i(t)), V(1) Bg(t)) di
0 0 0 (2.14)

- / BYU() @ a(t), () Bp(t)) g dt = / () ot) it + / (9(t), () 1y dt
0 0 0
for every ¢ € VP such that ¢(0) = ¢(T) = 0.

Notice that the Neumann boundary conditions (2.10) and (2.11) can be obtained from (2.14), by using
integration by parts in space, only when wu(t) and I'; are sufficiently regular.

Remark 2.5. If 4 is regular enough (for example @ € L?(0,T; V) with a(t) € V; for a.e. t € (0,T)), then we
have WEu = E(¥4) — VU @ . Therefore (2.14) is coherent with the strong formulation (2.8). In particular,
for a function u € W we can define

VEG = E(Vu) — VU ©u € L*(0,T; H), (2.15)

so that equation (2.14) can be rephrased as
T T T
- [ @0 dt+ [ (CEUW. Bow)nat+ [ BUOBID, Y0 Eplt)) e
0 0 0

T T
- / (F(). 0t dt + / (9(t), (1)) 1y dt
0 0

for every ¢ € VP such that ¢(0) = p(T) = 0.
Definition 2.6 (Initial conditions). We say that u € W satisfies the initial conditions (2.12) if

1 .
lim /0 () — a2, + lat) — w'])%) dt = 0. (2.16)

3. EXISTENCE

We now state our main existence result, whose proof will be given at the end of Section 4.

Theorem 3.1. There exists a weak solution u € W to (2.8)~(2.11) satisfying the initial conditions u(0) = u°

and u(0) = u' in the sense of (2.16). Moreover u € Cy,([0,T]; Vz), @ € Cy([0,T]; H)NH(0,T; (VPL)), and
lim u(t) =u® in Vp, lim a(t) = u' in H.
t—0+ t—0+
To prove the existence of a weak solution to (2.8)—(2.11), we use a time discretization scheme in the same
spirit of [3]. Let us fix n € N and set

0. 0 -1 0 1
n - .

Tni=—, U

T
n
We define

vk .= V2 gF = g(kr,), wk:=wkrn,) fork=0,...,n,

n



6 M. CAPONI AND F. SAPIO

1 kTn 1 kTn k—1

foi== f(s)ds, TF.= — T(s)ds, dgk ::M fork=1,...,n
(k=1)7n Tn J(k—1)7, Tn
k _ ,,k—1 § k 4 k—1
sw? = w(0), dwk .= M, S2wk = P Z 0 for | = 1,...,n
Tn Tn
For every k =1,...,n let uf € Vp, with u¥ —wk € V¥ be the solution to

(62’“']27’0)}1 + ((CEU'IZ?EU)H + (B‘I/,ZE(SUQ, \PELEU)H = (f:;av)H + (gvlia U)HN for every v € va? (31)
where
uk — k-t S2ub Suf — suk-1

n n fork=0,...,n

Suk = .
Tn Tn

n

fork=1,...,n

The existence of a unique solution u¥ to (3.1) is an easy application of Lax—Milgram’s theorem.

Remark 3.2. Since §uf € Vi_1),, , then VEESuf = E(Wkul)—VIUE©uE, so that the discrete equation (3.1)
is coherent with the weak formulation given in (2.14).

In the next lemma, we show a uniform estimate for the family {uf}7_, with respect to n € N that will
be used later to pass to the limit in the discrete equation (3.1).

Lemma 3.3. There exists a constant C' > 0, independent of n € N, such that

max H(Sun”H + Jmax | Bt || —I—ZTnH\Iﬂ Eoul |3 < C. (3.2)
- i=1
Proof. We fix n € N. To simplify the notation we set
a(u,v) := (CEu, Ev)g, bF(u,v) := (BYX Bu, VX Ev)y  for every u,v € V.
By taking as test function v = 7, (0uf — dwk) € V¥ in (3.1), for k = 1,...,n we obtain
6wk |12, — (6ur=t, 6ub) g + a(ul, uf) — a(uf,uk~1) + Tnbk (6uk suk)y =7, LF,

n’ n

where
sz = ( 7]:7 6”2 - 511)5)]{ + (gﬁv 6“2 - 6w5)HN + (52ulrcu 5’LU§)H + a(u']fw(skaz) + bﬁ((suﬁ’ 6wfb)
Thanks to the following identities

_ 1 1 _ T;f
60 1 — (Guk, Gk = 5110k 3, — Slouk 13 + 2 8%k |,

1 1 72
E ,k ko, k-1 E k k=1 , k—1 k 5k
a(unvun) - a(unvun ) - 2a(un7un) - §a(un y Uy ) =+ ?na((sunv 5un)7
and by omitting the terms with 7.5, which are non negative, we derive

77,’

1 1 i
LB — SIS+ SaCul k) — Lol b ) + o ouk) < Lk

2
We fix i € {1,...,n} and sum over k = 1,...,i to obtain the following discrete energy inequality
f||6un||H + a o ) Zmb’“ (dup, 6uy) < Eo + D TuLy, (33)
where & := |lu'l|}; + 3(CEu®, Eu®)y. Let us now estimate the right-hand side in (3.3) from above.
By (2.3) and (2.4) we have
i 1 1
ZTn(fff, Oup, = dwp)u| < N1 Ze0msm) + 510 0,0 + 5 ZTnllcsu'ZIIir, (3.4)
||<C||oo , ICHOO
ZTn H%z(O,T;Vo Z Tnl| Eu nHH7 (3.5)
k k 1 2 Cth 2112
ZTn(gna5wn)Hw < §||g||L2(0,T;HN) + THwHL?(O,T;VD)' (3.6)
k=1
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For the other term involving g¥, we perform the following discrete integration by parts

Zﬂz(gfw(su'lfz)bﬁv = (gjwuiz)HN - (9(0)7UO)HN - ZTn((ngwuﬁil)HN' (3'7)
k=1 k=1

Hence for every € € (0,1), by using (2.3) and Young’s inequality, we get

i
> Talgn Sus)my | <
k=1

1 . _
< §Ilul I3y + ZHQHQLW(O,T;HN) + g O 6 ey + > Tl 6gh e lul ™ 7y
k=1

(3.8)

eC?
< Cet S lunlliy +

¥

where C, is a positive constant depending on e. Thanks to Jensen’s inequality we can write

1 2 1
b3, < [1Euh]|% + (||u0||H + ZTnllfSUlelH) < | Bub % + 20613 + 2T mllowd, |13,

j=1 j=1
so that (3.8) can be further estimated as

i
> 7algn. Sui)n
k=1

eC?
<Cet =~ (IIEun|H+2lluollH+2TZTn5un||?f>
j=1

02,’, 7 k ]
+ 55D <||Euii||%{+2||u°||%{+2TZTn||6ua|%I> (3.9)

k=1 j=1

A CP, i % k k
< Cet =5 Bupllty +C Y m (18wl + | Buillsy)
k=1

for some positive constants C. and C, with C. depending on e. Similarly to (3.7), we can say
ZTn (8%l 6wk = (6ul, 6w ) i — (6ul, 6wl — ZTn k=L 82wk, (3.10)
from which we deduce that for every ¢ > 0

Z T (0%ur 6wk 1
k=1

<N\ |z 10wy |z + |zl ez + Y 7l Nl %yl
k=1

1 , €, . 1 ¢ - 1¢ k
§2*€||5w31||§1 + §||5UZ||§{ + | [l (O) | + 5 > mallous I + 3 > mallo*wk|l
k= k=1

_ € ] 1 ‘
b S0 + 2 S mallouk (3.11)
k=1

where C, is a positive constant depending on e. We estimate from above the last term in right-hand side
of (3.3) in the following way

> bk (Gub, swh) < 37 (0 (0uk, 6ub))E (0 (wk swk))
- . (3.12)
1 « 1 )
< 5 2 abh(Gul, ) + S IBllool Pl NIz 20 71
k_

By considering (3.3)—(3.12) and using (2.6) we obtain

1—e i2 )‘1_6037« i2 1 k k2 k2
) 8+ S B+ 5 D bl (Guk, ouf) Z (9w 13 + 11 Bk )
k=1
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for two positive constants C. and C , with C. depending on €. We can now choose € < %min {1, 5‘21 } to
tr

derive the following estimate

1, . 1, 1<
S0unllZ + JIBu I + 5 D b (G, dup) < Cr+Co Y7o ([l + ([ Bup ) (3.13)
k=1 k=1

where O] and Cy are two positive constants depending only on u°, u', f, g, and w. Thanks to a discrete
version of Gronwall’s lemma (see, e.g., [1, Lemma 3.2.4]) we deduce the existence of a constant Cs > 0,
independent of ¢ and n, such that

|6l || + | Bl || < C3  for every i = 1,...,n and for every n € N.
By combining this last estimate with (3.13) and (2.6) we finally get (3.2) and we conclude. O

We now want to pass to the limit into the discrete equation (3.1) to obtain a weak solution to (2.8)—(2.11).
We start by defining the following approximating sequences of our limit solution

Un(t) == ulf + (t — krp)oul,  dn(t) == oul + (t — kr,)6%ulk € [(k—1)7n,kr], k=1,....,n,

ul(t) == uk, at(t) = oul € (k=1 krn], k=1,...,n,

u, (t) == ul 1 i, (t) := oul1 €(k—1Drn, k), k=1,...,n.
Notice that u, € H(0,T; H) with 1, (t) = duf = @} (t) for t € ((k — 1)7,,k7,) and k = 1,...,n. Let us
approximate ¥ and w by

Ul(t) := Wk, w (t) == wk te (k-7 kra), k=1,...,n,

U, (t) = okl wy, (t) == wk™! te[(k— 17, krn), k=1,...,n.
Lemma 3.4. There exists a function w € W, with u —w € VP, such that, up to a not relabeled subsequence
Up, ;{:iim u, ul ;QS;T;OVT) w, U ;ZO;TO;H) U, (3.14)
Vot oar LT gy o, BuEar) LT pgg). (3.15)

n—oo n—oo
Proof. Thanks to Lemma 3.3 the sequences {u,, },, C H'(0,T; H)NL>(0,T; Vr), {ut}, c L>=(0,T;Vr), and
{@F}, € L>(0,T;H) are uniformly bounded. By Banach-Alaoglu’s theorem there exist v € H'(0,T; H)
and v € L%(0,T; Vr) such that, up to a not relabeled subsequence
L2(0,T;Vr) . L*(0,T;H) . 4+ L?(0,T;Vr)
n——— U, Uy ————U, U, —————v

n—roo n—oo n— oo

Since there exists a constant C' > 0 such that

[t — || Loe (0,30 < CTw —— 0,

n—oo
we can conclude that u = v. Moreover, given that u, (t) = u} (t — 7,) for t € (7,,,T), @} (t) = 1,(¢t) for a.e.
€ (0,7), and u,, (t) =}t (t — 7,) for t € (15, T), we deduce
_ L?*(0,T;Vr) -4+ L*(0,T;H)
n n—oo u’ un n— oo u
By (3.2) we derive that the sequences {E(¥; a,)}, C L?*(0,T; H) and {V¥;} ® u,l}, C L?(0,T; H) are
uniformly bounded. Indeed there exists a constant C' > 0 independent of n such that

kTn n

IV © @) 220,70 = Z/ IVEF © Sup |3 dt < [|VE|2 Y mllouf |3 < C,
—U7n k=1
kTn

1B @72 0,05m) = Z/ |B(Wyduy) |3 dt = ZTnII‘P’“Eéu + VU © dup|l
—17n k=1

< QZTnH\I/fLE(squH?{ —|—227—n”v\yﬁ Q&LEL”%{ <C.
k=1 k=1
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Therefore, there exists wy,wy € L2(0,T; H) such that, up to a further not relabeled subsequence

_4 L?(0,T;H) _1\ L*(0,T;H)
VU oal "y, B(Uah) s w.
n—oo n—oo

We want to identify the limit functions w; and wy. Consider ¢ € L?(0,T; H), then

T 1
/ (V\Ifi@ﬂ:,w)Hdtz—/
0 2 0

T T T

- 1 ~ ~ sym

(@ VU mde+ 5 [ (@ VU mde= [ (@ e ew
0 0

T . .. L?*0,T:H) . L?(0,T;H .
where *¥™ := ££2_ Since @} LOTH), G and RCUAVA Ty LOTH), P*¥™ V¥ by dominated convergence
n—oo n—oo

theorem, we obtain

T T T
/ (V¥ oa, o)gdt —— [ (i, VE¥) g dt = / (VU ©a,p)qdt,
0 0

n—oo 0

and so w; = V¥ ® 1. Moreover for ¢ € L?(0,T; H) we have

T T T T
/ (WFat, ¢y di = / (5, oV ) g dt —— / (i, U6) g dt = / (Wi, ¢) .
0 0 n—=o0 Jo 0

L?(0,T;H) . L?(0,T;H
LOTH, o oand gt LOTD,

n—oo n—

200 7
LT, U4, from which E(¥ral)

thanks to @} VU@, again implied by dominated convergence theorem.

Therefore W+at PO, pgy), that gives wo = E(¥id). In
n—oo

particular we have W1 € L?(0,T; V). By arguing in a similar way we also obtain

2 . 2 .
vo; oa; —CT gy e, Brar) SO pw).
n—oo n— 00

Let us check that u € W. To this aim, let us consider the following set
F:={ve L*0,T;Vy):v(t) € V; for ae. t € (0,T)} C L*(0,T; V7).

We have that F is a (strong) closed convex subset of L2(0,T; Vr), and so by Hahn-Banach’s theorem the set
F is weakly closed. Notice that {u },,{¥V, @, }» C F, indeed

u, () =ub ™t € V1), C Vi forte((k—Drkm), k=1,...,n,
U, ()i, (t) = U sul~ € Vip_1y,, C Vi fort e [(k— 1), k7)), k=1,...,n.

. L2(0,T;V; _._ L*(o,T;V; . . .
Since u,, L OTVr), w and U ., LOTVr), Wu, we conclude that u, U4 € F. Finally, to show that
n—oo n—oo

u—w € VP we observe

u, () —w, (t) =ul™t —wF eV VP forte|(k— 1)1, k), k=1,...,n.

Therefore {u, —w; }, C {v € L?(0,T;Vy) : v(t) € V;P for a.e. t € (0,T)}, which is a (strong) closed convex
2 . 2 .

subset of L?(0,T;Vr), and so it is weakly closed. Since u,; LTV, u and w,, w w, we get that
n—oo n—oo

u(t) —w(t) € VP for a.e. t € (0,T), which implies u — w € VP. O
We now use Lemma 3.4 to pass to the limit in the discrete equation (3.1).
Lemma 3.5. The limit function w € W of Lemma 3.4 is a weak solution to (2.8)—(2.11).
Proof. We only need to prove that u € W satisfies (2.14). We fix n € N, ¢ € CL(0,T;Vr) such that
@(t) € V;P for every t € (0,T), and we consider
k—1

()OITCL — Pn
Tn

oF = p(kr,) fork=0,...,n, 0pF = fork=1,...,n,

and the approximating sequences

e ) = on, @ (t) = 8y, te (k=1 kr), k=1,...,n.
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If we use 7,¢0F € V¥ as test function in (3.1), after summing over k = 1, ...,n, we get

ZTn((SZUva ‘Pfl)H + ZTR(CEUfm Eﬁpﬁ)H + ZTn(B\IfﬁEﬁuﬁ, ‘I]’IICLEQD’I]?L)H
= k=1 k=1

" " (3.16)
Z n,gpn ZTn(gﬁ)@Z)HN
=1 k=1
By these identities
n T
ZTn 62 k?son - ZT”((SUZil?(SQOﬁ)H = _/ (ﬂ;(t)a<»5:f(t))H dtv
k=1 0
from (3.16) we deduce
T T T
~ [ e [ (CBu Beud- [ @V o6 B de
0 0 0 (3.17)

T T
+ / (BE(V} ), Bob) g dt = / o) ade + / (9 o )iy dt.
0 0

Thanks to (3.14), (3.15), and the following convergences

+ L*(0,T;Vr) + L?(0,T;H) + L%(0,T;H) + L*(0,T;HN)

Pp ———— 0 Py ———— P [ ———f g, ——9,

n—oQ n—oo n—oo n— o0

we can pass to the limit in (3.17), and we get that u € W satisfies (2.14) for every p € C}(0,T; Vr) such
that ¢(t) € V,P for every t € (0,T). Finally, by using a density argument (see [8, Remark 2.9]), we conclude
that v € W is a weak solution to (2.8)—(2.11). O

4. INITIAL CONDITIONS AND ENERGY—DISSIPATION INEQUALITY

To complete our existence result, it remains to prove that the function u € W given by Lemma 3.5 satisfies
the initial conditions (2.12) in the sense of (2.16). Let us start by showing that the second distributional
derivative i belongs to L2(0,T; (ViP)"). If we consider the discrete equation (3.1), for every v € VP C V,F,
with ||v||ly, < 1, we have

(8%, v) | SIC ool Bl + 1Bllos ¥ lloo |25 Ebup [ + £5 1 + Corlghll -

Therefore, taking the supremum over v € Vi with [v||y, < 1, we obtain the existence of a positive constant
C such that

k k k k k k
168%up I 7y0y < CUIBup I + 195 ESurll; + 1317 + lgnlEry)-

If we multiply this inequality by 7,, and we sum over k = 1,...,n, we get
n n n
k k k k
Y mllSuflltypy < C <Z ol Bulllf + Y mllWh ESulll3 + 11172 0,7:m) + Igllizm,nHN)) - (4D
k=1 k=1 k=1

Thanks to (4.1) and Lemma 3.3 we conclude that S77_; 7,[|6%u H(VD

constant C independent on n € N. In particular the sequence {in}n € HY0,T; (V) is uniformly bounded
(notice that i, (t) = 62uk for t € ((k — 1)7,,k7,) and k = 1,...,n). Hence, up to extract a further (not
relabeled) subsequence from the one of Lemma 3.4, we get

< C for every n € N for a positive

H(0,T;(VP)
iy QT (4.2)
n—oo
and by using the following estimate
ln =y |2 (0,75v2)) < Talltinll 2o, vpy) < CTa —— 0

we conclude that ws = .
Let us recall the following result, whose proof can be found for example in [9].

Lemma 4.1. Let XY be two reflexive Banach spaces such that X — Y continuously. Then
L=(0,T; X) N Co([0,T];Y) = C ([0, T]; X).
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Since H(0,T; (VP)) — C°([0,T], (V{)"), by using Lemmas 3.4 and 4.1 we get that our weak solution
u € W satisfies
uwe CY([0,T];Vr), @eCY(0,T);H), i€ L?0,T;(Vy")).
By (3.14) and (4.2) we hence obtain
D/
() = ult), ()

— - u(t) for every t € [0,T], (4.3)
so that u(0) = u° and 4(0) = u!, since u,,(0) = v and @, (0) = u'.

To prove that

h
Jim 5 [ (Jute) = o1, + i) — ') at = 0
we will actually show

lim w(t) =% in Vp, lim a(t) = u' in H.

t—0+ t—0+
This is a consequence of following energy—dissipation inequality which holds for the weak solution u € W of

Lemma 3.5. Let us define the total energy as
1,. 1
E(t) = 5 aI% + 5 (CPu(t), Bult)s 1€ [0,7)

Notice that £(¢) is well defined for every ¢ € [0,7] since u € C2 ([0, T); Vr) and @ € CO([0,T]; H), and that

£(0) = zllutl% + 3(CEw, Eu®) .

Theorem 4.2. The weak solution u € W to (2.8)—(2.11), given by Lemma 3.5, satisfies for every t € [0, T
the following energy—dissipation inequality

E(t) + /0 t(mm, UE) g ds < E(0) + Wint(t), (4.4)

where WET is the function defined in (2.15) and Wi, (t) is the total work on the solution u at timet € [0,T7,
which s given by

Wiot(t) = = /0 [(f, 4 =) + (CBu, Bv)g + (BYEQ, VEW) g — (4, 0) g — (§,u — w)my]ds

+ (), W) + (9(t), u(t) = wt) ry — (u',w(0)r — (9(0),u’ — w(0))pry-

Remark 4.3. From the classical point of view, the total work on the solution u at time ¢ € [0,T] is given
by

(4.5)

Wtot (t) = Wload(t) + Wbdry(t)v (46)
where Wipqeq(t) is the work on the solution u at time ¢ € [0,7] due to the loading term, which is defined as

Wiga(t) = / (f(s), a(s))m ds,

and Wiy (t) is the work on the solution v at time ¢ € [0,T] due to the varying boundary conditions, which
one expects to be equal to

Wdry () := / (9(5), i(5)) s + / (CBu(s) + W2(s)BEa(s))v, io(s)) i, ds,

being Hp := L*(0p; Rd). Unfortunately, Wyary () is not well defined under our assumptions on u. Notice
that when ¥ = 1 on a neighborhood U of the closure of On{2, then every weak solution u to (2.8)—(2.11)
satisfies u € HY(0,T; H (2N U) \ T;RY)), which gives that w € H'(0,T; Hy) by our assumptions on T.
Hence the first term of Wy, () makes sense and satisfies

/ (9(5),i(3)) 1y ds = (g(t), () 1y — (9(0), u(0)) 11, — / (§(5). u(s)) my ds.
0 0

The term involving the Dirichlet datum w is more difficult to handle since the trace of (CEu + ¥?BEwW)v
on dpf is not well defined even when ¥ = 1 on a neighborhood of the closure of dp€). If we assume that
ue HY0,T; H*(Q\ I;RY)) N H2(0,T; L?(2;R?)) and that I is a smooth manifold, then we can integrate
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by part equation (2.14) to deduce that u satisfies (2.8). In this case, (CEu + V2BEu)v € L?(0,T; Hp) and
by using (2.8), together with the divergence theorem and the integration by parts formula, we deduce

/0 ((CEu(s) + ¥%(s)BEu(s))v, w(s)) u,, ds

= /0 [(div((CEu(s) + \Ilz(s)BEu(s)),u')(s))H + (CEu(s) + \112(5)]BE1'L(5), Ew(s))g — (g(s),u')(s))HN] ds

- / [(i(s), ()1t — (f(),(5)) 1z + (CEuls) + U (s)BEa(s), Beb(s)) s — (9(s),1i(s))rry ] ds

:/0 [(CEu(s), E(s))u + (B (s) Ei(s), U(s)Ew(s))u — (f(s),w(s))u] ds

+/0 [(9(s), w(s) my — (a(s), w(s))m] ds — (g(t), w(t)) my + (@(t), (1) n + (9(0),w(0))my — (u',(0)) .

Hence, the definition of total work given in (4.5) is coherent with the classical one (4.6). Notice that if
u is the solution to (2.8)—(2.11) given by Lemma 3.5, then (4.5) is well defined for every ¢ € [0,T], since
g € C°([0,T); Hy), w € C°([0,T); H), uw € CO([0,T); V), and @ € CO ([0, T]; H). In particular, the function

t = Wioi(t) from [0,T] to R is continuous.

Proof. Fixed t € (0,71, for every n € N there exists a unique j € {1,...,n} such that t € ((j — 1)7,, j7a].

After setting t,, := j7,, we can rewrite (3.3) as
1 1 tn
SO + 5 (CEGE @), B () + [ BB B ds < £0)+ W (1),
0
where

tn
W)= [ (50— 6)m + (CBul Bau + (BU} B, W) Eda] ds
0

tn
[+ (0 - ) ds
0
Thanks to (3.2), we have
lun(t) = uf @)l = uf, + ( = jm)oul, — w | < Tolldw) g < Cro —— 0,
n—oo
. PRRNT _ j N2 ] j 112 21152, 7|2
([t (2) =ty (t)”(VOD)/ = [l6u), + (¢t — jTa)é"w), — 5“%”(\/(9)/ <70 “%”(VOD)/ <Cmy o 0.

The last convergences and (4.3) imply

+ H ~4 (VOD)I .
0 ), ar S ),
and since |Ju} (t)||v, + @t (¢)]|g < C for every n € N, we get
+ Vr ~ 4 H .
wE) ), ) s ).

By the lower semicontinuity properties of v — ||v||% and v — (CEv, Ev)y, we conclude
(I3 < liminf 5 ()%,
(CEu(t), Bu(t)) g < liminf(CEu} (t), Bu} (t))g.
n—oo
Thanks to Lemma 3.4 and (2.15), we obtain

2 .
Upat = Ba) - vt oo 2T popg) - v oq = vEG,

n—oQ

so that

n—roo n—roo

t t tn
/ (BU B4, WEG) i ds < lim inf / (B} Bat, Ut Bal)y ds < liminf / BYF B, U EQ) g ds,
0 0 0

(4.7)

(4.9)
(4.10)

(4.11)
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since t < t,, and v fg(Bv,v)H ds is a non negative quadratic form on L?(0,T; H). Let us study the
right-hand side of (4.7). Given that we have

- L*(0,T;H)
s

X[O tn f+ X[O,t]f7 ’EL n —\U—w,
n—o00 n—00
we can deduce
tn t
/ (f b — ) g ds —— [ (f,0 —)n ds. (4.12)
0 n—oo 0
In a similar way, we can prove
tn t
/ (CEuf, Bw})yds —— | (CEu, Ew)g ds, (4.13)
0 n—oo 0
tn, t
/ (BY! EBal, Ut EBw ) g ds — (BYEu, VEw) g ds, (4.14)
0 n—eeJo
since the following convergences hold
2 2 .
X[0,t,) By LA, X[o,iE CEu,}! LT, CEu,
n—oo n—00
X(o,,) ¥} B, M X0, Y Ew, Ut Bt LIOTiH), U E4.

n— oo

It remains to study the behaviour as n — oo of the terms

tn tn
/ (i, W, ) ds, / (g4, 0, — @ )y ds.
0 0

Thanks to formula (3.10) we have

[ G ds = (@ 0,55 () — @) — [ b s
0 0

By arguing as before we hence deduce
tn t
/ (i, ) ) ir ds — (a(t), W (t)) g — (u',0(0)) u —/ (0, 0) g ds, (4.15)
0 n—oo 0
thanks to (4.8) and by these convergences

L?(0,T;H) -

. L2(0,T;H)
X[0,t,]Wn —> X[o,qW, U, ———1u

n
n—oo

a0 - o)l = | LT =) |

n
Tn H

]{ (i (s) — (1)) ds

J=D7Tn

VAED
<f ) - a)lads —o.
( n o0

J=1)Tn
Notice that in the last convergence we used the continuity of w from [0,7] in H. Similarly we have

/0 "t — )y ds = (g (1), ud (1) — wi (D) — (9(0), 40 — w(0)) gy — / (G — wy )y ds

so that we get

/O "o — 5 )y ds —— (g(8),u(t) — w(t)) iy — (9(0), u —w(0)y / (40— w)iy ds (4.16)

=3}

n—oo

thanks to (4.8), the continuity of s — ¢(s) in Hy, and the fact that

L?(0,T;Hn) _ _ L2(0,T;Hy)
X[0,t,]9n oo XD, 19 Uy = Wy = U — W

By combining (4.9)—(4.16), we deduce the energy—dissipation inequality (4.4) for every ¢ € (0,7T]. Finally,
for ¢t = 0 the inequality trivially holds since u(0) = u° and 4(0) = u'. O

‘We now are in position to prove the validity of the initial conditions.
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Lemma 4.4. The weak solution u € W to (2.8)~(2.11) of Lemma 8.5 satisfies

lim u(t) =" in Vp, lim a(t) =u* in H. (4.17)
t—0+t t—0+

In particular u satisfies the initial conditions (2.12) in the sense of (2.16).

Proof. By sending t — 07 into the energy-dissipation inequality (4.4) and using that u € C9 ([0, T]; V) and
€ CO([0,T); H) we deduce
£(0) < liminf £(¢) < limsup £(¢) < £(0),

t—0+ t—0t+

since the right-hand side of (4.4) is continuous in ¢, u(0) = u°, and u(0) = u'. Therefore there exists

lim,_,o+ £(t) = £(0). By using the lower semicontinuity of ¢ + ||(t)||% and t — (CEu(t), Eu(t))u, we
derive

lim [[a(t)|3 = [lu'[lF,  lim (CEu(t), Bu(t)n = (CEu’, Bu’)q.

t—0+ t—0+

Finally, since we have

a(t) —E—ut,  Bu(t) —L— B,
t—0+t t—0+
we deduce (4.17). In particular the functions u: [0,7] — Vr and a: [0,T] — H are continuous at t = 0,

which implies (2.16). O
We can finally prove Theorem 3.1.
Proof of Theorem 3.1. 1t is enough to combine Lemmas 3.5 and 4.4. ]

Remark 4.5. We have proved Theorem 3.1 for the d-dimensional linear elastic case, namely when the
displacement u is a vector—valued function. The same result is true with identical proofs in the antiplane
case, that is when the displacement w is a scalar function and satisfies (1.5).

5. UNIQUENESS

In this section we investigate the uniqueness properties of system (2.8) with boundary and initial con-
ditions (2.9)—(2.12). To this aim, we need to assume stronger regularity assumptions on the crack sets
{Ft}te[o,T] and on the function ¥. Moreover, we have to restrict our problem to the dimensional case d = 2,
since in our proof we need to construct a suitable family of diffeomorphisms which maps the time—dependent
crack I'; into a fixed set, and this can be explicitly done only for d = 2 (see [7, Example 2.14]).

We proceed in two steps; first, in Lemma 5.2 we prove a uniqueness result in every dimension d, but
when the cracks are not increasing, that is I'y = I'g. Next, in Theorem 5.5 we combine Lemma 5.2 with the
finite speed of propagation theorem of [5] and the uniqueness result of [8] to derive the uniqueness of a weak
solution to (2.8)—(2.12) in the case d = 2.

Let us start with the following lemma, whose proof is similar to that one of [8, Proposition 2.10].

Lemma 5.1. Let u € W be a weak solution to (2.8)—(2.11) satisfying the initial condition 1(0) = 0 in the
following sense

Then u satisfies

T T T
- / (a(t). $(t))  dt + / (CEu(t), Bo(t)) s dt + / (BY(t)Ba(t), U(t) Ep(t))  dt
0 0 0

T T
= [ Gretnmar+ [ (o0 e, ar
0 0
for every ¢ € VP such that o(T) = 0, where WE1 is the function defined in (2.15).
Proof. We fix ¢ € VP with o(T) = 0 and for every € > 0 we define the following function

ety telo,d,
pelt) = {cp(t) teleT).
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We have that ¢, € VP and ¢.(0) = ¢.(T) = 0, so we can use @, as test function in (2.14). By proceeding
as in [8, Proposition 2.10] we obtain

T T
dim [ () pdmde= [ pnnat
T T
lim ((CEu(t),EapE(t))Hdt:/ (CEu(t), Ep(t))y dt,
e—0+ 0 0
T T
i [ (0 e de = [ (0. o)n
€— 0 0

It remains to consider the terms involving B and g. We have
T € T
t
| @B w0 B 0)n = [ BUOE, VOB d+ [ BEOEI, 0B
0 0 €

| 6@y at= [ 60 2@ at+ [ 60,00,
0 0 €

hence by the dominated convergence theorem we get

/ T(]B\I/(t)Eu(t), V() Ep(t)) g dt —— T(M(t)Eu(t), U(t)Ep(t)) g dt,

e—0t 0

| @z, @ Be)n ] < Bl ¥l [ IOl EoOlndt — 0

[ ey dt— [ (glo). o),
€ €~ 0

[ 60 Lot < [ la Ol ool at ——o
0 0 e—

By combining together all the previous convergences we get the thesis. ]

We now state the uniqueness result in the case of a fixed domain, that is I'r = I'g. We follow the same
ideas of [12], and we need to assume

W e Lip([0,T] x ), V¥ e L=((0,T) x ;RY), (5.1)
while on I'g we do not require any further hypotheses.

Lemma 5.2 (Uniqueness in a fixed domain). Assume (5.1) and 'y = T'g. Then the viscoelastic dynamic
system (2.8) with boundary and initial conditions (2.9)—(2.12) (the latter in the sense of (2.16)) has a unique
weak solution.

Proof. Let uy,uz € W be two weak solutions to (2.8)—(2.11) with initial conditions (2.12). The function
u = u1 — Uy satisfies

I .
o, + o) ) a0 (52)
hence by Lemma 5.1 it solves
T T T
- [ G etnnac+ [ B, Bona+ [ BUORM. VOB d =0 (53
0 0 0
for every ¢ € VP such that ¢(T') = 0. We fix s € (0, 7] and consider the function

. —j;s u(r)dr t e€l0,s],
pall) = {0 tels 1.

Since @5 € VP and ¢4 (T) = 0, we can use it as test function in (5.3) to obtain

- / (), u(t)) m dt + / (CEGA(1), Bos(t))n dt + / (BU() Bi(t), U(t) Egs()) g dt = 0.
0 0 0
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In particular we deduce

—5 [ Sl 3 [ L€ 0. Bosyudr+ [ BUOE). W0 Ee. )t =0

which implies

S+ 5(CBe.0). B (0 = [ (BUOB0, WOyt (54)
since u(0) = 0 = @4(s). From the distributional point of view the following equality holds
%(\IIEU) = VEu+ YEu e L*(0,T; H), (5.5)
indeed, for all v € C°(0,T; H) we have

T 4 T .
| GO B o)t = = [ @ OB, 5(0), o

T
__ /0 (E(U()u(t)) — VI(E) ® ult), o(t), dt
- / (E(E(Ou(t) + B2 @), v(t)m dt - / (V1) © u(t) + V() © (1), v(t)) ar dt

T T
= / (U(t)Eu(t),v(t)n dt+/ (U (t)Eu(t),v(t))q dt.
0 0

In particular WEu € H(0,T; H) C C°([0,T], H), so that by (5.2)

1" 1 ("
2 _ iy - 2 4 < oL 2 _
1O Eu(Of; = Jim 7 [ %0 Buto)r < im & [ o =0
which yields ¥(0) Eu(0) = 0. Thanks to (5.5) and to property Yu € H*(0,T; H), we deduce
d . .
— (BYEu, VEp,), = (BUEu, VEp, )y + (BYEw, VEp )y + (BYEu, VEp,) i + (BYEu, VE,) g

dt
= 2(BUFEu, VEp, )y + (BYEW, VEp,) i + (BYEu, VES,) 5,

and by integrating on [0, s] we get
/ (BU(#) Bit), U(t) Eps (1)) g1 dt
0

- /0 { % (BU(t)Bu(t), U(t)Eps(t)) g — 2(BY(t) Bu(t), U(t)Eps(t)) n — (BU(t)Eps(t), \I’(t)ESbs(t))H} dt

< (BY(s) Bu(s), U(s) Bpy(s)) i — (BE(0) Eu(0), ¥(0) Ea(0)
+ / 2B (1) Bu(t), W(t) Bu(t) § (BE(1) B, (1), (1) B (1) §; — (BYD)ER, (1), W(H)E,()] dt
< /0 S [(BY() Eult), U(t) Bu(t) i + (BE () Epy(t), () Ep,(£) n — (BU()Ep,(t), W(t) s (1)) ] dt

< Bl ¥ / | B (t) 2,

since Eps(s) = 0 = ¥(0)Eu(0) and E¢, = Eu in (0,s). By combining the previous inequality with (5.4)
and using the coercivity of the tensor C, we derive

A 1 1 1 . s
FIECO + Sl < 5CPA0). BodO) + o)l < BI<IFI [ 1B, (@)

Let us set £(t) = fg u(7)dr, then

1B O)II7 = 1EE(s)ll7r,  1Ees (D = 1 EE() — EE()|I7 < 201BEWF + 20 EE() 1%
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from which we deduce
A1 1 s
2Eﬂﬂ%+2W@W%SCA|Eﬂﬂ%&+0ﬂﬂﬁmﬂ (5.6)

where ' := 2||B||oo | ¥||2,. Therefore, if we set so = ;\—CR, for all s < sy we obtain
A

)\ S
FIEe)IE < (G - 05) 1B < © [ 1Eelia

By Gronwall’s lemma the last inequality implies E£(s) = 0 for all s < sg. Hence, thanks to (5.6) we get
lu(s)[|% < 0 for all s < sq, which yields u(s) = 0 for all s < sg. Since sp depends only on C, B, and ¥, we
can repeat this argument starting from sg, and with a finite number of steps we obtain « =0 on [0,7]. O

In order to prove our uniqueness result in the case of a moving crack we need two auxiliary results, which
are [4, Theorem 6.1] and [8, Theorem 4.3]. For the sake of the readers, we rewrite below the statements
without proof.

The first one ([4, Theorem 6.1]) is a generalization of the well-known result of finite speed of propagation
for the wave equation. Given an open bounded set U C R? we define by ;U the Lipschitz part of the
boundary 0U, which is the collection of points z € QU for which there exist an orthogonal coordinate system
Y1, ..,Ya, a neighborhood V of = of the form A x I, with A open in R%~! and I open interval in R, and a
Lipschitz function g: A — I, such that VNU :={(y1,...,94) €V : ya < 9(y1,--.,Ya—1)}- Moreover, given
a Borel set S C 9r,U, we define

Hs(U;RY) :={u e H'(U;R?) : u=0on S}.
Notice that Hg(U;R?) is a Hilbert space, and we denote its dual by H§1(U; R%).
Theorem 5.3 (Finite speed of propagation). Let U C R? be an open bounded set and let O, U be the Lipschitz
part of OU. Let So and Sy be two Borel sets with Sg € S1 C 9LU, and let C: U — f(Rg;,i;Rfyx,i) be a
fourth-order tensor satisfying (2.4)—(2.6). Let
ue L*(0,T; Hy, (U; RY) N H'(0,T; L*(U;RY) N H*(0,T; Hy ' (U; RY))

be a solution to

<'lj(t),¢>H§11(U;]Rd) + (CEU(t),ET/J)LQ(U;RdXd) =0 for every ¢ € Hél(U;}Rd),

sym

with initial conditions u(0) = 0 and u(0) = 0 in the sense of L*(U;R?) and H§11(U;Rd), respectively. Then

u(t) =0 a.e. inU:={xeU:dist(z,S1\ So) > t\/||Clloo }
for every t € [0, T).
Proof. See [4, Theorem 6.1]. O

The second one ([8, Theorem 4.3]) is a uniqueness result for the weak solutions of the wave equation in
a moving domain. Let H be a separable Hilbert space, and let {V;};c[o,r] be a family of separable Hilbert
spaces with the following properties:

(i) for every t € [0,T] the space V; is contained and dense in H with continuous embedding;
(7) for every s,t € [0,T], with s < t, Vs C V; and the Hilbert space structure on Vy is the one induced
by V;.
Let a: Vi x Vi — R be a bilinear symmetric form satisfying the following conditions:

(#i7) there exists My such that
la(u,v)] < Mollullg, ||vllg, for every u,v € Vi

(iv) there exist A\g > 0 and vy € R such that
a(u,u) > )\0||u||%/T - uoHuHi} for every u € V.

Assume that
(U1) for every t € [0,T] there exists a continuous and linear bijective operator Q) : Vi — Vo, with contin-
uous inverse R;: Vy — Vi;
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(U2) Qo and Ry are the identity maps on Vp;
(U3) there exists a constant M; independent of ¢ such that
|Qeull; < Mi|jully  for every u € Vi, IRl < My|ull g for every u € Vg,
1Quully, < Millully, for every u € Vi, | Reully, < Myllully, for every u € V.

Since V; is dense in H , (U3) implies that R; and Q; can be extended to continuous linear operators from H
into itself, still denoted by Q; and R;. We also require

(U4) for every v € Vo the function ¢ — Ryv from [0,T] into H has a derivative, denoted by R,v;
(U5) there exists € (0, 1) such that

1RQuol, < Aol = mllell2, for every v e Vi
(UB) there exists a constant My such that
Qv — Qsvl| g < Malv[ly, (t —s) for every 0 < s <t <T and every v € Vi
(U7) for very t € [0,T) and for every v € V; there exists an element of H, denoted by Q,v, such that

lim Qunv — Quv =Quin H.
h—0+ h
For every t € [0,7], define
alt): Vo x Vo = R as a(t)(u,v) == a(Ryu, Ryw) for u,v € Vj,
Bt): Vo x Vo =R as B(t)(u,v) :== (Ryu, Ryw) for u,v € Vi,
v(t): Vo x H—=R as y(t)(u,v) := (Ryu, Ry) for u € Vo and v € H,
6(t): Hx H—R as 6(t)(u,v) := (Reu, Rw) — (u,v) for u,v € H.
We assume that there exists a constant M3 such that
(U8) the maps t — a(t)(u,v), t — B(t)(u,v), t — y(t)(u,v), and ¢t — §(t)(u,v) are Lipschitz continuous
and for a.e. ¢ € (0,T) their derivatives satisfy

|6(t) ()| < Msllully, [[o]lg, for u,v € Vo,
1B()(u,v)] < Malullg, [[v]lg,  for u,v € Vg,
(t) (u,0)| < Ms][ullg, o]l g for u € Vo and v € A,
18(8) (u, 0)| < Ms]lullgllollz  for u,v € H.
Theorem 5.4 (Uniqueness for the wave equation). Assume that H, {Vt}te 0,71, and a satisfy (i)—(iv) and
that (U1)-(U8) hold. Given u° € Vo, ut € H, and f € L?(0,T; H), there exists a unique solution
weV:={peL?0,T;Vy): e L*0,T; H), u(t) € V; for a.e. t € (0,T)}

to the wave equation

T T T N
- / (alt). ¢(t)) 5 dt + / a(u(t), () dt = / (F(0), () gt for every o €V,
0 0 0

satisfying the initial conditions u(0) = u® and u(0) = u' in the sense that
2z 02 W12 _
lim / Ju(e) — w2, + i) — u* %) ot = 0.
Proof. See [8, Theorem 4.3]. O

We now are in position to prove the uniqueness theorem in the case of a moving domain. We consider
the dimensional case d = 2, and we require the following assumptions:
(H1) there exists a C%! simple curve I' € Q C R2, parametrized by arc-length v: [0,¢] — €, such that
'noQ =~(0) Uy(¢) and Q\ T is the union of two disjoint open sets with Lipschitz boundary;
(H2) there exists a non decreasing function s: [0,T] — (0, ) of class C™! such that Ty = ([0, s(t)]);
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(H3) [$(1)|* < é\—;, where \; is the ellipticity constant of C and Ck is the constant that appears in Korn’s
inequality in (2.2).
Notice that hypotheses (H1) and (H2) imply (E1)-(E3). We also assume that ¥ satisfies (5.1) and there
exists a constant ¢ > 0 such that for every ¢ € [0, T

U(t,x) =0 forevery z € {ycQ:ly—~(s(t))| < e} (5.7)

Theorem 5.5. Assume d = 2 and (H1)-(H3), (5.1), and (5.7). Then the system (2.8) with boundary
conditions (2.9)~(2.11) has a unique weak solution u € W which satisfies u(0) = u® and u(0) = u' in the
sense of (2.16).

Proof. As before let ui,us € W be two weak solutions to (2.8)—(2.11) with initial conditions (2.12). Then
u = uy — uy satisfies (5.2) and (5.3) for every ¢ € VP such that o(T) = 0. Let us define

to :=sup{t € [0, 7] : u(s) = 0 for every s € [0,]},
and assume by contradiction that ¢g < T. Consider first the case in which ¢, > 0. By (H1), (H2), (5.1),
and (5.7) we can find two open sets A; and Ag, with A; CC Ay CC Q, and a number § > 0 such that for
every t € [to — 6,to + 6] we have y(s(t)) € Ay, ¥(t,z) = 0 for every x € Ay, and (A2 \ A1)\ T is the union of
two disjoint open sets with Lipschitz boundary. Let us define

Vii={ue H (A2 \ A1)\ Ty _s;R?) :u=0o0n dA; UdAy}, H':=L*(Ay\ A;;R?).

Since every function in V! can be extended to a function in V __s» by classical results for linear hyperbolic
equations (se, e.g., [9]), we deduce ii € L?(to — 6,10 + 0; (V1)) and that u satisfies for a.e. t € (tg — 6,0+ 9)

(ii(t), ®) 1y + (CEu(t), E¢) g =0 for every ¢ € V',

Moreover, we have u(ty) = 0 as element of H' and 4(ty) = 0 as element of (V1Y, since u(t) = 0 in [to— 6, to),
uwe CO[tg — 0,t0]; HY), and @ € CO([to — 6, to); (V!)’). We are now in position to apply the result of finite
speed of propagation of Theorem 5.3. This theorem ensures the existence of a third open set Asz, with
A; CC Az CC As, such that, up to choose a smaller §, we have u(t) = 0 on 0As for every t € [to,to + 0],
and both (2\ As) \T' and A3\ T' are union of two disjoint open sets with Lipschitz boundary.

In 2\ A3 the function u solves

to+0 to+0
/ / u(t,x) - p(t, ) dedt + / C(z)Eu(t,x) - Ep(t,x)dxdt
to Q\A;; to—9 Q\A;;
to+9d
/ / U(t,z)Eu(t,z) - U(t,x)Ee(t,x)dedt =0
to Q\A4s

for every ¢ € L%(tg — 6,to + 0; V2) N H(tg — 6,19 + 6; H?) such that ¢(tg — &) = @(tg + 6) = 0, where
VZ2i={uec H((Q\ A3)\Ty,_5;R?) :u=00n dpQUAIAs}, H?:=L*(Q)\ A3;R?).
Since u(t) = 0 on OpQ U 0As for every t € [to — d,t0 + ¢] and u(to — 0) = 4(to — J) = 0 in the sense
of (2.16) (recall that w =0 in [tg — J,tp)), we can apply Lemma 5.2 to deduce u(t) = 0 in Q \ A3 for every
t€[to—b,to + 4.
On the other hand in As, by setting
V2 i={ue HY (A3 \T;R?) :u=0o0n dAs}, H?:= L%*(45;R?),
we get that the function u solves

to+9d to+o
/ / (t,z) - p(t,z)dedt + / C(x)Eu(t,x) - Ep(t,z)dxdt =0
to Ag

to—0 As

for every ¢ € L%(to — d,to + 6; Vf’H)ﬁHl(to—& to + 6; H?) such that o(t) € V2 for a.e. t € (to — 6,1 + 0)
and p(tg — 0) = ¢(to + 0) = 0. Here we would like to apply the uniqueness result of Theorem 5.4 for the
spaces {V }te [to—5,t0+5] and H3 , endowed with the usual norms, and for the bilinear form

a(u,v) := A C(x)Eu(zx) - Ev(z)dz for every u,v € Vtﬁ—s—é'
3
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As show in [7, Example 2.14] we can construct two maps ®, A € CH1([tg — &, to + 6] x As;R?) such that for
every t € [0,7T] the function ®(¢,-): Az — Ajz is a diffeomorfism of A3 in itself with inverse A(t,-): Az — Ajs.
Moreover, ®(0,y) = y for every y € Az, ®(t, T N A3) = I'N A3 and ®(t,Ty,_s N A3) = [, N A3 for every
t € [to — 8,to + 0]. For every t € [to — ,to + 0], the maps (Qyu)(y) := u(®(t,y)), u € V;> and y € A, and
(Rev)(x) == v(A(t,x)), v € ‘A/;f’)_g and z € Aj, provide a family of linear and continuous operators which
satisfy the assumptions (U1)—(U8) of Theorem 5.4 (see [8, Example 4.2]). The only condition to check is
(U5). The bilinear form a satisfies the following ellipticity condition

0,02 MBI g gz, > ool = Mlul for every ue Vs 6.9
where C is the constant in Korn’s inequality in f/f; 15> Damely
||Vu||2L2(A3;]R2X2) < OK(||U||%2(A3;R2) + ||EUH332(A3;R§;31)) for every u € ‘Z&?)+6‘
Notice that for ¢ € [tg — d,to + I]
(Rw)(x) = Vo(A(t,z))A(t,z) for ae. x € As,
from which we obtain

nm@w;s/|me@mew%x
As

Hence, have to show the property

. A _

|D(t,y)|* < él for every t € [to — 0,10 + ¢] and y € As.
K

This is ensured by (H3). Indeed, as explained in [7, Example 3.1], we can construct the maps ® and A in

such a way that

. A\
Ot y)]? < =—
|mm|<0f

since |5(t)|? < é‘—}l( Moreover, every function in V;2 , 5 can be extended to a function in H*(Q\I';R?). Hence,
for Korn’s inequality in ‘7t?)+5, we can use the same constant Cx of H'(Q2\ I'; R?). This allows us to apply
Theorem 5.4, which implies u(t) = 0 in Aj for every t € [to, to + d]. In the case ¢o = 0, it is enough to argue
as before in [0, 8], by exploiting (5.2). Therefore u(t) = 0 in © for every t € [to, to + J], which contradicts the
maximality of ¢y. Hence to = T, that yields u(t) = 0 in Q for every ¢ € [0, T]. O

Remark 5.6. Also Theorem 5.5 is true in the antiplane case, with essentially the same proof. Notice that,
when the displacement is scalar, we do not need to use Korn’s inequality in (5.8) to get the coercivity in
V3 5 of the bilinear form a defined before. Therefore, in this case in (H3) it is enough to assume [$(t)[* < A;.

6. A MoOVING CRACK SATISFYING GRIFFITH'S DYNAMIC ENERGY—DISSIPATION BALANCE

We conclude this paper with an example of a moving crack {T'; };cjo,7] and weak solution to (2.8)—(2.12)
which satisfy the energy—dissipation balance of Griffith’s dynamic criterion, as happens in [4] for the purely
elastic case. In dimension d = 2 we consider an antiplane evolution, which means that the displacement u
is scalar, and we take  := {z € R? : |z| < R}, with R > 0. We fix a constant 0 < ¢ < 1 such that ¢T' < R,
and we set

Iy :={(c,0) €Q :0 < ct}.

Let us define the following function

1 xTo
S(xz1,x2) = Im(Vay +ixs) = —=——=
V2 V0El+ 21
where I'm denotes the imaginary part of a complex number. Notice that S € HY(2\ T'g) \ H2(2\ T), and
it is a weak solution to

z € R*\ {(0,0): 0 <0},

AS =0 in Q\ Ty,
VS -v=085=0 only.
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Let us consider the function

2 xr1 —ct
u(t, ::—S<7,x) tel0,T],z€ Q\T
( ) ﬁ m 2 [ ] \ t
and let w(t) be its restriction to 0€). Since u(t) has a singularity only at the crack tip (ct,0), the function
w(t) can be seen as the trace on 92 of a function belonging to H?(0,T; L*(Q2)) N H(0,T; H*(2\ Ty)), still
denoted by w(t). It is easy to see that u solves the wave equation

i(t) — Au(t) =0 in Q\Ty, ¢t € (0,7),

with boundary conditions

u(t) = w(t) on 90, t € (0,T),
%(t) =Vu(t)-v=0 onTy, te(0,7),

and initial data
x

ma@) € H'(2\Ty),

u® (21, 29) 1= \37?5(

2 c T
Ul(x17l‘2) = 7ﬁmals (\/11762,.%2> € LZ(Q)

Let us consider a function ¥ which satisfies the regularity assumptions (5.1) and condition (5.7), namely
U(t) =0 on B.(t) := {x € R?: |z — (ct,0)| < €} for every t € [0,T],
with 0 < e < R — ¢T'. In this case u is a weak solution, in the sense of Definition 2.4, to the damped wave
equation
i(t) — Au(t) — div(P2(t)Va(t)) = f(t) in € Q\Ty, t € (0,7),
with forcing term f given by
[ = —div(¥?Va) = -V - 20V — V?Aa € L2(0,T; L*(Q)),

and boundary and initial conditions

u(t) = w(t) on 082, t € (0,7),
Ou 90U,

u(0) =u®, 0(0) =u'.

Notice that for the homogeneous Neumann boundary conditions on T'y we used 2%(t) = Viu(t) v = datu(t) = 0
on I';. By the uniqueness result proved in the previous section, the function u coincides with that one found
in Theorem 3.1. Thanks to the computations done in [4, Section 4], we know that u satisfies for every
t € [0,T] the following energy—dissipation balance for the undamped equation, where ct coincides with the
length of I'; \ T'g

L. 1 L. 1 ou,
5”“(15)”%2(9) + §||Vu(t)H2L2(Q;R2) toet = 5”“(0)”%2(9) + §||VU(0)||%2(Q;R2) +/ (5(8)77”(5)%2(39) ds.
0
(6.1)
Moreover, we have
t 8u t t
[ G i)z ds = [ (Fuls), Vils)saqause) ds = [ (0(6), i) 3oy d
o Ov 0 0 (6.2)

+ (a(t), w(t))2(0) — (4(0),1(0)) L2 (0).-
For every t € [0,T] we compute

(f(@t),u(t) —i(t))p2) = — /(Q\B o div[V2(t, z)Va(t, )] (u(t, z) — w(t, z)) dz

= f/ div[U2(t, 2)Va(t, z) (u(t, x) — w(t, x))] dx
(Q\Be(¥)\I's
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+ / U2 (t, 2)Va(t, z) - (Va(t, x) — Vi(t, z)) dz.
(\Be()\T's

If we denote by 4% (t) and w®(t) the traces of u(t) and w(t) on I'y from above and by u°(¢) and w®(t) the
trace from below, thanks to the divergence theorem we have

/ div[U2(t, 2) Vit ) (at, @) — (t, 2))] dz
(OQ\Be(t)\I't

9 ou . . 2 o . .
= /gm Y (t,x)a(t,x)(u(t,x) —w(t,z))dz —|—/ v (t,w)%(t,x)(u(t,x) —w(t,z))dx

dBc(t)

- / U2(t, 2)u® (t, x) (0P (t,x) — w®(t, ) dH (z)
(Q\B(8))NT

+ / W2 (t,2)020° (t, x) (W (¢, 2) — WO (¢, x)) dH (z) = 0,
(Q\Be(¥))NTy
since u(t) = w(t) on 9, ¥(t) = 0 on IB.(t), and d21u(t) = 0 on I';. Therefore for every t € [0,T] we get

(f(t),a(t) = w(t)) L2 (@) = IOVt T2 (mey — (TOVU), U(H) Vi (E) 2(0m2)- (6.3)

By combining (6.1)—(6.3) we deduce that u satisfies for every ¢ € [0,7T] the following Griffith’s energy—dis-
sipation balance for the viscoelastic dynamic equation

1,. 1 K .
Sl 720y + 5 1Vu®)llZ2 0z +/ [ () Vir(s)|| 72 (0spz) ds + ct
2 2 0 (6.4)

1. 1
= S1O) 2z + 5 Tu(O0) By + Wior(t),

where in this case the total work takes the form

Wiot(t) == / [(f(s),(s) —w(s)) L2y + (Vu(s), Vir(s)) L2 (r2) + (B(s)Va(s), U(s)Vii(s)) L2 (o;r2)] ds

—Aw@w@m@m+w@wmm@—w®wmnmy

Notice that equality (6.4) gives (1.6). This show that in this model Griffith’s dynamic energy—dissipation
balance can be satisfied by a moving crack, in contrast with the case ¥ = 1, which always leads to (1.3).
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