REGULARITY OF INHOMOGENEOUS QUASI-LINEAR
EQUATIONS ON THE HEISENBERG GROUP

SHIRSHO MUKHERJEE AND YANNICK SIRE

ABSTRACT. We establish Holder continuity of the horizontal gradient of weak
solutions to quasi-linear p-Laplacian type non-homogeneous equations in the
Heisenberg Group.
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1. INTRODUCTION

The C1® regularity of the p-Laplacian has been established earlier in, for instance
[6, 15, 19] in the Euclidean setting. Its sub-elliptic analogue for homgeneous sub-
elliptic equations of p-Laplacian type on the Heisenberg group, was unavailable until
[21L[I7], in the last years. It is therefore natural to consider the case of regularity for
the corresponding inhomogeneous equation and this is the purpose of the present
contribution.

In this paper, we consider the equation

(1.1) —div, a(z,Xu) =p in Q CH",

where Q is a domain and p is a Radon measure with |u|(€2) < oo and p(H™\ ) = 0;
hence the equation can be considered as defined in all of H". Here we denote
Xu = (X1u,...,Xo,u) as the horizontal gradient of u : Q — R, see Section

We shall take up the following structural assumptions throughout the paper: the
continuous function a : Q x R?™ — R?" is assumed to be C! in the gradient variable
and satisfies the following structure condition for every z,y € Q and z, ¢ € R,

(122 + s2) 57" |2 < (Daa(w, 2)€,€) < L(|2[2 + 52) "7 €)%

(1.2) / 2, 2\252 o
la(a, 2) —aly, 2)| < L'[z[(|2]" + %) =" |z —y|%,

where L, L’ > 1,8 > 0, a € (0,1] and D,a(x,2) is a symmetric matrix for every
x € . The sub-elliptic p-Laplacian equation with measure data, given by

(1.3) — div,, (|XulP~2Xu) = u,

is a prototype of the equation (1.1]) with the condition (1.2]) for the case s = 0.
The weak solutions of (1.1)) are defined in horizontal Sobolev space HW1P(Q); the
Lipschitz and Holder classes, denoted by same classical notations, are defined with
respect to the CC-metric (z,y) — d(z,y), see Section [2]for details. We shall denote

@ = 2n + 2 as the homogeneous dimension. Now we state our main result.
1



2 SHIRSHO MUKHERJEE AND YANNICK SIRE

Theorem 1.1. Let u € HWP(Q) be a weak solution of equation (1.1) with p > 2
and a C'-function a : Q x R?" — R2" satisfying the structure condition (1.2)). If
we have p = f € LL _(Q) for some ¢ > Q, then Xu is locally Holder continuous and

there exists ¢ = c(n,p,L) > 0 and R = R(n,p, L, L, a, q, dist(xg,09Q)) > 0 such
that for any xo € Q, 0 < R < R and x,y € Br(zg) C Q, the estimate

1/(p=1)
(L) [xu(o) - Xul| < e (£ (xal+ a0,
R\Zo
holds for some v = y(n,p, L, a, q) € (0,1). In in particular, if a(z, ) is independent
of «, then (L.4) holds for R = R(n,p, L, dist(x¢,9)) > 0 and y(n,p, L, q) € (0,1).

The proof of Theorem in this paper, relies on novel techniques introduced by
Duzaar-Mingione [7] based on sharp comparison estimates of homogeneous equa-
tions with frozen coefficients, in other words harmonic replacements. However, in
the present sub-elliptic setting, one encounters extra terms coming from commu-
tators of the horizontal vector fields which leads to estimates that are not always
as strong as that in the Euclidean setting. An instance appears in Proposition [3.1
for the integral decay estimate, where the extra term in appears unavoidably
and can not be removed unlike similar integral estimates obtained previously in
the Euclidean setting in [7, [16], see Remark Hence, one gets weaker integral
decay estimate of the oscillation of the gradient of solutions of the inhomogeneous
solution. Nevertheless, a perturbation lemma, Lemma similar to the stan-
dard lemma of Campanato [3} [9], leads to the C1**-regularity of weak solutions of
equation (1.1), exploiting the high integrability of the data.

We develop necessary notations, definitions and provide previous results on sub-
elliptic equations in Section [2] Then we prove the intermediate estimates in Section
and finally, we prove Theorem [I.1] in Section [4]

2. PRELIMINARIES AND PREVIOUS RESULTS

2.1. The Heisenberg Group. Here we provide the definition and properties of
Heisenberg group that would be useful in this paper. For more details, we refer to
[2, B], etc. The Heisenberg Group, denoted by H" for n > 1, is identified to the
Euclidean space R?"*! with the group operation

1 n
(2.1) roy = (3?1 Ty o Tontlon, TS+ 5 Z(ajiyn+i - anriyi))
i=1

for every © = (21,...,T2n,t), ¥ = (Y1,---,Y2n,s) € H". Thus, H" with o of (2.1)
forms a non-Abelian Lie group, whose left invariant vector fields corresponding to
the canonical basis of the Lie algebra, are

X 1 X,
Xi =0 — 228, Xppi=0u, . + g’at,

2
for every 1 < i < n and the only non zero commutator T'= 0;. We have
and we call X1, ..., Xa, as horizontal vector fields and T as the vertical vector field.

Given any scalar function f : H* — R, we denote Xf = (X1 f,..., Xanf) the
horizontal gradient and XXf = (X;(X,f)):; as the horizontal Hessian. Also, the

sub-Laplacian operator is denoted by A, f = Zle X;X,;f. For a vector valued
function F' = (f1,..., fon) : H® — R?" the horizontal divergence is defined as

2n
div, (F) = > Xifi.
=1
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The Euclidean gradient of a scalar function ¢ : R¥ — R, shall be denoted by
Vg = (D1g,...,Dyg) and the Hessian matrix by D?g.

The Carnot-Carathéodory metric (CC-metric) is defined as the length of the
shortest horizontal curves connecting two points, see [5], and is denoted by d. This
is equivalent to the homogeneous metric, denoted as dg« (x,y) = ||y~ ox||g~, where
the homogeneous norm for z = (z1,...,za,,t) € H" is

2n 1
(2.3) Jollan = (D22 +11) "
=1

Throughout this article we use the CC-metric balls B, (z) = {y € H" : d(z,y) < r}
for » > 0 and «x € H". However, by virtue of the equivalence of the metrics, all
assertions for CC-balls can be restated to any homogeneous metric balls.

The Haar measure of H" is just the Lebesgue measure of R?2"*!. For a measurable
set E C H", we denote the Lebesgue measure as |E|. For an integrable function f,

we denote 1
(f)e = ][Efdxz @/Efdx.

The Hausdorff dimension with respect to the metric d is also the homogeneous
dimension of the group H", which shall be denoted as ) = 2n + 2, throughout this
paper. Thus, for any CC-metric ball B,, we have that |B,.| = c(n)r?.

For 1 < p < oo, the Horizontal Sobolev space HWP(§)) consists of functions
u € LP(Q) such that the distributional horizontal gradient Xu is in LP(Q,R?").
HW?YP(Q) is a Banach space with respect to the norm

(2.4) lull gwre) = lullzr@) + 1 Xull Lr (o r2n)-

We define HW,\P(Q) as its local variant and HW, *(Q) as the closure of C5°(2)
in HWP(Q) with respect to the norm in (2.4). The Sobolev Embedding theorem
has the following version in the setting of Heisenberg group, see [12] 4] 5] etc.

Theorem 2.1 (Sobolev Inequality). Given B, C H" and 1 < q < Q, there exists
¢ = c(n,q) > 0 such that, for every u € HWy(B,) we have

(2.5) (/ |uQQqqu> §c</ |}Iu|qdac)
B. B,

Holder spaces with respect to homogeneous metrics have been defined in Folland-
Stein [8] and therefore, are sometimes known as Folland-Stein classes and denoted
by I'® or I'®% in some literature. However, as in [21], [I7], here we continue to
maintain the classical notation and define

(2.6) COQ) = {u e L>®Q) : Ju(z) — u(y)| < cd(z,y)* V z,y € Q}

for 0 < a < 1, which are Banach spaces with the norm

|u(z) — u(y)]
(2.7) [ullcoeia) = llullL= (@) + sup ——===.
@ (V) eyeq  d(z,y)°
These have standard extensions to classes C*®(Q) for k € N, comprising functions
having horizontal derivatives up to order k in C'%%(Q); their local counterparts are
denoted as C*(Q). The Morrey embedding theorem is the following.

loc

Theorem 2.2 (Morrey Inequality). Given any B, C H" and q¢ > Q, there exists
¢ = c(n,q) > 0 such that, for every u € HWy*(B,) N C(B,) we have

q

(2.8) lu(z) —u(y)| < cd(a:,y)lfQ/q </B |Xul|? dx) , Vaz,y€B,.

r
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2.2. Sub-elliptic equations. Here, we enlist some of the properties and results
previously known for sub-elliptic equations of the form .

First, we recall that the structure condition implies the monotonicity and
ellipticity inequalities, as follows:

(2.9) (a(z,21) — alz, 22), 21 — 22) > c(|z1]* + |22|* + 52)%2 |21 — 22/
(2.10) (a(z,2),2) > c(|2]* + 52)]%2|z|2

for some ¢ = ¢(n,p, L) > 0. This ensures existence and local uniqueness of weak
solution v € HW1P(Q) of equation from the classical theory of monotone
operators, see [14]. We denote u as the precise representative, hereafter.

The regularity and apriori estimates of the homogeneous equation corresponding
to with freezing of the coefficients, is necessary. Therefore, for any xg € €Q,
we consider the equation

(2.11) div,, a(zg,Xu) =0 in Q.

The C1@ regulaity of p-Laplacian type equations has been dealt with in [21} [17],
where the equation div,, (D f(Xu)) = 0 has been considered. Given D,a(xg,z) being
symmetric, all the arguments there also follow in the same way for with the
growth conditions ([1.2)) which is the same as that in [I7] and slightly weaker than
that in [21] (in fac has been considered in [I8] in a more general setting).
The following regularity theorem is due to [2I, Theorem 1.1] and [I7, Theorem 1.3].

Theorem 2.3. If u € HWYP(Q) is a weak solution of the equation ([2.11)) with
a(xo, z) satisfying the condition (1.2) and D,a(xo, 2) is a symmetric matriz, then
Xu is locally Holder continuous. Moreover, there exist constants ¢ = ¢(n,p,L) >0

and B = B(n,p,L) € (0,1) such that the following holds,

(2.12) (7) sup |Xul|?’ < c][ (|%ul® + 5%)% da;
Bry/2 Br

(2.13) (ii) ]{B

for every concentric B, C BR CQ and 1 < p < oo.

%u = (s, P de < c(o/R)’ (2l + ) do.

o Br

In fact, similarly as the Euclidean case, the following local estimate can be
shown by using Sobolev’s inequality and Moser’s iteration on the Caccioppoli type
inequalities of [21], for any 0 < 0 < 1 and ¢ > 0,

1
(2.14) sup |Xu| <c(1— 0)7% <][ (|Xul® + s)2 dx)
Bor Br
for some ¢ = ¢(n,p, L, q) > 0, see [21] p. 12]. Thus, taking ¢ = 1, we can have
(2.15) sup |Xu| < c][ (|Xul + s) dz.
Br/2 Br

From ([2.15) it ie easy to see that for all 0 < r < R/2, we have

(2.16) /B [Xu|dz < c(;)Q/B (|Xul + s) dx,

where u € C1#(Q) is a solution of the equation (2.11)) in the above inequalities.
We recall the notion of De Giorgi’s class of functions in this setting, which would
be required for Proposition 3.1} in Section[3} Given a metric ball B,, C H", the De
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Giorgi’s class DGT(B,,) consists of functions v € HW2(B,,) N L>(B,,), which
satisfy the inequality

(2.17) / 1X(v— k)T de < +/ (v — k)2 do + X2 A '8
B (p—p')? B, ”
for some 7, x, € > 0, where A:’p ={z € B,: (v—k)" =max(v—k,0) > 0} for any
arbitrary k € R, the balls B/, B, and B, are concentric with 0 < p’ < p < pq.
The class DG~ (B,,) is similarly defined and DG(B,,) = DG*(B,,) N DG~ (B,,).
All properties of classical De Giorgi class functions, also hold for these classes.
We end this section by introducing the sub-elliptic Wolff potential given by

ol

R | _1
o pl(Bo(wo))\ 77 do
1) W)= [ (MR Y se 0.0/
and recalling following lemma of the density of Wolff potential, see [7] for proof.

Lemma 2.4. Given any H > 1,29 € Q and r > 0, if r; = r/H" for every i €
{0,1,2,...}, then we have
=

= B, (x = 2= }1(3:11 u
219) 5 (lM(r?(l 0))) . (bg@) N log(H))W;,pm,m

=0

3. ESTIMATES OF THE HORIZONTAL GRADIENT

In this section, we show several comparison estimates along the lines of [13] [7]
ultimately leading to a pointwise estimate of the horizontal gradient. Here onwards
we fix g € Q and denote B, = B,(zg) for every o > 0. Also, we denote all
constants as ¢, the values of which may vary from line to line but they are positive
and dependent only on n, p, L, unless explicitly specified otherwise.

In the following, first we show the integral oscillation decay estimate of solutions
of the equation 7 analogous to that of the Euclidean setting in [16], [7] etc.

Proposition 3.1. Let B,, C Q and u € C#(Q) be a solution of equation (2.11)),
with 8 = B(n,p, L) € (0,1). Then there exists ¢ = ¢(n,p, L) > 0, such that for all
0<po<r<ry, we have

(3.1) ]{3 |Z{u—(f£u)3g|dx<c<f>ﬂ[]{% [ — (Xu), | der+ 1]

e

with x = (s + M(ro)) /7l , where M(rq) = max; <i<on supp, | Xiul.

Proof. Given By, C €, let us denote M (p) = maxi<i<an supp, |X;ul and

(3.2) w(p) =  ax oscg, X and I(p) = ]{BP |Xu — (Xu)p,|dx

for every 0 < p < 1. Hence, note that w(p) < 2M (p). Now, we recall the oscillation
lemma proved in [I7, Theorem 4.1], that there exists m = m(n,p, L) > 0 such that
for every 0 < r < r¢/16, we have

T B
(3.3) w(r) < (1 —2"™)w(8r) +2™(s + M(ro)) (%) ;

for some 8 = B(n,p,L) € (0,1/p). A standard iteration on ({3.3]), see for instance
[11, Lemma 7.3], implies that for every 0 < p < r < rg, we have

(3.4) wlo) < cf (g)ﬁ wir) +x0°] = ¢ (f)ﬁ [w(r) + xr”]
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where y = (s 4+ M(ro))/rl and ¢ = ¢(n,p, L) > 0. If o < 6r for some § € (0,1), it
is easy to see from ([3.4)), that for some ¢ = ¢(n,p, L) > 0, we have

(3.5) 1(0) < cw(o) < 6 (£) w(or) +xr”).

Now we claim that, there exists 6 = §(n,p, L) € (0,1) such that, the inequality
(3.6) w(6r) < c[I(r) + xr?]

holds for some ¢ = ¢(n,p, L) > 0. Then and together, yields ; hence
proving the claim is enough to complete the proof.

To this end, let us denote ' = ér, where 6 € (0,1) is to be chosen later. Notice
that, to prove the claim , we can make the apriori assumption:

(3.7) w(r) > (s+ M(rg))(r/ro)?,

with ¢ = 1/p for p > 2, since, otherwise holds trivially with 8 = o. Now,
we consider the following complementary cases. This is very standard for elliptic
estimates, see [0, [I9] [16] 7] for corresponding Euclidean cases.

Case 1: For at least one index | € {1,...,2n}, we have either

M(4r') M (4r")
4 4

’B4r/ N {Xlu < }’ < 9|B4T/| or

By N {Xlu > — }‘ < 9|B4T/|.
It has been shown in [I7, Theorem 4.1] that under assumption , if Case 1 holds
with choice of a small enough 6 = 6(n,p, L) > 0, then X;u € DG(Ba,+) for every
i €{1,...,2n}. Then, the standard local boundedness estimates of De Giorgi class
functions [I1, Theorem 7.2 and 7.3] follow; the fact that X,;u belongs to DG (Ba,)
and DG~ (Ba,), yields the following respective estimates for any ¥ < M (r'):

(3.8) sup(X;u — 1) < c{][ (Xiu — )t dw + XT/’B} )
B, By

(3.9) sup(¥ — X;u) < c[][ (9 — Xu)" dx + X?“/B:| ,
B, B

27!

for every i € {1,...,2n}. Adding (3.8) and (3.9) with ¥ = (X;u)p_,, we get

oscp,, Xju < c{][ | Xju — (Xsu)p, | do + xr’ﬁ] < c[I(r) + xrP)
B

27!

for some ¢ = ¢(n,p, L) > 0 and § < 1/2, which further implies (3.6)) for this case.
Case 2: With 8 =0(n,p, L) > 0 as in Case 1, for every i € {1,...,2n}, we have

M(4r') M)
4 4

‘34,«/ n {Xlu < }’ > 0|B4,«/| and ‘B4r/ n {Xlu > — H > 0|B47-/|.

First, we notice that the above assertions respectively imply infp, , X;u < M (4r")/4
and supp, , X;u > —M(4r') /4 for every i € {1,...,2n}. These further imply that

(3.10) w(dr’) > M(4r") — M (4r") /4 = 3M (4r") /4.

Now, let us denote L = maxi<;<on [(X;u) g, | = |[(Xku)p,| for some k € {1,...,2n}.
Then note that, if L > 2w(4r’) then using (3.10]), we have

(Xpu)p, | — | Xku| > 2w(4r") — M(4r") > M(47")/2 in By,

which, together with the choice of § < 1/4, further implies

(3.11) I(r) > c(n)][ | Xpu — (Xgu)p, |dz > @M(élr’) > o )w(4r').

n
By 2 4
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If L <2w(4r') = 2w(46r) then, we choose d < 1/8 so that using w(r/2) < 2M (r/2)
and (2.15) i.e. M(r/2) <cf, |Xu|dz respectively on (3.4), we obtain

(3.12) w(4dr) < ¢(88)°[w(r/2) + xr”] < b {]{9 2] dz + x|

< e18P[I(r) + L+ xrP] < e16P[I(r) + 2w(40r) + xrP]

for some ¢; = c¢i(n,p, L) > 0, where the second last inequality of the above is a
consequence of triangle inequality and the definition of I and L. Now we make a
further reduction of &, such that 2¢;6” < 1, so that (3.12)) imply

Cléﬁ B
Thus (3.11)) and (3.13)) together shows that (3.6) holds for Case 2, as well. Therefore,
we have shown that claim (3.6]) holds for both cases and the proof is finished. O

Remark 3.2. For the Euclidean case, say div(|Vu|P~2Vu) = 0, it is well known, see
[16] [7], that for any 0 < ¢ < r, the following estimate holds:

(3.14) ]{9 Vu — (Vu)p,|dz < c (f)ﬁ ]{9 IVu — (V) g, | da.

The purpose of the Proposition [3.1] is to show that the sub-elliptic setting is very
different even for the homogeneous equation and the integral oscillation estimate is
not as strong as the above. We have the extra term y # 0 in which one can
not get rid of from estimates in [21], [I7]. Tts source goes back to the extra terms
containing the commutator Tu = [X;u, X,,4+;u] in the De Giorgi type estimates of
[21L [17), where T'u is locally majorized by Xu from an integrability estimate in [21].

Thus, if v € CY8(Q) is a solution of the equation (2.11]), the integral decay
estimate of the oscillation we end up with from (2.15)) and (3.1), is

(3.15) ]{9 X — (Xu)p, | de < c (g)ﬂ ]{9 (1%ul + s) de,

for any 0 < ¢ < r, which is not as strong as the (3.14]). Nevertheless, it is good
enough for proving Theorem via a perturbation argument.

3.1. Comparison estimates. In this subsection, we prove comparison estimates
essential for the proof of our theorems, by localizing the equations and .
They follow similarly, mutatis mutandis, of the Euclidean case in [7]. Here onwards,
we denote u € HWP(Q) as a weak solution of and p > 2.

Fix R > 0 such that Bsr C € and consider the Dirichlet problem

(3.16) {divH a(z,Xw) =0 in Bag;

w—uec HWOLP(BQR>.

The following is the first comparison lemma where the density of the Wolff potential
(2.18) appears in the estimates. The proof is similar to that of [7], see also [I].

Lemma 3.3. Let u € HWYP(Q) be a weak solution of equation (L.1)) and p > 2.
Then, the weak solution w € HWYP(Bar) of the equation (3.16) satisfy

|l (Bar) \ 7

for some ¢ = ¢(n,p, L) > 0.
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Proof. By testing equation (3.16) with ¢ € HWol’p(BgR) and using equation (1.1]),
we have the weak formulation

(3.18) (o, Xu) — a(z, Xw), X) dz = / oy
Bar Bar

which we estimate with appropriate choices of ¢, in order to show (3.17)).
First, we assume 2 < p < Q. For any j € N, we denote the following truncations

J _.fu—w j 1 . (ju—w 1
wj:max{—m,mln{ - ,m}},gpj:max{—m,mm{m—d}j,m}},

where the scaling constants m,~ > 0 are to be chosen later. Notice that, for each
Jj €N, we have |p;| < 1/R” and X¢; = L (Xu — Xw)1p, where

E;={mj/R" <|u—w| <m(j+1)/R"}.
Taking ¢ = ¢; in (3.18)) and using (2.9) with p > 2, it is easy to obtain

cm
(3.19) / |Xw — XulP dz < ﬁ|,u|(BgR)
BgRﬂEj

for some ¢ = ¢(n,p, L) > 0. Now, using Holder’s inequality and (3.19)), we obtain
1

[ meexdde < B ([ ez de)” < Bl m/ Bl Bar)
BarNE; ByrNE;

then, using the fact that |u — w|* > (mj/R")" in E;, we obtain

p—1

b s v
(3.20) / |Xw — Xu|dx < c(m/R7) |uﬁ|((£?)R) </ lu — wl|® d:z:)
BarNE; (m]/R’Y) P BorNE;

with Kk = Q/(Q — 1). Also from (3.19)), note that for any N € N,

N-1
|Xw — XulP dz = Z / |Xw — Xul? dz
j=0 7B

2R0Ej

(3.21) /Bzaﬂ{lu—wlgmN/R“f}

cm
< SNl (Ban)

Now, we estimate the whole integral using (3.21]) and (3.20)), as follows:

/ |Xw — Xu| dx
Bar

\%w—%u|dm+/ [Xw — Xu|dx
BarN{|lu—w|>mN/R7}

p—1 % >
< |B2R|P</ |Z{w—%u|pda:> + Z / |[Xw — Xu|dx
BarN{|lu—w|<mN/R"} J=N BarNE;

oo p—1
1 1 p— 1 ==
< clon/ RVl Bar) (1Banl NP 4 Y [ [ it )
j BQRmE]‘

/anuu—wsw/m}

2 Lmj/ o)
Using Sobolev inequality ([2.5)) on the second term of the above, we obtain

/ 1Xw — Xu|dx < c(m/RY)¥|u|(Bag)? | Bar| 7 N¥
Baor

e(p—1) r(p—1)

e elm /Bl Ban) o0 ([ 30— xwlde)

where e(N) = Y22\ 1/55¢~Y k= Q/(Q — 1) and ¢ = ¢(n, p, L) > 0.
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Now, first we consider the case p < @, so that we have x(p — 1)/p < 1. Then,
by applying Young’s inequality on the second term, we obtain

14+rk—Kp

pPrr—K 1
)H " |pul(Bag) e

< P P P
/Bm Xw — Xul dz < C(R) #l(Bar)? | Ban] 5" N + o -

+€(N)ﬁ(/3 |Xu—%w|dx)

2R

for some ¢ = ¢(n,p,L) > 0. Now, we make the following choice of the scaling
constants,

m = [p|(Bzr)?~T and v =(Q-p)/(p—1)
such that the first two terms of the above are the same. Also note that, since
p>2>1+1/k, we have £(p—1) > 1 and hence, Y22, 1/*®~H = ((x(p—1)) < o0
If N is large enough, we can have
e(N) = Z 1/55=1 < 1/20(=1)
j=N

and thus, the last term of the estimate can be absolved in the left hand side. With
these choices of m,~, N, we finally obtain

QP 2Q+1

(3.22) / |Xw — Xu|dx < c|u|(BzR)P TR »1
Bar

for some ¢ = ¢(n,p, L) > 0, which immediately implies (3.17).

For the case of p = @, the estimate also follows similary with a possibly
larger N and the same choices of scaling constants, i.e. m = |u|(Bag)" (@~ and
~v = 0; except here we absolve the last term to the right hand side directly, without
using Young’s inequality.

Now we assume the p > Q. Here we simply choose ¢ = v — w in and use
together with Morrey’s inequality to obtain

/ |%w—%u|pdx§c/ lu — w|dp < c|p|(B2gr) sup |u — w|
Bar

Bar Bar
1
< C|/1"(BQR)R17% (/ |Xw — Xul? dx) "
Bar
which, upon using Young’s inequality, yields
(3.23) / 1Xw — XulP do < c|p|(Bag) 7T R5T.
Bar

Then, using Holder’s inequality and (3.23)), we obtain

/ |3Ew—3eu|dxg|BzR|pT’l</ |3ew—3eu|de)5
Bar

Bar
QP 2Q+1

< clul(B2r) 7T R
which, just as before, implies (3.17)). Thus, the proof is finished. O

Remark 3.4. It is evident that by using Sobolev or Morrey inequality (2.5, (2.8)
on , we can obtain the estimate

[l (Bar) \ 70
][BZR |'LU — U| dx S C<RQp

where v and w are the functions stated in Lemma [3.3]



10 SHIRSHO MUKHERJEE AND YANNICK SIRE

For the next comparison estimate, we require the Dirichlet problem with freezing
of the coefficients. Letting w € HW1P(Byg) as weak solution of (3.16]), we consider

(3.24) {divH a(xo,Xv) =0 in Bpg;

v—we HWy?(Bg).

Lemma 3.5. Given weak solution w € HWYP(Bag) of (3.16)), if v e HWYP(Bg)
is the weak solution of equation (3.24)), then there exists ¢ = ¢(n,p, L) > 0 such that

(3.25) ][ X0 — XwlP dz < cL? B2 ][ (|%w| + 5)7 da.
Br Br

Proof. First, note that by testing equation (3.24)) with w—wv and using the ellipticity
(2.10), it is not difficult to show the following inequality,

(3.26) / |Xv|P de < c/ (|Xw| + s)? dz,
BR BR

for some ¢ = ¢(n,p, L); the proof is standard. Also, testing both equations (3.16))
and (3.24) with w — v, we have that

/ <a(x,%w), Xw — .’fv> dr=0= / <a(x0,%v),f£w - %v> dz.
Bar Br

Using the above together with (2.9)) and , we obtain
c/ (|Xw|? + | Xv|* + sz)pT_Q|%w — Xv|?dx
Br

< / (a(zo, Xw) — a(wo, Xv), Xw — Xv) dx
Br

= / (a(xo, Xw) — a(x, Xw), Xw — Xv) dx
Br

< cL’R“/ (1Xw]? + X0l + 52) 77 |Xw|[Xw — Xv| do

Br

Using Young’s inequality on the last integral of the above, it is easy to get

/ (\Xw|2—|—\%v\2+s2)p74|%w—xm2dzSC(L'RO‘)z/ (Xw|* + |Xv]> +s%) % dz.

R Br

This, together with (3.26]), is enough to prove (3.25)). O

Combining Lemma [3.3] and Lemma [3.5] we obtain the following comparison
estimate of weak solution u of (1.1)) and weak solution v of (3.24).

Corollary 3.6. Let u € HWP(Q) be a weak solution of equation and let
v € HWYP(Bg) be the weak solution of equation (3.24), where w € HW'P(Byp)
given in the problem is the weak solution of the equation . Then there
exists ¢ = ¢(n,p, L) > 0 such that

2 Bog)\ 71 2
][ |Xv — Xu|dz < ¢(1+ (LI'R%)7) (W) +c(L'RY)» ][ (|Xu| + 5) dz.
Br Bar

Proof. First, notice that Holder’s inequality and ({3.25)) imply

(3.27) ][B |Xv — Xw|dz < c(L’RO‘)% (][ (|%Xw| + s)? da:)%

Br
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Hence, using (3.17) and (3.27)), we obtain

][ \%U—%u|dx§][ |Z{w—%u|dx+][ |Xv — Xw|dz
Br Br Br

(3.28) 1 1
< c<%B2f)> T4 o(I'R*)> (ﬁR(|%w| + s)P dx) .

We estimate the last integral using sub-elliptic reverse Hélder’s inequality and
Gehring’s lemma, see [20], to obtain

(]{9 (|1%w| + )P dx)% < c][ (1%w| + ) dz

Bar

(3.29) < c]l (|3€u|+s)dz+c][ |Xu — Xw|dx
Bar Bar

1(Bar) \ 77
Sc]{g2R(|XU|+s)dz+c(RQ_l ,

where the last inequality follows from (3.17)). Now it is easy to see that by combining

(3.28) and ([3.29)), the proof is finished. O

4. PROOF OF THE THEOREM [.1]

We shall prove Theorem in this section. As before, here we maintain u €
HWYP(Q) as a weak solution of the equation and fix some arbitrary zo €
and denote the metric balls B, = B,(z) for every p > 0. The comparison estimates
of Section [3] shall lead to the necessary estimates for .

With respect to the given data, let us set

(4.1) R = R(n,p,L, L, a,dist(xg,00Q)) > 0,

which shall be chosen as small as required as we proceed, finally the minimum of
every reductions of R, is to be considered. Let R < min{1, % dist(zo, 00), L’_l/o‘}
to begin with, so that for any R < R, we have R, L'R® < 1 and Bg C Q.

The following lemma is a consequence of the uniform Lipschitz estimate .

Lemma 4.1. Forany0 < p < R < R/2, we have the estimate

) /B (|%Xu| + s)dx < c(%)Q/B (|%u| 4 s) dx + cR° (%@)Jl
2 , r

+¢(L/R*)? / (|1Xu| + s) dx.

Bar

Proof. We denote comparison function v as the weak solution of equation ([3.24)),
as before. Then we write

(4.3) / (|Xu] + s)dx < / (\%U\—i—s)da:—i-/ |Xu — Xv| dx
B, B, B,
The first term is estimated from (2.16) as

/B (|Xv|+s)dz < ¢ (%)Q/B (|%v| + s) dz
(4.4) ? R

SC(E)Q/BRU%M—i—s)dm—i—c(g)Q/BR |Xv — Xu| dx.

The last terms of (4.3)) and (4.4) are estimated by Corollary and we end up
with (4.2). This concludes the proof.
U
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The following Lemma is similar to a well-known lemma of Campanato [3],[10].
The proof follows along the same lines as in [9, Lemma 2.1].

Lemma 4.2. Let ¢ : (0,00) — [0,00) be a non-decreasing functions, A > 1
and € > 0 be fized constants. Let 1, ¥ : (0,00) — [0,00) be functions such that
Z;’;Ow(tjr) < U(r) for any 0 <t < tg < 1. Given any a > 0, suppose that

a
(4.5) 6(p) < A[(Z) +e|olr) + ()

holds for any 0 < p < r < Ry, then there exists constants e¢g = eg(A4,a) > 0 and
c=c(A,a) >0 such that if € < g, then for all 0 < p < r < Ry, we have

a—¢ o
(46) oo <e|(8)" oty + ]
for any 0 < € < a.
Proof. We fix 0 < r < Ry. Notice that, for any 0 < ¢ < 1, implies
o(tr) < At? (1 + t%) o(r) + re(r).
We fix some t < tg and let ¢y < %, so that for every e < ¢y, we have
At (1 + €/t%) < 2At°,

Using this on the above, we get
(4.7) o(tr) < 24t°p(r) + r(r).
Now, we iterate as follows; for any k € N,
d(tFT1r) < 2At G (thr) 4 thurtep(thr)

< (241420 (tF 1) 4 248 ) (tFT ) 4t (thr)

< (2413 p(tF2r) 4 (2A)% 70t (tF72r) 4 2AER U (tF ) 4 tR e (thr)

k
<A () R Yy (24Y ().
7=0

Since, Z;‘;Olb(tjr) < U(r) as given, we have

d(t* ) < (At TLp(r) + (244 FraW (r).
Now, given any 0 < & < a, we can choose t small enough such that ¢ < ﬁ and
hence 2At* < t*~¢. Then, we have
(4.8) p(t*H1r) < c{t(k"’l)(“_g)(b(r) + tk(a_é)rall'(r)
for some ¢ = ¢(A,a) > 0. Now, given any p < r, we can choose k € N such that,
we have t*T1r < p < tFr. Then, (4.8)) implies

I I

Bltp) < (1) < e (2) o) + 2w,

which, with a rescaling of p by constants dependent on A, a, yields (4.6). This
completes the proof. O

Using the above Lemma together with Lemma[4.I] we obtain an almost-Lipschitz
estimate, as follows.

Proposition 4.3. There exists ¢ = ¢(n,p, L) > 0 such that,
Q—¢
(4.9) / (|Xul 4+ s)dx < c (%) [/ (|Xu| + s) dz + ROW* » (o, R)
B, Br P’

holdsforanyO<é<QandO<r§R§R.
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Proof. First, let us fix 0 < r < R and denote

o) =[xl s)de ana v, 0r) = (L5

r

We recall (4.2) with appropriate scaling, to have

6(0) < ¢ (2) % 600) + er ) + (Lr)F o),

for any p < r and ¢ = ¢(n,p,L) > 0. We can apply Lemma on the above
with @ = @ and using approriate reduction (L’Ra)% < eg(n,p, L). Recalling (2.19),
notice that w,, satisfy the summability condition of Lemma [.2] and we obtain

r\Q—-¢ I
o <e|() om 1 mW (oo 1)

for every 0 < r < R < R, and hence we have (£.9). This completes the proof. [0

Now, we use the estimate (3.15) along with the above estimates to prove o
regularity of u. We continue to assume R subject to reductions with dependence
of data as in (4.1). First, we have the following lemma.

Lemma 4.4. There exist 3 = (n,p, L) € (0,1) and ¢ = c(n,p, L) > 0 such that,
for every 0 < o < R < R/2, the following estimate holds:

]{Bg |Xu — (Xu)p,|dr < c(é)ﬁ]{gRHXu + s)dx

n C(%)Q (|N(B2R)

1
Pt I pay2
we) T wr (e o
Proof. We define the comparison functions w and v as weak solutions of equations
(3.16) and (3.24)), as before. Then we have

]l |Xu — (Xu)p,|dr < 2]1 |Xu — (Xv)p,|dx
(4.10) 7 Be
< 2][ X — (¥0)5, | do + 2][ Xu — Xv| da.
B

e BQ

Now, we shall estimate both terms of the right hand side of (4.10) seperately.
Using (3.15)), we estimate the first term of (4.10]) as

][Bg |Xv — (Xv)p,|dx < c(;)ﬁ]{%(%v +s)dz

< c(;)ﬂ]{%(%m +3)dz—|—c<§)ﬂ]{9}? |Xv — Xu| dx

The second term of (4.10]) is estimated simply as

Q
][ |Xu — Xv| dx §c(§) ][ [Xu — Xv| dx.
B, 0 Br

Using the above estimates in (4.10), together with Corollary to estimate the
integral of |Xu — Xv|, the proof is finished. O

Now we are ready to prove Theorem An extra dependence on ¢ is assumed
on R, where ¢ > (@ is as in the statement of Theorem |1.1
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Proof of Theorem[I.1] Let us assume the notation w,, for the density of the Wolff
potential, as used in the previous subsection. From Lemma [£.4] we get

(4.11) /B o= (Fus,ldv < C(g)mﬁ /BT(|3€U| +5)dz + crQuw,(r)
+dL%%%/naxM+sym

r

and from (4.9) of Proposition we have,

r

(4.12) /BT(%u +s)dx <c (R)Q7§ {/BR(|%U| +s)dx + RQW‘g’p(mo,R)].

We use (4.12)) on (4.11)) to obtain the following estimate,

(4.13)
R+8Re
o
/B |.'fu — (%U)BQ| dl' S C(W) |:/BR(|x'U/| + 5) d.’E + RQW‘%’p(.’EO, R>:|

+er@ {wu(r) (L) ]{9,,,(|xu| +s) dx}

for every 0 < o <r < R < R. Now, given u = f € L] (Q) for some ¢ > @, then
by Holder’s inequality we have

BB _ 1 B, |-/ P g
FQ-1 — Q-1 B |f‘dx§74627—1< B \f|qdz) <er! “ I lla

Letting 6 < (1 — Q/q)/(p — 1), the above implies that w,(r) < c7“‘5||]"||1L/q(1’71)7
and 0 < § < 1 since ¢ > @ and p > 2. The same upper bound is also satisfied
by the Wolff potential due to @D Furthermore, we assume & < 2«a/p and
d < 2a/p — € so that using @ again for the last term of and a further
reduction L' R*~P(0+8)/2 < 1 leads to

Q+8
[ b= Gun o < oSz 4 09) | f sy 11,
B T Br

4

for every 0 < 9 <7 < R < R. For some 0 < k < 1 we rewrite the above with the
choice r = ¢" to have

/ |Xu — (Xu)p,| dr < c(@QJr(l*'i)ﬁfné + QH(Q+5)) |:][
B B

4 R

(%] + 5) do + IIfIIE/q(’"”]

< cg?* [ ozl 9o+ ||f||2/fp‘”},
Br

where the latter inequality follows when Q@+~ < min{Q+ (1 —k)5— k&, k(Q+9)};
indeed we can make sure that this is true with the choice of kK = k(7) such that

Qv B

Q+4d — B+e’
for any 0 < v < 6/(Q + B + 6 + &). Also, note that if v,& are small enough,
k = k() can be chosen close enough to 1 and we can make sure ¢ < R, whenever
0 < o < R. Thus, we have obtained

][ |Xu — (Xu)p,|dz < co” {][ (1%u| + s) da + || £135% 7],
B

I Br

for any 0 < p < R < R and the proof is complete. O
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