THE LOCAL STRUCTURE OF THE FREE BOUNDARY IN THE
FRACTIONAL OBSTACLE PROBLEM
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ABSTRACT. Building upon the recent results in [15] we provide a thorough description of the
free boundary for solutions to the fractional obstacle problem in R”*! with obstacle function ¢
(suitably smooth and decaying fast at infinity) up to sets of null H?~! measure. In particular,
if ¢ is analytic, the problem reduces to the zero obstacle case dealt with in [15] and therefore
we retrieve the same results:
(i) local finiteness of the (n — 1)-dimensional Minkowski content of the free boundary (and
thus of its Hausdorff measure),
(i) H™l-rectifiability of the free boundary,
(iii) classification of the frequencies and of the blow-ups up to a set of Hausdorff dimension at
most (n — 2) in the free boundary.
Instead, if p € C*T1(R™), k > 2, similar results hold only for distinguished subsets of points
in the free boundary where the order of contact of the solution with the obstacle function ¢ is
less than k& + 1.

1. INTRODUCTION

Quasi-geostrophic flow models [10], anomalous diffusion in disordered media [4] and American
options with jump processes [11] are some instances of constrained variational problems involving
free boundaries for thin obstacle problems. In this paper we analyze the fractional obstacle problem
with exponent s € (0, 1), a problem that can be stated in several ways, each motivated by a different
application and suited to be studied with different techniques. We follow here the variational
approach: given ¢ : R®™ — R smooth and decaying sufficiently fast at infinity, one seeks for
minimizers of the H®-seminorm

AN /Y2
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s € (0,1), on the cone
o = {v e @) : o) > pla') ).

where H*(R") is the homogeneous space defined as the closure in the H® seminorm of C°(R™)
functions. Existence and uniqueness of a minimizer w follow for all s € (0,1) if n > 2 (the case
n = 1 requires some care see [26] and [3]). In addition, defining the fractional laplacian as

Sy v(@’) —v(©) .
(—A) ’U(]} ) = Cn,s PV - Wdy 5

for v e H #(R™), the Euler-Lagrange conditions characterize w as a distributional solution to the
system of inequalities

w(z') > p(z’) for ' € R,
AYw(z') =0 for w(z') > ¢(2), (1.1)
AYw(z') >0 for 2/ € R™.
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The most challenging regularity issues are then that of w itself and that of its free boundary
Ly(w) :=0{z' e R" : w(a') = p(z')}.

To investigate the fine properties of the solution w of (1.1) the groundbreaking paper by Caffarelli
and Silvestre [8] introduces an equivalent local counterpart for the fractional obstacle problem in
terms of the so called a-harmonic extension argument. Indeed, it is inspired by the case s = 1/2,
in which it is nothing but the harmonic extension problem. More precisely, setting a = 1 — 2s for
s € (0,1) and m = |z, 41|2L" L, it turns out that any function w satisfying (1.1) is the trace of a
function v € H'(R"™! dm) solving for z = (2/,z,,41) € R**!

u(z’,0) > ¢ for (2/,0) € R™ x {0},

uw(x', xpi1) = w(@', —wpyq) for allz € RPTL

div(|zp41]"Vu(z)) =0 for z € R\ {(2/,0) : u(z’,0) = (')},
div(|zp41]"Vu(z)) <0 in 2'(R™H1).

(1.2)

In particular, note that u is unique minimizer of the Dirichlet energy
[ 195l s
Rn+1

on the class & := {v € H'(R"™',dm) : ¥(2/,0) > ¢(a’)}. Viceversa, the trace u(z’,0) on the
hyperplane {z,,+1 = 0} of a solution u to (1.2) is a solution w to (1.1), as for all 2’ € R™ (cf. [8])
lim  |Zpi1|"Ong1u(z) = —(=A)%u(a’,0).
Typyp1—0F

One then is interested into regularity issues for u and for the corresponding free boundary
I',(u) (with a slight abuse of notation we use the same symbol as for the analogous set for w):
the topological boundary, in the relative topology of R™, of the coincidence set of a solution u

Ap(u) == {(2/,0) € R"*! :u(a’,0) = ()}
The locality of the operator
Lo(v) == div(|zn11|*Vo(2)) (1.3)
in (3.1) is the main advantage of the new formulation to perform the analysis of I',(u). Indeed,
being I',(u) = I',(w) it permits the use of monotonicity and almost monotonicity type formulas
analogous to those introduced by Weiss and Monneau for the classical obstacle problem (cf. [5, 6,
27, 23)).

Optimal interior regularity for u has been established Caffarelli, Salsa and Silvestre in [9,
Theorem 6.7 and Corollary 6.8] for any s € (0,1) (see also [7]). The particular case s = 1/2 had
been previously addressed by Athanasopoulos, Caffarelli and Salsa in [1]. Instead, despite all the
mentioned progresses, the current picture for free boundary regularity theory is still incomplete.
In this paper we go further on in this direction and deal with the non-zero obstacle case following
the recent achievements obtained in the zero-obstacle case in [15, 16]. Drawing a parallel with the
theory in the zero-obstacle case, the free boundary I',(u) can be split as a pairwise disjoint union
of sets:

I',(u) = Reg(u) U Sing(u) U Other(u), (1.4)
termed in the existing literature as the subset of regular, singular and nonregular/nonsingular
points, respectively. These sets are defined via the infinitesimal behaviour of appropriate rescalings
of the solution itself. More precisely, for g € I',,(u) a function ¢, related to ¢ can be conveniently
defined (cf. (3.46) and (3.48)) in a way that if

5 (w(zo + 1Y) — Puo (w0 + 1Y)
uxow(y)::: /5

/
(fio, (4= 9u)? na|2arin)
then the family of functions {us, ,},>0 is pre-compact in H (R"*! dm) (see [9, Section 6]).

The limits are called blowups of u at xg, they are homogeneous solutions of a fractional obstacle
problem with zero obstacle. The set of all such functions is denoted by BU(z(). Their homogeneity
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A(zo) depends only on the base point g and not on the extracted subsequence, and it is called
infinitesimal homogeneity or frequency of u at zg. It is indeed the limit value, as the radius
vanishes, of an Almgren’s type frequency function related to w which turns out to be non decreasing
in the radius. Given this, one defines

Reg(u) :={z € Ty(u) : Mzo) =1+ s}, Sing(u) :={z € Ty(u): A(zo) =2m, m € N},

Other(u) := T (u) \ (Reg(u) U Sing(u)).
According to the regularity of ¢ different results are known in literature:

(i) Regular points: in [9] for ¢ € C*1(R™) optimal one-sided C1* regularity of solutions is
established. Moreover, Reg(u) is shown to be locally a C1® submanifolf of codimension 2
in R"*! (non-optimal regularity of the solution had been previously established in [26]);

(ii) Singular points: for ¢ analytic and a = 0 it is proved in [17] that Sing(u) is (n — 1)-
rectifiable. The latter result has been very recently extended to the full range a € (—1,1)
and to ¢ € C¥*1(R™), k > 2, in [18]. Furthermore, fine properties of the singular set have
been studied very recently by Ferndndez-Real and Jhaveri [13].

It is also worth mentioning the paper by Barrios, Figalli and Ros-Oton [3], in which the authors
study the fractional obstacle problem (1.1) with non zero obstacle ¢ having compact support
and satisfying suitable concavity assumptions. Under these assumptions, they are able to fully
characterize the free boundary, showing that Other(u) = @) and that at every point of Sing(u) the
blowup is quadratic, i.e. the only admissible value of m is 1. In addition, they are able to show
that the singular set Sing(u) is locally contained in a single C''-regular submanifold (see also [7]
for the case of less regular obstacles and [12, 20, 21, 22] for higher regularity results on Reg(u)).
For ease of expositions we start with the simpler case in which the obstacle function ¢ is analytic,
actually the slightly milder assumption (1.5) below suffices (see Section 3 for related results in the
case ¢ € C*1(R")). Indeed, after a suitable transformation (see Section 2.1) such a framework
reduces to the zero obstacle case since in this setting ¢ turns out to be exactly the a-harmonic
extension of ¢. Thus, in view of [15, Theorems 1.1-1.3] we may deduce the following result.

Theorem 1.1. Let u be a solution to the fractional obstacle problem (1.2) with obstacle function
@ : R®™ = R such that

{ >0} CCR", ¢ is real analytic on {¢ > 0}. (1.5)
Then,

(i) the free boundary T',(u) has finite (n — 1)-dimensional Minkowski content: more precisely,
there exists a constant C > 0 such that

LT (D)) <Cr? Vre(0,1), (1.6)

where Tp.(Ty(u)) := {x € R* : dist(z,(u)) < r};
(ii) the free boundary T',(u) is (n — 1)-rectifiable, i.e. there exist at most countably many
C'-regular submanifolds M; C R™ of dimension n — 1 such that

H" (T (u) \ UienM;) = 0. (1.7)

Moreover, there exists a subset X(u) C I',(u) with Hausdorff dimension at most n — 2 such that
for every xg € T'y(u) \ E(u) the infinitesimal homogeneity A of u at xo belongs to {2m,2m — 1 +
s,2m + 28}m€N\{0}.

The analysis is more involved in case ¢ is not analytic, since one cannot in principle avoid
contact points of infinite order between the solution and the obstacle, and the free boundary can
be locally an arbitrary compact set K C R™ (explicit examples are provided in [14]). In view of
this, we follow the existing literature and we consider only those points in the free boundary in
which u has order of contact with ¢ less than k 4 1: given u a solution to the fractional obstacle
problem (1.2) and given a constant 6 € (0,1) we set

Ty o(u) := {xo € Typ(u) : limy i()nfr_("+a+2(k+1_9))Huzo (r) >0}, (1.8)
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where H,, is defined in (3.17) and it is related to the L?*(dB,.,dm’) norm of ug, , (cf. Section 3
for more details). For this subset of points of the free boundary we can still prove some of the
results stated in Theorem 1.1.

Theorem 1.2. Let u be a solution to the fractional obstacle problem (1.2) with obstacle function
p € CMYR"), k> 2, and let 0 € (0,1). Then, Ty g(u) is (n—1)-rectifiable. Moreover, there exists
a subset ¥g(u) C Iy g(u) with Hausdorff dimension at most n—2 such that for every xo € T'y, g(u)\
Yo (u) the infinitesimal homogeneity A of u at xo belongs to {2m,2m — 1+ s,2m + 25} e\ {0} -

This note extends the results of [15] to the case of nonconstant obstacles. It is clear by the
examples of arbitrary compact sets as contact sets of suitable solutions of the problem, that in
general the free boundary for nonconstant smooth obstacles does not possess any structure and
that the key ingredient for the analysis of the free boundary is the analiticity of the obstacles as
shown in Theorem 1.1. Nevertheless, for a subset of the free boundary, characterized as those
points of finite order of contact, e.g. the points I', ¢ already considered in the literature (see
[18]), a partial regularity still holds even in the framework of non analytic obstacles, as proven in
Theorem 1.2. The main novelty of this paper with respect to [15] consists in the analysis of the
spatial dependence of the frequency for nonconstant obstacles: indeed, in this case the frequency is
defined differently from point to point, by taking into account the geometry of the obstacle itself.
It is not at all evident to which extent the oscillation of the frequency can be controlled. The
results of Section 4 show that this kind of estimates are not completely rigid and extend to nonflat
obstacles. Hence, this paper contributes to the program of broadening the results initially proven
for the Signorini problem with zero obstacles to the case of the obstacle problem for the fractional
Laplacian (see e.g. [1, 18]), providing a generalization of the known results on the structure of the
free boundary firstly proven in [15].

2. ANALYTIC OBSTACLES

In this section we deal with analytic obstacles. We report first on some results related to the
Caffarelli-Silvestre a-harmonic extension argument that will be instrumental to reduce the analytic
type fractional obstacle problem to the lower dimensional obstacle problem. We provide then the
proof of Theorem 1.1.

2.1. Extension results. We start off stating a lemma in which it is proved that there exists a
canonical a-harmonic extension of a polynomial which is a polynomial itself (see [18, Lemma 5.2]).
We denote by £2;(R") the finite dimensional vector space of homogeneous polynomials of degree
leN.

Lemma 2.1. For every | € N, there exists a unique linear extension operator & : P (R™) —
P (R™ 1Y) such that for every p € 2 (R™) we have

—div(|zn4+1]|*Véi[p]) =0 in 9'(R"T),

ép)(z',0) = p(z) for all ' € R™,

Elpl(@', —2ns1) = E[p|(2), xpnt1)  for all z € R
Proof. Let p € 2(R™) and set

L'/2]
alpl(z', znt1) = Z paj(a) @y,
=0

with poj(2') := —mApgj,g(x’) if j € {1,...,[Y2]} and po := p. It is then easy to verify that
&) satisfies all the stated properties. O

Remark 2.2. In particular, & is a continuous operator, I € N. We will use in what follows that
there exists a constant C' = C(n,[) > 0 such that for every p € & (R™) and for every r > 0

1Pl L= 8,y < C NPl Loe (31)- (2.1)
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We provide next the main result that reduces locally the analytic case to the zero obstacle case
(cf. [18, Lemma 5.1]).

Lemma 2.3. Let ¢ : Q — R be analytic, & C R™ open. Then for all K CC Q x {0} there exists
r > 0 such that, for every xo € K, there exists a function &[] : Br(xo) = R such that
(1) —div([zns1["VE, [o]) = 0 in 7 (B, (20));
(i) &, [p)(2,0) = @(a") V (2',0) € B (x0);
(iil) &%, le] is analytic in B, (xg).

Proof. For every xg as in the statement, we can locally expand ¢ in power series as p(x’) =
Yo Cal®’ —x0)®. Then, we set &, [p](7) = ), cabla|[Pal(® — z0) Where p,(2') := (/). From
the explicit formulas in the proof of Lemma 2.1 it is easily verified that the power series defining
&[] is converging in B,.(zg) and gives an analytic a-harmonic extension in B, (zg) with 7 > 0
uniform on compact sets. O

2.2. Proof of Theorem 1.1. Theorem 1.1 follows straightforwardly from [15, Theorems 1.1-1.3].
As explained in the introduction w(z’) = u(z’, 0) solves the fractional obstacle problem (1.1). By
the maximum principle u(z’,0) > 0 for all 2/ € R". Therefore, I',(u) C {¢ > 0} CC R™. Let
r > 0 be the radius in Lemma 2.3 corresponding to the compact set I',(v). By compactness we
cover I',(u) with a finite number of balls B,(z;), with 2; € R™ x {0}. In each ball B,(x;) we
consider the corresponding function u — &, [¢], with &, [p] provided by Lemma 2.3, and note that
it solves a zero lower dimensional obstacle problem (1.2). Hence, we can conclude by the quoted
[15, Theorems 1.1-1.3].

3. Okt OBSTACLES

In this section we deal with the more demanding case of C**! obstacles, k > 2. It is convenient
to reduce the analysis of (1.2) to that of the following localized problem

u(z’,0) > o(a') for («/,0) € BY,

u(@', xpa1) = u(a’, —xpeq) for x=(2',2,41) € By,

div(|zp+1]*Vu(z)) =0 for z € By \ {(2/,0) € B} : u(2',0) = p(z’) },
div(|zp+1]*Vu(z)) <0 in 2'(By),

(3.1)

for ¢ € C*¥+1(B). In what follows, we shall assume that lellcrtr(py < 1. This assumption can
be easily matched by a simple scaling argument (cf. the proof of Theorem 1.2).
For any x¢ € B} we denote by T} ,,[¢] the Taylor polynomial of ¢ of order k at zo:

D%p(x0)
T o [0] () = Z Tpa(zl — o),
la|<k
where a = (ai,...,an) € N, D* =991 --- 09, pa(2') := () = 27" --- 20, o] = 4. . .4y

and a! := ay!- - a,!. In what follows we will repeatedly use that (recall that [¢flcr+1(py) < 1)

| Th.a0le)(2) — o(a")] < | — o+, (3.2)

1
(k+1)!
and

| Th 2 [0ep)(2) = Begp(a’)] < 2|2" — ol (3.3)
for all unit vectors e € R™*! such that e - e, 1 = 0.
Let then &[T} 4, [¢]] be the a-harmonic extension of T} 4, [¢], namely

§ sl @ = 3 22 g o~ o)),

la|<k

where & are the extension operators in Lemma 2.1. By the translation invariance of the operator,
we point out that

o) [Pa (- = 20)](2) = &jo [Pa](z — 20). (3-4)
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Set
Pao (@) = (&) = Thoay [P](@) + & [Thao ] (2), (3.5)
and
Uy (2) = 0(2) — Py (). (3.6)
Recalling that &[Ty 4, [¢]] (2/,0) = Tk 4, [¢](2'), then Ay (u) = {(2/,0) € B} : ug,(2’,0) = 0}, and
thus in particular I',(u) = dp;{(2',0) € By : ug,(2',0) = 0}, where Jp; is the relative boundary
in the hyperplane {z,,+1 = 0}. We note that u,, is not a solution of a fractional obstacle problem
as in (3.1) with null obstacle, but rather of a related obstacle problem with drift as discussed in
what follows (cf. (3.14)).
First, from the regularity assumption on ¢, from Lemma 2.1 and from estimate (3.2) we infer
that Lo (ps,) is a function in L'(B;) (recall the definition of the operator L, given in (1.3)).
Moreover, estimate (3.2) gives for all = € By \ Bj

| La (a0 (2))] = div (Jons1|* V(@ = Thao[0]) ()]
= @41 |*|A(0(2") = Thao o) ()] < lensa|*fa’ — ol (3.7)

In turn, this yields that the distribution L, (uy,) is given by the sum of a function in L!(B;) and
of a non-positive measure supported on B}, namely,

La(ugy (@) = div(|zp41|*Vu(z)) — La(@a, (#) L™ L By . (3.8)

The following result resumes the regularity theory developed by Caffarelli, Salsa and Silvestre
in [9, Proposition 4.3].

Theorem 3.1. Let u be a solution to the fractional obstacle problem (3.1) in By, z¢ € B,
r € (0,1), then uy,, € CO™M281 (B (x0)), Optz, € C¥*(Bi_,(20)) fori = 1,...,n, and
|Zn11]* O,y Uzy € COY(B1—r(20)) for all o € (0,1 — 5). Moreover, there exists a constant Cs 1 =
Cs1(n,a,a,r) > 0 such that

||u9[;0 ||CO,Inin{2s,l}(Bg (20)) + ||V/’LL$O HCO’S(B% (z0);R™)
2
+ [Isign(zn41) [Tn41|“On, 11 Uag 000 (B, (20)) < C.1 ([t |28y, (20) . dm) s (3.9)
2
where V'uyy = (O Usgs - - - » Oz, Uz, ) 1S the horizontal gradient.

In particular, the function u is analytic in {.Z‘n+1 > O} (see, e.g., [19]) and the following
boundary conditions holds:

1in0+ zp 1 Oprru(a’ 2pq) =0 for 2’ € B\ Ay(u), (3.10)
Tn+1
lirrjoJr Ty 1 Oppru(z’ 2nq1) <0 for 2’ € Bl (3.11)
Tn41
In particular,
(u(2’,0) — p(z")) hnfm & Oppru(a’ zpq1) =0 for 2’ € BY. (3.12)
Tnitl

Furthermore, for B, (z¢) C By and zy € Bj, an integration by parts implies that

[ muPlanalts = [ (9 Plonalds
B,-(;E()) B,-I[)

— [ Vs Plewaltde+2 [ Vus, - Vesloanlds
B, (zo) B, (x0)

= / |VU10|2‘.’13n+1|adl‘ - 2/ UIOLG(@JUO) dz + 2/ ua:oal/(pxo|xn+l|adx7
By (20) By(z0) 9By (x0)
(3.13)
where in the second equality we have used that &[T} ., (¢)] is even with respect to the hyperplane

{Zn+1 = 0} to deduce that

lim  Opy100, (T)|[py1|* = 0.
xn+1~>0
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In particular, since the last addend in (3.13) only depends on the boundary values of uy,, it follows
that u,, is a minimizer of the functional

/ V|2 |21 |*de — 2/ VLo (pz,) dx (3.14)
Br(wo) By (o)

among all functions v € u,, + H} (B, (70),dm) and satisfying v(2’,0) > 0 on B..(zg). Equivalently,
we will say that u,, is a local minimizer of the functional in (3.14) subject to null obstacle
conditions.

Remark 3.2. We record here some bounds that shall be employed extensively in what follows. By
using the linearity and continuity of the extension operator & (cf. Remark 2.2), together with
estimate (3.2) we get for all z € B,

[Ug (2) = Uz, (2)] = |9y (2) = @y (2))]
< T 2o [01(2") = T [0 ()] + |6 [T [9]] (2) = & [T [0]] (2)]
<N Tk a0 0] = Tran (@)l Lo (B2) + 1€ [Thzo[0)] — & [Than [0]] I o 3,

= ket _ o [ :
A,ngyz o+ max |z — ) (3.15)
for some constant C = C(n,a,k) > 0. Since V(Ty4,[¢]) = Th-1,.,[Ve], i € {0,1}, arguing as
above, using (3.3) rather than (3.2), we conclude that
0120 (2) — 1, ()] = [V (2) — 0 ()] < O (mire |2 — ol + max |2 "), (310

for some constant C' = C(n,a, k) > 0.

3.1. A frequency type function. Building upon the approach developed in [15] we consider a
quantity strictly related to Almgren’s frequency function and instrumental for developing the free
boundary analysis in the subsequent sections. Let ¢ : [0, +00) — [0, +00) be defined by

1 for 0<t <1,
Pt):=q2(1—1t) for 1 <t<1,
0 for 1<t,

then given the solution u to (3.1), a point zp € Bf and the corresponding function u,, in (3.6),
we define for all 0 < r < 1 — |z|

rGu,, (r)
Iu,,;o (T) = 7Huzo (r)
where )
Gury (1) = =1 [ S(E52) iy ) Vit ) - 2 " o
T
and
(o] | 43, (@) .
Ha, (r) = _/¢(IT70\> oo | da. (3.17)

Here ¢ indicates the derivative of ¢. Clearly, Ly, (r) is well-defined as long as H,, (r) > 0, in
what follows when writing I, (r) we shall tacitly assume that the latter condition is satisfied.
For later convenience, we introduce also the notation

D, (1) = [ 6(E520) [Vt &) o ]"do

and

|z—20] \ |[z—20| T—1x 2
Buy ()= [ =o(i520) 5l (Vs o) - 222 ) o o
In particular, note that for all » > 0
H,

gz

(r) By, (r)—Gs (r) >0 (3.18)

Uz
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by Cauchy-Schwarz inequality.

Remark 3.3. In case ¢ = 0, then u,, = u for all xy € B} and G,, = D,,. Thus, I, boils down to
the variant of Almgren’s frequency function used in [15].

Remark 3.4. If u is a solution to the fractional obstacle problem (3.1), then for every ¢ > 0,
2o € B} and r > 0 such that B,.(zp) C Bj, the function u(y) := cu(xo + ry) solves (3.1) on
By with obstacle function ¢(y) := co(xzg + ry). Therefore, if 1 = z¢ + ry1 € Bj we have
Ty, [P1(Y') = ¢ Tz, [p) (w0 +1y’) and iy, (y) = cua, (o +71y). Thus, Ia, (p) = L., (pr) for every
pe(0,1).

In particular, this shows that the frequency function is scaling invariant, in the sequel we will
use this property repeatedly.

3.2. Almost monotonicity of I,,, at distinguished points. In this subsection we prove the
quais-monotonicity of I,,, ~for a suitable subset of points of the free boundary. We prove first
some useful identities in a generic point z¢ of Bj.

Lemma 3.5. Let u be a solution to the fractional obstacle problem (3.1) in By. Then, for all
xo € By and t € (0,1 — |zo|), it holds

Dy (6) = Guy (6= [ 62520t () Ltz ) ks (3.19)
%(Humo ) =" %m, (1)+26,. ®) (3.20)

Py ) =R DL 0280, 0 - 7 [ (155 Vit 0+ (0 = 0) Lot ()
(3.21)

Remark 3.6. With an abuse of notation, the integration in the last addends in (3.19) and (3.21)
is meant with respect to the reference measure Lg(uz,). Actually, we use this notation because
from the proofs of (3.19) and (3.21) it turns out that one can consider equivalently its absolutely
continuous part Lg(@z,)-

Proof. To show (3.19), (3.20) and (3.21), we assume without loss of generality that xo = 0.
For (3.19) we consider the vector field V(z) := qﬁ(%) ug(z) Vug(x) |£41|%. Clearly, V has
compact support and V € C*(By \ Bf,R"*1). Moreover, for z,,41 # 0

V(@) - enir = o( ) uo(@) Onyruo () 211",
so that limy|, 0+)V(y) - eny1 = 0. Indeed, recalling that &[T}y 4, ()] is even with respect to
the hyperplane {z,4; = 0} (cf. Lemma 2.1): if (2/,0) € A (u) we exploit the regularity of u
resumed in Theorem 3.1 to conclude; instead, if (z’,0) ¢ A, (u) it suffices to use (3.10). Thus, the
distributional divergence of V' is the L!(B;) function given by

divV(2) = 6 (1)) | Vup(2) 2 |1 |* + (1) g (2) Vg () - 355 [nsa ]
+ ¢ () ug(2) Lo (ug (2)).

Therefore, (3.19) follows from the divergence theorem by taking into account that V' is compactly
supported.
Next, (3.20) is a consequence of (3.19) and the direct computation

%(H“g(t)) = % (‘tn+a/¢(|y|) %l(yt|y) [Yns1]” dy)

n-+a

= Hy,(t) — Qt"“/sb(\yl)uQ(ty) Vug(ty) - % [Ynt1]|® dy

= T Hyy (1) + 2 G 0),
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Finally, to prove (3.21) we consider the compactly supported vector field W € C*°(B; \ B}, R"1)
defined by
()|

W (z) = (V“x — (Vug(z) -x)Vuo(x)> (D) ||

Moreover, conditions (3.10)-(3.12) and Lemma 2.1 imply that lim, |, o) W(y) - €ngy1 = 0. Thus,
div W has no singular part in Bj, and we can compute pointwise the distributional divergence as
follows for x,, 11 # 0

div W (x) =g (1) 12, (M — (Vaug(a) - :U)Vuo(x))|xn+1|“
+ o )"*a =L | Vg (@) 211 |* — () (Vug(@) - @) La(ug ().

Therefore, we infer that

O:/divW(x)dxf/q'b(‘f—g%Wuo( )P nsa|* dz + ¢ By (£) + 222=L D, (2)
/d) ‘ml (Vug(z) - ) Lq (ug(z))dz,

and we conclude (3.21) by direct differentiation since

%(Dug(t)) = —/¢(|x|) |z| Vg (2 )2z ns1|® dz. 0

in Bl.

\./M‘O

As a consequence we derive a first monotonicity formula for H,,

Corollary 3.7. Let u be a solution to the fractional obstacle problem (3.1). Then, for all zq € Bj
and 0 <19 <711 < 1— |20 such that Hy, (t) >0 for allt € (ro,71), we have

Hy,y (r1) — Hugy(ro) oy Teea @y,

T{L+a = ,r61+a e ! . (3'22)

In particular, if Ay < I, (t) < Ay for every t € (ro,r1), then

Hy,, (r) . d . 9
(ro,r1) D1+ Titasod; monotone decreasing, (3.23)
Huy() . 9
(ro,r1) D1+ vyl monotone increasing. (3.24)
Moreover, for all xg € B} and 0 <r <1 — |zg]
/ [t |? g1 |* do < rHy, (7). (3.25)
By.(zo

Proof. The proof of (3.22) (and hence of (3.23) and (3.24)) follows from the differential equation
n (3.20). The proof of (3.25) is a simple consequence of a dyadic integration argument:

| wPlesnlar =Y [ g Plena]” do
BT(’EO

GeNY B, i (®0)\B, yj+1(%0)
= Z 2 “”o T/2J < rHuxo (r),
JjeN
where in the last inequality we used that H,, (s) < Hy, (1) for s <r by (3.24) (with A, =0). O

We establish next an auxiliary lemma containing useful bounds for some quantities related to
the L?-norm of w,,, for points zq in the contact set.

Lemma 3.8. Let u be a solution to the fractional obstacle problem (3.1) in By. Then, there is
a positive constant Cs g = Css(n,a) > 0 such that for every point xo € Ay,(u) we have for all
re€ (0,1 —|zo|)

H,,, (r) < Css (r Dy, (r) + rmrot2(), (3.26)

/ (125700 [y (2) 2 |2 |*da < Ciys (12 Dy, (1) + rnH ot 204D, (3.27)
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and
Ugy (2))? |2na1|?de < Css (12 Dy, (1) + rHotir2(ti)y 3.28
0 + zq
BT(Q:U)\B% (xo)

Proof. By the co-area formula for Lipschitz functions we check that
" dt @ 1mm
B, 0)=2 [ G [ @P el a7 @), (329)
r t JoB,(xo)

and

Dy, (r) = / (Vttgy (2) g |* da
Bz (o)

2 s
+f/ dt/ (r = 1)|Vatay (2)2 [2npa]* dH" (2).
rJr OBy (x0)

Therefore, an integration by parts gives

2 T
Dy, (r) == / dt / Vg, (2))? |2n41|* da. (3.30)
rJs By (o)
By (3.8), as g € Ay(u), [9, Lemma 2.13] and [18, Lemma 6.3] yield the Poincaré inequality
1
7/ [ty (2)[? [ |* dH" () < C |Vt () [@n 41| da + CrHa= 12040 (3.31)
tJoBu(ao By (o)

with C' = C(n,a) > 0. Integrating the latter inequality on (7/2,7) we find (3.26) in view of (3.30).
Instead, by first multiplying formula (3.31) by ¢ and then integrating over (0, ), we infer

[ @R lealtde <€ [ [T @R el de 4 G
By (zo By (z0)

In conclusion, (3.27) and (3.28) follow directly. O

Next we show an explicit expression for the radial derivative of I,,, ~at all points z¢ € Bj. We
follow here [15, Proposition 2.7].

Proposition 3.9. Let u be a solution to the fractional obstacle problem (3.1) in By. Then, if
xo € BY is such that Hy,, (t) > 0 for all t € [ro,r1], we have

Faag (1) = Tory () = [ (G (Hay (0 By (0= G2, (0) 4 R (0) 0 (332)

for0<rg<ry <1-—|xg|, with

nrat2ktl (( Dy, (1) )1/2 + 1)

H tn+a+2k+1

<
oy (0 < Coo ™5

(3.33)

and Cf;Q = C{;‘g(n,a) > 0.

Proof. It is not restrictive to assume xzo = 0. We use the identities in (3.19), (3.20) and (3.21) to
compute (the lenghty details are left to the reader)

d _ 1 &5 (Gu(®) & (Hu (1))
7 (Ta(0) = Ly (0) (5 + H5= = 250)
Euy(t)  Gu,(t)
= 21,(t) RO (t)) + Ry (8),
where
Rug(t) =~ [ 6(2) (0 -+ = Dugle) + 2A(Vug(a) - 2)) Lalug(w)de
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From this we conclude (3.32) straightforwardly.
For (3.33), we estimate separately each term appearing in the integral defining R, (t). We start
with

(3.8)

\ [ o5yt afug(a))aa

/(b(%)|UQ($)||$/|k_1|$n+1|adx

1/2
< k-t </ zn+1|adm> </¢) % luo (z |xn+1|“dx)
By
1/
ntatl g1 (/(ﬁ(bﬂ)uo(l‘)ﬂxn-&-ladx)
(3.27)

n+a—1 k+1 1/ n+a—1 k+1
< ottE Ak (Du/g(t)—&—t : ++), (3.34)

<Ct

with C3 54 = C5.34(n,a) > 0. Arguing similarly we infer

] [ o) (Funla) - ) La(ua(w)a

<t/¢ 121) Vg () | La (ug () [dz

< tk/ (1)) [Vug () [[2n4a]*de < CHF7 HHI DL (), (3.35)
and
3 [ (et o uoteas] < [ o T
(3<28) O 1S kA (D;/of(t) T t%Mﬂ)’ (3.36)
with C' = C(n,a) > 0. Therefore, (3.33) follows at once from (3.34)-(3.36). O

Estimate (3.33) turns out to be useful to analyze the subsets of points I'y, g(u) of T'y(u), for
every 6 € (0,1) (cf. (1.8)). With fixed 6 € (0,1), we then look at points of the free boundary in
the subset

Zp0.5(u) = {xo €ly(u)N By, - Hy,, (r) > §rrtet2(kt1=0) g, ¢ (0, 1/2)}, (3.37)
where § > 0 is any.

Remark 3.10. Note that 2 ¢ 5(u) C 25,5 (u) if &' < 0. Hence, in what follows it is enough to
consider the values of § small enough.

Proposition 3.11. For every § > 0, there exist C3.11, 03.11 > 0 such that for every xg € f%e,(;(u),

the function (0, 05.11] 3 7 = €% ""eluw0 (r) is nondecreasing. In particular, the ensuing limits exist
finite and are equal

r +
—_ = hﬁ)l Ly, (r) = Iy, (07). (3.38)
Proof. Since zg € Z,,5(u), formula (3.26) yields for r € (0,1/2)

CSXDumO (7,) Z 5rn+a71+2(l€+176) o Cg'ng+a71+2(k+l) ,

therefore, for p3.11 sufficiently small, we have for all r € (0, 3.11]

D, (r) > Cyrramtt2(i=0), (3.39)
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In addition, from (3.19) and (3.34) we get for all r € (0, 3.11], if 03.11 small enough,

[ 1) L ()

(3.34) prtat2k+1 prtat2ktl 1/
< Cs34Dy, (7 ( +< ) )
3.34 0 ( ) Dumo (T) Duwo (’I")

(3.19)
G,y (1) = Du,, (r)] =

Uz

(3.39) ”
< CDy,, (1) (207“2‘9 + (207%%) f ) < CTGDUI0 (r). (3.40)

Therefore, from (3.33), if p3.11 is sufficiently small, we get for all r € (0, 93.11],

Ru,, (1) < Ci zuxo(r)’“"““’“(( Dy, (r) )1/2+1)

Uz Gu (’I“) rn+a+2k+1
zq
(3.40) I, (r) s pntat2ktlyis pntat2h+ly (3.39)
ep— —) < 'L, (1) 3.41
- r (( Duro(r)) * Duxo(r)) = Ur w0 () (3.41)
Hence, from (3.18), (3.32) and (3.41) we find
d _
E(Iumo (r) > —Cr? 11%0 (r), (3.42)

and the monotonicity of (0, 03.11] 2 r = e "”elumo (r) follows by direct integration. In addition,
we also infer (3.38), because from (3.40) for all r € (0, g3.11] we have

7Dy, (r) 7Dy, (r)

R N0 . ()

< I, (r)<(1+Cr%) (3.43)

O
Remark 3.12. The monotonicity for the truncated Almgren’s frequency function
d
0 +a+2(k+1-6
r(1+Cr )5 log max { H,,_ (r),r"** ( )
proved in [9] and [18] is essentially equivalent to Proposition 3.11.

We derive next an additive quasi-monotonicity formula for the frequency.

Corollary 3.13. For every A,§ > 0, there exist C3.13, 03.13 > 0 with this property: if xg €
Z,.0.5(u) and Ly, (03.13) < A, then for all A > ACs5.13 the function

(0,03.13] 27 = Iy, (1) + Ar? s nondecreasing. (3.44)

Proof. Under the standing assumptions, the quasi-monotonicity of I,,, and (3.42) yield that

4
dr
for r sufficiently small. Hence, we conclude (3.44) at once by integration. O

(quo (’I“)) > _C’eC:s.u ATg_l,

3.3. Lower bound on the frequency and compactness. We first show that the frequency of
a solution w to (3.1) at points in 2, g 5(u) is bounded from below by a universal constant.

Lemma 3.14. For every 6 > 0 there exists p3.14 > 0 such that, for all o € Z,95(u) and

T e (03 Q3A]4]7
1

2C38°
Proof. In view of (3.26) and since zg € 2, 9,5(u), we have for all r sufficiently small,
1 - 7Dy, (1) 7%

03.8 - Huwo(T) (5 '

Inequality (3.45) is a straightforward consequence of estimate (3.43) and the latter estimate pro-
vided that g3 14 is sufficiently small. O

Ly, (r) > (3.45)
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For the free boundary analysis developed in [15] it is mandatory to consider the critical set of
a solution. In the current framework, the natural subsitute for the critical set is given by

Ap(w) = {(@,0) € BY : u(a!,0) — p(a') = |V'(u(e’,0) = p(a)| = lim 1D pru(a’,y) = 0}

Notice that I',(u) C A5 (u) € A, (u) (the first inclusion is a consequence of (3.10)).
We can then give the following compactness result. For w : B; — R solution of (3.1) and
xo € B} we introduce the rescalings
n+a

T2 Ug,(Xg+ 7T
() 1= 00Ty (0,1~ fagl), Yy € B (3.46)
HJ/,, (r) T
Note that u,, » is a minimizer of the functional
/ IVo?|2pg1|*de — 2/ VLo (0gg.r) da (3.47)
B1 By
with obstacle function .
T2 Qag (T + 1Y)
Pzo.r(Y) == (3.48)
' HL2 (r)

among all functions v € g, » + H{ (B1,dm) satisfying v(z’,0) > 0 on Bj.

Corollary 3.15. Let ¢ > 0 be given. Let (u;)1en be a sequence of solutions to the fractional obstacle
problem (3.1) in By with obstacle functions ¢, equi-bounded in C*T(By), and let z; € P 0,6(w)
be such that sup; I(uz)m, (01) < 400, for some g; | 0.

Then, there exist a subsequence l; T oo and a solution v to the fractional obstacle problem
(3.1) in By with null obstacle function, such that on setting v; := (“lj)wzj,glj we have

v; — Voo in H'(By,dm), (3.49)

vj = Voo in CU%(By), ¥ a < min{1,2s} (3.50)

V'vj = Vv in CIOO’?(Bl), Va<s, (3.51)

sign(zpn41) [Tny1]“Op,yy vj — sigN(@ng1) [Tng1]|*Or, ) Voo in C’IOO’?(Bl), Va<l-—s. (3.52)

Proof. By taking into account inequality (3.43) in Proposition 3.11 we get for [ large
aDw,), (o)
Hy,, (01)

In particular, we infer that sup; D(y,), . (1) < co. Thus, a subsequence v, := (ulj)g;lj7glj converges

< (1+Cllgy, ||ck+1(B;)Q19)I(ul)w, (a1)-

weakly H'(Bj,dm) to some function ve. Moreover, v; is a local minimizer of
F©)i= [ [VoPlonnl®dy =2 [ oLa((01)e,,) dy
B, B,

among all functions v € v; + H}(By,dm) satisfying v(z’,0) > 0 on B} (cf. (3.46)-(3.47)).
By taking into account that x;; € Qf¢1j79,5(ulj), inequality (3.7) implies that for all y € By \ B}

1
|<La(<plj )Izj 501 ) (y)l < W ||(plj ||C’C+1(B{)Qlaj |yn+1 |a. (353)

Therefore, one can easily show that the sequence (F}); I'(L?(B;,dm))-converges to the functional
F. : L*(By,dm) — [0, +00] defined by

Fo(v) == /B Vol lgasa]*dy

if v € Voo + HY(By,dm) with v(2’,0) > 0 on B}, and +oo otherwise on L?(B;,dm). In addition,
being the F}’s equicoercive in L?*(By,dm), Fj(vj) = Fu(vso), so that by (3.53) the convergence
of (vj); to ve is actually strong H'(Bjy,dm).

Items (3.50)-(3.52) are then a straightforward consequence of Theorem 3.1 and (3.53) (cf. the
arguments in [9, Lemma 6.2]). O



14 M. FOCARDI AND E. SPADARO

A sharp lower bound on the frequency then follows.
Corollary 3.16. Let § > 0. If g € Z,.5(u), then
I, (0F)>1+s. (3.54)

Ugy

Proof. Note that I, (0%) = lim,jo I, (r) = lim.jo Ly, (1) = I, (1), for some v, homoge-
neous solution to the fractional obstacle problem (3.1) with null obstacle function provided by
Corollary 3.15. Thus, we conclude (3.54) by [9, Proposition 5.1] (see also [15, Corollary 2.12]). O

4. MAIN ESTIMATES ON THE FREQUENCY

In this section we prove the principal estimates on the frequency that we are going to exploit in
the sequel. We start with an elementary lemma. Recall that all obstacles functions ¢ are assumed
to satisfy the normalization condition [|¢[|gr+1(p;) < 1.

Lemma 4.1. Let A, § > 0. Then, there exist Cy.1, 04.1 > 0 such that, if u is a solution of to the
fractional obstacle problem (3.1) in By, with 0 € 25, 9.5(u) and I,,(20) < A, o0 < 041, then for
every x € Bg/z

g < C, and — < —= < Cyq, 4.1
Cii = Hulo) = Cii = Dulo) = 1)
Tuy(0) = Tu, (0)| < Clix . (4.2)

Remark 4.2. Note that as a byproduct of the first estimate in (4.1) in Lemma 4.1 frequencies at
the scale g are well-defined at every point x € Bg/z, recalling that 0 € 2, 5 5(u).

Proof. In order to prove (4.1), we argue by contradiction: we can assume that there exist A, § > 0
and solutions u; to the fractional obstacle problem with obstacles ¢;, [[¢;llcr+1(p) < 1, with
0 € Z,,0.5(u;), such that I, ,(0;) < A, for some g; | 0, and there exist points x; € ng/4
contradicting one of the sets of inequalities in (4.1).

In particular, by almost monotonicity of the frequency function (cf. Proposition 3.11) and the
lower bound on the frequency (cf. Corollary 3.16) we infer that 1+ s < I, (f) < Ae (20))" <
Ae% 1 = A for all t € (0,20;]. By Corollary 3.15, up to a subsequence, v;j := (u;)g,o, converges
strongly in H'(Bs,dm) to a function v, solution of the fractional obstacle problem in By with
zero obstacle function. We assume in addition that Q;ll'j — Zo € B! for

To prove the first set of inequalities in (4.1), we compute
Huy),, (05) 2077

- = J (u)) (z; +Q'x)|$"+1|adx
Hiu)o(25) H(uj)o(gj)/B1\B1/z A ||

2gﬂn+a/ [u.(x, +0;2) — (), (x; + 0;2) Qde
Heuyyo(05) Jonp,, 77777 s |z
(7L+a)/2 9 |x |a
— j n+1
=2 [ ol e )+ (@l + 00') — () (o + 00)]
Bi\Bis H(uj)g(g) |z
(4.3)
Moreover, by estimate (3.15) in Remark 3.2 and since Qj_lﬂjj — Too we get for all 2’ € Bj
[(0)0(x; + 0jz") = (@)e, (@) + gjz)| < Cob ™. (4.4)
Therefore, recalling that 0 € 2, 9,5(u;), from (4.4) we infer
n—+a
9j / ’ M2 |Tnt1]® C 9
T (@i)ol@; + 0ja") = (9j)a; (x; + 0j2")) —7—do < —oj".  (4.5)
(@) Joup, (P20 070 = (sl b e ) 2 e < 5
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Hu,), . (€5)
Since g; | 0, by contradiction lim; % € {0,00}. Moreover, by (4.3) and (4.5), by the
uj)o \EJT

strong L?(Bj,dm) and local uniform convergence of v; — v, we conclude that,

2/ 2 () 12y~ 21m vy el
Bi(z0s)\Bi 2 (2o0) |y — Tool 7 JB1(e; ')\ B1y2(0] 'z;) ly — 9; |
a H Uj) g (Q)
=2lim AN +x)‘x"+l| do = lim
JJBi\By |{E| J H(uj)g(gj)
Being the left hand side finite, necessarily

a
B (20)\ By 2 (00 |y = oo i Heupo(o))

Hence, voo = 0 on Bi(Too) \ Bip(70o), and thus v, = 0 on the whole of By by analiticity. A
contradiction to H,_(1) = 1 that follows from strong L?(Bj,dm) convergence and the equality
H,, (1) =1 for all j.

The second set of inequalities in (4.1) is proven by the same argument. Indeed, assuming that

Du .y, (05
(), (01) € {0, 00} we have

lim;, =—L—~
J D(uj)g(gj)

Dl (@) 0 9 (s + 052) — (25)ey (4 020 Pl
_ (s ) — () (25 , il 7
D(Uj)g(gj) D(Uj)g(gj) B T ! S !
and sinceby (3.16) in Remark 3.2 and by (3.39)

n+a+1
9;

Diu,)o(5) /B,

SNV ((¢)o(; + 07") = (¢5)a, (x5 + 02")) [Plonsa|*dw

n+a+14+2k

0; C

<ci <Oy,
(u;)0(25)

we get (recall g; | 0)

Dw;)., (¢5) 1
lim — =" = lim ———— ¢>(|x|)|Vv-(gflx- + x)|2\xn 1|%dzx.
J D(“j)g(gj) J 41(%‘)9(9]') By R -

By the strong convergence of v to v, in H'(By,dm), we infer that the left hand side is finite and
then actually 0, so that

B(1) |V se (oo + )Pl = 0.
B1

Thus, by analiticity vs is constant on By, and we may conclude that

/B (1)) [Vso (@) Pl |*de = 0.

The latter equality contradicts
[ o) IT 0@ Plansalide € 145,241,
B,

that follows from strong H'(Bj,dm) convergence and recalling that H,, (1) = 1 and 1+ s <
I,,(1) <2D,,(1) < A" for j big enough (cf. (3.43)).

Finally, (4.2) follows straightforwardly from (4.1) for g4 sufficiently small by taking into ac-
count (3.43):

rGuy (1) ( Hy, (7 w, (r)y | 4D
., (1) (Zugr§ _g : ))‘ ¢ D
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We introduce next the following notation for the radial variation of (modified) frequency at a
point © € Z, ¢5(u) of a solution w in B;: given 0 < ry < r; <1 — |z, we set

A7 () :=1I,, () + Ar? - (qu (ro) + Arg).

Note that, A7 (z) > 0 if x € 2, 0,5(u), if 71 is sufficiently small and if A > AC313 (cf. Corol-
lary 3.13). We do not indicate the dependence of Al on A since such a parameter will be fixed
appropriately in the next result.

Lemma 4.3. Let A, 6 > 0. Then, there exist Ci3 and 1.3 > 0 such that, if xg € Z,9.5(u), and
Ly, (r1) < A, with 2r1 < g4.3, then for every ro € (1/8,r1) we have

(Ve (2) - (2 = 20) = Ty (70/2) iy (%)) enl® o, < oy m ) AT (00)

/Br1/2(10)\3r0/2($o) |z — xo]

(4.6)

Proof. Without loss of generality we prove the result for g = 0. We start off with the following
computation:

2 a
2/ (VUQ(Z) Al N()) uQ(z)) [#nt1] dz
B/\B, s |2

_ / ~6(1) (Vuo(2) - 2 = L, (1) uQ(z)) Eal” g
= t* By (t) — 21 Ly () G (1) + I, (1) Hoy (1)

2 3.3¢
= #(t) (Fua®)Hu (1) ~ G2y (1) “2 L o) ($ (a0) ~ Ru0) . (47

We now use the following integral estimate (whose elementary proof is left to the readers)

2p1
[ teasset [ p@asa vo<mea (48)
Bp1\Bpg Po Bi\Bi 2

f > 0 a measurable function, in order to deduce

20 2,01]%
/ (Vug(z) 2 = Lyy(70/2) ug(z)) 7| Z|1 dz
7‘1/2\Br0/2

(48
< / / o(2) - Z—Iug(To/2)ux0(z)> el g g
ro/2 Bt\B,/Q |Z|

T 5 L) (1)~ T )] 2
0 Jro/2 B,\Bt/2 |Z|

(4.7), (3.44) 1 d
< 5 (G 1) )
16 5 ) (oo
o ((Tug 1) = Tug(r0/2))* + (A C3.13)2(r% — (rof2)? / Hu(0
1 ord
=< WHUO(Tl)KO/Q (& Iug( )) - Rug(t)) dt
+16 %Hug(rl) ((Iug(rl) - Iug(TO/Q))2 + (A C;g;[;g)Q(Tf — (7"0/2)6)2) . (49)

In the last inequality we have used that, if g4 3 is sufficiently small, then H,,(t) < H,,(r1) for all
t <7y by (3.24), and that (L, (t)) — Ruy,(t) > 0 thanks to (4.7). Moreover, estimate (3.41) in
Proposition 3.11, I,,,(r1) < A, the quasi-monotonicity of the frequency function and the choice
2ry < gu3 imply

T1
// | Ry, (t)] dt < ACy,eConm (r] = (ro/2)%).
T0/2
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Hence, from (4.9) we conclude that

2 a
/ (Vuo(2) - 2 = L (r0/2) uo(2)) Pnal”
r1/2\Brg/2 |Z|
< C Hyg(r1) (Lug (r1) + A1 = Ly (ro/2) = A(70/2)°),
where we used that 1/r, < 8, and C' > 0. O
4.1. Oscillation estimate of the frequency. The following lemma shows how the spatial os-

cillation of the frequency in two nearby points at a given scale is in turn controlled by the radial
variations at comparable scales.

Proposition 4.4. Let A, 6 > 0. Then there exist Cia, 044 > 0 such that if 0 € 2, 9s(u),
7 € (0,004 /144) with I,,,(727) < A, then

L, (107) = L, (107)] < Cut [(A3 (1)) 4+ (8387 (22)) | + Coar®, (420)
for every x1, xo € BL N Z,0.5(u).

Proof. We start off noting that by Remark 4.2 and the choice 1447 < 944, if the constant g4 4 is
suitably chosen, a simple scaling argument yields that I,, (107) is well-defined for every = € B, Ja
To ease the readability of the proof we divide it in several substeps.
1. With fixed x1, z2 € B, N 2, 9,5(u), let x4 := txq + (1 — t)xo, t € [0,1], and consider the map
t+ I, (107). The differentiability of the functions = +— H,, (107) and x + D, (107) yields that
td
L, (107) = I, (107) = /O dt( ug, (107)) dt.

Set e := 21 — 5, then e - e,+1 = 0; and set for all y € R**+!

Buly) = (o + ).
Recalling the very definition of u,, in (3.6), it turns out that
0¢(y) = Ocu(ze +y) = Oep(@t + ') + Thw, [0c) (2t +y') = E[Thoa, [0cp]] (we +y),  (4.11)
because by linearity (the details of the elementary computations are left to the readers)
TPl + 1) = T 0l + ) (412)
and
(8 [T [o]) (w1 + ) = 6 [T, 08]) 0 + ).

Morever, from the very definition of u,, in (3.6) it is straightforward to prove that

Octig, (2 +y) = Deu(xs +y) — Oep(x4 + y/) + T—1,2, (0] (2t + y/) - @@[Tk—l,rt [3690]] (re+y).

Thus, from (4.11) and the latter equality, by direct calculation it follows that

(0) — Dot +9) = 30 Do) L — (3 Dol ) ),

al
la|=k la|=k

and thus we may conclude that
16:(y) — Dewsz, (21 +y)| < Clan — w2 [y]* - (4.13)
Moreover, note also that

Vi (y) = %(Vuxt (z1+y)) . (4.14)



18 M. FOCARDI AND E. SPADARO

2. Thanks to the previous formulas, for all A € R we infer

d

E(H’th 1OT = =2 /¢ U:ct (w¢ +y) 0¢(y) ‘yﬂiz‘lla dy

=2 /(/) — g, (T + ) tg, (T + ) |y"‘+‘1‘ dy + 2A\H,,, (107).
(4.15)

In addition, integrating by parts gives

%(Duxt 107)) / $({55) Vo1 (y) - Vg, (@0 + 9) [ynra|* dy
/ S48 8:0) Vot 9) -y 5215y 2 [ 0(32) 810) Lalus, o1+ )
~ 57 [ B (3u) = Nt o+ ) Vo, o ) -y 2ty
+22G,, (107) 2 / B(18L) 8,(y) La(ita, (20 + 1)) dy (4.16)

Then, by formula (3.19) together with (4.15) and (4.16), we have that

; ) 4G, 000) & (1, (107)
&(Iumt(loﬂ) = I, (107) ( G, (107) B H,,, (107)
= — ur 107’ /(b )\Umt (l‘t + y)) (V’U/wt (l't + y) Y- Ium (10T) Uz, (l‘t + y)) dr‘n"l(‘y)
10T () d (T, —3e(y) L d
H,. (107) ¢(16r) U"m o+ 1Y) § (La(ua, (1 +9))) = 00(y) La(uz, (20 +)) ) dy
Jf” + 77

In what follows we estimate separately the two terms Jt(i).

3. We start off with Jt(l). With this aim, first note that I,,,(107) < A €7’Cs11 by Proposition 3.11
since 1447 < 4.4, provided the latter is small enough. In turn, as z; € B., by (4.2) in Lemma 4.1
we infer that I, (107) < Cy; + Ae™ Caan,

We estimate separately the factors of the integrand defining Jt(l) (
off with the first one as follows

setting z; +y = z). We start

|(5t(z — ) — Ay, (2 ‘ |8 Ug, (2) — Aug, (2 )| + ‘5t(z — ) — 8euzt(z)|

(4. 13) .
< [etta, (2) = Mg, (2)| + Clay — 2|z — z[",

with C' = C(n, k) > 0. Moreover, by choosing A := I,,,, (107) — I,,, (107), we infer
|6 Ug, (2) — Ay, z)| = |Vuxt(z)-ef)\u$t(z)|
§|Vuggt (2) (z—x1) — Ium (107) ug, (2 | + }Vuzt (2) (2 —x2) — Iumz(lOT) um(z)|
§|Vum1(z) (z—x1) — - L (107) ug, (2 | + |Vum2(z) (z — xg) — 1L, (107) g, (z)|
+|V(ue, (2) - le(z)) (z = 1) = I, (107) (uz, (2) = g, (2))]
+ |Vt (2) =ty (2)) - (2 = 22) = L, (107) (ug, (2) — Um( )| -

Using inequalities (3.15)-(3.16) in Remark 3.2, we estimate the last two addends as follows

|V (g, (2) = us, (2)) - (2 = 25) = L, (107) (uz, (2) = ug, (2))| < CT",
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for some constant C' > 0, for ¢ = 1,2. In the last inequality we have used that |z — z;| < 127,
being z € Bigr(x¢). Therefore, we have

|5t(z — @) — )\um(z)‘ < ‘Vuml(z) (z—x1) — Ly, (107) uwl(z)’
+ | Vg, (2) - (2 — x2) — Ly, (107) ug, (2)| + C 7R = y(2). (4.17)
For the second factor, we note that for i = 1,2
|Vug, (2) - (z — wy) =Ly, (107)ug, (2)]
<[Vug, (2) - (2 — a) — Iy, (107)ug, ()] + ‘V(Uﬂct (2) — g, (Z)) (2 — )|
+ [, 107) [z, (2) = ua, (2)] + [ Lu,, (107) = L, (107)||ue, (2))]
<R 4 O g, (2)].

To estimate the last three addends we have used the very definition of u,, in (3.6), formula
(4.2) and inequalities (3.15)-(3.16) in Remark 3.2, taking into account that |z — z;| < 127 being
z € Byor(2¢). Therefore, we get

Vg, (2) - (2 = @) = Ly, (107)ug, (2)| < (2) + C (|ue, (2)| + |ua, (2)]) - (4.18)
By collecting (4.17) and (4.18), using Hélder inequality we conclude that there exists C' > 0

c ] —x Zn41]?®
I < gy [ oD D) + e ()] + () 22 a2

T

(
Vi ] 1/2
< o ([ o et az) ™

Tt

] Z—Xt Zni1 a 1/2
-(/—¢>(' ) (92(2) + Juay (2)]2 + |u12(z)|2)ﬁdz> . (4.19)
Clearly, we have that
[ oz @t o

<C Vg, (2) - (2 = 21) = L, (107)ug, ()2 [#nt1] d
Bio- (€0)\Bs- () |z — x4

+C (Vtta(2) - (2 — 22) — L., (107 gy (2) P L2 g 1 revasatiry
Bior (2¢)\Bsr (1) |2 — a4

<C |VUI1(Z) (2 —21) = Iy, (107) ug;l(z)‘2 Jznga]* d
B2+ (z1)\ B3z (21) ‘Z - $1|

+C |Vug, (2) - (2 — #2) — L, (107) tg, () Znal® o, + Cpntat2(ktl)
Biar (w2)\Bar (22) |z — @2

< CH,,, (247)A3Y,(21) + CH,,, (247) A3 (22) + Cm ot 20D

In the second inequality, we have used that Bio.(x¢) \ Bsr(z:) C Biar- (i) \ Bs-(x;) for t € [0,1],
and that |z—x;| < 2|z—m| as z € Bior(x¢) \ Bsr(21), @ = 1,2. Moreover, in the third inequality we
have applied estimate (4.6) in Lemma 4.3 to x1, 2 € B, N %, ¢ 5(u), with 71 = 247 and 7o = 37.
Furthermore, thanks to Corollary 3.7, we conclude

/_é(‘zi)ﬁtl)QbQ(Z) l\zzn:r;h dz
< CH,, (10r)A3Y, (1) + C Hy,, (107) A3, (25) + Crror2) (4.20)

In addition, thanks to (3.25) and |z — 2¢| > 57 we get

[ D (O + e )2 0

2
< o (e 22 (Bror am) + ezl 22(B1o, am)) < 4Hu,, (107) + 4H,,, (107) . (4.21)
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By collecting (4.19)-(4.21) we conclude that for some C > 0

1) c 247 241 nta+2(k+1)
J; SH,. (107 <Hu1,1 (107)AZ ) (21) + Hu,, (107)AG ), (22) + 7 )
C /2
—(H,_ (1 H, (1
* Hu”(IOT)( 0y (107) + Hu, 07))

1/2
. ( Uy (107’)A3T/2($1) +H, (107')A37/2(x2) _|_7_n+a+2(k+1))
1/ 20 9
<C (A% (@0) + (A% (@0) ") + € (A2 (02) + (A2 (2)) ) + O T+ C 57

where, in the last inequality, we have used Lemma 4.1 and that z1, 2o € B. N 2, 9 5(u).
Finally, in view of the very definition of the spatial oscillation of the frequency and Corol-
lary 3.13, we deduce for some constant depending on A that

I <0 ((AM(an) " + (A2 () ) + O (4.22)

4. We estimate next Jt(2). We start off noting that for all y € By \ B} (cf. (3.3))

d

o (L, () = D (3 (Teae el + 1) — e+ 1)

(4. 12)
1|2 (T, (00 (e + ) = Decolai + /)
< Clay = alynr| "y 1*7% < Crlynsa|*ly'[* 2. (4.23)

=

Then, arguing as in (4.4), thanks to estimate (3.15) in Remark 3.2, we get as k > 2

d
’/(b(l‘oif‘r) (um(ﬁt +y) &(La(uzt(xt +y))) dy‘
(4.23)
< Crt 1/¢ ) |te, (@ + 9)||ynsa]® dy

:CTk%/B ( )d’(lzfoit‘) |ta, (2)]| 2041 |* dz
107 (Tt

(3.15)
<

C prtet2ktl | o k-l / ¢(|zi)ff—ll) |um1(2)||zn+1|“ dz
Baor (1)

(3.27) ntat1
2

< CTn+a+2k+1 +Cr +kD;fl (407_) )

In addition, (3.8) and (4.13) yield
| [ o4 8:) Lalua, o+ )
< Oprtat2ktl | ‘ /qb 8 Uz, (X1 +Y) La(ug, (2 +y)) dy

< Cprbatakel | ok / (1LY [Ty, (2, + 4)] [y |"dy

nta+l
2

< Qe 4 or +kD;/;t (107).
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Therefore, by applying repeatedly Lemma 4.1, by taking into account (3.43) and by choosing 04 4
sufficiently small, we infer that

i N s
T Sy (D 4 DL (40m) 4 DI (10m))

3.37 26 0 1 0
<o g () i 00)
(322) 0(729 + 707/ (407) + 7' (107)) < o7’ (4.24)
= sy U, S )
since 1447 < 04 4.
The conclusion in (4.10) follows at once from estimates (4.22) and (4.24). O

5. PROOF OF THE MAIN RESULT

5.1. Mean-flatness. Here we show a control of the Jones’ S-number by the oscillation of the
frequency. Given a Radon measure p in R™+!, for every zo € R™ and for every r > 0, we set

Bu(xo,r) = i%f (7"_"_1 /B dist2(y,£)du(y))l/2, (5.1)

where the infimum is taken among all affine (n — 1)-dimensional planes £ C R™*1.
If zp € R™™! and r > 0 is such that (B, (zg)) > 0, set T, , the barycenter of p in B, (z), i.e.
1

T(ZO)

oo = s PRIZCE

and
B,,(v,w) := / ((x — Tagr) - v) ((x — Tayr) - w) du(z) Vo, we R
B, (x

Then . s

Byu(xo,7) = (r‘”‘l (An + An+1)) 2, (5.2)
where 0 < A\p1 < A, < --- < A are the eigenvalues of the positive semidefinite bilinear form
B,,.

Proposition 5.1. Let A, 6 > 0. Then there exist constants Cs1, 051 > 0 with this property.
Let 122r < 051, 0 € Z,0,56(u) and I,,(66r) < A. Let p be a finite Borel measure with spt (p) C
Z,05(u). Then, for all points p € B, N %, 9 5(u), we have

2 C&l 24 r 2
o) < 2 ( [, A )+ %(Br(p))) . (53)

Proof. The proof is a variant of the [15, Proposition 4.2], which in turn follows closely the original
arguments by Naber and Valtorta in [24, 25|, therefore we only highlight the main differences.

Without loss of generality assume that p € B, NT',(u) N 2, 9 5(u) is such that p(B,.(p)) > 0
(otherwise, there is nothing to prove). Let {v1,...,v,+1} be any diagonalizing basis for the bilinear
form B, introduced in § 5.1, with corresponding eigenvalues 0 < A1 < Ay <o < Aq

Since spt (1) C T'y(u) € R™ x {0}, we may assume that v,41 = €,41, Any1 = 0, so that
Bu(p,r) = (r~""1\,)"2 by (5.2). Clearly, we may also assume that A,, > 0.

From the very definitions of B, and of its barycenter we deduce

P2 (p, 1) / V"t (2) 2| 2 |z
Bi1r(p)\Bior(p)

< n/ / ((z — ) Vup(z) — aup(z))z\zn+1|“dz dp(z), (5.4)
B, (p) Y Bi2r(z)\Bgr(x)

where
1

= (B /Br(p) L., (9r)du(z).
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Next we estimate the two sides of (5.4).
For estimating the left hand side of (5.4), we can show by compactness that

D, (12r) < 0/ IV up(2) | 2n41|d2. (5.5)
Bi1r(p)\Bior(p)

Here we use the same contradiction argument in [15, Proposition 4.2] using the compactness given
by Corollary 3.15.

For what concerns the right hand side of (5.4) we proceed as follows. By the triangular inequality
we have that

r.hs. of (5.4)

S (2 = ) - V(=) — L0, (90) a(2) |z [* d2 ()

By (p) / Bizr(2)\Bor (x)

2 a

+ 4n/ / ((z =) - V(ug — up)(2) — a (ug — up)(2)) |zn41|* dz dp(z)

By(p) Y Bizr(z)\Bor(z)

2
* 4n/ / (qu (9r) — 0‘) U (2)|2nga|* dz dp(z) =: Jy + Jo + Js. (5.6)
#(p) 4 Bizr(z)\Bor(x)

The addends J; and J3 can be treated as in [15, Proposition 4.2]. Indeed, for J; we use Lemma 4.1
and Lemma 4.3 for a suitable choice of the constants to get

L <Cr / H,, (24r) A2 (2) du(x) < C'r H, (127) / AT () du(z).  (5.7)
B.(p) B (p)

For J3 we use Jensen’s inequality, Proposition 4.4, Fubini’s Theorem, inequality (3.25) and (4.1)
in Lemma 4.1 to get

Jy < C’rHup(12r)(/

oy A @ @) + (B ) ). (5.8)

Note that the extra term with respect to [15, Proposition 4.2] arises as a consequence of the
additional error term in Proposition 4.4.

To estimate J in (5.6) we first note that V(Ti.[¢]) = Th-1[Ve]. Then, we use estimates
(3.15) and (3.16) in Remark 3.2 to deduce that for all x € B,(p) and z € Bja,(z) \ By, (x) we have

(2 = @) V(tg — up)(2) — o (u, — 1) (2))”
< C (PIV(Tralpl(2) = Trplel(2) 2 + 02 Thalpl(2) = TrplelP(2)) < €240,
Therefore, integrating the last estimate we conclude that
Jo < Crtat2k 3 (B (). (5.9)
We can now collect the estimates (5.5)—(5.9) and use Corollary 3.13 to get
7""“53 (p,7)Dy,, (127)

<Crit,,(120) [ (83() + A% () du(o)
Br(p)
T OB, () Ha, (127) + C 14243 (B ()

rn+a+2(k+1)

<crm, ([ A dule) + (% S (B ).

Finally, by assumption p € 25, 9,s, then ec“-ll“9"“(127")91%(127") > 1+ s (cf. Proposition 3.11,
Corollary 3.16 and the choice 122r < 1), so that the upper inequality in (3.43) yields (5.3). O
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5.2. Rigidity of homogeneous solutions. In this section we extend the results on the rigidity
of almost homogeneous solutions established in [15].

We denote by H the space of all non-zero A-homogeneous solutions to the thin obstacle problem
(3.1) with zero obstacle,

Hy = {u € Hb (R™ dm) \ {0} : w(z) = |z]* u(/121), u|p, solves (3.1) with ¢ = 0},
and set H := U/\21+s Hy. The spine S(u) of v € H is the maximal subspace of invariance of u,
S(u) == {y eR"x {0} : u(x+y)=ulx) Ve R”“}.

As observed in [15], the maximal dimension of the spine of a function in A is at most n — 1 and
we set u € H'P if u € H and dim S(u) = n — 1, and H'°% := H \ H'*P. All functions in H*P are
classified in [15, Lemma 5.3]. Note also that by Caffarelli, Salsa and Silvestre [9]

Hips CH™P. (5.10)

We next introduce the notion of almost homogeneous solutions. Given 6 > 0 and zg € Z, 4.5
we set

Ju,, (t) = ecg’“tgfuzo (t) Yte(0,0311].

Definition 5.2. Let n > 0 and let w : B; — R be a solution to thin obstacle problem (3.1) with
obstacle ¢ (as usual ||<p||ck+1(31) < 1). Assume that 0 € 2,9 5 and ¢ < p3.11, u is called n-almost
homogeneous in B, if

Juo (2/2) = Jug (¢/2) < 1.
The following lemma justifies this terminology and it is the analog of [15, Lemma 5.5].

Lemma 5.3. Let ¢, A > 0. There exists 5.3 > 0 with the following property: for every § > 0
there exists 5.5 such that, if u is a 15 3-almost homogeneous solution of (3.1) in B, with o < 953
and obstacle ¢, 0 € Z, 9 5(u) and L,y (05.3) < A, then

0.0 = |l 115, am) < € (5.11)

for some homogeneous solution w € H.

Proof. The proof follows by a contradiction argument similar to [15, Lemma 5.5]. Assume that for
some €, A > 0 we could find sequences of numbers ¢;, ; and of 1/i-almost homogeneous solutions
w; of (3.1) in B,,, with g; arbitrarily small, such that 0 € 2, 9 5(u;) and

lrllfiigg-[ H(ul)QQl - w"Hl(B1/4,dm) > €, (5.12)

and satisfying the bounds I(,,), (o) < A.

Consider v; := (u;)o,q,, then by Corollary 3.15 applied to v; there would be a subsequence,
not relabeled, converging in H!(B;,dm) to a solution v, of the thin obstacle problem with zero
obstacle. By Proposition 3.11 there is some A’ independent of I such that I(,,),(t) < A’ for all
t € (0, 0], then from (3.23) in Corollary 3.7 we would infer that

2 2 ,
/¢ 2T l |Tpy1|*de = —hm/qﬁ 2oy 'T;“ |21 | = lim M > g-(ntat24”)
in turn implying that vy, is not zero. On the other hand, we would also get

Ty ('/2) = Ttw)o (/1) = 1m0 (o (12) = i) (1/4)) = Hm (T (9/2) = e, (21/4)) = 0,

and thus we would conclude that v,, € H being a solution to the lower dimensional obstacle
problem with constant frequency (see for instance [15, Proposition 2.7]). We have thus contradicted
(5.12). O

A rigidity property of the type shown in [15, Proposition 5.6] holds for the non-zero obstacle
problem.
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Proposition 5.4. Let A, 7 > 0. There exists 5.4 > 0 with this property. For every § > 0 there
exists 05.4 such that, if u is a 15 4-almost homogeneous solution of (3.1) in B, with o < g5.4 and
obstacle ¢, 0 € 2, 0.5(u) and Iy, (05.4) < A, then the following dichotomy holds:

(i) either for every point x € B;/2 N Z,,0,5(u) we have
| Ju, (2/2) = Jug (2/2)] < T, (5.13)
(ii) or there exists a linear subspace V.C R™ x {0} of dimension n — 2 such that
Yy € B;/2 N .;@ia’g,(s(’u)7
Ju, (¢/8) = Ju, (¢/16) <154

Proof. The proof proceeds by contradiction and follows the strategy developed in [15, Proposi-
tion 5.6]. Let A, 7 > 0 be given constants and assume that there exist d;, ¢; and a sequence (u;);en
of 1/i-almost homogeneous solutions in B,, such that 0 € 2, g.5,(u1), I(u,),(@1) < A and such that:

o1,
(i) there exists x; € By, , N Z5, 9,6, (u) for which

Ty (@/2) = Japu(@2)| > . (5.15)

(i) for every linear subspace V' € R"x {0} of dimension n—2 there exists y; € B!
(a priori depending on V') such that

J(ul)yl (91/8) — J(ul)yl (91/16) < 1/l and diSt(yl, V) > TO- (516)

= dist(y,V) < 7o. (5.14)

mg@lﬁﬁz (ur)

o1 /4

We consider the rescaled functions v; := (u;)o,p, : B2 — R. By the compactness result in Corol-
lary 3.15 we deduce that, up to passing to a subsequence (not relabeled), there exists a nonzero
function v, solution to the thin obstacle problem (3.1) in By with null obstacle such that v; — v
in H'(By,dm). Moreover, vo, € H thanks to Lemma 5.3.

If voo € H*°P, then (5. lo) is contradicted. Indeed, up to choosing a further subsequence, we
can assume that z; := g o) = 20 € 31/2 Note that the points z; € N(v;), as z; € Ty, (w), s
that

n+a

Q 2
vi(21) = (w)o,e (21) = W(UI)O(SW) =0.

In addition, by (3.10) and being &[T} o[¢i]] even with respect to {41 = 0} (cf. Lemma 2.1), for
all [ we infer that

nta
. a ’ o 9, 2 . ’ _
lim £ 0n101(2, £) = " () lim 22 3n+1(w(fﬂu t) g[Tk,g[sﬁlH(%t)) =0.

(w)o

Hence, we conclude that zeo € N (vs) in view of (3.52). Moreover, by taking into account the
very definition of v; and Remark 3.4 we get by scaling

1o [ G211 — 200])| Voo Plamsa [z 12 [ G(21])| Voo [2ln s |*da
Lo, (/2) = Topa (1) = | L2121 pltde 14 "

— [0l — 2l S e ltde [ o) M waga]eda
\ \ |z
e |M2S 8Cle =D VuPlenaltdr e [ $@le])| Vo lean | de
— . AP) . v |2
e | — [O2le — al) pilzagaltde = [ SRl HEE [ |0da
) afs [ (LD V(w)ollensa|?dz  efaD,), (/)
= lim —
oo | [ ezl Mol , L fady Huyyo(21/2)
/2D,y (e/2 o /oDy (€1/2) ] (3.
= Jim [P0 OR) SRDn O 029y (1, (0) ~ g0
=400 H(ul)m,(gl/2) Hy),(21/2) 15400
=l [Ty, (@1/2) = T (@) 2 7,
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which is a contradiction to the constancy of the frequency at critical points of the homogeneous
solution ve, € H'™P (see [15, Lemma 5.3]). The fourth equality is justifed by taking into account
that «; € 2,05 (w) (cf. (3.37) and (3.39)), and in view of estimates (3.15) and (3.16) in
Remark 3.2, in turn implying for all z € B, ;,(2;) (recall that Ql_lxl — Zoo)

[(w)o(2) = (w)a, () < Cof™, [V((w)o(2) = (w)a (2))] < Cof-
Moreover, (3.43) can be employed in the last two equalities as x; € B;l/4 N 2,06 (ur).

Instead, if voo € H'°Y, we show a contradiction to (5.16) with V any (n — 2)-dimensional
subspace containing S(vs. ). Indeed, let y; be as in (5.16) for such a choice of V. By compactness,
up to passing to a subsequence (not relabeled), z; := Qflyl — Zso for some z,, € Bl/Q with
dist(ze0, V) > 7. In addition, arguing as before

[ voe)on (18) = Twn)... (1/16)]

esD ou/8 e1/16D 0/16) | (3.4
= / (ul)yz( /) B / (Ul)yl( / ) (d.:,s lim ‘I(ul) gl/g) I(ul)y (91/16)
oo | H,, (2/5) Huwy),, (¢1/16) I—+00
- l—1>i—ri-noo ‘J(ul)yz (er/f8) = ‘](uz)yl (20/16)| = 0.

Again, note that (3.43) can be employed since y, € B;, , N 2, 0,5, (w). By [15, Proposition 2.7,
Lemma 5.2] it follows that z € S(vso), thus contradicting S(ve) C V and dist(ze0, V) > 7. O

5.3. Proof of Theorem 1.2. We start off noting that it suffices to prove that I'y, o(u) N B1(zo)
satisfies all the conclusions for all g € I'y, g(u). For all R € (0,1), we can find a finite number
of balls Brp(x;), ©; € Typg(u) for i € {1,..., M}, whose union cover Ty g(u) N By(zg). We
shall choose appropriately R in what follows. Moreover, with fixed i € {1,..., M}, by horizontal
translation we may reduce to z; =0 € 'y, (u) without loss of generality.

Then, recalling the definition of I', g(u) in (1.8) we have that

Ty0(u) N By, = Ujefo’f 0.1/ (1),
where

féffe % = {xo eTy(u)N Bﬁg/2 D Hy, (1) > et 0 i e e (0, R/2)}

Hence, we may establish the result for Q”LPRG " (u) with j € N fixed.
Next, note that as 0 € T'(u), the function

u(y) == u(Ry) — u(0)
solves the fractional obstacle problem (3.1) in B; with obstacle function ¢(-) := ¢(R-) — ¢(0).
Moreover, I'zg(u) N By, = +(Tpo(w) N Bg/z), with @./5(-) = uz(R) if 2 € Ty p(u) N By,
being Ty, =/ [@0]() = Tk,2[0](R-). Thus, we get that z € 2 91/( u) if and only if z/r € 31/2
25,0, p2e41-0); (). In addition, it is easy to check that

[6ller+1 () < RIVeler s, g -

We choose R > 0 sufficiently small so that [|¢]|cr+1(p;,) < 1 and the smallness conditions on the
radii in all the statements of Sections 3-5 are satisfied.

In such a case the proof, of the main results can be obtained by following verbatim [15, Sec-
tions 6-8]. Indeed, [15, Proposition 6.1], that leads both to the local finiteness of the Minkowskii
content of 23 9 5(u) and to its (n — 1)-rectifiability, is based on a covering argument that exploits
the lower bound on the frequency in Corollary 3.16, the control of the mean oscillation via the
frequency in Proposition 5.1, the rigidity of almost homogeneous solutions in Proposition 5.4,
the discrete Reifenberg theorem by Naber and Valtorta [24, Theorem 3.4, Remark 3.9], and the
rectifiability criterion either by Azzam and Tolsa [2] or by Naber and Valtorta [24, 25]. Therefore,
the only extra-care needed in the current setting is to start the covering argument from a scale
which is small enough to validate the conclusions of the lemmas and propositions of the previous
sections.
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Finally, the classification of blow-up limits is exactly that stated in [15, Theorem 1.3], and

proved in [15, Section 8], in view of Lemma 3.14 and Corollary 3.15.
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