THE LOCAL STRUCTURE OF THE FREE BOUNDARY IN THE
FRACTIONAL OBSTACLE PROBLEM

MATTEO FOCARDI AND EMANUELE SPADARO

ABSTRACT. Building upon the recent results in [13] we provide a thorough description of the
free boundary for the fractional obstacle problem in R™*! with obstacle function ¢ (suitably
smooth and decaying fast at infinity) up to sets of null H?~! measure. In particular, if ¢
is analytic, the problem reduces to the zero obstacle case dealt with in [13] and therefore we
retrieve the same results:
(i) local finiteness of the (n — 1)-dimensional Minkowski content of the free boundary (and
thus of its Hausdorff measure),
(i) H™l-rectifiability of the free boundary,
(iii) classification of the frequencies up to a set of Hausdorff dimension at most (n — 2) and
classification of the blow-ups at H"~! almost every free boundary point.
Instead, if ¢ € C*T1(R™), k > 2, similar results hold only for a distinguished subset of points
in the free boundary where the order of contact of the solution and the obstacle is less than
k+1.

1. INTRODUCTION

Quasi-geostrophic flow models [9], anomalous diffusion in disordered media [4] and American
options with jump processes [10] are some instances of constrained variational problems involving
free boundaries for thin obstacle problems. In this paper we analyze the fractional obstacle problem
with exponent s € (0, 1), a problem that can be stated in several ways, each motivated by a different
application and suited to be studied with different techniques. We follow here the variational
approach: given ¢ : R®™ — R smooth and decaying sufficiently fast at infinity, one seeks for
minimizers of the H®-seminorm

AN \|2
[U]%—Is ::/ |11(:U) /U(y )| d.T/ dy/
Rrxge [T — Y[R

s € (0,1), on the cone
o = {v e @) : o) > pla) ).

where H*(R") is the homogeneous space defined as the closure in the H® seminorm of C°(R™)
functions. Existence and uniqueness of a minimizer w follow for all s € (0,1) if n > 2 (the case
n = 1 requires some care see [21] and [3]). In addition, defining the fractional laplacian as

(—A)v(x") == cps P.V./ Mdy',

1'/ _ y/|n+2s

n

for v e H #(R™), the Euler-Lagrange conditions characterize w as a distributional solution to the
system of inequalities

w(z') > p(z’) for ' € R,
AYw(z') =0 for w(z') > ¢(2), (1.1)
AYw(z') >0 for 2/ € R™.
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2 M. FOCARDI AND E. SPADARO

The most challenging regularity issues are then that of w itself and that of its free boundary
Ly(w) :=0{z' e R" : w(a’) = p(a')}.

To investigate the fine properties of the solution w of (1.1) the groundbreaking paper by Caffarelli
and Silvestre [7] introduces an equivalent local counterpart for the fractional obstacle problem in
terms of the so called a-harmonic extension argument. Indeed, it is inspired by the case s = 1/2,
in which it is nothing but the harmonic extension problem. More precisely, setting a = 1 — 2s for
s € (0,1) and m = |z,41|*L™ "L, it turns out that any function w satisfying (1.1) is the trace of a
function u € H'(R"*! dm) solving

u(z’,0) > ¢ for (2/,0) € R™ x {0},

w(@ wpy1) = u(@', —xzpg1) for = (2/,2,41) € RV,
div(|zn41]*Vu(z)) =0 for @ € R™™\ {(2/,0) : u(a’,0) = (')},
div(|zp41]"Vu(z)) <0 in the sense of distribution in R™*1

(1.2)

Note that u is unique minimizer of the Dirichlet energy
[ 19t
Rn+1

on the class & := {v e HY(R"",dm) : 9(a’,0) > ¢(a')}. Viceversa, the trace u(2’,0) on the
hyperplane {z,,+1 = 0} of a solution u to (1.2) is a solution w to (1.1).

One then is interested into regularity issues for u and for the corresponding free boundary
I',(u) (with a slight abuse of notation we use the same symbol as for the analogous set for w):
the topological boundary, in the relative topology of R™, of the coincidence set of a solution u

Ap(u) == {(m'70) e R™ u(2,0) = cp(x’)}.
The locality of the operator
Lo(v) == div(|zn11|*Vo(z))
in (3.1) is the main advantage of the new formulation to perform the analysis of I',(u). Indeed,
being I',(u) = I',(w) it permits the use of monotonicity and almost monotonicity type formulas
analogous to those introduced by Weiss and Monneau for the classical obstacle problem (cf. [5, 6,
22, 18)).

Optimal interior regularity for u has been established Caffarelli, Salsa and Silvestre in [8,
Theoren 6.7 and Corollary 6.8] for any s € (0,1). The particular case s = 1/2 had been previously
addressed by Athanasopoulos, Caffarelli and Salsa in [1]. Instead, despite all the mentioned
progresses, the current picture for free boundary regularity theory is still incomplete. In this
paper we go further on in this direction and deal with the non-zero obstacle case following the
recent achievements obtained in the zero-obstacle case in [13, 14]. Drawing a parallel with the
theory in the zero-obstacle case, the free boundary I',(u) can be split as a pairwise disjoint union
of sets:

I',(u) = Reg(u) U Sing(u) U Other(u), (1.3)
termed in the existing literature as the subset of regular, singular and nonregular/nonsingular
points, respectively. These sets are defined via the infinitesimal behaviour of the rescalings of the
solution itself. More precisely, for zo € I',(u) a function ¢, related to ¢ can be conveniently
defined (cf. (3.46) and (3.48)) in a way that if

nta
_ 17 (u(zo+71Yy) — pag (20 + 1Y)
Usg,r(Y) == )

(o, (1= o erafoarin)

then the family of functions {uy, ,}r>0 is pre-compact in HL_(R"*! dm) (see [8, Section 6]).
The limits are called blowups of u at z(, they are homogeneous solutions of a fractional obstacle
problem with zero obstacle. The set of all such functions is denoted by BU(x). Their homogeneity
A(zo) depends only on the base point xg and not on the extracted subsequence, and it is called
infinitesimal homogeneity or frequency of u at xg. It is indeed the limit value, as the radius
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vanishes, of an Almgren’s type frequency function related to u which turns out to be non decreasing
in the radius. Given this, one defines

Reg(u) :={x € Ty(u) : Maxo) =1+s}, Sing(u) :={z € T'y(u): A(zo) =2m, m € N},

Other(u) := Iy (u) \ (Reg(u) U smg(u)).
According to the regularity of ¢ different results are known in literature:

(i) Regular points: in [8] for ¢ € C*1(R™) optimal one-sided C1* regularity of solutions is
established. Moreover, Reg(u) is shown to be locally a C1® submanifolf of codimension 2
in R"*! (non-optimal regularity of the solution had been previously established in [21]);

(ii) Singular points: for ¢ analytic and a = 0 it is proved in [15] that Sing(u) is (n — 1)-
rectifiable. The latter result has been very recently extended to the full range a € (—1,1)
and to p € C¥*1(R™), k > 2, in [16]. Furthermore, fine properties of the singular set have
been studied very recently by Ferndndez-Real and Jhaveri [11].

It is also worth mentioning the paper by Barrios, Figalli and Ros-Oton [3], in which the authors
study the fractional obstacle problem (1.1) with non zero obstacle ¢ having compact support
and satisfying suitable concavity assumptions. Under these assumptions, they are able to fully
characterize the free boundary, showing that Other(u) = () and that at every point of Sing(u) the
blowup is quadratic, i.e. the only admissible value of m is 1. In addition, they are able to show
that the singular set Sing(u) is locally contained in a single C'-regular submanifold.

For ease of expositions we start with the simpler case in which the obstacle function ¢ is analytic,
actually the slightly milder assumption (1.4) below suffices (see Section 3 for related results in the
case ¢ € C*1(R")). Indeed, after a suitable transformation (see Section 2.1) such a framework
reduces to the zero obstacle case since in this setting @ turns out to be exactly the a-harmonic
extension of ¢. Thus, in view of [13, Theorems 1.1-1.3] we may deduce the following result.

Theorem 1.1. Let u be a solution to the fractional obstacle problem (1.2) with obstacle function
@ :R™ = R such that

{p >0} CCR", ¢ is real analytic on {p > 0}. (1.4)
Then,

(i) the free boundary T'y,(u) has finite (n — 1)-dimensional Minkowski content: more precisely,
there exists a constant C > 0 such that

LT (D)) < Cr* Vre(o,1), (1.5)

where Tp(Ty(u)) := {x € R* : dist(z,[(u)) < r};
(i) the free boundary T',(u) is (n — 1)-rectifiable, i.e. there exist at most countably many
C*-regular submanifolds M; C R™ of dimension n — 1 such that

H" 1Ty (u) \ UienM;) = 0. (1.6)

Moreover, there exists a subset X(u) C I',(u) with Hausdorff dimension at most n — 2 such that
for every xg € T'y(u) \ E(u) the infinitesimal homogeneity A of u at xo belongs to {2m,2m — 1 +
s,2m + 28}m€N\{0}.

The analysis is more involved in case ¢ is not analytic, since one cannot in principle avoid
contact points of infinite order between the solution and the obstacle, and the free boundary can
be locally an arbitrary compact set K C R™ (explicit examples are provided in [12]). In view of
this, we follow the existing literature and we consider only those points in the free boundary in
which u has order of contact with ¢ less than k 4 1: given u a solution to the fractional obstacle
problem (1.2) and given a constant 6 € (0,1) we set

Tyo(u) == {x0 € Ty(u) : 1imi ionfr’("+“+2(k“’9))Humo (r) >0}, (1.7)
where H,, is defined in (3.16) and it is related to the L?(dB,, dm’) norm of u, , (cf. Section 3

for more details). For this subset of points of the free boundary we can still prove some of the
results stated in Theorem 1.1.
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Theorem 1.2. Let u be a solution to the fractional obstacle problem (1.2) with obstacle function
o € CHYR"), k > 2, and let 0 € (0,1). Then, Ty g(u) is (n—1)-rectifiable. Moreover, there exists
a subset Xg(u) C T'y, g(u) with Hausdorff dimension at most n—2 such that for every xq € 'y g(u)\
Yo(u) the infinitesimal homogeneity A of u at xo belongs to {2m,2m — 1 + 8,2m 4 25} e {0} -

2. ANALYTIC OBSTACLES

In this section we deal with analytic obstacles. We report first on some results related to the
Calffarelli-Silvestre a-harmonic extension argument that will be instrumental to reduce the analytic
type fractional obstacle problem to the lower dimensional obstacle problem. We provide then the
proof of Theorem 1.1.

2.1. Extension results. We start off stating a lemma in which it is proved that there exists a
canonical a-harmonic extension of a polynomial which is a polynomial itself (see [16, Lemma 5.2]).
We denote by &;(R™) the finite dimensional vector space of homogeneous polynomials of degree
leN.

Lemma 2.1. For every | € N, there exists a unique linear extension operator & : P (R™) —
2 (R™Y) such that for every p € 2(R™) we have

—div(|zn4+1]|*Véi[p]) =0 in 9'(R"H1),
ép)(z',0) = p(z) for all 2’ € R™,
D), ~nsr) = Bl Tnsr) for all w € R,

Proof. Let p € 2(R™) and set
[1/2]
0
Gilpl(@', wpgr) == Zp%(m/)wnjﬂv
3=0
with pojio(a’) = fmApgj(a:’) and pg = p. It is then easy to verify that & satisfies all
the stated properties. O

Remark 2.2. In particular, & is a continuous operator, [ € N. We will use in what follows that
there exists a constant C' = C(n,[) > 0 such that for every p € 92, (R™) and for every r > 0

1€1p]ll > (B,) < CllpllL=(s,)-

We provide next the main result that reduces locally the analytic case to the zero obstacle case
(cf. [16, Lemma 5.1)).

Lemma 2.3. Let ¢ : Q — R be analytic, & C R™ open. Then for all K CC Q x {0} there exists
r > 0 such that, for every xg € K, there exists a function &, [¢] : Br(zo) = R such that

(i) —div(|zns1|"Véa,[g]) =0 in @/(Br(xo));
(i) &, [e)(2,0) = @(a") V (2',0) € Br(x0);
(iil) &%, le] is analytic in B, (xg).

Proof. For every zp as in the statement, we can locally expand ¢ in power series as p(z') =
> o Cal®’ —x0)®. Then, we set &, [p](7) = ), cabla|[Pal(® — z0) Where p,(2') := (2')*. From
the explicit formulas in the proof of Lemma 2.1 it is easily verified that the power series defining
&xolp) Is converging in B,(xo) and gives an analytic a-harmonic extension in B, (z¢) with r > 0
uniform on compact sets. O

2.2. Proof of Theorem 1.1. Theorem 1.1 follows straightforwardly from [13, Theorems 1.1-1.3].
As explained in the introduction w(z') = u(z’, 0) solves the fractional obstacle problem (1.1). By
the maximum principle u(z’,0) > 0 for all ' € R™. Therefore, I',(u) C {¢ > 0} CC R™. Let
r > 0 be the radius in Lemma 2.3 corresponding to the compact set I',(u). By compactness we
cover I',(u) with a finite number of balls B,(z;), with 2; € R™ x {0}. In each ball B,(z;) we
consider the corresponding function u — &, [¢], with &, [p] provided by Lemma 2.3, and note that
it solves a zero lower dimensional obstacle problem (1.2). Hence, we can conclude by the quoted
[13, Theorems 1.1-1.3].



THE FREE BOUNDARY OF THE FRACTIONAL OBSTACLE PROBLEM 5

3. CFtl OBSTACLES

In this section we deal with the more demanding case of ohan obstacles, k > 2. It is convenient
to reduce the analysis of (1.2) to that of the following localized problem
u(z’',0) > () for («/,0) € By,
w(@',xpy1) = u(r', —xp41) for = (2',2,41) € Br,
div(|zn41|*Vu(z)) =0 for x € Br\ {(2,0) : u(2’,0) = p(z)},
div(|zp41]"Vu(z)) <0 in 2'(BRr),

(3.1)

for ¢ € CkT1(BY%). In what follows, we shall assume that [llor+1(mry < 1. This assumption can
be easily matched by a simple scaling argument (cf. the proof of Theorem 1.2).
For any x¢ € B we denote by T} ,,[¢] the Taylor polynomial of ¢ of order k at z(:

T 2o [P](2) = Z %fxo)pa(z’ — x0),

la|<k
where a = (ay,...,a,) € N, D* =091 - 097, pa(2') := (2)* = 27" --- 20, o] = 4. . .4y
and a! := aq!--- ay,!. In what follows we will repeatedly use that (recall [|¢[lcr+1(py) < 1)
1
AN ! I k+1
Tion A1) = 9] £ sl = ol (32)
Let then &[Ty 4, [¢]] be the a-harmonic extension of T}, ;,[¢], namely
Dp(x0)
ETiao @] (@) = D == lallpal- — 20)](2),
|| <k '

where & are the extension operators in Lemma 2.1. By the translation invariance of the operator,
we point out that

Eal[Pal- — 20)](z) = Ejo[Pal(® — 20)- (3.3)

Set
Puo () = @(") = Trao [0] (&) + & [T 2o 0] (), (3.4)

and
Ugy (T) 1= u(T) — @z, (7). (3.5)

Recalling that &[Tz, [¢]](2/,0) = Tk .z, [¢](2'), then Ay (u) = {(2/,0) € Bf : ug,(2’,0) = 0}, and
thus in particular I',(u) = dp; {(2',0) € B} : ug,(2’,0) = 0}, where Jp; is the relative boundary
in the hyperplane {z,+1 = 0}. We note that u,, is not a solution of a fractional obstacle problem
as in (3.1) with null obstacle, but rather of a related obstacle problem with drift as discussed in
what follows (cf. (3.13)).

First, from the regularity assumption on ¢ and Lemma 2.1 we infer that L, (¢4,) is a function
in L'(By,dm). Indeed, for some C = C(n,a) > 0 and for all z € By \ Bj it holds

| La(pay ()] = [div(J2n41]*V (@ = Th,ao [#]) (2))]
= [n11]*8((@") = T [9)(2))] < Clania|®l2” — 2ol (3.6)

In turn, this yields that the distribution L, (u,,) is actually a function in L'(B;,dm) such that
for all x € By \ B

| La(ttag (2))] = |La (020 (2))] < Clnsa|*|2" — 2ol (3.7)

for some constant C' = C(n,a) > 0.
The following result resumes the regularity theory developed by Caffarelli, Salsa and Silvestre
in [8, Proposition 4.3].

Theorem 3.1. Let u be a solution to the fractional obstacle problem (3.1) in By then Oyug €
C*(By) fori=1,...,n, [2y41]|°0p, ., u0 € C*(By) for all « € (0,1—s5), and there exists a constant
Cs1 =C31(n,a) > 0 such that

[V'ugllcs (B, ) + lIsign(@nt1) [2n41]"Ox, 1y tollcw (B, 0) < a1 ol 2By am)s (3.8)
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where V'ug = (0z, g, - . ., Oy, o) is the horizontal gradient.

In particular, the function u is analytic in {an > 0} (see, e.g., [17]) and the following
boundary conditions holds:

liH¢10+ T Oprru(a’ 2pqr) =0 for (2,0) € By x {0} \ Ay(u), (3.9)
Tn41
linil0+ Ty Oppru(a’ xpq) <0 for (2/,0) € By, (3.10)
Tn41
(u(x) — ¢(2')) div(|zni1|*Vu(z)) =0 in 2'(By). (3.11)

More precisely, the left hand side in (3.11) is a measure supported on Bj. Furthermore, for
B, (z9) C By and zy € Bj, an integration by parts implies that

/ IVl | — / IV 0o P | d
Br(z0) B (z0)

— [ W Plenalde 2 [ Vi, Vel
Br(wo) B,«(Jlo)
— [ N Plealde =2 [ La(en)ded2 [ O foalde,
By(z0) B, (z0) 0B, (z0)
(3.12)
where in the second equality we have used that &[T} ., (¢)] is even with respect to the hyperplane
{zpn4+1 = 0} to deduce that

im0 41P0, ()| Tn41]* = 0.
:En+14)0

In particular, since the last addend in (3.12) only depends on the boundary values of u,,, it follows
that u,, is a minimizer of the functional

/ |Vol?|zp11|*de — 2/ vLa(pz,) dx (3.13)
Br(zo) Br(zo)

among all functions v € u,, + H} (B, (o), dm) and satisfying v(2’,0) > 0 on B..(zg). Equivalently,
we will say that wu,, is a local minimizer of the functional in (3.13) subject to null obstacle
conditions.

Remark 3.2. We record here some bounds that shall be employed extensively in what follows. By
using the linearity and continuity of the extension operator & (cf. Remark 2.2), together with
estimate (3.2) we get for all z € By

[tag (2) = ttay (2)] = 020 (2) = @1 (2)] < C T [](2) = T [9](2)|
< Cp(2) = T [01(2)] + C |(2) = T[] (2)]
< C(|z = zo* ™ 4 |z — 21 [FFY), (3.14)
and
19 1t (2) =ty ()] = |92 (2) = 921 (D] < CIY T [91(2) = T [1(2))]
< CIV((2) = T [0 ()] + C[V((2) — Thom [2](2))]
< C(|z =m0 + |2 — 1|7 (3.15)
for some constant C = C(n,a, k) > 0.

3.1. A frequency type function. Building upon the approach developed in [13] we consider a

quantity strictly related to Almgren’s frequency function and instrumental for developing the free
boundary analysis in the subsequent sections. Let ¢ : [0, +00) — [0, +00) be defined by

1 for 0<¢

ot):=q2(1—t) for 1<t

0 for 1<t,

1
2
1

)
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then given the solution w to (3.1), a point xg € B} and the corresponding function us, in (3.5),
we define for all 0 < r < 1 — |z|

rGu,, (r)
I’u,zo (T) = 7Huzo ('r)
where
1 ) T—x x—xq a
Guzo (T) = _;/¢<| p 0‘) uxo(x)Vug;O(m) . m ‘xn-&-l‘ dl‘,
and
i |xt—xo “io(z) a
H,, (r) = _/¢(| ol ) el 0 dar (3.16)

Here ¢ indicates the derivative of ¢. Clearly, Ly, (r) is well-defined as long as H,, (r) > 0, in
what follows when writing 1, (r) we shall tacitly assume that the latter condition is satisfied.
For later convenience, we introduce also the notation

Do, () i= [ 0(2520) [V @) 12

and

] —T T—x T— 2 a
By, (r) = / (sl ) el (Vg (@) - 2220 ) Jna | da.
In particular, note that for all r > 0

H

UIO

(r) By, (r)—Gs, (r) >0 (3.17)
by Cauchy-Schwarz inequality.

Remark 3.3. In case ¢ = 0, then u,, = u for all 9 € B} and G, = D,,. Thus, quo boils down to
the variant of Almgren’s frequency function used in [13].

Remark 3.4. If u is a solution to the fractional obstacle problem (3.1), then for every ¢ > 0,
xo € B{ and r > 0 such that B,(x¢) C B, the function 4(y) := cu(xg + ry) solves (3.1) on
B; with obstacle function ¢(y) := co(xzg + ry). Therefore, if 1 = z¢ + ry1 € B} we have
Lo, (1Y) = ¢ Tho o, [l (w0 + ") and @y, (y) = cuq, (w0 +7y). Thus, Ia, (p) = Ly, (pr) for every
p€(0,1).

In particular, this shows that the frequency function is scaling invariant, in the sequel we will
use this property repeatedly.

3.2. Almost monotonicity of I, at distinguished points. In this subsection we prove the
quais-monotonicity of I, ~for a suitable subset of points of the free boundary. We prove first
some useful identities in a generic point zg of Bj.

Lemma 3.5. Let u be a solution to the fractional obstacle problem (3.1) in By. Then, for all
xo € By and t € (0,1 — |zol|), it holds

Doy ()= Gy ()~ [ 6(52 s () Latz, () s (3.18)
%(Hum ) =20 H, (1) +2G.,, (®) (3.19)

%(Duw0 (t) = %‘H Dy, (t) +2Ey, () — % /(b(@)Vuwo () - (x — 20) Lq (s, (2)) da.
(3.20)

Remark 3.6. Note that the last addends in (3.18) and (3.20) are well-defined thanks to (3.7).

Proof. To show (3.18), (3.19) and (3.20), we assume without loss of generality that 2o = 0.
For (3.18) we consider the vector field V(z) := (b(%) Uy (2) Vg, (2) |2n41]%; clearly V has
compact support and V € C*°(R"*1\ Bj,R") by Theorem 3.1. Moreover, for x,11 # 0

||

V(I) *ln4l = ¢(T) Uz (I) 3n+1uz0 (x) |zn+1‘a )
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thus, limy 00 V(y) - eny1 = 0. Indeed, if (2',0) € A, (u) it suffices to take into account the
one-sided C! regularity of v in Theorem 3.1 and the C**! regularity of ¢ to conclude. Instead, if
(2',0) ¢ A, (u) we use (3.9) and that &[T}, 5, ()] is even with respect to the hyperplane {z,,+1 = 0}
to conclude. Thus the distributional divergence of V is the L' function given by

divV(z) = ¢(5) [Vt (2)1? 2 r1]® + S5 thay (2) Vit (2) - 7257 |20 11 ]
+ & ()t (@) L (11 ().

Therefore, (3.18) follows from the divergence theorem by taking into account that V' is compactly
supported.
Next (3.19) is a consequence of (3.18) and the direct computation

d 370 a
&(H“Io(t)) ( /¢| ) |yn+1‘ dy)
n-+a neta u
= 2 H, () - 20 / ) e (1) Vit (19) - T by
- nja Hy, (t) +2Gy,, (1)

Finally, to prove (3.20) we consider the compactly supported vector field

u X 2
W(z) = ('VQ()'x (Vg (&) - )Vt (x)) G

By Theorem 3.1 and Lemma 2.1 we have that W € C°°(R"*! \ R" R"). Moreover, conditions
(3.9)-(3.11) imply that lim, (s 0) W(y) - €nqy1 = 0. Thus div W has no singular part in Bj, and
we can compute pointwise the distributional divergence as follows for =, # 0

div W () =o(12) 27 - (900 — (Vg (2) - 2) Tty (2) ) [ 1]
+ o (1) nta=1 7y, (2)2|2n11]® — ¢ (1) (Vitg, (2) - 2) L (ugy (2)).

Therefore, we infer that

oz/divW(m)dx:/¢(lf‘) Vit (@) 2las1|* dz + £ By, (8) + 2H2=L D, (1)

- /d)(%) (Vuxo (z) -sr:)La (uxo (x))dx,

and we conclude (3.20) by direct differentiation since

0w, ) = = [6(5) B Va0 0

As a consequence we derive a first monotonicity formula for H,, in B;.

Corollary 3.7. Let u be a solution to the fractional obstacle problem (3.1). Then, for all xg € B}
and 0 < rg <rp <1—|zg| such that Hy,, (t) > 0 for all t € (ro,m1), we have

Hy, (r1) Hy, (r0) o m Ieo®y,
n0+a = n0+a € fro ¢ . (321)
™ To
In particular, if A1 < Ly, (t) < Ay for every t € (ro,r1), then
ro,T1) DT — ——2—— is monotone decreasing, )
(ro,71) nFat2A; tone d (3.22)
r
Hy, (r) ) .
(ro,m1) 71— vyl monotone increasing. (3.23)

Moreover,

/ |tz [*|#n11|* da < 7 Ho, (7). (3.24)
B, (zo
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Proof. The proof of (3.21) (and hence of (3.22) and (3.23)) follows from the differential equation
in (3.19). The proof of (3.24) is a simple consequence of a dyadic integration argument:

/ [t 1| dw = 3 / [tz P11 da
B, (z0) B

GENY B i \B, ppi+1(20)
<

T v

> gHuzo (T/QJ) <rH,,, (r),

jeN

where in the last inequality we used that H., (s) < Hy, (r) for s <7 by (3.23). O

We establish next an auxiliary lemma containing useful bounds for some quantities related to
the L?2-norm of u,,, for points z in the contact set.

Lemma 3.8. Let u be a solution to the fractional obstacle problem (3.1) in By. Then, there is
a positive constant Cs g = Csg(n,a) > 0 such that for every point xog € A,(u) we have for all
r € (0,1 — |zg|)

Hy, (r) < Css (r Dy, (r) +rmrot2(), (3.25)
/¢(@) [y (2)|? [n41|dz < Cs 5 (r? Dy, (r) + 7‘"+a+1+2(k+1)), (3.26)
and
/ |tiag ()| |Tng1|*dx < Cs5 (r® Dy, (r) + r" ot H2040), (3.27)
B, (20)\Bj; (x0)

Proof. By the co-area formula for Lipschitz functions we check that
" dt a am
Hoy@) =2 [ F [ Jun@P el a0 @) (329)
£t JoB,(xo)

and

D, (r) = / Vit (2) 2| n i |° da
Bz (20)

2 T
+f/ dt/ (r — 1)Vt (@) 20 g1 | dH" (2).
rJs OB (o)
Therefore, an integration by parts gives
2 T
Dy, (r) = 7/ dt/ | Vg, () |2 py1|* da. (3.29)
rJs By (z0)
Analogously, we get
Tr—X a 2 " a
[ @ fevalde =2 [ ar [ @l @30
5 By (o

By (3.7), as g € Ay(u), [8, Lemma 2.13] and [16, Lemma 6.3] yield the Poincaré inequality

1
7 / |t (2)]? |0y 1|* AH () < C Vit (2)? |n41|* da + Ot He-tT200 0 (3.31)
OB (zo

t B, (z0)

with C' = C(n,a) > 0. Integrating the latter inequality we find (3.25). Instead, by first multiplying
formula (3.31) by ¢t and then integrating over (7/2,r), we conclude

/ |Ur0 (l,)‘Z ‘In+1‘a den(l,) < CT’2/ |VUT0 (I)|2 |xn+1|a dz + O,,,n+a+1+2(k+1)_
Bi(z0) Br(z0)

Thus, (3.26) and (3.27) follow directly. O

Next we show an explicit expression for the radial derivative of I,,, ~at all points z¢ € B]. We
follow here [13, Proposition 2.7].
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Proposition 3.9. Let u be a solution to the fractional obstacle problem (3.1) in By. Then, if
xo € By is such that H,, (t) >0 for allt € [ro,71], we have

Faag (1) = Tony () = [ (G (Hay (0 By (0= G2 (0) 4 R (0) 6 (332)

for 0 <rg <ry <1—|xg|, with

| R, (8)] < Cs.

gntat2k+1 (( Duzo (t) )1/2 1) (3.33)

I{um0 (t) tn+a+2k+1
and C3.9 = C'3<9(n, (l) > 0.

Proof. It is not restrictive to assume xzo = 0. We use the identities in (3.18), (3.19) and (3.20) to
compute (the lenghty details are left to the reader)

— a1, (t)(i: 8 - IG{: i )+ Bu, (0),
where
R, (t) == . /(;5 % (n+a—Dug, () + 2(Vug, () - x))La(Uwo(m))dx
. / ¢(m)|x|u< ) La (1t (2))da

From this we conclude (3.32) straightforwardly.
For (3.33), we estimate separately each term appearing in the integral defining Ry, (t). We
start with

i S5 |z| /k—1 a
[ oy ) Lty (@)ds| <€ | [ () @l

1/2
< ot (/B |mn+1|adx) (/ o(2) up, (@ ||wn+1|adx)

tatl i
ot ( [ o) uwyfa >|2|xn+1|adx)
(3.26)

< ot 1+k+1( 12 (t)+t"+§‘1+k+1), (3.34)
zq

<Ct

with C3 34 = C3.34(n,a) > 0. Arguing similarly we infer

] / S (Futn () - 2) it ()] < b [ (1) Dt @) Lty () k2

< Ctk/¢ (21) | Wty (2)||2np1 [*da < CE=57 1D/ (1), (3.35)

and

‘1 / O (1) 2ty (2) L (1 () o

GD .
<ci / ftzy (2) |1 |z
Bi\By 2

3.27
e (D;/jo (t) + tLi’kl*k“). (3.36)

Therefore, (3.33) follows at once from (3.34)-(3.36). O
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Estimate (3.33) turns out to be useful to analyze the subsets of points I', g(u) of I',(u), for
every 6 € (0,1) (cf. (1.7)). With fixed 6 € (0,1), we then look at points of the free boundary in
the subset

Zp0.5(u) = {mo €ly(u)N By : Hy,, (r) > sprtet2(ktl=0) vy, ¢ (0, 1/2)}, (3.37)
where J > 0 is any.

Remark 3.10. Note that 2, ¢5(u) C 25,5 (u) if &' < 0. Hence, in what follows it is enough to
consider the values of ¢ small enough.

Proposition 3.11. For every § > 0, there exist Cs3. 11, 03.11 > 0 such that for every xg € 3‘;7975(11),

the function (0, 03.11] > 7 +— eC:;_ur"Iu% (r) is nondecreasing. In particular, the enswing limits exist
finite and are equal

lim "Dug, () _ limI,, (r)=:1,, (0") (3.38)
rl0 Huzo (T) rl0 Yo © Uz : :

Proof. Since xg € Z,0,5(u), formula (3.25) yields for r € (0,1/2)
03 Dy, (T) > 5rn+a—1+2(k+1—9) _ Cg 8Tn+a_1+2(k+l)
: xQ - S, 5
therefore, for g3.11 sufficiently small, we have for all r € (0, 3.11]
Dy (r) 2 Ot e, (3.39)
zo

In addition, from (3.18) and (3.34) we get for all r € (0, 03.11], if 03,11 small enough,

/ o(2) () Ly (u(x))da

(3.34) prtat2k+1 prtat2k+1 1/
< Cs34Dy, (r ( +< ) )
3.34 0 ( ) Dumo (T) Duwo (7")

(3.18)
|Guw0 (r) — Duwo (r| =

(3.39) ”
< CDy,,(r) (207«2" + (2002)" ) < Cr'D,,, (r). (3.40)

Therefore, from (3.33), if o311 is sufficiently small, we get for all r € (0, 03.11],

15 0o 05,5 (i) 1)

Gu Tn+a+2k+1
zo
(3.40) I, (7") pntat2k+1 1/ prtat2k+ly (3.39)
< 0 — ) < Cr'TH L, (). 3.41
- r (( D,, (r) ) + D, (r) ) - " 0 (r) ( )
0 0
Hence, from (3.17), (3.32) and (3.41) we find
d _
3 Ly (1) = =CrP 7, (), (3.42)

and the monotonicity of (0, g5.11] > 7 +— eCaur’ I, (r) follows by direct integration. In addition,
we also infer (3.38), because from (3.40) for all 7 € (0, 3.11] we have

TDumo (7") <7 (’I") < (1+CT9)

7Dy, (1)
H,,,(r) = "

—crf .
(1-Cr%) H,. (1)

(3.43)

O
Remark 3.12. The monotonicity for the truncated Almgren’s frequency function
r(1+ Cro)% log max { H,,_ (r), r"*‘l“(’”l*e)}
proved in [8] and [16] is essentially equivalent to Proposition 3.11.

We derive next an additive quasi-monotonicity formula for the frequency.
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Corollary 3.13. For every A,§ > 0, there exist Cs13, 03.13 > 0 with this property: if xg €
Z,0,5(u) and Ly, (03.13) < A, then for all A > ACs5.13 the function

(0,03.13] 7= Ly, (1) + Ar? is nondecreasing. (3.44)

Proof. Under the standing assumptions, the quasi-monotonicity of I,,, and (3.42) yield that
d
dr

for r sufficiently small. Hence, we conclude (3.44) at once by integration. O

(quo (T)) Z _C’ec:i_u A?"g_l,

3.3. Lower bound on the frequency and compactness. We first show that the frequency of
a solution w to (3.1) at points in 2, 9 5(u) is bounded from below by a universal constant.

Lemma 3.14. For every 6 > 0 there exists p314 > 0 such that, for all xg € Z,5(u) and

r € (0, 03.14],
1

2C38
Proof. In view of (3.25) and since zg € 2, 9,5(u), we have for all r sufficiently small,
1 7Dy, (r)y r20
Css = Hy, (1) g

I

Ug

(r) = (3.45)

Inequality (3.45) is a straightforward consequence of the latter estimate provided that g3 14 is
sufficiently small. O

For the free boundary analysis developed in [13] it is mandatory to consider the nodal set of a
solution. In the current framework, the natural subsitute for the nodal set is given by

Hp(w) = {(@,0) € B : ule!,0) — p(a’) = [V (u(a,0) — (&) = lim 10, 1u(a’,y) = 0.

Notice that I',(u) € A5 (u) € Ay (u) (the first inclusion is a consequence of (3.9)).
We can then give the following compactness result. For w : B; — R solution of (3.1) and
xo € Bf we introduce the rescalings

n+a

T2 Ug,(Xog+ 7
Uy 1 (y) = /( 0oty e (0,1 — |zo]), ¥y € Biiags. (3.46)
Huzo ({r) "
Note that u,, , is a minimizer of the functional
/ IVo|2p 41| de — 2/ VLo (0gy.r) dz (3.47)
B B
with obstacle function .
T gy (T0 + 1Y)
P ﬂ'(y) = 1 , (3'48)
' HL2 (r)

among all functions v € g, + H (B, dm) satisfying v(z’,0) > 0 on Bj.

Corollary 3.15. Let d > 0 be given. Let (u;)en be a sequence of solutions to the fractional obstacle
problem (3.1) in By with obstacle functions ¢, equi-bounded in C*+1(By), and let x, € Z,, 0.5(w)
be such that sup; I(y,),, (01) < 400, for some g; | 0.

Then, there exist a subsequence l; T oo and a solution v to the fractional obstacle problem
(3.1) in By with null obstacle function, such that on setting vj := (Ulj)a:zj,mj we have

v; = Voo in H'(By,dm), (3.49)

Vj = Voo i Cho(B1), V o < min{l, 2s} (3.50)

V'vj = Vv in Cige(B1), Vo <, (3.51)

SigN(Tp41) |Tn41]" 0z, y V5 = SI8N(Xpg1) [Tng1]“Op, 1 Voo i Clae(B1), Va <1 —s. (3.52)
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Proof. By taking into account inequality (3.43) in Proposition 3.11 we get for [ large
QlD(ul)ml (Ql)
Hy,, (01)

In particular, we infer that sup; D

< (14 Clle ller+ 1) 00 ) ()., (20)-

w)ay. (1) < 00. Thus, a subsequence vj := (uy, )z, ¢, Converges

weakly H'(Bj,dm) to some function ve. Moreover, v; is a local minimizer of

B = [ 90l =2 [ oLo((@)n,0,) d

among all functions v € v; + H}(By,dm) satisfying v(z’,0) > 0 on B} (cf. (3.46)-(3.47)).
By taking into account that x;; € D@fplj 0,6(ui;), inequality (3.6) implies that for some constant
C =C(n,a,0) >0 and for all y € By \ B,

C a
|(La(90lj)mzj,gzj)(y)| < W”‘Plj ||Ck+1(B;)Q19j|yn+1| . (3.53)

Therefore, one can easily show that the sequence (F}); I'(L?(Bi, dm))-converges to the functional
F : L?(By,dm) — [0, +00] defined by

Fuolv) = / Vol lyasa]*dy
B

if v € Voo + HY(By,dm) with v(2’,0) > 0 on B}, and +oo otherwise on L?(B;,dm). In addition,
being the F}’s equicoercive in L?*(By,dm), Fj(v;) = Fs(vso), so that by (3.53) the convergence
of (vj); to ve is actually strong H'(Bjy,dm).

Items (3.50)-(3.52) are then a straightforward consequence of Theorem 3.1 and (3.53) (cf. the
arguments in [8, Lemma 6.2]). O

A sharp lower bound on the frequency then follows.
Corollary 3.16. Let § > 0. If xg € Z,9,5(u), then
L., (0F)>1+s. (3.54)

’U.zo

Proof. Note that I, (0%) = lim,jo I, (r) = lim.jo Ly, (1) = I, (1), for some v, homoge-
neous solution to the fractional obstacle problem (3.1) with null obstacle function provided by
Corollary 3.15. Thus, we conclude (3.54) by [8, Proposition 5.1] (see also [13, Corollary 2.12]). O

4. MAIN ESTIMATES ON THE FREQUENCY

In this section we prove the principal estimates on the frequency that we are going to exploit in
the sequel. We start with an elementary lemma. Recall that all obstacles functions ¢ are assumed
to satisfy the normalization condition [|¢[|c+1(p;) < 1.

Lemma 4.1. Let A, § > 0. Then, there exist Cy1, 04.1 > 0 such that, if u is a solution of to the
fractional obstacle problem (3.1) in By, with 0 € 2,9 .5(u) and I,,(20) < A, 0 < 041, then for
every x € Bg/z

< ¥ o0, d — <248l <0, 4.1
Cin1 — HuQ(Q) =t an Cyq — Dug(g) =l ( )
IUQ(Q) - qu(g) S CY4.1 . (42)

Remark 4.2. Note that as a byproduct of the first estimate in (4.1) in Lemma 4.1 frequencies at
the scale g are well-defined at every point € Bg/z, recalling that 0 € 2, 5 5(u).

Proof. In order to prove (4.1), we argue by contradiction: we can assume that there exist A, § > 0
and solutions u; to the fractional obstacle problem with obstacles ¢;, [[¢;llcr+1(p;) < 1, with
0 € Z,,0.6(uj), such that I(,,),(20;) < A, for some g; | 0, and there exist points z; € B:,j/,z
contradicting one of the sets of inequalities in (4.1).
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In particular, by almost monotonicity of the frequency function (cf. Proposition 3.11) and the
lower bound on the frequency (cf. Corollary 3.16) we infer that 14 s < I(uj)g(t) < AeCsu (205)° <

AeCst =1 A for all t € (0,2p;]. By Corollary 3.15, up to a subsequence, v; := (u;)o

converges

strongly in H'(Bz,dm) to a function us, solution of the fractional obstacle problem in By with

zero obstacle function. We assume in addition that g;lxj — Zo € B! for
To prove the first set of inequalities in (4.1), we compute

Huj (05) 207t / o .
- - : (u)? (z; + ojz) 1 dy
H(“j)g(gj) H(“J‘)Q(Qj) B1\Bi,2 o ! |$‘
2@?"”0‘ / |: 2 |:Cn+1|a
=l wi(z; + 052) — (¢5)z. (x; + 0;2) d
Hu;),(05) JB\B, IR 3)x\Tj T Qj 7]
(4"+a)/2
:2/ [3(65 125 +2) + 2 ((p)ole; + 0,2') = (9)e, (@) + 052))
P Hilo), (@)

Moreover, by estimate (3.14) in Remark 3.2 we get for 2’ € Bj
(05)0(xj + 05a") = (9))a, (5 + 0ja)| < Col /M

Therefore, recalling that 0 € 25, 9,5(u;), from (4.4) we infer

n—+a

Qj / ’ ’ 2|.’L'n+1|a C
TN wi)o(z; + 0;x") — (¢))a; (25 + 05T de < —p
Haa(@) 5, (P05 ) = (idaay + 02 5 5

Heuyye, (04

Since g; | 0, by contradiction lim; Howr@)
uj)g (@

strong L?(Bs,dm) and local uniform convergence on By of v; — v we conclude that,

2|zp11]®
|z|

(4.3)

(4.4)

(4.5)

) € {0,00}. Moreover, by (4.3) and (4.5), by the

2/ Ugo(y)Mdy = 2lim U?(y)%dy
Bu(p)\Br/a(zeo) Iy = el I B e \Buaey e T Iy = 05
. H,),, (05)
= 211111 U?(Q;I.’Ej + .’E)de = ]im M )
7 JBi\Bip |z| i H,),(0)

Being the left hand side finite, necessarily

yn—i-1|a .
2/ v y)‘idx:hmizo.
Bi(200)\B1/2(v00) ly — 2ol i Huy,(05)

Hence, voo = 0 on Bi(Too) \ Bip(70o), and thus ve, = 0 on the whole of By by analiticity. A
contradiction to H,_(1) = 1 that follows from strong L?(Bj,dm) convergence and the equality

H,, (1) =1 for all j.

The second set of inequalities in (4.1) is proven by the same argument. Indeed, assuming that

Dujya, (03)
Dwoler) € {0, 00} we have

D)., (0;) o+t
D(’U,J)Q(g]) D(u])g(gj) Bl
and since by (3.15) in Remark 3.2 and by (3.39)

lim;

Q;_H-a-i-l
Diu,)o(05) /B,

n+a+1+2k
9; C 9

<Ct—F— < —p5",
Duyole;) = 677

SNV ((¢)o(; + 07") = (¢5)a, (x5 + 0j2")) [Pwnsa|*dw

o2V (uj (z; + 0j) — (0))e, (z; + 052)) P|zn i1 |*da,

dz
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we get (recall g; | 0)
Dy, (04) 1
lim —— =" = lim ——— o(|z))|Vui(o: ey 4+ )| |20y | da.
J D(“j)g(9j> J 4I(uj)g(9j) By I

By the strong convergence of v; t0 v in H'(Ba,dm), we infer that the left hand side is finite and
then actually 0, so that

/ O(|2])|[ Voo (Too + 2) |} 41|*dz = 0.
B1

Thus, by analiticity v, is constant on Bj, and we may conclude that

/B O12) [T ()] 152 | = 0.

The latter equality contradicts
S(|2)[Vvoo ()| 2n41|*dz € [1 + 5, AT,
By
that follows from strong H'(Bz,dm) convergence and recalling that H,, (1) = 1 and 1+ s <
I,;(1) = Dy, (1) < A
Finally, (4.2) follows straightforwardly from (4.1):

L, (r) = I, (7«)’ _ ’1;;:((;) ( H, (r) Dy, (r) )‘ wn .

Humo (r) Dumo (r)

We introduce next the following notation for the radial variation of (modified) frequency at a
point & € 2, 9 5(u) of a solution w in By: given 0 < rg < r; < 1 — |z|, we set

A () :=1I,,(r) + Arf — (qu (ro) + Arg).

Note that, A7 (z) > 0 if x € 2, ,5(u), if 71 is sufficiently small and if A > AC513 (cf. Corol-
lary 3.13). We do not indicate the dependence of Al on A since such a parameter will be fixed
appropriately in the next result.

Lemma 4.3. Let A, § > 0. Then, there exist Cy3 and 4.3 > 0 such that, if xo € 2, 9,5(u), and
I, (r) < A, with 2r1 < g4.3, then for every ro € ("1/8,71) we have

Ug

2 |Zn+1|a
|z — x|

(Vg (2) - (2 = 20) = L (70/2) iy (2)) dz < Cy3H,, (n) AT, (z0).

‘/Br1/2(10)\Br0/2(r0) (46)
4.6

Proof. We start off with the following computation:

2 a
2/ (Vuxo(z) 2= Ly, (t) uzo(z)) [Znt1] dz
Bi\Bi/2

2]

- / _¢(%) (vuro (2)-2— I“zo (t) ua, (Z)>2%dz
=B, (t) = 2t L, (t) Gu,, () + 12, (1) H.,, (1)
2 3.32
_ ﬁ (Busy (0, () = G2, (1) “2 C Ha, (1) (% (T () = R, () - (47

We now use the following integral estimate (whose elementary proof is left to the readers)

2p1
[t [ p@asa vo<mea, (4.8)
Bpl\Bp() Po Bt\Bt/2

f > 0 a measurable function, in order to deduce

2 |zpq1]®
||

dz
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16
(18) 2 20z, 1]%
< / [ (Ve 2 = Ly (o 0 () i g, g
ro/2 Bt\Bt/Q |Z|

<t [ [(Tun) - %u)u%(z))ﬁ(Iu%(t)fzumvo/z))?uzo(z)] enl” . gy
ro/2 Bt\B,/z ‘ |

(4.7), (3.44) 1ot
<

d

o vo /o 9 o (t) (dt (

iz (D) = R (1))

16
— | (g, (r1) = Ly, (70 2 ACs13)2(rf — (ro Ug
o (U ) = R 0o+ (ACs 19208 = o)) [

To

<"y o) [ (Lt ) - R (1)) dr
s \dE

To
+ 16 Hu o (1) ((Tuy (11) = Ty (70/2))% + (A C3.15)° (1] = (r0/2)")?) . (4.9)

In the last inequality we have used that, if g4 3 is sufficiently small, then H,, (t) < Hy,, (r1) for
all t < ry by (3.23), and that £ (I, (t)) — R, (t) > 0 thanks to (4.7). Moreover, estimate (3.41)

Uz
in Proposition 3.11, I, (r1) < A, the quasi-monotonicity of the frequency function and the choice

2r1 < 043 Imply
T1 0
/ e, (B)]dt < ACy 1P (1) — (10/2)?) |
T0/2
Hence, from (4.9) we conclude that

2 a
/ (Vttan (2) - 2 = Ty, (70/2) 1y (2)) enl” g
71/2\BT0/2

||

< CHuy,, (r1) (Iu,, (1) + Ar{ = L, (70/2) = A(ro/2)?),
where we used that 1/r, < 8, and C' > 0. O

4.1. Oscillation estimate of the frequency. The following lemma shows how the spatial os-
cillation of the frequency in two nearby points at a given scale is in turn controlled by the radial
variations at comparable scales.

Proposition 4.4. Let A, 6 > 0. Then there exist Cia, 044 > 0 such that if 0 € Z,95(u),
7 € (0, 01.4/144) with Iug(727) < A, then
1 1
|, (107) = I, (107)| <Ci [(A%‘f(xl)) 24 (AT (2y)) /2] Y Cur?, (410
for every x1, xo € BL N %, 0.5(u).

Proof. We start off noting that by Remark 4.2 and the choice 1447 < g4 4, if the constant g4 4 is

suitably chosen, a simple scaling argument yields that I,, (107) is well-defined for every = € B, /s
To ease the readability of the proof we divide it in several substeps.

1. With fixed x1, z2 € B, N %, 9,5(u), let x4 := txq + (1 — t)xo, t € [0,1], and consider the map

t = Iy,, (107). The differentiability of the functions = — H,,(107) and = — D, (107) yields that

I, (107) = 1o, (107) = [ (1, Gom)

Set € := x1 — 9, then e - e, 11 = 0; and set for all y € R*+!

d
0u(y) = 7 (e, (20 + )
Recalling the very definition of u,, in (3.5), it turns out that
5t(y) = 3eu(:ct + y) - ae@(xt + y,) + Tk o, [8690](%‘/ + y/) - Cg’[Tk,m [8690]] (It + y)7 (4-11)
because by linearity (the details of the elementary computations are left to the readers)
d

a (Tk 2 [P) (T + y,)) = Tk,z, [Oesp] (1 + y/)
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and

(?t (6" [Tk rf[ H (xt + y)) = (g’[Tk,rt [ae@]] (xt + y)

Thus from (4.11) by direct calculation it follows that

5(0) — Do (i +1) = Y Do) L~ 6( 3 DBt P2 ) ),

al
la|=k la|=k
Hence we conclude that
16:(y) — Deu, (¢ +y)| < Clay — o lyl*, (4.12)
and moreover that
Vaiy) = 5 (Vumt (ze +v)) - (4.13)
2. Thanks to the previous formulas, for all A\ € R we infer
d
3 (Hu,, (10m) = =2 /¢> ) e, (2 + y) Gi(y) Ll dy
=_9 /¢ — Mg, (T4 + y)) Uy, (T4 + ) |y"“‘ dy + 2\H,,, (107).

(4.14)

In addition, integrating by parts gives

d ( 13) a
(D, (107) 22 [ () VE(w) - T, o+ ) "y

/ (1) 5,(5) Vg, (w1 + 9) - y 'y"; dy -2 / (1) 5,(y) Lu(uuz, (20 + ) dy

/¢ = Mg, (w1 +y)) Vi, (w0 +9) -y Iyn@ﬂ‘ dy

+2)G,, (107) — 2 / A(38) 6, (y) La(uz, (20 +y)) dy . (4.15)

Then, by formula (3.18) together with (4.14) and (4.15), we have that

d B & (G, (107)) £ (Hy,, (107))
&(I“mf(lm)) = L., (107) ( G, (07) ~  H,, (107)
= T (107) / (L) (0:(y) — Mg, (20 + 1)) (Vtta, (20 + ) -y — L, (107) g, (21 + y)) S22

H, 107_ /(b % Ug, (T4 + y) éit (La(um (¢ + y))) - 5t(y) La(ua:t (¢ + y))) dy
=: Jt(l) Jt(z).
In what follows we estimate separately the two terms Jt(i).

3. We start off with Jt(l). With this aim, first note that I, (107) < A ¢72’Cs11 by Proposition 3.11
since 1447 < 4.4, provided the latter is small enough. In turn, as z; € B., by (4.2) in Lemma 4.1
we infer that I, (107) < Cyq + Ae™ Can,

We estimate separately the factors of the integrand defining Jt(l) (setting z; +y = z). We start
off with the first one as follows

|6t(z —Tt) — Aug, (2 | |3 Uz, (2) — Mg, ( )| + |5t(z — ) — 8euxt(z)|

(4. u) .
|8 Ug, (2) — Mg, (2 )|+C’|xlf:€2|\zfxt| ,
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with C' = C(n, k) > 0. Moreover, by choosing A := I,,, (107) — I,,, (107), we infer
’8euzt(2) — )\umt(z)| = ‘Vuwt(z) ce— Aug, (2 )|
S‘Vuwt (2) (2 —m) — L, (107) ug, (2 ’ + }Vuwt (2) - (2 —x2) — Iuw2<107'> u$t(z)|
S‘Vuwl(z) (z—x) — Ly, (107) ug, (2 ’ + ‘Vuwz(z) (z —x9) — Ly, (107) uy, (z)’
+ |V, (2) = U, (2)) - (2 = 21) = Lu,, (107) (ug, (2) = ua, (2)))|
+ |V, (2) = 1y (2)) - (2 = 22) = Lu,, (107) (us, (2) = uay (2))] -
Using inequalities (3.14)-(3.15) in Remark 3.2, we estimate the last two addends as follows
9t (2) = 0y (2)) - (2 = 1) = L (107) (11, () = 5, ()
<C1(|z —af + |2 — 2i|*) + C (|2 — 2| + |2 — 2P < O 7P

for some constant C' > 0, for ¢ = 1, 2. In the last inequality we have also used that |z — ;| < 127,
being z € Big-(x¢). Therefore, we have

|6t(z - :I;t) )\uait | ‘Vuwl (Z - ./L']) - Iudq (107-) uml (Z)’
+ ‘Vugg2 z) - (z = w2) = Ly, (107) ug, (2 | + O 7R = y(2). (4.16)

For the second factor, we note that for i = 1,2
|V, (2) - (2 = 2¢) = T, (107)ug, (2)| < [Via, (2) - (2 = 2¢) = Lu,, (107)uq, (2)]

+ [V (uz, (2) = 0, (2)) - (2 = 20)| + Ly, (107)|[thz, (2) = wa, (2)| + |Lu,., (107) — L, (107)[ [z, (2)].

To estimate the last three addends we use the very definition of u,, in (3.5), formula (4.2) and
inequalities (3.14)-(3.15) in Remark 3.2, to conclude that for i = 1,2

IV (ta, (2) = ue, (2)) - (2 = @) + [, (107)tha, (2) =, (2)] + [ L., (107) = Loy, (107)||u, (2)]
<C (|2 = @|*™ + |2 = aiM) 4+ O fug, (2)] < CTM + Clug, (2).
In the last inequality we have used again that |z — z;| < 127. Therefore, we get
Vg, (2) - (2 = 2¢) = Lu,, (107)ug, (2)| < 9(2) + C (Jta, (2)] + |ue, (2)]) - (4.17)
By collecting (4.16) and (4.17), using Holder inequality we conclude that there exists C > 0

I < g5y [ DR WE) + ln ()] + s () 22 0

e,

Hwtc(vl()ﬂ(/_ﬂlzlo?)?ﬁ% )|z;+;\‘ dz)l/z.

(/ S(Eoml) (42(2) + [, (2)[? + [z, (2)[2) 222 dz)1/2. (4.18)

IN

Clearly, we have that

[ -olemetyu ) ek a:

<C Vg, (2) - (2 = 21) = Ly, (107T)ug, (2 )2 2| dz
Bior (2¢)\Bsr (z1) |z — a4

+ C/ |VU72 (Z) . (Z _ 1,2) _ Iumz (1OT)UT2( )‘2 |ZTL+1| dz + CTn+1+a+2(k+1)
Bior (x)\Bsr (x1) |z — a4

<c/ Ve, (2)+ (2 = ) = L, (107) () 222
Biar (z1)\Bsr (z1) |z — a1

s (107) gy () L2 g otz
Biar (22)\Bsr (22) |z — o]

< CH,,, (247) A3, (1) + CH,,, (247) A3, (22) + O o2l

+C | Vg, (2) - (2 — x2) — I,
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In the second inequality, we have used that Bior(z¢) \ Bsr(2:) C Biar (i) \ Bs,(x;) for t € [0,1],
and that |z—z;| < 2|z—x| as z € Bior(2¢) \ Bs-(21), ¢ = 1,2. Moreover, in the third inequality we
have applied estimate (4.6) in Lemma 4.3 to x1, 2 € B, N %, ¢ s(u), with 71 = 247 and 7o = 37.
Furthermore, thanks to Corollary 3.7, we conclude

[ ol ek as
< C H,,, (107) A3, (21) + C Hy,, (107) A3, (zg) 4+ Ot o2l (4.19)

In addition, thanks to (3.24) and |z — x¢| > 57 we get

[ -0 G ) + () 2

|2 — ]

2
< (w72 o) + sl Z2(810,)) < 2Hu,, (107) +2H,,, (107) . (4.20)
By collecting (4.18)-(4.20) we conclude that for some C > 0
(1) c 241 241 ntl4a+2(k+1)
Jt SW(H’MQ” (107’)&37/2(371) +H (10T>A37/2( ) +7 ( )
C

Y (Hu (107) + H,,, (107)>

/2

1/2
(i, (107) A3, (1) + Hy,, (107) A3, (w3) + 71 H et 204D

1 4 20 9
<C (A3 () + (83,@1) ") + € (A3 (02) + (83,(22) ") + € = + C 57,

where, in the last inequality, we have used Lemma 4.1 and that z1, 22 € B. N 2, 9 5(u).
Finally, in view of the very definition of the spatial oscillation of the frequency and Corol-
lary 3.13, we deduce that

g <c((A§f/g( D)+ (L3 ))1/2)+079. (4.21)

4. We estimate next Jt(2). We start off noting that

< (Lalias e+ ) = a2 (T [Pl +9) — ol +01) )

= Iyn+1\”A(Tk71,mt [Oe0)(zt +y') — Dep(we + y’))
< Clay = ol |yna|*1y/1F 72 < Crlynaa[*ly/|F 2. (4.22)

Then, arguing as in (4.4), thanks to estimate (3.14) in Remark 3.2, we get as k > 2

[ OB (ot ) 3 (L G ) ]

(4.22)
< Cr 1/¢ LY ug, (20 + y)||ynsa]* dy

- CTk_l/ ¢(|Zl_03;t‘) ‘umt(z)||zn+1|“dz
Bl()ﬂ'(xt)

(3.14)
<

Crmerkitp okt [ gl ()l 0z
Byor(z1)

3.26 .
( < ) C a2kl o +kD11/fl (407).
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In addition, (3.7) and (4 12) yield
| [ 6() 8:0) Lalus, (i + ) ay
< Opmrei | / S(11L) Dy, (@1 + ) Lu(us, (20 + ) dy

< Qpntet2ktl 4o / o( l‘g'T ) Vg, (@t + y)| [yns1|°dy

< Opntethtl 4 or n+g+1+kD11/2 (107).
Therefore, by applying repeatedly Lemma 4.1, we infer
t) 9 n+a+2(k+1) ntotl T+l pl/z (4 olall +k+1D1/2 1
B E AR A £, a0m)
G371 20 70 7D, (407))N\ /2 .
< o+ S () 1/ (107))
= 5 "R\, o) ) T 51/2 L, (107)
(3.21) b b )
< C(T + 71, /2 ' (407) + 771 /2 (107)) <C7%, (4.23)
since 1447 < 04 4.
The conclusion in (4.10) follows at once from estimates (4.21) and (4.23). O

5. PROOF OF THE MAIN RESULT

5.1. Mean-flatness. Here we show a control of the Jones’ S-number by the oscillation of the
frequency. Given a Radon measure p in Rt for every xyp € R™ and for every r > 0, we set

1/
utar) =gt (71 [ A £)au)) (5.1)

where the infimum is taken among all affine (n — 1)-dimensional planes £ C R™*1.
If zp € R"! and r > 0 is such that u(B,(zg)) > 0, set Z,, , the barycenter of p in B,.(z), i.e.

o
Tyor = ——5—v rdu(x),
o (B (20)) J B, () (=)

and
B, (v,w) := / (= Zapr) - 0) (& — Tap,r) - w) dp(z) Vo, we R
By (zo0)
Then )
Bu(xo,7) = (7’_”_1 (An + )\n+1)> & (5.2)
where 0 < A\11 < A, < --- < A1 are the eigenvalues of the positive semidefinite bilinear form
B.,.

Proposition 5.1. Let A, § > 0. Then there exist constants Cs.1, 051 > 0 with this property.
Let 122r < p51, 0 € %, 0,5(u) and I,,,(66r) < A. Let pu be a finite Borel measure with spt (u) C
Z,9.5(u). Then, for all points p € B. N %, ¢5(u), we have
Bpr) < ( [, A o) + r%u(BT(p))) . (53)
~(p

Proof. The proof is a variant of the [13, Proposition 4.2], which in turn follows closely the original
arguments by Naber and Valtorta in [19, 20], therefore we only highlight the main differences.

Without loss of generality assume that p € B. N T, (u) N 2, ,s(u) is such that u(B,(p)) > 0
(otherwise, there is nothing to prove). Let {v1, ..., v,41} be any diagonalizing basis for the bilinear
form B, introduced in § 5.1, with corresponding eigenvalues 0 < A1 < Ay <-o- < Aq.

Since spt (1) C T'y(u) € R™ x {0}, we may assume that v,41 = e,41, Any1 = 0, so that
Bu(p,r) = (r~""1\,)"? by (5.2). Clearly, we may also assume that \,, > 0.
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From the very definitions of B, and of its barycenter we deduce

B2 (p, ) / V11 (2)|2 2Lz
Bi1r(p)\Bior(p)

< 71/ / ((z =) Vuy(z) — OZUP(Z))z‘Z7L+1|adZ dp(x), (5.4)
By(9) Bz (2)\ Bor (2)

where

1
o= W(B) /Br(p) I, (9r)du(z).

Next we estimate the two sides of (5.4).
For estimating the left hand side of (5.4), we can show by compactness that

D, (12r) < C |V up(2) 2 2041 "d2. (5.5)
Bi11-(p)\B1or(p)

Here we use the same contradiction argument in [13, Proposition 4.2] using the compactness given
by Corollary 3.15.

For what concerns the right hand side of (5.4) we proceed as follows. By the triangular inequality
we have that

r.hs. of (5.4)

< 4n/ / ((z = 2) - Vaig(2) = Lo, (97) ue(2)) |20 11 |* dz dpu(z)
B, (p) / Bi2r(x)\Bor(x)
2 a
+dn / / (5 = 2) - V(g — 1) (2) — 0 (112 — 1p)(2))*2ms1] d= dp(z)
B (p) J/ Bi2r(x)\Bor(x)

2
+4n/ / (1,00 =) @)l d2 du@) = s+ Ta+ o (5
B (p) J Bi2r(z)\Bor(x)

The addends J; and J3 can be treated as in [13, Proposition 4.2]. Indeed, for J; we use Lemma 4.1
and Lemma 4.3 for a suitable choice of the constants to get

J1<Cr / H,, (24r) A3 (z) du(z) < C’rHup(12r)/ A2 () dp(x) . (5.7)
By (p) B:(p)

For J; we use Jensen’s inequality, Proposition 4.4, Fubini’s Theorem, inequality (3.24) and (4.1)
in Lemma 4.1 to get

Js < CTHup(12r)(/B ( )A?ﬁ;(:ﬁ) du(z) + TQ"M(BT(p))>- (5.8)

Note that the extra term with respect to [13, Proposition 4.2] arises as a consequence of the
additional error term in Proposition 4.4.

To estimate J> in (5.6) we first note that V(Ty4[¢]) = Th-1,[Ve]. Then, we use estimates
(3.14) and (3.15) in Remark 3.2 to deduce that for all € B,.(p) and z € Bja,(z) \ By, (x) we have

((z = 2) - V(s = 1)(2) — @ (s = wy)(2))

< C (1?9 (Thal)(2) = Tepll(2) 1 + 02| Th 6] (2) = Trpl*(2))

<C <r2(|z a4 |z = p) 4 a?(|z — 22D 4| _p|2(k-+1))) .
Therefore, integrating the last estimate we conclude that

Jy < Crmtar2 a3 (B, (p)) . (5.9)
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We can now collect the estimates (5.5)—(5.9) and use Corollary 3.13 to get
T"HBZ (p,7) D, (12r)

<Cri,,(120) [ (A3 () + A% () du(o)
B;(p)

+C 7'1+29M(Br(p))Hup (127“) + C Tn+a+2k+3u(BT (p))

Tn+a+2(k+l)

< H, (12 AT 04
<CrH,,(12r) (/Br(p) 5o () dp(@) + (r* + H, (12r)

Finally, by assumption p € 2,4, then eC-'f'”“‘P”(m")elup(l%) > 1+ s (cf. Proposition 3.11,
Corollary 3.16 and the choice 122r < 1), so that the upper inequality in (3.43) yields (5.3). O

)M(Br(p)))'

5.2. Rigidity of homogeneous solutions. In this section we extend the results on the rigidity
of almost homogeneous solutions established in [13].

We denote by H ) the space of all non-zero A-homogeneous solutions to the thin obstacle problem
(3.1) with zero obstacle,

Hy = {u € Hi (R™ dm) \ {0} : w(z) = |z]* u(/121), u|p, solves (3.1) with ¢ = 0},
and set H :=(Jy>,,, Hx. The spine S(u) of u € H is the maximal subspace of invariance of u,
S(u) == {y eR"x {0} : u(z+y)=u(z) Ve R"+1}.

As observed in [13], the maximal dimension of the spine of a function in A is at most n — 1 and
we set u € H'P if u € H and dim S(u) = n — 1, and H'°% := H \ H'*P. All functions in H*P are
classified in [13, Lemma 5.3]. Note also that by Caffarelli, Salsa and Silvestre [8]

Hiys CH©P. (5.10)

We next introduce the notion of almost homogeneous solutions. Given 6 > 0 and zg € £, 0.5
we set

J

’qu_vo

6
(t) := Court L, (t) Yte(0,0311].

Definition 5.2. Let n > 0 and let u : By — R be a solution to thin obstacle problem (3.1) with
obstacle ¢ (as usual ||g0||ck+1(31) <1). Assume that 0 € 2, 9 s and ¢ < p3.11, u is called n-almost
homogeneous in B, if

Jug(g/z) - Jug(g/4) < 1.
The following lemma justifies this terminology and it is the analog of [13, Lemma 5.5].

Lemma 5.3. Let ¢, A > 0. There exists n5.3 > 0 with the following property: for every 6 > 0
there exists 5.3 such that, if u is a 15 3-almost homogeneous solution of (3.1) in B, with ¢ < 5.3
and obstacle ¢, 0 € Z, ¢ 5(u) and I,(0) < A, then

’|u9’9_w”H1(Bl/47dm) SE, (511)

for some homogeneous solution w € H.
Proof. The proof follows by a contradiction argument similar to [13, Lemma 5.5]. Assume that for

some ¢, A > 0 we could find sequences of numbers ¢;, o9; and of 1/i-almost homogeneous solutions
w; of (3.1) in B,,, with g; arbitrarily small, such that 0 € 2, 9 5(u;) and

irllf“ig{ | (wi)o,e — wHHl(Bl/Al,dm) > e, (5.12)

and satisfying the bounds I(,,,), (1) < A.
Consider v; = (u1)o,o,, then by Corollary 3.15 applied to v; there would be a subsequence,
not relabeled, converging in H*(Bj,dm) to a solution v, of the thin obstacle problem with zero
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obstacle. By Proposition 3.11 there is some A’ independent of I such that I(,,),(t) < A’ for all
t € (0, 1], then from (3.22) in Corollary 3.7 we would infer that

(2aly ol “dxf—hm/ (Al 1] oda = lim Hago(22) o o ntarant
/¢ t [z] | +1| ¢ t /x| | +1| f H(u,) (Ql) = P

in turn implying that vy, is not zero. On the other hand, we would also get
I(voo)g(l/2) - I(Uoo)g(l/4) = h{n (J(Uz)g(1/2) - J(z)l)g(1/4)) = 11{11 (J(uz)g(m/2) - J(ul)g(gl/4)) =0

and thus we would conclude that v, € H being a solution to the lower dimensional obstacle
problem with constant frequency (see for instance [13, Proposition 2.7]). We have thus contradicted
(5.12). O

A rigidity property of the type shown in [13, Proposition 5.6] holds for the non-zero obstacle
problem.

Proposition 5.4. Let A, 7 > 0. There ewists 1954 > 0 with this property. For every § > 0 there
exists 5.4 such that, if u is a 15.4-almost homogeneous solution of (3.1) in B, with 0 < g5.4 and
obstacle ¢, 0 € 2, 9.5(u) and I,,(0) < A, then the following dichotomy holds:

(i) either for every point x € B, N Z,9,5(u) we have
| Ju, (e/2) — Jug (¢/2)] < 7, (5.13)

(ii) or there exists a linear subspace V.C R™ x {0} of dimension n — 2 such that

Yy € By Zp0,5(u),
Ju, (¢/8) = Ju, (¢/16) <154
Proof. The proof proceeds by contradiction and follows the strategy developed in [13, Proposi-

tion 5.6]. Let A, 7 > 0 be given constants and assume that there exist ¢;, 9; and a sequence (u;);en
of 1/i-almost homogeneous solutions in B,, such that 0 € 2, g.5,(w1), I(u,),(@1) < A and such that:

(i) there exists ; € By, , N Zy,,

= dist(y,V) < 7o. (5.14)

0,6, (ul) for which

Jw)a, (9/2) = J(u,o(gl/Z)‘ T (5.15)

(ii) for every linear subspace V' € R™x{0} of dimension n—2 there exists y; € Bl, , N2, 9.5, (w1)

o1 /4

(a priori depending on V') such that
Jturyy, (@/8) = Juy),, (@/16) < 1/ and dist(y, V) > 7au. (5.16)

We consider the rescaled functions v; := (u;)o,p, : B1 — R. By the compactness result in Corol-
lary 3.15 we deduce that, up to passing to a subsequence (not relabeled), there exists a nonzero
function v, solution to the thin obstacle problem (3.1) in By with null obstacle such that v; — v
in H'(By,dm). Moreover, v, € H thanks to Lemma 5.3.

If voo € H'™P, then (5.15) is contradicted. Indeed, up to choosing a further subsequence, we
can assume that z; := gl_lxl — 200 € Bl/z. Note that the points z; € N (v;), as z; € Ty, (w), so
that

n+ta
2

w(z) = (w)oe (z) = H(%)O(Ql)m)o(xo —0.

In addition, by (3.9) and being & [Ty o[¢1]] even with respect to {41 = 0} (cf. Lemma 2.1), for
all [ we infer that

tim 10,1 (wi(af, ) — & [Trolod](af,1)) = 0.

lim t*0p 110 (2],t) = —
t0 H({j)g(gl) to
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Hence, we conclude that zeo € N(vs) in view of (3.52). Moreover, by taking into account the
very definition of v; and Remark 3.4 we get by scaling

1o [ (2l = 2 )IVoaoPlansa|®de 12 f $(2fe])| Vv 2] *de

(o) (1/2) = Tw)o (V)] =

Voo |? P v 2
- [ 0@l — o)) S lenlode — [l PEC e |ode
o |2 80 = al) Vo laaaltde e [ o2 Vo e de
= N 0,12 - v |2
oo | — [9(2fe — ) s e |ode = [ $(2f]) @] ode
| L OBV P lennlde oDy, (@/2)
= 1m —
=00 _f¢ ‘Zgl/?‘ ‘:l)lell |1'n+1|adl' H(ul O(QL/Q)
/2D, of2 00 /2D,y (@ :
= lim / (Z)I"< /)— L/2 (z)g( l/2) (Ség) lim ‘ (W), (91/2) uz)o(é’l/Q)
1too | Heuy,, (92) Heupo(9/2) I=oc ©
=l [Ty, (4/2) = Ty (@/2)] = 7,

which is a contradiction to the constancy of the frequency at nodal points of the homogeneous
solution ve € H™P (see [13, Lemma 5.3]). The fourth equality is justifed in view of estimates
(3.14) and (3.15) in Remark 3.2 since it holds

[(w)o(x) = (w)a, (2)] + [V ((u)o(x) = (w)a, ()| < /.

o1/4 N 250,60 (W)

Instead, if vy, € H!°V, we show a contradiction to (5.16) with V any (n — 2)-dimensional
subspace containing S(v,). Indeed, let y; be as in (5.16) for such a choice of V. By compactness,
up to passing to a subsequence (not relabeled), z; := gl_lyl — 2o for some z,, € B /> with
dist(ze0, V) > 7. In addition, arguing as before

L tne)os (M/8) = T(woy.... (1/16)]
/8Dy, (2/8)  @/16D(wy), (¢/16)

Huy),, (21/8) Hy,, (91/16)
= dim [, (@8) = T, (#/19)

Again, note that (3.43) can be employed since y; € B;l/Q N Z,, 0,5 (uw). By [13, Proposition 2.7,
Lemma 5.2] it follows that zo, € S(vso), thus contradicting S(ve) C V and dist(2e0, V) > 7. O

Moreover, (3.43) can be employed in the last two equalities as x; € B/,

(3.43)

= tim T, (@) = T, (@/19)

= lim
l—+oc0

=0.

5.3. Proof of Theorem 1.2. We start off noting that it suffices to prove that I'y, o(u) N By (z0)
satisfies all the conclusions for all 2y € T'y g(u). For all R € (0,1), we can find by compactness
a finite number of balls Bry (), #; € T'y(u) for i € {1,..., M}, whose union cover I'y, g(u) N
By (z0). We shall choose appropriately R in what follows. Moreover, with fixed i € {1,..., M},
by horizontal translation we may reduce to z; = 0 € I', (u) without loss of generality.

Then, recalling the definition of I'y, g(u) in (1.7) we have that

Lpo(u) N Bé{/z = Uj,leNQp 0,171,
where

QF@RO 1, (w) = = {zo € Ty(u) N Bl i Hy, (r) > rtet26520 /59 € (0, Rf5)}

Hence, we may establish the result for Q"WR@ ” (u) with j € N fixed.
Next, note that as 0 € I'(u), the function

u(y) := u(Ry) — u(0)

solves the fractional obstacle problem (3.1) in By with obstacle function @(-) := @(R-) — ¢(0).

Moreover, I'go(u) N B, = +(Typo(u) N Bﬁih), with @/p(-) = uz(R) if 2 € Ty g(u) N By,
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being Ty, -/ [@]() = Tk -[0](R:). Thus, we get that z € &ife 1/;(u) if and only if #/r € B, N

Z5,0,r2(+1-0)/;(0). In addition, it is easy to check that

[Pllcrvimyy < RIVellor sy, re) -

We choose R > 0 sufficiently small so that [|¢]|cr+1(p;,) < 1 and the smallness conditions on the
radii in all the statements of Sections 3-5 are satisfied.

In such a case the proof, of the main results can be obtained by following verbatim [13, Sec-
tions 6-8]. Indeed, [13, Proposition 6.1], that leads both to the local finiteness of the Minkowskii
content of 25 ¢ 5(u) and to its (n — 1)-rectifiability, is based on a covering argument that exploits
the lower bound on the frequency in Corollary 3.16, the control of the mean oscillation via the
frequency in Proposition 5.1, the rigidity of almost homogeneous solutions in Proposition 5.4,
the discrete Reifenberg theorem by Naber and Valtorta [19, Theorem 3.4, Remark 3.9], and the
rectifiability criterion either by Azzam and Tolsa [2] or by Naber and Valtorta [19, 20]. Therefore,
the only extra-care needed in the current setting is to start the covering argument from a scale
which is small enough to validate the conclusions of the lemmas and propositions of the previous
sections.

Finally, the classification of blow-up limits is exactly that stated in [13, Theorem 1.3], and
proved in [13, Section 8], in view of Lemma 3.14 and Corollary 3.15.
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